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ABSTRACT

We considered a Brownian particle trying to escape from a single-well potential
with a run away on one side aided by the thermal energy of the medium in which
it is moving. The analytical expression of escape rate of a Brownian particle
is calculated for a model original potential {(inverted N) and for a modified model
potential having an intermediate metastable state using supersymmetric and mean
first passage time methods. The modified model potential is parameterized by
location and slope of the intermediate metastable state. We compared the escape
rate for the modified model potential with that for the orig.ina.l a model potential
and found that their ratio takes optimum value at a particular position of the
intermediate state. In addition, this ratio takes optimum value at a particular

slope value of the intermediate state.
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CHAPTER 1

Introduction

Consider a Brownian particle in one dimension trying to escape from a single-
well potential with a runaway on one side aided by the thermal energy of the
medium in which it is moving. The rate of escape of the particle for a high barrier,
low noise limit (U >>kg T) is proportional to Exp[ﬁ;%] where kp is Boltzmann’s
constant, T is temperature of the medium and U is height of the barrier over which
the particle attempts to escape. Other parameters affecting the escape rate and
which enter as part of the proportionality constant are friction of the medium (v},
distance between the potential minimum A and potential maximum B as well as

the potential profile around points A and B [see Fig. 1.1].

ﬁk
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Figure 1.1: Original potential: single-well potential with a runaway on one side

This is a classic problem that appears in all processes having thermally ac-




tivated kinetics such as chemical reactions and phase transitions. It was first
addressed and tackled by Kramers a]most sixty years ago [1] and is still being
refined and extended. A large amount of literature exists on this classic problem
and its extensions [2,3].

Recently, it is found that changing the smooth potential profile between points
A and B so as to have one or more metastable states in between, while maintaining
U and the distance between A and B fixed, increases the escape rate [4]. Our work
aims at carefully studying this fact. In particular, we want to see how having a
single metastable sate between points A and B affects the escape rate [see Fig. 1.2].
In other words, we want to compare the escape rate for the modified potential with

that of the escape rate for the original potential.

A

U(x)

Figure 1.2: Modified potential having a single intermediate metastable state

Two quantities describing the intermediate metastable state of the modified po-
tential are the two parameters characterizing it. One is location of the metastable

state with respect to the point A or B. The other is the parameter that controls




the local barrier height of the metastable state.

In order to get analytical expressions for the two escape rates, we take piccewise
linear potentials. The parameter characterizing the location of the metastable
state will be taken as the distance of its minimum from B. On the other hand, the
parameter characterizing the local barrier height of the metastable state will be
related to the magnitude of the stope of the piecewise linear potential profile found
between points A and B. Eventhough these model potentials are very simple and
idealized, the essential results one gets will not be different from those when one
takes realistic model potentials,

The rest of this thesis is organized as follows. Chapter 2 introduces two
methods of finding escape rate: the supersymmetric (SUSY) method and the mean
first passage time (MFPT) method. Using these two methods, chapter 3 finds the
expressions for the escape rate for the model original potential; i.e. an inverted N-
shaped potential. In chapter 4, the escape rate for the modified potential is found
once again using the two methods. In chapter b, the expression for the factor
by which the escape rate has improved due to the presence of the intermediate
metastable state is analyzed as a function of the two parameters. Chapter 6 gives

a summary of the results and a conclusion.




CHAPTER 2

Two Methods of Finding Escape Rate

In the next two sections we will present two methods of finding the escape rate
of a Brownian particle in trying to cross a potential barrier. In the first section
we will present the supersymmetric method that has been recently introduced [5]
while in the second section we will present a method of finding mean first passage
time to cross the barrier which is equal to the inverse of the escape rate. In both
cases we start from the Fokker-Planck (FP) equation which governs the particle’s
motion. We confine our problem to the high friction limit where the FP equation

takes the familiar Smoluchowski equation,

nlx o (d /
P(atr t) — D% [,a_'b + AU (3,)] plz,t), (2.1)

where, p(x,t) is the time dependent probability density associated with the particle
position, D is the diffusion coefficient, 3 = ;&# and ' = 42,

2.1 The Supersymmetric (SUSY) Method

The SUSY method is one of the methods by which we can calculate the escape
rate for idealized potentials, The method involves converting the Smoluchowski
equation (SE) to Euclidean Schrodinger equation and solve an eigenvalue equation
to get the escape rate. We bi‘iefiy summarize the method similar to that presented

by Schonhammer [6].




