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Abstract 

The Pelton turbine bucket is subjected to different loads under the turbine operating conditions of 

high rotational speed. One of the most catastrophic failures that could occur in a Pelton turbine is 

the fracture of the bucket, where the hydraulic jet force is at its maximum and applied for various 

cycles. The continual application of this cyclic load will result in nucleation and then fatigue crack 

propagation. This failure of Pelton turbine bucket has a great influence on durability of the turbine. 

The aim of this thesis is to analyze fatigue crack propagation and estimating the life of Pelton 

turbine bucket. To do this, a governing equation for crack propagation and life estimation was 

derived and a Pelton turbine bucket was designed.  

The three-dimensional model of Pelton turbine bucket was modeled by commercial software 

SOLIDWORKS. The modeled bucket was then imported to ANSYS 19 workbench. Finite 

Element analysis was done after meshing, boundary conditions and applying load. Then, static 

stress analysis and fatigue crack propagation of the turbine bucket was investigated using stress 

intensity factors. 

The stress-intensity factor was evaluated for each increment of crack depth and it was related with 

fatigue crack growth rate. The fatigue crack life was then calculated for each crack increment. As 

the result obtained, analysis of fatigue crack propagation and life estimation of the bucket are 

discussed. And few recommendations are made for the future study.  

 

Key Words: Pelton turbine, Kinetic Energy, Potential Energy, Dynamic Loading, J-Integral, 

Stress Intensity Factor, Fatigue, Crack Propagation, Fatigue Life. 
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Chapter One 

1 Background  

1.1 Introduction 

Hydropower is currently the most important renewable source of the world’s electricity supply. 

Continued exploitation of this resource is a response to the world’s demand for energy. 

Environmental legislation such as the Kyoto Protocol is putting increasing pressure on all 

governments to generate clean and green energy from sustainable sources [ 1 ]. 

 

Hydraulic turbines exploiting the energy of water in dams make an indispensable contribution to 

the generation of electricity worldwide. The advantages of hydroelectric plants over fossil fuel 

plants are a higher lifetime, an efficiency rate twice as high and cheaper costs for maintenance and 

service [ 2 ]. 

 

Turbines are used for hydropower generation. There are two types of hydraulic turbines, the first 

one is impulse and the other one is reaction type turbines. Impulse turbines work based on the 

principle of momentum; while in the reaction type turbines, the flow is fully pressurized and it 

works according to the principle of conservation of angular momentum. The potential energy of 

fluid is converted to kinetic energy. Francis and Kaplan type turbines are examples of reaction 

turbines and Pelton  turbine is an example of impulse turbines [ 3 ]. 

 

The Pelton turbine as shown in figure 1 is one of the most efficient types of hydraulic turbines; 

it is a cross-sectional flow turbo motor machine with partial admission and action. It consists of 

a wheel (impeller or rotor) outfitted with buckets in its periphery, which are specially designed 

to exploit large low flow hydraulic jumps. Hydroelectric plants outfitted with these types of 

turbines generally have a large pipe called a pressure gallery to transport the fluid from great 

heights, often more than 200 m. At the end of the pressure gallery, water is provided to the 

turbine through one or several needle valves, called injectors, which are nozzle shaped to 

increase the speed of the flow impact upon the buckets. The nozzle launches the water jet directly 
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against a series of bucket-shaped paddles mounted around the outer border of the runner. The 

water provides a driving force on the buckets, exchanging kinetic energy with the wheel by 

virtue of its change in the amount of movement [ 4 ]. 

 

Figure 1. Pelton Turbine [ 5 ]. 

In the conversion of hydraulic power to mechanical power, Pelton turbine can be used effectively 

over a relatively wide range head and flow rate when compared to other turbine categories and 

is suitable for many medium and high heads. However, it can also be used for small heads. The 

blade of Pelton turbine bucket plays the indispensable role. And it is the major part of the Pelton 

turbine that greatly influences the efficiency of the turbine. For this reason, this thesis will target 

on Pelton turbine bucket. 

Causes of Damages of Pelton Turbine Bucket 

The Pelton turbine bucket (blade) is subjected to different loads under the turbine operating 

conditions of high rotational speed. Analysis of water flow over the turbine surface initiates 

stresses on turbine blades and to other components. Turbine materials which are subjected to 

repeated hydraulic stresses may result into material failure due to fatigue [ 6 ]. 

Defects of a small size rarely occur in a new turbine. Such defects will be detected by a leakage 

or rupture during the pressure test, which is a very important type of tests at the end of the 

manufacture. Smaller defects in a new turbine may however, grow to critical size during life 

time due to crack propagation caused by a certain number of load cycles [ 7 ]. 

  

Buckets 

Rotor 
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1.2 Statement of the Problem 

Pelton turbine buckets are subjected to a combination of stresses caused by centrifugal force and 

water jet cyclic loads. The centrifugal force is induced by the fast rotating body and is related to 

the runner speed and mass [ 9 ]. These loads can possibly influence the turbine performance and 

durability. 

Problems concerning hydraulic turbines are caused mainly by cavitation, sand erosion, material 

defects and fatigue [ 7 ]. But, A case study from Norway [ 11 ] shows that a Pelton  turbine bucket 

was fractured from its root as it is shown in the figure below. The cause of crack was fatigue (in 

the form of corrosion) due to alternating stresses on the lugs. The turbine components which are 

subjected to repeated alternating or cyclic stress below the normal yield strength fail progressively 

by cracking, [ 6 ]. One of the principal failures and perhaps the most catastrophic failure that could 

occur in a Pelton  turbine is the separation of the bucket from its base at the root, where the bending 

stress product of the jet force is at its maximum [ 4 ].  

 

Figure 2: Bucket fracture discovered January 1952 [ 11 ]. 

 

 



Analysis of Fatigue Crack Propagation and Life Estimation of 

Pelton Turbine Bucket by Finite Element Method 
2020 

 

AAU/AAIT/SMIE Page 4 

This type of failure can occur during operation because of defects not detected during maintenance 

that could cause the disablement of the bucket, destruction of the housing, and in the worst case 

scenario injury of operators who are near the machine [ 4 ]. Once there is a defect on the material, 

it can be considered as an initiated crack. The initiated crack grows to critical size during life time 

due to fatigue propagation caused by a certain number of load cycles leads to fracture of the blade 

[ 12 ].  The main focus of this thesis is to understand the behavior and nature of cracks initiated by 

fatigue loads which have a vital importance in knowing how the cracks propagate and estimating 

fatigue life of Pelton turbine bucket. This helps in blocking further damages due to the separation 

of the bucket with its root.   

 

1.3 Objective 

1.3.1 General Objective: 

The general objective of this thesis is to investigate the fatigue crack propagation and life 

estimation of Pelton turbine bucket under normal turbine loading condition by finite element 

method. 

1.3.2 Specific Objective: 

The specific objectives are: 

❖ To discuss different fracture approach life estimation models. 

❖ To discuss different fatigue crack propagation models. 

❖ To design a micro Pelton turbine bucket. 

❖ To derive a governing equation of kinetic energy of a point in a Pelton turbine bucket. 

❖  To derive a governing equation of potential energy of a point in Pelton turbine un-

cracked bucket. 

❖ To derive the equation of motion of Pelton turbine bucket. 

❖ To derive a governing equation of fatigue crack propagation in Pelton cracked turbine 

bucket. 
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1.4 Research Methods and Methodology 

The methods and methodologies employed to achieve the above objective are: 

a)  Literature Review 

Literature review of relevant material on different methods of fatigue crack propagation and life 

estimations model will be done. The review will be based on literatures available from electronic 

media, journals, and books. Besides, secondary data, from previous related research studies, 

existing statistical data, etc. will be used. 

b)  Data Collection  

The geometrical specifications and the loading conditions data of the Pelton turbine bucket will be 

analyzed by designing a micro Pelton turbine with the help of a standard design manual. 

c) Modeling and Simulation of Pelton Turbine Bucket 

Having modeled the 3D model of the bucket using Solid Work software, the Finite Element 

Method Simulation will be performed using ANSYS 19 Workbench software. 

 

d) Results, Discussion, Conclusion, Recommendation and Future work  

Discussion and conclusion will be drawn based on the analysis done on the method and 

recommendations will be given after concluding the result. Finally; based on the limitations and 

scope of the thesis, future work will be forwarded for further studies. 

1.5 Scope and Limitations 

This thesis is intended to analyze fatigue crack propagation and life estimations of Pelton turbine 

bucket. The cause of crack initiation is due to corrosion and propagation of the crack is due to the 

applied jet force and centrifugal effect. Since the experimental method is quite expensive to 

perform fatigue crack propagation and since the set ups are not affordable, this thesis paper is 

limited to finite element methods. 

