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INTRODUCTION 

One way to s tudy a module A is to embed A in a n injective module E, called the 

"injec tive hull" of A. in some minimal fashion. The minimali ty is achieved by 

requiring E to be an "essential extension" of A, meanmg that every non 

zerosubmodule of E has non zero intersection wi th A. 

In this paper I will begin by discussing injective module, Divisibility of a 

module and their basic properties, a nd then develop the concepts of essential 

extensions and inj ective Hulls. After studying the general properties of injective 

Hulls, we s h ow h ow injective Hulls may be u sed to develop a u seful n otion of 

"fin ite rank "and "uniform rank" for modules. Finally I will discuss direc t sum 

of injective modules over a noetherian ring. 
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CHAPTER ONE 

PREREQUEISITES AND PRELIMINARIES 

Definition!.!. Zorn's lemma If A is a non -empty partial ordered set such that 

every chain in A has an upper bound in A, then A conta ins a maximal element. 

Definition1.2 .Let R be a ring. A left R-module M is an additive abelian group M 

together with a function R X M ~ M denoted by 

(f, a) r-t ra such that for all r,sER and a,beM: 

i) r (a + b) = ra + rb 

ii) (r + s)a ::: ra + sa 

iii) r (sa) = (rs ) a. 

If R has an identi ty element l R and 

(iV) IRa = a fo r a ll aEM , the n M is said to be u nitary R - module 

Note . If R is commuta tive it is easy to verify that every left R-module M can be 

given the structure of a right R-module by d efinin g aT = ra for feR a nd aeM. 

De/inition1.3.A submodule K of M is a direct summand of M if and only if 

the re is a submodule k' of M with 

Kn K' = 0 a nd K + K ' = M 

Definition1.4.Let R is a ring. M be an R-module and N a non-empty s ub set of 

M then N is said to be submodule of M provided that N is an addi tive subgroup 

of M a nd rnEN for a ll rER, nEN. 

Example 1.5 

nZ a re s ubmodules of Z as Z-module. 

Definition 1.6.A module M is said to be simple module if M has no non trivia l 

sub modules. 

Example 1. 7 . 

Zp as Z-module is s imple module, where p is prime 

Definition1.8 .The Socle of a module A is the sum of a ll simple submodules of 

A and is de noted by soc (A.) 
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Note . By convention the sum of empty family of submodules is the Zero sutt J 

m odule . Hen ce soc (A) = 0 if a nd only if A has no simple submodules. 

Definition1.9 .A semi s imple module is a module A such that soc (A) 

Example 1. 10 

(1) Any veclor space A over a field K is a semi Simple. 

A 

(2) The sode of an abel ia n group A consists of a ll elements of A of Finite Square 

free order (including 1) is semi simple . 

Remark. The socle of any module A is a direct sum of s imple s ubmodules of A 

Lemmal.ll.A module A is semi simple if and only if every submodule of A is a 

direct summand of A. 

ProoLAssume first that A IS semi simple and let 8 be a submodule of A. by 

Zorn's lemma, there is a submodule C of A maximal with respect to the 

prope rty Bn c = O. 

If B ® C :5 A there is a simple submodule 

S s A s uch that S is not a s ubmodule of B ® C 

This implies S n (B ® C)= 0 a nd we have {B, C, S } 

Is independent from this we have 

B n (C ® S) = 0 Con tradiction to th e maximality of C 

Therefore B ® C = A 

Conversely, assume that every suhmodule of A IS a direc t 

summand.lnparticular, A = Soc(A)ffiB for some submodule B. If B"O let C 

ben on-zero cyclic sub module of B.lf c is a generator for C, then by Zorn's 

lemma C has a suhmodule M which is maximal with respect to the property 

cliM. Then M is a maximal proper submodule of C. 

NowA = M ® N for some s u bmodule Nand C = M ® (C n N) 

This implies C n N '" C/ M. 

Where CnN is a simple submodule of A, and so CnN s soc(A) . 

As Cn N s B this is impossible 

Thus B=O and the refore A=soc (A) 
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Lemma/.12 

For a ny ring R the following condition s are equivalent 

I. All right R- m odules a re semi s imple 

II. All le ft R- modules a re semi s imple 

III. RR is semi s imple 

IV. RR is semi sample 

A ring satisfying the above condition is called semi prime ring 

L emma/.13.Any submodule ora semi simple module is semi simple. 

Example 1.14 

{OJ a nd 2 5 arc semi simple submodules of 2 5 

De finition 1. 15. Every non zero m odule M has at least two direct summands, 0 

and M.A n on-zero mod ule M is indecomposable if 0 a nd M a re the only direct 

summands. 

Definitionl.16.Zp as Z- module is indecomposable where p is prime. 

Definition 1. 17. Let A be a right module over a ring R. Given a ny subset X of A 

the a nnihilator of X is the set ann(X) =[r E Rj XT ; 0 f or all x E Xl which is a 

right idea l of R 

Simila rly, if A be a le ft module over a ring R we have 

1.ann(X) =[r E Rjrx ; 0 for all x E Xl 

Note.we can denote a right annihi la tor by r.ann{x) or a nn{x) a nd a left 

annihi lator l.ann(x) or annA{x). 

Recall that a collection A of subsets of a set A satisfies the ascending 

cha in condition (or Acc) if there does not exist a properly ascending infinite 

chain A]cA2C ...... of subsets from A. 

Proposition 1.18 

For a module A the following condi tion s a re equivalent 

a ) A has the Acc on submodules 

b) Every nonempty family of submodules of A has a maxima l element 

c) Every su bmodule of A is finitely generated . 
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ProoLla )=lb) suppose that C is a nonempty family of s ubmodules of A witho t -­a maximal element. Suppose C has no maximal element. Choose A lEC since Al 

is not maximal there exists A2EC such that 

A2> AI continuing in this manner we obtain a properly ascending infinite chain 

Al<A2< ...... of submodules of A contradicting the Ace. 