We use the ansatz which puts the spacial and the time components of the

probability density as a product

ple,ty = @(z)e” 2z e (2.2)

and convert the SE, Eq. (2.1), to a time independent Euclidean Schrodinger equa-

tion for ¢(z) :

Hep,(z) = Byp, (z) (2.3)

with, A, = A" A being positive semi-definite, where E, = %

d 1
A= e “Q*ﬁU’(-'L'): (2.4)
and
d 1

Here ¢ (z) is the same as o(z).
This Hamiltonian H, corresponds to the motion of a particle in the potential
V()
VU LR R
Vila) = [500'@)] - 560" (@) (26)
For a high potential barrier, the escape rate is determined by the smallest non-
zero eigenvalue, A\ = DE}, of the SE where E}r is the eigenvalue of the first
excited state of Eq. (2.3). The first excited state ¢} (z) of the Hamiltonian H

is degenerate with the ground state ¢° (z) of the Hamiltonian H . = AA™ so that
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H_¢° = EY¢® with E® = E! and the ’supersymmetric partner potential’, V_(z),

is given by

vx@:[%wwﬂ+%mﬂmy @.7)

The problem thus boils down to finding the ground state eigenvalue E° of this

‘partner potential, so that the escape rate becomes

A = DE? (2.8)
2.2 The Mean First Passage Time (MFPT) Method

This method poses the problem of escape rate of a Brownian particle in an
inverse way. Consider the particle placed at xjin the single-well potential with a
runaway on oue side as shown in Fig, 2.1. The problen is to find the mean time,
T(1— 2), taken by the particle to reach point 2 for the first time. This time is
usually called mean first passage time (MFPT). Point 2 is taken to be far away
from the barrier top point 0. Once this value is found, the escape rate is simply
equivalent to its inverse. To find T(1— 2) we use the backward FP equation.
(Since the backward FP equation is not. commonly encountered, its derivation is
given in the Appendix A). We more or less follow Gardiner’s approach to the
problem of mean first passage time [7].

Iirst, we define the probability F'(xy,t) that at time t the particle is still in the

interval (-oo, X2) and has not reached point xg, given that it was initially at point




U(x)

Figure 2.1: Original potential with a runaway on one side

x3. That is,
T
F@m%:/m%ﬂ@ﬁM$ (2.9)
-0
where p(x,t | 21,0) is the probability density of finding the particle at position x
at time t given that it was initially at position x1. p(a,t | #1,0) is governed by the
Smoluchowski equation, Eq.(2.1), and its corresponding backward Fokker-Planck
equation can be written as

ap(z,t | z1,0) —Di{ d

ol O a,_q;fﬁU(ﬁl)]P(m‘,tlwl,U). (2.10)

Note that p(a,t | 71,0) = p(z,0 | 2, —t) as the system is homogenous in time.
Hence,

J— - - t - >
o Do |an mumﬂmwﬁ. (2.11)

Next, we define the probability P, (¢)dt, that the particle was in the interval

(~o0,x2) until time t and left the interval between time ¢ and ¢ + df. Then, the




mean first passage time (MFPT), T(1— 2), will be given by

o0

T(1 - 2) = / LP, (L)dt.
0
On the other hand,
‘ o0 i)
Pe(O)dt = Foy,t) [ dy [ ply,t+dt| o, t)de
o —00

which implies,

T g
Py, (t)dt = F{z,1) [1 — / dy / p(y, t 4 dit | fE,t)d.’L‘}

—CO —C0

or
—0F(x),t
P, (O)dt = F(zy,t) — Flz,t + df) = —%—ldt.
Hence,
D ' 0

since F(x;,00) = 0. Noting also that F(x;,0) = 1. This implies

/%dt:F(ﬁ?hO@) - F(2,0) = 1.
0

From Eqgs.(2.11), (2.16) and (2.17) we get

g 1 a
e e — BUN ) | T(1 > 2) = 1.
o | V@] 712
When we solve this equation, using the two boundary conditions: ap(a?’t)

