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INTRODUCTION

One way to study a module A is to embed A in an injective module E, called the
“injective hull” of A, in some minimal fashion. The minimality is achieved by
requiring E to be an “essential extension” of A, meaning that every non
zerosubmodule of E has non zero intersection with A.

In this paper I will begin by discussing injective module, Divisibility of a
module and their basic properties, and then develop the concepts of essential
extensions and injective Hulls. After studying the general properties of injective
Hulls, we show how injective Hulls may be used to develop a useful notion of
"finite rank "and "uniform rank" for modules. Finally I will discuss direct sum

of injective modules over a noetherian ring.

S ————————————————————————————————
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CHAPTER ONE

o

PREREQUEISITES AND PRELIMINARIES

Definitionl1.1. Zorn’s lemma If A is a non-empty partial ordered set such that

every chain in A has an upper bound in A, then A contains a maximal element.

Definition1.2.Let R be a ring. A left R-module M is an additive abelian group M

together with a function R X M — M denoted by

(r, a)— ra such that for all r,s€R and a,beM:

i)r(a+b)=ra+rb

ii) (r + s)a =ra + sa

i) r (sa) = (rs) a.

If R has an identity element 1 and

(iV) 1ra = a for all a€M, then M is said to be unitary R - module

Note. If R is commutative it is easy to verify that every left R-module M can be
given the structure of a right R-module by defining ar = ra for reR and a€eM.
Definition1.3.A submodule K of M is a direct summand of M if and only if
there is a submodule k’ of M with

KNK’=0and K+ K’'=M

Definitionl.4.Let R is a ring. M be an R-module and N a non-empty sub set of
M then N is said to be submodule of M provided that N is an additive subgroup
of M and rneN for all reR, neN.

Examplel.5

nZ are submodules of Z as Z-module.

Definition 1.6.A module M is said to be simple module if M has no non trivial
submodules.

Example 1.7.

Zp as Z-module is simple module, where p is prime

Definition1.8.The Socle of a module A is the sum of all simple submodules of

A and is denoted by soc (A.)

“
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Note. By convention the sum of empty family of submodules is the Zero st

' module. Hence soc (A) = O if and only if A has no simple submodules.

Definition1.9.A semi simple module is a module A such that soc (A) = A

- Examplel.10

(1) Any vector space A over a field K is a semi Simple.
(2) The socle of an abelian group A consists of all elements of A of Finite Square
free order (including 1) is semi simple.
Remark. The socle of any module A is a direct sum of simple submodules of A
Lemmal.11.A module A is semi simple if and only if every submodule of A is a
direct summand of A.
Proof.Assume first that A is semi simple and let B be a submodule of A. by
Zorn’s lemma, there is a submodule C of A maximal with respect to the
property BNC= O,
IfB@®C < A there is a simple submodule
S <A such that S is not a submodule of B® C
This implies S n (B@® €)= O and we have {B,C,S }
Is independent from this we have
Bn (C®S) = 0 Contradiction to the maximality of C
Therefore B@®C=A
Conversely, assume that every submodule of A is a direct
summand.Inparticular, A = Soc(A)®B for some submodule B. If B#0 let C
benon-zero cyclic submodule of B.If ¢ is a generator for C, then by Zorn’s
lemma C has a submodule M which is maximal with respect to the property
c€M. Then M is a maximal proper submodule of C.
NowA = M @ N for some submodule N and C=M@® (CNN)
This implies Cn N = C/M.
Where CNN is a simple submodule of A, and so CNN < soc(A).
As CNN < B this is impossible

Thus B=0 and therefore A=soc (A)

S —————————————————
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HLemma 1.12
For any ring R the following conditions are equivalent

[ All right R- modules are semi simple

II. Al left R- modules are semi simple

[lI. Rgis semi simple

IV. kR is semi sample
A ring satisfying the above condition is called semi prime ring
Lemmal.l3.Any submodule of a semi simple module is semi simple.

Example 1.14

{0} and Zs are semi simple submodules of Zs

|| Definition1.15. Every non zero module M has at least two direct summands, 0
and M.A non-zero module M is indecomposable if 0 and M are the only direct
summands.

Definition1.16.Z, as Z- module is indecomposable where p is prime.
Definition1.17.Let A be a right module over a ring R. Given any subset X of A
the annihilator of X is the set ann(X) ={r e R/xr =0 forallx € X} which is a
right ideal of R

Similarly, if A be a left module over a ring R we have

L.ann(X) ={r € R/rx = 0 for all x € X}

Note.we can denote a right annihilator by r.ann(x) or ann(x) and a left
annihilator 1.ann(x) or anna(x).

Recall that a collection A of subsets of a set A satisfies the ascending
chain condition (or Acc) if there does not exist a properly ascending infinite
chain A;cAsc...... of subsets from A.

Proposition 1.18
For a module A the following conditions are equivalent
a) A has the Acc on submodules
b) Every nonempty family of submodules of A has a maximal element

c) Every submodule of A is finitely generated.

%
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Proof.(a)=>(b) suppose that C is a nonempty family of submodules of A ""'u#g@
1 a maximal element. Suppose C has no maximal element. Choose A €C since A;

is not maximal there exists A2€C such that

A2> A) continuing in this manner we obtain a properly ascending infinite chain
A<hIE, . of submodules of A contradicting the Acc.

