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ABSTRACT

This thesis introduces three new operators and presents some of their
properties. It defines a new class of variational problems in terms of these
operators and derives Euler-Lagrange equations for this class of problems. It
is demonstrated that the left and the right fractional Riemann-Liouville
integrals, and the left and the right fractional Riemann-Liouville, Caputo,
Riesz-Riemann-Liouville and Riesz-Caputo derivatives are special cases of
these operators, and they are obtained by considering a special kernel.
Further, the Euler-Lagrange equations developed for functional defined in
terms of the left and the right fractional Riemann-Liouville, Caputo, Riesz-
Riemann-Liouville and Riesz-Caputo derivatives are special cases of the Euler-
Lagrange equations developed here. Examples are considered to demonstrate

the applications of the new operators and the new Euler-Lagrange equations.



INTRODUCTION

Over centuries philosophers and scientists have attempted to reduce the laws and the
principles of nature to a minimum. Among all laws and principles of nature, the principle that
could be elevated to the universal law and principle level is the minimum action principle which

in an extended sense can be stated as follows:

The nature always tries to minimize some action variables or functional. The subject that deals

with these functionals is known as the Calculus of variations.

Fractional variational problem is a variational problem in which the performance index or the
objective functional contains Riemann- Liouville, Caputo fractional derivative. The fractional

Euler-Lagrange equation has been used to formulate fractional variational problems.

In spite of its great success, the classical variational calculus has one mgor short coming; it
deals with functionals Containing derivatives of integer orders only. Recent developments in
the fields of science, engineering, economics, bioengineering and applied mathematics have
demonstrated that many phenomena in nature are modelled more accurately using fractional
derivatives. To overcome this situation, several investigators have developed a new Fractional
Variational Calculus. The fractiona variational calculus proposed above overcomes the
shortcoming of the classical variational calculus only partially. From close examination of
definitions of many of the fractional derivatives, it becomes clear that these derivatives are
nothing but a combination of fractiona' integral and integer order difierential operators applied

on functions whose fractional derivative is desired. Here, the fractional integrals of afunction are

(t_.r‘:lft—i

defined as convolution of the kernel k., (t, ) = a)

, ( kg(t, 7)) with the function.

In this thesis, we initiate this general variational calculus. We define three new operators
which in special cases reduce to the left and the right fractional Riemann-Liouville integral, and
the left and the right fractional Riemann-Liouville, Caputo, Riesz-Riemann-Liouville, Riesz-
Caputo differential operators. We define some simple functional in terms of these new operators,
fractional Euler —Lagrange equation and develop necessary conditions for extremum of these
functionals. We show that in special cases these conditions reduce to the necessary conditions for
fractional variational problems discussed elsewhere and the references. We consider examples



where the kernels considered are different from that given in the preceding paragraph. We
demonstrate that the necessary conditions for these examples developed using the formulations
presented here agree with those obtained using some other technique. In a large number of
problems arising in analysis, mechanics, geometry, and so forth, it is necessary to determine the
maximal and minimal of a certain functional. Because of the important role of this subject in
science and engineering, considerable attention has been received on this kind of problems.
There are some problems that have an important role in the development of the calculus of

variations



CHAPTER ONE

PRELIMINARY

1.1. Classical Differential and Integral Calculus

The basic idea behind fractional calculus is intimately related to & classical standard result from
(classical) differentia end integral calculus, the fundamental theorem

Theorem 1.1 Let f be integrable on the interval I = [a, b] and let t; he anumber in (a b). If fis

continuous at the point t;,. then the function

F(t) = [L f(s)ds for tefa, b]-m-----mmr (1)

isdifferentiable at ty,. and F (ty) = f(ty)

Notation.
a. By D. we denote the operator that maps a differentiable function onto its derivative, that
is, Df{x) := f‘(x).
b. By ].. we denote the operator that maps afunction f, assumed to be (Riemann) integrable

on the compact interval [a, b], onto its primitive centered at a; that is.

X

Jaf (x) = f f(t)dt fora<x<bh

c. For n € N we use the symbols D" and J," to denote the n-fold iterates of D and],,.
respectively, that is, we set D' :== D, J,' :=], and D" := DD"tand]," := JaJ," "
forn=2.

