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Abstract

Applications of FBI transforms to wave front sets
Abraham Hailu
Addis Ababa University, 2016

In this thesis, we study the application of FBI transforms to the C'°°, analytic and
Gevrey wave front sets of functions. We characterize the C'* wave front set of a function
by providing a simpler proof of a result by Berhanu and Hounie. To characterize the
analytic wave front set, we generalize the work of Berhanu and Hounie [10] to two
polynomials in the generating function of the FBI transform they define. The Gevrey
wave front set is characterized first as in the paper of Berhanu and Hounie and then
generalized to two polynomials.

Finally, we apply the standard FBI transform to study the microlocal smoothness of
C? solutions u of the first-order nonlinear partial differential equation

Uy = f(xatauﬂux)

where f(x,t, (o, () is a complex-valued function which is C*° in all the variables (x, ¢, (o, ¢)
and holomorphic in the variables (¢, (). If the solution u is C?, ¢ € Char(L*) and
1o([L*,L"]) < 0, then we show that o ¢ WF(u). Here WF(u) denotes the C* wave
front set of u and Char(L") denotes the characteristic set of the linearized operator

o N af

LY = — — _J
o 0

(xu t? u, uz)_

(9xj'
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Notations

We will use the following notations. Let 2 C R™ be open. Then

C%(Q) = C(R™) = The space of continuous functions on R™

xeR'm
= The space of distributions on R™

)
)
)
)
)
S(R™) = {f € C*(R™) : sup ‘:Baﬁff@)‘ < oo,‘v’,a,ﬁ}
)
)
)
)

={0,1,2,3,...}
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Chapter 1

Introduction

The FBI (Fourier-Bros-lagolnitzer) transform is a nonlinear transform developed by the
French mathematical physicists Joseph Fourier, Jacques Bros and Daniel Tagolnitzer in
order to characterize the local and microlocal analyticity of functions (or distributions).
The FBI transform was applied to characterize the analytic wave front set of a distri-
bution, a concept which was developed by the Japanese mathematicians Mikio Sato
and Masaki Kashiwara in their approach to microlocal analysis (see [19]). The FBI
transform has also been used in characterizing the C'*™° wave front set of a function or a
distribution, a concept which was introduced by Lars Hormander around 1970 (see[19]).

There are various versions of FBI transforms. Among them are the classical and
more commonly used FBI transforms which characterize the smoothness, analyticity,
microlocal smoothness and microlocal analyticity of functions. These classical FBI
transforms have been used in the characterization of the C wave front set (see [9] and
[14]) and analytic wave front set (see [9], [18],[20] and [23]). For the application of the
FBI transform to the Gevrey wave front set one can refer to [13], [7], and [2].

More general FBI transforms have also been applied extensively in the study of holo-
morphic extendablity of CR functions (see [4] and [6]). FBI transforms have also been
used in studying the regularity of linear and nonlinear partial differential equations.
Among the numerous works, we mention [3], [5], [8],[9],[10], [I7], [15],[16] and [23].

In 2012 Berhanu and Hounie [10] introduced a more general class of FBI transforms.
Their result showed that the newly introduced class of FBI transforms characterize
local and microlocal smoothness and analyticity of functions or distributions. To char-
acterize the analytic wave front set, they used 1 = e P(®) as a generating function for
the general FBI transforms they introduced, where p(x) is a positive elliptic, homoge-
neous polynomial that satisfies the estimate Clz[** < p(z) = 3, _g; @a2® < C'|z|*
for some positive constants C' and C” (see [10]).

Berhanu and Hounie (see [10]) used the more general FBI transforms to study the C*
wave front set of a function or a distribution, see Theorem 3.1 in[10]. In ([I0], Theorem
3.1 part (i), they used pseudodifferential operators to prove that if the FBI transform
of a function u decays rapidly on some conic neighborhood of a point (zg,£%) € R™ x
R™\ {0}, then the point (x¢,£°) is not an element of the C* wave front set of u.

The first goal of this thesis is to use almost holomorphic extensions instead of pseudod-
ifferential operators to give a different proof of Theorem 3.1 part (i) in [I0]. Our next
goal is to generalize the results of Berhanu and Hounie to two polynomials. We also
characterize the Gevrey wave front set of a function first as in the paper of Berhanu
and Hounie [I0] and then generalize it to two polynomials.

Our final work is to use the standard FBI transform to study the regularity of so-
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lutions of first order nonlinear partial differential equations w, = f(x,t,u,u,), where
f(z,t,¢p,¢) is a complex valued function smooth in all variables and holomorphic in

(Co,¢) (see Theorem 5.3.1)).

In chapter 2 we recall and discuss some basic results including the definitions of the C*°
and the analytic wave front sets. We also recall various versions of FBI transforms and
some of their applications to the study of these wave front sets. In the same chapter, we
define and prove some basic facts about an almost holomorphic extension of a function.

In chapter 3 we provide a different proof of a result of Berhanu and Hounie on the
application of the more general FBI transform to the C'°*° wave front set of a function.
We follow very closely the paper of Berhanu and Hounie [10]. We also study the mi-
crolocal analyticity of functions by generalizing the result of Berhanu and Hounie [10].
We characterize the analytic wave front set of a function by using a polynomial which
is the sum of two different polynomials of the type considered in the paper by Berhanu
and Hounie [10].

In chapter 4 the Gevrey wave front is characterized by a subclass of the more general
FBI transforms introduced by Berhanu and Hounie. First, we study the Gevrey wave
front set by using the same polynomial in the generating function as in [I0]. We next
generalize to two polynomials as we did for the characterization of the analytic wave
front set in chapter 3.

In chapter 5 we use the standard FBI transform to study the C* wave fronts of C?
solutions of the first order nonlinear partial differential equation u, = f(x,t, u,u,).
Our result on this latter equation is motivated by a theorem of Berhanu and Ming
([I1]) in the linear case.

In the last chapter, the Appendix, part we provide the proofs of some important and
technical lemmas that we use them in the thesis.



Chapter 2

Some Preliminary Concepts

In this chapter, we will first recall some definitions and theorems from the literature on
FBI transforms in the study of local and microlocal analysis. We then prove a result
that will be used in Chapter 3.

2.1 Conic sets and boundary values of holomorphic functions

Definition 2.1.1. A set ' C R™ \ {0} is called a conic set if
Eel'=teel Vi >N0.
Let S™ ' ={x € R™: |z| = 1} be the unit sphere in R™. Then
I'={tn:t>0nelns™'}.

That is, a conic set is completely determined by its intersection with the unit sphere in
R™.If§ >0 and I" is a conic set by I's (a truncated cone) we mean the set

Is={¢el:[f| <d},

and if I C R™\ {0} is another cone, then we write I' cC T if I’ N S™ ' c I'nS™ L.
By a wedge with edge U we mean an open set W = U + i[" where U is an open set in
R™ and I" is a conic set in R™. If W = U +1l's for some d > 0, W s called a truncated
wedge.

Definition 2.1.2. Let V. C R™ be an open set and T' be a conic set. A holomorphic
function f € O(V +ils) is said to be of tempered growth if there exist an integer
k> 1 and a constant ¢ > 0 such that

|f(x+iy)| < " ‘k,‘v’xGVyEF(;

For f € O(V 4+ 1il's), o € C3°(V) and y € I's, we set

(yr0) /way 2)da

We state the following theorem from [9] which shows the existence of a boundary value
for a holomorphic function of tempered growth defined on wedges.
Theorem 2.1.3. Suppose f € O(V +ils) is of tempered growth. Then

bf = lim_f,

y—0,yel’s

exists in D' (V') and is of order k+ 1 where k is as in the previous definition. bf is the
boundary value of the holomorphic function f.
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2.2 The analytic and C*° wave front sets

Definition 2.2.1. Let Q C R™ be an open set and u € D'(Q),z9 € Q,£° € R™\ {0}.
We say that u is microlocally analytic at (x4,£°) if there exist a neighborhood V
of xg, cones I'',...,T™ in R™\ {0} with £ - IV < 0,Yj and holomorphic functions
f; € OV +1I%) (for some 6 > 0) of tempered growth such that

u=7y bf;
j=1

near .
Definition 2.2.2. The analytic wave front set of a distribution u € D'(S) denoted
WF,(u) is defined by

WF,(u) ={(z,§) € Q x R™\ {0} : w is not microlocally analytic at (z,£)} .

Definition 2.2.3. Let Q C R™ be open. Let u € D'(Q), o € Q and £ € R™\ {0}.
We say u is microlocally smooth at (x¢,&°) if there exist ¢ € C5°(Q), ¢ = 1 near
xo and a conic neighborhood T C R™ \ {0} of £° such that for each positive integer k
there is Cy, > 0 such that

Ci
(1 +[€)*

Here @ denotes the Fourier transform of ¢u.
Definition 2.2.4. The C* wave front set of a distribution v € D'(Q) denoted W F(u)
1s defined by

WF(u) ={(z,) € Q x R™\ {0} : w is not microlocally smooth at (z,§)} .

Thus (x0,&") & WF(u) if there exist ¢ € Cg°(R™) with ¢(x) # 0 and a conic neigh-
borhood T of £° such that

sup €[] (6u) (€)] < o0, k=12,

|pu()] < Ve eT.

We remark that by the Paley-Wiener theorem, a distribution v is smooth if and only
if WF(u) = 0. u is real analytic if and only if WF,(u) = 0 (see [9]).

2.3 FBI Transforms

If u € &(R™), we recall the classical and more commonly used FBI (Fourier Bros
Tagolintzer) transform of u is defined by

Su(z,§) = / e =a)—lelle=2"Py (2 da!  (z,€) € R™ x R™, (2.1)

where the integral is understood in the duality sense when w is a distribution of compact
support.

The FBI transform in ({2.1)) characterizes the smoothness, real analyticity, microlocal
smoothness and microlocal analyticity of functions or distributions(see [9],[14], [18],[20]
and [23]). Indeed, we recall the following basic theorems from [9]:
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Theorem 2.3.1. Let u € E'(R™). Then the following are equivalent:
1. w 1is real analytic at xqg € R™.

2. There exist a neighborhood V' of x¢ in R™ and constants cy,co > 0 such that
Fu(z,€)] < cre™ v(z,€) € V x R™,

Theorem 2.3.2. Let u € £'(R™), 29 € R™, % € R™\ {0}. Then

(10,€°) & WF,(u) if and only if there is a neighborhood V' of xo in R™, an open cone
I cR™\ {0},£° € T and constants ¢y, co > 0 such that

[Fu(e, )| < e v(a,€) € V xT.

Theorem 2.3.3. Let u € &'(R™), 2o € R™ and £ € R™\ {0}. Then (z0,£°) € WF(u)
if and only if there exist a neighborhood V of xy, a conic neighborhood T of £° such
that for all k =1,2,..., there is Cy, > 0 with

Ch
= V(z,§) €V xT.

[Su(z,§)] < m

2.3.1 A More General Class of FBI Transforms

We next recall a more general class of FBI transforms introduced in the work [10].
Consider a function ¢ € S(R™) satisfying

Y(x)dx = 1.
Rm

For any number A > 0, we define a “general FBI transform” (with generating function
) and parameter \) of a compactly supported continuous function u(z) € CJ(R™) by
the formula

Spau(z,§) = / ey (| (@ — o)) u(a')da' € € R™.

m

If u(x) € &'(R™) the integral is interpreted as the duality bracket between smooth
functions and the distribution of compact support. That is,

Suau(z,€) = (u(@), €€ (6P — ) ) 2,6 € R™

The map u — Fyu is always injective, in fact there is an explicit inversion formula.
Let x € S(R™) satisfying
/ x(x)dx = 1.

_ x©
0(5) - (27T)m

where \ denotes the Fourier transform of y. That is,

W) = [ e

Set

Then we have the the following inversion formula (see [10]).
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Lemma 2.3.4. Let u(z) € &'(R™) and set

wle) = [ o)t e dnds

Then ue — u in E'(R™) as € — 0+ . If u(z) € CY(R™), ue — u uniformly.
Remark 2.3.5. Although the inversion formula holds for any A > 0, we will obtain
useful FBI transforms for 0 < A < 1 as will become clear in the next section.

2.4 Almost holomorphic functions

Definition 2.4.1. Let f € C*(Q), Q CR™ open, and suppose Q is a neighborhood of
Q in C™. A function f(x,y) € C®(Q) is called an almost analytic extension (or
almost holomorphic extension) of f(z) if

1. f(z,0) = f(z),Yz € Q and
2. for each k =1,2,..., there is C}, > 0, such that
of

—(x,y)

a < CylylFVi=1,2,...,m.
8zj

By lemma in the Appendix part, a smooth function has an almost holomorphic
extension.

We now state the following lemma which will be used many times in the sections that
follow.

Lemma 2.4.2. Suppose f(x + iy) is almost holomorphic and of tempered growth on
some wedge V + ils(for some § > 0) and suppose ¢p(x + iy) € C*° and of compact
support K C V in x. Then

lim / F@ +ig)o(x + ig)de = Tim [ f(z +iy)o(z)dr.
K I'sy—0 K

I'sy—0

Proof. By lemma in the Appendix, the family {f(-+iy)}, p, of distributions
converge and so by an analogue of the uniform boundedness principle, there exist a
natural number N > 1 and a constant C' > 0 independent of y such that

(flz+iy), )| <C Y sup |D()| Yio(z) € CF°(K).

| <N zeK

In particular, for ¢, (z) = ¢(x + iy) — ¢(x), we get
m

lim /K F(o+ i) [Blo +iy) — 9(2)) do

= lim [(f (2 + iy), ¢,)]
Yy—

< Clim > sup [D* [p(x + iy) — ¢(x)]| = 0

0
la|<N zeK

since ¢, (x) is smooth and of compact support in . O
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The following theorem characterizes microlocal smoothness in terms of almost analytic
extendability in certain wedges (see [9]).
Theorem 2.4.3. Let u € D'(R™). Then (z0,£°) & WF(u) if and only if there exist a
neighborhood V' of xy, open acute cones I'', . ..
functions f; on'V +il'} (for some § > 0) of tempered growth such that

near xo and £°-T9 < 0 for all j.

u=7 b
j=1

For fixed 0 < A < 1 and ¢ € S(R™) we will set

Fu(t, &) = Fuault,€) = (u(x),

I an R™\ {0}, and almost analytic

EUy (e e - 21)) ) € €R™

Note that Fu(t,§) is a continuous function of ¢ and &, smooth for £ # 0.

Given u € &'(
that

[Fu(t, &)
:‘ u(z'), e
<C sup
|a|§N$/€K
=C sup
| \nglEK 8<
=C sup
|a\§NIIEK B<

<C' Do

< O’chﬂ<g

|| <N pLa

DI I

|a|<N B<a

|a|]<N <a

)

< ) (1+1€)) Ial |BI-+18] L(0< <)

R™), let N > 0 be its order. If supp(u)

A(REEN

< C"(1+|EYN,t, € e R

= K, then there is C' > 0 such

D (e<=y(jeP (e - ')
« a—
()0
( 3 ) (—i§)* PN DE (€M ( — x’))‘
) |§|Ia\—\ﬁl|§|AIBI

(1+1€]) lal=181+AI8]

(=) DY (wleP(t - x'»)'

If u € CJ(R™), then N = 0 and so Fu(t, &) is bounded.

Lemma 2.4.4. Let u € Cg°(R™).
uniformly in t.

Proof. Let M > 0 such that supp(u) C {2’

Then Fu(t,§&) decays polynomially as |£| — oo

|| < M} = Bys. Then

Fult, &) = /B Sy (6Pt — o)) ule)de.
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Let [¢] > 1. Since for any £ =1,2,...
eig-(tf:r’) _ ‘f’f%(—Ax/)keif'(tfxl)

by integration by parts we have

| At (5N 6 (5 = ) '
_ |§‘2k/B ei{-(tfx’)(_Am/)k(w(‘a)\@_x/))u(l_/))dx/

< CWl€]72%1€)*,  for some C}, > 0 indpendent of ¢

[Su(t, )| =

Since 0 < A < 1, we note that Fu(t,§) decreases polynomially as |£| — oo uniformly
in ?. 0

For t away from the support of u we can obtain better estimates as follows:

Let R > 0 such that supp(u) C Bg(0). For [t| > 2R and |2| < R,

[t —a'| > ¢(1+ [|t]) for some ¢ > 0.
If we denote the support of w by K, then for |t| > 2R,

Fult, )|
= [(utat). s (gt — )]

<O sup Dz (< u(e e - o))
\a|§Nz/€K

=C Z suII)( Z ( g ) D;‘fﬁ (eig'(tﬂ/)> Df/ (w(EMt - HU/)))'
lal<N €K | g<a

—0 Y sw S (G ) GO DL (g - )
o |<N$ 'eK B<a

o181 ¢ P 1
=G f‘é‘ézcﬁ( )

la|<N

< Cre(1+1€D™

(1+ |§|A(1 + [¢]))*
since ¢ € S(R™).
Thus, for dist(¢,supp(u)) > R and for all £ € R™,

1
(14 [E2 (X + [¢]))*
This shows that Fu(t, &) decreases rapidly in (¢, &) off supp(u) x R™.
Since D,Fu = FD,u, the derivatives of Fu of any order satisfy the estimates in ({2.2]).

[Su(t, &)l < Cre(1+ [E))" (2.2)

We recall that for u € £'(R™) the inversion formula is obtained as the limit as e — 0+
of the functions
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wle)= [ (e Fult et 2.3)
R™ xR™
Fix xy € supp(u) and consider a partition of unity
Xl(t - l’o) + Xg(t — IQ) + X3<t — [Eo) =1,teR™
satisfying 0 < x;(t — z9) < 1 and

supp(x1) C {t e R™: |t| < 2a}
supp(x2) C {t e R" :a < |t| < A+ 1}
supp(xs) C {t € R™ : [t[ > A}

where 0 < a < A are constants to be chosen later. The integral in (2.3) can be
decomposed into three integrals by using this partition of unity. That is,

3
u(z) =y use(e)
j=1
where
uje() = / g (e€)x;(t — wo)Fult, §)|E[ M dtdg, j = 1,2, 3.
R™ xR™
Consider ug () :
If A> 2R+ |zo| is chosen to be large enough, then

So,
{t:|t—mxo| > A} C{t:|t| > 2R}.

Thus x3(t — x¢) will be supported away from the support of u such that (2.2)) holds.
Hence for k big enough we have

[ ottt — sl snakwmg’
Rm xRm

us ()] =

/ / | eiwt>o<ef>x3<t—xomu(t,s)ramcztds\
m J|t—zg|>A

VAN

/m A 4 lo(e€)|xs(t — $0)|Su(t’€)||§|>\mdtd§

IN

L et~z olepmarae

< [ [ Eu ol

- G e ([, )
< o avie ([ ) o
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1
= O 1 N ( ——d /) d

o ! m—1 N > 1 m—1
= clls™ | ke (/RW T dr)d§

< clsm ) [l ([ aorrar)as
Rm

RIg

= [ I s = oo < e <1

where C} > 0 is independent of €. This shows that {us(7)},_ ., is uniformly bounded.
Similarly we can prove that for all «, there is C, > 0 independent of € such that

|DSus (z)] < Co, V0 <e<1.

Consider ug () :

Up () = /R . e @D g (e€)xa(t — xo)Fult, &)|E) M dtde
= ! e\4) /7t dt
Sy )

ve(, 2, 1) = Xa(t — o) / g ()€ — ') IEPmdg.

m

where

Fix t € supp(x2(t — 20)), and |v — o] < §. Then a <[t — 29| < A+ 1 and
a
|z —t| > |t — zo| — |z — x| > X
It then follows that
<l|o—t] <|z—2+ |2 —t. (2.4)

N2

Since

xalé = a0) A g ()b (€ (E — o)) [PmdE| < M < oo

where M > 0 is some constant independent of €, to get a bound for the function
' — v(x,2’,t) independent of ¢, it will be enough to bound

v, 2, 1) = / Do (e)n( ) (€ (t — o)) l¢de (2:5)

where n(§) is smooth function supported in || > 1 and n(¢) = 1 for [£| > 2.
If |z' —t| > § , then since ¢ € S(R™), for each k = 1,2, ... there is Cy > 0 such that

el - ) < G (14 € — ) " < e (14 1e08)

Therefore, for large k

—k
oo < Coalt—s0) [ (1+16P]) " lePmdg

¢ERm

10
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= OIXQ (t — Qfo)
where

0<C'=Ce [ (1e1grg) lermag
¢ERm
is independent of e.
If |z" —t| < §, then by
gg [t — 2|+ |z — 2’| < %+|x—m'|.
Hence |z — 2’| > %.
(2.5) can be written as

(o) = [ o= A () ot - )P

Since ¢ € S(R™) and so vanishes at infinity, using integration by parts,

i@, 7', 0)] < o - /{g.m (80)* [o ()€t —a'))lg™] | de

42k

<
= g2k

|(A¢)" [o(e&)n(€)w (€t — 2))lg]*™] | e
GIGESY:

< Ck/ £+ 2RO e (by lemma in the Appendix).
{&:1¢1=1}

Since 0 < A < 1, for large k there is a constant C” > 0 independent of 0 < ¢ < 1 such
that
[0l (z, 2’ 1) < C".

Therefore, there is a constant C' > 0 independent of 0 < € < 1 such that

ve(z, 2, 1) < Oxa(t — @), 2 € R™, |z — x| < g

Similarly for any multi index o € ZT there is C, > 0 independent of 0 < e < 1 such
that a
| D% ve(x, 2’ )| < Coaxa(t — x0), 2" € R™, |z — 20| < 3

a

5, 0 < e <1, consider the function

For |z — zo| <
' g(r,2) = / ve(w, ', t)dt.
a<|t—zo|<A+1

Then g.(z,z") are a smooth family of functions which depend on the parameters x and
e and for any multi index «, |a| > 0,

|D% ge(x.2")| < / | DS ve(z, 2! t)|dt < C,
a<|t—zo|<A+1
where C! > 0 is a constant independent of 0 < € < 1.

Now ug ((x) is defined by the action of u(z’) on a family of functions depending on some
parameters = and e. This family is bounded in C*°(R™) if |2 — x| < § and 0 < e < 1.

11



Chapter 2 : Some Preliminary Concepts

Hence, if N is the order of u(z’), then

Juze(2)] = |{u(a’), ge(w, )| < Y sup|D3ge(w,a’)

la|<N ¥

A
g
2
|
Q

showing that |ug(z)] < C for [z — x9| < § and 0 < € < 1 where C' > 0 is some
constant independent of 0 < € < 1. Similarly, for any multi index o we can find a

constant C, > 0 independent of 0 < ¢ < 1 such that

D%y (2)] < Ci, Y|z — 0| < g,vo <e<1

Let we(x) = ug(z) + us(x). Then for any multi index «, |a] > 0, there is a constant
C, > 0 independent of € such that

| Diwe(x)] < Ca,

for [z — 29| < § and 0 < € < 1. Consequently, there is a subsequence ¢, — 0+ such
that

We, () = w(z)
in C* for |z — x| < 5. In particular, w(z) is smooth for |z — x| < §. Hence, (x¢,§) &
WF(w),¥¢ # 0.
Now

u(x) = el_i)r(gr ue(z) = ekh—%lJr U, () +w(x) = up(x) + w(x).

