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Abstract

This paper presents every K4-free graph G with n vertices can be made
bipartite by deleting at most n2

9
edges. Moreover, the only extremal graph

which requires deletion of that many edges is a complete 3-partite graph with
parts of size n/3.
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Chapter 1

Preliminaries

In this chapter we give the basic definition, concepts, Turán’s theorem and the
ideas about graph theory. As first part of this chapter some basic definitions,
notation and terminology in graph theory are discussed.

Definition 1.1. A graph G is an ordered pair G = (V (G), E(G)), where V
is a non empty finite set, called the set of vertices of G, and E is a set of
unordered pairs(2-element subsets) of V , called the edges of G. We denote
the order (number of vertices )of the graph G by |V (G)| = |V | = n, and the
size( number of edges) of the graph G by |E(G)| = |E| = e.

Definition 1.2. Let G = (V,E) be a graph. For any edge e = uv(u and v
are element of G), e is said to incident with u and v; the vertices u and v
are called the ends of e; u and v are adjacent to each other.

Definition 1.3. Let G = (V,E) be a graph. For any two edges e1 = u1v1,
e2 = u2v2, then e1 and e2 said to be adjacent if they have an end in common.

Definition 1.4. A graph with no edges is said to be empty graph; A graph
of order 0 or 1 is also said to be a trivial graph and all other graphs are said
to be non-trivial graphs.

Definition 1.5. A vertex which is not adjacent to any vertex in a graph is
said to be isolated vertex. A vertex adjacent to only one vertex is also said
to be a pendant.

Definition 1.6. A set of vertices or edges are said to be independent(stable)
set if no two of its elements are adjacent; A set of vertices are also said to
be a clique if every pair of vertices are adjacent.

Definition 1.7. The complete graph on n vertices, denoted by Kn, is a graph
on n vertices such that every pair of vertices is connected by an edge.
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Example 1.1.

Figure (1.1). Complete graphs

Definition 1.8. A bipartite graph is one whose vertex set can be partitioned
into two subsets V1 and V2, so that each edge has one end in V1 and one end in
V2; such a partition is called a bipartition of the graph. A complete bipartite
graph is a bipartite graph with bipartition (V1, V2) in which each vertex of
V1 is joined to each vertex of V2. If |V1| = n1, and |V2| = n2, such graph
is denoted by Kn1 ,n2 .( Consider the following graph which is bipartite graph
with bipartition V1 = {1, 2, 3, 4} and V2 = {5, 6, 7, 8})

Figure (1.2). Bipartite graph

Definition 1.9. A 3- partite graph is one whose vertex set can be partitioned
into three subsets (independent sets) V1, V2, V3, such that every edge has its
ends in different classes. A complete 3-partite graph is a 3-partite graph with
parts V1, V2, V3 in which each vertex of Vi, 1 ≤ i ≤ 3 is joined to Vj for i 6= j,
where 1 ≤ i, j ≤ 3. If |V1| = n1, |V2| = n2, and |V3| = n3, then we denote the
complete 3-partite graph by Kn1,n2,n3 .
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Figure (1.3). A complete 3-partite (K3,2,3) graph.

Definition 1.10. Let m ≥ 2 be an integer. A graph G = (V,E) is called
m-partite graph if V admits a partition into m classes such that every edge
has its ends in different classes (vertices in the same partition class must not
be adjacent); A complete m-partite graph is m-partite graph in which each
vertex is joined to every vertex that is not in the same classes (subsets).If
|V1| = n1, ..., |Vm| = nm, then we denote a complete m-partite graph by
Kn1,...,nm .

Definition 1.11. The complete m-partite graph on n vertices in which each
part has either k = b n

m
c or k = d n

m
e vertices is called Turán graphs ( see

figure 1.3 which is T3,8). We denote them by Tm,n( in which n = mk + r,
0 ≤ r ≤ m, there are r-independent set of size k+1 and (m−r)-independent
set of size k), where b n

m
c is greatest integer less or equal to n

m
.

Definition 1.12. The degree dG(v) of a vertex V in G is the number of
edges of G incident with v. if N(v) is a set of vertices adjacent to v, then
d(v) = |N(v)| is the degree of v.
For any two vertices u, v of G we denote N(u, v) the set of common neighbor
of u and v (all vertices adjacent to both of them) and d(u, v) is also called
co-degree.
We denote the minimum degree and maximum degree of G by δ and ∆,
respectively, of vertices of G.
Average degree of G is d(G) : d(v) = 1

|V |
∑

v∈V (G) v. If all vertices of G have
the same degree k then we say G is k-regular or simply regular graph.