Ib) =Ic) let B be a submodule of A and let {3 be the family of a ll finitely 

gen erated s ubmodules of B.note that {3 conta in 0 a nd so {3 is n onempty. By Ib) 

th ere exis ts a maxima l element CE P .if C*B. choose an element xEB /C and let 

C' be the submodule of B generated by C a nd x. 

Then C'E p and C' > C contradicting the maximality of C. 

Thus C=B hence 8 is finitely generated. 

Ic)=la) let BI 5 B25 ... be an ascending ch a in of submodules of A. 

Let B=U~"'18n.by (el there exists a finite set X of generators for 8 Since X i s 

finite ,it is contained in some Bn whence 8n=8. 

Thus 8 m= Bn for a ll m~n establishing the Ace for s ubmodules of A. 

Definitionl.19.A module A is noetherian if and only if the equivalent 

condi tions of proposition 1.18 are satisfied . A ring R is right (left) noeth eria n if 

and only if the right module RR Ileft module RR) is noetherian. If both 

con d itions h old , R is called a noethe ria n ring. 

Exa mple 1.20 

The 2x 2 matrices over Q of the form (~ ~) with a EZ and b ,cEQ ma ke a ring 

which is right noetherian but not le ft noetheria n . 

To show it is not le ft n oetherian . For a ny non-negative in teger k ,conside r the 

set Ak ~ !(~ m~2k) mE z) 

(
0 l /Zk+l) Ak is left ideal of R.Moreover Ak< Ak+l as m/Zk::;: 2m/2k+1 and 0 0 e Ak. 

Thus we get a non-terminating strictly ascending chain Ao<AI< ..... , of left 

ideals of R . 

==> R is not left noe the rian . 
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show it is Right noetherian .it su ffi ces to s how that each nonzero ideal 0 R 

fini te ly gen erated. ---
Let A:t: (0) be a righ t idea l of R a nd let aCII+/1CI2 +YC22E A where Cij denotes 

the matrix with one in (i,j)lh position and zero e lsewhere and a E Z, p, Y EQ. 

Note also that C1j.CkJ= ell if j::k a nd 

if j:;t;k then we h ave two cases. 

Case I a *,0. 

Let /J be the least positive integer such that OC11+bcI2+CC22E A 

for some b,c E Q.our claim is A is generated by the matrix Dc] I, e12, e22 or OCll 

and e12. 

Now, (OCII +bCI2+CC22) CI2EA, as A is r ight ideal of R. 

=> 8 Cl2EA by the above rema rk. 

= oe,, (1 / 0) e22~ e"E A. 

=> bC I2:::CJ2 (bc22)E A. 

Also OCI j+b C12+CC22E A. 

=> (8CII +bCI2+CC22) CIIE A. 

=> oellE A. 

Th us we ge t CC22E A. 

Now in case c=O for a ll su ch 8 a nd b, 

=> A is generated by oell a nd el2 

In other case ce22{ 1 Ic) e22E A and A is then generated by matrices oell, el2 a nd 
e22. 

Case 2 a =0. 

In this case bel2+ ce22E A.if all elements of A are of the type a{bel2 + ce22) for 

some a EQ, then A is generated by a single matrix bel 2 + ce22. 

Otherwise there exist bl,CIEQ such that blCl2 + cle22EA but bIC=tbcl. 
Then (be,- b ,e) el 2 EA. 

= (be,- b,e) eI2( 1/ bel-b, e) e22EA 

~eI2EA 

=:) el2be22E A 

Department of mathematics 
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bCI2EA. 

CC22E A 

ther c=O o r C22 E A. 

Thus A is either gene ra ted by Cl2 a nd C22 by Cl 2 a lone. 

Hence A is finitely generated. 

R is right noetherian. 

IProposiltio,n 1.21. Let B be a submodule of a module A. Then A is noetherian if 

only if Band A/B a re both noetherian. 

I Proof. First assume that A is noetherian. 

Since a ny ascending chain of submodules of B is a lso an ascending chain of 

s ubmodules of A, Thus B is noetherian as A is n oetheria n . 

If C] $ C2 S ..... is an ascending ch a in of submodules of A/ B, each Ci is of the 

form Ai/8 for some submodulc Ai of A that conta in s 8 and 

A I :s:A2S .... 

Since A is noetherian, there is some n such that Aj=An for al l i ~n , and then 

C,""Cnfor all i ~n. 

Thus Al B is noetherian 

Conversely, assume that B a nd A/B a re noetherian, and 

let AI :::A2::: .... be a n ascend ing cha in of s ubmodule of A. There a re ascending 

chain s of submodules. 

Al n B::: A2 n B ::: ...... in Band 

(A ,+B)/ B S (A,+B) /BS .... in AlB Hence, there is some n s uch that 

A,nB:-AnnB a nd (A;+B) / B: (An+B)/ B for a ll i ~n a nd the latter equation yields 

Ai+B=An+B. 

Por a ll i~ n , we conclude that 

A;:A; n (A; + B) 

:A; n (An+ B) 

:An+ (A,n B) 

:An + (An n B) 

=An 

Department of mathematics Page 9 
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Irtleref')fe A is noeth eria n 

Pa rticular proposition 1.21 shows that any factor ring of a right noetherian 

is right n oethera in . (Note that if I is an ideal of a ring R, th en the right 

t dea ll s of R/ I a re the same as the right R-sub nodules. ) 

p ,n,llar:yl.2:Z.I\ny finite direct sum of noetheria n modules is noetherian. 

IPr·oc,f. Le t us prove by induction 

jSllPI,m;e Al a nd A2 are n oetherian a nd A=AIEB A2 

module A has a s ubmodule B=Ar(j)O such that B"A\ a nd A/ B"A, Then B 

A/B a re noethe rian then by proposition 1.2 1 A is n oetherian. Thus it is 

for n =2 . 

true for n - 1 modules that means A=AI ® ... (£)An_1 IS noetherian, 

Iw.her·e A,I ... _,An-] is noetherian. 

To show the di rect sum of n noetherian m odule is noetherian, we have 

A=A IEt> .... EBAn_ ](~An where AJ .... An are noetherian 

where C=Al@ ... . (£)An_1 is noetherian by induction Assumption. 

