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ABSTRACT
In analysis, if we consider the LPspace, the Riesz representation theorem states that, if

F is a bounded linear functional on LPspaces, with 1 < p < o and u be a §-finite

measure then there is unique element g € L? where 14lz , such that
F(f) = [ fgdu

The main goal of this project is to extend this concept to a positive linear functional on

the space of all continuous real valued function which have compact support (Cc(X)).

That’s if I is a positive linear functional on Cc(X) where X is locally compact Hausdorff

space then there is a unique measure p such that

I(f) = [, f du forall f € Cc(X).
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Introduction

This paper introduces positive linear function on the space of all continuous real valued
function with compact support and the results of positive linear functional on the space of

all continuous real valued function with compact support.

This paper contains two chapters. In the first chapter, we present preliminary concepts,
like metric space, compact space, measurable set etc. with relevant definition and

examples.

In the second chapter, we give the definition of positive linear functional on space of all
continuous real valued function which have compact support and we give an example of
positive linear functional on the space of continuous real valued function with compact
support . At the last, we introduce the main theorems of the project with its proofs, which

is the main result for positive linear functional.
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CHAPTER ONE
1 Preliminaries
1.1 Metric space
A metric on a set X is a function d: XxX — [0, ) such that for all x,y,z € X

(a) d(x,y) = 0and d(x,y) =0ifandonlyif x =y

(b) d(x,y) =d(y,x) (symmetry)
(c) d(x,z) <d(x,y) +d(y,z) (triangle inequality)
(d) If x # y,then d(x,y) >0

Intuitively, d(x, y) is to be interpreted as the distance from x to y.
A set equipped with a metric is called a metric space and is denoted by (X, d).
Examples: 1) Let X be a non empty set and let d be the function defined by

0 if x=y ) . .
d(x,y)—{1 fxty ° X,y € R then d is a metric on X. This distance

function d is usually called the trivial metric on X.

2) The function d defined by d(x,y) = |x — y|, where x,y € R is a metric and is called

the usual metric on real line R.

3) The function defined by d(x,y) =/(a; — by)? + (a; — by)? , where x = (ay, a,)

and y = (b, b,) is a metric and is called the usual metric on R?.

Now from those above three examples, let us show example number (1) whether itis a

metric or not as follows:

1) (a)Letx,y € Xthend(x,y) =1ord(x,y) =0
In either cases, d(x,y) = 0 and also if x = y then by definition
d(x,y) =0
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(b) Letx,y € X.If x # y theny # x. Hence d(x,y) = 1and d(y,x) = 1.

Accordingly d(x,y) = d(y, x)
On the other hand, if x = y then y = x and therefore d(x,y) = 0 = d(y, x)
(c) Now let x,y, z € X be distinct points. Then,

d(x,z) =1,d(x,y) =1 and d(y,z) =1

Hence d(x,z) =1<1+1=d(x,y)+d(y,z)
Therefore, d(x,z) < d(x,y) + d(y, z).
(e) Letx,y € Xandx # y.Thend(x,y) =1

Hence d(x,y) # 0. This implies that d(x,y) > 0
Therefore, by (a), (b), (c) and (d) above d is a metric on X.
Let (X, d) be a metric space. If x € X and r > 0, then the open ball of radius r about x is

B(x,7) ={y € X:d(x,y) <r} and the closed ball of radius r about x

is
B(x,7) ={y € X:d(x,y) <r}.

Let (X, d) be a metric space. A set E € X is open if for every x € E there exist r > 0
such that B(x,r) € E and closed if its complement is open. (Or aset X is openif for

every x € X there exist r > 0 such that to each y € X with d(x,y) < r belongs to X ).
Examples: 1) Every ball B(x, ) is open.
To see this,
If y€ B(x,r)and d(x,y) = s then,
B(y,r —s) € B(x,1).

Therefore, every ball B(x,r) is open.
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2) Let X be a topological space, then X and @ are both open and closed.
To see this,

Since X is a topological space then X and @ are in topology and each element of the

topology are open.
Therefore, X and @ are open.
On the other hands, since
X\X = @and X\@ = X, then X and @ are closed.
Therefore, both X and @ are opens and closed.

Remark: The union of any family of open set is open and hence the intersection of any

family of closed set is closed.