The key question now is: How can we extend the concepts of the above classical differentiation
and integration of functions when the nonnegative integer n is substituted by any real number
& > 0? Once we will have provided such an extension, we then need to ask for the mapping
properties of the resulting operators, and in particular this includes the question for their domains
and ranges. In our notation,

D f=f



Thisimplies that

D" = f
For eachneN, that is D" is the left inverse of J," in a suitable space of functions. We wish to
retain this property. However, as we shall seg, it is by no mean straight forward to generalize the
conditions to the fractional case n & N in such away that everything can be kept intact easily.
It is a classical error made very often that known properties from standard calculus are
generalized to the fractional setting too directly and without sufficient caution.

Theorem 1.2 (Fundamental Theorem of Calculus of Variations) If f(x) is a continuous
function defined on [a, b] and if f: f(x)g(x)dx =0 for every function g(x) €C(a, b) such that
g(@ =g(b) =0, thenf(x) =0foral xe€[a b].

Proof. Let fic) # 0 for some c €(a, b).Without loss of generality let us assume that f(c)> 0 .
Now because of continuity of £ we have fix) = 0 for some interval [x;,x,] <[a, b] that contains
the point c. Let

(=) — ) for x € [1,%,]
g(x) _[ 0 outside [xy,xs]

Notethat (x — x;)(x; = x) is positive for x € (xy,x2). Now consider
[ f60g0dx = [ )g(e?  + [ f(x)gGodx+ [ f(x)geodx
=0+ jx“f f(x)g(x)dx + 0
= [ ) g(x)dx

= f:f (%) (x — 29 )(xs —x)dx > 0

0

Thus we get a contradiction to what is given in the theorem. Such that f(x) = 0 on [a, b].

Theorem 1.3 If F(x)is continuous in [a, b] and if for every function h(x) € C"(a, b) such that
h(a}) =h(b) =0
b

f F(x)h'(x)dx = 0,

d

Then F(x) = constant for all Xe [a, b].



Theorem 1.4 If f(x) and g(x) is continuous in [a, b] and if for every function h(x) € C} (a, b)
such that h(a) = h(b) =0
b '
J, fh() +g(h' ()]dx = 0,
Then g (x) = f(x)for all xe [a,b].
Proof. Let A(x) = f: f(x)dx . Then it follows from integration by part
[7 f6OhG0dx = ACORGHE — [ fGOh'(x)dx)
= — [T AGON (0 dx
Thus by Theorems 1.2 and 1.3, we have

[P1-AGO + g(0In ()dx = 0.
Hence g(x) — A(x) = constant if differentiation g'(x) = f(x).

1.2 Gamma Function
% The gamma function is an extension of factorials to other number besides non-negative
integers.
** Itispossible to writelong expression in very compact form using gamma functions
which we shall define now.

Definition1.5. Gamma function is defined by

F(p) = [, et ldt, p>0. e (1)
Theorem 1.6 For every p > 0, the improper integral
Fp) = f;e'rti'-‘_ldt, is convergent.
Some special properties of the gamma function are the fo/lowing,
a. ltisreadily seenthat M'(p+ 1) = pl'(p), since
Frp+1) = [, e 'tPde

[}

= lim [P +p [ e~to e

b
= lim [* EEJU -IL~li*:-_|.nmC e~ ttPtde

- {'!t
=pf, e7'tF Nt = pI(p)

Integrating (1) by parts for real argument, it can be seen that



Fp) = [, et" 'de
=[—e T+ (P - 1) [ e ttP 2t

= lim [—e‘“tﬂ + (P —-1) f; e‘fti“'ﬂrfrJ

h—s00

=(pE-DrE-1).

If pisanintegern=1,2,3,4...thenT(m) =(m—-DIn—D =n—-Dm—2)I'(n—2)

Thus T(n) =(n—DMm—-2)(n—-3)(n—4)....1I'1) = (n — 1)!

b.r1)=1

c. If p=m, apositive integer, then '(im + 1) = m! (use( @) repeatedly)

Obviously '(1) = 1 and using (a) we obtain m=1, 2, 3, 4...

re)=1r1)=11=1!
r3)=2.rQ)=21=2!
r4)=3.r3)=32=3!
Im+1)=m.I'im)=m.(m—1)! = m!

So that gamma fisnction reduces to the ractorial for positives p arguments.

