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ABSTRACT 

 In analysis, if we consider the 𝑳𝑳𝒑𝒑space, the Riesz representation theorem states that, if 

𝐹𝐹 is a bounded linear functional on 𝐿𝐿𝑝𝑝spaces, with  1 ≤ 𝑝𝑝 < ∞  and µ be a 𝛿𝛿-finite 

measure then there is unique element 𝑔𝑔 ∈ 𝐿𝐿𝑞𝑞  where 1
𝑝𝑝

+ 1
𝑞𝑞

= 1 , such that 

                                           𝐹𝐹(𝑓𝑓) = ∫𝑓𝑓𝑓𝑓 𝑑𝑑µ 

The main goal of this project is to extend this concept to a positive linear functional on 

the space of all continuous real valued function which have compact support (𝐶𝐶𝐶𝐶(𝑋𝑋)). 

That’s if 𝐼𝐼 is a positive linear functional on 𝐶𝐶𝐶𝐶(𝑋𝑋) where 𝑋𝑋 is locally compact Hausdorff 

space then there is a unique measure µ such that 

                                    𝐼𝐼(𝑓𝑓) = ∫ 𝑓𝑓 𝑑𝑑µ 
𝑋𝑋   for all 𝑓𝑓 ∈ 𝐶𝐶𝐶𝐶(𝑋𝑋). 
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Introduction 

This paper introduces positive linear function on the space of all continuous real valued 

function with compact support and the results of positive linear functional on the space of 

all continuous real valued function with compact support. 

This paper contains two chapters. In the first chapter, we present preliminary concepts, 

like metric space, compact space, measurable set etc. with relevant definition and 

examples. 

In the second chapter, we give the definition of positive linear functional on space of all 

continuous real valued function which have compact support and we give an example of 

positive linear functional on the space of continuous real valued function with compact 

support . At the last, we introduce the main theorems of the project with its proofs, which 

is the main result for positive linear functional.  
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CHAPTER ONE 

1 Preliminaries 

   1.1 Metric space 

A metric on a set  𝑋𝑋 is a function 𝑑𝑑: 𝑋𝑋x𝑋𝑋 ⟶ [0, �∞)� such that for all 𝑥𝑥, 𝑦𝑦, 𝑧𝑧 ∈ 𝑋𝑋 

(a) 𝑑𝑑(𝑥𝑥, 𝑦𝑦)  ≥ 0 and  𝑑𝑑(𝑥𝑥,𝑦𝑦) = 0 if and only if  𝑥𝑥 = 𝑦𝑦 

(b) 𝑑𝑑(𝑥𝑥,𝑦𝑦) = 𝑑𝑑(𝑦𝑦, 𝑥𝑥)                           (symmetry) 

(c) 𝑑𝑑(𝑥𝑥, 𝑧𝑧) ≤ 𝑑𝑑(𝑥𝑥,𝑦𝑦) + 𝑑𝑑(𝑦𝑦, 𝑧𝑧)         (triangle inequality)  

(d) If 𝑥𝑥 ≠ 𝑦𝑦,then  𝑑𝑑(𝑥𝑥,𝑦𝑦) > 0 

Intuitively, 𝑑𝑑(𝑥𝑥,𝑦𝑦) is to be interpreted as the distance from 𝑥𝑥 to 𝑦𝑦. 

A set equipped with a metric is called a metric space and is denoted by (𝑋𝑋,𝑑𝑑). 

Examples: 1) Let 𝑋𝑋 be a non empty set and let 𝑑𝑑 be the function defined by 

                       𝑑𝑑(𝑥𝑥,𝑦𝑦) = �0   if   𝑥𝑥 = 𝑦𝑦
1   if  𝑥𝑥 ≠ 𝑦𝑦

�    ,  𝑥𝑥, 𝑦𝑦 ∈ ℝ  then 𝑑𝑑 is a metric on 𝑋𝑋. This distance 

function 𝑑𝑑 is usually called the trivial metric on 𝑋𝑋.  

2)  The function 𝑑𝑑 defined by 𝑑𝑑(𝑥𝑥,𝑦𝑦) = |𝑥𝑥 − 𝑦𝑦|, where 𝑥𝑥,𝑦𝑦 ∈ ℝ is a metric and is called   

the usual metric on real line  ℝ .  