On the other hand, the intersection of any finite family of open set is open and the union

of any finite family of closed set is closed.
Indeed if wuq,uy, ..., u, are open and

x €N1U; foreach j theree xist 77 >0 sucht hat B(x,7;) c U5 and

then B(x,7) € N1 U; where r = minifry, 7y, .....,7,)
Therefore, N7 U; are open.

Let X be a metric space. If A € X ,then the union of all open sets contained in A is called

the interior of A, and the intersection of all closed sets containing A is called the closure
of A.We denote the interior and closure of A by A°and A respectively. A° is the largest

open set contained in A and 4 is the smallest closed set containing 4,and we have
(4°)° = A° and (A) = (4°)°

On the other hand, A\A® = A(AC is called the boundary of A and is denoted by dA.
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If A =X then A is called dense in X.A point x € X is called a point of closure of the set
E if for every § > 0 there is a point y € E such that d(x,y) < 6.This is equivalent to
saying that x is a point of closure of E if every open interval containing x also contains a
point of E. Each point of E is trivially a point of closure of E .We denote the set of point
of closure of E by E .Thus E € E.A set E is closed if E = E

Proposition 1.1: For any set E the set E is closed; that’s E = E

Proof:

Let xbea pointof ¢ losureof E .Then, given & > 0,there ex ists apoint y € E
with

d(x,y) < g.
Since y € E, then there exist z € E with d(y,z) < %

Thus, d(x,z) < § and we see that x is a point of closure of E. [
1.2 Compact spaces

Let X be a topological space. We say that a collection C of sub sets of a space X is said to
cover X or to be covering of X, if the union of the elements of C is equal to X . It is called
an open covering of X if its elements are open sub set of X.Now a space X is said to be

compact if every open covering of X contains a finite sub cover that also covers X.
i.e. if'there is a finite collection {04, 0, ........,0,} € C such that
X = U7} 0;, where each o; ‘s are open.

Examples: 1) Let A be any finite sub set of a topological space X. Say

A=A{ay,a,,.... ,a,} . Then A is compact.
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Forif G ={g;} isanopencover of A, theneachpoint in A belongs to one of the

members G ,say a; € g;,,ay € Giy) e - A, € i -
Accordingly,
Acg,VUg,V...Ug .

2) The open interval A = (0,1) on the real line R with the usual topology is not compact.

Consider for example, the open intervals
1 11\ (1 1) (11
6={G1).(2)G3) Go)o)
Observe that A = U7 g,, where g, = (nlj%); hence G is an open cover of A

But, G contain no finite sub cover.
To show this,
Let G* = {(aq,b1), (az, by),...., (ay, by)} be any finite sub class of G
If e = min(ay,ay,....,a,,) then € > 0 and
(a1, b1) U (ay, by) U.....U (ay,, by) € (€,1).
But,(0, €] and (¢, 1) are disjoint.

Hence, G* is not a cover of A and therefore, A is not compact.
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3) Heine-Borel theorem: Every closed and bounded interval [a, b] on the real line is

compact.
Proof:
Let [a, b] be the interval, C the covering.

Let F be the set of points x € [a, b] such that [a, x] can be covered by a finite sub class

of C.

Letc = S}‘:EF’C ;it is clear that ¢ € [a, b] .

There is an interval of C which contains c ; this interval clearly contains a point
¢ € [a,b]withc >c;

On the other hand, since ¢’ € F, this contradicts the definition of ¢

It follows that ¢ = b and b € F which is what was wanted. ]

Remark: In general, Heine-Borel theorem states that every closed and bounded subset of

a real number is compact and a bounded closed interval in R" is compact.

Note: A subset of a co mpact space ne ed not ¢ ompact. F or e xample, t he ¢ losed uni t
interval [0,1] is compact by Heine Borel theorem, but the open interval (0,1) is a

subset of [0,1] which by example above is not compact.
Theorem 1.2: Let F be a closed sub set of a compact space X, then F is also compact.
Proof:

Let X be compact and F < X is closed, and let {U,};c4 is a family of open sets in X
with F c U;eq U;, then {U;};e4 U {F°} isan open cover of X .