Thus (m +1) =mn!
d. Using relation in (a), we can extend the definition of '() for p < 0. Suppose N is

apositiveinteger and -N < p <-N + 1. Now using relation of (a) we find

Fp) =

Sincep + N > 0, the above relation iswell defined.

re+1) _ I'p+2) _ Mp+nN)

p p(p+l) T p(p 1)-———(p+N-1)

1.2. BetaFunction
In this section, x, y are positive real numbers.

Definition 1.7
The Beta function B(X, y) is defined as

1

B(x,y) = J £-1(1 — ()14,

(1]

This convergesfor x > 0,y > 0.



Theorem 1.8 symmetrical property of Betafunction, that is B(x, v} = B(y, x),

Proof, by the definition of Beta  function. we have
B(x,y) = f; {1 - )Y dt = J‘ﬂl('l )11 -1 -t)¥ dt as
Jy Feodx = [ fla —x)dx is true

Hence

1 1

B(x,y) = j(i -t eYlar = j 1 -y ldt = B(y.x)
0 0

Theorem1.9. Thetransformation Betafunction has the following forms:

t.ﬁ:’—] EY—1

B(x,y) = fﬂ ——(Hﬂx”dt =J’ﬂ ——{H'ﬂ”ydt,
Proof. By definition
1
B(x,y) = er{l -t Mt ———————— — (N
0
Putt = —1- sothat dt = — ——dr . then, fxom (I}, we have
L+7 (1+1)2
0
s~ [l ) s
@n=- g\ 1) Teoe
Istrueif f:f(x}dx = —f; f(x)dx thus
B i 1 r Y1 r r¥-1
(XJF}_J (r+1}x_1(1+r) I'i'l"'—J —__(r—|—1}“3*'dr
0 0
o r}’—l
Blx,y) = J mdr— —————(1
0

Since x and y are interchangeable in Betafunction, (1) gives



o
tI-]

B(x,y) =J e E (1
0
Thus (I1) and (111) implies that:
'3_": tI—] i t}'—]
(x]}r}:J mdf= mdt=ﬁ(}ﬂx)
(] 0

Remark. The Gamma and Beta functions are relatied as follows:

INESIRET
B(x,y) = _FEJH.:;::T for x,ye(0, ).



CHAPTER TWO

CALCULUS OF FRACTIONAL DERIVATIVES AND
INTEGRALS

2.1. Definitions and Properties of Fractional Derivatives and I ntegrals

In this section some popular fractional order derivative methods, such as Euler, Caputo, and
Riemann-Liouville, can be summarized as follows;
% The Euler method is defined by :

rr.Tm o I-l:iﬂ' +.”I
wit rmr—n+1}

And its deficiencies can be illustrated for constant and identity functions.

Euler generalized the inrmula

!HIIH

=mm-—-1D)(m—2) oo (m —n+ D™ - (2.0

dx 7
By using of the following property of gamma function. To obtain

d™™  {m+1)
Ayt I(m-m+1}

th—1

Assumethat f(x) = kx” where k isaconstant

andm=0andu=i and;

i it _ I'(m+1}) _
dx®  [{m—a+l) drl/* T [(3/4)

Examples.
a Find half derivativeof v=x

Solution. Use the Euler method formula, then

dix  [(141) 1-1 @) L 2e3
ST T X i= FE‘.“I? =
dxz (1541} G) vm

b. Thederivative of any constant function is always zero;
However, the result ol fractional order derivative with respect to the Euler method is

different from zero.

Assumethatf(x) =x.m=1and a = 2

3
>
Fxl Fzy 1
3 T(IJ



% The Riemann-Liouvilie method 15 for function

rr —_ L eyt roddv o
HDI f(t) ek r(?]—ﬂ}(ﬁ!f) Jﬂ (f__p']r:—rr+l ------- (22)

The fractional order derivative also can be applied to constant and identity functions with respect

to the Riemann-Liouville method.