3)  The function defined by  𝑑𝑑(𝑥𝑥,𝑦𝑦) = �(𝑎𝑎1 − 𝑏𝑏1)2 + (𝑎𝑎2 − 𝑏𝑏2)2  , where 𝑥𝑥 = (𝑎𝑎1, 𝑎𝑎2) 

and  𝑦𝑦 = (𝑏𝑏1, 𝑏𝑏2)  is a metric and is called the usual metric on  ℝ2.   

Now from those above three examples, let us show example number (1) whether i t is a 

metric or not as follows:  

1) (a) Let 𝑥𝑥,𝑦𝑦 ∈ 𝑋𝑋 then 𝑑𝑑(𝑥𝑥, 𝑦𝑦) = 1 or 𝑑𝑑(𝑥𝑥,𝑦𝑦) = 0 

      In either cases,  𝑑𝑑(𝑥𝑥,𝑦𝑦) ≥ 0 and also if 𝑥𝑥 = 𝑦𝑦 then by definition 

                   𝑑𝑑(𝑥𝑥,𝑦𝑦) = 0 
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           (b) Let 𝑥𝑥, 𝑦𝑦 ∈ 𝑋𝑋. If  𝑥𝑥 ≠ 𝑦𝑦 then 𝑦𝑦 ≠ 𝑥𝑥. Hence 𝑑𝑑(𝑥𝑥,𝑦𝑦) = 1 and 𝑑𝑑(𝑦𝑦, 𝑥𝑥) = 1. 

        Accordingly 𝑑𝑑(𝑥𝑥, 𝑦𝑦) = 𝑑𝑑(𝑦𝑦, 𝑥𝑥) 

       On the other hand, if 𝑥𝑥 = 𝑦𝑦 then 𝑦𝑦 = 𝑥𝑥 and therefore 𝑑𝑑(𝑥𝑥,𝑦𝑦) = 0 = 𝑑𝑑(𝑦𝑦, 𝑥𝑥) 

 (c) Now let 𝑥𝑥, 𝑦𝑦, 𝑧𝑧 ∈ 𝑋𝑋 be distinct points. Then,  

                                   𝑑𝑑(𝑥𝑥, 𝑧𝑧) = 1,𝑑𝑑(𝑥𝑥,𝑦𝑦) = 1  and  𝑑𝑑(𝑦𝑦, 𝑧𝑧) = 1 

       Hence  𝑑𝑑(𝑥𝑥, 𝑧𝑧) = 1 ≤ 1 + 1 = 𝑑𝑑(𝑥𝑥, 𝑦𝑦) + 𝑑𝑑(𝑦𝑦, 𝑧𝑧) 

               Therefore, 𝑑𝑑(𝑥𝑥, 𝑧𝑧)  ≤ 𝑑𝑑(𝑥𝑥, 𝑦𝑦) + 𝑑𝑑(𝑦𝑦, 𝑧𝑧). 

(e) Let 𝑥𝑥,𝑦𝑦 ∈ 𝑋𝑋 and 𝑥𝑥 ≠ 𝑦𝑦.Then 𝑑𝑑(𝑥𝑥, 𝑦𝑦) = 1 

Hence 𝑑𝑑(𝑥𝑥,𝑦𝑦) ≠ 0.  This implies that 𝑑𝑑(𝑥𝑥,𝑦𝑦) > 0 

Therefore, by (a), (b), (c) and (d) above 𝑑𝑑 is a metric on 𝑋𝑋. 

Let (𝑋𝑋,𝑑𝑑) be a metric space. If 𝑥𝑥 ∈ 𝑋𝑋 and 𝑟𝑟 > 0 , then the open ball of radius 𝑟𝑟 about 𝑥𝑥 is  

                           𝐵𝐵(𝑥𝑥, 𝑟𝑟) = {𝑦𝑦 ∈ 𝑋𝑋:𝑑𝑑(𝑥𝑥,𝑦𝑦) < 𝑟𝑟}  and the closed ball o f radius 𝑟𝑟 about 𝑥𝑥 

is  

  𝐵𝐵(𝑥𝑥, 𝑟𝑟) = {𝑦𝑦 ∈ 𝑋𝑋:𝑑𝑑(𝑥𝑥,𝑦𝑦) ≤ 𝑟𝑟}. 