1(b) =(c) let B be a submodule of A and let f be the family of all finitely
generated submodules of B.note that f contain O and so f is nonempty. By (b)
there exists a maximal element Ce g .if C#B, choose an element x€B/C and let

C' be the submodule of B generated by C and x.

Then C'e g and C' > C contradicting the maximality of C.

' Thus C=B hence B is finitely generated.

| (c)=(a) let B1 < B2<... be an ascending chain of submodules of A.

Let B=Up-, Bn.by (c) there exists a finite set X of generators for B Since X is
finite ,it is contained in some B, whence Bn,=B.

Thus Bm= Bn for all m=n establishing the Acc for submodules of A.
Definition1.19.A module A is noetherian if and only if the equivalent
conditions of proposition 1.18 are satisfied. A ring R is right (left) noetherian if
and only if the right module Rr (left module rR) is noetherian. If both
conditions hold, R is called a noetherian ring.

Example 1.20

g g) with a €Z and b ,c€éQ make a ring

which is right noetherian but not left noetherian.

The 2x2 matrices over Q of the form(

To show it is not left noetherian.For any non-negative integer k,consider the

set Ak = [(g m(/)Z"‘):m & Z],

k+1
Axis left ideal of R.Moreover Ax< Axs1 as m/2%= 2m/2%*1 and (g 1/ % )eAk.

Thus we get a non-terminating strictly ascending chain Ao<Ai<...... of left
ideals of R.

= R is not left noetherian.

e —
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To show it is Right noetherian .it suffices to show that each nonzero ideal
1s finitely generated.
Let A# (0) be a right ideal of R and let ae; 1+fe12 +yex€ A where ej denotes
the matrix with one in (i,j)h position and zero elsewhere and a €Z, f,y €Q.
Note also that ej.ex= e if j=k and
ejj.ex1 = 0 if j#k then we have two cases.
Case 1 a #0.
Let § be the least positive integer such that §e;+bea+cesne A
for some b,c € Q.our claim is A is generated by the matrix Sei, e12, e2s or den
and ez,
Now, (§ei1+beiatcers) e12€A, as A is right ideal of R.
| = §en€A by the above remark.
| = Se12(1/6) ean= e12€A.
| = beia=e12(bea)€ A.
|: Also §er1+beja+cesne A.
=(der+bejatcenn) e €A.
= dejEA.
Thus we get cex€eA.
Now in case ¢=0 for all such & and b,
= A is generated by fe;;and ey
In other case cex(1/c) e22€ A and A is then generated by matrices derr, ej2 and
€22.
Case 2 a =0.
In this case beia+ ce2€ A.if all elements of A are of the type g(bei2 + cez) for
some o €Q, then A is generated by a single matrix be;s + cea; |
Otherwise there exist b1,c1€Q such that bje;y + Cie22€ A but bjc#bc;.
Then (bci-bic) ez €A.
= (bei-bic) e12(1/ bei-bic) exne A
=enEA

= ej2bexE A
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= bei12€A.

= cexn€ A
Either c=0 or exz € A.
Thus A is either generated by e12and ez by ez alone.
Hence A is finitely generated.
= R is right noetherian.
Proposition1.21. Let B be a submodule of a module A. Then A is noetherian if
and only if B and A/B are both noetherian.
Proof. First assume that A is noetherian.
Since any ascending chain of submodules of B is also an ascending chain of
submodules of A, Thus B is noetherian as A is noetherian.
If C1= C2 <.....is an ascending chain of submodules of A/B, each C; is of the
form Ai/B for some submodule A; of A that contains B and
A1=A0S....
Since A is noetherian, there is some n such that Ai=Ap for all i 2n, and then
Ci=Cufor all i 2n.
- Thus A/B is noetherian
| Conversely, assume that B and A/B are noetherian, and
let A1=Az<....be an ascending chain of submodule of A. There are ascending
chains of submodules.
AiNBSA2NB<...... in B and
(A1+B)/B < (A2+B)/BS<.... in A/B Hence, there is some n such that
AiNB=-AnNB and (Ai+B)/B= (An+B)/B for all i >n and the latter equation yields
Ai+B=A,+B.
For all i n, we conclude that
Ai=AiN (Ai+ B)
=AiN (An+ B)
=An+ (AiN B)
=An+ (An N B)
=An
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herefore A is noetherian
n Particular proposition 1.21 shows that any factor ring of a right noetherian
ing is right noetherain. (Note that if I is an ideal of a ring R, then the right
ideals of R/I are the same as the right R-sub nodules.)

orollary1.22.Any finite direct sum of noetherian modules is noetherian.

roof. Let us prove by induction

uppose A1 and Az are noetherian and A=A1@ Az

he module A has a submodule B=A;@®0 such that B=A; and A/B=A: Then B
and A/B are noetherian then by proposition 1.21 A is noetherian. Thus it is
true for n=2.
Suppose it is true for n-1 modules that means A=A|@...®Ax.1 is noetherian,
where A,1....,An-1 18 noetherian.
To show the direct sum of n noetherian module is noetherian, we have
A=A1@.... DA 1DA where A1....An are noetherian
= C®An, where C=A1@®....®An1 is noetherian by induction Assumption.

Thus A is noetherian.

' Definition1.23. An R-module M is said to be free if a non-empty subset X of M
- generates M and X is linearly independent. In other words M is free if it admits
a basis.

Corollary1.24. If R is a right noetherian ring, all finitely generated right R-
modules are noetherian.