In particular, we have

Remark 2.4.5. (10,£%) ¢ WF (u) if and only if (z9,6°) & WF(uy).

12



Chapter 3

Application of the FBI transform to
the C'°° and analytic wave front sets

3.1 FBI characterization of the C'°° wave front set

The following theorem was proved in [10]. To prove part (1), the authors used pseudo
differential operators. Here we will give a different proof of (1) by using almost holo-

morphic extensions.
Theorem 3.1.1. Let u € &'(R™),z9 € R™, &% € R™ \ {0} with |€°] = 1.

1. Assume that there is a ball B = B(x,0) C R™ and an open cone I' C R™ \ {0}
containing £° such that

sup [€[*[Fu(t, )] < o0,k =1,2,... (3.1)
BxTI'

holds . Then (x0,£°) & WF (u).
2. Conversely, if (x,£°) &€ WF(u), then (3.1) holds for some ball B = B(x¢,d) and

some cone I' 3 &Y.

Proof. (1) Without loss of generality we may assume that xy = 0. From remark [2.4.5]
we only need to show that (0,£%) & W F(uy). Recall that

uy () = A » / ) e TV a(ef)x1 () Fult, &) [P dedt.

Choose a > 0 such that 2a < §. That is, supp(x1) C B.
We may assume that I" is an acute cone.

Let Co =TI',C;,1 < j < n be open acute cones such that

v =
=0

C; N Cx, has measure zero when j # k and £ ¢ C; for j > 1.

Fix j =1,2,3,...,n. Since £ ¢ C; and C; is acute there is a vector 3/ € R™\ {0} such
that 4 o '
¢y’ <0, and (C;\0)-y’ > 0.

0o YV v C.

By continuity there is a neighborhood U; of |Z—j‘ in S™~! such that

€.y <0 andé-y>0,V§€C_j\0,Vy€Uj

13



Chapter 3 : Application of the FBI transform to the C*° and analytic wave
front sets

Let V; be the cone generated by U;. Then
V;C{yeR™\{0}:¢ - y<0andy-£>0,VE€C;\0}.

For j =1,2,3,...,n, choose [V CC V.

Since the function (y, &) — y - £ > 0 is continuous on the compact set
A= insmtx C;nsm

bj:Iriiny-§>0,Vj:1,2,...,n.
j

y £
g S A
(m’m)e f

Let ¢ =min{by,...,b,}

If y € IV and £ € Cj, then

and so

Then we can get acute, open cones IV, 1 < j < n and a constant ¢ > 0 such that

§-T7 <0 and y - £ > cly||¢],Vy € TV, V¢ € C;.

We have:

n

wda) = [ [ e toteepatisutt 9leP et = 3 oite)
=0 [t|<2a JC;

j=0

For j =1,2,...,n,and z = x + iy € R™ + iI, define
fari = [ [ e oz g s
t|<2a j

Let 2o = 2o + iyo € R™ + 41V be fixed . Let 0 < r < @ such that
B(zp,7) C R™ +ilV.

For any z =z +iy € B(z0,7), [y — ol <7 and so [y| = [yo| — |y — yo| > [%].
Since u € &'(R™), there exist a positive integer N and a constant M > 0 such that

[Sut, O < M(L+[E))™, vt € € R™.
Therefore, for |t| < 2a,¢ € Cj,
|0 () xa (DFult, ) ™| < Meme 3 81 4 ¢V ¢ € L

for some M’ > 0. Thus each f{(z) is holomorphic on R™ + I/ and converge uniformly
on compact subsets of the wedge R™ + i['Y to the functions

fi(e + iy) = # / . / gl I s

14
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front sets

We note that for j =1,...,n, z =z + iy € R™ + [,

he+i)l € G /| B [ e emalsut.9lleasa

e V(1 + [N |EPmdeat

IA IN

= = 5[
=
IA IA
Yooy

/.
/c‘ e—c|suyl(1 + DN (1 + | mdedt
J

< e~ “llvl(1 4 |¢))yNHrmagdr
|t|<2a
N+m
N +m)! _
_ [V / cléllvl| ¢k g
; RN +m—k) o, © €] de
N+m
N +m)! 1 _ clyl
< Y ( o / e—eléllvl B 1el ¢
RN T m— k)l e,
N+m IIH N+m Ck H||
- e 2 lElde < _/ e Elde
Iylk/ - ,; [yl* Jrm
N+m om

C
— —lElge <
Z ST o = e

for |y| small.

Hence, for each j > 1, f;(x + dy) is holomorphic(and so almost holomorphic) and of

tempered growth on R™ + il for some 0 < 0 < 1. Thus each f;,j = 1,...,n has a
boundary value bf; € D'(R™).

Define

= [ [ et wute )l e

[t|<2a J Co
Since
sup  [¢]%|Fu(t,€)| < oo, VE=1,2,...,

{[t|<2a}xCo

for each k = 1,2, ..., there is C} > 0 such that
C’

By the Dominated Convergence Theorem, we conclude that

65(7) = gola /| / €00 (0)xo (1)Fult, €€ dedt.

In particular, go(z) € C*°(R™). Hence go(z) has an alomost analytic extension fo(x+iy)
on R™ + ¢R™ such that fo(x) = go(z),z € R™. Clearly, bfy exists in D'(R™). Choose
I'Y to be any conic set such that
.Y <.
We have thus obtained open cones I'°, T, ... I in R™ \ {0} and almost holomorphic
functions f;(z + iy) on R™ + I} which are of tempered growth for some 0 < § <1
such that
€. TV <0,Vj=0,1,...,n

15
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front sets

Next we show that

lim f;(z +1dy) = lim v5(z) in D'(R™),Vj =0,1,...,n.
e—0+

T93y—0

For this, let ¢ € C5°(R™). Then for j > 1 fixed,

lim fi(z +iy)o(x)dz

I7>5y—0 Jrm
= lim (/ / eig'(”iy_t)a(())m(t)SU(t,5)\€|Amd€dt> ¢(z)dx
73y—0 Jrm [t|<2a JC;

_ : z&:c i€ (iy—t) Am
= am [ / e alade ) a0}y (OFu(r Ole P dedt

_ i 15 iy—t) m
— lim /| B / (=) (0)xo (1)Fult, )¢ dedt

I'75y—0
= [ o L A0 o Oz Ol s
[t|<2a
by the Dominated Convergence Theorem because

S a0 (BFult. €)™

< M|G(=)le (1 + €DV
< M|p(—€)|e=MIEI (T + |g])N g
< M'|G(=E)|(1+ [€)N|E1™ € L (Jt] < 2a x ;) since ¢ € S(R™).

For j =0, since lim,_,q fo(z + iy) = go(z),
tim [ ol ig)(e)da

Rm™

= /Rm go(x)p(x)dx

— /Rm (/|t|§2a /C0 ez‘g.(x—t)g(o)X1(t)Su(t,§)|€|Amdgdt) o(x)dx

= /||<2 ) O(—&)e 1o (0)x1 (1) Fult, €)| €M dedt.
Therefore, for all 0 < j < n,

lim fj(x +iy)p(x)dx

I'"sy—0

/m/ H(=E)e” o (0)x1 (1) ult, €)[€[ M dédt (3.2)

Likewise for j > 0,

lim vi(7)¢(x)dx

e—0+ R™

16
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= lim . (Agza /Cj e"'g'(z‘t)a(Eé)xﬂt)%(t,é)lflmdé“dt) ¢(x)dx

= lm /| B / ( / ) eif'%(x)dw) et (e )y (1)Fult, €)[€ mdedt
— i lft m
lim /| B / 3~ (e€)x (HFult, €) € dedt

e—0+
_ / / H(—E)e € 1o (0)xu (1)Fult, €| dedt (3.3)
[t|<2a

by the Dominated Convergence Theorem.

Combining (3.2) and (3.3|) shows that
lim fi(x+iy) = lim v5(z) in D'(R™),%j =0,1,....n.

I'73y—0

It remains to show that u; = 7 bf; on R™. For thislet ¢ € C5°(R™). Then

(ug,¢) = lim ule(x)gb(x)dx

e—0+
= lim E
e—0+ m

— Z FJl;m . fi(x +iy)p(z)dx
j=0 Y7

RrRm

Uy = be] on R™ .
j=0

Therefore, (0,£°%) & WF(u;). We then have (0,£°) ¢ WF(up) UWF(uy). That is,
(0,£%) & WF(u). O

Hence

17
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3.2 FBI Characterization of the analytic wave front set-using
two polynomials for the generating function

Our next goal is to characterize the analytic wave front set by using a subclass of the
generalized FBI transforms we discussed before. In [I0] the authors characterized the
analytic wave front set by using ¥(z) = e P®) as a generating function and A\ = ﬁ as
a parameter where p(x) is a homogeneous, positive polynomial of the form

p(z) = Z Ao T
|a|=2k

which satisfies
|z < plx) < oz

for some constants ¢y, cy > 0.
Here we generalize the above result to two polynomials.
Let p(x) be a positive polynomial of the form
p(z) = Z a,xr” + Z s’ ag,bs € R, 1 #k
|a|=21 |Bl=2k

which satisfies
oz < Z o™ < colz|?
o] =21
and
cslz)?F < Z baz® < cq|w|?
|B|=2k
for some constants 0 < ¢; < ¢y and 0 < ¢35 < ¢4.

Suppose [ < k and let

pi(x) = ) aar®, pa(z) = Y bea’.

|o|=21 |B|=2k
Take 1(x) = e P as a generating function and A = ﬁ as a parameter. Let ¢, > 0 be
a constant such that
Cp Y(x)de = 1.

Rnl
Then

Fult.€) = o [ S - ule) s

frnd Cp / elf'(t—xl)_‘g'%pl(t—m’)_|£|p2(t_w/)u(x/)dx,.

Let x(z) € S(R™) such that [;,, x(z)dx = 1. Set

~x(©)
U(§> - (27_‘_)m
Then the inversion formula becomes
u(z) = lim e o (e€)Fult, §)|€]# dtde.

€20+ Jrm wrm
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Using this subclass of FBI transforms, the first theorem of this section can be stated
as

Theorem 3.2.1. Let u € &'(R™), xp € R™, £ € R™ with |€°| = 1. Then (z0,£°) ¢
W E,(u) if and only if there exist a neighborhood V' of xq, a conic neighborhood I' of £°
and constants a,b > 0 such that

1Fu(t, &) < ae ™ (t,&) e V x T

Proof. Suppose (z0,£%) ¢ WF,(u). We may assume that zo = 0. Without loss of
generality, u = bf near 0 where f is holomorphic in some truncated wedge U +i['s (for
some ¢ > 0) and is of tempered growth with U a neighborhhod of 0 and I" an open
cone such that

.7 <0.

Let » > 0 such that
By, ={x:|z| <2r} cCU.

Let ¢(z) € C°(R™), ¢ =1 on B, and supp(¢) C Ba,.

It suffices to consider

S(pu) (@', €).
Fix v € I's.
Let
Qa', & x) =if - (' —x) — \5’%]?1(35’ —z) = [€|p2(2’ — 7).
Then

%’(¢u)($l>£) = G /]R;m eQ(m/’g’x)¢<iL‘>U($)dfﬂ
= ¢ (u,p(@)e? )
= ¢ <bf, ¢(x)€Q(xC£,:v)>

— 1 Q(I/,fﬂf) y
p tl—lfori . e o(x) f(z +itv)de.

Since ¢(z) € C=(R™), it has an almost holomorphic extension ¢(x + iy) smooth on
R™ + ¢R™. Then by lemma ([2.4.2)

F(ou)(2', &) = ¢, lim eQEETH) G0 ity f (x4 itv)d.
2
Fix o > 0. For 0 <t < o, let
Di={x+isveC":x € By, t <s<o}.
Consider the m-form
w(z) = Q@ ENG(2) f(2)dzy A ... Adzm, 2 =  + iy.

Let dz = dz A ... A dzy. Since ¢(x + iy) = 0 for || > 2r and since e?@ %2 and f(2)
are holomorphic we have by Stokes theorem
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/ QST 3 ity f (4 itv)da
By

= / Q@ ST (0 4 o) f(x + iov)dx
Bay

+Z//D o' & tisv) é(m—l—zsv)f(x—i—isv)dz_j Ndz

Zj
= [1( 7€)+[§( 75)

Since v € I and £°-T' < 0, there is a conic neighborhood T'; of £° and a constant ¢ > 0
such that
§-v < —cl¢]|v],VE € Ty

Consider I;(2/,€) :

|1 (2", &) < sup |q5(x +iov) f(x +z’av)|/ RQ L atiov) g
B2r

x€Bo,

Now
RQ(2', &, x + iov)
=R (z’f (& =z —iov) — |E)Fpi(2 — & — iow) — |E|pa(t — x — m))
= o€ v — |€]FRpy (2 — z — iov) — €| Rpa(2) — 2 — iow)

But for a,b € R™, such that |a| + [b] < M for some M > 0 and o € NJ" we have

—R(a +ib)* = —a® + O(|b]?).

Thus
—[¢[ Rpy (2’ —x —iov) = —[E[FR Y an(’ —z —iov)"
=21
= —lglF D aal@’ = 2)" + O )€1
|af=21
= —lelEp(a’ — ) + O |oP)El
and

—[€[Rpa(a’ — & — iov) = —|€|pa(a’ — z) + O(>[v]?)€].

Therefore, for £ € T'y, €] > 1,

RQ(2', &, x + iov)

=0l -v— |£|%§Rp1(x/ —x —iov) — [¢|Rpa(2' — z — iov)

=0t v — [€|ipi(a’ — 2) + O(?|v)|¢]F — []pa(a’ — z) + O(a? v €]

< —colvllg] — erg]F |2 — 2

+O(*[uP)[€]F = eslélfa’ — [ + O(a?[v])[¢]

< —colull¢] + O(?|v) ¢].
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Choose |v| small such that O(o|v|?) < %'”‘ = . Hence
RQ(2', &, x +iov) < =(¢],£ € T, [¢] > 1,2" € R™.

Thus, for £ € Ty, €] > 1,
(2, €)] < e

for some ¢’ > 0. But for || < 1, we note that

I (‘T/a 6)

e_cl‘ﬂ

is bounded on By, x {¢: [£] < 1}. Therefore, there are A;, B, > 0 such that

[Ii(2',€)] < Are” Pl Ve e Ty, o] < 2r. (3.4)
Consider I5(2',€) :
RQ(«, €,z +isv) < —csfollE] + O(s* ) [¢] — eslé]la” — x|, € € Ty, [¢] > 1
< O(v)|€] — eslé]|a” — |* since s < &
Since ¢(z) = 1 for |x| < r, the integral over || < r is zero. So let r < |z| < 2r. then
for |2'| < %,

r r

/_ > _ /> - — = —

o ] > fo] — /] 2 =
,r,2k

= RQ(, &, +iov) < O |o) €] — cs €

chose o small such that o

r
O(U2|’U|2) S ng = C”.

We then get
%Q(I,,g,l‘ + iSU) < _C”|§|7€ € Fla |€| > 1.

Since f is of tempered growth, there is a constant d > 0 and an integer n > 0 such
that

. < '
|f(z +isv)| EIRE

Since ¢ is almost holomorphic, there is ¢, > 0 such that

%(x + isv)

o, < st Vi =1,2,...,m.

Therefore, we can get Ay, By > 0 independent of ¢ such that

1i(a',€)| < Awe™PH, v € Iy, |2 < . (3.5)

Let A= A; + Az, B =min(By, By). Then
1T (pu) (2", &) = tlﬁir&/ Q@S i) (0 it f (@ + itv)da
B>

< Ae7Blélveery, |2 <

r
5"
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Conversely, suppose
|Fu(t,&)| < cre el (t,§) e V. xT

where V is some neighborhood of 0, I' a conic neighborhood of £° and ¢;,¢y > 0 are
some constants. We want to show that (0,£%) ¢ WFE,(u). We apply the inversion
formula

u(r) = lim @D g(e)Fult, €)|€| 2 dtde.

e—0+ R™ xR™

Let
ue(z) = / e o () Fult, €)|¢|2 dtde, 2 = v + iy € C™.
Rm xRm

Let o(€) = e ¥ (so y(z) = (47) = e7 " ). Then u.(2) is entire holomorphic function

of z for all € > 0. We write
ue(z) = ug(z) + ui(2)

where for some a > 0

= [ f 0T, e

ﬁ“*:/mﬂpew“”d¢MMu@m%ﬁ%.

Consider u§(z) :

Choose a > 0 such that
{t:|t|] <a} CV.

Let Co = I',C;,1 < j < n be open acute cones (we may take I' to be acute from the
outset) such that
R™ = JC;,
=0

C; N Cy, has measure zero when j # k and £° ¢ C; for j > 1.

Since £° ¢ @ and C; is acute we can get acute, open cones IV, 1 < j < n and a constant
¢ > 0 such that

§-T7 <0 and y- £ > cly||¢],Vy € TV, VE € C;.

Now

us(z) = Z/ / € D=tz (¢, )¢ | dtde = Zvj(m),
7=0 (% [t|I<a j=0
For j =0,1,2,...,n, and 2 = o + iy € R™ + iV, define
flovin) = [ [ eeenm g oleae
Cj JtI<a

f;(z) is entire for 5 > 1 and converge uniformly on compact subsets of the wedge

R™ + 4V to the function

MMWF// GO Fy (1, €) e R dtde
¢ Jlt|<a
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Clearly, for j > 1, f;(x + iy) is holomorphic and of tempered growth on R™ + iI" g for
some 0 < 6 < 1. Thus each f;,j =1,...,n has a boundary value bf; € D'(R™).

Because of the exponential decay of Fu(t,£) on the set {t : |t| < a} x Cy in some neigh-
borhood of 0 in C™, the functions f§(z + iy) converge uniformly to the function

folz +iy) = / / & @z (¢, €)|€| 2 dtdE.
Co J|t|<a

In particular fo(z) is holomorphic near 0 in C™. Hence bf, exists easily.

Choose 'y an open cone such that ¢° - 'y < 0. Thus we have found open cones
Iy, Ty,...,I'; and functionsf; holomorphic on R™ + il“?(for some & > 0) which are
of tempered growth such that

€T, <0,V0<j<n.

As was shown before, in the sense of distributions, for all j =0,1,...,n,
el HE + i) = L () = i i)
Hence
— i — s / m
uﬂx)-Jg&Z% —Fglyliloz.f] T+ 1y) = Z;bf] in D'(R™).
j= j=

This shows that (0,£°) ¢ WF,(ug).
Consider uf(z) : We will show that (u$(z)) is uniformly bounded for z near 0. Write

ug(z) =Y _I(2)

j=1
where for some A > 0 to be chosen later
I{(z) = the integral over X; = {(¢,&) :a < |t| < A, €] < 1}
I5(z) = the integral over Xy = {(¢,&) : [t| > A, € R™}
I5(z) = the integral over X5 = {(¢,&) :a < |t| < A, || > 1}

Since X; is a bounded set and Fu is continuous function it is clear that for g = 1 there
is a constant C7 > 0 independent of 0 < ¢ < 1 such that

< [ e I gue, ol s < €| < L (36)
X1

Consider I§(z) : Let r > 0 such that
supp(u) C {z : |z| <r} = B,.
Choose A = 2r. Then for |2/| <r and |t| > A,

t— 2| > [t] — |x'|>|t|_r>yt|_é>|t|_|t| f_ e 1
= > "2 -1t

| A

|
SN PRI L
e
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A 2k |t’2k A2k
1) 2t

f
spe-az (Heg) 2 i v

Now

Fut e = | [ el = i

l / ’
. Zf-(tfxl)fﬁ‘ﬁpl(t_m )—€|pa(t—a") / ’
= ‘/ e u(z')dx
|z’ |<r

< C/ e_m%mu—z’)—\apg(t—z’)m,
B ' <r
L 121 12k
_ £ lt—a' |7 —cgléllt—a'|
< C'/ ecilél® da’
2] <r
< C e eslelli=aI** gt
|| <r
2k 42k
< C 6_‘33'8(7‘4‘21@ +4Tk)d:v/
- || <r

< ClemMBIT=BIE g > A ¢ € R™.

for some constants C’, A;, B; > 0 independent of ¢ > 0. Therefore,

el = | eiw—ﬂ—ﬁlﬁ%u(t,s>|s|2”%dtdf'
m Jyiiza

< C / / vl o= ArIEllt = Bulel ) 5 g
m Jit>A
_ 0// ely\|§|6—31\5||§|% (/ e_A1|€|t|2kdt) d&
- It]>A
|2k
R lt)>A
/ BET
< C

2k
elollél = Brlél ¢ |5t (/ e dt) d¢

e|y\|§|e—31\§||£|% (/ e_Alltszmdt) d¢
. m |€]2¢

B B
< C/// G%K‘d&VZ’ = + 1y, |y| < =

— T

2

Therefore, there is Cy > 0 independent of 0 < € < 1 such that with dy = %
115(2)] < C9,V|z] < §2,V0 < e < 1.

Consider I5(z) :

€ —_z— ! m
I§(z) = / o / i’ / g6 (eI k=R e e
a<|t|<A |z |<r l¢]>1

When an appropriate branch of the logarithm is taken, we note that the function
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¢ — €] has a holomorphic extension

1
m 2
(©) = (Z <§) .
j=1
In particular the functions ¢ + (¢) and ¢ + (¢)2+ are holomorphic on the set

S={{=&6+meC:|n <|}.

Fix z,2’. Then we will change the integration in £ from the m-cycle {£ : |{| > 1} € R™
to its image under the map

C(€) = € + ibl¢|(z — 2')

where b > 0 is chosen small such that

SCE)] = bl¢]|z — 2" < [RC(E)] = [¢]

Let
D={¢+ioblg|(x —2): €] > 1,0< 0 < 1}.

Consider the m-form
(2,21, C, €) = e =)~ Opal=a)=elO (1) () B
where ( =& +inp € C™,dC =d(; A ... Nd(,. Since
G(0) = P =)= (Opalt=) =l (1) () B

is holomorphic function of ¢, w is exact form. So by Stokes theorem

/8Dwd§:/de/\d§:O.

oD = {&: [¢] > 1} J{€ +iblé|(w — ') || > 1}
J{g+ioblgl(w—2') |4 =1,0< 0 < 1}

Now

Therefore,

. / L 7.’1)/ — 71‘/ m
/| €z§~(z—a:)—|§|kpl(t )—1€lpa(t >_6‘§|2u(x’)|f|ﬁd§
£1>1
-/ e bl )

_ /1/ w(z, o', & +iob(x — 2'))dédo
o Jig=1

Clearly there is By > 0 independent of € such that

1
/ / w(z, 2, € +iob(x — 2'))dédo| < By.
0 Jig=1
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To estimate the second integral, let

Q2,2 1,€,€) = i(z — ') - () = (L) ip(t — 7') = (C())palt — 2') — (C(£))?

where
C(€) = € + iblé|(z — 2).
Then

RQ(z,2',1,&,€)
= —ble||z — 2’2 —y - € — RIC(E) Ep(t — 2') — R(C(E))pa(t — 2)
—eR(C(€))?