It has finite sub cover. So by discarding F¢ from the latter i f necessary we o btain

a finite sub collection of {U;};c4 that covers F .
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Therefore, F is compact. [

A class {A;} of setsissaidto have the finite intersection p roperty if for every finite

subclass {Ai oA

iy e Aim} has a non empty intersection.

i.e. Ail ﬂAiz Nn....N Aim * @
Example: 1) consider the following class of open interval

A = {(0,1), (O, %) , (O, %) , (0, %) R } . Now A has the finite intersection property.

In general, for (0,a;) N (0,a;) N ....n (0,a,,) = (0,b)
where b = min(ay, ay, as, ... ... , Q) > 0, A has the finite intersection property.
Example: 2) Consider the following class of closed infinite interval.

B={...,(—o,-2], (=0, —1], (=, 0], (=, 1], (=, 2], ....}. Then B has an e mpty

intersection,

i,e. ({B,:n €Z}= @ where B, = (—x,n].But any finite subclass of B has a non

empty intersection. In other words B satisfies the finite intersection property.

Proposition 1.3: A topological space X is compact if and only if for every family {F;};¢;

of closed sets with finite intersection property, i.e. N; F; # @ .
Proof:
Let U; = (F;)¢, then U; is open,

N;er F; # @ ifand only if U;¢; U; # X, and {F;} has the finite intersection

property if and only if no finite sub family of {U;} covers X .

Then, the result follows. [
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A topological space X is locally compact if and only if every point in X has a co mpact

neighborhoods.

Example: Consider the real line R with the usual topology .Observe that each point peR
is in terior to a closed interval, e xample [p — §,p + 8] and that t he ¢ losed i nterval is

compact by the Heine-Borel theorem. Hence R is locally compact space.
On the other side, R is not a compact space; for example the class

A={....,(-3,-1),(-2,0),(-1,1),(0,2), (1,3), ... ... }is an open cover of R but

contains no finite sub cover.

Thus, we see by above example, that a 1ocally compact space need not be compact .On
the other hand, since a topological space is always a neighborhood of each of its points,

the converse is true. i.e. every compact space is locally compact.

A topological space X isa H ausdorff space (T, —space) ifand only if each pair of
distinct points a, b € X belongs respectively to disjoint open sets. In other words, if there

exist open sets G and H such that

a€G,beEHand GNH=0

1 1

1 1

1 1

1 G H 1

1 1

1 -~ S

1 .~ AN 4 N \
\ 1

’ ’

1 , \ / \ 1

1 h \ ! \ 1

1 \ \ 1

1 a 1

! 1 ! 1 b ! !

} \ 1 \ 1 1

1 ! \ J 1

\
1 ! \ ! 1
\
/ /

! \ , \ , 1

1 N X \\ ’ 1

1 1

1 1

1 1

1 1

1 1

1 1

Figure 1.1 A Hausdorff spaces G and H
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Example: Every metric space X is Hausdorff.
To show this,

Let a,b € X be distinct points; since X is a metric space then d(a,b) =€ > 0

Consider the open spheres G = B(a, % €)and H = B(b, % €) centered at

a and b respectively.
We claim that G and H are disjoint.
Forif p € (G N H) then, d(a,p) <€ and d(p,b) < §6 .
Hence by triangle inequality we have,
d(a,b) < d(a,p) +d(p,b) < %e +§e = %e
This implies that d(a,b) < %e
But, this contradict the fact that d(a, b) = e.
Hence, G and H are disjoint.
i.e. a and b belong respectively to the disjoint open spheres G and H.
Accordingly, X is Hausdorff. ]
Theorem 1.4: Every subspace of a Hausdorff space is also Hausdorff.
Proof:
Let (X, T) be a Hausdorff space and let (Y, 7;,) be the sub space of (X, T)

Furthermore, leta,b €Y c X witha # b

By hypothesis, (X, T") is Hausdorff; hence there exist open sets

10
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G and H € T such that

a€EGbEHandGNH=0

By definition of sub space, Y N G and Y N H are T, open sets,

Furthermore,

a€EG,aeEY>a€eGNH

beHbeY=>beHNY

GNH=0=>ne)Nn(YNH)=YN(GNH)=YNO=0

As indicated by the diagram below.

Accordingly, (Y, 7;,) is also Hausdorff.

F AN /'—\\
/7 N X \
Il G \ \\
i \ H
I \ 1
'. ! :
\\ ,’ I’
\ a ,l b
N / ’
\\—’/ Y \—’/
Figure 1.2

A topological space X is normal if and only if X satisfy the following:

If F; and F, are disjoint closed subset of X ,then there exist disjoint open sets G and H

such that F; c Gand F, C H.