Proof. If A is a finitely generated right R-module, then A=F/K for some

finitely generated free right R-module F and some submodule K<F.

Since F is isomorphic to a finite direct sum of copies of the noetherian module
Rg, it is noetherian by corollaryl1.22. Then by proposition 1.21 A must be
noetherian.

Lemmal.25. Let R be a commutative domain. Let N be a divisible R-module
N1 =N a submodule and I an arbitrary set then N/N; and N are divisible

Proof. Let 0#s€R and [n] € N/N; be given since N is divisible there exist ni€N
such that

e —
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sni= n which implies [sn,] = [n]

Therefore we have s[n,]=[n]
Hence N/N; is divisible
Now let f: I-N be given since N is divisible there exist sni€N such that sn;={(i)

for all i €1
Define fi: 1 — N via

o - f ni 3P 1) #£0
= {0 else

Then fieENW and  sf,=f

Hence N0 is divisible

- Lemmal.26. if f : A—B and g: B —A are R module homomorphisms such that

gl = 1athen B = Imf@kerg
Proof. Let x€B then

8lx-f(g(x ) = g(x)- (gf)(g(x))

= g(x) - g(x)
=)
= x- [(g(x))€ kerg.
Hence x=x-f(g(x))+f(g(x)) where f(g(x))€Imf
Now let x€kerg N Imf
= g(x) = 0 and x = f(y), for some yEA
= g(x) = g(fly))
=8gX) =y, asgf= 1,4
=y=0
=x=1(0)=0
Thus kerg N Imf = {0}
Hence B = Imf@kerg
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 Injective Modules and Essential Extensions

Definition 2.1.A right (left) module A over a ring R is injective if for any right
(left) R-module B and Any submodule C of B, All homomorphisms C to A

extends to a homomorphism B-—A such that the diagram below is

commutative
0 »C f > B
h
g
v
A
Example 2.2

i) Q is an injective Z- module
ii) Q/Z is an injective Z-module
Proposition 2.3 (Baer’s criterion) let A be a right R- module over a ring R
then A is injective if and only if, for every right ideal 1 of R and every
feHomg(I,A) there exists a€A such that f(r) = ar for all rel
Proof: - Suppose A is injective
Let I < Rr and f EHomg(I,A) extends to fi€ Homg(R,A)
Thus f(r) = fi(r) for all rel
= fi(1)r for all rel
= ar where fi(1) = a€A
f(r)=ar for all rel
Conversely assume that A satisfies the given condition and consider

right R-Modules C<B together with a homomorphism f: C — A.

%_——_—_—
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t X be the set of all pairs (C,, fi) where C; is a submodule of B containing C
nd fi is a homomorphism from C;to A extending f. Now we define a relation <
n X by declaring that (Ci, fi) <(Ca,f2) if and only if C1< C; and f, extends f; In
ddition this relation is partial order on X and that every non-empty chain has
n upper bound then By Zorn’s lemma, there is a maximal element (C*,f*) in X
nd if C*=B we are done.
Otherwise choose beB/C* and set I= {rER/breC*.

Now we define a homomorphism I— A by r »f*(br), hence by assumption there
exist a€A such that f*(br) =ar for all rel.
" Now we have a well-defined homomorphism f;: C*+bR—A such that
| fi(ctbr) = f*(c)+ar for all ceC* and reR. But then (C*+bR,f1) €X which
~ contradicts the maximality of (C*,f*).
;'Example 2.4.

Z is not an injective Z- module since the homomorphism

f: 2Z— Z given by the rule f(2n) = n can’t be extend to a homomorphism

Z—Z or by Baer's criterion there is no a€Z such that f(r)=ar, for all re 2Z.
- Definition 2.5.An abelian group D is divisible if given any yeD and 0#n€Z then

there exist XD such that nx=y provided nD=D.

Note. An abelian group can be interpreted as a Z- module

Proposition 2.6.A Z-module D is divisible if and only if D is an injective Z-

module.

Proof. Suppose D is Z- injective module let yeD and 0#n€eZ

Since every module is a homomorphic image of a free module, we have a

unique epimorphism f :(n)—D defined by n—y

As D is injective Z- module there is a homomorphism h:Z— D such that the

diagram below is commutative
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f
v
D
-If x= h(1) then nx =nh(1)
=h (n)
=1 (n)
=y, yeD
= nD=D

Therefore D is Divisible

Conversely, Every non Zero ideal of Z is of the form nZ,n#0, since D is

divisible abelian group and h:nZ— D, then there is a be D with h(n)=nb and
h(nj) =h(n)
=Jjh(n)
=(n)b  for all jnenZ
=(nj) b for all njenZ
Then by Baer’s criterion
D is injective
Proposition 2.7. Any Z- module can be embedded into an injective Z- module.
More precisely Any Z- module is isomorphic to a submodule of an injective Z-
module.
Proof. Let M be a Z-module. Let G be a generating system of M then there exists
an epimorphisn r: ZG— M
Consider K=Ker(r)sZ(©)< Q@ which is Z submodule of Q@G
By first theorem of isomorphism we have
M =ZG/K < QIGyK
Since Q is divisible Q(@ and Q(€)/k are divisible (by lemma 1.25).

Department of mathematics Page 14
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For Z modules divisibility implies injectivity.