We note that
= (& +blE|(x; — 2)? =[] = V|¢)P |l — &) + i2b[E[E - (x — ).
7j=1

Let |z| < 1. Then since |z'| <,
Plelle — o' < P BIEP

for some B > 0. Then we can choose b > 0 small enough such that

RIC(E)? = I~ BIel e — ' = [ — 12Ble > LT
and
arg(C(€))” € [‘7” g}
Hence
RCE©)F = (Zc >k_%(((§)>2);k

—  Rezrlos(¢©)?)

= (€ cos 5 anelc(€)?) >
and

> (R cos G are(e(€))?)
> c%,cz grzl cos (% arg(¢(¢ >2) >0
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= B¢
Therefore,

§RQ(’z? 'x,? t? 57 6)

= —ble]|z — 2’2 —y - € — RUCE)) Ep(t — 2') — R(C(E))pa(t — )
—eR(C(6))?

< —blé]le — ') + |yll€| — Bleslé|[t — 2|

Let z =2 4+ 1y = 0. Then

%Q(Ovl‘/at?é-a 6) < _b’fol‘z - B/C3’£Ht - 'IJ,Qk'

If |2'| > §, then

2
/ / a
RQ(O0,',t,£,) < —blella’]* < —b% ]

If |2'| < §, then since [t| > a, |t —2'| > |t| — |2'| > a — § = § and so

B/036L2k

%Q(Oax/ataé-?e) < —B/C3|§||t—l'/|2k < 92k |£|

Then there is A; > 0 independent of € > 0 such that
RQ(0,2",¢,&,¢) < —Ai[¢],V[¢] > L.
By continuity there is 3 > 0 such that for some Ay > 0
RQ(z, 2", 1, €) < —AfE|VIE| > 1, [2] < ds.

Therefore,
‘/ w(z,x’,t,g(g),e)dg‘ < (J’/ eI |(¢(&)) o | de.
€[>1 €[>1

But
()| = [{C(&))%]

o 22 log[(C(£))?)

— e[|

o €2 B¢ o —a' 2 +i2bl¢[é- (z—a')

m

ek In(A'l¢[?) for some A’ > 0
A"|€|2k, A" > 0.

IN

We then have
I5(2)| < By + O’A”/ dt/ d:c’/ e~ lg |3k de < A,
a<|t[<A || <r |€1>1

for some A3 > 0 independent of € > 0 for all |z| < d5.
Let § = min {1, d9, 05} . Then there is 0 < A < oo such that

sup |ui(z)] < A\ V|z| <.
0<e<1
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Thus there is a subsequence ¢, > 0 such that for some 0 < §' < 4,
ut* (z +iy) = w(z + iy)

uniformly on |z + iy| < ¢'. In particular ,u;(z) is holomorphic on |z| < 4. Hence
(0,£°) ¢ WF,(uy). Since WE,(u) C WFE,(ug) UWF,(u;) and we have shown that

(0,€%) ¢ WF,(uo) UW F,(uy)

we conclude that (0,£%) ¢ W F,(u) and so the proof is complete. O
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Chapter 4

Characterization of the Gevrey Wave
Front set

4.1 Gevrey Functions and some preliminaries

Definition 4.1.1. Let s > 1. Let f(x) € C*(Q), Q@ C R™ open. Then we say the
function f is a Gevrey function of order s on ) if for any K CC ) there is a constant
Cg > 0 such that

0% f(z)] < ClEM (al)*, Vo € K, Vau.
We denote the class of Gevrey functions of order s on Q by G*(Q). If s = 1, then
G'(Q) = C*(Q) is the space of real analytic functions on €.
Definition 4.1.2. Let s > 1. Let f(z) € C=(2), Q C R™ open. Then we say f is
a Gevrey function of order s on § if for any K CC () there is a constant Cx > 0
such that

0% f(z)] < ClAM (al)®, Vo € K, Yo

We denote the class of Gevrey functions of order s on Q by G*(Q). If s = 1, then
G1(Q2) = C¥(Q) is the space of real analytic functions on Q). Hence G' C G*, Vs > 1.

We note that the inclusion |J,5, G* C C* is strict. Indeed, we have the following
example.
Example 4.1.3. By Borel’s lemma there is a smooth function f(x) on R such that

F™0) =nl(n+ )" ()", ¥V n>0.
It can be shown that f ¢ G*(R), V s> 1.

Likewise, we can have functions in G* for some s > 1

Example 4.1.4. Let
1
_Joet, t>0

Then f € G°(R), V' s > 2. But f ¢ C*(R).

We know justify this. Since e~ is holomorphic on C\ {0}, for cach fixed ¢t > 0 we
have by the Cauchy integral formula

’f(")(t)‘ = n_' Ldz

Vn>0
21 |z—t|:% (Z - t)nJrl ’ "=

1
21 T iyl
n! e 2 it .
= | '—TH_I—GZGdQ s VTLZO
271 0 (%619) 2

t —n
< n! (—) max
2 0<0<27

t\ " _Re(+>
=nl (— max e t+3etf

2 0<0<2m

1
e t+%ei9
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t —-n _ t4+0.5tcos @
=n! (—) max e |05t

2 0<0<2m

t\ " _ 140.5c0s6
:n' — max e t(1.25+cos6)

2 0<0<2m

B '(05t)7 14+ 0.5cosf . f .
=n! (0. exp 0<9<2ﬂ F1.25 + cos 0) , since €' is increasing.

(4.1)
Now let L+ 05 cosd
5 cos
0)=— <6 < 2.
9(0) t(1.25 4 cos )’ 0<8=ir
hen 0.375tsin @
—0. sin
'(0) = 0<6 <2
g0) t2(1.25 + cos 0)?’ =7
Thus ¢'(#) = 0 for 6 = . g(O) = g(27r) = (21'35) = —1% and g(n) = _t(8:35) = -2
Thus, for ¢ > 0, _ﬁ > —=2. Therefore, ) becomes

| F™ ()| < nl (057" e—%st

(4.2)
= nl( (1575) (4.3)
<nl(0.5)7"(1.5 e, weused ste* < dlem for s = 7, d=n (4.4
(4.5)

< nl(0.5)" (1.5) n!e e ", since n” <e™nl,Vn>0
Since the right side of (4.5) is independent of ¢ > 0, we get that
)] < O (nt)?

for all ¢ > 0 for some C' > 0 independent of ¢. Since f is smooth and f(t) =0 for ¢t <0
we have

[f™@)] < CmHHnl)?

for all ¢ € R. This shows that f € G*(R) and hence in G*(R) for all s > 2. We next
consider a condition that helps us to determine if a smooth function is in G* for some
s> 1.

Theorem 4.1.5. Let Q C R™ be open. f € G*(Q) if and only if for each K CC Q a
relatively compact and open, there is F(x,y) € C*'(K x R™) such that

1. F(z,0) = f(z) on K and

2.
oF -
‘—_ (:B,y)‘éclexp T vi=12
aZ] |y s—l

on K x R™ for some constants ¢y, co > 0.

In the proof of theorem (4.1.5) we will use the following lemma.

Lemma 4.1.6. Condition (2) in theorem (4.1.5)) holds if and only if for some ¢ > 0
OF

‘a—_(aj,y)‘ < NNy, YN =0,1,2, ... (4.6)
%
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Chapter 4 : Characterization of the Gevrey Wave Front set

Proof. Suppose for some ¢y, co > 0,

oF _
g(myy)‘éanp( Cf ),Vj=1,2,...,m.
J

[y|+
Then
OF Nl  «
= <co—lyl=1, N=0,1,2,...
e o) < e gy,
1 N+1 N
§(01+1)N+1(—+1) Nly|==1, N=0,1,2,...
Ca
1
= NNy, N=0,1,2,..., c=(c1+1) (—+1> > 0.
Ca
Conversely, suppose for some ¢ > 0,
OF
'—(I’,y)‘ S CN+1N!|y %7 N:0a1727""
8zj
Then for y # 0,
OF 1
—(I’,y)‘ N < CN+17 N:Oa1)27"'
aZJ N'|y s—1
oF 1 1
= | == < NN =0,1,2,...
023( ) NI(2e)N+|y|1 ~ (20~ +1°
oF 1 [ 1 1 " =1
= |=—(z,9) —( 1) =
0z; 2¢ N 2¢|y|+= NZ_:OZNH
oF 1 1
:>‘__( 7y) 5 €XP 1 Sl
0% 2c 2c)y|1

|y| s—1

F — 1
= a_z—]<x7y)‘ ScleXp( Cl2 ) ) 01226762:2_

C

But as y — 0 both the right side in condition (2) of theorem (4.1.5)) and equation (4.6))

tend to zero. Therefore, the lemma is proved.

]

Proof. (of theorem (4.1.5)): Suppose f(z) € G*(2) and K CC  relatively compact

and open. Let {&|a‘}|a|€N be defined by

1

Clapt @~ 1

Ala| =
for some C to be chosen later. Set

jled
Flz,y) =) 0z fl@)y*x (%)

where y € Cg°(R), x =1 on [—3,1], x(2) =0 when |z > 1.

We will first show that F'is C'. Since f(z) € G*, there is Cx > 0 such that
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00 f(2)] < ClET (), Vo e K, V¥ a. (4.8)
For xz € K,
i|a‘ fed e ’y| ' || +1 s 1 ’
Jaxf(l’)y X (Wq)' < JO ( ') W, (C = SupX)
Cr o] +1
=CC 4.
=CC ( c ) (4.9)

For each «, let g, (z,y) = il lao‘f( )X ( o, )

e

1
1
C|a|’a||a|(5 1)
SCK |oe|+2
)

C" s
192,90 (2. 9)] < — CE (0 +¢))
¢ C|a\+225|a|( e

< C*’ (2 (4.10)

where we used the fact that (a + ¢;)! < 2/%la!l. Next we consider

il a
Qi

Onanle) = 2o () + Sy (1) 2

o | ) lal]y]
:Aa(xay)+Ba<x7y)' (411)
Here if a; = 0, we set A,(x,y) = 0. We have:

2 1/ CK ol s
Aawy)l <02 (ZE) ol

and

oo (CR ,
|Ba(l‘7y)|§00 F |a| ’ C = Sup x .

It follows that

/ C |a|+1
o0l <A+ (F) o

We now choose C' = 2571C. From the preceding estimates, we conclude that F is C*.

We next compute (x y) for each j =1,...,m. Fix j =1,...,m. Then
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{a:a;>1} o
i aa Yy
T3 Y (07 )(x)x (E) aalyl
N lot] lot]
where e; = (0,...,0, 1 ,0,...,0) € Ny
jth place
Let f = a —e;. Then |B| = |a| — |e;| > 0 in the second sum and so
OF i, AL
87](1'79 52 , (az f) (z)y X(@)
; 1)il8+eil
_|_3 (ﬁ + )Z ‘ J B(axﬁ—‘rejf)(x ( |y| )
150 (6 +¢5) |B+e;
i i yl\ v
o (1) 2
2 ~ ! ( () Qlq a|a||y|
=52 (279 f) (2)y x(%)
1 (B +1) B+, B aB+e; ( ] )
+ = i y? O T f)(x)x | ——
8150 (ﬁﬂﬁ],l'(ﬁjﬁ-l)'ﬁ]Jrl'ﬁm' ( >( ) a‘r3+ej|
i i yl\ v
o (1) 2
2 ! ( )( ) Qg a|a||y|

[0}

Setting o = 3, we get

ol
g—g@,w %Z (921 f) (2)y” (M)

. Jlal .
+% ;—!y"‘(aﬁf)(w)x’ (M) =/

i1 a0 AU
Y Soreeny (1)

ajal ) @)y
= (z.y)+ ) (z,9) (4.12)

We observe that
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But then djaf1
o
< ’y| < Qg

Then by the definition of the a, we get

1 1
< < —. 4.1

1

If we denote C’ = sup x, then each term in ) ,(x,y),x € K satisfies

arezn e ((or) = G5)

< 20/|y| |a+€]‘+1(( + e]) )
\a+e|+1 s
’ b
(o) e o ey w @

1

a

1 a-T€; .

— (C‘ | 1) C"K-i- ]|—|-1(04!)8(6],!>525(\04|—&-1)7 using (8 + 6)! < 6!5!2|ﬁ|+\5|
a o5

1

a!

|l
=2¢ ( > !oz\las )|O§|+10K(@!)8228|°‘|

- |a]+1

c) o (ps)
|a|+1

&) w)

, 0'“1 ,

} K67g> QMW) | Ot
, QSCK |0¢H‘1 |OZ|'

<

—%(c>> ol

s |a|+1 /
< (2 CK) (2—7T|a> , (using Stirling’s formula) (4.14)

C ellal=1|

From inequality (4.13]) we have

1 1 1 1 1
1 1 §|a|+1:> 1 L_lysfl §|a|
(20)5 |y|=— ly|== \ (2C)==

1& and ), (z,y) # 0, then we get

(20)s
11< L 11>§ E( 11—M$>gm
WP\ O 2007 ) Ty \20)
Hence,
L <ol A= ——
ly|==1 2(20)+
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Thus,

N+1
Loyl
|O{|N+1 — Aé\f-‘rl’

From ((1.14) and using the fact e/ > £, Vn >0, Vt >0, we get

= o (o (2) -+ (24)

N=012.... (4.15)

5— 25C' [l +1 s—1
— O or ( CK> V0| ety
1 2°Ck ol s—1 1 1 ! 1 s—1
=Cx | —— Via| etlelemb o = O et 2r

25 \ 1 H! 3_1 (N+ 1)! 1
1! —
<cn ( ) (s T g7 N=0,12,...

250\ 1 8_1 (N+1)[ w% .
( C (s — )N+ AN+L (using (4.15))

CY + 1 N“ 2905\
~\(s— 1)A C ol Ty
Thus using (4.16)), we get

() )N

)
C” + N 25C ol +1 s—1 N+1
) e (FEE) VR

: <(s—1>As

< (ﬁ—f&)NH (N +1)!
: ((C 4

=D

(
| (
}/(—Jr)ls) N+1 (N +1) <ZSOK) la|+1 ok (252)

N+1

= (4.16)

jled
(@) @

s—1

25C e’z
NN 4 1)! <—Cfée

< DYFYN +1)!

N+1 C}’( +1

s—1 D = —_—

so1\ laf+1
2Cpe’s
we may assume C' was chosen so that (KT> <1

TN =0,1,2,...
(4.17)

i—,l (057 f) (x)y” (x (!Lli') - X (a%))‘ < DIH(N+1)!
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From equation (4.13)), we see that when ), (x,y) # 0, we get
1
Cerlyler

s—1

laf <

Therefore, using this and equation (4.17)), we have
il ( (!yl) < lyl ))
z, — (997 f) ()Y e
D@y =D (059 f) (o)  x ) o

- T Heener ((4)-

o€ ———1—
cs—T|y|s—1

< ). DI N4y

1
lo|<— T
cs—1|y|s—1

=DMY(N+ Dy Y

ol<——1—
cs—T|ys—1T

N+1
s—1 ,

N=0,12,...

1
= DNTYN + DIy ™ ———
sfl’y s—1
k4+m k+m 1
=Dy (k+m)llyl T ——— N=k+m-1k=0,1,...
Cs—1|y s—1
< DEFUly|+T, k=0,1,2,..., D, independent of k. (4.18)

Consider ) ,(x,y) : Since x = 0 outside (—1,1) and x = 1 on [—%, %] , we see that

X' =0 on [—%,% and outside (—1,1). Thus

; il |y .

! ! Qo Y y]

) = 5 X @y () o
22: 2 za: ! Q| a|a||y|
=>1<u<1:>%<|y|<a

2~ Qo] 2~ = ol
By the same approach as we did for the estimate of >, (x,y), there is D3 > 0 such
that

S (z,y)| < DYy, N=0,1,2,.... (4.19)

2

Combining (4.18) and (4.19)), we have for some A > 0

S1,N=0,1,2,...,Y5=12....m

OF
— < ANTIN
' 9% (x,y)' < ly
Therefore, using lemma((4.1.6]) ), part two of theorem (4.1.5)) holds. Conversely, suppose
that for each K CC Q there is F(x,y) € C'(K x R™) such that
1. F(z,0) = f(x) and
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OF

8—gj(x,y)'§c j=1,2,....m

for some constant ¢ > 0.

We wish to show that f(x) € G*(Q). It is sufficient to show that f € G*(B) for each
sufficiently small ball in 2. Let Bs, be a ball of radius 2r whose closure is in €2, and let
F be given as above on . = By, x R™. By taking a smooth function p(y) of compact

support, with p(y) = 1 near 0, we may assume that F'(z,y) = 0 for |y| > r. Therefore,
by lemma in the Appendix , for each = € B, we have

f(x)—F(x,O)—W/m Flw

m

(wg — xp)|w — 2|2 wi, (W) A w(w)
1

_ A QZn:m /Qr ; 8_w£k Wy, — xp)|w — 2| > w(W) A w(w)
9(x) + h(z) (4.20)

Clearly, g(z) is real analytic on B,. If we show h € G*(B,), we will be done. For each
a=(aq,...,q), we have

aah(x):—Q(%)m/Q Z OF (o (@ — e)fw — 2] ™) w(@) Aw(w)  (4.21)

O2m awk
Since 0., (Wx — wx) = —0y;, for each fixed k = 1,...,m we have
) (wy, —x) =0, if |[B]>1, and |5 = 1,5, =0.

Therefore, for x # w, we have

ol

05 ((@x — p)|lw — 2| ™*") = 5;1 maf(’wk — 23,)05 7 (lw — x| 7*™)
= (W — 2) 02 (Jw — z|>™) — (af—;)!agek (Jw—=z|72™), (ex! = 1)
= (W — 2)02 (Jw — z|7*") — 02 (Jw — z[7>™). (4.22)

From equation in the proof of lemma (6.0.5)) we get

f=e (4.23)
ag—ek (”LU _ LE‘_Qm o Z bﬁ _ 33 |w x‘—2m—\ﬁ|—|o¢\+1
B<a—ey

where ag and bg are polynomials in m hence constants. Plugging (4.23) into (4.22)
results in

|02 (w7, — 2)lw — 2[7>™)|
< |w — x| ‘3? (Jw— a:|*2m)| T o ‘a;vfek (Jw — x|—2m)|
< agllw — 27 g Y (bg||w — a2l

BLa B<a—ey
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< (lal +1) Y lagllw — | 2" 4 ja Y fbg|fw — x| Pl

BLa BLla
< Cy(Jal + 1)™w — x|’2m"°‘|+1 (4.24)
Using the hypothesis, equation (4 and inequality (4.24] -, we have
22’ 5F _
|0“Rh( / ‘ |8D‘ (g, — ) |w — x|~ 2m)‘ lw(w) A w(w)|
22_ S|+
ol + e [ 3 I ) nw)
Tom 0, & %‘ m+|a|
m N+1 |\$w 5 1 —
—Ciflaf + 17 [ Z BTl A ()
227" N+1 2—@mtal -1 | (@
= Ci(la) + D)™™ Nim | |Sw|>—T lw(w) A w(w)]
2m Q-

%_(2m+|a|—1)|w(fu‘1) A w(w)]

gc§+1<|a\+1)mzv!/ S
Q.

< C¥*Y(la| + 1)™NN S Cmtel=) 4 () A w(w)] (4.25)
for some Cy > 0. Choose N such that
N 1
2m+ |la| —1 < < m+|a\—|——
s—1 1

Then N .
|| =1~ EmHel=D < (1Quw| 4 1)+

Since N < s(2m + |al)), ({£.25]) becomes

[0°h(x)| < (Cy + 1)* D (o] + 1) (s(2m + [a]))*EmHeD / (1Sw] +1)7T |w(@) A dul

T

= C'(Cy + 1"t (o] + 1) (s(2m + |a])) @D
(C" = |Q| sup(|Sw| + 1)6—1
Q

< A|1a|+1(2m + \a|)5(2m+‘a|), some A; >0
< AlFles@mtlal (9m 1 |a|]1)*, we used NV < eV N
< AP ([2m + |a|)))® some Ay >0
< AlTigs@mtlal (2m))*(|all)?, we used (j + k)! < 27+F 1)1
< Aga|+1(|oz|!) , some Az >0
< Aga|+12s|a‘(a!)s, since |af! < 219!
< AP a)* for some Ay > 0
Therefore, h(x) € G*(B,) and so the proof is complete. O

Definition 4.1.7. Let Q@ C R™ be open, and u € D'(Q), s > 1. Let zg € Q. We
say (o, &) & WFy(u)(Gevrey wave front set of u) if there is p € G* N Cg° (Gevrey
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function of compact support), ¢ = 1 near xg, a conic neighborhood T of £° and constants
c1,co > 0 such that

u()] < crexp (—ealel*) Ve €T

Equivalently,
Gu(e)] < YTUND|E|T, VEEDVN=0,1,2,....

It is well known that u € G*(2) if and only if W F,(u) = 0 over Q (see [22]).
Theorem 4.1.8. Let u € D'(). Then for any xo € Q and £° € R™\ {0}, (z0,&°) ¢
WFy(u)(s > 1) if and only if there is a neighborhood V of xy, acute open cones
[y,....Tn CR™\ {0} and C" functions f; on V +il%(for some § > 0) of tempered
growth such that

1ou=37" bfj near xo,
2. €0.T, <0,

’ fJ ‘<Aexp<_—€) Vi=12....n,VE=1,2,....m
ly[+=
for some A, e > 0. Equivalently,
0
a—fj(x y)‘ NHN!\y]s—Ll,k:l,...,n, j=1,....m, N=0,1,2,...
2k

Proof. Suppose u = bf on V where f is C' and of tempered growth on V +iI"®, £°-T < 0
and

'—J:y)’<AeXp<||_6 ) j=12....m (4.26)
ys

for some A > 0, V a neighborhood of zy and I" a conic neighborhood of £°. We want
to show that (zg,&%) & WF,(u),s > 1. By Corollary 1.4.11 in [22], for each n > 1, we
can choose smooth functions f,(z) that satisfy

1. fu(x) =1 on B,.(0), supp(f,) C Ba,(0), for some r > 0 and
2. |Df,| < Cll(n+ 1)l for |a| < n + 1, for some C > 0 independent of n.
Define

; 1 o -\«
Fo(z+iy) = Z aaxfn(x)(zy) : (4.27)
lo|<n
Then
OF, 19 Lot (i | 4 20 L (2o va
oz = (v —|—2y)‘ = 5(9_% Odij aax fo(x)(@y)* | + 23y, O;n a!ax fn(x)(iy)
= 1 1 O‘JFGJ @ 1 Y o a—ej
=5 2 G @) =5 Y, 0 ful@) (i)
la|<n la|<n,o;>1
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n n n 1
<(CH)™M ) Y
ja=n

n| (C+ 1)n+1(n+ 1)n+l’y‘n

|
since m"=(1+...+1)" = E n_‘
a!