Assuming thetf(x) = cx",c € B, n= ] and a =§

aDff() = () Jo s

Mn—al (t—p)or—n+1’

:>|']D3f(t)— (};tji r_‘dvz:( —12);&0

(t—v)3 (t—a)?
The obtained result is inconsistent, since the result is a function of x. However, the initia
function is a constant function and itz derivative is zero, since there is no change in the

dependent variable. The same case is valid for identity functions.

i« _ 1 (g' "ot [w)dy
ab; f(t) ~ rin—a) dt) jﬂ (t—p)yrm+1”

2 d v 2 4
= al?f(t) =—= o 3alt —a): + ;(t —-ayp)+#1
O =yt 7~ 3 )
% The Caputo method is
c = A i Fimipide
Eﬂgf(t) =x r(ﬁ—Ti_:lfﬂ (E—I-’]”"'i_" ------ (23)

the Caputo method does not have inconsistency for constant functions; however, it has

inconsistency for identity functions.

Assuming thatf(x) = x.,n=landa = §

€yt ¢t fMedy 1 ek
D f{:t) r(n 1) fﬂ (¢—v)ati=n e f(—%} (3(t g_]?-) #1

Let f € L'([a, b]) andD < @ < 1. Then

Theleft Riemann—Liouville fractional integral of order o, alf f is defined
alf'f = aD{f(t) = Jf (t—8)*'f(8)de .t € [a,b]---- (2.4)
Theright Riemann—Liouville fractional integral of ordere, tI f is defined as

tiff = &= }j (6 —)*1f(8)c ,tE€E|ab]-— ---(2.5)




If f is absolutely continuous function in fa ®], Le. JE AC ((a, b)), and0 < @ < 1, then
the left Riemann--Lioaville fractional derivative of order e, aDff f is given by:

o ﬂf — ﬂ'hl_[zf = r(1— [z}rit“r { _H} f(ﬁ}(.. te ,ﬂrbl """""" (26)
And the right Riemann—Liouvilie fractional derivative of order « tIgf is given by:
D = o tl T f = e (=) [ (0 — 7 £(8)dO,t € [a, b - - 2.7)

we havethat aDf al® = I, where| isthe identity map.
2.2 New Approach to Fractional Order Derivativesand Its Properties

Due to these deficiencies, there is a need for a new approach to fractional order derivatives.
This paper contains such a definition and some important properties of this approach.

Here we give the standard definitions of operators, left and right Riemann-Liouville

fractional integral, Riemann-Liouville fractional derivatives and Caputo fractional derivatives.

+« The main advantage of Caputo’s approach is that the initial conditions for fractional
differential equations with Caputo derivatives take on the same form as for integer-order
differential equations.

+ Some properties valid for integer differentiation and integer integration remain valid for
fractional differentiation and fractional integration; namely the Caputo fractional
derivatives and the Riemann-Liouville fractional integrals are inverse operations:

1. Iffel.(ablorfeClabland if & >0 then
EDT alf f(x) = f(x) and 5DF xIf f(x) = f(x) -mmmmremmmmmmmeeeemmmmmeea (2.8)
If f €C"la,bland if a > 0 then

SDE f(2) = F(x) - Bpzh D (x ~ @) weeme (29)

And xI€ SDE F(x) = f(x) — Lol “’] LA O ) | S — (2.10)
Definition 2. The operator kj is given by
Iy IF1(8) = kgt — F(0)I(L)
= p JL kat, D) F(DT +q [ ko(t,0) f(2)dT



Where a<t<b,P=(at, b, p, q)isaparameter sett € [a, b], p,q € Rand k,(t, 7) isakernd is
a completely monotonic kernel (which may depend on a ).the operator ky is referred as the
operator K (K-op for simplicity) of order ¢ and P-cet P.

Definition2.1: (Dual p-set).Given a p-set P =(a,t, b,p,q) we denote by p* the p-set p* =
(a,t,b,q,p) wesay that p is the dual of p.

Definition 2.2: If f(t) € L (a, b), the set of al integrable functions, and & > 0 then the left and
right Riemann-Liouville tractional integral ol order &, denoted respectively by alf® and ti}’,
are defined by

alf f (1) =Tn‘;“ 41 i I ) O (2.11)
1= F(t) -mf”{ O e €9 £ S ——— e (2.12)

Notethat:alf*[f] and tIf[f] are defined almost everywhere on (a,b) for f(t)L!(a, b: k)
Definition 2.3: For a > 0 the left and right Riemann-Liouville fractional derivative of order

« denoted respectively by ﬁﬂr" and %pF  are defined by:

aDEF(E) =

b [t — D" f(t)dr e - (213)

I(n @}

Df(t) = (=D)" [, (@ = )" L ()T (2.14)
If & isan integer, these derivatives are defined in the usual sense
RpE 1= D%, RDE = (—1)%,a = 1,23, .....