Thus M is isomorphic to a submodule Z(/ K of Q/K.
Example 2.8
-As Z- module the additive group of the rational Q is divisible
-Q/Z as Z- module is divisible
- The additive group of reals R and R/Z is divisible
-For each prime p,Z(p®) is a divisible group
Remark. A non-trivial finitely generated abelian group A is never divisible
Example 2.9.
Z as Z- module is not divisible
Note that. If R is a ring and D an abelian group, Homz(R,D) can be made into
either a right or a left R-module. If f €Homz(R,D)and reR then fr is defined by
the rule (fr)(x)= f(rx), for x€R, while rf is defined by the rule (rf) (x)=f(xr).
Lemma 2.10. If R is a ring and D a Divisible Z module, then the group
H= Homgz(R,D) is injective left R-module.
Proof. Let Homz(Rg,D) is a left R-module and I < gR, suppose
f:l—=Hom,(Rg,D) is homomorphism
Then h: a—(f(a)) (1) define an abelian group homomorphism
h:I —D. Thus since D is injective Z-module there is hij€Hom,(R, D) such that
(h1/I)=h. now we have for all a€l,reR
(ahi)(r)=hi(ra)
= h(ra)
= (f(ra))(1)
= (rf(a))(1)
= (f(a))(r)
Thus we have f(a) = ah; for all a€l
Therefore by Baer's criterion
Homgz(Rg,D) is an injective left R-module.
Proposition 2.11.Let R be a ring. Any left R- module can be embedded into an

injective left R-module.
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roof. Let R be a ring and M a left R-module let ®:Z— R, k—k.1
e the natural ring homomorphism. Considering M as a Z-module, we know
hat M can be embedded into an injective Z-module say N.

Let i: M—N be this Z-module monomorphism since N is an injective
-module, Homz(R,N) is an injective left R-module.

or this consider

R-N
r e i(rm)

: M—Homg(R, N) by m r— [
1.e.y(m)(r) =i(rm),

laim: - well defindness
] o show W (m) is Z- linear
W (m)(kr) =i(krm) =ki(rm) =kW¥(m)(r)
?I'I‘o show W is R- linear since
W(rim)(rz)=i(rarim)= W(m)(rzri)=(r1¥)(m)(r2).Thus ¥ is R-linear
‘To show W is injective
W(m)=0 implies i(rm)=0 for all reR
=i(m) =0
=m=0, since i is injective
Thus Any left R-module can be embedded into an injective left R-module.
Corollary 2.12.A module A is injective if and only if A is a direct summand of
every module that contains it.
Proof. If A is injective and f:A—B an inclusion map Ia:A—A extends to a
homomorphism g:B— A such that gf=1, then by lemma 1.26
B = Imf@kerg but
Imf = f(A) = A Therefore B = A@kerg

Conversely By proposition 2.11 A can be embedded to an injective

module B and from the hypothesis we have B = A@® C, for some submodule C of

B.Therefore A and C are injective.

Department of mathematics Page 16



njective hull

SSENTIAL EXTENTIONS

efinition 2.13.An essential (or large) submodule of a module B is any

ubmodule A which has non- zero intersection with every non- zero submodule

f B we write “A<.B” to denote this situation we also say that “B is essential

f A is a submodule of a right module B over a ring R then A<cB if and only if
or each 0#b€B there exists reR such that br#0 and breA.
efinition 2.14.Let A and B be modules An essential monomorphism from A
o B is any monomorphism from A to B such that f(A) <B.
ote. A submodule A of a module B is essential if and only if the inclusion map
rom A to B is essential monomorphism
xample 2.15
All non-zero Z-submodules of Q are essential i.e. Z <eQ,

~Given a prime integer P and a positive integer n, all non-zero submodules of
Z/p"Z are essential.

| For instance: 2Z/4Z <. Z/4Z

-The only essential submodule (subspace) of a vector space is itself for instance
Zs<eZs
 Proposition 2.16(a) let A,B and C be modules with A<B<C then As<cC if and
only if both A<.B and B<.C.

Proof. If A<.C

ANB # 0 as BsC

ANB1 # 0 for any submodule B; of B

Thus As<.B (since every submodule of B contained in C)

Since every non- zero submodules of C has non zero intersection with A, it also
has non- zero intersection with B.

Thus Bs.C

Conversely assume that A<.B <.C
Given 0#M<C

Department of mathematics Page 17
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e have BNM#0 as B<.C

hen BNM is non-zero submodule of B.

ANBMNM# 0 asA <.B

ANM#0

ence As.C.

b) Let Aj,A2,B1,B2 Be submodules of a module C. If Ai1<¢B: and A» <.B; then
1NA2<. B1NB2

roof.Given any non-zero submodule M< B;NB;.

e have A2NM#0 since Az<.B>

A2MM is a non-zero submodule of B,

hus A1NA2NM#0 since A<eB;

A1NA2ceB1NB2

) Let A be a submodule of a module C and f:B—C a homomorphism. If A <.C
hen f'1(A) <.B

roof. Let M is any non-Zero submodule of B.