1
< EC{‘H(n +1)"y|", Oy >0 (for some C; independent of n).
' (4.28)

Fix ¢° € T'. Since y° - €Y < 0, there is a conic neighborhood 'y of £ and a constant
¢ > 0 such that
Yy’ €< —clgl, VEeT,. (4.29)

For 0 < A <1, let
D, = {x+@'ty0:a:€ By.(0), A<t < 1}.
We have:

jal (7,
LICENHIED p s URELUNTN o pci Uk s

la|<n k=0 |a|=k
B i (mC(n +1)|y)*
B k!
k=0

< ™! (we choose § and hence y small enough).
This estimate on F,, will be used below. Consider the m-form
F(x,y,£) = e "PWEE (x4 iy) f(z + iy)dz

for (x,y) € Dy, & € Ty, where dz = dz; A ... Adz,. Since e"%*% is holomorphic in z, we
have by Stokes theorem

/ Fla, P, €)de
BZT(O)

< / |, 6)| da
B, (0)

_l’_
Z//D
e~H@H)E x—l—zy)%F (z +iy)dz; Ndz
Z

DR J

=1o(&) + (&) + 13(§) (4.30)
Consider Iy(§) : For € € Ty,

1o(¢) = /B MECYROIEE

—ieH SR (1 4 dy) gi(x +iy)dz; A dz
<j

B / ‘e_i(myo) CFu(z+iy") fz + iy°)| do
Ba,(0)
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< C'/C'le’”l/ e Cdr, "= sup |f(z +iy°)|

BQT(O) B2r(0)
< Okl by ([@29)
< CéV“e"HNugr?,v ¢ely, N=0,1,2,.... (4.31)

Consider I)(€) : Putting y = ty°, and using and - we have

0=/ [ | =

07
< A/en-i-le—ctm exp ( ) Z// |d2_]/\ dZ|
|ty" ‘ j=1 Dx

< A'em el exp ( )

N . L (5N
< e (ﬂ) e—;(dw [C R <f>

< CMHeHINNIETY, N=0,1,2,..., VEeT,, (4.32)

—i(z+ity®) fF (.1' + zty ) (1’ + Zty(])dz N dz

where we used the inequality e~ < d% 4% with d = & for e~ and d = (£=1) N for

exp (— E; ) )
ts—1

Finally, consider I3(£) : Since f is of tempered growth, there are a constant ¢ > 0 and
an integer k£ > 0 such that

/

|ﬂx+ﬁwﬂ§£ﬁﬁﬁ,de<2nA§t§1. (4.33)

Using (4.28)), (4.29) and (4.33) we have

Z//D

t’“|y°|’“ nl
lefcﬂg\icmv%(n + 1)n+1tn71
tk nl 3

1

1
S We—cﬂf\mcg-i-l(n + 1>n+1tn (434)

0F,,
—i(xtity? )gf(l’—i-lty )

8—(:10 + ity®)dz; A dz

IA

fct|§\cm+1(n_|_ 1)n+1‘ty |n 1

IN

Given N, choose n such that

N N
N kti<n< T Lpan
S

Since t < 1, (4.34)) becomes

1 (n + 1)n+1

A —c n n
1) < e t\élc +1 - ¢
1 —c +S+k+2 n Nk
< e e, T g e

41



Chapter 4 : Characterization of the Gevrey Wave Front set

N N+s
N\ = 1 Nts N R
< (—) s el *’“”( +5+k+2) t
S Cs s S

N
<We used et < dle U with d= —)

S
N N+s
N\ 5 1 N+ts N s
<(_) N NC4s+k+2( +S+k+2>
S C?g? §
< BYIINI¢ Y, some B>0, N=0,1,2,... £ €Ty, (4.35)

where B is independent of n. using (4.29)), (4.30), (4.31)), (4.32)) and (4.35)), there is a
constant B; > 0 independent of A such that

/ e (x)u(x)de
B, (0)

Fau(€)| =

= lim
A—0

< BNINIETY, N=0,1,2,...,£ €T,
Therefore, (zg,£%) ¢ W F,(u).

Conversely, suppose (¢, £°) ¢ W F,(u). Then there is ¢ € G*NC°, ¢ = 1 near x( such
that

/ e N R (2 4+ ix°) fz + iAy°)da
BZT'(O)

[ou(e)] < MM, N =012,

for £ in some conic neighborhood I of £° and for some constant C > 0. Let C;, 1 < j <n
be acute, open cones such that

R"=JC; [GnC =0, j#k
j=1

Assume that €° € C; and €° ¢ C; for j > 2. Then we can get acute, open cones
I';,2 < j <n and a constant ¢ > 0 such that

€T, <0 and y-£>dcyll, VyeT, Véed, (4.36)

By the inversion formula we have

_ ; ix{/\ . ; - i€
olauta) = s [ e Gu(€d = > | @ cduee
For x + 1y € R™ +1I';,j > 2 define

flaotig) = [ e
’ c; (2m)™
using (4.36), we see that f;(j > 2) is holomorphic on the wedge R™ + iI'; and is of
tempered growth . Let
dg

(2m)™

gi(w) = /C )

Assuming C'; C I we have

| g
Ch

|aagl(‘r)| = (27T)m
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dg

= /c 2n)

< ONHINL [ feflelje) =+ ag
C1

desero)

— OV / el de
56017‘551

LoV / e~ ae

§€Ch|f|21
d.
< CN“N!/ fm + CN+1N!/ j€\e| =5 de
g1<1 (2m) geCy jg>1
al i N
<CFINY e Ny [ gl Fag
56017\521
< O [(m+ 1+ |af)s) D
+ O3 [ 1 )] / gl 1eldg
£eC,fg|=1

(taking N « (m+ 1+ |a])s)
= OV [(m A+ 1+ [a)s] DS

4 02(m+1+\06|)8+1 [(m+1+ |a|)s](m+1+|a|)s/ |§|_m_1df
Eeclv|£‘21

< Al (s for some A > 0.

Therefore, g; € G*. By theorem [£.1.5] if K is a compact set whose interior contains o,
there is fi(z +iy) € C'(K +iR™) such that f,(z) = g;(z),r € K and

o _
—j;l(a;,y)‘gclexp 612 NVi=1,2,...,m
8Z] |y s—1

for some constants ¢, ca > 0. Let I'; be any open cone such that £€°-T'; < 0. Let V C K
be an open such that 2y € V. Then we have found functions f;(z + iy)(1 < j <n) C*
onV + Z'I‘g(for some 0 > 0) and of tempered growth such that ¢u = Z?:l bfj on V.

By contracting V' we have ¢ =1 on V and so u = Z;;l bf; on V. Thus, the proof is
complete. O

4.2 FBI transform characterization of Gevrey wave front set
as in [10]
In this section we characterize the Gevrey wave front set of a function or a distribution

using the class of FBI transforms introduced in [10] and in the next subsection we will
generalize the result to two polynomials.

For u € &(R™) we recall that the classical FBI transform of w is
SU(ZE,&) — / e’LE(I—x/)_‘ﬂ|x—x’|2u(x/>d$/
We state the following theorem from [13] which characterizes Gevrey wave front set.
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Theorem 4.2.1. (M.Christ, 1997). Let u € E'(R™). Let xg € R™, £ € R™\{0}. Then
(10,€°%) ¢ WE,(u) if and only if there is a neighborhood V of xq, a conic neighborhood
[ of &2 such that for some o € C§°(R™), ¢ =1 near wo,

1T (pu)(x, &) < crexp (—02|£|%> Mz, €) eV xT

for some constants ¢y, cy > 0.

We now prove an important lemma which will be used later.
Lemma 4.2.2.
et <dle ™ Vdt>0.

Proof. Let d > 0 be fixed. For t > 0, let

g(t) = —t — dlogd + d + dlogt.

Then p
"t)=-—1.
g(t) =+
We observe that g is increasing on (0, d] and decreasing on [d, 00). Hence g(t) < g(d) =0
and the lemma holds. O

Let p(x) be a positive homogeneous polynomial of the form

p(z) = Z o aq € R

|o|=2k
satisfying
cla < p(a) < eofaf*
for some constants 0 < ¢; < ¢s.
Take (x) = e P as a generating function and \ = ﬁ as a parameter. Let ¢, > 0 be

a constant such that

Cp (x)de = 1.
Rm
Then
Su(t,§) = Cp/ eIt — a'))u(a’)da!
Rm
_— / =)~ IE1-2) 1)l
RmM

Let x(x) € S(R™) such that [,,, x(z)dz = 1. Set

{3
0-(5) - (27T)m
Then the inversion formula becomes
u(x) = lim e g (e&)Fult, €)|¢* dtd.

e—0+ R™ xR™
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Theorem 4.2.3. Let u € &'(R™), zg € R™, €% € R™ with [°] = 1. Then (x0,£°) ¢
WFg(u),s > 1 if and only if there exist a neighborhood V' of xy , a conic neighborhood
[ of € and constants a,b > 0 such that for some ¢ € C°(R™), p = 1 near w,

1S(ou)(t,€)] < ae ™" (1.6) e V x T.

Proof. Suppose (xg,&%) ¢ WF,(u). We may assume that o = 0. Thus without loss of
generality u = bf near 0 where f is smooth in some truncated wedge V' +il's (for some
0 > 0) and is of tempered growth with V' a neighborhhod of 0 and I" an open cone such
that

l.u=bf onV,
2. 9.7 <0, and
3.

0 B
’—{(az—l—iy)'ﬁflexp —— |,z 4+iy e V +il's
0%, ly|=T

for some A, B > 0.

Let r > 0 such that
By, ={x:|z| <2r} CcC V.

Let ¢(z) € C5°(R™), ¢ =1 on B, and supp(¢) C Ba,.
Fix v eTl%s.

Let
Q(‘xlvéa SL’) = Zf ’ (l‘/ - LE) - |£‘p(‘7‘:/ - .T})
Then

B0 = o [ gl
= ¢ (u, 9l)e )
= & (bf, Bla)e? )

— 1 Q(:E/,E,l‘) y
[on tl_l}& . e o(x) f(x +itv)dz

Since ¢(z) € C(R™), it has an almost holomorphic extension ¢(x + iy) smooth on
R™ + ¢R™. Then

F(ou) (', &) = ¢, tl—i}ori Q@ EaH) b0 i) f (x4 itv)de.
Bay

For 0 <t <1, let
Di={x+icveC":z € By,,t<o<1}.
Consider the m-form

w(z) = eQ(Z/’g’Z)gg(z)f(z)dzl A Ndzy,z=x+1y.
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Let dz = dz; A ... A dzp. Since ¢(x + iy) = 0 for |z| > 2r and since @@ &2 ig
holomorphic we have by Stokes theorem

S(opu)(2',€) = lim QST+ G (0 4 itw) f(x + itv)dx
=0+ Jp

= / Q@ ST 61 i) f(x + dv)da
Bar
+ lim Z // TETHV) G2+ o) of (x +iov)dz; Ndz
t—0+ D, 0z; /

+ lim Z // o gaio) 09 —(x + tov) f(x + iov)dz; N dz
Dy

t—0+ Zj
:[0(3;',5)+ lim (F(«',€) + (', €))

Since v € I and £°-T' < 0, there is a conic neighborhood T'; of £° and a constant ¢ > 0
such that
§-v < —cl¢]|v],VE € Ty,

Consider Io(z',§) = [, QU &) (1 ) f (x4 iv)da

[Io(z',€)| < sup |p(x +iv) f(z + iv)| M@ Eariv) gy
JJEBQ»,« BZT

Now for £ € Ty,

RQ(2', &,z +iv) = REE- (2 —x —iv) — |E|p(a’ — z —v))
§-v—[§Rp(a’ — 2 —iv)

= &-v—[€p(a" —2) + O([v*)[¢|

—clo||¢] = e’ — 2 *[¢] + O(Jv]*)[¢]
—cloll¢] + O(|v]*)[¢]

<
<
choose |v| small such that O(|v]?) < % = . Hence
RQ(2', &,z + ) < =€), £ €Ty, 2" € R™.
It then follows
[Io(z',€)| < A'e Pl we e Ty, 2’| < 2r, for some A’, B’ > 0.

For € e 'y, [£] > 1, since s > 1 we have

€ > —l¢] < —J¢)
Hence )
[Io(2',€)| < Ale ™ Bll" e eIy, €] > 1,2’ € R™
Since
In(2,€)
-B'[¢]
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is bounded on {(2',¢) : || < 2r,|¢| < 1}, there are Ay, By > 0 such that
[Io(2, €)| < Age Pl e e Ty, |a!| < 2r. (4.37)

Consider

Z // ' g x+iov) (:c +iov) == of (x +iov)dz; Ndz -
D, 0z,

Q@ Etion) gy 4 iav)g—f(x + iov)

<j

/ 4 -B
< C/eﬂ?Q(x ,£,z+wv)A exp . : O = sup
|ov|s=T (2,0)€B2,x[0,1]

/
< Alemeololiél—eila’—al? €l +O(lov)le] eXp< -B )

0'5

oz + iav)’

/

/ 2k " _21,,2 B

< Alemeobliel-ala—ePHel+ A" P el oy <_
s

) some A” >0

B
< Al —colv||g|+A" a|v|?|€] exp( >

O'S
/

-B
1) (chose |v| small such that A”|v]* < % =)
gs—1

someC’>O N=0,1,2,.

< Ae "l exp (

where we used the inequality

e < dde_da_d, d,a >0 (from lemma (4.2.2)))

with d = % for =<7l and d = ED N for exp ( ) for N > 1.
Hence
t
lim |12,
= lim Z TETHI) (1 4 jov) o of (x +iov)dz; Ndz
t—0+ Dt 82] J

< lim CN+1NN|§|Z/ / dz; N dz

BZr

DN“N']ﬁ\*,& e,z € R, some D >0

But then
N
1 : . D"
— | == < — =
NI (21)) (tli%il[( )‘) =D (20) VN =012
= ii lim |1} (2, €)| <Di b N:2D
frard N!'\ 2D =0+ LT ! 2D
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t—0+

1
= ¢35 (hm I (2 §)|> <2.
Therefore, there are aq,b; > 0 independent of ¢ such that

lim |I¢(2", €)| < a1 exp <—b1|g|%) Ve T (4.38)

t—0-+

Consider

Z//D wetio) ¢( +isv) f(x +iov)dz; A dz

Zj

RQ(' &,z + iov) < —cslollé] + O o€ — erlella’ — ol € € T,
< —colvl|é] + d'?|v¢] — c|é||la’ — x*, € € Ty, some @’ > 0

< do?uPl¢] - alélla’ — 2 ¢ € T

< d|vPlé] — erfé]|lr’ — x** since o < 1

Since ¢(z) =1 for |z| < r, the integral over |z| < r is zero. So let r < |z| < 2r. Then
for |2'| < %,
o — o] 2 fo] ~|a'| 27— 5 = 3
- - 22
2k

. T
= RO, & v +isv) < ol €] — e Lle]

Choose |v| small such that
2k
’2 c r "/
L92k+1

a'lv

We then get
RQ (', &z +iov) < ="|E], € € Ty.

Since f is of tempered growth, there is a constant d > 0 and an integer n > 0 such
that p

) < .
|f(z +iov)| IR

Since gg is almost holomorphic, there is ¢, > 0 such that

< oo™ Vi =1,2,...,m.

‘—_(:17 + iov)
Thus as in I{(2/,£) we can get Ay, By > 0 independent of ¢ such that

lim |It(2',€)| < Ase P27 e € Ty, |2'] < L. (4.39)
t—0+ 2
Therefore, from (4.37)), (4.38]), and (4.39), we can find constants A, B > 0 such that

F(gu)(2',€)| < Ae P ve e,

where I'y is a conic neighborhood of £ and |2/| < §.
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Conversely, suppose

§(0u)(t,6)] < cre = (1,6) e V x T

where V is some neighborhood of 0, I' a conic neighborhood of £€° and ¢;, ¢, > 0 are some
constants and ¢ € Cg°(R™), ¢ = 1 near 0. We want to show that (0,£°) ¢ W Fy(u). Let
o(§) = e €’ We apply the inversion formula

¢(z)u(z) = lim S =R E (pu) (¢, €) |€| 3 dtde.

e—0+ R™ xR™

ue(z) = / eif'(z_t)_€|§|23(¢u) (t, §)|§|%dtd5, z=x+1iy e C™
R™ xR™

Since e " € S(R™), u(z) is an entire holomorphic function of z for all € > 0.

Write
ue(z) = ug(2) + ui(z)

where for some a > 0

u(2) = / . /| P F () (1, €) €| e,

= [ [ s, o s

Consider u§(z) : Let

Choose a > 0 such that {t: |t| <a} CV.

Let Co =T',C;,1 < j < n be open acute cones (we may take [' to be acute ) such that
R™ = U?:o Cj, C; N Cy has measure zero when j # k and &° € C; for j > 1.

Since £0 ¢ C_] and C; is acute we can get acute, open cones IV, 1 < j < n and a constant
¢ > 0 such that

¢ -T7 <0 and y- &> cfyllé], Yy € TV, VE € C;.

We have

LOEDY / / DU (Gu) (1, €) €] dtde =y ().
j=0 7 Cj JltI<a =0
For j =1,2,...,n,and z = x + iy € R™ 4 i, define
flevin)= [ [ eenm g, oleEae
Cj Jlt|<a

f5(2) are entire for j > 1 and converge uniformly on compact subsets of the wedge

R™ + 4V to the function

i = [ [ oo ol s

49



Chapter 4 : Characterization of the Gevrey Wave Front set

which is holomorphic and of tempered growth on R™ + iFg for some 0 < § < 1. Thus
each f;,j =1,...,n has a boundary value bf; € D'(R™).

Let now

ﬂ@=¢ﬂ<¢WWWMWW@H%M6

By the estimate for §(ou)(t,€) on the set {t: |t| <a} x T, g§(x) are smooth for all
¢ > 0 and converge uniformly on R™ to the function

ga@:=[;4< € E0F (u)(t, €)|€ | dde.

Clearly go(z) is smooth on R™.

For any «,
ol = |[ [ e gun el
T J|tI<a
l m
< di [ Jglelee g g d > 0
I
< dl/ d§+d1/ €[l *lee2Iel ¢ de
1€1<1 el [€|>1

_ 2\~ ol g—ealels (€211 2)™
— dy+dy <—) €[1ele (—|§s) e, dy > 0

2 ¢er Je1>1 2

—ms 1 N\ NV

< i (3) / gllelemele () e

2 ger [g>1 2

(N'=min{N € N: N > ms})

< dy+dy @),ms N / glelemealél® ¢ FeI° e

2 ger [g1>1
< dy+ dg/ €|lele =11 de (some ds > 0)

el J¢>1

2 N |a| —N
< dotds (=) NI €|olje) 5 de, YN = 1,2, . ..

€2 ¢€T J¢[>1
< dy+ dNNN/ €]1°1¢| = de, (since N! < NV)

ger,jgl>1
< d2+dflm+‘°‘|“)s(m+ o +1)(m+\a|+1)5
(taking NV such that (m + |a|)s < N < (m + |a| +1)s)

< dy + (edy) ™D ((m 4 o] + 1)1)* since n™ < e n!
< dy + (2edy) DS (4 1)1 (Ja|)? (we used (j + k)! < 2FFk!5)
< FlelFL(al)® since |al! < 21la!

for some F' > 0 independent of . Hence gy € G*(R™). Thus there is fo(x,y) €
CH(V x R™) such that fo(z,0) = go(x) and

d fo —Ay
_ < z‘
92](:13,9)‘_ 1<|y si1>

Choose 'y an open cone such that ¢° - 'y < 0. Thus we have found open cones
[y, I'y, ..., T, and functions f; holomorphic on Rm+iF§ (for some § > 0) for 7 > 1 which
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are of tempered growth and fo(z,y) smooth and of tempered growth on R™ + iI'3(for
some d > 0) such that
¢-T;<0,0<j<n

and
af; —A
i(x,y)‘gAl 2l Vi=1,2...,n,Vk=0,1,2,...m
azk |y| s—1
We know that in the sense of distributions for all j =1,...,n,
i i) = i 1)
and
FolégLO filw +iy) = 61—1>IOH+ 9;().
Hence

Uo(l’) = Z bf]
7=0

in D'(R™). This shows that (0,£°) ¢ W F,(uo).

Consider u(z) : We will show that (u§(z)) is uniformly bounded for z near 0. Write

ui(z) = ) _15(2)

where for some A > 0 to be chosen later

If(z) = the integral over X; = {(¢,&) :a < |t| < A, €] < 1}
I5(z) = the integral over Xy = {(¢,&) : [t| > A, € R™}
I5(z) = the integral over X5 = {(¢,&) :a < |t| < A, || > 1}

Since X is a bounded set and §(¢u) is a continuous function, it is clear that for |y| <1
there is a constant C; > 0 independent of 0 < € < 1 such that

I5(2)] < /X eVl 3 (pu) (¢, €)]|€] B dtde < O

Consider I5(z) : Let > 0 such that
supp(¢) C {z : [z| <r} = B,, ¢(z) =1, z € By.
Choose A = 2r. Then for |2/| <r and |t| > A,

’t—$/‘>m+é
— 4 4
and so ||2k 2k
t
112k

Next note that

[§(ou)(t, E)| =

[ S et
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|/ |<r

IN

C’/ (14 |¢])NMrelEPE=2qy" Ny = the order of u
o/ <1

IN

C [ (g ey
|z'|<r

Ceale] ((1112F a2k
< Cf  (A+lEh™e () g

|| <r

< Cle MBI =B 1y > 4 6 e R

for some constants C’, Ay, By independent of € > 0. Therefore,

/ / ei£~(zft)*€\f|23(¢u)(t, )¢ gidtdf‘
m Jt[>A

< C / / IVl o= Avlell® = Bulel | 5 gy e
m Jit|>A

_ o / plollel = Bale]

- B
< O"/ g Ve = o iy, [y] < 2L

1L(2)| =

Thus there is Cy > 0 independent of 0 < € < 1 such that with §; = %,
’[5(2” < Cg,VlZ‘ < 09, V0 < € < 1.
Consider I§(z) :

)= [ e [ e g
a<|t[<A |z’ |<r 1€1>1

If an appropriate branch of the logarithm is taken, then the function £ +— |¢| has a
holomorphic extension

1
(€)= (Z <§) .
j=1
In particular the functions ¢ ~ (¢) and ¢ ~ (¢)2 are holomorphic on the set

S={C=&+ineC:|n| <¢[}.