Definition2.4 For @ > 0 the lefi and right Caputo fractiona derivative of order adenoted

F{n—co)

respectively oy SpFand $Djfare defined by:
SDEF(£) = ——— [ (t = T)" @ D" f (£)d —emmmememrmemeememmees (2.15)

r(n—a)

et M) Lt S0 DI 0] LS - (2.26)

i

Where nissuchthat n — 1 < a < nand D = =

DEf(e) =

If e isan integer, then these derivatives takes the ordinary derivatives
ED& 1= D% 508 = (—D)% e = 1,2,3..4 ...
Definition 2.5

A fractional differential equation of order (0 < & < 1 is an equation of the form

(64

d®y
Tia = f(y.t)




Wherey: [k — R isan a-differential function in the variable t € R and flyv.th: R xR —

C" isacomplex value function.
Remark
The K-op reduces to the classical left or Right Riemann-liouville fractional integral (RLFI) for

( e r}fl:—l
e}

asuitably chosen kernel k, (t,7) and P-set p. Indeed, let k(t — 1) =

If p=(a,t, b, 1,0).then

t

1
kEF(E): =F_(EJ (t — ) (D)dr: = alff(t)

el

Istheleft Riemann-liouvillefractional integral of order .
If p=<(a,t,b,01),then

t

1
k2 F(t): = F—@J (r — ) L (2)dr:

el

tly f(t)
Is the right Riemann-liouville fractional integral of order .
Let usfirst consider operator kg of order a, which we define as

k& ez F(0) = P [ ka(t,0) F(D)dT +q [ ky(z,t) f(2)dT

o3 31 2 L Se— (2.17)

Wherea<t<b, P=(at, b, p, q) isaparameter set (called p-set), k. (t, 7} isakerne which may

depend on a parameter o, and the parameters p and q are two real numbers.

The integration limits a and b could extend to—oco andeo respectively.
Dueto alack of aterminology, we call ky as K-op (or operator K) of order o and p-set (or
parameter set) P, and Kk f(t) as K-op (or operation K) of fit) ( function f(t) of order a and p-

set P. This operator is a linear operator i.e. if f; (¢) and f; (t) are two functions, then

kg (fi(8) + £2(0)) = kg (i () + K (f2(£)) --mmmmmemmemmemeev (2.18)



Theorem 2.6 Operator kj satisfies the following formula,

kS F () = pkg f(£) + gl f (£)-rmrmrmsmmmmmmememomemmememenes (2.19)

Wherep = (a,t, b, p,q),p; = (a,t, b, 1,0) andp, = (a,t, b, 0,1),
Proof. Eqg. (2.9) foliows from the detiniion of  ky .

Theorem 2.7. Operator ky satisfies the following integration by parts formula,
2 9@ KEF(Ode = [ () KEGEIRE mmmmmmrmmmrmmemmemmemmemmeneeees (2.30)

where p = {a,t,b,p,q)and p* = {a,t, b, q,p)

Proof: The above identity follows by using the definition of k,; and changing the order of the

integrations.
b b E b b
J 90 k@ =p [ g@at [ ka0 f@adr + q [ g@at | kot 0 frar

=qf, f@dr [ gk (6, de + p . F) dr [ glt)k,(x,0) dt
= q [ F@ut [Pk (6, gy dt + p[. f@)dz [ ko(z,6)g(t) dt

= [7 F(©) k& g(t)de

Definethe “reflection operator (} such that (Qf)(t)= fiat+b-t)
Theorem 2.8 1f k,(t, 1) = I, (t — 7)the operators kjy; and Q satisfy the following identity

Qlpf®) = kpQf() ——————-————~——————————— — (2.31)

Proof. Eg. (2.31) follows from the definitions of kjf and Q. We now consider several special

(E._.r}ﬂ:—l
)

cases of ky;. For ke, (t, 1) = , operator ky. p = (a,t, b, p,q) leads tothe following

fractional integral formulas:

Casel: For p=p, =(a,t, b, 1,0).



t

J (t — )% f(r)dr = al®f(¢)

el

K f(E) =—— ( S

Isthe left Riemann-Liouville fractiona integral of f (t) of order a.
Case2: For p = py = (a,t,b,0,1),

kg F(©) === 1t — D) f(D)dr = I f(2)

Isthe right Riemann-Liouville [ractional integrals of f(t) of order a.