Thus 1(A)<.B

(d) Let {Bi/i€l | be a collection of modules and let Ai<.B; for each i€l then
! @;Ai < e ®;B;

l \Proof. If I consists of a single index there is nothing to prove

. Assume that I= {1, 2}

Applying (C) to the projection map

Bi ®@B2—Bi We find Ai@B2 and Bi@A: are essential in Bi@®B2 then by (b)

A1@A2= (A1@B2)N(Bi@A2 )<e B1@ B

Thus (d) holds for any two element index set. by induction it follows (d) holds
for all finite index sets. In general case, given any non-zero
Submodule M< @;B; there exists a finite subset JSI suchthat M n (®j¢,Bj) #0

Mn (@}E}AJ) # 0 since @IAJ' <e @;B}
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hus @IAI =ie @EBE

) Let {Ai/ i €} and {Bi/i €I} be collections of submodules of a module C.If the A;

re independent and each Ais.B; then the B; are independent and
iAise@® iBi

HProof . If I consists of a single index there is nothing to prove
Assume = {1, 2}

Since A1NA2=0 from (b) 0<.BinB>

‘This implies BiNB2=0........... (1)

Thus Bi and B are independent
E'Now for some integer n>2

Bi, ... ,Bn.are independent and from (d) we have
Al@®..0An1<B1@...®Bn-1
Since (A1@... @An-1)NAn=0

= (Bi@®...@Bn-1) N Ba=0 by(1)

= Bi.... Bn are independent

By induction the finite collection of the B; are independent. Therefore the full
collection is independent.

The final statement follows from (d)

Proposition 2.17.Let A and B be submodules of C and suppose that B is
maximal with respect to the property ANB=0 then

A@ B<.C and (A@B)/B <.C/B
Proof:

(1) If M is a submodule of C such that (A @B)NM=0, then A,B and M are

independent whence An (B ®M)=0

%
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=B@M=B by maximality of B
| = M=0

= There are non-zero submodules N of C such that A@BNN#0

:‘ Thus A@Bs.C

(2) Any non-zero submodules of C/B has the form D/B for
some submodule D of C which properly contains B.

Then AND#0 by Maximality of B, whence (A @ B)ND>B and
So (A®B/B)N(D/B)#0

=A @B/B<.C/B.

Corollary 2.18. Any submodule of a module C is a direct summand of an
essential submodule of C.
Proof. Given a submodule A of C, by Zorn's lemma there exists a submodule B

of C maximal with respect to the property ANB=0 then by the above proposition
A@®B=C

Therefore A is a direct summand of an essential submodule of C.

Note. A module C always has at least one essential submodule namely C itself
but in the extreme case C may not have any other essential submodules.
Corollary 2.19. A module C is semi simple if and only if C has no proper
essential submodules.

Proof. Assume first that C is semi simple

If A'is any proper submodule of C then by

Lemma 1.11 C=A@B for some non-zero sub module B. since ANB=0 this

implies A%.C
Thus C has no proper essential submodule.

Conversely, if C has no proper essential submodules then by

ng
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Corollary 2.18 shows that every submodules of C is a direct summand

i.e. C=C @ {0} thus again by lemma 1.11

!
- C is semi simple

N
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CHAPTER THREE

INJECTIVE HULLS

By an injective hull for a module A is meant roughly an injective module

containing A which is as small as possible. In order to construct injective hulls,
we first look at the relationships between injectivity and essential extensions.
Definition 3.1 A proper essential extension of a module A is any module B
such that A<.B while B>A

Remark. A has a proper essential extension if and only if there exists an
essential monomorphism

f: A —C such that {(A) <C

Proposition 3.2.A module A is injective if and only if A has no proper essential
extensions,

Proof. First Assume A is injective and let A<.B then
by corollary 2.12 B=A @C for some submodule C.

Since ANC=0 and A<.B
Thus we must have C=0 which implies A=B
Hence A has no proper essential extensions.

Conversely, proof by contrapositive
If A is not injective then by corollary 2.12 there exists a module C2A such that

A is not a direct summand of C choose a submodule BsC maximal with respect

to ANB=0 and note that A @B<C then by proposition 2.17

A ®B/Bs.C/B then consider the inclusion map

f:A —C and an epimorphism g:C—C/B
Thus gof=h, h:A—C/B is a monomorphism

e Page 22
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Thus the map A —C/B is essential monomorphism and

h (A)<C/B this implies A has a proper essentia] extension

Definition3.3. let C be a module and A a submodule we say that A is
essentially closed in C provided that A has No proper essential extensions
‘ within C, that is the only submodule B of C for which A<cB is A itself Shortly A
is essentially closed in C if and only if A <. B <C implies A=B

Example 3.4.
Z is essentially closed in Q
Proposition3.5. let A be submodule of an injective module E then A is injective
if and only if A is essentially closed in E.
Proof. If A is injective by proposition 3.2 A is essentially closed in any module
containing it.

Conversely assume that A is essentially closed in E and consider any
essential extensions A<.B
The inclusion map A — E extends to a homomorphism f:B— E
Since ANkerf=0 and A<.B
This implics kerf=0 and thus f is monomorphism i.e. f provides an isomorphism
of B onto f (B)
Hence A= f(A) since A<B
As AseB, A=f(A) <ef(B) <E and so f(B) =A( since A is essentially closed in E)which
implies A=B thus A has no proper essential extensions by proposition 3.2 A is
injective.
Definition 3.6.An injective hull (injective envelope) of a module A is denoted by
E(A) is any injective module which is an essential extension of A

Example 3.7.
(i) The injective hull of an injective module is itself

(i) The injective hull of an integral domain is its field of

fractions.