Fix z,2’. We change the integration in £ from the set {£ : |{] > 1} C R™ to its image
under the map

C(&) = £+ ibl¢|(z — o)

where b > 0 is chosen small such that

1SC()] = bl¢]|lz — 2| < [RC(E)] = [¢]
Let
D={¢+ioblg|(x —2): €] > 1,0< 0 < 1}.
Consider the m-form

W(Z, l‘,, t,C, g) = @i(z_wl)'C—<C>P(t—m/)—e(C)2u<x/) <C>%dc
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Chapter 4 : Characterization of the Gevrey Wave Front set

where ¢ =& +in e C™,d¢ = d¢i A ... Ad(y. Since
9(Q) = IOy 1) () B

is a holomorphic function of {, w is a closed form. So by Stokes theorem,

/| e ) g
&>1

:/pl Wiz, 2 € +iblE|(z — 2'))dE

/ /,5| . (2, 2", € +iob(z — 2'))dédo

Clearly there is By > 0 independent of € such that

w(z, 2, € +iob(x — 2'))dédo| < By.

l§1=1

To estimate the second integral, let

Q(z,2',t,€,€) = i(2 — a') - (&) — (C(&))p(t — 2") — e(¢(€))”

where
(&) = € +ib|¢|(x — 2).
Then

§RQ<Z7 xlv tv 67 6) = _b’€||x - SL’/|2 -y 5 - §R<C(£)>p(t - 27/) - €§R<C<€>>2
We note that

= (& +iblel(w; — 25)* = |6 = OPJEP e — &P + i2bJé[¢ - (x — ).
7=1

Let |z| < 1. Then since |2'| <,
b*[¢*x — 2')* < b*BI¢)?

for some B > 0. Then we can choose b > 0 small enough such that

R(C(E))? = €] — VP|EPa — 2')? > |¢ — 0*BI¢)® > g
and
arg(((£))? € B” g]
Hence
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Chapter 4 : Characterization of the Gevrey Wave Front set

- \(g(§)>2|é cos (% arg<€(€)>2>

> (RO eos (Ganslc©))

> c%,c = [$n%] cos <% arg(((§)>2) >0

= D¢
Therefore,

%Q(Z, xla 2 57 6) _b‘fo - x/‘Q -y f - %(C(f»p(t - ‘TI) - €%<C(£)>2

<
< —blelle — 2"+ [yllg] — Bleslglft — o'

Let z =2 4+ 1y = 0. Then

RQ(0,2',¢,&,€) < —bl¢|[2']> — B'es|g||t — o'|**.

If |2'| > &, then

2
/ / a
RQ(O,2',1,€,¢) < —blel|a'* < ~b I

If |2'| < §, then since [t| > a, |t — 2| > § and so

Blca2k

RQ0,2',t,€,€) < —Bleglé||t — 2| < —
Thus there is A; > 0 independent of ¢ > 0 such that
RQ(0, 2/, 1,€,¢) < —Ay¢], VIE| > 1.
By continuity and homogeneity in &, there is d3 > 0 such that for some Ay > 0
RQ(z, 2", 1,€,€) < —A[¢], VI[§| > 1, [2] < 6.

Therefore,

U‘w@fmam%mégf e 21 |G (€)) 3] e,
[€1>1 l€]>1

and

o 10gl(c(€0?]| — o 5 In[((©)?]

[(C©YE| = (€)=
o B In|IgP—2lg 2lo—a! P+i2bglé (v —a')|
< e%m(mgp) for some A’ >0

= A"|¢|E, A" > 0.

We then have

I5(2)] < Bl+O’A”/ dt/ d:c’/ e~ 2Rlj¢|3mdg < Ag
a<[t|[<A |/ |<r 1€]>1

for some Az independent of € > 0 for all |z| < ds.
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Chapter 4 : Characterization of the Gevrey Wave Front set

Let 6 = min {1, d2,d3} . Then there is 0 < A < oo such that

sup |ui(z)] < A\ V|z| <.
0<e<1

Thus there is a subsequence ¢, > 0 such that for some 0 < §' < 6,
ul (z +iy) — wi(x + iy)

uniformly on |z +1y| < ¢’. In particular,u;(z) is holomorphic on |z| < 6. Hence (0, &%) ¢
WF,(u;) and so (0,€°%) ¢ WF,(uy). Since WFy(u) C WFy(up) UWF,(u;) we get
(0,£%) ¢ W Fy(u) and so the proof is complete. O

4.3 Characterization of the Gevrey wave front set by gener-
alizing to two polynomials

Our next goal is to characterize the Gevrey wave front set by using a subclass of the
generalized FBI transforms we discussed before. We will generalize to a polynomial
which is sum of two polynomials of the type we used to characterize the Gevrey wave
front set.

Let p(z) be a positive polynomial of the form

p(z) = Z agx™ + Z ngﬁ,aa,bﬁeR,l%k

jaf=21 |8=2k

which satisfies
oz < Z Aot < colz|?
|o| =21

and
03|:17|2k < Z bgarﬁ < c4|x|2k
|8|=2k
for some constants 0 < ¢; < ¢y and 0 < ¢35 < ¢4.

Suppose [ < k and let

pi(z) = Z aqx”, pa(x) = Z baa”.
|or|=21 |B|=2k

L

Take ¢(z) = e @) as a generating function and \ = 5%

a constant such that

as a parameter. Let ¢, > 0 be

p Y(x)de = 1.
Rm

Then
Jult.€) = o [ (P - o)ula)d

— cp/ eif'(t—x’)_‘gl%pl(t—m/)_|§|p2(t_$/)u<x/)dx,.

Let x(x) € S(R™) such that [g,, x(z)dz = 1. Set

X(§)

(€)= Gy
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Chapter 4 : Characterization of the Gevrey Wave Front set

Then the inversion formula becomes

u(r) = lim e @D g (e)Fult, €)|€| 2 dide.

e—0+ R™ xR™

We now sate and prove our theorem.

Theorem 4.3.1. Let u € &'(R™), o € R™, % € R™ with [°] = 1. Then (x0,£°) ¢
W Fs(u),s > 1 if and only if there exist a neighborhood V' of xy , a conic neighborhood
T of & and constants a,b > 0 such that for some ¢ € C°(R™), ¢ = 1 near xo,

13(6u)(t, )| < ae ™ (8,6) € V x T

Proof. Suppose (z0,£%) ¢ WF,(u). We may assume that zo = 0. Without loss of
generality u = bf near 0 where f is smooth in some truncated wedge V' +il's (for some
d > 0) and is of tempered growth with V' a neighborhhod of 0 and I" an open cone such
that

l.u=0bf onV,
2. . T <0, and
3.

B
’%(JJ—FZ'ZJ)'SAGXP —) |, ety eV 4l
0z |y|=T

for some A, B > 0.

Let r > 0 such that
By, ={x:|zx| <2r} CcC V.

Let ¢(z) € C°(R™), ¢ =1 on B, and supp(¢) C B,
Fix v € I's.

Let |
Q&) =it (& = 2) — € (e’ = 2) — €I’ — )
Then

SO = o [ s
= ¢ (u,0(2)e?" )
— 6 (b, pla)e? )

— 1 Q(Z‘/7§7ﬂf,’) )
p tlirgfr . e o(x) f(x + itv)dz.

Since ¢(x) € C(R™), it has an almost holomorphic extension ¢(z -+ i) smooth on
R™ + iR™. Then by lemma (3.1.3)

F(ou)(2', &) = ¢, tE%L Q@S (4 it f(x + itv)d.
BQ'I‘

For 0 < A <1, let
Dy={z+itv e C" : 2 € By, A<t < 1}.
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Chapter 4 : Characterization of the Gevrey Wave Front set

Consider the m-form
w(z) = e EAG() f(2)dz A ... Ndzm, 2 = T + iy

Let dz = dz; A ... A dzp. Since ¢(x + iy) = 0 for |z| > 2r and since Q@42 ig
holomorphic by Stokes theorem

F(ou)(2', &) = ¢, 111r(r)1Jr Q@ TN G0 i) f(z + idv)dx
Bar

= / Q&) (0 ) f (2 + i) dx
B2r

of
' £, :E+zt'u :
+cp Ahj})l+ E //DA o(x + itv) == 9z (x +itv)dz; A dz

A—0+ zj

+c, lim Z// @ g atitv) qZ5(x—l—ztv)f(x—i—z'tv)dz_j/\dz
D
= Io(a/,€) + lim (I}(2',€) + I3(2',€))

Since v € I and £°-T' < 0, there is a conic neighborhood I'; of ¢° and a constant ¢ > 0
such that
§-v < —clglfo], V€ e Ty

Consider Iy(2',€) :

Ho(a', &) < sup [ep(e +iv) f(z +iv)| | STy,
IEBQT‘ B2'r

For £ e T'y, [€] > 1, since | < k,
RQ(2', &,z + v)
R (i€ (2w = iv) — [glEpi(e — 2 — iv) = [elpa(a’ — @ — iv))
=& v — [g[FRpy (¢ — 3 — iv) — |E[Rpa(a’ — 2 — iv)
=& v—[elipi(a’ — z) + O(JuP)|E]F — [elpa(a’ — z) + O([v]?)¢]
< —coll¢] — crlg]F |2 — xf?

+O(joP)[€]F = eslélla’ — 2 + O(loP)l¢]
< —cJo[l¢] + O([v[)[¢]

choosing [v| small such that O(|Jv|?) < 9 = ¢/, Then
RQ(2', &, x +iv) < —=[€],£ €T, |¢] > 1,2 € R™.
Thus, for £ € 'y, €] > 1,
|Io(z', &) < e el < e ‘le|s

for some ¢’ > 0. Since
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Chapter 4 : Characterization of the Gevrey Wave Front set

is bounded on By, x {€ :|£] < 1}, there are Ay, By > 0 such that

Counsider

[Io(2', €)| < Age Pl ve e Ty, |2/| < 2r.

N, €) =c, Z //D Q" Satitv) g 4 itv)%@ +itv)dz; Adz
j=1 A !

For 5 € Fla ‘5’ > 17

e ptite) T 0
QU STt G0 4 itv)—f(x + itv)

aZj
< (MR L) A oy Bl O = sup oz + itv)‘
|[tv|s=T (x,t)€ B2, x[0,1]
_p
< Ale-cthllél-ale’~aPHel+O(tel oy ( )
- tsil
_B
< Ale—cthllel-ale'~aPHel+ A" Pl gy ( : ) some A" > 0
tsfl
B
< Alemetlvllél=erla —aPRIglHA" o lRIE] oy, ( : ) (since 0 <t <1)
tsfl

/

_ A 2 —B
< Ale-elIEHATtPIE oy (t : )
s—1

/ -B
< Ale="el exp ( ; ) (take |v| small such that A”|v|* <

-1
—-N

< ONTINE S, some C > 0,N =0,1,2,...,

where we used the inequality

e <de " da>0

s

with d = % for e‘clﬂf‘, and d = EZU N for exp ( *]13/) for N > 1.

ts—1
Hence
: (o
lim |1, €)
= ¢, lim Z // eQ(ml’é’mHtv)Qg(x + itv)a—f(m +itv)dz; N dz
P S0+ ~ Dy 0z; !
mo .

< 1 N+1 77N || =X -

< Jlim CVHINYg| ; s dz; A dz

< DNHINI¢| 5, € €Ty, |€] > 1,27 € R™, some D > 0
Therefore,

A—=0+

58
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)

(4.40)



Chapter 4 : Characterization of the Gevrey Wave Front set

for some ay,b; > 0 independent of \. But
|17 (', §)]
exp(—bi|¢[+)
is uniformly bounded on By, x {£: [¢| < 1}. Thus, there are A;, B, > 0 such that

lim |1}z, €)] < Ajexp (—31

L /
A—0+ > 7v£erla‘x’ <2. (441)

Consider

Q(x & x+itv) ¢ . _ )
Z //D —(x +itv) f(x +itv)dz; A dz -

0z;

For £ e Iy, €] > 1,

RO, €.z it) < —etlullé| + Ol — cslele’ — af*
< O(v])[g] = eslélla” — 2|** since ¢ <1
<

d'|vP[¢] - eala’” — xf*

Since ¢

for |2/

z) =1 for |z| < r, the integral over |z| < r is zero. So let r < |z| < 2r. Then

/\/-\

r
29

]x’—a:|2]x\—|x’\2r—g:

N | 3

= RQU& o+ it) < alolle] - er e

Choose |v| small such that
2 T% /"
"<a 92k+1

a'lv

We then get
RQ(2', &, o +itv) < =c"[E[,§ €Ty, [§] 2 1.

Since f is of tempered growth, there is a constant d > 0 and an integer n > 0 such
that

tv)| < .
o+ i) < i

Since gg is almost holomorphic, there is ¢, > 0 such that

¢ (x + itv)

— < cpt"lv|", Vi =1,2,....m
0% < cnt"[o|", V)

Thus we can get Ay, By > 0 independent of A such that

1
lim [I}(a',€)] < Ase 22K Ve € Ty, o] < = (4.42)
A—0+ 2

Therefore, from (3.30), (3.31) and (3.32), we can find constants A, B > 0 such that
(o), )] < Ae”PH" Ve e T,

where Ty is a conic neighborhood of £° and |2/| < %.
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Chapter 4 : Characterization of the Gevrey Wave Front set

Conversely, suppose

§(du)(t,6)] < cre @ (1,6) e V x T

where V is some neighborhood of 0, I' a conic neighborhood of £° and ¢, ¢, > 0 are
some constants and ¢ € C§°(R™), ¢ = 1 near 0.

We want to show that (0,£°) ¢ WF,(u). Let o(¢) = e €. We apply the inversion
formula

¢(z)u(z) = lim €@ F (du) (1, €) €| dide.

e—0+ Rm xR™
Let
m@%i/ 6D (Gu) (¢, €)[¢ | dide, z = x + iy € C™
R™m xR™

Each u.(z) is an entire holomorphic function of z.

We write
ue(z) = ug(z) + ui(2)

where for some a > 0

)= [ [ otemu e

= [ [ oteegu olelara

Consider uf(z) :

Choose a > 0 such that
{t:|t| <a} CV.

Let Co = I',C;,1 < j < n be open acute cones(we may take I' to be acute from the
outset) such that
R™ = JC;,
=0

C; N Cx, has measure zero when j # k and £° ¢ C; for j > 1.

Since £0 ¢ C_J and C; is acute we can get acute, open cones IV, 1 < j < n and a constant
¢ > 0 such that

§-T7 <0 and y- £ > cly||¢],Vy € TV, VE € C;.

Now

uj(r) = / / el g, )¢ dtdg = ().
7=0 Cj [t|<a j=0
For j =0,1,2,...,n,and z = x + iy € R™ + i, define

filz +1iy) = / / e wriy=t—eléP 5 (¢ €)|¢ |5 dide.
Cj JltI<a
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f5(2) are entire for j > 1 and converge uniformly on compact subsets of the wedge
R™ 4 41V to the function

filr +iy) = / / e =g (¢, €)|€| 2k dtde
Cj Jltl<a

which is holomorphic and of tempered growth on R + iFg for some 0 < 9 < 1. Thus
each f;,7 =1,...,n has a boundary value bf; € D'(R™).

Let now

gax):iZ;AK S0P (50 (1, )] B dede.

By the estimate for §(ou)(t,€) on the set {t: |t| <a} x T, g§(x) are smooth for all
e > 0 and converge uniformly on R™ to the function

mm=44<¢@%wmmm%wﬁ

which is smooth on R™.

For any «,

0%g0(2)] =

/ / faef“w”m(t,&)lﬂéﬁdtdg‘
T Jt|<a

Cl// |€|‘a|6_02‘§|§
I Jit|<a
i [ Jglele e e, dy > 0

r

= dl/ |§||a\6—cz|£\§ §|;’l€d§+d1/ |§||a\e—C2|§\§
cebilel<t g Jgl21

< d1/ d§+d1/ |§||a\e—62|§\5|§|md§
l€1<1 ¢eT,|¢|>1

C —ms % C 1\ ™S
= dtdi(3) / g1l (Shel) ™ de.da > 0
€el[¢[>1

IA

|3 dtde

IA

&|2k dg

—ms 1 N’
< dy+d, (@) / |€||a|6—c2\€|s (C_2|5|%) d¢
2 ¢er,je[>1 2
(N"=min{N € N: N > ms})
< dy+dy <2>_m8 N’!/ |§|\&|6—02\£|%6%2|€\%d§
2 ger jgl>1
gL
< dy+ dg/ £|le= 181 g¢ (some dg > 0)
ger,lg1>1
2\ N
< dy+ds (—) N!/ £|lele| = de, YN = 1,2, . ..
C2 ger J¢|>1
< dy+ dNNN/ RE S (since N1 < NV)
gel,|g>1
< d2 + dz(;m+‘a|+1)s(m + |a| + 1)(m+\o¢|+1)s

(taking NV such that (m + |af)s < N < (m + |a| +1)s)
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dy + (edy) ™D ((m 4 |af + 1)1)* since n” < ™ nl
dy + (2edy) ™S (m + 1)1 (Ja|)? (we used (5 + k)! < 28 E!51)
Flelt(a)® since |af! < 2l@la!

IA A IA

for some F' > 0 independent of . Hence gy € G*(R™). Thus there is fo(x,y) €
C>(V x R™) such that

Jo(x,0) = go(z)

’y‘s—l

Choose T'y an open cone such that & - Ty < 0. Thus we have found open cones
o, I'y, ..., T, and smooth functions f; on R™ 4 z’F? (for some ¢ > 0) for j > 0 which
are of tempered growth such that

and
0 fo
9z (z,9)

¢T;<0,0<j<n

and
af; —A
—f_J(a:,y)‘SAl 2 ) Vj=12...,n,Vk=0,1,2,...m
0z, ly|51
It can be shown that in the sense of distributions for all j =1,... n,
clim, e i) = Ji f5(2)
and
li y) = i ().
plim fo(w +iy) = lim go(x)
Hence

up(x) = bf
=0

in D'(R™). This shows that (0,&°) ¢ W Fy(uo).

Consider u{(z) : We will show that (u{(z)) is uniformly bounded for z near 0. Write
3
ui(2) =Y I5(2)
j=1

where for some A > 0 to be chosen later

I{(z) = theintegral over X; = {(¢,&) :a < |t| < A, €] < 1}
I5(z) = the integral over X, = {(¢,&) : [t| > A, € R™}
I5(z) = the integral over X3 = {(¢,§) :a < |t| < A,|¢| > 1}

Since X is a bounded set and §(¢u) is continuous function it is clear that for dy = 1
there is a constant C; > 0 independent of 0 < € < 1 such that

I5(2)] < /X e VIR 1T (gu) (8, €)||€| B dtde < Cy,Vy| < 1. (4.43)

Consider I§(z) : Let r > 0 such that

supp(¢) C {z : |z| <r} = B,.
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Choose A = 2r. Then for |2/| < r and |t| > A,

|t—x'|>ﬂ+ﬂ

! 4

:>|t—x’\>|i| 4

— 4 4
2k 2k 2k
% t] A It| A
=>|t—I/| Z(Z+Z> _F"f—ﬁ

Now

Slon ) = | [ el - ot

: / L ! !
= ‘/ & (t=a") =[] Fp1(t—a’)—[{|p2(t—2 )qb(x’)u(x’)dx’
|| <7

L / /
< C’/ (14 [e))N e lelFpitt=at)=lélp2t=2") g0/ (N” = order of u
|z'|<r
< of leYesisti ity
|2 [<r
<

C’/ (1+ ’5‘)N’6703\§||t,x/|2kdx/
|z’ |<r

[¢[2F | a2k

<cf e ) g
|z'|<r
< ClemMEITE=BIE g > A ¢ e R™,

for some constants C’, Ay, By > 0 independent of ¢ > 0. Therefore,

15(2)| =

L e s o el g

< ¢ / / elvllel g~ A€l ~Balel | 5 gy g
m Jl>a

_ C// 6|y‘|£|e—31‘§||§|% (/ e—Al|€|t|2kdt> dé_
2k
_ / elvll€le=Bulel ¢ | 5 / e dt | d§
2k
C”/ ely\l£|e—31\5l|§|% (/ @7A1 dt) d&
_ C’/ eluliEl o= Brlel ¢ | 55 (/ e‘Allt%Lmdt) dg
" " €]+

- B
< 0”/ eHHIAE, V2 = o iy ] <

1
€]2% ¢

1
€12k ¢

IN

Therefore, there is Cy > 0 independent of 0 < € < 1 such that with d, = %

1I5(2)] < Cy,V|z] < 09,V 0 < e < 1.
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Chapter 4 : Characterization of the Gevrey Wave Front set

Consider I5(z)

/ / / (sl Dl oy o | it

R={(&a',t): [¢| > 1,]2'| < 2r,a < |t| < A}

When an appropriate branch of the logarithm is taken, we note that the function
¢ — €] has a holomorphic extension

)= (i <§)

In particular the functions ¢ + (¢) and ¢ + (¢)2+ are holomorphic on the set

S={(=&+ineC™:|n <|¢}.

Fix z,2’. Then we will change the integration in £ from the m-cycle {£ : |{| > 1} C R™
to its image under the map

where

C(€) = & + ibl¢|(z — 2')
where b > 0 is chosen small such that
ISC(E)| = blg||x — 2| < [RC(E)] = [¢]

Let
D ={¢ +iobl|(x —2') : |§]| > 1,0 < o < 1}.

Consider the m-form
w(z, 2/ t,( €) = ei(z—m/)~c—<c>%m(t—r/)—<<>p2(t—m’)—e<c>2gb(xf)u(x/)<<>%d€
where ( =&+ e C™,d( =d(; N ... Nd(,. Since
9(¢) = ei(z—x’)~c—<c>%pl(t—x’)—<<>pz(t—x’)—e<c>2¢($')u($')<<>%

is holomorphic function of ¢, w is exact form. So by Stokes theorem

LDwdC:/de/\dC:O.

oD = {&: ¢ = B J{E +iblé|(z — ') - [¢] > 1}
U +ioblél(@—a) s €] =1,0 <o < 1}

Now

Therefore,

i-zfm p1(t—a")—|€lp2(t—a') _ 2
&( )— |€\’€1 2 €] ( ) ( )|§|2kd£

[y

_

|>

B /5|>1 w(z, ', & +ibl¢|(z — 2'))dE
1>
0o Jlgl=1
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Clearly there is B; > 0 independent of € such that

w(z, 2, € +iob(x — 2'))dédo| < By.
1€1=1

To estimate the second integral, let

Qz, 2 1,6 €) = i(z — a') - C(€) — () ipr(t — 2') — (C(E))pa(t — ') —

where
C(€) = € +ib|¢|(z — o).
Then
RQ(z, 2,1, &, ¢€)
= —bl¢|lz — &' — y - € = R(C(E))Fpa(t — 2) — R(C(E))palt — &)
—eR(C(€))?
We note that
= (& Fiblg)(x; — 2)* = € = PIEPle — ')+ i2bl¢f¢ - (z — ).
7j=1

Let |z| < 1. Then since |z'| < 2r,
b*[¢*|x — 2'|* < b*BIEJ?
for some B > 0. Then we can choose b > 0 small enough such that

2
RIC(E)) = € ~ Pl - ' 2 (¢~ wBlgl? > £

and
arg(c() € | 7]
Hence
RGN = (Zc ) —R(C()?)F
—  Rezw loa(¢©)?)
— (@ cos 5 anelc(€)?) > .
and
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> (R cos G are(e(6))?)