A is noeth erian. 

Definition1.23. An R-module M is said to be free if a non-empty subset X of M 

ge nera tes M a nd X is linearly independent. In other words M is free if it admits 

a basis. 

Corollary1.24. If R is a right noetherian nng, all finite ly generated right R­

modules a re noetherian. 

Proof. If A is a finitely gen erated right R-module, then A"F/ K for some 

finite ly genera ted free right R-module F a nd some submodule K~F. 

S ince F is isomorphic to a finite direc t sum of copies of the noetherian module 

RR, it is noetherian by corollary 1.22. Then by proposition 1.21 A must be 

noetherian. 

Lemma1.25. Let R be a commuta tive domain. Let N be a divis ible R-module 

N\ ~ N a s ubmodule and I an a rbitrary set then NjN\ and NU) a re divisible 

Proof. Let O#sE R and [n] E NjN\ be given since N is divisible there exist nlEN 

such that 
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sn] = n which implies [snd = [nJ 

Therefore we have s[n, J=[nJ 

Hence N/NJ is divisible 

Now let f: I- N be given since N is divisible there exist sniEN such that snj'= f(i) 
for all i EI 

Define fJ: I __ N via 

iffei) '" 0 
else 

Then £1 EN/I) and sf[=[ 

Hence N(l) is divisible 

Le mma 1.26. if f; A~B and g: B -tA are R module homomorphisms such that 
gf = l A then B = Imf(!)kerg 

Proof. Let xES then 

g(x-f(g(x))) = g(x)- (gD(g(x)) 

= g(x) - g(x) 

= 0 

= x- f(g(x))E kerg. 

Hence x=x - f(g(x))+f(g(x)) 

Now let xEkerg n Imf 
where f(g(x)) Elmf 

= g(x) = 0 and x = fly), for some yEA 

= g(x) = g(f(y)) 

= g(x) = y, as gf = l A 

=y=O 

= x= f (0) = 0 

Thus kerg n Imf = {OJ 

Hence 8 :::; ImfG:>kerg 
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Injective Modules and Essential Extensions 

Definition 2.l.A right (left) module A over a ring R is injective if for any right 

Ileft) R-module B a nd Any submodule C of B, All homomorphisms C to A 

extend s to a homomorphism B~A such that the diagram below is 

commutative 

f O -----+. C----~--_. B 

h g 

A 

Ex ample 2 .2 

i) Q is an injective Z- module 

ii) Q/Z is an injective Z-module 

Proposition 2.3 (Baer's criterion) let A be a right R- module over a ring R 

then A is injective if and only if, for every right ideal I of R and every 

fE Hom R(i,A) there exists aEA su ch that fir) = ar for a ll rEI 

Proof: - Suppose A is injective 

Let I :: RR and f EHomRII ,A) extends to fiE HomRIR,A) 

Thus fir) = fllr) for a ll rEI 

= fJ II)r for a ll rEI 

= a r where fd I) = aEA 

flr) =ar for a ll rEI 

Conversely assume that A satisfies the given condition and consider 

right R-Modules C~B together with a homomorphism f: C ~ A. 
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X be the set of all pairs (el. fd where C] is a s ubmodule of 8 containing C 

fl is a homomorphism from CI to A extending f. Now we define a relation ~ 

X by declaring that (CI, ft) .o{C2, f2) if and only if CI.o C2 and f2 extends fl. In 

ilion th is relation is part ial order on X and that every non-empty chain has 

upper bound the n By Zorn's lemma, there is a maximal element (C*,f*) in X 

if C*==B we arc done. 

Otherwise choose bEB/C' and set 1= {rER/brEC'}. 

we define a homomorph ism 1---+ A by r HP"(br), hence by assumption there 

Ie,';" aEA such that !,{br} oar for all rEi. 

we have a well-defined homomorphism fJ: C*+bR---+A such that 

f,{c+br) = !'{c)+ar for a ll CEC' and rER. But then (C '+bR,ft) EX which 

Icc'nt,raclic ts the maxima lity of (C',!'). 

I E~:am,ple 2 .4. 

Z is not an injective Z- module since the h omomorphism 

f: 22---+ Z given by the rule [(2n) = n can't be extend to a h omomorphi sm 

Z---+Z or by Bacr's criterion there is no aEZ such that f(r) =ar, for a ll rE 22. 

J IIe f1nition 2.S .An abelian group D is divisible if given a ny yED and O;tnE2 then 

there exist xED such that nx=y provided nD=D. 

Note. An abelian group can be interpreted as a 2- module 

Proposition 2.6.A 2-module D is divisible if and only if D IS a n injective 2-

module. 

Proof. Suppose D is 2- injective module let yE D and O;tnE2 

Since every module is a homomorphic image of a free module, we have a 

unique epimorphism f :(n)----+D defined by n~y 

As D is injective 2- m odule there is a homomorphism h:2----+ D such that the 

diagram below is commutative 
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0- --. (n) __ ---'c'=---_. Z 

x= h(l)lhen nx =nh( l) 

= h (n) 

= f (n) 

= y, yEO 

~ nD=D 

Therefore D is Divisible 

f 

D 

Conversely, Every non Zero ideal of Z is of the form n2,n#0, since D I S 

divisible abelian group and h:nZ----. D,then there is a bE 0 with h(n)=nb and 

h(nj) =h(jn) 

= jh(n) 

= (jn)b for a ll jnEnZ 

= (nj) b for a ll njEnZ 

Then by Bacr's criterion 

D is injective 

Propos ition 2 .7. Any Z- module can be embedded into an injective Z- module. 

More precisely Any Z- module is isomorphic to a submodule of an injective Z­

module. 

Proof Let M be a Z-module. Let G be a generating system of M then there exists 

an epimorphisn n: 2 (GI---. M 

Consider K=Ker(n)s:Z{G)s Q{GI which is Z submodule of Q (G) 

By first theorem of isomorphism we have 

M ""ZIGIj K S QIGV K 

Since Q is divisible QIGI a nd QIGJ/ k are divisible (by lemma 1.25). 