Definition 1.13. Let G be agraph of order n. Then sequence of degrees of
the vertices in G d(v1), d(v2), ..., d(vn) such that d(v1) ≥ ... ≥ d(vn) is called
degree sequence of G.
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Definition 1.14. A sequence of real numbers (p1, p2, ...., pn) is said to be
majorized by another such sequence (q1, q2, ...., qn) if pi ≤ qi for 1 ≤ i ≤ n.

Definition 1.15. A graph G is said to be degree-majorized by a graph H if
V (G) = V (H) and the nondecreasing degree sequence of G is majorized by
that of H.

Example 1.2. C5 = 5 − cycle is degree majorized by K2,3 (2, 2, 2, 2, 2) is
majorized by (2, 2, 2, 3, 3).

Definition 1.16. Let G = (V,E) be a graph. A graph H = (V ′, E ′) is
said to be a subgraph of G, if V ′ ⊆ V and E ′ ⊆ E where each edge in E ′

has its end vertices in V ′, the notation we used is H ⊂ G. The subgraph
H = (V ′, E ′) of G, where E ′ is the set of all edges in E having both ends in
V ′ is known as the subgraph induced by V ′ and is denoted by G[V ′].

Lemma 1.1. (Handshaking Lemma) Let G = (V,E) be any graph, then

∑
v∈V (G)

d(v) = 2|E| (1.1)

Proof. Consider a bipartite graph H (incidence graph of G in figure 1.4)
with vertex set V ∪E. Then each element of E (edges) has 2-neighbors in V
and the sum of degrees of each element of V equals to 2 times e edges of G.

Figure (1.4).A graph G with four vertices and its edge-vertice incidence
graph.

4



Lemma 1.2. Let Kn be a complete graph with n vertices. Then

E(Kn) =

(
n

2

)
(1.2)

Proof. Each vertices is joined by edge to n−1 other vertices. Thus, counting
the number of edges at each vertices and summing, we get n(n − 1). Since
each edges has two vertices, each edge is counted twice in the sum.
Hence the number of edges, E(Kn) = n(n− 1)/2 =

(
n
2

)
.

1.1 Turán’s Theorem

In this section, we shall prove a well-known theoren due to Turán. It deter-
mines the maximum number of edges that a simple graph on v vertices can
have without containing Km+1.
Before we state the theorem lets consider some facts to make it easy.
Lemma 1.3. Let Tm,v denote the complete m-partite graph on n vertices with
parts of size k = b v

m
c or k = d v

m
e.Then

a)

E(Tm,v) =

(
v − k

2

)
+ (m− 1)

(
k + 1

2

)
≤

(
m− 1

2m

)
v2 (1.3)

( i.e. , Equality holds, if m devides v)
b) if G is a complete m-partite graph on v vertices, then E(G) ≤ E(Tm,v),
with equality only if G ∼= Tm,v.

Proof. a) Let v = km + r, 0 ≤ r < m, then r = v − km by definition of
Tm,v we have that
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E(Tm,v) =

(
v

2

)
− r
(
k + 1

2

)
− (m− r)

(
k

2

)
=

1

2

(
v(v − 1)− rk(k + 1)− (m− r)k(k − 1)

)

=
1

2

(
v(v − 1)− (v − km)k(k + 1)− (m− (v − km))k(k − 1)

)
, since r = v − km.

=
1

2

(
v(v − 1)− (v − km)k(k + 1)−mk(k − 1)− (−(v − km))k(k − 1)

)

=
1

2

(
v(v − 1)− (v − km)(k(k + 1)− k(k − 1))−mk(k − 1)

)

=
1

2

(
v(v − 1)− (k2 + k − k2 + k)(v − km)−mk(k − 1)

)

=
1

2

(
v(v − 1)− 2k(v − km)−mk(k − 1)

)

=
1

2

(
v2 − v − 2vk + 2k2m− k2m+mk

)

=
1

2

(
v2 − v − 2vk + k2m+mk

)
=

1

2

(
v2 − v − 2vk + 0 + k2m+mk

)

=
1

2

(
v2 − v − 2vk + (k2 + k)− (k2 + k) + k2m+mk

)

=
1

2

(
v2 − v − vk − vk + k2 + k − (k2 + k) + k2m+mk

)