0 (reflecting boundary) and F(xg,t) = 0 (absorbing boundary), we get

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

Bp=—00




T(1—2)= % /d:v exp[BU ()] f exp[—AU (y)|dy. (2.19)

When the barrier separating the two states is high compared to the thermal energy,

Eq. (2.19 ) approximately becomes,

T(1 —2)= 21)— [/ exp[—[i'U(y)]d'y} fexp[ﬁU(m)]d:c. (2.20)

—00 &1

Since the escape rate A of the particle is the inverse of its mean first passage

time, the expression for the escape rate is then given by

— =t . (2.21)

[_zo exp[—fAU (ifl)]d'y} [ explBU ()| da

Tl

The two definite integrals appearing in the expression for A can be evaluated
when the potential is simple. In the next two chapters we will use these two
methods to get analytic expression for the escape rates for the original model

potential as well as for the corresponding modified potential.




CHAPTER 3

FEscape rate for a model potential

In this chapter we take a simple model potential for a single-well potential with
a runaway on one side. The escape rate of a Brownian particle from the potential
well will be evaluated using both methods presented in the previous chapter.

The model potential is a piecewise linear having a shape of an inverted N (see
F'ig.3.1). We take the slope of the straight lines to have the same magnitude. The
model potential can then be characterized by the magnitude of the barrier height,

Up and by the width of the potential, L.

1&
Ux) ' \

7 AN

1 0 L\r X

Figure 3.1: Model of original potential: single-well potential with a runaway on

one side (inverted N), )\ is the escape rate




11

3.1 Evaluation of escape rate using SUSY method

As discussed in the previous chapter, we need to construct the supersymmetric
partner potential and obtain its ground state eigenvalue. The SUSY partner

potential defined as

V (z) - [-%@J F5BU"(a), (3.1)

takes the following form for owr model potential:

V_(z) = vg + 2uvp[b(z + L) — 8(z)] (3.2)

where vy = -%li—" Note that the potential V_(z) has one repulsive and one

attractive delta-potential superimposed over a constant potential (see Fig. 3.2).

h
Y .(x) 1

n1 : i

Y

Figure 3.2: Plot of partner potential V_(x)

The corresponding Hamiltonian, H.__, is given by

d?
H_= ot Vi -+ 2uglé(w + L) — 6(z)] (3.3)

so that the Schrodinger equation corresponding to the ground state wave function,

©° (), is
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H_¢° (z) = B0 (). (3.4)

The ground state wave function is of the form ae™* + be*® peaked around the
positions of the delta potentials. We identify three regions [, IT and [T demarcated
by the two delta potentials (see Fig.3.2) and express the ground state wave function

in each region as follows :

4

Region I, @, (z) = Ae Fetl) 4 Bebletl) - for x < — [,
O = . —kz kz 3.5
() Region II, (2} =Ce™ 4 De™®, for-L <z <0 (3.5)
7
{ Region 111, @(x) = Fe™ + Ge*, for x >0

To relate the coefficients, A, B, ...., we use boundary conditions. Let us first start
relating coefficients C, D of ¢, () with coefficients A, B ¢;(z). First of all, since

the wave function is single valued

pp(—L) = ‘PI(“L)- (3.6)

This implies that

Ce** 4 De™* = A+ B, (3.7)

Next, integrating the Schrodinger equation, Eq.(3.4), over an infinitesimal intetval

e around x = -, and taking the limit as € — 0, we get

@y (—L) — @ (—L) = 2vpp(—L), (3.8)

where prime stands for derivative with respect to x. This implies that
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—kCert - kDe ™ 4 Ak — Bk = 204 (A + B). (3.9)

From Eqs.(3.7) and (3.9} we solve for C and D in terms of A and B and put the

result as a matrix equation:

¢\ (1—s)ett (~o)est ) [ A | .10
D ()ett (1+%)e |\ B

Using the same procedure as above to relate coefficients F, G of ¢, (z) with

coeflicients C, D of ¢;;(x), we get

2 144w C
- bR . (3.11)
G —x - [\ D

Using Eq.(3.10) in (3.11) coefficients I, G are related to the coefficients A, B by

the matrix equation

P (e (e o)) )[4
G v (1) (e m o) (m)'ettp (1 B)ett || B
(3.12)