Even though the bucket is subjected to other environmental loading conditions like corrosion, only 

the effect of water jet and centrifugal force is taken into consideration and the initiated crack on 
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the bucket is considered to be a defect because fatigue load. Due to the wideness of research area, 

the following environmental loading conditions are not addressed in this paper. 

• corrosion 

• Vibration of the bucket.  

• Erosion problems, 

• Wear problem, 

• Cavitations, 

• Thermal load/ creep effect and Surface finish of the material, etc...  

1.6 Significance of the Study 

The outcome of this research will contribute to the body of knowledge in fracture mechanics in 

general and specifically in fatigue crack propagation studies. The outcome of this research will 

benefit potential technicians who design, manufacture and maintain hydroelectric power plants 

operating with Pelton turbine buckets. The outcome of this research will contribute to the fatigue 

crack propagation property of Pelton turbine bucket. The outcome of this research will contribute 

to estimation of fatigue life of Pelton turbine bucket once a crack initiated. 

As the experimental method is quite expensive, modeling and simulating using FEM analysis 

software can reduce the cost and the required result can be found with a short period of time. 

1.7 Organization of the Thesis 

The first chapter of this thesis introduces the background of the problem by identifying causes for 

failure of turbine in general and Pelton turbine bucket specifically. Reviewing literatures of 

previous researches have been done on the important parameters that will be used throughout the 

thesis. The second chapter deals with the basic concepts of fatigue crack propagation and fracture 

life estimation models. In the third chapter, derivation of a governing equation of fatigue crack 

propagation and life estimation is done specifically for Pelton turbine bucket. It also describes the 

fluid dynamics, solid mechanics and Hamilton’s equation of motion. 
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The fourth chapter introduces the steps used in ANSYS Workbench software for the analysis of 

required result. The modeling, mesh generation, loading and boundary conditions are briefly 

discussed. 

The fifth chapter discusses the results obtained from ANSYS Workbench software. With 

increment of crack length, different parameters were calculated and their values are tabulated in 

tables and different relations are shown with figures. 

The sixth chapter discusses conclusions drawn from the results and recommendations for further 

research are also given. 
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Chapter Two 

2 Literature Review 

2.1 Introduction 

The huge importance of hydroelectric power plants has been an incentive for conducting various 

researches from different perspectives to fulfill the growth of industry all over the world. The 

eventual sophistication of science and technology permitted researchers to focus on the design, 

failure analysis, and development of better material and processes that could maximize the 

efficiency of the hydropower turbines. 

However, the literature on the Pelton turbine bucket design available is scarce. This might be due 

to the competitive nature of the hydropower industry and the resulting secrecy in design methods 

and innovations. Pelton Turbine Bucket. 

  

Reiner Mack, [ 13 ] described the history of Pelton  turbines as they belong to the family of free 

jet turbines. Pelton turbines were invented in 1880 by the gold miner Lester Pelton, the design was 

then refined and optimized over time. The basic principle, however, is still the same. A nozzle is 

mounted at the end of the pressure line, converting the potential energy of the water into kinetic 

energy by forming a water jet. The jet is directed to the runner buckets. After the impact, the water 

leaves the bucket in the opposite direction of the free jet. The rotational energy is then transferred 

through the shaft to electrical energy using a generator. 

 Sonendra, N. Agarwal and T.S.Deshmuk, [ 14 ] have made an attempt to analyze the stress 

developed on the surface of the Pelton  bucket using Mechanical APDL. The geometric modeling 

of this blade (bucket) has been done using CATIA software for a 50 m head and stress analysis 

had been done in Mechanical APDL. They have also done the stress analysis considering bucket 

as a cantilever element fixed to the disc at one end with the force of jet applied at the splitter. The 

structural stress analysis has been done for flow rates ranging from 100 lit/sec to 150 lit/sec and 

speed ranging from 700 rpm to 900 rpm. It is observed that 1st principal stress is higher than 2nd 

principal stress and 3rd principal stress. The Von-Mises stress decreases as the rotational speed of 

the Pelton turbine increases. 
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In Hydroplan UK, [ 9 ] It is envisaged that hydraulic performance will improve due to greater 

control over the bucket surface geometry and finish. They also showed that the problem with 

Pelton turbine blade has been cyclic fatigue and corrosion exacerbating stress concentrations 

around the bolt leading to premature failure.  

The cyclic load is applied each time the bucket meets the jet. On high-speed multi-jet runners, each 

bucket can undergo as much as 5 x 1010 repetitive cycles over its lifetime. Therefore, in the design 

process of Pelton runner susceptibility to fatigue failure must be a major consideration. 

2.3 Fatigue Crack Propagation, Equations and Laws of Fatigue 

Crack Propagation 

In engineering, most of problems and disasters are caused by cracking of structures. This have 

resulted many catastrophes and financial losses. In 1978, the annual cost of fracture in the U.S.A 

was estimated to be $119 billion which was 4% of the national product. If the current technology 

was employed, the cost could have been reduced to by quarter [ 12 ].  

Fatigue in engineering structures is the loss of structural integrity over time due to the repeated or 

continuous application of stress. The response of the structure to constant stress is called ‘static 

fatigue’; however, the term fatigue is more generally associated with cyclic stressing. The fatigue 

phenomenon is common to most engineering materials and it has been estimated that 90% of all 

the engineering failures occur due to fatigue [ 10 ]. This can occur after thousands or millions of 

load cycles, indicating that the material weakens or experiences fatigue damage due to the repeated 

loads [ 15 ]. 

A most common distinction in fatigue is between high cycle fatigue (HCF) and low cycle fatigue 

(LCF). HCF considers events that may occur millions of times in the life of any engineering 

structure, with a predominantly elastic response. Low cycle fatigue may involve thousands of 

events before failure but it is associated with more widespread plasticity. There are three main 

approaches that are commonly used to analyze fatigue life in engineering structure. These are the 

fatigue life approach (SN approach), the strain life approach, and the fatigue cracks growth 

approach (FCG approach). The stress life and the strain life approaches are associated with the 

safe-design philosophy, in which a component is considered to be flaw-free. In the fatigue crack 
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growth rate approach, an initial flaw distribution is assumed (since it is based on fracture 

mechanics principle) and knowledge of the conditions and rate at which these cracks grow [ 10 ]. 

Many fatigue crack propagation (FCP) laws and governing equations have been derived both 

theoretically and experimentally. Recent reviews of FCP equations have described these various 

theories; only a few, demonstrating the different approaches taken to FCP, will be discussed. 

2.3.1 Fatigue Crack Growth Rate Using Energy Release 

Rate 

During crack propagation and fracture, two different surfaces are formed. the energy of original 

system will change. It will dissipate in the form of heat or remains constant. Griffith related the 

potential energy and work required to form a crack in equation (1) [ 12 ]. 

 0
p s

dE dWdE

dA dA dA
= + =

  
…………..………………… (1)

 

p s
dE dW

dA dA
− =

  
 

Where E is the total energy, pE Potential energy from internal strain and external force, sW  is work 

required to create two new surfaces and dA is increase in crack area. 

equation (1) was then improved by Irwin who defined the change in potential energy due to the 

crack area as the energy release rate which is given by equation (2): 

pdE
G

dA
= −

 
…………………….……..……………… (2) 

J. Rice obtained a path independent contour integral, the J-integral, after his first-name Jim, who 

describes the energy release rate in Linear Elastic Fracture Mechanics, and similar the J-integral 

which is: J G=   

i
i

u
J Udy T dS

x


 
= − 

 
 ……………..…………………………… (3) 
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Figure 3:contour around the tip of the crack [ 16 ] 

 

Where: ij ijU  = is the strain energy density, 

i ij jT n=  is the traction vector, 

G is an arbitrary contour around the tip of the crack, 

n is the unit vector normal to G 

,ij ij  , and u are the stress, strain, and displacement fields, respectively 

 

2.3.2 Fatigue Crack Growth Using Stress Intensity 

Factor 

In order to estimate the lifetime of a structure subjected to a load-case, research has shown a 

relationship between crack propagation and a number of load cycles called fatigue crack growth 

rate. For constant amplitude loading, the crack growth rate can be described by followed 

relationships [ 12 ]. 

1( , )
da

f R K
dN

= 
 

………………..……………… (4)

 

Where, K is Range in stress intensity, R is Mean stress effect or R-ratio,
da

dN
is crack growth per 

cycle. 
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max minK K K = −   min

max

K
R

K
=  

J-Integral can also be applied to fatigue accompanied by large-scale yielding; they have assumed 

a growth law of the form [ 12 ]. 

2( , )
da

f R J
dN

=  …………………..……………… (5) 

Where, ∆J is a contour integral for cyclic loading. This method can be used for a variety of load 

types and it is s equal to the energy release rate J=G.  