!w_——TM
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Theorem 3.8.Let A be a module

a) Any injective module containing A contains an injective hull for A

b) Whenever A<.B, the identity map on A extends to a monomorphism
B—E

c) Whenever A<E with E' injective: the identity map on A extends to a
monomorphism E —E'

Proof:

(a) consider any injective module F2A By Zorn'slemma there exist a submodule
E<F such that A<E and E is maximal with respect to the property As<.E.
If E' is any submodule of F for which E<.E, then A<.E and hence E=E by
maximality of E.
Thus E is essentially closed in F and so E is injective by proposition 3.5
Therefore E is an injective hull for A.
(b) Since E is an injective, the inclusion map
A—E extends to a homomorphism
g:.B —E then ANkerg=0 and kerg=0 since As.B
Thus g is monomorphism
(c) Since E is injective, the inclusion map
A—E extends to a homomorphism
f.E—E then ANker(f) =0,As A<.E
Thus f is monomorphism.
Lemma 3.9.Let A be a module, E an injective hull for A and J: A— E the
inclusion map

(a) Given an essential monomorphism f:A—B then there exists a

monomorphism g:B— E such that gf=j
(b) Given a monomorphism f:A—E with E injective then there exists a

monomorphism g:E—E' such that gj=f.

ggﬁw
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Proof:
(a) E is injective hull for A and f:A—B is monomorphism since E is

injective, the inclusion map j:A—E can be extended to g:B—E such that gf=j
(b) Similarly, as E'is injective there exists a monomorphism

g:E—E such that gj=f,

Injective hulls need not be unique as sets, even within a given injective
modules, as the following example shows,

Example 3.10
Let R=Z/4Z and Rris injective. Set F=R®R and A=(2,0)R <F

Then (1, O)R and (1, 2)R are submodules of F isomorphic to R so they are
injective R-modules

since (1, O)R= R and(1,2)R =R Moreover A<, (1,0)R and A<(1,2)R so that

(1, O)R and (1,2)R is both injective hulls for A.

However, injective hulls are unique up to isomorphism as follows
Proposition 3.11. If E and E' are injective hulls for isomorphic modules A
and A, then any isomorphism of A onto A' extends to an isomorphism of E
onto E.

In particular, If E and E are two injective hulls for a module A, the identity
map on A extends to an isomorphism of E onto E'.

Proof. Let j: A —E and jA'—E be the inclusion maps and

ffA—A an isomorphism then j'f: A—E is a monomorphism.

By lemma 3.9 there exists a monomorphism g:E—E' such that gj=jf=AE

E\h—efﬁlgezs
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As f is isomorphism, A=f (A) =g(A)s g(E) and so g(E) <.E which implies g is an

essential monomorphism.,

But E being injective has no proper essential extension (propposition3.2) and
hence g(E)=E

Thus g is an isomorphism

Remark. “B=E (A)” reads As B is an injective hull for A for instance, given
modules A and A2 we may state that

E(A1) @ E(A2)= E(A1®A2)

Similarly given modules B<A, we may write E(B)<E(A), since any injective hull

for A contains at least one injective hull for B.

Page 26

epartment of mathematics



[njective hull

MODULES OF FINITE RANK

Definition 3.12. A module A has finite rank provided E(A) is a finite direct sum

of indecomposable submodules. In the literature a module of finite rank is
sometimes called a finite dimensional module

Example 3.13

(i) Every subgroup of a finite dimensional vector space over Q is a Z-module of
finite rank.

(i) Every noetherian module has finite rank.

Remark. The obvious building blocks for finite rank modules should be those
modules whose injective hulls are indecomposable

Definition 3.14. A uniform module is a non-zero module A such that the
intersection of any two non-zero submodule of A is non-zero

That is every non zero submodules and essential extensions of A are essential
in A.

Note that all non-zero submodules and all essential extensions of uniform
modules are uniform.

Example 3.15

(a) The quotient field of a commutative domain R is a uniform

R-module.

(b) Z and Z/pnZ for prime integers p and positive integer n are finitely
generated uniform Z-modules.

Lemma 3.16. A non-zero module A is uniform if and only if E(A) is

indecomposable.

Proof. First suppose that A is uniform and E(A)= B@C for some submodules
Band C.

As (BNA) N (CNA)=0, Either BNA=0 or CNA=0 this is because A is uniform.
Since A <.E(A) we have either B=0 or C=0

Hence E(A) is indecomposable

fw

Department of mathematics



[njective hudll

Conversely, if A is not uniform, it has a non-zero submodules B an

such that BNC=0 then E(A) has a non-zero submodule E which is an injective
hull for B and ENC=0 because B <.E, hence E#E(A)

Thus E is a non-trivial direct summand of E(A),and so E(A) is not
indecomposable.

In particular lemma 3.16 shows that an injective module is uniform if and only

if it is non-zero and indecomposable

Thus the terms “uniform injective module” and “non-zero indecomposable

injective module” are similar.
Proposition 3.17.A module A has finite rank if and only if A has an

essential submodule which is a finite direct sum of uniform submodules.

Proof. First assume that A contains some independent uniform submodules

Al,...,Ansuch that Ai@.... @AnseA
Then A1@.... ®An<eE(A)

Whence E(A) = E(A1@...@®An) = EA)@...E(Ax)
Since each E(Aj) is indecomposable by lemma 3.16 A has finite rank.
Conversely, if A has finite rank, then

EA)=E1@...@®En for some indecomposable submodules Ei, and we may assume

that each E#0 then by lemma 3.16 each Ei is uniform. As A<eE(A) we have each
of submodules Ai=AN E; is non-zero, Whence A; is uniform.