Department of mathematics Page 14 
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For Z modules divisibility implies injectivity. 

Thus M is isomorphic to a submodule ZIGVK ofQIGI/ K. 

Example 2.8 

-As Z- module the additive group of the rational Q is divisible 

-Q / Z as Z- module is divisible 

- The additive group of reals Rand Rj Z is divisible 

-For each prime p,Z(p<o) is a divisible group 

Remark. A non-trivial finitely generated abelian group A is never divisible 
Example 2.9. 

Z as Z- module is not divisible 

Note that. If R is a ring and D an abelian group, Hornz(R,D) can be made into 

either a r ight or a left R-module. If f EHomz(R,D)and rER then fr is defined by 

the rule (fr)(x)~ f(rx) , for xER, while rf is defined by the rule (rD(x)~f(xr). 

Lemma 2 .10. If R is a ring and D a Divisible Z module, then the group 

H ~ Homz(R,D) is injective left R-module. 

Proof. Let Homz(RR,D) is a left R-module and I S RR, suppose 

f: I-Hom~(RR,D) is homumorphism 

Then h : a~(f(a)) (I) define an abelian group homomorphism 

h:! -+0. Thus since D is injective Z-module there is h lEHornz(R, D) such that 

(h l/l ) ~ h. now we have for a ll aEI,rER 

(ah J)(r) ~h 1 (ra) 

~ h(ra) 

~ (f(ra ))( I) 

~ (rf(a))( I) 

~ (f(a))(r) 

Thus we have f(a) ~ ah, for a ll aEI 

Therefore by BaCT's criterion 

Homz(R R, D) is an injective left R-module. 

Proposition 2.11. Let R be a ring. Any left R- module can be embedded into an 

injective left R-module . 
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Pc<)of Let R be a ring and M a left R-module let <I>:Z~ R, k~k.1 

the natural ring homomorphism. Considering M as a Z· module, we know 

M can be embedded into an injective Z-modulc say N. 

Let i: M-tN be this Z-rnodule monomorphism s ince N is an injective 

jC-mc)dllle, Hornz(R,N) is an injective left R-module. 

this consider 

. M~Homz(R , N) by m (R .... N 
~ T H i(rm) 

; i(rm). 

.,-- ,all": - well defindness 

show 4J 1m) is Z- linear 

(m)(kr) ;i(krm) ; ki(rm) ; k ljl (m)(r) 

s h ow 4J is R- linear since 

ljl (n m)(f2) ; i(r2n m); ljl(m)(r2fl);(n ljl)(m)(f2).Thus ljl is R-Iinear 

show 4J is injective 

, ,,, ,m =0 implies i{rm)=O for all fER 

' ~>J II .'IJ ; 0 

. ~'m=O since i is injective 

Thus Any left R-rnodule can be embedded into an injective left R-rnodule. 

Corollary 2 . 12.A module A is injective if a nd only if A is a direct summand of 

every module that contains it. 

Proof. If A is injective and f:A~B an inclus ion map IA:A---+A extends to a 

homomorphism g:B---+ A such that gf::lA then by lemma 1.26 

B = Imf(l)kerg but 

Imf = fCA) '" A Therefore B = A(l)kerg 

Conversely By proposition 2.11 A can be embedded to an injective 

module B and from the hypothesis we have 8 == A I$l C, for some submodu le C of 

B.Therefore A and C are injective . 
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J',eIlDltICID 2.13.An essentia l (or large) s ubmodule of a module 8 is any 

~ubrrlod ule A which has noo- zero intersection with every noo- zero submod u le 

B we write "AscB" to denote this si tuation we a lso say that "8 is essential 

txtens,ion of A" 

A is a submodule of a right module B over a ring R then A::S:cB if a nd only if 

each O;tbEB there exists fER su ch that br;tO and hrEA. 

p.:fi:nit:ion 2 .14.Let A a nd 8 be modules An essential monomorphism from A 

B is a ny monomorphi s m from A to 8 such that [(A) seB. 

. A submodule A of a module B is essentia l if and only if the inclusion m a p 

A to B is essentia l monom orphism 

y,.:am,ple 2.15 

n on -zero Z-submodules of Q are essentia l i. e. Z seQ, 

a prime integer P a nd a positive integer n, a ll non -zero submodules of 

'<-/ D"L- are essentia l. 

For instance: 22/42 <, 2/42 

The only essen lial s ubmodule (subspace) of a vector space is itself for instance 

2.16(a) let A,B a nd C be modules with A<B<C then A<,C if a nd 

if both ASeB a nd BscC. 

Proof. If AseC 

An B # 0 as B<C 

r nBJ ~ 0 for a ny submod u le BJ of B 

Thus A:ScB (since every s ubmodule of B con tained in C) 

Since every non- zero submodules of C has non zero in te rsection wi th A, it a lso 

has non- zero intersection wilh B. 

Thus BscC 

Conversely assume that ASeB :SeC 

Given Q;o!M:sC 
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have SnM¢Q as BscC 

""pn Sn M is non·zero submodule of B. 

An Sn M;t 0 asA scB 

I-I"ncc· AscC. 

Let AI,A2,B1 ,8 2 Be submodules of a module C. If ArseBl and A2 SeB2 then 

]nA 2Sc S lnB2 

I'r"ooHliven a ny non-zero submodule Ms Sl n S2. 

have A2n M#O since A 2:Sc B2 

A2n M is a non-zero submodule of 81 

A] n A2n M#O since AlseB] 

A] n A2seB1 n B2 

Le t A be a submodu le of a module C and f:B---+C a homomorphism. If A seC 

f"' (A) s,B 

Let M i s any non-Zero submodule of B. 