Since the ground state wave function is bounded, then, the coefficients A and G

must be equal to zero. Hence, the matrix equation Eq.(3.12) can be written as

F Wil Wiz 0
- ~ . (3.13)
0 Wyl Way B

This implies that

0= wng. (3 14)
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This equation has nontrivial solution provided wq; = 0. That is,

(s )
wgg_(k)e ) (1-2) e -0 (3.15)

Rearranging Eq. (3.15), we get
k= v (1— o). (3.16)

On the other hand, substituting one of the expressions for the ground state wave

function from Eq. (3.5) in the Schrodinger equation, Eq. (3.4), we find that

R Ve (3.17)
Using Eq.(3.17) in Eq.(3.16) and noting that for high barrier (Uy >> kgT) kL ~

g_g_u , we find the ground state eigenvalue £° to be

2
B’ = (%) e Plo, (3.18)

Hence, the escape rate which is (see Eq.(2.8)), A\¢ = DE®, will then be given by

. U 2
A=D (%9) e P, (3.19)

3.2 Evaluation of Escape Rate Using MFPT Method

In this section we will use the method of mean first passage time to find, once
again, the value for the escape rate for the model potential shown in Fig. 3.1.
In Chapter two, we have already derived the expression for the escape rate (see

Eq. (2.20)). TFor ow model potential shown in Fig. 3.1, the expression for the




escape rate becomes

D

I el U] T elpu@)ds

Ny =

The potential profile for our model potential is given as

—Spx — Uy, for <L

U(:L‘)ﬁ Soib’+U0, fO?‘ - L < J}SO

—Sexz + Uy , Jor >0

.

where Sy = %ﬂ Let us evaluate the two definite integrals. That is,

0 —L 0 -
f o~ BUE) g0 — f P(Soz+Uo) g f e~ B(Soz+Uo) 4.
- o

() m
BU, BUy ’

while

(e 0 o
/Gﬂu(z)dﬂ} — feﬁ(6'0$+Uu)dm__}_/8,3(-80:1:+Ug)dm
L g 0 '
— 3]‘:’_63&’0 . i
By BUs

The product of the two integrals is

2L
2 LBU _ p—BU —20U
(ﬁUg)e 0(1 e PY0 Lp 0).

For high barrier

BUy

—00 ~L

{/D exp[*ﬁU(y)]d?j} fexp[ﬁU(a:)]dg; = (_2’_[’_)2819(10'

15

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)
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Hence, the escape rate becomes

BUN" .
M =D (—ﬁﬁ g Pl (3.26)

In the next chapter we take a modified model potential and evaluate the escape

rate using the two methods.




CHAPTER 4

Escape Rate For a Modified Model Potential

In chapter 3 we calculated the escape rate of a Brownian particle from a model
potential using supersymmetric and mean first passage time methods. In this
chapter we consider a modified model potential having an intermediate metastable
state between the potential 1111'1.1111111111 (at z = —L) and the potential maximum (at
x = 0) of the well as shown in Fig. 4.1, The escape rate of a Brownian particle from
the modified model potential well will be evaluated using both methods presented

in chapter two.

U(x) A

L,

-IL “&J}Lz) -L, 0 L\px

Figure 4.1: Modified model potential with a single intermediate metastable state
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The modified model potential is a piecewise linear, characterized by the mag-
nitude of the potential barriers Uy, Uq, Uy, Us, and by the widths of the potential
barriers L, Ly, L, Ly,. We simplify the model by taking the three straight lines
found between z = — I, and 2 = 0 to have the same magnitude of slope.
So, i+ Lo+ Lz=1L
Uy —Us+Us =
and 9t = §2 = B
We specify the position of the intermediate state interms of the scaled Ly, ie.
14 = yL.. On the other hand, the slope S can also be scaled such that S = 5,
where 59 = yfl Hence, y and z are the parameter characterizing the modified

model potential. In terms of these parameters y and z,

L1 = Ly
Ly=5(1-1) (4.1)