> ckloo i co (jaretci©r?) >0

= B¢
Therefore,

RQ(z,2',t, &, €)

= —bl¢|lz — &' — y - € — R(C(E))Fpa(t — 2) — R(C(E))palt — &)
—eR(¢(9))?

< —blelle — '] + [yl|€] = Bleslél]t — o/

Let z =2 + iy = 0. Then

%Q(O,.T/,t,g, 6) < —b’fo/‘z - B,c3’£‘|t - x/’2k'
If |2'| > §, then

2
a
RQ(0.2.1,€.0) < —Hella’ < -
If |2'] < §, then since [t| > a, [t —2'| > |t| = [2'| > a — § = § and so

B'csa®t

RQ(0, 2", t,&,¢) < —Bles|¢||t — 2| < —

Then there is A; > 0 independent of ¢ > 0 such that
RQ0,2',1,&,¢) < —A1[€],VIE] > 1.
By continuity and homogeneity in &, there is d3 > 0 such that for some A; > 0
RQ(z, 2,1, €, €) < =A¢|,VIE] > 1, [2] < ds.

Therefore,

‘/ W<z,x’,t,<<s>,e>df‘50/ e (¢(€)) % | d€.
[£[>1 [£1>1

But
[(CENz] = [(c(€)*%|

o 22 log[(¢(£)?]

o [ (¢(6)?]
o 0 6P =02 €2 | —a’ [P +a2blé[€ (2 —a')
e%m(‘mg‘z) for some A’ > 0

A"|E|2k, A" > 0.

IN

We then have

\HM§&+ON/ ﬁ/ dﬁ/ e~ 2Rl¢|3mdg < Ag
a<[t|<A |2/ |<r 1€]>1
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for some A3 > 0 independent of € > 0 for all |z| < d5.
Let § = min {1, d2, 05} . Then there is 0 < A < oo such that

sup |ui(z)] < A\ V|z| <.
0<e<1

Thus there is a subsequence ¢, > 0 such that for some 0 < §' < 6,
uit (x +iy) — uy(r + iy)

uniformly on |z +1y| < ¢’. In particular,u;(z) is holomorphic on |z| < 6. Hence (0, %) ¢
WFE,(u;) and so (0,€°) ¢ WPF,(uy). Since WF,(u) C WEFy(up) UWF,(u;) we get
(0,£%) ¢ W F,(u) and so the proof is complete. ]
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Chapter 5

Application of the FBI transform to
the (°° wave front set of solutions of
nonlinear PDEs

5.1 Introduction

In this chapter we study the regularity of C? solutions of the first order nonlinear PDE
w = f(x,t,u,ug) (5.1)

where f(x,t,(, () is complex-valued, C*° in all the variables (z,t, {y, (), and holomor-
phic in ({p, (). The variable = varies in an open set in R™, ¢ in an interval of R, and
(¢o,¢) in an open set in C x C™ = C™"'. If u is a C? solution of (5.1]), it was shown
in [12] and [3] that the C*° wave-front set of u is contained in the characteristic set of
the linearized vector field

(5.2)

In Hanges and Treves [10] it was shown that under the additional hypothesis that f
is analytic in the variables (x,t), the analytic wave front set of u is contained in the
characteristic set of the linearized operator L". In [§] it was proved that when u is a
C? solution of (5.1]), f is real analytic, o € Char(L*) and J%—la([L“,L“]) < 0, then
o ¢ WF,(u).

In this paper we will show that if f is C* in (z,t), holomorphic in ((p,(), u is C?
solution of (5.1), o € Char(L") and ﬁa([L“,L“]) < 0, then 0 ¢ WF(u). We were

motivated by the linear result of Berhanu and Ming ([11]).

We first recall some of the known results concerning the C'*° and analytic wave front
sets of solutions of first order linear and nonlinear PDEs. The reader can find more
results in the articles [1], [7] and [21] Let

- 0
L= ZC%(J?)a—xj

Jj=1

be a complex vector field.

Theorem 5.1.1. If L is real analytic and Lu = 0, then W F,(u) C Char(L).
Theorem 5.1.2. If L is smooth vector field and Lu = 0, then W F(u) C Char(L).
Theorem 5.1.3. (N. Hanges and F. Treves, 1992 ) If [ is real analytic in
(x,t,¢o,C), holomorphic in (Co,C) and uy = f(x,t,u,u,), then WE,(u) C Char(L").
Theorem 5.1.4. (J. Y. Chemin, 1988) If f is C* in (x,t, (o, (), holomorphic in
(Co,€) and u; = f(x,t,u,u,), then WF(u) C Char(L").

Asano gave a simpler proof of the latter result using the standard FBI transform (see

[3]).
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Theorem 5.1.5. (S. Berhanu, 2009 ) Suppose f is real analytic in (z,t,(, (),
holomorphic in (o, () , uy = f(x,t,u,u,), and o € Char(L"). If

1 u u
vti@{Ljﬂ><Q

then o & WF,(u).

Theorem 5.1.6. (S. Berhanu and Ming Xiao, 2014) Suppose L is a smooth
vector field and u is C* solution of Lu = 0. If o € Char(L) and F o([L, L]) <0, then
o ¢ WF(u).

Theorem 5.1.7. (M. Eastwood, R Graham, 2003) Let L be a real analytic vector
field. Suppose Lu =0, o € Char(L), and <a [L T> =0. If <0‘ [ [L,E]D %0, then
o g WFE,(u).

Theorem 5.1.8. (S. Berhanu, 2009) Suppose [ is real analytic in (x,t,(, (),
holomorphic in ((o,C) , vy = f(z,t,u,u;), o € Char(L") and <a, [L“,ED = 0.
If (o, [L*, [L",L*]]) # 0 then o & W F,(u).

5.2 Some preliminaries on first-order linear pdes

We will use the following lemma whose proof is found in [3].
Lemma 5.2.1. Let Q C RY be open, J C R be an open interval centered at 0 and let
N C CM be open. Let

+§:%xtC +§:mxtg

where the coefficients a; and by, are C* in the variables (x,t) € Q2 x J and holomorphic
in the variable ( € N. Let f(x,¢) be a C™ function defined on Q@ x N, holomorphic in
C. Then there exists a C™ function u(z,t,¢) defined on Q x J x N holomorphic in ¢
which is an approximate solution of Lu = 0 in the sense that

Lu(z,t,() =0O(t"), k=1,2,... (5.3)

and such that u(z,0,¢) = f(x,().

Let Q2 C R} x R, be a neighborhood of the origin and consider the complex vector field
defined on 2

m

0 0
L= a + ;a](x,t)a—j,

where a; € CH(Q) for j =1,2,...,m

To L we associate another vector field

0
L1 - = + V —1L
0s
where s € R is a new variable. Then L; is a C! complex vector field on  x R.

Suppose that there exist C! functions W, (x,t,s),..., ¥, (z,t,s) defined on Q x J (J C
R is an open interval centered at 0) such

Zi(z,t,s) =x;+ sV (x,t,s),j=1,....,m
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are approximate solutions of Ly Z;(x,t,s) = 0 in the sense that LZ;(z,t,s) is s-flat at
s=0,1ie

Vk €N, 30, >0:|L1Z;(x,t,8)| < Cils|F,V(x,t,5) € Qx J. (5.4)
To get m + 1 functions of the above type, we let
Uiz, t,s) = —v/—1 and Zmi1(z,t,s) =t — sv/—1=t+ s, (.1, s).
Then

Ly Zpyyy = <% +v-1 (% + Z;aj(x,t)a%j» (t —sv/—1) = 0.
Set
U= (Uy,... V) and Z=(Zy,..., Zmi1).
Then

Z(x,t,s) = (z,t) + s¥(x,t,s).

Lemma 5.2.2. Let L, = % ++/—1L. Suppose h(z,t,s) is C' such that L h(z,t,s)
is s-flat at s = 0. Assume there exist C1 functions Wy (z,t,s),..., Vui1(x,t,s) defined
on Qx J (QcC R™1 J CR both about the origin) such that Z = (z,t) + s¥(z,t,s)
5 an appm:m'mate solution of LlZ = 0 in the sense that 117 is s-flat at s = 0. If
o= (0,0;¢° 7% € CharL and —=o([L, L]) <0, then 0 ¢ WF(w) where w(x,t) =
h(z,t,0).

Proof. As in [11], we may assume that
a m
= VTS b))
Vb0

where the b; are C'! and real valued functions near (0,0) € R™*'. We then get 7° = 0
since o = (0,0;£°, 7%) € Char L. We now compute [L, L] : Let f be smooth near (0,0).
Then

L, L)(f) = L(Lf) — L(L{)

9 - o\ (0 - 9
<a+\/—_12bj(:c,t)a—%> (a—{—\/—_lzm(x,t)a%>

k

0 0f
—<a—\/—_12bk(x,t)a )( +\/_Zb )

L

Hence,
8x k
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Therefore,
L (€, 0),[L, Llo) = =/ § :‘%’“ (0,0)¢8
\/_—1 ) ) ) 0 \/— k
ob
= —2§(0,0) &0

Thus, the assumption that

1 _
\/—_—1 <(§070)7 [L7L]0> <0
implies
ob 0
- 5,0,0)-¢" <0, (5.5)
Since L1Zy(x,t,s) = O(s™), n =1,2,....k = 1,...,m+ 1, we have for any k =
1,....m
0 0 " 0 B 9
(% + \/—1a — jzlbj(x,t)@—xj) (2 + sUg(z,t,8)) = O(s%)
and so

oV, 0V “ oV, P
Uy (x,t,s) + sg(a:,t, s) + v lsw(x,t, s) ; bi(z,t) (@k + sa—xj(m,t, s)) = O(s%).

(5.6)
For each k =1,...,m, let

B Oy, Oy, < Oy,
Ag(z,t,8) = W(x,t, s)—l—s%(x,t, s)+\/—1sw(az,t, S>_; bi(z,t) ((5jk + sa—xj(a:,t, s)) :

(5.7)
Then for s # 0,
Ap(z,t,s) — Ap(x,t
k<x7 75) - k(xa 70) — O(S) (58)
Since ¥y, is C! letting s — 0 in (5.8)) gives
oV, = oV,
2> (z,t,0) +v/—1 (LLO)—%;bcpﬂa%(xtO) 0. (5.9)
Evaluating (5.6) at s = 0 we have for each k =1,...,m
Ui(z,t,0) = be(x,t). (5.10)
Since Sby(x,t) =0,V k= 1,...,m, we have from @ and ((5.10)
N 1 0by
S0 _ _ —1.....m. (511
SWg(z,t,0) =0 and P (x,t,0) T —(z,t), V k yoooym. (5.11)

Let & = (z,t). Since Zz(x,t,0) = I, there is a neighborhood ' of (0,0, 0) in R™*2 such
that Zz(x,t,s) is non singular on . Let

(131(2, 8 8)) (s 1y may = (Za(@, 8, SN, (z,t,s) € Q.
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Then
m—+1

Z Mkj(aj> t, 3) = 5]'1"
k=1

forall 1 < j,r <m+4 1. Let
c(z,t,8) = (un(z,t,8))", (A" denotes transpose of a matrix A).
For j=1,2,... m+1, set

m+1

0
M; = Z cip(,t, S)ﬁxk

k=1
Then M; are continuous vector fields satisfying

m+1 m+1

Zc]kxtsa~ Zuk]xts Z = 0jr

If ZmH A;jM; + AL, = 0, then evaluating at the functions s, Z, ..., Z,,+1 shows that
the vector fields { Ly, My, . .., M,,+1} are linearly independent on Q. Thus, {Lq, My, ..., M1}
is a basis for the complexified tangent space CTR™*2 on V',
Recall that for z = (z,t), Zx(x,t,s) = & + sUi(z,t,s), k = 1,2,...,m + 1. Since
dZy(z,t,0) = d¥y, and

{dxq, ..., dzy,dt,ds}

are linearly independent, by contracting €2 if necessary, we get that
{dZ(x,t,8),...,dZn1(2,t,8),ds}
is a basis of CT*R™*2 on (V.

For any C' function g,
m—+1

dg = A;dZ; + Bds
j=1
for some continuous coefficients A; and B. For any k =1,2,...,m +1,
m—+1
Myg = dg(My) = > A;dZ;(My) + Bds(My) = Ay

7j=1

and so Lig = dg(L;) = ZmHM( )dZ;(Ly) + Bds(Ly) = ZmHA L1 Z; + B since
Ly(s) = 1. This gives B = L1g — ZmH M;(g)L1Z;. Hence,

m-+1 m+1
dg =Y My(g)dZ; + (ng -> Mk<g>lek) ds (5.12)
k=1 k=1

Using ((5.12)), we have
d(gdZy N .. .NdZpy1) =dg NdZy N ... NdZ i

m—+1
= (ng -> Mk(g)Lle> ds NdZy N ... NdZpiy  (5.13)
k=1
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since dZ; NdZy N\ .. . NdZp1 =0, Vji=12...,m+1
For (¢,7) € R™M\ {0}, (¢/,¢) € R™"! and for K > 0 to be determined later, let
B V&1 a,t,8) =vV—1ET) (af = Z'(x,t,8),1 — Zpia (2,1, 5))
= K|(& 7] |(@ = 2@, t.8)) + (¢ = Znoa(,1,9))

where Z' = (Zy,...,Zm) and (' — Z'(z,t,5))* = 3" (¢ — Zi(x,t,5))>. Let r >0

7=1
such that B = {(z,t) e R™™ : |z +t* < 2r} CC Q. Let ¢ € C3°(B), ¢ = 1 on
{(z,t) e R™™ ¢ |22 + 2 < r}.Set dZ = dZyA. . .NdZyny1. Apply (B.13) to the function
gt &1, a,t,8) = ¢(x, t)h(x,t,5)ePEETE) 1o get

m+1

d(gdZ) = (ng -> Mk(g)Lle> ds \dZ

k=1

m—+1
( (¢phe®) Z My (¢phe® Lle> ds \dZ
k=1
= (hLy(¢) + ¢L1(h) + hoL,(E)) e¥ds A dZ

m+1 m+1 m—+1
- (Z h(Myd) L Zy, + > S(Mph) L Zy, + hqﬁ(MkE)Lle) efds NdZ.
k=1 k=1 k=1

(5.14)
Fix |s;| small. Let J = [0,s1],51 > 0 or J = [s1,0], 51 < 0. Set
D={(z,t,s) eER™: (2,t) € B,s € J}.

Since ¢(z,t) = 0 for (z,t) € OB, we have by Stokes’ theorem

[ o't grtoydsdt = [ gt rtsazio s + [ [ dgaz)
B B BJJ
= (6 7) + Bt 6 ) (5.15)

We will estimate the integrals I; and I for (2/,#) near (0,0) in R™™ and (£,7) in
some conic neighborhood T of (£°,0) in R™*. We will take s; > 0 when 7 > 0 and

s1 <0 for 7 < 0in (5.15).

Recall that Z = (7', Z11) = (x,t)+sV(z, t,5), U = (V, U, 1) where Z' = (Z1, ..., Zy)
and W' = (¥y,...,¥,,). Then

RE(z', V', &, 1,2, t,5) = R(V-1(E, 1) - (&' — Z'(x,t,8),t — Ziyr (2,1, 5))
- K|(& 7] |0 = 2@, .8)) + (¢ = Zna(2,8,9))°))
=R (V-1 (2 —x — sRY' (2, t,8) — svV/—1SV' (2,1, 5))))
+R(V-1r({t' —t — sRY, 1 (2,8, 8) — sV—1SV,11))
— K|(&, 7R (2 — 2 — sRV (2,1, 8) — sv/— 19T (2, 1, 5))

— K|(& )R (1 =t — sRUp 1 (2,1, 8) — s/ —1ST, (2,1, 5))
= s& - QU (x,t,8) + TSV 01 (2, 8, 8)

= KI& )] (|2 = o = R, ) = |59V (.1, 5))
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— KN (I =t = R (2,,) = [s3Uns (1.8, 5)]?)
(5.16)

But ¥,,,1 = —v/—1 and so Z,,.1 =t — sy/—1. Clearly L1 Z,,41(x,t,s) = 0. Equation
(5.16)) becomes

RE(2' ¢, &, 1,2,t,8) = s€ - SV (x,¢,8) — s
— K|(&,71)] (|x' — = SR (x,t, 5)° — [V (x, ¢, s)|2> (5.17)

— K& )| (If =1 - 5*)

From ([5.11)) we have
S’ 1
SV’ (z,t,0) =0 and 8\58 (x,t,0) = —§%(x,t)
Therefore, since U’ is differentiable at s = 0 for s near 0 we have by (5.11)
N4
%\Ij/(‘%? t, S) = %\D,(Jf, L O) + ?(xa 2 O>S + 0<8)
Sy’
- ‘9;8 (z,t,0)s + o(s)
10b
—Ea(x, t)S + O(S)
10b . ob . .
= —ia(0,0)s + M(x,t)s+o(s) ,(x,t) near (0,0) (since E(m,t) is continous )

(5.18)

where @ — 0as s — 0 and M(z,t) — 0 as (x,t) — 0. Plugging (5.18)) in to ((5.17)
results

2
%E(.@l,t,,f,T,x,t, 8) = _%f ’ %(

~ K| )| (Jo' =2 — sRV (2, 1,5) — [s9W'(a, 1, )
- K|l (1t —tF = ).

Suppose 7 > 0 and so take 0 < s < 51 < 1,51 > 0. If 7 < 0 we take s; < 0. In any case
we have —7s < —7s%. Then

0,0) 4 s*¢ - M(x,t) + s|¢|o(s) — sT

10b

REG 1,6 7t,5) < 5 ((607), (=5 57(0.0)-1) ) l1A 0]+ slelols)

— Kl (o' = 2 = sRW (2,1, 9)] — |59V (2,1, )]?)

— Kl ) (It = ).
(5.19)

Using ((5.5)) we have

<|§§)38§|’ (‘%%@70%—1» <0,
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By continuity there is a neighborhood Uy of in S™ such that for some A > 0

<(n,a),< ;g’;(o 0),— )>£O<O)A, v (n,0) € Us.

L'={Xn,0): A>0,(n,0) € Uy.}.
Then T is a conic neighborhood of (£°,0) and

Let

(€. (~5500, 1)> <-AED] VEDET ()

Since M(z,t) — 0 as (z,t) — 0 and 22 — 0 as s — 0, taking r and s; small we get
that A

A
|M(z,t)] < 7 and |o(s)| < 75 V(z,t) € B,0 < s < s. (5.21)
Plugging (5:20) and (5:21) into (5.19) and using |¢| < |(¢, )| yields

2

%E(l'/,t/,g,’f,l',t, S) S _%AKS?T)I - K|(€77—)| <|ZBI — &= SéR\IJ/(ZL',t, 8)|2 - |SS\D,($7t7 S)|2>

— Kl (|t —tF =), V(& 7) €T, (5,) € BO< s < sy,

(5.22)
Set
C = sup (ISV'(2,t,8)]> +1) .
(x,t)€B,0<s<5s1
Then (5.22)) becomes
—A
RE( 0,6 mant,s) £ (4 KO+ K ) (6] = K6 0] (i o~ R a9
- K|(§7T)| <|t, _t|2> ) v <§7T) € F? (I,t) € B70 S S S S1.
(5.23)
Choose K = (C T Then - becomes

RE(2', V', &, 7,2,t,8) < ——s 21, 7)| — |2’ — 2 — sRU' (2,8, 8)]° + (t' — t)2>

A
werE(
v (577_) S ,(ZL‘,t) - B,O <s< S1, (l’/,t,) c Rm—f—l
(5.24)

We now return to the integrals in ([5.15]).
Consider Iy (', #',&,7) : For (a/,t',&,7) € R™™! x T we have using (5.24)

’[1(:5/7 tla 57 T)‘ =

/g(ﬂ?l,tl,f,T,Q?,t,Sl)dZ($,t,51)

B

S/ ‘g(x',t',&,T,x,t, sl)detZ(x,t)(x,t,slﬂdxdt
B

— / REC STt B (g ¢, 51)p(w,t) det Zip (2, t, 1) | dodt
B
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<D / o= A21EN Jop gt
B

(D = sup ‘h(:c, t,s1)p(x, t) det Zp (2, , ¢, 81)| + 1)

B
— |B|DeasilE)
k!
< BID—" k=0,1,2,...

CTAI)))
Therefore, for each k = 0,1,2..., there is C} > 0 such that
CO

(2, ¢, &, 7)| < P

Y (/¢ €,7) € R"! x T, (5.25)

Consider

s1
L. t6n) = [ [ dgaz)
B JO
S1 S1
:// hL1(¢)eEdsAdZ+// ¢L1(h)ePds N dZ
B JO B JO
s1
+ / / hoLi(E)eFds A dZ
s1 m+1 s M1
// Zh (Myyd) Ly ZyePds A dZ — // Z¢ Myh)Ly ZyePds A dZ
s1 m+1
- / / > " h¢(MyE)Li ZyePds A dZ
BJ0 =1

6

= J(a ¢ 7). (5.26)

j=1
Szt € 7) // hLi(¢)ePds A dZ
Since

quﬁ(x,t):(%—i—\/—_lL)qb( t)=V—1L¢ = \/_< (xt+\/_2b xta¢(x,t))

L

Consider

and ¢(z,t) = 1 for |z> + ¢* < r, we have Lip(z,t) = 0 for |z|? +t* < r. In this
particular integral we only need to focus on r < |z|> + > < 2. Let

V= {(x',t') e R™! 224+t < 2}
From ([5.24) we have

A
4(C+1)
A

= —qe €D (I e+ - 02)

%E(ZL‘I, t/7£7 77$7t7 S) < - |<€7 )I <|l'/ - — S%\Ijl(gjvt S)|2 + (t/ - t)2>
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—A I ! _ 2 / 2
T o pl© DR — o) RV (a.1,5) = prmm B 1€ TS IRV (o, 5)
A / 2 / 2
< _ _
< s @ (I = - 02)
A , ,
+ —4(O+1)|<£,T)\2sl|x — 2| |RY (2, ¢, 5))| (5.27)
Let
A= Sup (|2 = o[ [RV(z,t,5)] + 1) .
[/ <r
r< |z +t* <2r
0<s<s

For |z|> +t* > r and for (2/,t') € V we have

[(2,8) = (2", )] 2 |(x, )] = |(@, )] = VV]a]* + 2 = ]2/ P+ 12 > Vi — \/— = g
Hence r
[ —a* + (¢ = 1)* = |(2,1) = (", 1) = ¢
Then ((5.27) becomes
A 251 A1 A
RE(2', ', &, m,2,t,5) < . S (5.28)

—m|(5a7)|+m|(577)|

Choose s; small such that

281A1A < rA

Ho+1) S morn o

Thus
RE(2 1 &, 7,2,t,8) < —Ci|(&,7)], Y (&, 1) e, (@ t) eV, |z +2>r0<s<s).