=
1

2

(
v2 − vk − vk + k2 − v + k + k2m− k2 +mk − k

)

=
1

2

(
v(v − k)− k(v − k)− 1(v − k) + k2(m− 1) + k(m− 1)

)

=
1

2

(
(v − k)(v − k − 1)

)
+

1

2

(
(m− 1)k(k + 1)

)

=

(
v − k

2

)
+ (m− 1)

(
k + 1

2

)
6



b) suppose that G = Kn1,...,nm is a complete m-partite with largest number
of edges. Then E(G) =

(
v
2

)
−
∑m

l=1

(
nl

2

)
. If G is not isomorphic to Tm,v then

there must exist some i and j(i < j) such that ni − nj > 1
Consider another m-partite G′, the number of vertices in its m-partition are
respectively.
n1, ..., ni−1, (ni − 1), ni+1, ..., nj−1, (nj+1), nj+1, ..., nm. Then

E(G′) =

(
v

2

)
−

m∑
l=16=i,j

(
nl

2

)
−
(
ni − 1

2

)
−
(
nj + 1

2

)

=

(
v

2

)
−

m∑
l=1

(
nl

2

)
+ (ni − nj)− 1

>

(
v

2

)
−

m∑
l=1

(
nl

2

)
= E(G).

which contradicts to the choice of G
Thus, G ∼= Tm,v

Theorem 1.1. If a graph G contains no Km+1, then G is degree-majorized
by some complete m-partite graph H. Moreover, if G has the same degree
sequence as H, then G ∼= H.

Proof. By induction on m.
For m = 1 the theorem is trivial.
Assume that it holds for all m < n, and let G be a graph which contains no
Kn+1.
Choose a vertex u of degree 4 in G, and set G1 = G[N(u)]. Since G contains
no Kn+1, G1 contains no Kn and therefore, by induction hypothesis, is degree
majorized by some complete (n− 1)-partite graph H1.

Next, set V1 = N(u) and V2 = V \V1, and denote by G2 the graph whose
vertex set is V2 and whose edge set is empty. Consider the join G1 ∨ G2 of
G1 and G2. Since

NG(v) ⊆ NG1∨G2(v) for v ∈ V1 (1.4)

and since each vertex of V2 has degree 4(maximum) in G1∨G2, G is degree-
majorized by G1∨G2. Therefore, G is also degree-majorized by the complete
n-partite graph H = H1 ∨G2 (See figure (1.5)).

Suppose, now, that G has the same degree sequence as H. Then G has the
same degree sequence as G1 ∨ G2 and hence equality must hold in equation
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(1.4). Thus, in G, every vertex of V1 must be joined to every vertex of V2. It
follows that G = G1 ∨G2. since, G = G1 ∨G2 has the same degree sequence
as H = H1 ∨G2, the graphs G1 and H1 must have the same degree sequence
and therefore, by induction hypothesis, be isomorphic.
We conclude that G ∼= H.

Figure (1.5)

Theorem 1.2. ( Turán’s theorem )If G is a graph and contains no Km+1,
then E(G) ≤ E(Tm,v). Moreover, E(G) = E(Tm,v) only if G ∼= Tm,v.

Proof. Let G be a graph that contains no Km+1, by theorem (1.1) G degree-
majorized by some complete m-partite graph H. It follows from equation
(1.1) that

E(G) ≤ E(H) (1.5)

But(equation (1.3))
E(H) ≤ E(Tm,v) (1.6)
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Therefore, from equation (1.5) and (1.6)

E(G) ≤ E(Tm,v) (1.7)

proving the first assertion.
Suppose, now, the inequality holds in equation (1.7). Then equality must

hold in both equation (1.5) and (1.6). Since E(G) = E(H) and G is degree-
majorized by H,G must have the same degree sequence as H. Therefore,
by theorem (1.1), G ∼= H. Also,since E(H) = E(Tm,v), it follows(equation
(1.3)) that H ∼= Tm,v.
We conclude that G ∼= Tm,v.(See figure (1.3))
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Chapter 2

Introduction

The well-known max cut problem asks for the largest bipartite(largest
cut) subgraph of a graphG. A cut of of maximal size corresponds to a bi-
partite subgraph of maximal size, and we shall use both formulations. This
problem has been the subject of extensive research, both from the algorith-
mic perspective in computer science and the extremal perspective in combi-
natorics.