L33%(1+%)_Ly,

while

U3 = %& (Z+ 1) - U,,zy,

4.1 Escape rate from a modified model potential using SUSY Method

As discussed in chapter 2, we need to construct the supersymmetric partner

potential and obtain its ground state eigenvalue, The SUSY partner potential
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defined as

V () = [ﬁU’(m)

: 1 Hy
; }+ SBU" (@) (4.3)

takes the following form for our modified model potential:

vk, for,e < —Land x>0
Vo (z) = 1724 (v + o) 8 (x + L) — 206 (z+ Ly + Lo) (4.4)

Y2wb(x+ L)~ (v +w)d(z), for -IL< x <0

where vy = %%ﬂ, v = %, S = %} = %— = % The potential V_(z) has

two repulsive and two attractive delta-potentials superimposed over a constant

potential {see Fig. 4.2).

V.(x) %

1 i1 I v \%

<
4

-L -(L,+L,) -L 0

~

Figure 4.2: Plot of partner potential

The corresponding Hamiltonian, H.., is given by

H = e + v, for,e < —Landz >0 (4.5)
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anc

~ L+ (v + 1) (v + L) — 206 (m+ Ly + La)
- (4.6)

2w (x4 In) ~ (v +w)b(x), for—L<z<0
so that the Schrodinger equation corresponding to the ground state wave function,
¢ (z), 1s

H_¢° (x) = E°¢° () (4.7)

The ground state wave function is of the form ae™* 4 be? peaked around the
position of delta-potentials. We identify five regions I, LI, III, IV, and V demar-
cated by the four delta potentials (see Fig. 4.2) and express the ground state wave

function in each region as follows:

Regionl, p,(z) = Ae—k+Ll} . Bekla+l)
Regionl I, @ (x) = Cet@Hitla) | Dedletlntlse)
2 () = | Regionl I, () = Fe~9@ti) 4 Gedl=+Li) (4.8)
RegionlV,p,(z) = e ® + Je®

RegionV, py(z) = Pe %@ + Qek®

\

1 1
where k& = (yg - EE) *and ¢ = (u“’ - EE) *. 'To relate the coefficients, A, B, ....,
we use boundary conditions. Let us first start relating coefficients C, D of ¢, ()

with coefficients A, B of ¢, (). First of all, since the wave function is single valued

@i (—L) = or(=L). (4.9)

This implies that

Cetls | De=9 = A 1 B. (4.10)
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Next, integrating the Schrodinger equation, Eq.(4.7 ), over an infinitesimal interval

e around x = -L and taking the limit as € — 0, we get

Pr(—L) — @ (—L} = (v + vo) ¢, (1) (4.11)
This implies that
—Clge™ 4 Dge 3 4 Ak — kB = (v + vp) (A + B). (4.12)

From Eq.(4.10) and Bq.(4.12) we solve for C and D in terms of A and B and put

the result as a matrix equation:
=M, , (4.13)

where

M, = & 2ot . (4.14)
1 _ kv 1,k L
G-mtg+s)em Gratity)es

Next we relate coefficients F, G of ¢, (z) with coefficients C, D of ¢,,(z). Since

the wave function is single valued,

rrr(—In — La) = orr(—In — Ly). (4.15)

This implies that

Fe + Ge™"? =+ D. (4.16)

Integrating the Schrodinger equation, Eq.(4.7), over an infinitesimal interval &
around x =—1L; — Ly and taking the limit as ¢ — 0, and the delta function is

negative we get

‘PIHI(_Li — L) — ‘PIH(ﬁLl — Lg) = _QVSOII(_Ll - L2)- (4- 17)
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This implies that
—Fge®™ - Gge™ 2 + qC — ¢D = —2v{(C + D). (4.18)

From Eq.(4.16) and Fq.(4.18) we solve for F and G in terms of C and D and put

the result as a matrix equation:
= M, (4.19)

where

= | e e | w0)

(e (1-g)e
We now relate coefficients I, J of ¢,y (2} with coefficients F, G of (). Single

valuedness of the wave functioh leads to the relation

ey (—L1) = ¢r(=1n), (4.21)

which implies that

Tet™ 4 Je ™ = F 4 G, (4.22)