;Ca,se- I if f(M) =O then Ms f-'(A) and hence f-' (A)n M=M*O Since Ms f-'(A)=kerf 

;C"se -2 if f(M) #0 then f( M) n MO (since As,C) hence f"'(A)n M#O 

f-'(A)s,B 

Let {B,/ iel } be a collection of modules and let AiScB, for each iel then 

G)iAi S; e @iBi 

I l"'r"OOI. If I consi sts of a single index there i s nothing to prove 

I'",sume that 1= ( I , 2) 

Applying (C) to the projection map 

B, ®B2->B; We fi nd A,®B2 and B,®A2 are essential in B,®B2 then by (b) 

Thus (d) holds for any two element index set. by induction it follows (d) holds 

for all finite index sets. In general case, given any non-zero 

Submodule M:5 $jB j there exists a finite subset J!; I suchthatM n ($ jEJBj) '* 0 

M n ($jEJAJ '* 0 since$jAJ :5 e $jB, 
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I Let {Ail i Ell and (Bi/i Ell be collections of submodules of a module C.lf the A, 

re independent and each AiSeBi then the B i are independent and 

E
'A'S,(j) iBi 

roof. If I consists of a single index there is nothing to prove 

ssume 1= {I, 2} 

ince A, n A2=0 from {b} Os,B,nB2 

f hiS implies B,n B2 =0 .......... . (I) 

hus Bt and 8 2 are independent 

ow for some integer n>2 

81 , ... ,Bn-l are independent and from (d) we have 

'= 8 1 .... Bn are independent 

By induction the finite collection of the Bi are independent. Therefore the full 

co llection is indepcnden t. 

The fina l statement follows from (dl 

Proposition 2.17.Let A and B be submodules of C and suppose that 8 is 

maximal with respect to the property An S=O then 

A(j)Bs,C and (A(j)B} /B s,C/S 

Proof: 

(I I If M is a submodule of C such that (A (j)B} n M=O, then A,B and Mare 

independent whence An (B (j)M}=O 

Department of mathematics Page 19 



• I 

I 

Inject;ve hull 

=>B(t)M=B by maximality of B 

=> M=O 

::;::::;, There are non-zero submodules N of C such that A6:)Bn N#O 

Thus A(t)Bs,C 

(2) Any non-zero submodules of C/ B has the form D/ B for 

some submodule D of C which properly contains B. 

Then An D¢O by Maximality of B, whence (A (t) B) n D>B and 

So ( A(t)B/ B)n(D/ B)¢O 

Coro llary 2 .18. Any submodule of a module C is a direc t summand of an 

essential submodule of C. 

Proof. Given a submodule A of C, by Zorn's lemma there exists a s ubmodule B 

of C maximal with respect to the property An B=O then by the above proposition 

A (t) B s,C 

Therefore A is a direct summand of an essential submodule of C. 

Note . A module C a lways has at least onc essential submodule namely C itself 

but in the extreme case C may not have any other essential s u bmodu les. 

Corollary 2. 19. A module C is semi simple if and only if C has no proper 

essen tia l submodules. 

Proof. Assume first that C is semi simple 

If A is any proper submodule of C then by 

Lemma 1.1 1 C =A(BB for some non-zero sub module B. since An B:::O this 

implies A$eC 

Thus C has no proper essential submodule. 

Conversely, if C has no proper essential submodules then by 

-
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Corollary 2.18 shows that every submodules of C is a direct summand. 

i.e. C=C ® {OJ thus again by lemma 1. 11 

C is semi s imple 

, . 

\ 

• 

= 
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CHAPTER THREE 

INJECTIVE HULLS 

By an injective hull for a module A is meant roughly an injective module 

contain ing A which is as small as possible. In order to construct injective hulls, 

we first look at the relationships between injectivity and essential extens ions. 

Definition 3 . 1 A proper essential extension of a module A is any modu le 8 

such that ASeB while B>A 

Remark. A has a proper essential extension if and only if there exis ts an 

essential monomorphism 

f: A ~C su ch that f(A) <C 

Proposition 3 .2 .A module A is injective if and only if A has no proper essential 

extensions . 

Proof. First Assume A is injective and let ASeB then 

by corollary 2 .12 B=A E!)C for some submodule C. 

Since An C=O and M ,B 

Thus we must have C""Q which implies A"'B 

Hence A has no proper essential extensions. 

Conversely , proof by contrapositive 

If A is not injective then by corollary 2. 12 there exists a module C~A such that 

A is not a direct summand of C choose a submodule 8 sC maximal with res pect 

to An B=O a nd note that A E!)B<C then by proposition 2.17 

A E!)B / B$,C / B then consider the inclusion map 

f:A ~C a nd a n epimorphism g:C~C/B 

Thus gof=h, h:A~C/ B is a monomorphism 

-
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Thus the map A ---'+C/ B is essential monomorphism and 

h (A)<C / B this implies A has a proper essential extension 

Definition3 .3. let C be a module and A a submodule we say that A is 

essentially closed in C provided that A has no proper essential extensions 

within C, that is the only submodule B of C for which M,B is A itself Shortly A 

is essentially closed in C if and only if A se B !iC implies A:::B 

Example 3.4. 

Z is essentially closed in Q 

Proposition3.5 . let A be submodule of an injective module E then A is injec tive 

if and only if A is essentially closed in E. 

Proof. If A is injective by proposition 3.2 A is essentially closed in any module 

contai ning it. 

Conversely assume that A is essentially closed in E and consider any 

essential extensions ASeB 

The inclusion map A --+ E extends to a homomorphism f: B~ E 

Since An kerf=O and A:SeB 

This imp lies kcrf-Q and thus f is monomorphism i.e. f provides an isomorphism 

of 8 onto f (B) 

Hence A= f( A) since A<B 

As A<,B, A= f(A ) <,fIB) <E and so f(8) =A( since A is essentially closed in E)which 

implies A=B thus A has no proper essential extensions by proposition 3.2 A is 

injective . 

Definitio n 3 .6 .An injective hull (injective envelope) of a module A is denoted by 

E(A) is any injective module which is an essential extension of A 

Example 3 .7 . 

(i) The injective hull of an injective module is itself 

(ii) The injective hull of an integral domain is its field of 

fractions . 