11
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On the other hand, a topological space X is normal, if and only if for every closed set

F and open set H containing F there exist an open set G such that

FcGcGCcH.

Proposition 1.5: Let F is a compact subset of a topological Space X and x & F ,there are
disjoint open sets U,V such that x e Uand F c V.

Proof:

For each y € F,choose disjoint open sets U, and V, with

x€Uy,andy €V,

n

{V } is an open cover of F, so it has finite sub cover {V }
Y)yer Yj j=1

Then, U = U/ I/;,j have the desired properties [

Proposition 1.6: Every compact sub set of a Hausdorff space is closed.
Proof:

According to proposition above if F is compact then F€ is a neighborhood of

each of its point. This implies that F¢ is open.
Hence, F 1is closed. [ ]

Remark: In a non-Hausdorff space, compact sets need not be closed (for example every
sub set of a space with the trivial topology is compact), and the intersection of compact
sets need not be compact. Of course in a Hausdorff space the intersection of any family
of compact sets is compact by the Heine Borel theorem and proposition above. Moreover,

in an arbitrary topological space a finite union of a compact sets is always compact.

12
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i.e.if K;, Ky, ....., K, are compact and {U;} is an open cover of Uj=1 K;. Then, by
choosing a finite sub cover of each K; and by combining them together, then their finite

union is compact.
1.3 Algebraand &§-Algebra

Let X be a non empty set. An algebra of a set on X is a non empty collection A of subset

of X that’s closed under finite union and complement.

ie. i) IfEy, Ep By, .., En € A then U E € A and

i) IfE € A,then E‘ €A
On the other hand, a §-algebra is an algebra that’s closed under countable union.
From (i) and (i) one can generalize the following facts:

1) A isclosed under finite intersections

ie. If E,Ey ...,E, €A then N, E €A
To this,
Since N, E; = (UL, E)€e A
2) For E€Athen 0 €A

Because E N E€ = @ and therefore, @ € A
For E€A,thenX €A

Because X = EUE‘EA

13
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Example: (1) Let X be any non empty set.
Let C = {E c X is either finite or E€ is finite}.
Then C is an algebra of subsets of X.
To show this,

If X is a finite set, then C = P (X) where P (X) is a power set of X is trivially an

algebra of subsets of X .
Suppose X is not a finite set. Clearly @and X € C and E€ € C,if E€ C.
Finally Suppose E, E; € C . If either £/ is finite or £, is finite, then obviously,
(EyNEy)e C. Ifboth (E{)¢ and (E,)¢ are finite,
Then {E; NE,}* = E;“UE,° isfiniteandthus E; N E; € C .
Therefore, C is an algebra of subsets of X.
Example: (2) Let X = {a, b, c} and B= {®, X, {a},{b, c}}
Then B is §-algebra.
If B ={0,X{a},{b,c}{ac}{c}{ab}}
Then, £ is not a § -algebra.

Since N; E; = (U; (Ef))°, then algebra is closed under finite intersection and §-algebra

are closed under countable intersection.

We say that a collection C of sub set of X is semi algebra of sets if the intersection of any
two sets in C is again in C and the complement of any set in C is a finite disjoint union of

sets in C.
ire. (i) IfA,BeCthenANB €C.

14
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(i) IfA € C,then A° = Y%L where B, € C,B; N B; = @,fori # j

finite

If C is any semi algebra of sets, then the collection F consisting of the empty set and all
finite disjoint union of sets in C is an algebra of sets which is called the algebra generated

by C.

If X is a topological space, the §-algebra generated by the family of open set in X (or
equivalently by the family of closed set in X) is called the Borel §-algebra on X and it’s
member are called Borel set. Any measure y defined on the §-algebra of Borel set is

called Borel measure.

A set which is countable union of closed set is called an F; and countable intersection of

open set is called Gg.

A set is called §-compact if it is the union of a countable collection of compact sets.A set
which is contained in a compact set is called bounded and one which is contained in a §-

compact is called §-bounded.