Integrating the Schrodinger equation, ISq.(4.7), over an infinitesimal interval e

around x =—1IL; and taking the limit as ¢ — 0, we get

Soirv(““Ll) - SD}II(ﬁLl) = 2V‘PH{(“L1)~ (4-23)

This implies that

—Iqe™ + Jge ™ - Pq—Gq =20 (F +G). (4.24}
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Irom Eq.(4.22) and Eq.(4.24) we solve for I and J in terms of F and D and put

the result as a matrix equation:
= M; (4.25)

where,

wy o | (a) e (e

(5) e (L+g)em

Considering coefficients P, Q of ¢, () and coefficients I, J of ¢, (z) and relating

(4.26)

them at point x = 0 due to the single-valuedness of the wave function we get
P+Q=I+J (4.27)

Next, integrating the Schrodinger equation, Eq.(4.7), over an infinitesimal interval

€ around x = 0 and taking the limit as € — 0, we get
@y (0) — € (0) = — (v + vo) @11 (0). (4.28)
This implies that
—kP 4+ kQ+ql —q) = —(v+w) ([ +J). o (4.29)

From 15q.(4.27) and Eq.{4.29) we solve for I and J in terms of F and D and put

the result as a matrix equation:

P 1
= My (4.30)
Q J
where,
A S A R AR

(4.31)
.. L4 Yo

1
2 2k T 2% %

B
_i...
Ele
|
B~
!
s
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Using iq.(4.14), Eq.(4.20), and Eq.(4.26) in Eq.(4.31) we at last relate coefficients

P, Q with coefficients A, B by the matrix equation

P A
=M . (4.32)

Q B

where M = M4M3M3;M,; Since the ground state wave function is bounded, then,
the coefficients A and ¢ must be equal to zero. Hence, the matrix equation

Eq.(4.32) can be written as

P My, My, 0
= . (4.33)
This implies that
This equation has nontrivial solution provided
My = 0. (4.35)

My is basically a function of y, z and E° for a given Uy and L. It is made up of
products of exponentials (such as %7, ¢?F...) and factors that are functions of k,
q, v, and vy. To evaluate the root, E° , of My, we exploit the high barrier limit

as we have done in the previous chapter:

. ] AU, 23Uy
(1) Take et ~e'2° and et ~e 2

and (i ) Expand k and q terms appearing in the factors up to first order in

EP . The details of finding this root is done in Appendix B. The result is




B (y, 7) Aty (4.36)
-\ dy+ (1 2%+ (1 -2t +2(1 4+ 2) bty '

Hence, the escape rate
A= DE° (y, 2), (4.37)
is given by

4DV
A= 5 5 )
4t2+(1—|—2) t3+(1—2) t4+2(1+2’)t11

(4.38)
The expressions for the t’s are given in Appendix B.
4.2 Escape rate from a modified model potential using MFPT method

In this section we will use the method of mean first passage time to find, once
again, the value for the escape rate of a Brownian particle from a modified model
potential shown in Fig. 4.1.

In chapter two, we have already derived the expression for the escape rate (see
Eq.(2.20)). For our modified model potential shown in Fig.4.1, the expression for

the escape rate becomes

Noo= P (4.39)

F expl-pu)ay| T explgv@)de

The potential profile for our modified model potential is given as

’ —Soz — Uy, for x < -L

Sozz + Uy, for -L < x < -(Ty+1s)

Uz) = —(So +2Up)Za+ Uy, for -(Iy+1,) < x < —In (4.40)

S'OZ:::-}_ Up, for-I, < x <0

—Sox 4+ Up, for x > 0
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Yo

where S = 2,

z = S%, and y has the value 0 <y < 1. Let us evaluate the two

definite integrals. That is,
g I
[ s = (L) o[22 1 2y )],
while
[ W(m)drm(lg) s [ — 2ePs — AU 1 (14, Z)H0-0)] | (1.42)
L

The product of the two integrals of Eq. (4.41) and Eq. (4.42) is given as using

Appendix B Eq.(B.2)

2
. (5157) [~8 214 2) + by + &+ (L 2P 4 200 (1 + 2)ts — 1)) (4.43)
0

Hence, the escape rate becomes

DZ2(ﬂ80)2

AN o=
—8 — 2(1 -+ Z) + 41‘.17 + ti -+ (1 + Z)zﬁg + 2t11((1 + Z)tg - ﬁ4)

(4.44)

In the next chapter we will compare this value of the escape rate for the
modified model potential with the value of the escape rate for the original model

potential which we have calculated in chapter 3.