Let n be the number of vertices and e be the number edges of G and let
b(G) denote the size of the largest bipartite subgraph of G. The extremal
part of max cut problem asks to estimate b(G) as a function of n and e.
Theorem 2.1. Every graph with e edges can be made bipartite by deleting
at most half of the edges.i.e., b(G) ≥ e/2.

Proof. Using probabilistic method.
Randomly let us partition the vertices of a graph G into two parts X and

Y . Now, consider the effect randomly assigned each vertex, independently
and identically to X or Y with probability 1

2
. In this case the expected

number of edges in the cut(X, Y ) is e
2
. This implies that there is a positive

probability of partitioning the vertices so that the actual (as opposed to
expected) number of edges in the cut (X, Y ) is at least e

2
. In particular such

partition exist. If we delete E(G)\E(X, Y )(see figure 2.1), then we will get
a bipartite subgraph with edges at least e

2
.

Therefore, b(G) ≥ e
2
.

A complete graph Kn on n vertices shows that the constant 1
2

in the
above bound is asymptotically tight. Asymptotically tight means we cannot
improve the constant 1/2 cannot be replaced by alarger constant.
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We know that

e(Kn) =

(
n

2

)
1

2
e(Kn) = (n(n− 1))/4 = (n2 − n)/4.

Clearly , b(G) > e(Kn)− 1

2
e(Kn

But , e(Kn)− 1

2
e(Kn) =

n(n− 1)

2
− n(n− 1)

4
= (n2 − n)/4

Which implies b(G) = bn2/4c and b(G) ∼ e
2

or b(G) ∼ Kbn
2
c,b 2

2
c.

On the other hand asymptotically tight in the above bound mean that

limn→∞
b(G)
1
2
e

= 1. i.e., limn→∞
n2

4
n2−n

4

= 1.

Figure (2.1).Partition of vertices of a graph G.

A long standing conjecture of Erdős [8] is that every triangle-free graph
on n vertices can be made bipartite by deleting at most n2/25 edges. This
bound, if true is best possible (consider an appropriate blow-up of a 5-cycle).
i.e., blow-up is the operation of obtaining C5(n/5) from a 5-cycle by replacing
each vertex i by an independent set Vi of size n/5 (assuming for simplicity
that n is divisible by 5), and each edge is by a complete bipartite graph
joining Vi and Vj. In this range C5(n/5) is the unique extremal graph.

Example 2.1. G = C5(n/5) for n = 5.
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e = (C5(n/5)) = 1
5
n2

Figure (2.2). A 5-cycle graph G on n = 5 with an independent set V i of
size 5/5 = 1.

We get C5(5/5) by replacing each vertex i, i = 1, . . . , 5 by an independent set
of size 1, and each edge eij, i = 1, . . . , 5, j = 1, . . . , 5 by a complete bipartite
graph joining Vi and Vj for each i, j = 1, . . . , 5. Therefore, for C5(5/5) if we
delete at most 25/25 = 1 edges, C5(5/5) will be bipartite.
Now, consider G = C5(n/5) for any value of n which is divisible by 5 in the
following diagram.

Figure (2.3). A 5-cycle graph G on n vertices with an independent set of
size n/5.
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From this figure we need to delete at most n2/25 edges to make bipartite. In
general, this bound, if true, C5(n/5) with |Vi| = n/5 is the unique extremal
graph.

Erdős, Faudree, Pach and Spencer [10] proved that for a triangle-free
graph G of order n it is enough to delete (1/18 − ε)n2 edges to make it
bipartite for some calculable constant ε > 0. They also verify the conjecture
for all graphs with at least n2/5 edges.

Erdős [8] also asked similar question for K4-free graphs. He conjectured
that any K4-free graph on n vertices it is enough deleting at most (1 +
o(1))n2/9 edges to make it bipartite. Sudakove [13] proved thise conjecture
here we consider only the result.
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Chapter 3

Proofs

In this chapter we will show that how many edges be delted to make every
K4-free graph bipartite by considerig two caseses.

1. When the graph G is complete 3-partite graph with parts of size n/3.

2. When the graph G is not complete 3-partite graph with parts of size
n/3.

First we will see five Lemmas( Lemmas proved in the paper by Sudakove)
with their proofs. Finally we will prove the theorem.

Lemma 3.1. Let G be a 4-partite graph with e edges. Then G contains a
bipartite subgraph with at least 2

3
e edges.