Fatigue crack growth for constant amplitude can be described by the fatigue crack growth rate, 

da/dN, and stress intensity range K as shown in the sigmoidal curve below. 

 

Figure 4: Fatigue crack propagation behaviour[ 12 ]. 

Where thK is a Threshold value which the minimum value of K for crack propagation, ICK is 

Fracture toughness, the maximum value of K for fracture, n m= is slope of the fatigue crack 

growth curve in region 2 and C is an intercept of sigmoidal curve in region 2.  The material 

parameters C and m are estimated form experimental testing.  

The crack starts to growth at a given threshold value, that is minimum value of the stress 

intensity factor where the crack start propagates, this is defined as region 1. The crack continues 
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to propagate in a linear way with increase in stress intensity and crack growth, this step is called 

region 2. The final end of the crack propagation is fracture where the stress intensity reach the 

fracture toughness value and a corresponding crack growth value that leads to fracture of the 

system, this region define the region 3 [ 12 , 16 ]. 

The fatigue crack propagation analysis and life estimation can be done by different models. Here,

 four different models are listed in the following table. 

 

Table 1:  Crack growth models with corresponding regions[ 16 ]. 

Model Region 1 

    (Kth) 

Region 2 Region 3 

    (KIC) 

Mean Stress 

Effect (R) 

Paris  X   

Forman  X X X 

NASGROW X X X X 

The Life time can be calculated by arranging the terms in the respective equation from equation 

(1), (2) and (3)  which results: 

Paris:     
( )m

da
N

C K
=




 

……………..……………… (6)

 

Forman:
 (1 ) IC

m

R K K da
N

C K

− −
=




 
……………..……………… (7) 

NASGROW: 

max1

1
1

1

q

IC

m p
th

K
da

K
N

Kf
C K

R K

 
− 

 =
 −    

 −    −     



 

……………..……………… (8) 

Since it is simple and convenient to use, Paris model will be used for life estimation. 
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2.3.3  Modes of Fracture 

In cracked structures, the stress field near crack-tips may be one of the three modes of fracture as 

can be seen in the figure below. These modes of fractures are categories as: 

Mode I (Tension, opening): In this mode, tensile forces load the body such that the crack surfaces 

are pulled apart. The deformations are then symmetric. This mode can be demonstrated by figure 

5 [ 17 ]. 

 

Figure 5. Mode I Opening or splitting 

Mode II (In-plane Shear, Sliding): In this mode, the body is loaded by shear force parallel to the 

crack surfaces, which slide over each other. Figure 6 can demonstrate mode II [ 17 ]. 

 

Figure 6. Mode II Shearing or sliding 

Mode III (out-of-plane-Shear, Tearing): In this mode, the body is loaded by shear forces parallel 

to the crack surfaces and the crack surfaces slide over each other Tearing of a paper with a scissors 

can describe this mode as shown in figure 7  [ 17 ]. 

 

Figure 7. Mode III Tearing 
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2.3.4 Determination of Crack Location  

Arne Kjølle, [ 7 ] emphasized that particular attention should be paid to the bucket. If minor defects 

have been formed, it was recommended to be removed by grinding and polishing according to 

advice from the manufacturer. The complex shape of the runner buckets makes it difficult to detect 

defects just below the surface of the bucket. These defects may penetrate up to the surface of the 

bucket during the first operation time period.  

 

In their research of fatigue life time estimation, Meet Chapani and Bhairav Thakkar, [ 18 ] 

introduced a semi-elliptical crack with a maximum radius of 4mm and a minimum radius of 0.5 

mm. Crack meshed with fine 10 nodded tetrahedron elements. Then, they located this crack at 

maximum equivalent Von-misses stress. They used Goodman's theory to determine the damage 

and the remaining life of the blade in terms of a number of load cycles. Finally, the fatigue life 

was determined as a function of the thickness and initial crack length. 

 

Andrea Carpinteri and his team [ 19 ] analyzed fracture based fatigue analysis of weld joints. 

Considering the specimen to be analyzed as a T-Joint or cantilever beam, they located an assumed 

elliptical crack at the joint (weld) of the specimen and analyzed the stress intensity factor for 

examining crack propagation. 

  

A.B. Winterbottom, [ 11 ] have studied a failure analysis of corrosion fatigue fracture on a bolted 

Pelton  turbine bucket. He inspected a fractured bucket and studied where the crack initiated and 

propagated. As shown in figure 2, the left lug of the bucket is fractured and above the bolt hole of 

the right lug, a crack is initiated. Having examined the cracks, he concluded that the crack initiated 

at the stem of the bucket below the bolt hole. 

It’s a fact that the crack propagates with a tensile load. But, the regions on the bucket are subjected 

to either a compressive or tensile load. Depending on the type of load they are subjected to, the 

surfaces are either tensile or compressive. From figure 2, the crack could be initiated either at the 

lower tensile region of the bolt hole or at the upper tensile region on the stem. 

For this thesis, the crack is initiated at the upper top tensile region of the stem as it’s discussed in 

the succeeding sections. 
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2.4 Material selection for Pelton Turbine Bucket  

Many types of research have been done to find the most suitable material for hydropower plants. 

Since the turbines are subjected to different load types with different environmental factors, 

finding the most optimized material property was one of the challenges that researchers had faced. 

To alleviate the problem, different materials are used for different parts of the hydropower plant 

turbine. 

Because of their excellent mechanical properties, 13Cr-4Ni steels are generally used for hydro 

turbines and water pumps. However, these materials are considerably less resistant to erosive wear 

and get damaged due to the excessive silt content of the water [ 20 ]. 

 

Particular attention is given to keeping the cost of materials for the fabrication of the Pelton wheel 

very low.  For micro Pelton turbines Grey Cast Iron, E-glass Fiber, AISI 1018 Steel, CA6nm Steel, 

and Aluminum Alloy (2024-T3) can be used [ 21 , 22 ].  

From the recommended materials the aluminum alloy has a defined fracture and strength 

properties. Besides, the cost of the material is cheaper than the others. Therefore, it’s selected for 

this thesis.   

 The chemical components of Aluminum Alloy (2024-T3) are: 

 Component Al Cr Cu Fe Mg Mn Si Zn other 

     Wt.% 90.7-94.7 0.1 3.8-4.9 0.5 1.2-1.8 0.3-0.9 0.5 0.25 4.35 

 

 And both the mechanical and physical material properties are depicted on Table 2.  

Table 2: Material properties of 2024-T3[ 23 ].  

Properties Values 

Density  2780 kg/m3 

Tensile Strength, Ultimate  485 MPa 

Tensile Strength, Yield  345 MPa 

Elongation at Break  18.00% 

Modulus of Elasticity  73.1 GPa  

Notched Tensile Strength  379 MPa  

Poisson's Ratio  0.33 

Fatigue Strength  138 MPa 

Plain - Strain Fracture Toughness (KIC) 44 𝑀𝑃𝑎√𝑚 

Threshold Value (∆Kth) 1.7 MPa√m 
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Shear Modulus  44.0 GPa 

Shear Strength  760 MPa  

 

Having surveyed the literature; in this thesis, the initiated crack will be located in the tensile region 

of the bucket. Considering the stem of the bucket as a cantilever beam, SIF and J-integral will be 

used for the analysis of fatigue crack propagation and the life will be estimated using Paris’s law 

and the material used is Aluminum Alloy (2024-T3). 
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Chapter Three 

3 Derivation on Equations of Motion 

1.1 Introduction 

In this study, to determine the governing equation of motion for the rotating Pelton turbine bucket 

that exposed to crack, simple approaches are applied. First, the micro Pelton bucket is designed 

and a governing equation for water jet is derived. Second, a governing equation for the fluid 

dynamics of the water jet is derived. Third, a governing equation for the rotating Pelton turbine 

bucket without and with a crack is analyzed considering the stem of the rotating Pelton turbine 

bucket as a cantilever beam, which will have an energy transformation between Kinetic, potential, 

and strain energy due to its high angular rotation created by water jet impact. Since the rotation of 

the bucket is created by fluid motion, the governing equation encompasses both fluid mechanics 

and solid mechanics. 

Stresses on the stem of the bucket are caused by two load cases that can cause the bucket to break 

off [ 21 ]. 

i. Fatigue load- caused by bending stress on the stem due to the water hitting the bucket 

every time it passes a nozzle. 

ii. Runaway- this occurs when the external load is removed from the turbine and the runner 

accelerates to a high speed. This produces a large centrifugal force in the buckets, which 

can snap the stem of the bucket. 

 

Figure 8: relative positions of resultant jet and centrifugal forces as well as fixing bolts.[ 11 ]  
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1.2 Design Specification of the Model Micro Pelton Wheel Turbine  

Taking the loading conditions data of design manual [ 21 ] the water falls from a net head (Hn) of 

120 m at a flow rate (Q) of 144l/s. The Pelton wheel is expected to run at a certain specific speed 

(Ns) to transfer torque (T) to the electric generator to produce power (P) whose main technical 

specifications are detailed in Table 3. 