Therefore,

|J1(l’/,t/,§,7')’ =

hL1(¢)eEds A dZ‘

e~ 1l // \hLy(¢)ds A dZ|

< BlemGlEN for some B’ > 0.

But then for each k =0,1,2..., there is C} > 0 such that
Cl
[(&, )"

For the remaining integrals we will use

|1 (2!, ¢, 6,7)| < —E—, V (2/,t,&,7) eV xT. (5.29)

RE(2', V', &, 1,2,t,8) < ——3 2T, V(& T)€ETD, (2,t) € B,0< s < s, (2, ) € R™

Consider

Jo(' V€, 7) = // Ly (h)ePds A dZ.
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By assumption for any £ =0,1,2..., there is A; > 0 such that
|Lih(x,t,5)| < Aps™ .V (2,t) € B.

Then

< ApsPeastIE)]

k! k4% A,
(22, n))"  AEDIF
Therefore, for each k = 0,1,2..., there is C > 0 such that

o2
(& 7)I*

Lyh(z,t, s)eB@ ' emats)

|Jo(2' ., &, 7)| < , V(2 ¢ T)eV xT. (5.30)

Consider .
J3($,,t/,f,7‘):// oh(L E)ePds N dZ -
B JO

Since Z is an approximate solution of L;Z = 0, at s = 0 for each £k =0, 1,..., there is
By, > 0 such that
|L1Z(£L’, t, 8)‘ S BkSQ(k—H).

Then

Ly E| = |Ly (V=1 7) - (¢, 8) = Z(x,t,5)) = K|(&, 7){(2', 1) = Z(x,1,5))*) |
= |=V=1(,7) - L1 Z + 2K, T){(@, t') = Z(x,t,5)) L1 Z]
< &ML Z|(1+ 2K (2", 1) — Z(x, 1, 5))])-
< Bus ™), 1) (1 + 2K (2, ) — Z(x,t,8))]), k=0,1,2....

Let
D = max (1+ 2K |{(«',t') — Z(z,t,))]).
lz|? + 12 < 2r
0<s<sy
(2, t) eV
Then

DD, B, s2(k+1) ](5 T)|(k 4+ 1)!
(4s2)(g, 1))

‘(bh‘(LlE)eE‘ < DDlBkS2(k+1)ef%52|(§ﬂ')\‘(57T)l <

where Dy = supg, g 4, (|6(z,t)h(2,t,s)[ +1).
Thus for each k= 0,1,2..., there is C{ > 0 such that
Cy

| J3(2, 1, &, 7)| < (& T)F

V (2, ¥, € 1) eV xT. (5.31)

Consider
m+1

Ju(x' €, 7) Z/ / M;¢) Ly Z;ePds A dZ

By assumption, for each £ =0,1,2,..., there is Ai > 0 such that
1L, Z;| < ALs* j=1,2,...,m
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Since
lef] < e is I(fST)I

we have

: B, Al sk 4k B A7 k!
|h(z,t, s)M;p(x,t) L1 Z;(z, L, s)e”| < BjA{CSle_%SQKE’T)‘ < i - = Ik
(42, 7)) AME

where

By = sup (ha.t, )My, 0)] + 1),
BX[O,Sl]

Therefore, for each k = 0,1,2..., there is C{f > 0 such that
04
(& )
Likewise, for each k= 0,1,2..., there is C? > 0 such that

|Ja(2' ', & 7)| < V(2 ¢, &) eV xT. (5.32)

m—+1
|J5 (2"t €, 7) :‘ Z// ¢(M;h) L, ZePds NdZ| < a3 )|k, V(2 ¥, ¢, 7) e VI
T
(5.33)
Consider
m+1
Jo(z' t,€,7) Z/ / Oh(M;E) Ly Z;ePds N dZ

We note that

M| = |M; (VL&) - (@ t) - 2) - K| () - 2))]

= [V=1(&,7) - My Z + 2K|(&, 7)[{(«/, ') — Z)M; Z|
= [V=1(,7) - ¢; + 2K|(&, T){(@,¥') = Z)e;|  (since M;Z; = dyy)
< (L+2K [((2',t) — Z)])I(&, 7)]
< (€, 7)]
where
C' = sup (142K [{(2',t') — Z(x,t,5))|).
(2, )y eV
0<s<s
|z|* + 12 < 2r

By assumption, for each £k =0,1,2,..., there is Ai > 0 such that
1L, Z;] < L4005 =12 . m
Thus,
\h(z,t, 5)d(x, t) (M, E) Ly Z;e"| < B'C'|(€, 7)| AL 0 e 3167
_ B'C(k+D(E 7)| A s>

(42, 7)™
_ BORN(k + 1)1A]
o AR TR
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where
B = sup (|h(z,t,5)p(x, )] +1).
BX[O,Sﬂ
Therefore, for each k = 0,1,2..., there is C¢ > 0 such that
CG
|Je(z', ¥, &,7)| < W V(2 &, 1) eV xT. (5.34)
T

Combining equations ((5.15)), (5.29) — (5.34) we have for each k = 0,1,2..., there is
Ck > 0 such that

G
(€, 7)*

where w(z,t) = h(z,t,0), T is a conic nighborhood of (£°,0) and V is a neighborhood
of (0,0) in R™!. Thus, by the FBI characterization of the C* wave front set (see[10]),

(0,0;£°,0) ¢ WF(w).

|]:w(x’,t’,§,7')| = i ($,7t,,§,7') eV xrl

/g(x',t’,fmx,t,o)dxdt <
B

5.3 Application to a nonlinear pde

In this section we will apply the preceding linear results to a nonlinear equation. We
will follow very closely section 4 of [3], [8] and [9)].

Let Q C R™*! be a neighborhood of the origin, N’ C C x C™ be open and suppose
u(x,t) € C?(Q) is a solution of the first-order nonlinear pde.

w = fx,t,u,uy) (5.35)

where f(z,t,(p, () is a C* function in all variables and holomorphic in the variables
(CO? C) € N and
(a,w) = (u(0,0),u.(0,0)) € N.

Let
0 0 0
L=o -3 26,605 (5.30

Let
(5.37)

Then L* is a C! vector field on € and it is called the linearization of the given
nonlinear pde at the solution u. We choose €2 small enough such that

(u(x,t),uz(z,t)) € N, ¥ (z,t) € Q.

We now state and prove our main theorem of this chapter.
Theorem 5.3.1. Suppose u is a C* solution of the nonlinear equation (5.35)). If o €

CharL" and ﬁU([Lu,ﬁ]) <0, then o ¢ WF(u).
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Example 5.3.2. Let u(x,t) be a C? solution of the semi-linear equation

ou ou
5 +a(x,t)— e = g(z,t,u) on the rectangle (a,b) x (—c,c)

where a(x,t) and g(x,t, () are C*, and g is holomorphzc in (o Assume that a(0,0) =0
and Im (92(0,0)) > 0. Then by Theorem at the origin, (1,0) ¢ WF(u).

Proof. (of Theorem [5.3.1)): Differentiating both sides of (5.35]) with respect to xj for

each kK =1,...,m, we have

I &Ck( Jou, uy) + 26, (x,t, u, Uy ) Ug, +; ac (7,1, U, Uy ) U2 (5.38)
Set v = (u,u,). Then using (5.35),
du - f Ju
L ind
or 2= d o, (bt g
_ -~ Of
f(:r;,t,v) - ; acj (x,t,v)u%

o o
of af
a—m(:v,t,v) + 8—<b(x,t,v)uxk
Let
go($,t,C07C) I’ t CU) ZCJ@C x ta gOaC)
) ! (5.39)
gk(x7t7C07C) = a_l‘i(xauCO)C) + Ckag (x7t7CO7C)7 k= 17 e, M
Then
L*u = go(z,t,v), and L'u,, = gp(x,t,v), k=1,...,m. (5.40)

Set g = (g0,91,---,9m). Then g is C* in (z,t) and holomorphic in ({y, (). Clearly
v = (u,u,) solves the quasi-linear system

L' = g(z,t,v). (5.41)

Consider now the principal part of the holomorphic Hamiltonian of the system (5.41])

0 @ 0
H=7L+g—+ —
gOaCO legjacj

For W(x,t,(y, () a C* function in (x,t) €  and holomorphic in ({y,¢) € N and for
any C! function h(z,t) with h(0,0) = (a,w), we set

U (2, t) = U(x,t, h(x,t))
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For any C! function p(z,t), let LP denote the vector field in Q obtained by plugging
p(z,t) for ({p, () in the coefficients of £. That is,

Then

Let now ¥(z,t,(, () be a C* function in (z,t) € £ and holomorphic in ({p, () €
and let h(x,t) = (ho(x,t), hi(z,t), ..., hy(x,t)) be any C! function such that i(0,0)
(a,w). Then with the understanding that some of the functions are evaluated at (x, ¢, h
we have

Lhoh = a Zag axp( £, h)

L

N
)

axp A dh Z O Ohy
Y aq ot aC, ot

—Of [0V OV dhy oW Ohy,
_;a_g (axj dCo Oz Zagk ax]>
I & 8f8\1/ aho afaho ma_\p Ohi <~ Of Ohy,
o e £E
(L) +<% £h0+; ac. L'y,
B L (O IS, (0w fou\" UL AN
=0t (g2) - ot (5 ) *(%) e+ (G ) e
(smce L=H-— go ngaCk>
:(H\I/)h+<a—\p> (L"ho — +Z( )h(chh ) (5.42)
G 0 90 9C E— 9k .

But for h = v = (u, u,), we have using ({5.39)
v . Of
9o = g()(l',t,'U) = f(l',t,'U) - Zuxj?(l',t,v)

and gk(iﬁ,t,'U) = a.

Plugging this into (5.42)) and using equation (5.35) for hp = w and hy = u,,, k =
1,...,m we have

Lou— g = % Z ggj (z,t,v)uq; — f(2,t,0) —|—Zuxja—f(x,t,v)
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ou
=5 f(z,t,v) =0.
Similarily, for each k = 1,...,m, using (5.38) we have
" . Ouy = 0f of of
L%, — g = (,%k - 2. a—cj(x,t,v)uwk — a—xk(:ﬂ,t,v) uzkﬁ_éb(x’t’v)
of of — Of
—(x,t,v) + —(x,t,v)uy, + — (T, t,V)Uy
=L of of of
_ ; a—Cj(:c,t, V) Ug, a—xk(a:, t,v) uzkg—go(:c,t, v)=0
Therefore, equation (5.42)) becomes
LM = LU0 = (HD)", (5.43)

Since
(,¢0, () =z, j=1,...,m and (2,(,()— ¢, k=0,1,....m

are C™ and holomorphic in ({y,¢) € N, by lemma (5.2.1)) there are C* functions
Zij(x,t,¢0,C), j = 1,2,...,m and Wy(z,t,(o,(), k = 0,1,2,...,m, holomorphic in
(€0, ¢) € N such that

Zi(x,0,¢0,¢() =4, j=1,...,m and Wy(x,0,,()=C, k=0,...,m
and

’HZ]'(I', ta COa C)
|HW]€(I7 ta CO: C)

|=0(t"), n=1,2,..., Vj=1,...,m,
l=0(t"), n=1,2,..., YVk=0,1,...,m.
Set

Z=(Z1,...,Zy) and W = Wy,...,Wy).

Since Z(x,t, (o, () and W(z,t, (o, () are C* in z, they have almost holomorphic exten-
sions denoted respectively by Z(z,t, (o, ¢) and W(z,t,(o, () (2 = x +iy € R™ @ iR™ ).
That is, Z(z,t,(, () = Z(x,t,(, () and W (x,t, (o, () = W(x,t, (o, ) for all (z,t) € Q
and for all £k =1,2,..., there exists C} > 0 such that for j = 1,2,..., m we have

‘;Z(Z’, t7 CO? C)‘ S Ck|%2’k7
“ (5.44)

66| < Ll
Recall that
Z(xa())gOag) = Z(‘T707C07C) =x and W(IE,O, COaC) = W(Ivoa CO)C) = (CU)C)

Then using the fact

83



Chapter 5 : Application of the FBI transform to the C*° wave front set of
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we have

deta(Z(x,o,go, 0, (:1:' 0,Co, ¢ ))

o) 8 0
et o o

5 ) ) (0,0,a,w)
3:(C0, Q) 350, C)  5(Co: C)

LT m 0 1
= det < 2mm > = om # 0.
0 It 1) (m+1)

By continuity of the determinant,

AZ,W)
8(2, COa C)
is non-singular near t = 0. We note that Z(0,0,a,w) = 0 and W (0,0, a,w) = (a,w).
Therefore, by the Implicit Function Theorem, we can solve the system
Z(z,t,60,C) =2
- )7 Y ~’ 5‘45
\Weied W 049

with respect to (z, (o, () in a neighborhood of (0, a,w). That is, there are C*° functions
P=(P,...,Py,) and Q = (Qo, . . ., Q) holomorphic in ({p, () such that

{ z = P(Z W)
(60:¢) = Q(Z,t,W),
with P(0,0, ¢, ¢) =0 and Q(0,0,a,w) = (a,w).

Substituting these in to the system (5.45)) gives

z(p<z, W), t,Q(Z,t W)) Z, 5.6
W(P(Z,t,W),t,Q( W)) — . ‘

Since G(Z, W) — Z is holomorphic in Z, we get that 9Z — () and 2% = 0 and so

_ Z 07
differentiating the system ([5.46)) with respect to Z and using the holomorphic version

of the chain rule we obtain

2 5 5 5.
02 (s im0 i) PPD 5 i
+8(5,§0,§) (P(Z,t,W)7t,Q(Z,t,W)> aZ (Z ,t,W)—O_
and
% (P(Z,t, V), 1.Q(Z,1,W)) 8<§’§Q) (Z,4,W) »
i 5 A 5.48
_owW oP.Q) o
+8(2,(0,§) (P(ZtW) tQ(ZtW)) = (Z,t,W) =0.
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Combining equations (5.47)) and gives
3(Z, W) 7t
8(27 COa C)

Nz, W) Q) 5
(Z COa C) 32

Let A(z,t, (o, () denote a generic entry of the matrix
8(Z W)
(Z CO) C)

Since Z(z,t, Gy, ¢) and W (z,t, (o, ¢) are holomorphic in (o, ¢) and using ([5.44)), for each
k=0,1,..., there exists C} > 0 such that

Therefore, for each k = 0,1, ..., there exists C}, > 0 such that

(P, Q)
07

(P(Z 1), Q2,1 W)) o

(p@,t, W),t,Q(Z,t, VV)) (

(5.49)

(Z,t,W) = 0.

( 7t7 COa C)

aﬂ;% (51,60, )| < LI (550
Let r > 0 such that o
(2, W)
8(27<07<)

is nonsingular on
B = {(z7tacO7C) : ‘('%LCO?C)‘ S 7’} .
Set o o
A= (P (Z,t,W)) ENe) <Z,t, W)) .
Then from (5.49) and using (5.50) we have on B

(P.Q) NZW) D\ Az L APQ) (s,
‘ ;Dz <th)‘ (a(jCoV,VC) <A)> aé‘o,o ) gg (2.0.)
o(Z, W) “1a(P,0) o(Z, W)
<a<z,<o,<> “”) S )| 5 “”‘
- ~ k
<pcls (Z,t,W)’

ez R (s
(D rl(#ese) 5 <Z’t’W>)

In particular, for each £ =0, 1,..., there is C}/ > 0 such that

%0 7. 1.v)

0Z;

We now define

~ - k
< %P(Z,t,W) Viji=12....m (5.51)

Wzt 60, Q) = Qo (Z(2:4,60, 0,0, W (24,6, ) ).
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Then ¥ is C* in (z,t) and holomorphic in (¢, ¢) since Qy, Z and W are C™ in (z,t)
and holomorphic in ({p, ¢).

We observe that

UY(x,0) = V(z,0,v(x,0))
= U(z,0,u(z,0),u,(z,0))

= Q0< (x,0,u(zx,0), um(x,O)),0,W(a:,O,u(m,O),qu,O)))

= Qo (Z (,0,u(x,0),u,(x,0)),0, W (z,0,u(x,0), u,(x,0)))
= Qo (z,0,u(x,0),u,(x,0))
= u(z,0).

We recall that
HZ(xJ t7 C07 C) a’nd HW(.%, t’ CO’ C)

are t-flat at ¢t = 0. Hence
HZ(x,t,60,¢) and HW (x,t,o, () (5.52)
are t-flat at t = 0. Since

\Ij(l’,t, CO)C) QO( (x t CO?C)a()aW(:U:taCOaC))?

by the holomorphic version of the chain rule,

HY =Y a;QOHZ]- + 8@[{2 + Z 99 by, + 290 v, (5.53)
‘= \9z; 0Z; =\ oW, oW,

We will show that HV is t-flat at ¢ = 0. Since P <Z, t, W) = 2, we have
P(a:aO?COaC) = P(Z([IZ’,O, COaC)a()aW(:U?OaCO?C))
P( (I‘ 0 Co,C),(),W(I',O,C(],C)) =

Hence

JP( (,0 go,g),o,W(x,o,go,o) —0.

Since P <Z(x, t,Co,C), 0, W (z,t, o, C)) is O, by Taylor’s theorem for ¢ near zero there
is a point ¢’ = t/(x,t, (o, () between ¢t and 0 such that

SP (2(2,4,60,0),0,W(2,1.6,O))| = |SP (2(2,0,6,€),0, W (,0,65,0))
T 93 ( (2,1, Co, ), 0, W (2, ', Co, € )t‘

P
_ ( (2,1, Co, ), 0, W, 1", Co, ¢ )t‘
§C|t|

where

c = sup
B

0P (Z(w,1.G0.€),0.W(x,¢,63,0))|
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Thus using ((5.51)) we have for allV j =1,2,...,m,

SP(Z(w,,6. ), 0,W(2,t,Go, ) \k

< Gt

9Qo (~(x t go,g),o,v"v(x,t,go,g)) <
07,

This shows that 90
_TO (Z(ZE, ta CO? C)v 07 W(l’, tv CO7 C))
7,

is t-flat at ¢ =0 for all j = 1,...,m. Similarly, we can show that
Qo
W,

is t-flat at t = 0 for all £ =0, 1,...,m. Thus going back to equation (5.53)) and using

(5.44) and (5.52)) we have

=2 (Z(,1.60:€). 0. W (.60 )

[H¥(x,1, o, ¢)| =

>

1

%HZ + 8@]{2 + Z 0G HW, + 9 =0 HW,
0Z; 3Z] k=0 oW oWy,

<
Il

<Y Wopz+ %pz, +Z 0Q % i,
j=1 8Z 07 J =0 aWk
m m a
<> |4 |HZ|+A’ +Z By|HW,| + B;, 99 >
j=1 =0 (9Wk

which is t-flat at ¢ = 0, where

%,

J

0Qo

k

By = sup

Y

Aj = sup
B

, Bj =sup ‘HVT/_k’ .
B
But then
LYW = LYY = (HW)"
is t-flat at t = 0.

Let
h(z,t) =V (x,t) = U(z,t,v(x,t)).

Then h(x,t) is a C! function such that
L'h = L'V’ = LU’ = (HV)”
is t-flat at ¢ = 0 and
h(z,0) = ¥(x,0,v(z,0)) = U’(z,0) = u(x,0).

Therefore, if u is a C? solution of the pde u; = f(x,t,u,u,) and if L* is the associated
linearized vector field of this pde, then we have found a C' function h(x,t) such that
h(z,0) = u(x,0) and L"h is t-flat at t = 0.
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To finish our proof, let s € R be a new variable. Since u(z,t) is a solution of u; =
f(z,t,u,u,) and is independent of the variable s, we observe that u(z,t) is also a
solution of

us = —/—1 (uy — f(2,t,u,u,)). (5.54)

This equation is of the same kind as equation ([5.35). We recall that the vector field
associated to the pde

Uy = f(I,t,U,, ux)

Zac x,t, (o, ) a'.

L

is

Our plan is to apply what we did so far but use s in place of ¢. So, let 2’ = (x,t) and
let
u' (2 s) = u(z,t).

Then « is a solution of (5.54)). Indeed, equation ([5.54) is written as
ul(2!,s) = f' (', s, 0, uly)

where
f,(xlu S, <07C77—> = _\/__]-<T - f(l’,t,(o,())

is C* in (2/, s) and holomorphic in
(C0.¢,T)EN XxCCCxC"xC.

For a vector field M in (z,t), we write

M, = 2—i-\/—lM
0s

where s € R is a new variable. With this notation, if we denote the associated vector

field to equation (5.54) by £’ as in (5.37)), then

_ 0 NS o _of . 9
E —as Zlacj(x)87C07C7T)axj aT(x7S,CO,C’T)8t
0 of 0 0
—g—\/—_ljz::agj(ﬁt%, )8_953+\/__1§
0 d
s VT ( Zagj 606 azj>
0s

Similarly, if we denote the corresponding linearized vector field of the new pde by (L')*
then

D f o _or
(LY = B ;acj(z s, u,ux,ut)ascj p ——(a',s uvuamut)at
) af 0 =9
== /1 -1
s Z o (x,t,u ux) o, + 9
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_ 9 o
= (Lu)1 :
Therefore, by what we saw, there exists a C' function /(z,t, s) such that
(L"), W = (L) I
is s-flat at s = 0 and
h'(x,t,0) = K'(2',0) = (', 0) = u(z,t).
In order to apply lemma , we need to find C! functions
Uy (z,t,8), ..., Yz, t,8), Upyir(z,t,5)
such that
Z=(Z1,..., 2Zn41) = (x,t) + s¥U(z,t,5) = (2,8) + s(V1, ..., Vpi1)

is an approximate solution of (L");Z = 0 in the sense that (L");Z(x,t,s) is s- flat at
s =0. Take ¥,,,; = —v/—1 and so Z,,.1 =t — sv/—1. Then

0 0 0 " Of 0
(Lu)1Zm+1 = (& + v —1Lu) L1 = <£ + v -1 (a — E %%)) (t—S\/ —1) =0.
j=1 J J

Hence it suffices to find C* functions ¥y(z,t,s),..., ¥, (z,t,s) such that
Z;=xj+ sV (x,t,s)

is an approximate solution of (L");Z; = 0 in the sense that (L") Z;(z,t,s) is s- flat at
s=0forall j=1,...,m.