Proof. It can be proved either probabilistic method or by taking an edge
disjoint union of two copies of K3.

1. Using probabilistic method

Let X, Y , W , Z be a partition of vertices of a graph G into four
independent sets. Partition these sets randomly into two classes V1
and V2, where each class contains exactly two of the sets X, Y , W , Z.
We can partition these sets into two classes in

(
4
2

)
= 6 ways just like in

the following ways.

1.({X ∪ Y }, {W ∪ Z}) 4.({Y ∪W}, {X ∪ Z})
2.({X ∪W}, {Y ∪ Z}) 5.({Y ∪ Z}, {X ∪W})
3.({X ∪ Z}, {Y ∪W}) 6.({W ∪ Z}, {X ∪ Y })

Now, consider a bipartite subgraph H of G with vertex set V1∪V2. Now,
we have 4 ways from the total of 6 ways to assign those independent

14



sets into V1 or V2. For example, if we consider two sets say X and Y ,
of from the above six ways, they appear 4 times to be assigned in V1 or
V2 differently and so they do have probability 4

6
= 2

3
to occur in the two

different classes. Therefore, by linearity of expectation, the expected
number of edges incidence with the two sets is 2

3
e ( edges of H). So,

b(G) ≥ 2
3
e. i.e., ( For any fixed edge (u, v) of G the probability that u

and v will lie in the different classes is precisely 2×2
(4
2)

= 2/3. By linearity

of expectation, the expected number of edges in H is 2
3
e. Therefore,

the actual number of edges of largest bipartite subgraph b(G) ≥ 2
3
e.)

2. By taking an edge disjoint union of two copies of K3.

Let us replace each vertices of a 4-partite graph G by an independent
set V1, V2, V3, V4 and each edge by edges of a complete 4-partite graph
joining the 4 sets. If we replace this 4-partite graph by K4, we will
get 3-types of extremal bipartite subgraphs. I mean from the following
graph consider two copies of K3 and take disjoint edge union. For
Example, if we take one K3 with sets V1, V2 and V4, and the other copy
with V2, V3 and V4 and join disjoint edges, then we will get a graph
with edges e1, e2, e3 and e4 which is bipartite graph H1. For the others
by doing simillar way, we will get the remaining two bipartite graphs.
Then by averaging the edge sum of these graphs we get b(G) ≥ 2

3
e. i.e.,

H1 : e1 + e2 + e3 + e4

H2 : e1 + e3 + e5 + e6

H3 : e2 + e4 + e5 + e6

Then H = H1 ∪H2 ∪H3 :2e1 + 2e2+, ...,+2e6

e(H) = b(G) ≥ 2/3e.

Figure (3.1). A 4- partite graph
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Lemma 3.2. Let G be a graph with e edges and m triangles. Then it contains
a triangle {u, v, w} such that

d(u, v) + d(u,w) + d(v, w) ≥ 9m/e

Proof. Consider a bipartite graph (incidence graph) with vertex set X and
Y ,where X is a set of edges, Y is a set of triangles. Then each element of Y
has 3-neighborhood in X and the sum of the degrees of each element of X
equals to 3 times order of Y (|Y | = m).

Figure (3.2). Edge-triangle incidence graph of G.

Let tk be sequence of elements of Y (triangles) for 1 ≤ k ≤ m.
Consider a triangle ( lets denote it by t and its vertices by {u, v, w}) which has
maximum number of adjacent triangles in G. Now, if we take any arbitrary
triangle (lets say with vertices {x, y, z}) from a graph G, we will get the
following inequality.

d(x, y) + d(x, z) + d(y, z) ≤ d(u, v) + d(u,w) + d(v, w)

Then summing over all triangles in G we get

16



∑
{x,y,z}=4

(d(x, y) + d(x, z) + d(y, z)) ≤ m(d(u, v) + d(u,w) + d(v, w))

d(u, v) + d(u,w) + d(v, w) ≥ 1

m

∑
{x,y,z}=4

(d(x, y) + d(x, z) + d(y, z))

But ,∑
{x,y,z}=4

(d(x, y) + d(x, z) + d(y, z)) =
1

3

∑
(x,y)∈E2(G)
{x,y,z}=4

(d(x, y) + d(x, z) + d(y, z))

=
1

3

∑
(x,y)∈E2(G)
{x,y,z}=4

d(x, y) +
1

3

∑
(x,y)∈E2(G)
{x,y,z}=4

d(x, z)