CHAPTER 5

Result and Discussion

In the previous two chapters we have evaluated the escape rates for the model
potential (Ag) as well as for the modified model potential (A). We have used two
methods to evaluate these escape rates. In the present chapter we are going to

compare the two escape rates.

Let us take the ratio of the two escape rates, %0 This quantity tells us
the factor by which the escapé rate has improved by taking the modified model
potential instead of the original model potential. We call this factor, f, defined

as
f=1 (5.1)
the ¢mprovement factor. Using the values of the escape rates found by supersym-

metric method (Eq.(3.19) and (4.38)), the value of the improvement factor is given

by
4212t3

ol b (142 54+ (1 2%t 20+ 2) by

f (5.2)

On the other hand, the improvement factor found by the mean first passage time
method (from Fgs. (3.26) and (4.44) ) is

_ 42°13
T 8 —2(1+2) +dbir + 7+ (14 2)23 + 260 (L + 2)ts — ta)’

f (5.3)

The improvement factor is function of y, z and SU;. Note that y is the (scaled)

position of the intermediate metastable state from the barrier top, z is the (scaled)
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slope of the straight lines that form the intermediate metastable state while SU,

is the (scaled) barrier height over which the particle escapes.

[

g o o o
Mo o m

Figure 5.1: Plots of f (and f'} versus y when 2z = 2 and gU, = 8.

Let us first see how f behaves as a function of y for fixed z and fUy. Fig. (5.1)
is a plot of f (and f’) versus y for z = 2 and Uy = 8. This shows that f takes an
optimum value at a particular value of y. In fact, the value of y at which T takes

an optimum value can be found by equating the derivative of f with respect to y

(for fixed z and BU;)

aof
— =10, 5.4
5 (5.4
We have found this to hold when
z+1 .
y= (5.5)

independent of the value of fU;. Further, we note that this position corresponds
to the situation when the mid-point of the intermediate straight line with negative

slope ezactly comcides with x:—TL (secFig.5h.2).




CHAPTER 6

Summary and Conclusion

In this thesis we took the problem of escape rate of a Brow‘njan particie from
a single-well potential with a runaway one side. Guided by a previous work that
barrier subdivisions improves escape rates {4}, we wanted to clearly see the effect
of a single barrier subdivision on the eScape rate. This barrier subdivision creates
an intermediate metastable state between the potential minimum and potential
maximum of the well. In order to get an explicit value for the escape rates,
we considered model potentials both for the original as well as for the modified
potential. We used two methods to calculate the escape rates for both model
potentials.

The factor by which the escape rate improves due to the presence of the inter-
mediate metastable state (improvement factor) is a function of 1) its position (y)
relative to the barrier top 2) the steepness of the slope of the lines that form the
state (z) and 3) the barrier height (8Up).

We found out that there is a position yg of the infermediate state at which the
improvement factor takes optimum value for a given gz, independent of the value of
BUs. This position corresponds to having the barrier subdivision placed exactly
around the mid point of the width { L ) of the well. We also found that, fixing the
position at yp, the improvement factor takes optimum value at a given steepness

value for a given SUp.
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In conclusion, we would like to add that further work in this direction could

give a clue to the search for the potential profile that has the highest escape rate.
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Using eq(A.10) in to eq{A.8)
9 '
= [ L @)p ety t)dy
_ : 1 ) ! P gt
= Jim — [dy [def @)p (st + A | y,1)
o

[ (o) gt 1?) - ;(z—J)a2p<fc,t|y,f)+..}(A.n)

Using eq(A.2) and Eq(A.3) in eq (A.11) will have the form

0 :
@ff(y)p(w,tly,t)dy

= [ { Awt) gop (ot | 0t) ~ 3Byt )%p(m,tly,t')]m.m)

Hence, we have

9, b, | a? )
Pty ) = A(y,t)~a—yp(rc,tIy,i)~5B(y>t)a—ygp(aqtly,t) (A.13)

This is the backward Fokker-Planck equation.
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Appendix B

In this appendix we will evaluate the root, E° | of the matrix element My,.