For 2/ = (z,t), let v = (v, u),) = (u,us,us). Then as we saw before v solves the
quasi-linear pde
(LY v =g'(2,s,0) (5.55)

where ¢’ = (g0, - -, gip 1) With

m of of
g(/)(‘r/ﬂS?COJ <7T) = f/(.T/,S,Co,C,T) - ZCJY(CEla S, <07C7T> - Ta_{_(x/a S7C07<77—)
=1 J
of’ af
g;(.%/’S,CO,C,T) = a—f”C(x’,s,CO?C,T) —i—(ka—é](m/?s’CO,C,T), k=1,....m
of’ af
g;rH-l(l./?S?COa CaT) = 8_‘];<w/’ 87(07(77_) + Ta_éfo(w/’ 87C07C7T)'

Then the corresponding holomorphic Hamiltonian of the system ((5.55)) is

/ / /a - /8 / 0
H=°C —|—goa—§0+;gj8<j+gm+1(%.
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By lemma (5.2.1)) for each j = 1,...,m, there is a C*° function ®;(x,t,s,(p,(,7)
holomorphic in ({y, ¢, 7) such that

Wj(xata 87C07C7T> = ZE]' + 8@j($,t,$,€0,<,7’)

is an approximate solution of H'Wj;(x,t,s,(o,(,7) = 0. That is H'W; is s-flat at s = 0.
For each 7 =1,...,m, define
Zi(x,t,s) = VV;’/(:r,t, $,C, ¢ 1) = Wi, t,s,0' (2, 8)) = Wy, t, s, u, g, uy)
and /
j(x,t,5) = @7 (2,t,5,00,C,7) = (2,1, 5, U, U, Uy).

Let 2/ = (Zy,...,Zp) and W' = (¥y, ..., ¥,,). Then Z' and ¥ are C'' functions such
that

Z'x,t,s) = x + sV (2,1, s).
Since H'W’ and so (H'W')"" is s-flat at s = 0 and since

/ /

(L) = (L))",
we have using
(L), 7 = (L) 7
= ()" (W)
= (HW")” (5.56)
is s-flat at s = 0.

Therefore, for a C? solution u(z,t) of u; = f(z,t,u,u,) if L* denotes its linearized vec-
tor field, we have obtained C* functions ¥y (z,t,5s), ..., V,,11(x,t, s) such that Z(z,t,s) =
(x,t) 4+ s¥(z,t,s) is an approximate solution of (L*);Z = 0 in the sense that (L"), Z is
s-flat at s = 0. We also found a C' function /'(z,t, s) such that 1/(z,t,0) = u(z,t) and
(L*)1h is s-flat at s = 0. Therefore, by lemma (5.2.2) we conclude that o ¢ W F(u)
and the proof of theorem [5.3.1]is complete. O
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Lemma 6.0.3. Let Q C R™ be open. Let f(x) € C*(Q2). Then for any Q¥ CC 2, there
exists F(z,y) € C®(Q x R™) such that

1. F(z,0) = f(z),Vz € ¥ and

2. for each k =1,2,..., there is C} > 0, such that

oF :

E(x,y)‘ < CrlylF, Vi =1,2,...,m
J

for z € ' and |y| bounded.

That is, f has an almost analytic extension.

Proof. Let p € C5°(B1(0)) such that p =1 on B1(0). Let {ir}rey be an increasing
sequence of positive numbers to be chosen later such that pp — oo.

Define

)\l
Feg) = 3 O ) ) (6.1)
7!
.
Clearly, F((z,0) = f(x). Fix y # 0. Then limy_, p|y| = 0co. Thus there is kg > 1 such
that

k> ko= )y > 1.
Then p(u,y) = 0,V|y| > ko. Hence,

Al
Feew) = Y Uhyotumons@

[vI<ko

which is a finite sum. Therefore, F' is well-defined. In fact, F' is C* when y # 0. We
need to show that F'is C* for y in a neighborhood of 0.

For this, fix o, 8 € Nj".
Then for || > |8],

o50: (Ut is) )

_ wz ( ? ) 3,(y")0, " (p(k1y))

|
T s<B

afy—i—oz T ' '
e 1)) > 5!(56—5)!(715)!@/”%Nﬁ'5' (9,7"0) (k)

|
T s<i0<s

(Since 85(y™) = 0 if &; > ~; for some j)

! 1
< |ores@] Y Wﬂ_ s ) )

0<7,6<8
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< [ f(@)]

< ‘a’H-ozf

\BI—Iély(ag s

f! 19l
> 3 (5 5) Yl

6<~,6<8

1
Z ol 5 5)! |’Y| |<5\M|ﬁ| ‘5|| 0y~ p) (1))

6<~,6<p8

(Since p(pyy) =0 for [y| = =)

= |0 f(a |25|5 N |5|’

0<B

Thus, if

then

G| < }awaf |Z5| (B — 5) Ivl 18] ‘

Set

”’H

) ()] -

el
G =09)0° (%ymwma;f (x)) :

5<8

Cs = sup {‘ (@f’p) (y)\ Ly € Rm}

M = sup |07 ()|

zeQ/

Plugging (6.3)) and (| into (6.2) leads to, for [y| > ||,

IN

IN

oj0z (1 ! wy)mf( >)\

. 1
MCgZ‘ﬁ 5

=18l
i< Fy|

1
« >
MCBZ,B iV h =28

) 1

MaCﬂH (Z 5,1(8

) (1Y)

) ()|

J=1 \6;<B;
= Mgcﬁﬂzﬁj I
=t (1)
= 2PpMecy I
(k1) 2
We have shown that when |y| > 2|3|,
B 9o <i)w gl Y 18l p e 1
(Ulvl)

Choose {juy}re such that g

= p; and for k > 1

= sup { (3) 7 (YD < b < f 4k
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Then {pu}4e, increases to oo.
When || = |af,
it > (M2) T (9|17

Therefore, for || > |a| and |y| > 2|5]|, we get

11 218l 218l
5aa (D) 5 8
3@/@;( Y Py f e ))‘ S T

Let mo = max {2|8], |«|} .
Then for x € R™,

mW(ﬁ;ypwvwmﬂ>ﬂ

S 2|5|05 Z = 2|’B|OB H Z = 2‘B|Cgem < Q.

v J=1lv=

Let

o]
9v(@,y) = g, Y p(pyy) 03 f ().

Then we have shown that the series > g,(z,y) and any series of the derivatives
Z o’ 0p 9+ (2, y)

converges uniformly on ' x R™.

For each k > 1, let

7y) =Y gi(x,y).

<k
Then hi(z,y) = F(z,y) and

Gﬁﬁhkxy Z@@xgvxy %Z@@xgvxy)

1<k

uniformly on ' x R™.
Therefore, F(x,y) € C®°(Q' x R™) and

080, F (z,y) = Z@@mgwxy

We are left to show that

oF
—(z,y)| < caly/F,VE>1,Vj=1,2,...,m
(9zj

Now for all |a| > 0,

O F (2, y)|ym0 = Zaa('

Wf(Obﬂ=®M%ﬂ@
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Therefore, for all a,

o5 (52 o

1, (0F OF
= §8y (8_95'](x’y) +18—yj($,y)) ly=0
1 , a
::§@ﬁ7@w+@@meuﬂ
1 1 QT€4
= 5 05,05 F(e.y)lymo + (D)0 £ ()]
1
= 5 0,05 F(w.p)lymo + (1) 1207 f ()
1 .
= 5 005 F (@ y)lmo — ()10 /()]
1 |’Y| +e A\ o] Qate;
= 3 Z (47 (11T f(2)) ly=0 — (1) 105+ f (=)
vy
Hence,
o [ OF .
8y (8_2_]<x,y)) |y=0 =0,vj=12...,m, Va.
Now let M > 0.

By Taylor’s theorem for x € ' and |y| < M there is a point pgcy between 0 and y such
that

oF oF oF
= | (2,y) — 2= (.0
Sew)| = [goe) - 5o
L OF 1 3
- Za(aya—z)$0y+2—l(yaz)( 2y)Y
la| <k |a|=k+1
1 [, OF N
= | X (ay g) (. Py )y
laj=k+1 J
1 LOF .
< > g‘(aya—)( )| Iyl
|a|=k+1 ’
1 oF
s u Y o s @5 |
. / 82
lajl=k+1  (@y)EQx|y|<M J
= qlyl*
Letting ¢x = max {c}, ..., c{"} gives the result for each k =1,2,...,. O

Lemma 6.0.4. Let V C R™ be open and let T" be a conic set. If f is almost holomorphic
function and of tempered growth on V +il's then bf exists in D'(V'). That is,

hm‘/f@+wW@M$

I's3y—0 v

exists for all o € C°(V).
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Proof. Let ¢ € C§°(V). For y € I's define

- / f(a + i) 6(z) da
|4

Assume that |f(z + 1y)| < |yi Observe that after an integration by parts

5w = =i [ flasin) g @ ar—2i [ Lo igpota) i

By induction, it follows that for any multi index «,

Z ng x—l—zy)aw()dx

Bt+y=a

for some constants C,. If 8 = 0, then using the fact that f is of tempered growth we
have

c|V|C,

|D*h(y)| < CO’QW ;

Co= Sup|Da¢|'

For 8 # 0, since f is almost analytic,

% (w) = Ol

Thus for |y| small there is Dz > 0 such that

c|\VIE
D < Y Cs, ‘|y'|,ﬂ = sup| D]

Bty=a

we conclude that for each « there exist C, > 0 and some constant (',

C1C,

D%h(y)| <
[ D*h(y)] T

Vo

We can therefore argue as in the proof of Theorem V.2.6 in [9] to prove the theorem. [

Lemma 6.0.5. Let ¢,0 € S(R™), n(&) € C*(R™), n(§) =1 for |{] > 2 and supp(n)
is contained in |§] > 1. Let t', 2" vary in a bounded set. Let € >0 and 0 < A < 1. Then
forany k=1,2,..., we have that

[(A)* [o()n(©(EP (' — a)EP™]| < Ayl

for some Ay > 0 independent of €.
Proof. Let t € R and consider the derivatives of

9(€) = I¢',€ £ 0.
Oe, (I€1') = 06, ((1€)F) = terle)*? (6.6)

O, (I8]) = t0e, (&alél™*) =t (161" + €106 1€]7)
= t(lg7*+ (= 2)71¢ )
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= 02 (|€]") = azlé]"" + 067 1¢| (6.7)

where aq, by are polynomials in ¢.

n

Claim : 9. (¢]) = a;[¢)' ™ (6.8)

J=0

where the a; are polynomials in ¢. We show this by induction. We showed this for
n = 1,2. Assume it holds for some n > 2. That is,

Then

d (€)=

and so is proved.

05,05 (I¢I) =

Therefore, if 5= (54, ..

op (1€") = aellel .
§=0

651 (agl|§|t) = 6& (Z ajgﬂglt—n_j)
Jj=0

> a;0, (€llef )
7=0

D e THE T 4 Y aiElog, (€ )
=0

j=1
> jagel e > bl el by (6.6),
=1 =0

(where the b; are polynomials in t)

n—1 n+1

D G+ Dagadd € 4> badlg
Jj=0 j=1

n+1

Z cj§{|£|t’"’1’j, where the ¢; are polynomials in ¢
=0

Now

0g, (98 1€]") = o, (Z aj£{|§|t"j> (by (6.8))
j=0

D g (GIe7) = D aselog (16
7=0

j=0
n N
> a4y bogglel
7=0 s=0

n N
Z Z ajS§{§§|§|t_"_j_8 where a5 are polynomials in t.
7=0 s=0

.y Bm), then

O (lel) = 97 9% (Iel)
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1
D ST B —

n=0  jm=0
( where the aj,;,, are polynomials in )

Hence,

92 (1) = ag&a|g|~ 11l (6.9)

a<lp

where the a, are polynomials in ¢ and so constants since ¢ is fixed. So, there is Cz > 0
such that

192 (16| < D laallgl el =#1-141 < Cylel14, v (6.10)
a<p
In particular,
02 (16P™) | < Cale 17,8 (6.11)

Consider now 9 (|¢|*(#' — 2')). Since ' — 2’ is bounded, it will not have any effect on
the estimates we consider. So let ¢ = ¢ — 2’ and set

9(&) = V(M — 2") = w(l] o).
Then by the chain rule

09 oy _ O 3
96,©) = g (P9 (1)

0
= (€L )0k (1€) g0 = % e SER™)

O = 5 (€ ()

= <GP (06 (1€1))° + ll€P )28 (€1

— gl<|s|A VA2 (1€1) + ga(1€1e) (9, (1€1))°
for some g1, g2 € S(R™) and

P96 = % (1 (€PA2 (1) + ga1€P0) (0 (1))

0
= o (6100 (16, (1) + 91(1eP )8 (1)

+e S (€126, 1) (0 161)” + 20n(1 )%, 16108, 1)

— 316 (1E) + ga (€1 )P, (1€)D2 (1€1)
+gs(I€*e) (g, (€M)’

for some g3, 94,95 € S(R™). From these patterns we claim that Jf g(§) is a sum of
terms of the form

,,,,,,, s (1€12) OB (1) - . O (1€1) [0, (1EM)]° (6.12)
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where the functions g, . 4.

bh+...+t+s=n,r+s<n,t; >0.

To prove this, we note that it holds for n = 1,2, 3. Suppose it holds for n > 2. That is,

02 9(8) = Gurotrs (1E1°¢) () - O (161 [06,(1EM)]

where the sum is over all natural numbers ¢;,...,¢,,s such that t; + ... + ¢, + s =
n,r + s <n. Then

Or1 (&) = ) Oe (9ur,tns (1617¢) D (IEM) - 05 (€1 [0, (1EM)]7)
where t1 + ...+ 1, +s =mn,r + s < n. By the product rule

Oer Gtr .trs (1E11¢) DL (1€ O (1) [0 (1E1M)]

= huyoas (1€17) D, (IE)OE(1E1Y) - 0E (€Y [06, (1€1M)]
(for some hy, 4, s € S(R™))
s (

= huy,oays (IE1€) D2 (IEP) . 8 (1Y) [0 (€)™
Clearly,

06, (953€1) =287 (1g1)

O [0, (1E1M)]° =5 [0e, (1E1M)]" 92 (1€1) -

Therefore, 8?1“ g(&) is sum of terms of the form

Gha,ootrs (€1°¢) O (1E1) - 98 (1) [0, (I€1M]
tr,s € S(Rm%

and

where the functions Gy,

.....

bh+...+t,+s=n+1lr+s<n+1t>0

and so the claim is proved. Since functions in S(R™) are bounded, there is C' > 0 such
that
O59()] < CIEP™ . [gPrrig D = Clgprm e

(r+s)A n
e _ e
N €1"
(since r + s < m since || > 1 by the support of 1(§))

— C|£’)\rfn+s)\ — C

which shows that
92 g(&)] < Clg" (6.13)

Hence for any 8 = (B1,..., Bm), we can use the product rule and (6.13)) to conclude
that

079(8)] < Clg|iFIY (6.14)

Consider now

AE (a(e€)n(©)v (1EPe) 1™
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We have

AE (a(e€)n(©)y (1€1e) ™)
= 3" aadf [o(en(E)d (1) 1€] caq € R

|a|=2k

= 3 0> basd2 [ (e)n(€)] 0L [ (1E17¢) 161 L bas € R

|a|=2k 0<a

Since n(§) = 1,V|¢| > 2, we have for [¢] > 2

0870 [o(en(&)]| = (087 [o(e€)]| = > (98 °0) (€€)]
a—06 1 : m
< Cysel lW (since n € S(R™))
1

€[l

S Coaée‘a_él

That is,

087" [o( (6.15)

| — |€|\o¢ 0|
Finally,

02 [w(EP)lelP™]] = D esndi " [w(lere)] o [1E1M]| sy € R
v<d
< ZAM|CM|5|(|5|—IW|)(>\—1)+/\W—\7\

v<o

(using (3.16) and (3.19) for some Az, > 0)
— ZA37|€|(‘5|_|V|)A_|5‘+ML

<&
|(81=F7DA+Am

_ Z 6v|§ 2 <ZA | [PRA+Am— 15

<6 <6
(since [¢] > 1,16 — || < 16] < |a] = 2k)

Therefore,
‘85[ |£|)\ |£|)\m]| < A ’5‘2k)\+)\m 4] (616)

From and (6.16) we get

|AY (o (e)n©)w (1€ e) €™
> aadf [o(e)n(©)y (I€e) €]

] =2k
< 3 a7 bustg? [o(e6)n(€)] 82 [ (1€1e) ]
la|l=2k | 6<a

99



Chapter 6 : Appendix

< Z ZBa6‘5|2k)\+)\m—|6\—|a|+\|6| _ Ck’§|2k()\—1)+)\m’ |§’ > 92

|a|=2k <
Hence the proof is complete. O
Preparation to lemma
For z = (21,...,2m) € C™, z; = x; +iy;, it is easy to see that
dzy N NdZyp Ndzy Ao N dzy = (20)"dey Ao AT Adyr AL AN Y. (6.17)

Set
w(z) =dz A ... \Ndzy,.

For n > 1, let 0, denotes the area of the unit sphere S"~! in R"”. We will identify C™
as R*™. For k=1,...,m, let

wi(2) = (1) Lz A .. dZy A dzp AdZ A ... dZ,

which means the dZz; is removed. Then

0, if j#£k
dz; Nwi(2) ANw(z) = { w(E) Aw(z), i =k (6.18)
Le
' 220) ™™ O o
B(z) = . > zlz P wr(2) Awl(2).
Then for z # 0, :
df(z) = 2(Z)WLch(ék|Z| ) A wi(2) Aw(z)
o k=1
:2(iizn_mz<zai(zk‘z’ 2m dZJ+Za )d2r>/\wk( ) Aw(z)
_ 2((2722)’"2282_ (2|2 72™) dz, A wi(2) Aw(z)
e og=1r=1 "

(since dz; Aw(z) =0, Vj=1,...,m)

= Ao (Flel M) w(z) Aw(z), by (618

N
N
I
3
3
Q

1 0%k
= BIE S (g () i (el ) ) (2 )
B (2027;m kz; (2172 = 2may,(zg — dyx)|2[ 7"
+ 2|72 = 2miy (v — iye) |27 ) w(Z) A w(2)
- e i (21272 — 2|y 22| m2)
2¢)~™ —om —om—
= (Uzm 2m|z| 7" — 2m|z| 2;\zk|2> =0 (6.19)
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Forr > 0,let S, = {(z,y) € R™ x R™ : |(z,y)| =7} . Then S; = S?*"~!. Suppose r > 1
and let € be the region between S 2m=1 and S,. Then Q is a bounded domain. Since j3
is a C' (2m — 1) form on €, we have by Stokes’ theorem

f2 == o= fo=e
A

If 0 < r < 1, the same also holds.
On Sy, 8 = |z|*™B. Thus, if B; = {z = (z,y) € R™ x R™: |z| < 1}, then by Stokes’

theorem
_ 2m g 2m
/Slﬁ—/slm 8= Bld('z' 8)

2
O [ S d (el M) hl2)
Bi =1
2(22) / _ _
=7 Az N wi(Z) A w(z
O02m B1; : k< ) ( )
=7 w(Z) ANw(z
02m 31; ( ) ( )
2(2¢)™™
_ 220 ) Awle)
Oom B
2(2¢)™™
— Lm(zi)m/ drzy N ANdxy, Ndyy A - dy,
Oom B
_ Q_m’ | = 2m T _
B Oom, - O9m, 2m N

We will make the identification C™ = R*™. B
Lemma 6.0.6. Let Q C C™ be bounded domain with C? boundary and let g(z) € C*(Q).
Then for any z € €Q,

g(z)z/mm ) /ag AB(w — 2)
where .
By) = 3 2 (w)iw

Proof. Let z € Q be fixed. Let € > 0 be such that B.(z) C Q. Set 2. = Q — B.(z). We
now apply Stokes” theorem to the (2m — 1) form g(w)B(w — z) on €.

/ A(g(w)Blw — 2)) = / g(w)B(w - 2) (6.21)
Qe 0

/ gl —2) = [ stwitw-2- [ gtmpte )
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Consider
| otwptw -2
OB,
As in (6.20)), we can show that

o P20

In particular,

Therefore,

/8 gw)Bw =)= g(2)

/a o) —2) - [ a2

wEaBe

/8 (glw) = g(=)Bw ~ 2)
< [ lgtw) — g(=))B(w - 2)]

0B

< sup |g(w) — g(2)] . |B(w — 2)|

wEDBe
< sup [g(w) —g(2)] [ |B(w—2z)|
'eraBe aBl
—c sup lg(w) ~ g, c= [ |Bw-2)
wedB, oB1
— 0 as € — 0+, since g is continuous at w = z.
Thus,
lim [ g(w)B(w —2) = g(2) (6.22)
e—0+ OB,

We now compute d(gf(w — z)) :

)t ) = 225 (gl — Tl — 2|2 (@ - 2) Aol )

2D ) Ae) )
N Q(ii:m 2 ai%(wxw—k = %) |w — 2 w(w) Aw(w)
(by (6.19))
_ Bow) A Blw — 2), (6.23)

Let R > 0 such that Q C Bg(z). Let g.(w) = xq.0g9(w) A B(w — 2). Then
|9e(w)] < [xadg(w) A B(w — 2)]

and

/Q Bg(w) A Blw — 2)|
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—~ 9y

227™m
B O2m /Q Zaw_k

k=1

<b / S @i — Fllw — 22 w(i) A w(w)]
Q=1

(b _ 22—m sup g (w)D

Oom Q 8w_k

(w) (@ — Z)|w — 2| 7*"w(@) A w(w)

< b/ Z lw — 2||w — 2| *™|w(w) A w(w)]
k=1
= b|2i|mm/ |w — 2|72 |dz A dy
Q

< 02™m lw — 2|7 dx A dy
Br(0)

R
= b2mm02m/ p2mAlp2mel gy < o,
0
Therefore, by the Dominated convergence theorem

lim /QE Ag(w) A B(w — 2) = /Qgg(w) A Bw — 2) (6.24)

e—0+

Using equations ((6.22) — (6.24)), we have

m

= 2(2i) " w Wy — Z5) |lw — 2| 72w (W) A w(w
0(2) = 20— 00 O =T = () A) .
2(24)™™ = g o o '
-2 /Q;a__k(w)(wk_zk)\w—z| W (@) A w(w).

When m = 1, we get w(w) A w(w) = dw A dw, o9 = 27 and so the formula in (6.25)

reduces into 5
1 1 e
g(z)——/ de——/de/\dw
p) Q

2T Jogo W — 2 271 w—z

which is the inhomogeneous Cauchy integral formula in one variable. [
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