+
1

3

∑
(x,y)∈E2(G)
{x,y,z}=4

d(y, z)

=
1

3

∑
(x,y)∈E(G)

∑
(x,y)∈E(G)
{x,y,z}=4

d(x, y) +
1

3

∑
(x,y)∈E(G)

∑
(x,y)∈E(G)
{x,y,z}=4

d(x, z)

+
1

3

∑
(x,y)∈E(G)

∑
(x,y)∈E(G)
{x,y,z}=4

d(y, z)

=
1

3

∑
(x,y)∈E(G)

d2(x, y) +
1

3

∑
(x,y)∈E(G)

d2(x, z)

+
1

3

∑
(x,y)∈E(G)

d2(y, z)

=
∑

(x,y)∈E(G)

d2(x, y)

Therefore, d(u, v) + d(u,w) + d(v, w) ≥ 1

m

∑
(x,y)∈E(G)

d2(x, y)

≥ e

m

(∑
(x,y)∈E(G) d(x, y)

e

)2

=
(3m)2

me
=

9m

e

Since,

∑
(x,y)∈E(G) d

2(x, y)

e
≥

(∑
(x,y)∈E(G) d(x, y)

e

)2

(Cauchy Schwartz inequality ).
17



Lemma 3.3. Let G be a graph on n vertices with e edges and m triangles.
Then G contains a bipartite subgraph of size at least 4e2

n2 − 6m
n

.

Proof. Let v be a vertex of G and let ev denotes the number of edges spanned
by the neighborhood N(v). Consider the bipartite subgraph of G whose parts
are N(v) and V (G)\N(v).

Figure (3.3).Neighborhood of V .

From the above figure by deleting ev1 and edges in V (G)\N(v1) we get a
bipartite subgraph. It is easy to see that the number of edges in this bipartite
subgraph is

∑
u∈N(v1)

d(u)− 2e(v1).
Thus, averaging over all vertices we have

b(G) ≥ 1

n

∑
v∈V (G)

∑
u∈N(v)

d(u)− 2ev

=
1

n

∑
v∈V (G)

∑
v∈V (G)

d(v)− 2

n

∑
v∈V (G)

ev

=
1

n

∑
v∈V (G)

d2(v)− 2

n

∑
v∈V (G)

ev (3.1)

18



=
1

n

∑
v∈V (G)

d2(v)− 6m

n
. since,

∑
v∈V (G)

ev = 3m

≥

(∑
v∈V (G) d(v)

n

)2

− 6m

n

=
4e2

n2
− 6m

n

Lemma 3.4. Let a graph be K4-free graph on n vertices with e edges. Then
it contains a bipartite subgraph of size at least 2

7
e+ 8e2

7n2 .

Proof. Let v be a vertex of G and denote ev the number of edges spanned by
the neighborhood of v.
Consider a subgraph of G induced by the set N(v). This subgraph G[N(v)]
has d(v) vertices, ev edges and contains no triangles, since G is K4-free.

Therefore by Lemma (3.3) (with m = 0) it has a bipartite subgraph 4e2v
d2(v)

.

Let (A,B), A ∪B = N(v) be the bipartition of H.
Consider a bipartite subgraph of H ′ of G with parts (A′, B′), where A ⊂
A′, B ⊂ B′ and we place each vertex v ∈ V (G)\N(v) in A′orB′ randomly
and independently with probability 1

2
.

All edges of H are edges of H ′, and each edge incident with to a vertex
in V (G)\N(v) appears in H ′ with probability 1

2
. As the number of edges

incident to vertices V (G)\N(v) is e−ev, by linearity of expectation, we have

b(G) ≥ E[e(H ′)] ≥ (e−ev)
2

+ 4e2v
d2(v)

19



Figure (2.9). A bipartite sub graphH ′

Thus, by averaging over all vertices v we have

b(G) ≥ 1

2
e+

1

n

∑
v∈V (G)

(
4e2v
d2(v)

− ev
2

)
(3.2)

To finish the proof we take a convex combination of inequalities of equation

20



(3.1) and equation (3.2) with coefficients 3/7 and 4/7 respectively. This gives

b(G) ≥ 3

7

(
1

n

∑
v∈V (G)

d2(v)− 2

n

∑
v∈V (G)

ev

)
+

4

7

(
1

2
e+

1

n

∑
v∈V (G)

(
4e2v
d2(v)

− ev
2

))