Case 3. Forp =py = (ﬂ,t,h,%‘,%}.
'f':p fle)= '.'fp f(t)+ k f{ﬂ'!

= ~[al# f(£) +tIEf(6)]

= a5 f(t)
Is the Riesz fractional integrals of f{t) of order u. We now define the operators
Alaopqf(£) =Dk f(t) = Ap f(t)--rmmmmmmmemoees (2.32)
B e bppf (6) = KE™EDMF(£) = BY f£)-mmrmrmmmmm- (2.33)

Wheren-1<o<nand p = (a,t,b,p, q).

Here nisan integer. We call A7(B))as A-op or operator A (B-op or operator B)of order
and p-set P, and Ay f(t)(By f(t)) as A-opn or operation A (B-opn or operation B) of order o
and p-set P. Note that the orders n and n- a could be replaced with a positive integer number and
apositive real number, respectively. However, here we will restrict to the above definitions. Both

operators are linear, that is 1f fi{t) andfy(t) are two functions, then
Ag(fr (1) + f(8) = AGF(6) + A5 12 (8).
B (f1 (£) + £2()) = BEf(8) + BEf2(0).

Theorem.2.9 I k,(t,7) = k,(t — 7).the operators Ap, B and Q) satisfy the following identities,

5 f(t) = (-D"A5- Qf (t). And



QBS f(1) = (—1) B Qf (o).
Wherep= (a,t, b, p,q) and p" = {(a,t,b,q,p).

Proef. This identity follows from the definitions ofAj;, Bfand Q, Theorem 2.8 and the fact that
QD fity=(-D }Q flt).

fl:—l

For k,(t,T) = operators Ay and B .p = (a,t, b, p,q) lead to the following fractional

derivative farmulas:

Casel: Forp=p, =(a,t, b, 1,0},

1 s e
A5 (®) = ey D™ [, (6 =07 f(@)dx = aDEf (b).
Is the left Riemann-Licuville fractional derivative of f(t) of order @, and

t
BS© = o J (t ™ D*f()dr = §DEF (1)
Isthe left Caputo fractional derivative of f(t) of order a.
Case2: Forp =p: =(a, t,b,0,1)
5. f(8) = D" f (t—o)" 1 f{r)dr.
= (—1)”aDE‘f(t)

Isthe right Riemann-Liouville fractional derivative of f (t) of order a, and

BS f(t) = f(t~r)" “=1 Df(7)dr.

[‘(n
= (—1) §D{f(D).
Is the right Caputo fractional derivative of f(t)of order a.

Case3: Forp =py = (atb 5,

) 2- -
A% F©) = 348 1O + A%, f0)| = BDEF)

Is the Riesz-Riemann-Liouville fractiona derivative of f (t) of order a, and



! 1 . . e
B, f() = 1 [BS F(©) + BE ()| = RSDikf(v).
Is the Riesz-Caputo fractional derivative of f (t) of order a.

Theorem 2.18 Operators Ajjand B satisfy the following ‘ormulas for integration by parts

780 A%fDdt = ()" [ () BEgDdt + X (-D)ig(nAy " f(r)]:

[7 g0 BEF(Dd = (—1)" [ f() A%g(0dt + Xl (—~1IAL T "g(t)(D)" 1 r{t)l:.
Where f(t) and g(t) are sufficiently smooth functions:

p=1{atb,pqand p*=(atb,qp). Andn-1 <a<n.

(t~7ye-1

= and different cases, the above formulas lead to the following identities:

For k,(t, 1) =
Casei: For p = p, = (a,t,b,1,0), we have
jHo— ; b
J; 80 aDEf(Dde = [ 60D (D dt+ Ff= ab]™ i) (-D)" 1 (o).
‘4 . b
[ g0 SDEf(DdE = [ HODE gde + X D)™ g ()" f(v)]
Casel. Forp = ps; = (a,t,b,0,1), wehave
[7 g DEfDde = [ (D SDEg(Ddt — Xty o} ™ "f(H(D)»~ g(t}I:.
b Chyog _ (b o _ n=1 j+m—n Ayn—1-j § b
[, 80 SDgF®de = [ f(DaDf g(ydt — Tiab™ "g(6)(-D)" 1 f(v)] .
Case3: Forp = py = (a,t, b.%,%}ﬁ we have
[} 80 SDEF® = (—1)" [} FORIDE g(Ddt — T (~1)™ADL ey ()"t g(tﬂ:-