15
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1.4 Measure and Outer Measure

Let M be a §-algebra and let X be a set equipped with M. A measure p on

M or on a measurable space (X, M) or simply on X is a function
WM — [0,0] such that,
(0 w@ =0

(i) If {E] }il is a sequence of disjoint sets in M, then

M(U?Ej) =21 M(Ej)

Property (ii) is called countably additivity. It implies finite additivity; if Eq, E5, ...., E,, are

disjoint sets in M and then
n(U, E}) =) p(E} ), because one can take E; = @ forj > n.

If X is asetand M < P(X) , where P(X) is a power set of X is a §-algebra and then
(X, M) is called a measurable space (i.c. a set X equipped with a §-algebra M is called

a measurable space).

By an outer measure u* we mean an extended real-valued set function defined on all

subset of a space X and having the following properties:

L p(@)=0
2. AcB=u'(A) <u(B) (monotonicity)
3. E=UTE; = p" (E) <X n'(E) (countably sub additivity)

The outer measure p* is finite if p*(X) < co. A set E is measurable with respect to p* if

for every set A we have,
W) =pAnE)+p (ANEY)
Since u* is sub additive, it is only necessary to show that

16
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WA = (ANE)+ pu* (AN E) forevery A in order to show that

E is measurable.

If u*(A) = o then the inequality is true and so we need only to establish it for sets

A with p*(4) < oo.
On the other hand, we define u*: P(X) — [0,] by
w(E) = inf XL n(4) ,4; €M, UA; D E}
Lemma 1.7: If A € M and if {A4;} is any sequence of sets in M such that
A c UL Ay, then u (A)< Xity n(4))
Proof:
SetB, =ANA, N4, N ... N (A;))°
Then B, € M and B, € A,
But A is the disjoint union of the sequence {B,, }, and so by countable additivity
H(A) = Xr=1 W(By) < Xr=1 u(4y) L
Corollary 1.8: If A € M then p*(4) = p(4)
If A c X, the characteristics function X4 of A is defined by

(1 if x€eA
xA(x)_{o if xe¢A

The characteristics function, X, is measurable if and only if A is measurable. A real-
valued function ¢ is called simple if it is measurable and it assumes only a finite number

of values. If ¢ is simple and has the zero value ay, @y, ...., @, then ¢ = ¥ a; X, where

A; = {x: (x) = a;}.That’s simple function is a finite linear combination of

17
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characteristics function. If ¢ is a simple function in the space of all measurable function

from X to [0, o] with representation
@ = Xi=; a; Xy, then we define the integral of ¢ with respect to the measure u by
Jodu=3_an4)
If A € M then we define the integral of ¢ as
Jyodu=[oX,du
1.5. Normed vector Spaces

Let X be av ector space over K where K denotes either R or C. A seminorm on X is a

mapping ||.|| : X = Ksuch that forall x,y € X and @ € K
i lleex|l = lalllx]l
ii. lx + yll < x|l + ¥l (triangle inequality)

The first property clearly implies that ||0]| = 0. A semi norm such that ||x|| = 0 ifand
onlyif x =0 is called an orm, and a v ector space equipped withan ormis called a

normed vector space (or normed linear space).

If X is a normed vector space and d(x,y) is the distance from x to y .Then the function

d(x,y) = ||lx — y|| is a metric on X. Since

llx =zl < llx = yll + lly = zll, [lx = yll = [(Dx =l = lly — x|

The topology it defines is called the norm topology on X.Two norms ||.[|; and ||. ||, on

X are called equivalent if there exist ¢;, c; > 0 such that

¢ llxlly < llxllz < collxll;  forallx € X

18
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1.6 Linear Functional

We define a linear functional F on a normed linear space X to be a mapping F of the
space X in to the set of all real number or complex numbers such that, forall f,g € X

and «, [ are in complex or real numbers,
F(af + Bg) = aF(f) + BF(g).
We say that a linear functional F is bounded if there is a constant M such that
[F(f)| < M||f||] forall finX.
The smallest constant M for which this inequality is true is called the norm of F.

Thus,

As f ranges over all non zero elements of X .