=
3

7n

∑
v∈V (G)

d2(v)− 6

7n

∑
v∈V (G)

ev +
4

14
e+

4

7n

∑
v∈V (G)

(
4e2v
d2(v)

)
− 4

7n

∑
v∈V (G)

ev
2

=
2

7
e+

1

7n

∑
v∈V (G)

(
3d2(v)− 6ev − 2ev + 16

e2v
d2(v)

)

=
2

7
e+

1

7n

∑
v∈V (G)

d2(v)

(
3− 8

ev
d2(v)

+ 16

(
e2v

d2(v)

)2)

=
2

7
e+

1

7n

∑
v∈V (G)

d2(v)

((
4

(
ev

d2(v)
− 1

))2)

≥ 2

7
e+

1

7n

∑
v∈V (G)

d2(v) since, 16t2 − 8t+ 3 = (4t− 1)2 + 2 ≥ 2 for all t.

≥ 2

7
e+

2

7

(∑
v∈V (G) d(v)

n

)2

=
2

7
e+

8e2

7n2

Lemma 3.5. Let f(t) = t/18 + 2/9(5/2− t− 1/t)2. Then f(t) ≤ 1/9 for all
t ∈ [3/2, 2] and equality holds only when t = 2.
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Proof.

f(t) = t/18 + 2/9[(5/2− t− 1/t)(5/2− t− 1/t)]

= t/18 + 2/9(25/4− 5t/2− 5/2t− 5t/2 + t2 + 2− 5/2t+ 1/t2)

=
t

18
+

2

9

(
4t4 − 20t3 + 33t2 − 20t+ 4

4t2

)

=
t

18
+

1

9

(
4t4 − 20t3 + 33t2 − 20t+ 4

2t2

)

=
t

18
+

(
4t4 − 20t3 + 33t2 − 20t+ 4

18t2

)

f(t) =
4t4 − 19t3 + 33t2 − 20t+ 4

18t2

f(2) =
4(2)4 − 19(2)3 + 33(2)2 − 20(2) + 4

18(2)2

f(2) =
1

9

f(t)− 1

9
=

4t4 − 19t3 + 33t2 − 20t+ 4

18t2
− 1

9

=
4t4 − 19t3 + 31t2 − 20t+ 4

18t2

=
(t− 2)(4t3 − 11t2 + 9t− 2)

18t2
for all t ∈ [3/2, 2].

Figure(3.5). A graph of f(t) and g(t)

Now, consider

g(t) = 4t3 − 11t2 + 9t− 2 and its derivative

g′(t) = 12t2 − 22t+ 9 = 0 in the interval [3/2, 2]

And g′(t) = 12t2 − 22t+ 9 = 0 When, t =

(
22±

√
52

24

)
.
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So the largest root of derivative of g(t) is less than 3/2. Therefore, g(t) is
strictly increasing function for t ≥ 3/2 and so g(t) > g(3/2) = 1/4 > 0 for
all t ∈ [3/2, 2] (see in above figure). Since, 18t2 > 0 and (t − 2) is negative
for t < 2 and we conclude that f(t)− 1/9 < 0.

Theorem 3.1. Every K4-free graph G with n vertices can be made bipartite
by deleting at most n2

9
edges. Moreover, the only extremal graph which re-

quires deletion of that many edges is a complete 3-partite graph with parts of
size n/3.

Proof. To prove the theorem let us consider two cases

1. When the graph G is complete 3-partite graph with parts of size n/3.
It is easy to see that complete 3-partite graph with parts of size n/3
has (n

3
)3 = n3

27
triangles and every edge of this graph is contained in

exactly n/3 of them.
To make this graph bipartite we need to destroy all this triangles. since
deletion of one edge can destroy at most n/3 of them, altogether we

need delete at least n3/27
n/3

= n2

9
edges.

To finish the proof it remains to show that deletion ≤ n2

9
edges is

sufficient to make K4-free graph bipartite.

2. When the graph G is not complete 3-partite graph with parts of size
n/3.
Let G be K4 - free graph on n vertices with e edges Turán’s theorem
says that e < n2

3
, with equality only when G is a complete 3- partite

graph with parts of size n/3. By Lemma(3.4), we need to delete at
most e− b(G) edges to make G bipartite.
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b(G) ≥ 2

7
e+

8e2

7n2

and , e− b(G) ≤ e−

(
2

7
e+

8e2

7n2

)
≤ 5

7
e− 8e2

7n2

=

(
5

7

(
e

n2

)
− 8

7

(
e

n2

)2)
n2.