12 50 RDERD A = (~1)" [ (ORDE gDt — T (~1)RD) g0 (@) (V)]



CHAPTER THREE

EULER-LAGRANGE EQUATIONS FOR SOME
VARIATIONAL PROBLEMS
3.1. Euler-Lagrange Equationsfor Fractional Variational Problems

In this section, we develop Euler-Lagrange equations for some simple variational problems with
fixed and free end conditions. We first consider a variational problem with fixed ends.

A simple variational problem with fixed ends: This problem is defined as follows:

Among all funetions y(t) which satisfy the terminal conditions

V(@) = Yo, and y(b) = yp ——rmrveere B — 3
find the function for which the functionah
b " .
D N GO 3 S — (31 s

an extremum, where0 < ¢ < 1l and P =< a,t,b,p,q >.
The Euler-Lagrange equation for this problem is given as

%— a, Eg:_y = QWhereP” = (@, t, b, g, ) —-n-n- ~-wmrmemmrmememmemememmmememees (3.2) Eq.
(3.2) can be derived using the techniques presented in standard books on variational calculus and
the identities presented above. For completeness, this derivation is briefly given below. To
accomplish this, we define

() = ¥ () + EN(t)mmrmmmmmmm e (3.3)

where y'(t) is the desired optimum solution, Eis an arbitrary number, and n(t) is an arbitrary

function except that it satisfies

) = 17(B) = 0 cmrmmmm e (3.4) Now if
we substitute Eq. (3.2) in Eq. (3.0), and n(t), then J becomes afunction of €. This Jis extremum
a&E=n0.

Differentiating this J with respect to € and setting the result to zero, we obtain

b
b|aF .o @F 1—g OF Y ) Y -
fﬂ Lﬂ_‘r’ Ap- ﬁHH}'] e & e f"'-*g}'n i = (39



Using Egs. (3.4) and (3.5) and alemma from calculus of variations, we get the desired

Euler-Lagrange equation. If the functional is defined as

b ;
e L o (36)
where0 < @ <1 and P = (a,t,b,p; q;}),j = 2,3, we obtain the following Euler-Lagrange
eguation
r:|.l7 s [!‘ -I'iF [z I'ir |
ay Pz’ dBE, v + K"a' dKp. Y = (3.7)

WhereP;" = (a,t,b,q;,p;), | = 2,3.

we now consider the necessary conditions for asimple variationa problem with afree end.

A smple variational problem with free ends: This problem is defined as follows:

among al functionsy(t). find the function for which the functional

Iyl =[] F(t,y, BEY)AL —emmememmememmeees (3.8)

Is an extremum, where 0 < @ <1 and P =<a,t,b,p,q >. The terminal conditions & t = a

and/or at t = b may not be specified. For this case, foiiowing the above approach, we obtain the

Euler-Lagrange equation given by Eq. (3.2, and the following transversality condition,

1-a Tii}, = 0,if y(a)is not specified, and ---------------- (3.9)
Filt=a

i o [ O R L —— (3.10)
IBEY |—p

HereP' =< a,t, b, q,p >.
3.2. Example of Variational Problems

Example 1. First, consider the following trivial problem: Find the extremum of

Jlyl = [, F(t, %, )dt. R — (3.11)

Subjected to x{a) = x, and x(b) is unspecified. Thisis one of the simplest classical variational



problem for which the necessary and the terminal conditions are given as

OF  d9F _
L — (312)
aF
And Ir - T T (313) this

problem can be restarted as follows: Find the extremum of

[lx] = [0 F(t,2, Y1t wreormrmmememmememeemeeememme e (3.14)

Wherey = #, and

x=z=x;+ Ih ydt = xg + K Y- e (3.15)
Note that in this case, x(a} = x,. further, g(t) = x5, P =(a,t, b, 1,0),and K, (t,7) = 1. we
obtain
+reE L J“idr e — (3.16)

:i_ p*az ~ ax
Differentiating Eq. (3.16) with respect to time, we obtain Eq. (3. 12), and setting t=b in Eq.
(3.16), we obtain the termina condition Eq. (3.13). Thus, both the current and the standard
schemes give the same necessary and the terminal conditions.