Example: - Let X be a vector space.For f in X define F: X - R by

1
F(f)=2 fo /2 f(x)dx , thenF isa bounded linear functional on X.

To show this,

Letf;,fbeinXanda, f in R, then
D Ffi+Bf) = 2 [, (afi + BRI dx

=2([,a fiGodx + [,/ B f(0dx)

—2@f,? Adx + B[ fx)dx)
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= a2, fi(dx) +B 2,2 f(0dx)
= aF(f1) + BF(f2)
Thus, the result F is linear functional.

ii) Boundedness

1, 1,
wvn=zj FOOdx =2j FOOdx
0 0

1
SZJﬂﬂwux
0

<2lifll (5-0)

1
=117
1
where M ==

4

Thus F is bounded.

Therefore, F is a bounded linear functional on X .

20



Representation of positive linear functional 2011

CHAPTER TWO
2 POSITIVE LINEAR FUNCTIONALS
2.1 Positive Linear functional on Cc (X)

If X is a locally compact Hausdorff space and f € C(X) where C(X) is the set of all
continuous function on X , then the supports of f is denoted by supp(f) and is defined as

the smallest closed set which vanish outside of f.

i.e. the closure of the set {x: f(x) # 0} = {x: f(x) # 0}

We define Cc (X)= {f € C (X): supp(f) is compact}.Equivalently Cc (X) is defined as

the class of all continuous function which have compact support.

(Or it is consisting of all continuous function which vanishes outside a compact sub set

of X).

2 _ .
Examples 1) f(x) = {x 1if I« S 1
0 other wise

2 _(sinx x€[-m, m]
) F(0) {0 other wise

These two examples are continuous and support of the function f is compact. This can

be seen by drawing the graph of this function. On the other hand, the function:

3 _(x if |x|<1
) f) {0 other wise
is not an example of Cc (X). Because, the function has a hole at x = 1 and x = —1.

That’s the function is not continuous. Therefore, f(x) is not an example of Cc (X) .
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Remark: To say that a function defined through out R™(vector space), is of compact
support is the same as to say that there is a bounded interval outside which the function

takes only the value zero.

Definition: Let X be a locally compact Hausdorff space. A linear functional I on Cc (X)

is positive if I(f) = 0 when ever f > 0.
Example: - If we define I for f in Cc(R) by I(f) = 2 fol/z f(x)dx then I is a positive
linear functional on Cc(R).
To show this,
Clearly I is a linear functional. Now to show that [ is positive,

Suppose that f(x) = 0 then [ f(x)dx = 0. Thus, one can see that

1) =20, f()dx = 0.

This implies that I(f) = 0.
Therefore, I is a positive Linear functional on Cc(R).

Theorem 2.1: Let X is a locally compact Hausdorff space. If I is a positive linear
functional on Cc (X), then for each compact K c X, there is a constant

Cx such that

[I()| < Ckllfll forall f € Cc (X) such that supp(f) € K.Where ||f]| is

a uniform norm or the supremum norm.
Before we are starting to proof we need the following lemmas and definition.

Definition: Let X be any set and let f € B(X) where B(X) is the space of all bounded

real valued function on X, then we denote the uniform norm by ||f|| and is defined by
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IFIl = sup{lf (0)|: x € X}

Definition: Let f be a real (or extended real) function on a topological space .If
{x: f(x) > a} isopen for everyreal a, f is said to be lower semi
continuous and if
{x: f(x) < a} is open for every real a, f is said to be upper semi continuous.

Lemma 2.2: Suppose X is a Hausdorff space, K € X, K is compact, and p € K“.Then

there are an open set U and W such that,
peEUKcWandUnW = Q.
Proof:

If g € K, the Hausdorff separation axiom implies the existence of disjoint open

sets Uq and I/;I such that

p € Ujand q € V.

Since K is compact, there are points g4, q, ..., g, € K such that

q1 qn
Now if we sets,
U=Uy;, NUg N ...... NnU, and
W=V, UV, u.... UV, ,then our requirements are satisfied. ]
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Lemma 2.3: If{K;} is a collection of compact sub set of a Hausdorff space and

N; K; = 0, then some finite sub collection of {K;} also empty intersection.