Let (𝑋𝑋,𝑑𝑑) be a metric space. A set 𝐸𝐸 ⊂ 𝑋𝑋 is open if for every 𝑥𝑥 ∈ 𝐸𝐸 there exist 𝑟𝑟 > 0 

such t hat 𝐵𝐵(𝑥𝑥, 𝑟𝑟) ⊂ 𝐸𝐸 and cl osed if its  complement is  open. ( Or a set  𝑋𝑋 is ope n i f for 

every 𝑥𝑥 ∈ 𝑋𝑋 there exist 𝑟𝑟 > 0 such that to each 𝑦𝑦 ∈ 𝑋𝑋 with 𝑑𝑑(𝑥𝑥,𝑦𝑦) < 𝑟𝑟 belongs to 𝑋𝑋 ). 

Examples: 1) Every ball 𝐵𝐵(𝑥𝑥, 𝑟𝑟) is open. 

To see this, 

If  𝑦𝑦 ∈  𝐵𝐵(𝑥𝑥, 𝑟𝑟) and 𝑑𝑑(𝑥𝑥,𝑦𝑦) = 𝑠𝑠   then, 

                           𝐵𝐵(𝑦𝑦, 𝑟𝑟 − 𝑠𝑠) ⊂ 𝐵𝐵(𝑥𝑥, 𝑟𝑟). 

Therefore, every ball 𝐵𝐵(𝑥𝑥, 𝑟𝑟) is open. 
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2) Let 𝑋𝑋 be a topological space, then 𝑋𝑋 and ∅ are both open and closed.  

      To see this, 

Since 𝑋𝑋 is a topological space then 𝑋𝑋 and ∅ are in topology and each element of the 

topology are open. 

Therefore, 𝑋𝑋 and ∅ are open. 

On the other hands, since 

                 𝑋𝑋\𝑋𝑋 = ∅ and 𝑋𝑋\∅ = 𝑋𝑋 , then 𝑋𝑋 and ∅ are closed. 

Therefore, both 𝑋𝑋 and ∅ are opens and closed.   

Remark: The union of any family of open set is open and hence the intersection of any    

family of closed set is closed.  

On the other hand, the intersection of any finite family of open set is open and the union 

of any finite family of closed set is closed. 

 Indeed  if   𝑢𝑢1,𝑢𝑢2, … ,𝑢𝑢𝑛𝑛  are open  and                                                           

              𝑥𝑥 ∈ ⋂ 𝑈𝑈𝑗𝑗𝑛𝑛
1  for each  𝑗𝑗 there e xist  𝑟𝑟𝑗𝑗 > 0 such t hat  𝐵𝐵(𝑥𝑥, 𝑟𝑟𝑗𝑗 ) ⊂ 𝑈𝑈𝑗𝑗  and    

               then  𝐵𝐵(𝑥𝑥, 𝑟𝑟) ⊂ ⋂ 𝑈𝑈𝑗𝑗𝑛𝑛
1   where   𝑟𝑟 = min⁡(𝑟𝑟1, 𝑟𝑟2, … . . , 𝑟𝑟𝑛𝑛)     

                          Therefore,  ⋂ 𝑈𝑈𝑗𝑗𝑛𝑛
1    are open. 

Let 𝑋𝑋 be a metric space. If 𝐴𝐴 ⊂ 𝑋𝑋 ,then the union of all open sets contained in 𝐴𝐴 is called 

the interior of 𝐴𝐴, and the intersection of all closed sets containing 𝐴𝐴 is called the closure 

of 𝐴𝐴.We denote the interior and closure of 𝐴𝐴 by 𝐴𝐴𝑜𝑜and 𝐴𝐴 respectively. 𝐴𝐴𝑜𝑜  is the largest 

open set contained in 𝐴𝐴  and 𝐴𝐴 is the smallest closed set containing 𝐴𝐴,and we have  