-
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Theorem 3.B.Let A be a module 

a) Any injective module containing A contains an injective hull for A 

b) Whenever A:5eB, the identity map on A extends to a monomorphism 
B->E 

c) Whenever AsE' with E' injective, the identi ty map on A extends to a 

monomorphism E -+E' 

Proof: 

(al consider any injective module F;:::A By Zorn'slemma there exist a submodule 

EsF such that AsE and E is maximal with respect to the property AscE. 

If E is any submodule of F for which Es,E, then As,E and hence E =E by 

maximality of E. 

Thus E is essentially closed in F and so E is injective by proposition 3.5 

Therefore E is an injective hull for A. 

(b) Since E is an injective, the inclusion map 

A-+E extends to a homomorphism 

g:B --> E then An kerg=O and kerg=O since As,B 

Thus g is monomorphism 

(c) Since E is injective, the inclusion map 

A-+E' extends to a homomorphism 

f:E-->E" then An ker(D =O,As A<,E 

Thus f is monomorphism. 

Lemma 3.9.Let A be a module, E an injective hull for A and J: A--> E the 

inclusion map 

-

(a) Given an essential monomorphism f:A---+B then there exists a 

monomorphism g:B-+ E such that gf=j 

. h· f·A E" with E" injective then there exists a (b) GIVen a monomorp Ism . ---+ 

monomorphism g:E---+E' such that gj=f. 
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Proof 

(a) E is injective hull for A and f:A--+B is monomorphism since E is 

injective, the inclusion map j:A-E can be extended to g:B--+E such that gf=j 

(b) Similarly. as E' is injective there exists a monomorphism 

g:E---<E' such that gj=f. 

Injective hulls need not be unique as sets, even with in a given injective 

modules , as the following example shows, 

Exa m ple 3 .10 

Let R=Zj4Z a nd RR is injective. Set F=R(j)R and A=(2,O)R s F 

Then (I , O) R and (1, 2)R are submodules of F isomorphic to R so they arc 

injective R-modules 

since (I, O)R= R and( I ,2)R =R Moreover As, (1 ,O)R and As,( I ,2) R so that 

(I , O)R a nd (1,2)R is both injective hulls for A. 

However, injective hulls are unique up to isomorphism as follows 

Proposition 3 .11. If E and E' are injective hulls for isomorphic mod ules A 

and A', then a ny isomorphism of A onto A' extends to an isomorphis m of E 

onto E . 

In particular, If E a nd E' are two injective hulls for a module A, the identity 

map on A extends to an isomorphism of E onto E', 

Proof. Let j: A -+E a nd j'A'-+E' be the inclusion maps and 

f:A-+A a n isomorphism then j'f: A-+E' is a monomorphism, 

By lemma 3,9 there exists a monomorphism g:E-+ E' such that gj=j'(::AE' 

E 

J 

A 

g 
• E· 

---r-_. A ' 
f 
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As f is isomorphism, A":f (A) :g(A)s g(E) and so g(E) s,E which implies g is an 
essential monomorphism. 

But E being injective has no proper essential extension (propposition3.2) and 

hence g(E): E 

Thus g is an isomorphism 

Remark. "B::: E (A)" reads As 8 is an injective hull for A for instance, given 

modules AI a nd A2 we may state that 

Similarly given modules BsA, we may write E(B)sE(A), since any injective hull 

for A con tai ns at least one injective hull for B. 

-
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MODULES OF FINITE RANK 

Definition 3 . 12. A module A has finite rank provl'ded E(A) , fi ' d' 
IS a Inlte Ifee t sum 

of indecomposable submodules. In the literature a module of finite rank is 

sometimes called a finite dimensional module 

Example 3 .13 

(i) Every subgroup of a finite dimensional vector space over Q is a Z-modulc of 

finite rank. 

(iiJ Every noe therian module has finite rank. 

Remark. The obvious building blocks for finite rank modules should be those 

modules whose injective hulls are indecomposable 

Definition 3. 14. A uniform module is a non-zero module A such that the 

intersection of any two non-zero submodule of A is non-zero 

That is every non zero submodules and essential extensions of A are essential 

in A. 

Note that a ll non-zero suhmodules and a ll essential extensions of un iform 

modules a re uniform. 

Example 3 .15 

(al The quotient field of a commutative domain R is a uniform 

R-module . 

(b) Z and Zj pnZ for prime integers p and positive integer n are finitely 

generated u n iform Z-modules. 

Lemma 3. 16. A non-zero module A is uniform if and only if E(A) is 

indecomposable. 

Proof. Firs t s uppose that A is uniform and E(A)= B®C for some submodules 

Band C, 

As (Bn A) n (Cn A)=O, Either Bn A=O or CnA=O this is because A is uniform, 

Since A s, E(A) we have either B=O or C=O 

Hence E(A) is indecomposable 
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conversely , if A is not uniform, it has a non·zero submodules B anrl'(( 

such that Bn C:O then E(A) has a non-zero submodule E which is an injective 

hull for Band En C:O because B s,E, hence E#E(A) 

Thus E is a non· trivial direct summand of E(A),and so E(A) is nOl 

indecomposable. 

In particular lemma 3.16 shows that an injective module is uniform if and only 

if it is non ·zero and indecomposable 

Thus the te rms "uniform injective module" and "non·zero indecomposable 

injective module" are similar. 

Proposition 3 _17_A module A has finite rank if and only if A has an 

essentia l submodule which is a finite direct sum of uniform submodules. 

Proof. Firs t assume that A contains some independent uniform submodules 

Ah ...• An such that AIEf) .... Ef)AnseA 

Whence E(A) : E(AII30> .... (t)An) '" E(A!)(t) .... (t)E(An) 

Since each E(Al) is indecomposable by lemma 3.16 A has finite rank. 

Conversely, if A has finite rank, then 

E(A) :::El(t) .... (t) En for some indecomposable submodules Ei, and we may assume 

that each E1;tO then by lemma 3.16 each Ei is uniform. As ASeE(A) we have each 

of submodu les Ai=An Ei is non-zero. Whence Ai is uniform. 