Let, g(t) =
5

7
t− 8

7
t2 where, t =

e

n2

g′(t) =
5

7
− 16

7
t and , g′(t) =

5

7
− 16

7
t = 0 when t =

5

16
, i.e., 1/4 < t < 1/3.

The function g(t) = 5
7
t − 8

7
t2 is increasing in the interval t ≤ 1/4 and

so g(t) ≤ g(1/4) = 3/28.
Therefore if e ≤ n2/4 we can delete at most 3n2/28 < n2/9 edges to
make G bipartite.
Next, consider the case when n2/4 ≤ e ≤ n2/3 and m be the number
of triangles in G. By Lemma (3.3), we can delete at most

e− b(G) ≤ e−

(
4e2

n2 − 6m
n

)
edges to make G bipartite.

So we can assume that e − 4e2

n2 + 6m
n
≥ n2

9
or e − 4e2

n2 + 6m
n
< n2

9
(we

are done). But we must express the equation as a function of n and e.
Then the number of triangles in G satisfies

m ≥ n
6

(
n2

9
+ 4e2

n2 − e

)
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and Lemma (3.2) implies that G contains a triangle 4 = {u, v, w} with

d(u, v) + d(u,w) + d(v, w) ≥ 9m

e

≥ 9

e
× n

6

(
n2

9
+

4e2

n2
− e

)

≥ 6e

n
+
n3

6e
− 3n

2

Let

V1 = N(u, v) V3 = N(v, w)

V2 = N(u,w) X = V (G)\ ∪ Vi, for (1 ≤ i ≤ 3).

Since G is K4-free and (u, v), (u,w), (v, w) are edges of G we have that
sets Vi, 1 ≤ i ≤ 3 are independent and disjoint.
Consider a 4-partite subgraph G′ of G with parts V1, V2, V3 and X. This
graph has e(G′) = e − e(X) edges where e(X) is the number of edges

spanned by X. By Turán’s theorem e(X) ≤ |X|2
3

and we also know
that

|X| = n−
∑
i

|V i|

= n− (d(u, v) + d(u,w) + d(v, w))

≤ n−

(
6e

n
+
n3

6e
− 3n

2

)
.

≤ 5n/2− 6e/n− n3/(6e).

Since G′ is 4-partite subgraph we can now use Lemma (3.1) to deduce
that

b(G) ≥ b(G′) ≥ 2e(G′)/3 = 2
3

(
e− e(X)

)
.

Therefore, the number of edges we need to delete to make G bipartite
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is bounded by

e− b(G) ≤ e− 2

(
e− e(X)

)
/3

= e/3 + 2e(X)/3

≤ e/3 + 2|X|2/3. Since, e(X) ≤ |X|2/3

≤ e/3 +
2

9

(
5n/2− 6e/n− n3/6e

)2

= e/3 +
2

9

(
5/2− 6e/n2 −

(
6e/n2

)−1)2

n2

=
1

18

(
6n2e

n2

)
+

2

9

(
5/2− 6e/n2 − n2/6e

)2

n2

=

(
1

18

(
6e

n2

)
+

2

9

(
5/2− 6e/n2 −

(
6e/n2

)−1)2

n2

= f

(
6e

n2

)
n2. where, f(t) = t/18 + 2/9(5/2− t− 1/t)2.

As n2/4 ≤ e ≤ n2/3 we have 3/2 ≤ t ≤ 6e/n2 ≤ 2. Then by Lemma
(3.5)

f

(
6e
n2

)
n2 ≤ 1/9 with equality only if e = n2/3.

This shows that we can delete at most n2/9 edges to make G bipartite
and we need to delete that many edges only when e(G) = n2/3(when
G is a complete 3-partite graph with pats of size n/3)
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Example (3. 1): Consider figure 1.3 (T3,8). To make this graph bipartite

(figure 1.2) we need to delete at most (8)2

9
= 7 edges. i. e. , If we delete

exactly 7 edges, we will get a bipartite subgraph with 14 edges. But by
deleting 6 edges we get a bipartite subgraph (figure 1.2) with 15 edges.
Therefore a graph which requires deletion of exactly n2

9
edges to be bipartite

is only a complete 3-partite graph with parts n
3

(T3,6 which needs exactly
62

9
= 4 edges to be bipartite).
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