Table 3. Pelton turbine technical specifications [ 21 ] 

Flow rate (l/s) 144 

Net Head (m) 120 

No of Jets 2 

Runner PCD (m) 400 

Jet Diameter (mm) 44.1 

Turbine Speed (rpm) 1032 

Gear Ratio 1.45 

  

Therefore, as the manual recommends, all the other design specifications are evaluated from the 

above main specification of the turbine. The geometric specifications are mainly dependent on the 

pitch circle diameter (PCD) of the turbine and their relation can be shown in the figure below. 

Where the given dimensions are the percent of PCD. 
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Figure 9: Geometry of Pelton  Bucket. All dimensions are in % of PCD [ 21 ] 

 

Figure 10: A basic bucket stem design for bolted fixing. All dimensions are in % of PCD [ 21 ] 

 

From figures 9 and 10, the following geometrical specifications of the turbine bucket are 

calculated. Their values are tabulated in table 4. The bolt holes are designed in such a way that the 

bolts can withstand the loads applied to the turbine bucket. Two bolts are used with diameters of 

12mm and 10 mm. The bolt holes dimensions are shown in figure 12. 
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Table 4: baseline bucket dimensions 

Parameters, Formula [ 21 ] 

 

Calculation Value Unit 

Height of bucket, ℎ = 34%D ℎ = 0.34 × 400 136 mm 

Cavity length: ℎ1 = 5.6%D ℎ1 = (0.056) × 400 22.4 mm 

Length to impact point: ℎ2 = 11.4%D ℎ2 = 0.114 × 400 45.6 mm 

Width of bucket opening, a=14%D a=0.14×400 56 mm 

Bucket thickness: t1=1.9%D 0.019×400 7.6 mm 

Depth of the bucket, t=12%D t=0.12×400 48 mm 

Width of the bucket, b=0.38%D b=0.38×400 152 mm 

  

Using the geometrical specifications depicted in table 4, the three-dimensional Pelton turbine 

bucket is modeled using Solidwork 2016. And it is shown in the figure below. 

           

(a) (b) 

                            Figure 11: 3D model of Pelton turbine, (a) bucket and (b) 3D view of the runner 

 

Figure 12: Bolt holes dimensions (all are in mm) 
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1.3 Fundamental Equations of Fluid Mechanics 

When a water jet passes through the turbine surfaces, a reciprocal action takes 

place. The particle deviates from its initial direction; the Momentum change induces a 

pressure on the blade surfaces and causes the rotation of the latter, thereby generating 

a torque upon the turbine shaft. The torque is expressed as [ 24 ]: 

                                 ( . )
d

T r m c
dt

=    

 ………………………..……………… (14) 

Where,  𝑇⃗ = the torque exerted on the shaft 

               𝑟 = the radius of the turbine runner 

               𝑐 = velocity of water jet 

Generally, a fluid motion is described by a set of 3 equations; these are (i) conservation of mass, 

(ii) conservation of Momentum, and (iii) conservation of energy.  

3.3.1 Conservation of Mass 

Since the total amount of fluid in a control volume V is conserved with density 𝜌, the mass flow 

rate can be written as: 

0

V

d
dV

dt
 =         ………………………..……………… (15) 

Using the Reynolds transport theorem, Eq (15) leads to 

( ) 0

V

c dV
t




 
+• = 

 
     ………………………..……………… (16) 

Since Eq (16) must apply even to an infinitesimal volume of control, one obtains: 

( ) 0c
t





+• =


    ………………………..……………… (17) 
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or 

                 0c
t





+ • =


   ………………………..……………… (18)  

3.3.2 Conservation of Momentum 

In applying Newton’s second law of motion to a finite, extended mass of fluid, the external 

resultant force is equated to the rate of change of resultant momentum which is calculated for a 

mass of fluid consisting of the same fluid particles Thus, 

   
V V S

d
c dV c FdV T ndS

dt
 = + •         ………………………..……………… (19) 

Where 𝐹  the body force per unit volume acting on the fluid, 𝑻̿  is the stress tensor, S is the surface 

of control enclosing V, and 𝑛 ⃗⃗⃗  is the unit outward normal to the area element 𝑑𝑆.   

Using the Reynolds transport theorem, Eq. 19 becomes: 

 ( ) ( )

V V S

c cc dV FdV T ndS
t


  

 
+• = + • 

 
    ………………..……………… (20) 

Using Green’s theorem and Eq (17), Eq (20) becomes: 

             
c

c c F T
t

 
 

+  = + 
 

    ………………………..……………… (21) 

The terms of the stress tensor stem from the pressure and the viscous terms, and can be 

rewritten as: 

                       T PI c c= +       .………………………..……………… (22) 

The Momentum equation, Eq (21) then becomes the Navier-Stokes equation: 

               21c
c c P c f

t




 −
+  =  +  +


       ………………..……………… (23) 
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Where, 𝑃 is the pressure and 𝜇 is dynamic viscosity 

3.3.3 Conservation of Energy 

Considering the energy balance for the fluid in volume V, Work is done on this mass of fluid 

by both body and surface forces, and heat may also be transferred across the surface of control 

S. Some of this work done and heat transferred shows up as an increase in the kinetic energy 

of the fluid, and the reminder shows up as an increase in the internal energy of the fluid, 

according to the first law of thermodynamics. 

The equation expressing the first law of thermodynamics is then: 

                 21

2
V

d dQ dW
e c U dV

dt dt dt

 
+ + = + 

 
      ………………. (24) 

Where, e is the internal energy of the fluid per unit mass, U is the potential energy of the fluid 

in a conservative body- force field 𝑓⃗⃗⃗  = −∇⃗⃗ 𝑈, Q is the heat transfer to the system, and W the 

work delivery from the system. Using the Reynolds transport theorem, the continuity equation, 

Eq. 17, and after some algebraic manipulation, the conservation of energy finally becomes: 

2 21 1

2 2

dQ dW
e c U c e c U

t dt dt

     

+ + +  + + = +    
     

 …………… (25) 

The above derived equations govern the fluid dynamics of water jet. The impact of the jet with 

turbine bucket can be considered as a distributed load in a specific area. Taking the hydraulic 

pressure as a stress, it will be acted on the bucket of the Pelton turbine repeatedly. 

Theoretically, on a Pelton  turbine, all the energy available in the flow becomes kinetic energy 

at atmospheric pressure through a nozzle before the fluid comes in contact with the moving 

bucket [ 4 ]. 
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Figure 13: Flow through a bucket [ 4 ] 

Figure 13 shows that at the bucket entry, absolute C1 and tangential u speeds have the same 

direction and sense; thereby, it can be written as: 

…………..……………… (26) 

 

Where 1  is the relative speed of entry between the jet speed 1C  and the impeller tangential speed 

u. At the control volume (CV) output, the direction of the relative speed 2 is defined by the output 

angle h, and we have: 

2 1mK =
 

………………..……………… (27) 

Where, Km is the denominated bucket coefficient that depends on the thickness of the water layer, 

surface roughness of the bucket, and type of material. Its value varies between 0.88 and 

0.92. 

Finally, an expression is obtained for the force of the jet on the bucket:  

                           
( )( )1 cos 1jet mF Q C u K = − +

              
…………..……………… (28) 

                                                         1 2v nC C gH=
       

……………..……………… (29) 

Where,  is the water density and is equal to 998 kg/m3 at 20°C, Q  is water flow rate,  is output 

angle. 

1 1C u = −
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Substituting the values on equation (28) results, 1813.55jetF N=  

For a normal condition the pressure P is given by: 

                          
jet

F
P

A
= ….. ………………………………… (30) 

Where of jetA is area of water jet which is, 

2( )

4

jet
jet

d
A


=  

Substituting the values on equation (30) results, 1.1901 P MPa=   

Considering the actual case of last jet impact on the bucket from a nozzle it is a fact that once the 

jet strikes the splitter, water is distributed throughout the bucket profile. And the distributed water 

pressure is considered to have equal magnitude on the surface of the bucket. Therefore, the 

pressure will have two components (Y and Z). They are assumed to be equal. Thus, 

58.415 10y zP P Pa= =   

But besides water jet, the bucket is also subjected to a centrifugal force (Runaway Force). This 

force can be specified by angular speed of the runner. And it can be expressed as follows. 

2
runaway bucket g runawayF m R =    

2
2

60

runaway
runaway bucket bucket g

N
F V R




 
=     

 
 

Where, 37.7 1033
nH

N rpm
D

= =  and 1.8 1860runawayN N rpm= =  

  3 4 30.0069 4.416 10bucketV D m−= =   
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 gR is radius of bucket center of mass. 