Proof:
Put V; = K;°. Fix a member K; of {K;}
Since no point of K; belongs to every K;,

{V;} is an open cover of K; .
Hence K; c V;, UV, U .......UV; for some finite collection {Vij}

This implies that
KicK, NK;,N.... NK; =0
Therefore, some finite sub collection of {K;} is an empty intersection. [
Lemma 2.4: If U is open in a locally compact Hausdorff space X, K ¢ U,and K compact,
then there is an open set V with compact closure such that
KcvecVcl.
Proof:

Since every point of K has a neighborhood, with compact closure, and since K is
covered by the union of finitely many of these neighborhoods, K lies in an open set

G with compact closure.
IfU=X,take V=G

Otherwise, let C be the complement of U .
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Lemma (2.2) shows that to each p € C there corresponding open set W, such that

Kchandp(in

Hence {C NGN Wp}, where p ranges over C, is a collection of compact sets with empty

intersection.

By lemma (2.3) there are points py, py, ..., P, € C such that

ThesetV =G NW, N .... N W, then has required properties, since

VveenW, n.... nw, =0 ]

Notation: If U is open in Xand f € Cc (X) we shall write K < f < U to mean that
0<f<1lsupp(f)cUandf =1on K.

Lemma 2.5: (Urysohn’s lemma)

Suppose X is a locally compact Hausdorff space, Visopenin X, K c V, and
K compact. Then there exist f € Cc (X), such that

K<f<V.
ie.0< f<1,supp(f)cVandf =1on K.
Proof:

Put 1 = 0,1, = 1 and let 13,1y, ..... be an enumeration of the rational in

(0, 1).By lemma (2.4) we can find open sets V, and then V; such that Vj is

compact and

KCV1C71CVOC70CV
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Suppose n = 2andV,,V;,, ...,V have been chosen in such a manner that r; <1;
n

implies W] cl.

Then one of the numbers 7,75, ...., 1, sayr; , will be the largest one which is smaller

than r;,;1,and another say 7 will be smallest one larger than 7;, 4.

Again by using lemma (2.4) we can find V., so that

chVr cy

C
n+1 ™m+1 VT

L

Continuing like this, we obtain a collection {V}.} of open sets, one for every rational

r € [0,1], with the following properties:

K cV,,V, €V, each V. is compact.

And s > r which implies that V, c V, (D)
1 if xX€EV {1 if x eV,
Defi = r = s d
eHne fr (x) {0 other wise » s (X) s other wise an
_supfy _ inf gg
f — suf , g —n sg

Now by definition, f is lower semi-continuous and that g is upper semi continuous.

It is clear that 0 < f < 1,that f(x) = 1ifx € K, and that f has its support in V.

Now the proof will be completed by showing that
f=g

The inequality f, (x) > g;(x) is possible only if r > s,x € V,and x € V, .
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But r > s implies V. c V..
Hence f, < g, forallrands, sof < g
Suppose f(x) < g(x) for some x . Then there are rational  and s, such that
fx) <r<s<gk).
Since f(x) < r, we have x & V,; since g(x) > s, we have x € V;
By equation (1) above, this is contradiction.
Hence f=g ]
Now the Proof theorem (2.1) is as follows:
Consider the real valued f
Given a compact K, let U be an open set containing K and choose
¢ € Cc(X,[0,1]) suchthatp =1on K  (Urysohn’s lemma)
Then if supp(f) € K ,wehave |f| < |If]l ¢

This implies ||f|l¢ —f =0 and ||f|[¢p+f =0 definition of absolute

value.
Thus, I(IfIl¢ —f) = 0and I(lIfll ¢ +£) =0
IfINI() = I(f) 2 0 and |[f| I($) +1(f) 20  Linearity of I
O < 1IIfl

Therefore, if we set Cx = I(¢) then the result holds. |
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Definition: Let X be a locally compact Hausdorff space and p be a Borel measures on

X and E a Borel subset of X.Then the measure p is called outer regular on E if
W) = inf{u(U):U 2 E,U open} and inner regular on E
if w(E) = sup {u(K): K<E, K compact}

If p is outer and inner regular on all Borel sets, then p is called regular.