We start from the full expression of My, = 0 which is

1_g ko () 02 w2 e )] o
2 4k dq dkq 2q? 4kq

4q3 43k
1 & §V+Vu! _ovE v R !V+V0!
+ [2 + 4q + 4k 4kq 2q2 dkq A3 + 4¢3
kv v v(vtwee)  wlvtwe)® _A_;ﬁ + ¥2 v (vtep)
42 4k 2qk 4q2k Ak 2q2k — 5o
+ G G q q q e VL(zg; s)
12 (v4v0)?
+ 493k
kv + v(rtro)  v{vtig)? A g v2{(vt1)
4g2 4;& 2qk 4q2k 4!. 2¢2k _5n
+ q q q q q e,,[,(gl. e )
_ v {vtv)?
e (B.1)
42 {41g) + vivtre)? 4oz v vt
4 2 4k 2qk 492k 292k
+ ? ak 7 ‘13 ‘”“1 7k o vE(1-22)
+vggu+uo!2
dq3k
_kv v + p(vtro) + vy i) + v At
4q? Ak : 2 4 3 TN
I g 2qk 4q%k 93 4kq 2%k v L(1-2z)
_uggu+yo!2
4¢°k

R i U s 1Y R R A
+[2+4q3 kg ik |¢7°

ﬂé—ﬁ—m+HMiy“%

ATk = 0.

Let us use the following symbols to represent exponential terms appearing in
Eq.(B.1)




38

—{ilUnz
BUg= _TQ._
t1=e 2 lo=c¢e
—i3lp
BUg
g =e72 ty = e
BUgz(1—2y) —PBUgz(1—2y)
ts = e 2 fg=c¢e 2
AUgz(2y— 1) —Btga(2y-1)
t7:e 2 ~ tgxe_ 3
(B.2)
tg =11 — iy lio=16 + 1t

n=—lg+itr—lsg+ils tig=tg—1t3+ts—1y

tiz = 1o tiy = —tg + 13 — 14 — 3

tis =tttz + 14 tig=1g+ty —1g —is5

t17 — tl‘tg + tg.tg.
Using Eq. (B.2) in Eq. (B.1) and multiplying by the factor of 4¢3k we get

[— v+ o)’ ¢ + 4262 + ¢*] to + [26° k] tr0 + 20 (v + vo) ] t11+
[V2 (v -+ 110)2] tie + [PK% tig + [V2¢%] b + [202kq] tas+

(2 (v + o) ¢ — v (v + v0)* g — vg® + vgh?] 16 = 0.

Expanding k, ¢ and their products up to order E?, we have
37 3 E 2,2 F _ E
k I/Ug(l E?g_ﬁ%)’ q_u(l—;‘—’), L—IJO(IMT;’%),
U, R eeo8)

Using Eq.(B.4) in Eq. (B.3),
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0 (- 8) 05k

+ [2z (1-3% - 2]7;1)] tio + [zz (1

+ {0427 b+ [1 - Bt + 22 (1- B)] 1
° (B.5)
E B
Fos - )]
220140 (1= ) -2 (1 £2) - (1- 28)
+ t15 = 0.
- 8)
Bringing terms of order E2 together, we get

- B (Y b1 (5 o (B bk (25 ]

Then, we solve for the ground state eigenvalue E® and get is

vy (—22159 + 22t1p + (22 + 22%) t1y + (1 + 2)* tag + t1s + 2% + 2251515)

0 _
Ei(y’ Z) - —27+222 2243 224222 #2243
[( o )tg"r'( P )t10+( pe )t11+t13+t14+( - )tIS]
(B.7)
Further simplification leads to
Aty
E%(y,2) = : (B.8)

A+ (14 2) 85+ (1 — 22 ts +2(1 + 2) gy
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