  0.48 0.192gR D m= =  

bucket is dependent on the material property of the bucket. In this thesis the material selected is 

an Aluminum-Alloy and its property is given in Table 4.  

Therefore, the runaway force can be taken in terms of runaway speed (angular speed). 

2
195 /

60

runawayN
rad s




 
= = 
   

1.4 Mechanics of Rotating Pelton Turbine Bucket without a Crack 

Due to the applied load of water jet, rotational motion on Pelton turbine bucket will be created. 

The rotating Pelton turbine bucket can be considered as a cantilever beam where one of its sides 

is fixed with the turbine disc and the other end is free. 

Assuming the bucket as a plate subjected to lateral load or force of the jet and the stem of the 

bucket as a beam, the displacements, strains and stresses can be calculated using plate theory. 

The area of the bucket subjected to the water jet force is irregular surface. Projecting the diameter 

of the jet and assuming the contact area of the bucket with the jet as a plane, the applied load on 

that specific area is given by the figure 14.    

 

Figure 14. Plate Geometry [ 25 ] 
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1.4.1 Equilibrium Equation 

For a two-dimensional plate analysis, it is more convenient to define stress resultants per unit 

length by integrating only through the thickness. The general stress components acting on an 

infinitesimal element are shown in the figure 15 and the equations will be written in Cartesian 

coordinate as follows [ 25 , 26 ]. 

 

 

 

 

 

 

 

 

 

Figure 15. Free Body of Stress Components [ 25 ] 

The equations of equilibrium neglecting the inertial effect for an infinitesimal element in terms 

of stresses will be: 

0

0
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x y z
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x y z
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  
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 
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  

  
+ + + =
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+ + + =

    

……………..……………… (32) 

Where, X, Y and Z are described as body forces per unit volume.   

 To make the analysis easier, 8 stress resultants (forces and moments per unit length) can be 

defined by integrating through the thickness (dz) of the plate: 
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These force and moment resultants are shown in the figure 16. 
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Figure 16. Force and Moment Stress Resultants[ 25 ] 

  

Where xN  and yN  are in plane membrane forces per unit length (due to stretching of the plate 

mid surface), xM and yM  are bending moments per unit length about the y and x axes, 

respectively, xQ  and yQ  are transverse shear forces per unit length, xyN  is an in-plane shear force 

per unit length and xyM  and yxM  are twisting moments per unit length [ 25 , 26 ]. 

Equilibrium of the plate mid-surface in terms of stress resultants is derived using summation of 

forces and moments in the x, y and z directions.  It is assumed that the plate mid-surface is 

subjected to applied distributed loads xp , yp  and zp  (force per unit area).   

For clarity, let us see the summation of forces only in X-direction as it is shown in figure 17 . 
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Figure 17. Summation of Forces in X-direction [ 25 ] 

xN  and yxN  can be written as Taylor series in x and y, respectively.  Then, 

0 ( ) ( )
yxx

x x x yx yx x

NN
F N x y N y N y x N y p x y

x y


= = +   −  + +   −  +  

 
 ……… (34) 

Divide by x y   and we obtain: 

0
yxx

x

NN
p

x y


+ + =

   

…………..……………… (35) 

Similarly, we can do force equilibrium in y and z directions, and moment equilibrium about the x 

and y-axes.  Hence, we have 5 equilibrium equations in terms of force and moment stress 

resultants: 
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1.4.2 Compatibility Equation 

Assuming that all displacements and strains are small (infinitesimal), strain-displacement 

equations results in: 

2
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yy

xy

u u x y w x y
z

x x x

v v x y w x y
z

y y y

u v u x y v x y w x y
z

y x y x x y







  
= = −
  

  
= = −
  

    
= + = + −
     

……………… (37) 

Since all displacements are at the mid-surface and are functions of x and y only, the functional 

notation of (x,y,0) will be dropped and the above expressions will be rewritten as: 

2

2

2

2

2

2

xx

yy

xy

u u w
z

x x x

v v w
z

y y y

u v u v w
z

y x y x x y







  
= = −
  

  
= = −
  

    
= + = + −
       

……………..……………… (38)

 

1.4.3 Constitutive Equation 

The stresses and strains can be related in the following equation [ 25 ].   

 

2

2

( )
1

( )
1

2(1 )

xx xx yy

yy yy xx

xy xy xy

E

E

E
G

  


  


  


= +
−

= +
−

= =
+  

………..……………… (39)

  

Where E is Young's modulus, G is Shear modulus and  is Poisson's ratio.  
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3.4.5 Stress-Displacement Relations 

Substituting the compatibility relations into the constitutive relations gives the following stress-

displacement relations 

                              

2 2

2 2 2

2 2

2 2 2

2

( )
1

( )
1

2
2(1 )

xx

yy

xy xy

E u v w w
z

x y x y

E v u w w
z

y x y x

E u v w
G z

y x x y

  


  


 


    
= + − + 

 −    

    
= + − + 

 −    

   
= = + − 

+      

…………..……………… (40) 

Substituting the above equations into the definitions for stress resultants (equilibrium equation) 

and integrating through the thickness (assuming that u, v and w do not depend on z), yields the 

following equations: 

                         

1

2(1 )

x

y

xy yx

u v
N K

x y

v u
N K

y x

v u
N N K

x y








  
= + 

  

  
= + 

  

  
= = + 

+   

2 2

2 2

2 2

2 2

2

(1 )

x

y

xy yx

w w
M D

x y

w w
M D

y x

w
M M D

x y







  
= +    

  
= +    


= − = −

 

………… (41)  

Now, xQ  and yQ  are obtained by using the last two equilibrium equations.  

                                                        

2

3

2

(1 )

12(1 )

Eh
K

Eh
D





=
−

=
−

…………….………..……………… (42)  

Where, K and D in plate theory are the axial and bending stiffness respectively. 
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3.4.6 Formulation and Solution of the Bucket Equations 

We can now develop the differential equations of equilibrium in terms of the displacements u, v 

and w and the applied loads. Substituting the stress resultant-displacement relations into these two 

force equilibrium equations results [ 25 , 26 ]. 

2 2 2 2

2 2

2 2 2 2

2 2

2(1 )

2(1 )

x

y

u v K v u
K p

x y x yx y

v u K u v
K p

x y x yy x







      
+ + + = −        −      

      
+ + + = −        −      

……..……………… (43) 

Substituting the two moment equilibrium equations into the transverse force equilibrium equation 

gives: 

                                           

2 2 22

2 2

yx y xyx
z

M M MM
p

x y x yx y

  
− + + =

    
……………………… (44)  

Noting that xy yxM M= − , then the above equation may be written as 

 

                                            

2 22

2 2
2

yx yx
z

M MM
p

x yx y

 
+ + =

  
……………..……………… (45)  

The last equation can be written in terms of the transverse displacement w  by substituting for the 

moment resultants in terms of w. Using the notation (the Laplacian operator) 

                 

2 2
2

2 2

() ()
()

x y

 
  +

 
…………..……………………………… (46) 

We obtain the following equation. 

           

2 2 2
2 2 2

2 2
2 2

2 2
( ) (1 ) 2 z

w w w
D D D

x yy x
D w p

x yx y


        
                       − − + − =    

 
 

…………… 

(47)  
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Assuming a constant material properties and thickness for the plate, D will be constant and the 

terms in the bracket will be zero; and the equation (47) reduces to: 

 
4

zD w p =
 

……………..……………… (48)

  

Where,
4 4 4

4

4 2 2 4
2

w w w
w

x x y y

  
  + +

   
 

Solutions of the above partial differential equations constitute the solution of the plate bending 

problems.  It should be noted that all five equilibrium equations (two in-plane and one transverse 

force equilibrium equations and the moment equilibrium equation) have been utilized to obtain the 

three partial differential equations above.  The partial differential equations defining the in-plane 

displacements u and v are coupled. Consistent with small strain theory, the partial differential 

equation for the transverse displacement w is uncoupled from u and v [ 25 , 26 ]. 

 

3.5 Kinetic Energy of the Rotating Pelton  Turbine Bucket 

The kinetic energy of the rotating turbine bucket can be derived by specifying a position of a point 

anywhere in the bucket. 

For a point P anywhere in the bucket, its position vector r is [ 27 ]: 

                i j kr u v w= + +  ……………..……………… (49) 

Where ,i ju v  and kw  are the unit vectors in the X, Y and Z directions.  