A Radon measure p on a locally compact Hausdorff space X is a Borel measure that’s
finite on all compact sets, outer regular on all Borel sets and inner regular on all open

sets. Radon measures are also inner regular on all of §-finite sets.
2.2 The Riesz representation theorem

Let X is a locally compact Hausdorff spaces. If I is a positive linear functional on Cc (X),

then there exist a unique Radon measure p on X such that
I(f)=[,fdu forall f€ Cc(X)
More over p satisfies the following:

1) wlU) =sup{l(f):f € Cc(X),f < U}forallopenU c X (1)
2) wK) =inf{I(f):f € Cc(X), f = X} for all compact K c X (2)

Proof:
(i) Existence

Define w(U) = sup{I(f): f € Cc(X), f < U} for U open and for arbitrary set E € X
define u*(E) by

w(E) = inf{u(U):U D E, U open}
IfU cVthen p(U) < w(V) andif U is open u*(U) = u(U)

Now what we wants to show is the following:
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1 p* is an outer measure.
2 Every open set is p*-measurable.
3 psatisfies (2).
4 I(f) = [, f du forall f € Cc(X).
Now let’s shows each of them one by one.
(1) If {U;} is asequence of open sets and U = UjZ1 U; then what we want to show is
n() < X721 w(U;)
Indeed from this it follows that for any set E € X
W (E) = inf {8, n(t;) : Uj open, E < U, U;}
The equation on the right hand side just defines the outer measure.
If U= Ujozl U,f € Cc(X) and f < U
Let K = supp(f). Since K is compact, we have K < Uj_; U; for some n..
Then there exist g, gz, g3, - gn € Cc(X) with g; < U; and }Yi_;g; = lonK.

But then, f = }7_; fg; and fg; < U; so

I(f) = il(fgj) Siu(U;)

j=1
<37 uU)

Since it is true for any f < U we conclude that
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h(V) = T 1(Y).
(2) IfU isopenand p*(E) < o for any set E C X,then
we want to show
w(E) = p(EnU) +p (E\U)
Let E is open, then E N U is open.
So given € > 0 we can find f € Cc(X) suchthat f < ENU and I(f) > uw(ENU) —¢€
Also E\(supp(f)) is open .So we can find g € Cc(X) such that
g < E\supp(f) and I(g) > u(E\supp(f)) — €

But then f + g < E, so

w(E) 2 I(f) +1(g) > p(E nU) + u(E\supp(f)) — 2¢
> (ENU)+p*(E\U) — 2¢
Letting e > 0 we get,
nw(E) = p(EnU) + p (E\U).

Hence every open set is u* measurable.

(3) If Kiscompact, f € Cc(X) and f = Xy
LetU, = {x: f(x) > 1 — €} then U, is open.

Ifg < U, wehave (1—¢€)"1f — g =0 and so
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1-e () -1(g)=20= I(g) <A -e) ()
Thus p(K) < n(U,) < (1 —e)7(f) and

Letting € —» 0 we see that,

n(K) < I(f)
On the other hand, for any open set U D K, by Urysohn’s lemma there exist
f € Cc(X) suchthat f > Xy and f < U
Whence I(f) < n((U)
Since p is outer regular on K equation (2) holds.

(4) Tt is suffices to show I(f) = fo du if f € Cc(X,[0,1]) as Cc(X) is a linear span of
the latter set.
Given N €N for 1< j < N. LetK; = {x: f(x) = jN~'}and K, = supp(f)
Define fi, f2, ..., fn € Cc(X) by

0 if x&K_4
f)=f) =G -DN" if x € K_;\K
N1 if x€ek
Then, N™" X, < f; < N7, 3)

Now integrating (3) yields,

() < [ fy du < (K -)
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If U is open set containing K; _; then we have, Nf; < U

o U
Then I(]j) < w(U). This implies that I(jj) < %

Hence by outer regularity and (2), we have

ThE) <1(F) < yu(K)
More over f = 2}\/:1 f; » so that

L 1 @n-—
- i) < [ fdus< NZ;V:olM(Kj)

SN u(K) < I(F) < 3N (k)

It follows that,

K,) — n(K
|1(f)—fxfdu‘ < M O)Nu( W _ u(suz;VpU))

Since p(supp (f)) < coand N is arbitrary it follows that,

I(f) = [, fdu forall f € Cc(X)
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ii) Uniqueness.
Let p be a Radon Measure such that I(f) = fo du  forall f € Cc(X).
Le U c X is open. Then Clearly I(f) < p(U)

On the other hand, if K c U is compact, then by Urysohn’s lemma there is an
f €Cc(X) suchthat f < U and f = 1onK.

Whence p(K) = [, Xxdp < [, fdu=1(f)
On the other hand, since p is inner regular on U, it implies that (1) holds.

Thus p is determined by I on open sets, and hence on all Borel sets because of outer

regularity. [
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