For i#j , (An E,) n (An EJ):O, as EinEj:O 

Thus Ai is clearly independent submodules of A. and each AiSeEi as Ei IS 

un iform . Finally 

Which implies A, (t) .... (t)Ans,A 

- Page 28 
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Remark. Modules 

submodules. 

of finite rank need not b d ' e lrect Sums 

Lemma 3.lS.lf a module E is finite direct sum of 'f 
n um arm submodules then 

E does not contain any direct Sums of n+ 1 non- zero submodules. 

Proof. If n =O then E= 0, while if n =1 then E is uniform, in eithe r case the 

conclus ion is clear. Now let n > 1 and assume th I h I 
e emma 0 ds for direct sums 

of n-l uniform modules. 

We arc given that E=E IE£l .... G)En with each Ei uniform. Suppose that E contai ns 

a direct sum Al ® .. .. Ef)An+l of n+ 1 non-zero submodules. 

Set A=A l(j) .... (j)An.if An E l=O, then A embeds in E,(j) .... (j)En via the projection 

E -+E2tt) .... ffiEn, whence E2(3'j .... ffiEn contains a direct sum of n non- zero 

submoctuies , contradicting the induction hypothesis. 

Thus An E ];iO a nd similarly An EjFO for all i. since the Ei are uniform , An E,$Ei 

for all i. Then (An EJ)(j) .... (j)(A n En)<,El(j) .... (j)En =E whence 

A:S:tE.However as AnAn+l=O, this is impossible. 

Therefore E doesn't contain a direct sum of n+ 1 non- zero submodules. 

Theorem 3 . 19. (Goldie) A modules A has finite rank if and only if A conta in s 

no infinite direct sums of non-zero submodules 

Proof: 

Case-l A ha s finite rank then E(A) is a direct sum of n uniform submodules for 

some nEZ·. By lemma 3. 18, E(A) cannot contain a direct sum of more tha n n 

non-zero submodules. The same is true for A (and hence neither can AI 

Case-2 If A is not of finite rank, then At-O and E{A) is not a finite direct sum of 

indecomposable submodules. 

Set Co== E(AJ, since Co is not indecomposable Co=M@N for some non-zero 

-
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5ubmodules M a nd N, moreover M and N cannot both b fi ' , sunls~lo.!,_", e mite direct 

"
ndecomposable submodules. Hence Co-8 lL\C ' 

- l W 1 lor some nonzero submodules 

B1 and CI such that Cl is not a finite direct sum of indecomposable 

submodules. 

Then similarly, C l=B2® C2 for some non-zero submodules B2and C2 such that 

C2 is not a finite direct sum of indecomposable submodules. Repeat this 

argument with respect to C2 and continue inductively we obtain sub modules 

8 1,Cl,B2,C2 ...... . of Co such that 

Cn.l = BnEf)Cn wi th Sn non-zero and Cn not a finite direct sum of indecomposable 

submodules. 

Since Bk:5 Cn whenever k>n, we find that 

Bnn (Lk=n+l Bk )) SBn n Cn :0, for all nEN, from 

Which it follows that B"B, .... a re independent submodules of E(A), 

Now Bl n A, B2nA, ... .is an infinite sequence of independent submodules 

of A, and as A <,E (A) , it follows that Bn n A *0 for each n ~ l. Therefore A 

contains an infinite direct sum of non-zero submodules. 

Corollary 3.20.Any noetherian module A has finite rank. 

Proof. Suppose not , by theorem 3.19, A contains an infinite direct sum of non­

zero submodules, and hence A Contains an infini te sequence AI, A2, .. Of 

independent non-zero submodules 

But then Al<AI® A2< AIE£)A2®A3< ... .. .is a strictly ascending infinite chain of 

submodules of A wh ich is a contradiction to the hypothesis A is noetherian . 

Hence A has finite ra nk. 
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UNIFORM RANK -Definition 3,21 If A IS a module of finite k h ' ran t ere eXIsts a nonnega tive 
integer n such that E(A) is a direct sum of n uniform b d I su rno u es. Moreover by 

lemma 3 .18, a n y other decomposition of E(A) into a direct sum of uniform 

submodules has exactly n summands We shall call th ' , t h 'f . 15 In eger t e um arm 

rank or jus t rank of A is also called the Goldie rank the Gold' d' , h , Ie ImenSlon, l c 

uniform d imension or dimension of A. 

Note tha t , if A\, .....• An are modules of finite rank then Al(!1 .... ®AIl ha s finite 

rank and rank (AI® .... ® An) = rank (AI) + .. .. +rank(An) 

In other words, uniform rank is additive on direct sums. 

Proposition 3.22. Let A be a module and n a nonnegative integer. Then the 

following conditions are equivalent 

a) A has fi n ite rank n 

b) A has a n essential submodule which is a direct sum of n uniform 

submodules 

c) A contains a direct sum of n non- zero submodules but no direct sum or 

n+ 1 non-zero submodules. 

Proof: 

(a)=>(c) by a ssumption E(A)=ElEe .... EeEo for some uniform sub modules Ei 

Lemma 3 .18 then shows that E{A) contains no direct sums of n+ 1 nonzero 

submodules a nd hence A does not either. On the other hand, contain s the 

direct sum of n non-zero submodules E}nA, .... ,EnnA. 

Icl~ {bl Let AI . .. An be n independent nonzero submodules of A. There cannot 

be two non-zero submodules B, C 5 Al with BnC:: 0, for then A would conta in 

the direct sum B e:> C e:> A2® .... I3.:)An of n+l non-zero submodules thus Al is 

uniform a nd s imilarly all the Ai are uniform if 
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AIEf) .... ®An is not essential in A there is a non -zero submodule An +l:5 A such' __ 

tha t (A l ® .... ®An) n An'l = 0 , but then A would contain the 

direct sum AJ(~t> .... ® A n+ 1 of n+l non-zero sumodules. 