For the angular rotation
u

i
t


= 


; since there is no bending about the middle surface as it’s 

assumed, the velocity of the turbine runner can be written as: 

dr u u u u v u u u w
V v w i u w j u v k

dt t t t t t t t t t

             
= = + + + − − + − − +     

             
…… (50) 
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Where,   

di du du
j k

dt dt dt
= −

,   

dj du du
i k

dt dt dt
= − +      and    

dk du du
i j

dt dt dt
= −

 

Then, the general kinetic energy can be expressed as: 

  

1

2
A

T h V VdA= • …………………..…..……………… (51) 

Where,   is the mass density of the bucket, h is the thickness, and A is the area of the runner. 

Substituting the expression of velocity in equation (51) gives the following equation.  

2 2 2
1

2
A

u u u u v u u u w
T h v w u w u v dA

t t t t t t t t t


              
= + + + − − + − − +      

               
    …… (52) 

Where,       

. 1

. 0

. 0

i i

i j

i k

=

=

=

  ,              

. 0

. 1

. 0

j i

j j

j k

=

=

=

         and          

. 0

. 0

. 1

k i

k j

k k

=

=

=

 

Simplifying the above equation gives: 

( ) ( )

( )

2 2 2 2
2 2 21

2 1
2

2 2 ( )

A

u v w u
T h u v w u v w v w w

t t t t

u v u w
u w u v dA

t t t t


              = + + + + + + − + + +                       

         
− − − +      

         


  . (53)

 

3.6 Potential Energy of the Rotating Pelton Turbine Bucket 

Strain energy is a type of potential energy arising from stress and deformation of elastic solids. In 

an elastic solid, the work of external forces, W, is stored entirely as elastic strain energy, U, within 

the solid [ 12 , 28 ].   
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Considering the bucket as an elastic body, elastic potential energy of the bucket can be considered 

to be equal with the strain energy. 

 o exU U W= −
 
……………….…..……………… (54)

 

Where, U is the total internal strain energy, oU  is Strain energy and exW  is Work done due to 

external force. 

Thus, the strain energy oU , per unit volume for turbine bucket is given by the equation (55):  

   
1

2

odU

dV
= ………………..………..……………… (55) 

Where oU is Strain energy,  is stress,   is strain and V is the volume of the bucket. For a two-

dimensional strain, the strain energy can be expressed as: 

      

( )
1

2
o xx xx yy yy xy xy

V

U dV     = + + …………………………………… (56) 

Integrating equation (56) with respect to dz can give the following equation where A is the area 

of the bucket. 

( ) ( ) ( )
2 2 2

2 2 2

1

2

h h h

o xx xx yy yy xy xy

h h hA

U dz dz dz dA     

− − −

− − −

 
 = + +
 
  

   
 

……..……………… (57)

 

Using equation (33), equation (57) can be rewritten as: 

             

1

2
o x xx y yy xy xy

A

U N N N dA   = + + 
 

……………..……………… (58) 

Substituting the values of forces N from equation (41), strain   from equation (38) and the axial 

stiffness from equation (42) results: 
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2 2

2 2 2 2

2

2

1

2 (1 ) (1 )

1
2

2(1 ) (1 )

o

A

Eh u v u w Eh v u v w
U z z

x y x y x yx y

Eh v u u v w
z dA

x y y x x y

 
 


 

              
= + − + + −               −  −        

          
+ + + −         +      −       


…… (59) 

For external Hydraulic force of PZ, external work per unit area of the bucket is given by: 

1

2

ext
z

dW
P w

dA
=  

            

( )
1

2
ex z

A

W P w dA=  ……………………..……………… (60) 

Substituting zP from equation (48), it results: 

               

( )( )41

2
ex

A

W D w w dA=  ……….…………..……………… (61) 

Where,   
4 4 4

4

4 2 2 4
2

w w w
w

x x y y

  
  + +

   
 

Finally, the total strain energy will be the sum of Uo and Wex, which results: 

( )

2 2

2 2 2 2

2
4

2

1

2 (1 ) (1 )

1
2 ( )

2(1 ) (1 )

A

Eh u v u w Eh v u v w
U z z

x y x y x yx y

Eh v u u v w
z D w w dA

x y y x x y

 
 


 

              
= + − + + −               −  −        

          
+ + + − −          +      −       



   

… (62) 

Now, we have equations for kinetic and strain/potential energy. The equations of motion can be 

derived using Newton’s Law of motions, Lagrange’s Equation of motion and Hamilton’s Principle 

[ 27 ]. Since it is simple and convenient to use, we shall derive the equation of motion using 

Hamilton’s Principle. 
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The general expression for the Hamilton’s Principle between two arbitrary time’s t1 

and t2 expressed as [ 27 ]. 

( )
2

1

0

t

t

T U dt − = ……………..………..……………… (60) 

One can use the equivalent equation, eq(61) of Hamilton’s Principle as follows: 

0
d L L

dt q
q
•

 
    − =       

……………..………………….…… (61) 

Where, the Lagrangian L is then a function of both the coordinates and their velocities.       

   L=T-U 

 Where T is the kinetic energy and U is the total strain potential energy of the bucket. 

Substituting the values of T and U in equation (61) results, 

For X- Axis: 

( )2 2 2

2

1 2 4 ( ) ( 1) 2 ( ) ( )
2

1 2 (2 ) 2 2
2

A

A

d u u v w
h u v w u v w v w w u w u v dA

dt t t t t

u u v u w
h u v w dA

t t t t t





             
+ + + + − + + + − − − +          

            

              −  + − − −                         

−





2

2 2
1 0

2 1
A

Eh u
dA

x

    
 =    −      



 

…….. (62)                
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For Y- Axis: 

( )
2

2

2 2

1 12 2 2 ( 2 1) 2
2 2

1 0
2 1

A A

A

d v u u u w
h u w dA h u v w dA

dt t t t t t

Eh v
dA

y

 



                  − − −  + + + −                                   

    
− =    −      

 

     

…(63)                

For Z- Axis: 

( )
2

1 12 2 2 ( 2 1) 2 0
2 2

A A

d w u u u v
h u v dA h u v w dA

dt t t t t t
 

                    − + −  − + + + +  =                                    
 

 

…(64)                

The boundary conditions can be taken from a Cantilever beam with a concentrated load at the 

middle assuming that the water jet force will be concentrated at the center of its diameter. The 

boundary conditions are: 

At x=0, u o= ,v o= ,and w o=  

   Force and Moment,  ( )AB JetM F x a= − , 0BCM =  

3.7 Rotating Pelton Turbine Bucket with a Crack 

Due to crack formation, energy will be released. Thus, the total strain energy for the rotating 

bucket with a crack will be equal to total strain energy of the bucket without a crack minus the 

energy released due to crack formation. 

                                  

T CU U U= −

    

…… …………………………………… (65) 

Where,  TU  is total strain energy of a bucket with a crack. 

                   U  is strain energy of a bucket without a crack. 

                   CU is strain energy released due to crack formation on the bucket. 
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3.7.1 The Strain Energy due to Crack 

As discussed in Chapter 2, the released energy due to crack formation was described using Griffith 

energy balance. J-integral was also used to describe the released energy by a path around a crack 

tip. 

The J-integral equation in equation (13) can now be re expressed with an equivalent equation 

given by equation (66): 

i
i

u
J Udy T dS

x


 
= − 

 
  …..……………………… (66) 

Using an axisymmetric property at the crack tip the same as that of the global coordinate axis of 

the rotating turbine bucket (x,y) , Mode I of a crack as it seen in figure 18, its J-integral expression 

is given in equation (67), where ds = dxdy ,  

 xx yy xy

u v u
J Udy dxdy

x y x
  



    
= − + +  

    
  …..…………………… (67) 

 

 

                                Figure 18: Integration path around crack tip 

The loss of potential/strain energy due to crack formation on the bucket can be obtained 

by substituting equation (67) in equation (11):
 

  

Y 

X 
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p
xx yy xy

dE u v u
Udy dxdy

dA x y x
  



    
− = − + +  

    
 …..……………………… (68) 

Where, p CE U=  and A= CA  is area of crack. 

Equation (68) can now be simplified and reduced to the following form.  

C
xx yy xy

U u v u
Udy dxdy

dA x y x
  



    
= − − + +  

    
 …..………………… (69) 

Equation (69) is a governing equation for fatigue crack propagation at the fixed end of the bucket. 

For each crack growth, the energy lost is quantified by equation (69). The life estimation of the 

crack can now be related with the J-Integral by assuming plain strain condition. Equation (69) can 

now be rewritten as: 

C

C xx yy xy

A

u v u
U J Udy dxdy dA

x y x
  



     
= = − − + +   

      
   

 The relation between energy release rate and stress intensity factor (K) with mode I fracture is 

given by: 

                               

 

2
21

IJ K
E

−
=  …..……………..……………… (70) 

Where, E is modulus of elasticity of the material and   is the poisson’s ratio 

The above relation of equation (70) is to find the energy release rate from stress intensity factor if 

we wanted to calculate analytically. But in Ansys Workbench software, if we could specify the 

required inputs for fracture analysis; along with J value a value of KI (stress intensity factor) can 

be obtained without further step. Once we could find the stress intensity factor (KI), the fatigue life 

with increment of the crack depth can be estimated using Paris’s law as discussed in chapter two 

in equation (6). 
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( )m
I

da
N

C K
=


  

Where, N is the fatigue life, da  is increment in crack depth, C is constant and m is slop on the log-

log plot.   