               (𝐴𝐴𝑜𝑜)𝑐𝑐 = 𝐴𝐴𝑐𝑐  and  �𝐴𝐴�
𝑐𝑐

= (𝐴𝐴𝑐𝑐)𝑜𝑜  

On the other hand,  A\Ao = A Ac   is called the boundary of 𝐴𝐴 and is denoted by 𝜕𝜕𝜕𝜕. 
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If  𝐴𝐴 = 𝑋𝑋 then 𝐴𝐴 is called dense in 𝑋𝑋.A point 𝑥𝑥 ∈ 𝑋𝑋 is called a point of closure of the set 

𝐸𝐸 if f or e very 𝛿𝛿 > 0 there is  a  point 𝑦𝑦 ∈ 𝐸𝐸  such that 𝑑𝑑(𝑥𝑥, 𝑦𝑦) < 𝛿𝛿.This i s equivalent t o 

saying that 𝑥𝑥 is a point of closure of 𝐸𝐸 if every open interval containing 𝑥𝑥 also contains a 

point of 𝐸𝐸. Each point of 𝐸𝐸 is trivially a point of closure of 𝐸𝐸 .We denote the set of point 

of closure of 𝐸𝐸 by 𝐸𝐸  .Thus 𝐸𝐸 ⊂ 𝐸𝐸.A set 𝐸𝐸  is closed if 𝐸𝐸 = 𝐸𝐸 

Proposition 1.1: For any set 𝐸𝐸 the set 𝐸𝐸 is closed; that’s 𝐸𝐸 = 𝐸𝐸 

      Proof: 

 Let 𝑥𝑥 be a  poi nt of  c losure of  𝐸𝐸 .Then, given 𝛿𝛿 > 0, there ex ists a poi nt 𝑦𝑦 ∈ 𝐸𝐸                 

with 

                    𝑑𝑑(𝑥𝑥,𝑦𝑦) < 𝛿𝛿
2
.  

Since 𝑦𝑦 ∈ 𝐸𝐸, then there exist 𝑧𝑧 ∈ 𝐸𝐸 with 𝑑𝑑(𝑦𝑦, 𝑧𝑧) < 𝛿𝛿
2
 

Thus, 𝑑𝑑(𝑥𝑥, 𝑧𝑧) < 𝛿𝛿 and we see that 𝑥𝑥 is a point of closure of 𝐸𝐸.                     ∎ 

 1.2 Compact spaces 

Let 𝑋𝑋 be a topological space. We say that a collection 𝒞𝒞 of sub sets of a space 𝑋𝑋 is said to 

cover 𝑋𝑋 or to be covering of 𝑋𝑋, if the union of the elements of 𝒞𝒞 is equal to 𝑋𝑋 . It is called 

an open covering of 𝑋𝑋 if its elements are open sub set of 𝑋𝑋.Now a space 𝑋𝑋 is said to be 

compact if every open covering of 𝑋𝑋 contains a finite sub cover that also covers 𝑋𝑋. 

                 i.e.    if there is a finite collection  {𝑜𝑜1, 𝑜𝑜2, … … . . , 𝑜𝑜𝑛𝑛} ⊂  𝒞𝒞  such that 

                                𝑋𝑋 = ⋃ 𝑂𝑂𝑖𝑖𝑛𝑛
1 , where each  𝑜𝑜𝑖𝑖  ‘s are open. 

Examples: 1) Let 𝐴𝐴  be any finite sub set of a topological space 𝑋𝑋. Say 

                               𝐴𝐴 = {𝑎𝑎1,𝑎𝑎2, … … ,𝑎𝑎𝑛𝑛} .  Then 𝐴𝐴 is compact. 
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For if  𝐺𝐺 = {𝑔𝑔𝑖𝑖} is a n ope n c over of 𝐴𝐴 , then e ach poi nt in 𝐴𝐴 belongs to one  of  t he                                 

members 𝐺𝐺 , say  𝑎𝑎1 ∈ 𝑔𝑔𝑖𝑖1 ,𝑎𝑎2 ∈ 𝑔𝑔𝑖𝑖2 , … … ,𝑎𝑎𝑚𝑚 ∈ 𝑔𝑔𝑖𝑖𝑚𝑚 .  