For i#j, (ANE:) N(ANE;)=0, as ENE;=0

Thus A; is clearly independent submodules of A, and each AiscEi as Ei is

uniform. Finally

AD... A <E1@...@En =E(A)

Which implies A1@ ... DAn<eA

Page 28
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Remark. Modules of finite rank neeq not be direct sums of unifo :
submodules.

Lemma 3.18.1f a module E is finite direct sum of n uniform submodules then

£ does not contain any direct sums of n+] non- zero submodules
proof. If n=0 then E= 0, while if n =1 then E is uniform, in either case the

conclusion is clear. Now let n>1 and assume the lemma holds for direct sums
of n-1 uniform modules.

We are given that E=E\@....@Ex with each E; uniform. Suppose that E contains
a direct sum A1@...@An+1 of n+1 non-zero submodules.
Set A=A1@... DAnif ANE =0, then A embeds in E2@...@®En via the projection

E-E2@...®HEx, whence E2@....@Ex contains a direct sum of n non- zero

submodules, contradicting the induction hypothesis.

Thus ANE#0 and similarly ANE#0 for all i. since the E; are uniform, ANE<E,

for all i. Then (ANE1)@...@(A NEn)<cE1@...@En =E whence

AscE.However as ANAn+1=0, this is impossible.

Therefore E doesn’t contain a direct sum of n+1 non- zero submodules.
Theorem 3.19. (Goldie) A modules A has finite rank if and only if A contains
N0 infinite direct sums of non-zero submodules

Proof:

Case-1 A has finite rank then E(A) is a direct sum of n uniform submodules for
ome neZ*. By lemma 3.18, E(A) cannot contain a direct sum of more than n
10n-zero submodules. The same is true for A (and hence neither can A)

ase-2 If A is not of finite rank, then A#0 and E(A) is not a finite direct sum of

ndecomposable submodules.

et Co=E(A), since Co is not indecomposable Co=M@N for some non-zero

Page 29
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submodules M and N, moreover M and N cannot both be finite direct sums

indecomposable submodules.Hence Co=B1@C for some nonzero submodules

g, and Ci1 such that Ci is not a finite direct sum of indecomposable

submodules.

Then similarly, C1=Ba@ C2 for some non-zero submodules Boand C, such that

C; is not a finite direct sum of indecomposable submodules. Repeat this
argument with respect to C2 and continue inductively we obtain submodules
B1,C1,B2.C2....... of Co such that

Cn-1= Bn@Cn with Bn non-zero and Cp not a finite direct sum of indecomposable

submodules.
Since Bk< C,, whenever k>n, we find that
BaN(Zi=n+1 Bry) <Bn N Cn =0, for all neN, from
Which it follows that Bi,Ba2....are independent submodules of E(A).

Now B1NA, B2NA, . .. .is an infinite sequence of independent submodules
of A, and as A <.E (A), it follows that Bn N A #0 for each n 21. Therefore A
contains an infinite direct sum of non-zero submodules.
Corollary 3.20.Any noetherian module A has finite rank.
Proof. Suppose not, by theorem 3.19, A contains an infinite direct sum of non-
zero submodules, and hence A Contains an infinite sequence A1, Az,..0Of

independent non-zero submodules
But then A1<A1@ A2< Ai@A2DA3S oo is a strictly ascending infinite chain of

submodules of A which is a contradiction to the hypothesis A is noetherian.

Hence A has finite rank.
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JNIFORM RANK
pefinition 3.21 If A is a module of finite rank there exists a nonnegative
nteger n such that E(A) is a direct sum of n uniform submodules. Moreover by

emma 3.18, any other decomposition of E(A) into a direct sum of uniform

submodules has exactly n summands. We shall call this integer the uniform

ank or just rank of A is also called the Goldie rank, the Goldie dimension. the

niform dimension or dimension of A.

Note that, if Ai.....,An are modules of finite rank then Ai@...@An has finite

ank and rank (A1@...@ An) = rank (Ai) +....+rank(An)

n other words, uniform rank is additive on direct sums.
Proposition 3.22.Let A be a module and n a nonnegative integer. Then the
ollowing conditions are equivalent
a) A has finite rank n
b) A has an essential submodule which is a direct sum of n uniform
submodules
¢) A contains a direct sum of n non- zero submodules but no direct sum of
n+1 non-zero submodules.

’roof:
a)J=(c) by assumption E(A)=E:1@...@En for some uniform submodules Ei

emma 3.18 then shows that E(A) contains no direct sums of n+1 nonzero
ubmodules and hence A does not either. On the other hand, contains the

lirect sum of n non-zero submodules E1NA,....,EalA.

)= (b) Let A, ... An be n independent nonzero submodules of
0, for then A would contain

A. There cannot

¢ two non-zero submodules B, C £ Ai with BNC=

he direct sum B @ C @ A2@...@HAn of ntl non-zero submodules thus A is

niform and similarly all the Ajare uniform if
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A1@...@An is not essential in A there is a non-zero submodule An:1< A such
that (A1@....HAxn) N An+1 = 0, but then A would contain the
direct sum A1@....® An+1 of n+1 non-zero sumodules.