For a given crack depth and applied stress, the stress intensity factor is given by: 

                          IK Y a= ….. ………………………………… (71) 

Where, Y is a geometric factor which has a value of 1.12Y =  edge cracked specimen 

The Stress  is the applied water jet over the area of the bucket. Or simply, it is the applied 

pressure which can be obtained from the power input of the water jet. 

The material property of Aluminum Alloy (2024-T3) is given by: 

485

44

ulti

IC

MPa

K MPa m

 =

=

  

C= 2x10--9m/(MPa√𝑚)2.5/cycle, m=2.5 and the initial crack depth
 

0.4oa mm= . ICK is the 

fracture toughness of the material. 

Using equation 72, the critical crack depth can be calculated from the following equation: 

  

max

2

2 2
max

1

IC c

IC
c

K Y a

K
a

Y

 

 

=

=

…..………………………………… (72) 

Here, the critical crack depth is a depth at which the fracture of the bucket happens. But also, the 

fracture is inevitable to happen when the crack depth enters the bolt hole as it is shown in figure 

12. Therefore, the critical depth taken is 9.4mm. 

 From Paris law, the life of the bucket can be calculated using the following sets of equations. 
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( )

/ 2
0

( )

f f

i

mm

N a

m m m
a

da
C K C Y a

dN

da
dN

CY a

 

 

=  = 

=


 

 ………………………… (73) 

Equation (73) can be simplified and reduced to equation (74). Equation 74 is the equation which 

determines the life time of the bucket with a final crack fa and a crack length ia   .
 

1 1
2 2

/ 2

1

1
2

m m

f i
f m m m

a a
N

mCY  

− − 
 −

=  
  −

  

 ……………………… (74) 
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                                                     Chapter Four 

4 Finite Element Analyses 

4.1 Introduction 

The Finite Element Analysis (FEA) method is originally introduced by Turner et al. (1956. It is a 

computational technique for approximate solutions to different engineering problems having 

complex domains subjected to general boundary conditions [ 29 ]. 

ANSYS is the domain name commonly used for ANSYS mechanical, general-purpose finite 

element analysis (FEA) and computer aided engineering software tools developed by ANSYS Inc. 

ANSYS mechanical is analysis tool incorporating pre-processing such as modeling of geometry 

and meshing, solver and post processing modules in a graphical user interface. 

 

The number of mesh determines the accuracy of the result and computational time. Increasing the 

number of mesh elements will increase the accuracy of the result and computational time and also 

it needs high performance computer. Decreasing the number of mesh elements will decrease the 

accuracy of the result and computational time. Thus to reduce such problems the usual trend is to 

use fine mesh in the area of interest (in this case the crack area) and course mesh away from the 

crack region. 

Steps used in the solution procedure using ANSYS are the following: 

❖ The geometry of the Pelton turbine bucket to be analyzed is imported in an IGS format. 

❖ The materials properties of the bucket are specified. 

❖ Meshing of the three-dimensional Pelton turbine bucket model is performed. 

❖ The boundary conditions and external loads are applied. 

❖ The solution is generated based on the previous input parameters. 
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4.2 Geometric Modeling of Pelton Turbine Bucket 

Even though Ansys has a capability of modeling objects; due to the complexity of the shape of the 

bucket, Solid Works 16 have been used for modeling the three-dimensional model of the bucket. 

A Pelton turbine bucket without a crack is modeled as shown in figure 19 and 20. Where, the 

buckets and the disc of the runner are bolted together. 

 

Figure 19. Pelton Turbine 

 

 

Figure 20.   Pelton turbine bucket without a crack. 
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4.3 Defining of Material Properties 

The selected material for Pelton turbine bucket is Aluminum Alloy (2024-T3) and the required 

properties for these analyses are given in Table 5. 

Table 5. Material Properties of Aluminum Alloy (2024-T3) 

 Yild   

(MPa) 

/tens comp  

(MPa) 

E 

(GPa) 

  

 
ICK  

( MPa m ) 

Density 

3

kg

m

 
 
 

 

345 485 73.1 0.33 44 2780 

 

4.4 Generation of Mesh  

The mesh with the default settings is not adequate to get the accurate results. In order to ensure 

accuracy of result, fine meshing for the tip of crack and global meshing for the remaining structure 

is performed. In this analysis the bucket around the crack area was finely meshed with “Sizing‟ 

option in menu. The element size for the region other than the crack surfaces was chosen to be 

2mm. For regions near the elliptical crack surface a sphere of influence type is used in the sizing 

menu. The sphere radius is 20 mm and the element size is 0.5 mm. And a patch conforming 

algorithm was used to get a finer mesh. For fracture problems; as ANSYS 19.0 recommends, 

tetrahedral elements was used for region other than the crack surfaces and for fracture module 

Hexahedral mesh was used.  

The number of elements in meshing affects the time and accuracy of analysis. A fine mesh results 

an accurate result but the time of analysis would be long.  In order to get an accurate result with a 

medium period of time, half of the bucket is considered for the analysis by which the number of 

elements will be decreased and the analysis time is shortened. 

It is shown in Table 6(a) that the whole body is selected and tetrahedron method is used. And in 

Table 6(b), the details of body sizing with the element size are shown. Having created a local 

coordinate system for crack location, a sphere of influence is used and a fined is used for regions 

near to the crack as it can be shown in Table(c). In figure 21, the bucket without a crack is meshed 

and the crack meh is shown in Figure 22. 
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 Table 6. Details of Mesh in Ansys Workbench. 

                               

(a)                                (b) 

 

(c) 

  

                     Figure 21. Meshed Bucket without crack 
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Figure 22. Meshed bucket around crack region 

 

 

 

 



Analysis of Fatigue Crack Propagation and Life Estimation of 

Pelton Turbine Bucket by Finite Element Method 
2020 

 

AAU/AAIT/SMIE Page 49 

4.5 Boundary and Loading Conditions  

As discussed earlier, considering the stem of bucket as a cantilever beam; one end of the bucket is 

fixed and the other is free, a water jet force on the area of impact is taken as a pressure with a value 

of 1.1901 MPa whenever the bucket interacts with the nozzle. The centrifugal force (angular 

velocity) of the bucket is also considered to be 195 rad/s with X-Axis as axis of rotation where this 

load is applied at each revolution which is shown in figure 23. 

 

Figure 23. Boundary and Loading Conditions of Pelton turbine bucket 
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Chapter Five 

5 Result and Discussion 

Introduction 

Considering only the lug (beam of the bucket), the stress profile can be given in figure 24. 

                            .  

Figure 24: Stress profile of a bucket. 

The red line represents the tensile regions and the blue line represents the compressive regions. 

But, it’s a fact that a crack will propagate in a tensile region. Taking the upper top region of the 

bucket as a point of interest, a semi- elliptical crack was assumed to be initiated on the surface of 

stem. The initiated crack length (b) was taken to be 1mm and crack depth (a) of 0.4 mm. The 

nomenclature of the crack is given in figure 25. 

                                                                         2b 

 

Figure 25: Crack Nomenclature 

Using a crack aspect ratio (a/b), dimensions of the crack are calculated. As shown in Table 7, the 

crack aspect ratio and crack depth are related based on crack length. After b= 15.56, since it’s the 

maximum crack length, the crack depth will increase 0.4 mm.   

 

a 
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                              Table 7: Crack model summary 

 

The von-mises stress distribution of a bucket with crack is shown in figure 27. The maximum von-

mises stress was located at the crack surface. This is because there is high stress concentration at 

the crack tip.  

 

Crack Length, b Crack Depth, a

(mm) (mm)

0 0.4 0

0.25 0.4 0.1

0.32175 0.4 0.1287

0.5 0.4 0.2

0.75 0.4 0.3

1 0.4 0.4

2 0.4 0.8

3 0.4 1.2

4 0.4 1.6

5 0.4 2

6 0.4 2.4

7 0.4 2.8

8 0.4 3.2

9 0.4 3.6

10 0.4 4

11 0.4 4.4

12 0.4 4.8

13 0.4 5.2

14 0.4 5.6

15 0.4 6

15.56 0.4113 6.4

15.565 0.43687 6.8

15.565 0.46257 7.2

15.565 0.48827 7.6

15.565 0.52039 8.1

Crack Aspect Ratio(a/b)
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Figure 26:Von-mises stress distribution on the bucket for a=2.8mm 

 

For each increment of crack depth, different fracture parameters are calculated and depicted in 

Table 8. Even though the critical crack depth is 9.4mm, the Ansys workbench fracture module 

could not read the value of crack depth above 8.1mm. Therefore, the analysis is done until 8.1 mm 
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of crack depth. However, the fracture of the bucket is inevitable to occur when the crack depth 

reaches 9.4mm. 