           Accordingly, 

                              𝐴𝐴 ⊂ 𝑔𝑔𝑖𝑖1 ∪ 𝑔𝑔𝑖𝑖2 ∪ … . .∪ 𝑔𝑔𝑖𝑖𝑚𝑚 . 

 2) The open interval 𝐴𝐴 = (0,1) on the real line ℝ with the usual topology is not compact. 

Consider for example, the open intervals  

                         𝐺𝐺 = ��1
3

, 1� , �1
4

, 1
2
� , �1

5
, 1

3
� , �1

6
, 1

4
� , . . . . �    

  Observe that  𝐴𝐴 = ⋃ 𝑔𝑔𝑛𝑛∞
1  where     𝑔𝑔𝑛𝑛 = ( 1

𝑛𝑛+2
,1
𝑛𝑛
); hence 𝐺𝐺 is an open cover of 𝐴𝐴 

  But, 𝐺𝐺 contain no finite sub cover.  

 To show this,  

 Let   𝐺𝐺∗ = {(𝑎𝑎1, 𝑏𝑏1), (𝑎𝑎2, 𝑏𝑏2), … . , (𝑎𝑎𝑚𝑚 , 𝑏𝑏𝑚𝑚)} be any finite sub class of 𝐺𝐺 

If 𝜖𝜖 = 𝑚𝑚𝑚𝑚𝑚𝑚(𝑎𝑎1,𝑎𝑎2, . . . . , 𝑎𝑎𝑚𝑚)  then  𝜖𝜖 > 0 and  

                (𝑎𝑎1, 𝑏𝑏1) ∪ (𝑎𝑎2, 𝑏𝑏2) ∪…..∪ (𝑎𝑎𝑚𝑚 , 𝑏𝑏𝑚𝑚) ⊂ (𝜖𝜖, 1). 

But,(0, �𝜖𝜖] �and (𝜖𝜖, 1) are disjoint. 

Hence, 𝐺𝐺∗ is not a cover of 𝐴𝐴 and therefore, 𝐴𝐴 is not compact. 
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3) Heine-Borel theorem: Every closed a nd bo unded i nterval [𝑎𝑎, 𝑏𝑏] on the r eal line is                                                                                                               

                                                  compact. 

   Proof: 

 Let  [𝑎𝑎, 𝑏𝑏] be the interval,  𝒞𝒞 the covering.      

 Let 𝐹𝐹 be the set of points 𝑥𝑥 ∈ [𝑎𝑎, 𝑏𝑏] such that [𝑎𝑎, 𝑥𝑥] can be covered by a f inite sub class    

of  𝒞𝒞 .         

Let 𝑐𝑐 = sup 𝑥𝑥
𝑥𝑥∈𝐹𝐹 ;it is clear that 𝑐𝑐 ∈ [𝑎𝑎, 𝑏𝑏] . 

There is an interval of  𝒞𝒞 which contains 𝑐𝑐 ; this interval clearly contains a point 

     𝑐𝑐′ ∈ [𝑎𝑎, 𝑏𝑏] with 𝑐𝑐′  > 𝑐𝑐 ; 

On the other hand, since  𝑐𝑐′ ∈ 𝐹𝐹, this contradicts the definition of 𝑐𝑐   

  It follows that 𝑐𝑐 = 𝑏𝑏 and 𝑏𝑏 ∈ 𝐹𝐹 which is what was wanted.        ∎ 

Remark: In general, Heine-Borel theorem states that every closed and bounded subset of 

                    a real number is compact and a bounded closed interval in ℝn  is compact.  

Note: A  su bset of a co mpact space ne ed not  c ompact. F or e xample, t he c losed uni t                                          

              interval [0,1] is compact by Heine Borel theorem, but the open interval (0,1) is a 

              subset of [0,1] which by example above is not compact. 

Theorem 1.2: Let 𝐹𝐹 be a closed sub set of a compact space 𝑋𝑋, then 𝐹𝐹 is also compact. 