Example 2. Consider the following unconstrained fractional variational problem:
Minimizef| I—ljl( D“}zd
f.}'r — 240 0~x x

suchthat y(0) =0 and y(1) = 1 this examples with & = 1, for which isthe solutionis y{x) =
x ,1soften considered in text bookson variational caiculus. It can be shown that for this

probiem, the Euler- Lagrange equation is
D (pDx) =0

It can be shown that for & = 1 2 the solution is given as

di

.
Way=(2x—1) Jys—pnme

Example 3. Consider the following constrained fractional variationa problem:



Minimize [[y] =3 J,[v? + y3]dx
Such that

oD¥yr = -y +y2 . yi(0) =1

this examples with integral order derivatives is often consider in text books on optimal

control , I can be shown that “or th s problem, the Euler- Lagrange equation is

yvi+l+ Dfl=0Andy;, —1=0
Example 4. As a second example, consider the following example: Find the extremum of

jlud = f, [x* +u?ldt (3.17)
Which satisfies the following differential equation and the initial condition,

i=-x+u x(0)=1 (3.18)

This i1s a simple optimal conirol problem fer wh ch solutions could be found in many text books.
One of the following traditional approaches o solve this problem isto define

(t,x, 2w, ) = % (2% +u) + A% +x —w).

Where 4 is the Lagrange multiplier, and use the Euler-Lagrange equations to obtain

aF—ﬂ=:~ k=-x+
i r=-x+u
aF
—=0=2u—-A=0>u=4
du
ar d dF .
Anda—aa—ﬂ:x-l-ﬂ—.l:O.
These equation leadsto
u=x+u. (3.19)

Further the terminel condition leads to

Atm()E = 0= A(1) =0 = u(1).
(49)

Reformulation of Example 1. The solution of & = —x + w, x(0) = 1 can be written as



x(t) =e~t + [ e U Pu(r)dr. (3.20)

The above problem can now be restated es: Find the extremum of the functional given by Eq.
(3.17) where x(t) is definzd by Eqg. (3.20). In y(t)=u(t), z(t)=x(t), g(t) = e,
p=1{0,t,1,1,00, K,(t,7) = "9, and & term does not appear. For this case, leadsto

w(t) = —K&x(t) = — [ e Du(r)d (3.20)

Where p* = (0,t, 1,0, 1). Thetime derivative of Eq.(3.22) leadsto Eqg. (3.19). Further, for
t =1, £9.(3.21) ieadsto Eq. (3.20). Note that for this example, the necessary conditions

obtained using the new formation agree with those obtained using a standard approach



CHAPTER 4
CONCLUSION AND RECOMMENDATIONS

4.1. Conclusion

Three new operators, namely Ky, Aj; and B have been introduced and some of their
properties have been investigated. It has been demonstrated that for a specia kernel these
operators reduce to fractional integral and differential operators. Some generalized variational
problems have been defined, and Euler-Lagrange equations and transversality conditions for
these problems have been obtained. It is demonstrated that the necessary conditions obtained for
some problem obtained using the approach presented here agree with those obtained using other
techniques. In special case, when the derivatives are of integral order only, the result of fractional
calculus of variations reduce to those obtained from classical calculus of variations. It is hoped
that the future research will continue in this area.

4.2. Recommendations

We would like to make the following conclusions:

1. Here we have assumed that the terminal conditions are fixed and the functions
meet all the smoothness requirements. The case of unspecified end conditions,
unspecified end points (the transversality, conditions) and piecewise smoothness
(the corner conditions) will be considered in afuture work.

2. The new operators and the variational calculus proposed here will lead to a new
class of deterministic and stochastic differential equations.

3. Theresearch is necessary to develop analytical and numerical schemes for these
equations.

4. Existence, uniqueness, stability and convergence of these schemes also need to be

examined.



5. It is necessary to identify the physical problems, which fit in the current setting
and solve them to find the response of the system.

6. Another direction would be the generalized optimal control. As the matter of
facts, considerable effort has aready been made to develop fractional classical
mechanics and fractional optimal control. Note that many fractional integral and
derivative operators could be thought of as a subject of the operators presented

here.
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