Table 8: Different fracture parameters vs crack depth 
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2.4 Stress Intensity Factor Solution 

Stress intensity factor solutions for a three-dimensional crack has been computed and its solutions 

are shown in figure 27,28 and 29. For the initiated crack, the stress intensity factor along the crack 

front position shows that the three modes of fracture are available in the initiated semi elliptical 

crack. And as it can be seen in figure 27, the mode I stress intensity factor (KI) is very large as 

compared with the other stress intensity factors (KII and KIII). The maximum values of KI, KII and 

KIII are 2984800 Pa√𝑚, 52159 Pa√𝑚and 69677 Pa√𝑚 respectively. From these values we can 

say that the fracture mode is mainly from opening mode. 

 

Figure 27: Stress intensity factors along crack front position 

For each increment of crack length, stress intensity factors SIF are exported from Ansys 19 to 

Excel and ∆K1 was calculated by taking the difference between the maximum and minimum 

SIFs as depicted in table 8. Then with a crack depth, a curve was constructed for SIF. 

It is shown in figure 28 that for an increase of crack depth and length, the SIF increases. The 

shape of SIF vs Crack depth graph is deviated from linearity. This is due to the fact that even 
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though it’s assumed to neglect both KII and KIII, the crack is propagating in shearing and tearing 

mode too.  

 

 

Figure 28: SIF K1 vs crack depth 

 

2.5 Fatigue Crack Growth Rate and Fatigue Life 

As discussed in chapter 2, the fatigue life is determined using Paris law which is applicable for 

region 2 of Figure 2. Having considered the material as elastic material, the constants C and m for 

Aluminum Alloy (2024-T3) alloy is interpolated using its strength property obtained to be the 

following values. 

C= 2x10-9 m/(MP√𝑚)2.5/cycle and m=2.5 

Using the above constants and geometric factor  𝑌 = 1.12√𝜋𝑎, the fatigue crack growth rate is 

calculated using Paris law equation as follows. 
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( )m
I

da C K
dN

= 

 

 

Figure 29: Fatigue crack propagation rate vs stress intensity factor 

Figure 29 is the plot of fatigue crack growth rate and stress intensity factor, which illustrates typical 

fatigue crack growth behavior in Aluminum Alloy (2024-T3) alloy. It generally discusses the 

relationship in which for an increase in SIF, there is an increase in fatigue crack growth rate.  

 The curve contains region II and region III of Figure 2. At intermediate ∆K values, the curve is 

linear, but the crack propagation rate deviates from the linear trend at high and low ∆K levels. At 

the beginning of the curve since the level of ∆K is low, crack propagation rate approaches zero 

until the crack depth of 0.1287 mm. When the crack depth reaches 0.1287 mm, the ∆K levels 

become equal with the threshold value of stress intensity factor which 1.7 MPa√𝑚. After this value 

the crack starts propagating and the rate increases nearly linearly until the crack depth is greater 

than 5.6mm.  
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At the crack depth of 5.6 mm, the crack propagates dynamically. Due to the influence of crack-tip 

plasticity on the true driving force for fatigue, the fatigue crack propagation rate increases rapidly 

until fracture happens, which is at a crack depth of 9.4 mm. Although the Paris equation is only 

valid for linear elastic fracture mechanics until the crack depth of 5.6mm, it is applied here with 

its limitations until the bucket is fractured. 

 

Figure 30: Fatigue crack propagation rate vs crack step 

Figure 30 is the plot of fatigue crack growth rate and crack step. A crack step is a dimension less 

term given for the increment of crack depth. A crack step one refers to the crack depth has increased 

from 0mm to 0.1mm.  The graph generally discusses the relationship on how fatigue crack growth 

rate increases when there is an increment of crack depth. 

It can be shown in Figure 30 that fatigue crack propagation rate increases nearly linearly until a 

crack step of 18 (crack depth of 5.6 mm). After that it increases rapidly. This is due to the fact that 

at a crack depth of 6.8 the material crack propagation behaves become dynamic. After that the 

fatigue crack propagation rate increases rapidly until the point of fracture. 
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Figure 31: Fatigue Crack Life (cycles) 

Using the stress intensity factor in Paris equation, fatigue crack growth rate was calculated and its 

values are tabulated in Table 8. As evident from figure 30, as crack depth increases Fatigue crack 

growth rate is found to be generally increasing. This means for each crack increment; the life of 

the bucket is shortened. The fatigue life of the bucket is then calculated for each crack depth 

increment and it’s shown in figure 31. 

Figure 31 shows the fracture fatigue cycles that the Pelton turbine bucket has been rotating with 

the increment of crack depth. For a crack step of zero, the reading fatigue crack life is 0 cycle. This 

means unless a crack is initiated a fatigue crack life is not determined. As the crack step increases 

the fatigue crack life increases to. For a crack step of 16 (crack depth of 4.8mm), the reading 

fatigue crack life is 2716670 cycles. This means, the bucket has been rotating 2716670 cycles until 

it reaches the plastic zone. Since the maximum crack depth analyzed is of 8.1 mm, one can read 

from figure 33 that the fatigue crack life of the Pelton turbine bucket is 2758440 cycles.  
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Chapter Five 

6  Conclusion, Recommendation and Future work 

6.1 Conclusion 

In this thesis, the main objective is to analyze fatigue crack propagation and life estimation of 

Pelton turbine bucket. First a mathematical model which governs the propagation of the crack and 

its life estimation was derived. Having designed and geometrically modeled the bucket of Pelton 

turbine by Solidwork 2016, it was then imported to ANSYS Workbench 19.0. The boundary and 

loading condition of the bucket was then applied.  Crack location in the bucket stem was identified 

from literature and fracture analysis for the operating conditions of Pelton turbine bucket was 

performed. From the results obtained, the following conclusions are drawn. 

i. A governing equation derived in equations (62), (63) and (64) are equations of motions 

of a Pelton bucket and equation (69) can be used as a mathematical model for a fatigue 

crack propagation of Pelton turbine bucket. 

ii. The von-mises stress increases with an increase of crack length as it is shown in figure 

28. The increase of von-mises stress above the yield strength of material shows that 

there is a plastic deformation and as crack length increases, more damage is generated 

which leads to the failure of the bucket at a crack when the crack depth exceeds the 

geometry of the bucket, which is 9.4mm.  

iii. Fatigue crack growth rate at each crack depth is determined and it was found that it 

increases with an increase in crack depth. Fatigue crack length propagation rate 

increased from 5.7147X10−6 to 1.4936X10−3 mm/cycle of crack length from 0.1 mm to 

8.1 mm. The obtained solution is limited by contour integral evaluation for defined 

crack geometries and its orientation or crack propagation direction.  

iv. When the crack depth reaches 8.1 mm, the fatigue crack life of the Pelton turbine bucket 

is 2758440 cycles.  

From the results, I can conclude that the propagation of the crack is analyzed and the life 

estimation is performed for the obtained stress intensity factor. 



Analysis of Fatigue Crack Propagation and Life Estimation of 

Pelton Turbine Bucket by Finite Element Method 
2020 

 

AAU/AAIT/SMIE Page 60 

6.2 Recommendation for Further Research 

Fatigue crack growth rate at the crack depth increase with the increase in crack length. For more 

accurate solution, a method which takes care of all the three regions of Figure 3 under fatigue 

loading conditions should be considered. 

In this thesis, only the effect of the applied water jet load and centrifugal force are taken into 

consideration. Other environmental loading conditions like: Vibrations of the bucket, corrosion, 

erosion problems, wear problems, cavitation, thermal load/ creep effect and effect of Surface 

finish of the material have not been addressed.   

The applied stress exceeds the yield strength of the material prior to fracture. Even though linear 

elastic fracture mechanics has been applied, the truth shows there is a plastic fracture. I recommend 

future researchers to use both the elastic and plastic fracture mechanics approaches for analysis.    

The effect of fatigue crack propagation will reduce the mechanical efficiency of the turbine. But, 

since it’s not related mathematically, I recommend future researchers to study the effect of 

fatigue crack on efficiency of Pelton turbine.  

Finally, it is recommended that experimental research can be performed for comparison of the 

numerical analysis result obtained.  And, the effect of the above-mentioned loading conditions 

should be considered so that we could have a huge perspective to the fatigue crack propagation 

of the bucket.   
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