    Proof: 

       Let 𝑋𝑋 be compact and 𝐹𝐹 ⊂ 𝑋𝑋 is closed, and let {𝑈𝑈𝑖𝑖}𝑖𝑖∈𝐴𝐴 is a family of open sets in 𝑋𝑋    

       with    𝐹𝐹 ⊂ ⋃ 𝑈𝑈𝑖𝑖 , then {𝑈𝑈𝑖𝑖}𝑖𝑖∈𝐴𝐴𝑖𝑖∈𝐴𝐴 ∪ {𝐹𝐹𝑐𝑐}   is an open cover of 𝑋𝑋 . 

       It ha s f inite sub c over. So by d iscarding 𝐹𝐹𝑐𝑐  from t he l atter i f n ecessary w e o btain 

        a finite sub collection of {𝑈𝑈𝑖𝑖}𝑖𝑖∈𝐴𝐴  that covers 𝐹𝐹 . 
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         Therefore, 𝐹𝐹 is compact.                       ∎ 

A cl ass {𝐴𝐴𝑖𝑖} of sets i s s aid to  h ave the f inite intersection p roperty if  f or every f inite 

subclass �𝐴𝐴𝑖𝑖1 ,𝐴𝐴𝑖𝑖2 , … . ,𝐴𝐴𝑖𝑖𝑚𝑚 �  has a non empty intersection. 

                   i.e.   𝐴𝐴𝑖𝑖1 ∩ 𝐴𝐴𝑖𝑖2 ∩ … . .∩ 𝐴𝐴𝑖𝑖𝑚𝑚 ≠ ∅ 

Example: 1) consider the following class of open interval  

     𝒜𝒜 = �(0,1), �0, 1
2
� , �0, 1

3
� , �0, 1

4
� , … . . . � . Now 𝒜𝒜  has the finite intersection property.  

In general, for  (0,𝑎𝑎1) ∩ (0,𝑎𝑎2) ∩ … .∩ (0,𝑎𝑎𝑚𝑚 ) = (0, 𝑏𝑏) 

  where  𝑏𝑏 = 𝑚𝑚𝑚𝑚𝑚𝑚(𝑎𝑎1,𝑎𝑎2,𝑎𝑎3, … … ,𝑎𝑎𝑚𝑚 ) > 0 ,𝒜𝒜 has the finite intersection property. 

Example: 2) Consider the following class of closed infinite interval. 

     ℬ = {… . , (−∞,−2], (−∞,−1], (−∞, 0], (−∞, 1], (−∞, 2], … . }. Then ℬ has a n e mpty 

intersection,    

    i.e.       {𝐵𝐵𝑛𝑛 :𝑛𝑛 ∈ ℤ} = ∅ where 𝐵𝐵 𝑛𝑛 = (−∞, �𝑛𝑛].But any finite subclass of ℬ has a non 

empty intersection. In other words ℬ satisfies the finite intersection property. 

Proposition 1.3: A topological space 𝑋𝑋 is compact if and only if for every family  {𝐹𝐹𝑖𝑖}𝑖𝑖∈𝐼𝐼 

of                             closed sets with finite intersection property, i.e. ⋂ 𝐹𝐹𝑖𝑖𝑖𝑖 ≠ ∅ .   

   Proof: 

            Let  𝑈𝑈𝑖𝑖 = (𝐹𝐹𝑖𝑖)𝑐𝑐 , then 𝑈𝑈𝑖𝑖  is open, 

            ⋂ 𝐹𝐹𝑖𝑖 ≠ ∅ 𝑖𝑖∈𝐼𝐼 if and only if ⋃ 𝑈𝑈𝑖𝑖 ≠ 𝑋𝑋,𝑖𝑖∈𝐼𝐼  and {𝐹𝐹𝑖𝑖}  has the finite intersection    

             property if and only if no finite sub family of {𝑈𝑈𝑖𝑖} covers 𝑋𝑋 . 

Then, the result follows.                                             ∎ 
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A topological space 𝑋𝑋 is locally compact if and only if every point in 𝑋𝑋 has a co mpact 

neighborhoods. 