Therefore A1@...@An<A

(b)= (a) see the proof of proposition 3.17
Corollary 3.23. Let B be a submodule of a module A
a) Suppose that A has finite rank. Then B has finite rank, and
rank (B) <rank (A)
Moreover, rank (B) = rank (A) if and only if B<eA.
b) Now suppose that B and A/B have finite rank then A has finite and
rank (A) < rank (B) + rank (A/B).
Proof:
(a) Since A has finite rank then by proposition 3.22
A contains no direct sums of rank A+ 1 non- zero submodules.
As B<A, B contains no direct sums of rank A+ 1 non- zero submodules then by
proposition 3.22 B has finite rank.
. If B is one of the summand of E (A) which are uniform submodules then by
lemma 3.16 E (B) is indecomposable which shows that rank B<rank A.
Suppose B <eA since B has finite rank proposition 3.22 (a=b) says that B
has an essential submodule C which is a direct sum of rank B uniform
submodules. As B <¢ A, A contains an essential submodule C which is a
direct sum of rank B uniform submodules.
Hence by proposition 3.22 (b=>a) we conclude that rank A= rank B
Conversely, if rank A = rank B, by proposition 3.22 (c) A doesn’t contain
a direct sum of rankB+1 non- zero submodule which implies a direct sum of A
has an essential submodule C which is a direct sum of rank B uniform
submodule then since rank B= rank A we must have C=B

Therefore B <eA.
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(b) Choose a submodule C<A maximal with respect to the property CNB
Then C is isomorphic to a submodule D of A/B. Then by part (a), D has
finite rank, it follows that C has finite rank and rank (C) <rank (A/B). We
also have B@C <A by proposition 2.17.
As A contains a direct sum of two non- zero submodules but no direct sum
of 3 non-zero submodules then by proposition3.22
A has finite rank moreover, by part (a)
Rank (B@C) = rank (A)
=Rank (A) = rank (B) +rank (C)
= Rank (A) <rank (B) + rank (A/B)
Corollary 3.24.Let A be a module with finite rank. If f: A—A is a
monomorphism then f(A) <.A
Proof. Since f is monomorphism, f(A) is isomorphic to A which means
rank (f(A))= rank A then by corollary 3.23
f(A) <cA.

Theorem 3.25. A ring R is right noetherian if and only if every direct sum of
injective right R-modules is injective.
proof. First assume that R is right noetherian and let E=@iEi be a direct
sum of injective right R-modules E;. Let J be a right ideal of R and
f:J — E a homomorphism.

Choose generators xi... xn for J each f(xx) has only finitely many
Non- zero components in E, and so it lies in @;E; for some finite subset IxC I.
IfI*=I1u.... U In and E*=@®E; then each f (xx)€E*,
Whence f(J) < E*.
Since I* is finite, E* is injective, and so f extends to a homomorphism
Rr— E*<E
Therefore E is injective.

Conversely assume that all direct sums of injective right R- modules are

injective and let I; <I2 <.....be an ascending chain of right ideals of R.

%
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setl= UZ In and E = ER/1)® ER/1)®......

Then I is a right ideal of R, and E is an injective right R-module by
hypothesis define a homomorphism

f:I— E so that

f(x)n= x+In for all x€l and ne€IN. for any x€l, we have x €l for some k, whence
x+1n=0 for all n 2k. hence f(I) <E.
As E is injective, by Baer’s criterion there exists YEE such that f(x)=yx for all x€]
then yx=0 for some K. for all x€I, we have
X+l = f(x)k

= (yX)k

= VX

=0,
Which implies x € Ix.
Thus I=Ix, whence In=Ik for all n2k

R is right noetherian

Corollary 3.26. If R is a right noetherian ring every injective right R-module is
a direct sum of uniform injective modules.
Proof. Let E be a non-zero injective right R-module.
Let A={Ai/i€ 1 } be a maximal independent family of non-zero finitely generated
submodule of E.
If @iAifc Ei then E has a non-zero submodule B such that
(@i Ai) NB=0.

Since B contains a non-zero finitely generated submodule we may assume that
B itself is finitely generated But then AU{B} is independent contradicting the

maximally of A,

Thus @iAis.E
By Theorem 3.8 each A; has an injective hull Eis E.as Ai< E;, proposition

2.16 says that the E; are independent. Hence, the sum of the Ei is a

e ———————
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AT DiEisE since @iA<@iEi . As E; is inject
@; Ei is injective by Theorem 3.24 and so = ®E,
149
Each Ai is a noetherian module since R is a right noetherian ring then by
corollary 3.20 A; has finite rank.
Thus each Ei is a (finite direct sum of Uniform submodules) all of which
must be injective.
Therefore E is a direct sum of uniform injective sub module
Example 3.27
Since Q, Z (27), Z (3),... are uniform injective Z- modules. By corollary 3.26

every injective Z- Module is isomorphic to a direct sum of some copies of

these modules.

e —————————————————————— e —
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LIST OF SYMBOLS

Symbol

O N

Q/Z

Z(p>)

Rr

rR
Homg(A,B )

IA

[n]

la

a—f(a)

Meaning

the set of integers

field of rational numbers

field of real numbers

group of rational modulo one

sylow p-subgroup Q/Z

A ring R viewed as a right moduleover itself

A ring R viewed as leftmodule over itself
The abelian group of all R-module homomorphism
From an R- module A to an R-module B
is a sub module of

Equivalence class determinedby n.
Identity function on the set A
Implies

The function f maps a to f(a)
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