(b)=> (a) see the proof of proposition 3.17 

Corollary 3 .23. Let B be a submodule of a module A 

a ) Suppose that A has finite rank. Then B has finite rank. and 

ra nk (B) 5 rank (A) 

Moreover, ra nk (B) = rank (A) if and only if Bs,A. 

b) Now suppose that 8 and Aj B have finite rank then A has finite and 

rank (A) s rank (B) + rank (A/ B). 

Proof: 

(a) Since A has finite rank then by proposition 3.22 

A contains no direct sums of ra nk A+ 1 noo- zero submodules. 

As B~. B contain s no direct sums of rank A+ 1 000- zero submodules then by 

proposition 3.22 B has finite rank. 

. If B is on e of the summand of E (Al which are uniform submodules then by 

lemma 3.16 E (8) is indecomposable which shows tha t rank B:S: rank A. 

Suppose 8 SeA since 8 has finite rank proposition 3.22 (a==>b) says that B 

has a n essential submodule C which is a direct sum of rank B uniform 

s ubmodules. As B SC A, A conta ins an essential submodule C which is a 

direct sum of rank B uniform submodules. 

Hence by proposition 3.22 (b=>a) we conclude that rank A= rank B 

Conversely, if rank A = rank B, by proposition 3.22 (cl A doesn't contain 

a d irect sum of rankB+ 1 non- zero submodule which implies a direct sum of A 

has an essentia l submodule C which is a direct sum of rank B uniform 

s ubmodule then since rank B= rank A we must have C=B 

Therefore B SeA. 
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(b) Choose a submodule CsA maxima l with respect to the proper ty Cn8~O .." 

Then C is isomorphic to a submodule D of A/ 8. Then by part (a), D has 

finite ra nk, it fo llows that C has finite rank and rank (C) < rank (A / 8) . We 

also have 8(j)C s,A by proposition 2.17. 

As A contains a direct sum of two oon- zero submodules but no direct sum 

of 3 non-zero submodules then by proposition3.22 

A has finite rank moreover , by pa rt (a) 

Rank (8 (j)C) : ra nk (A) 

= Ra nk (A) : rank (8) +rank (C) 

= Ra nk (A) < rank (8) + rank (A / 8) 

Corollary 3.24.Let A be a m odule with finite ra nk. If f: A~A 15 a 

monomorph ism then f(A) s,A 

Proof. Since f is monom orphism, f(A) is isomorphic to A which means 

ra nk (f(A)): rank A then by corollary 3.23 

f(A) s , A. 

Theorem 3.25. A ring R is r ight noetherian if and only if every di rect sum of 

injective right R-m odules is injective. 

proof. First assume that R is right noetherian and let E::E8iEi be a direct 

sum of injective right R-modules Ei. Let J be a right ideal of R an d 

f; J ~ E a homomorphism. 

Choose generators X J. .. Xn for J each f(X k) has only finitely ma ny 

Non - zero components in E, a nd so it lies in EBiEi for some finite subset I I<~ I. 

If I*=J IU" .. U In and E*=EBiEi then each f (xk)EE*, 

Whence f(J) < E'. 

Sin ce 1* is finite, E* is injec tive, a nd so f extends to a homomorphism 

RR ~ E*:s E 

Therefore E is injective . 

Conversely assume that a ll direct sums of injective right R- modules a re 

injective a nd let I ! s; i2 :5: • .••• be a n ascending chain of righ t ideals of R. 
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and E: E(R/ h) (£) E(R/b)(£) ....... . 

Then I is a right ideal of R, and E is an injective right R-modulc by 

hypothesis define a homomorphism 

f: I~ E so that 

[(xln"" x+ln fo r a ll xEI and nEIN . for any xEI, we have x Elk fo r some k, whence 

x+I ,:O for all n , k. hence f(l) S E. 

As E is injective, by Bacr's criterion there exists yEE such that f(x) =yx for all XE! 

then Yk""O for some K. for all xEI, we have 

X +Ik: f(x )k 

: (yX)k 

: YkX 

'" 0, 

Which implies x Elk. 

Thu s I=Ik, whence In=Ik for all n~k 

R is right noetheria n 

Corollary 3.26 . If R is a right noetherian ring every injective right R-modulc is 

a direct sum of uniform injective modules. 

Proof. Le t E be a non-zero injective right R-module. 

Let A={A!/ iE I } be a maximal independent family of non-zero finitely generated 

submodule of E. 

If !lh Ai$e E\ then E has a non-zero submodule B such that 

((£); A;) ns: o. 

Since B contains a non-zero finitely generated submodule we may assume that 

B itself is finitely generated But then AU{B} is independent contradicting the 

maximally of A. 

-

Thus EEliAi:!>eE 

By Theorem 3.8 each Ai has an injective hull EiS; E.as Ai:5 Ei, proposition 

2.16 says that the Ei are independent. Hence, the sum of the Ei is a 
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submodule (±)jEi of E, moreover ffi iEiSeE since Efh Ai'S: Ef)i Ei . As El is injec tl --­EEl i Ei is injective by Theorem 3.24 and so E"", ®i Ei 

Each Ai is a noetherian module since R is a right noetherian ring then by 

corollary 3.20 Ai has finite rank. 

Thus each Ei is a (finite direct Sum of Uniform submodules) all of which 
must be injective. 

The refore E is a direct sum of uniform injective sub module 

Example 3 .27 

Since Q. Z (2"). Z (3") .... are uniform injective Z· modules. By corollary 3.26 

every injective Z- Module is isomorphic to a direct sum of some copies of 
these modules. 

Department of mathematics Page 35 



Injective h,,1i 

LiST OF SYMBOLS 

symbol Meaning 

Z the set of integers 

Q field of rational numbers 

R field of real numbers 

Q/Z group of rational modulo one 

2lpoo) sylow p-subgroup Q/2 

RR A ring R viewed as a right moduleover itself 

RR A ring R viewed as leftmodule over itse lf 

HomRIA,B ) The abelian group of all R-module homomorphism 

From an R- module A to an R-module B 

$ is a sub module of 

" 

[nJ Equivalence class determinedby n. , 
IA Identity function on the set A ,j 

=> Implies 

a>->fla ) The function f maps a to fla) 

r 
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