Example: Consider the real line ℝ with the usual topology .Observe that each point 𝑝𝑝𝑝𝑝ℝ 

is in terior to a  c losed interval, e xample [𝑝𝑝 − 𝛿𝛿, 𝑝𝑝 + 𝛿𝛿] and t hat t he c losed i nterval is 

compact by the Heine-Borel theorem. Hence ℝ is locally compact space.  

On the other side, ℝ is not a compact space; for example the class 

      𝒜𝒜 = {… . . , (−3,−1), (−2,0), (−1,1), (0,2), (1,3), … … } is an open cover of  ℝ but 

contains no finite sub cover. 

Thus, we see b y above example, that a l ocally compact space need not be compact .On 

the other hand, since a t opological space is always a neighborhood of each of its points, 

the converse is true.   i.e.   every compact space is locally compact. 

A t opological s pace  𝑋𝑋 is a H ausdorff space ( 𝑇𝑇2 −space) if a nd onl y i f each pa ir of  

distinct points 𝑎𝑎, 𝑏𝑏 ∈ 𝑋𝑋 belongs respectively to disjoint open sets. In other words, if there 

exist open sets 𝐺𝐺 and 𝐻𝐻 such that  

                                    𝑎𝑎 ∈ 𝐺𝐺, 𝑏𝑏 ∈ 𝐻𝐻 and  𝐺𝐺 ∩ 𝐻𝐻 = ∅  

                                                                     

                                  

                      

 

 

 

Figure 1.1  A Hausdorff spaces 𝐺𝐺 and 𝐻𝐻 

 

𝑎𝑎 𝑏𝑏 

𝐺𝐺       𝐻𝐻 

𝑋𝑋 
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Example: Every metric space 𝑋𝑋 is Hausdorff. 

To show this, 

Let   𝑎𝑎, 𝑏𝑏 ∈ 𝑋𝑋 be distinct points; since 𝑋𝑋 is a metric space then 𝑑𝑑(𝑎𝑎, 𝑏𝑏) = 𝜖𝜖 > 0 

 Consider the open spheres 𝐺𝐺 = 𝐵𝐵(𝑎𝑎, 1
3
𝜖𝜖) and 𝐻𝐻 = 𝐵𝐵(𝑏𝑏, 1

3
𝜖𝜖) centered at         

         𝑎𝑎  and  𝑏𝑏  respectively. 

We claim that 𝐺𝐺 and 𝐻𝐻  are disjoint.  

For if  𝑝𝑝 ∈ (𝐺𝐺 ∩ 𝐻𝐻) then, 𝑑𝑑(𝑎𝑎,𝑝𝑝) < 1
3
𝜖𝜖  and  𝑑𝑑(𝑝𝑝, 𝑏𝑏) < 1

3
𝜖𝜖 . 

Hence by triangle inequality we have,  

              𝑑𝑑(𝑎𝑎, 𝑏𝑏) ≤ 𝑑𝑑(𝑎𝑎,𝑝𝑝) + 𝑑𝑑(𝑝𝑝, 𝑏𝑏) < 1
3
𝜖𝜖 + 1

3
𝜖𝜖 = 2

3
𝜖𝜖 

             This implies that  𝑑𝑑(𝑎𝑎, 𝑏𝑏) ≤ 2
3
𝜖𝜖 

           But, this contradict the fact that 𝑑𝑑(𝑎𝑎, 𝑏𝑏) = 𝜖𝜖. 

            Hence, 𝐺𝐺  and 𝐻𝐻 are disjoint. 

          i.e. 𝑎𝑎  and 𝑏𝑏 belong respectively to the disjoint open spheres 𝐺𝐺 and  𝐻𝐻. 

           Accordingly,𝑋𝑋 is Hausdorff.                                              ∎ 

Theorem 1.4: Every subspace of a Hausdorff space is also Hausdorff. 

               Proof: 

      Let (𝑋𝑋,𝒯𝒯) be a Hausdorff space and let �𝑌𝑌,𝒯𝒯𝑦𝑦� be the sub space of (𝑋𝑋,𝒯𝒯) 

                     Furthermore, let 𝑎𝑎, 𝑏𝑏 ∈ 𝑌𝑌 ⊂ 𝑋𝑋 with 𝑎𝑎 ≠ 𝑏𝑏 

                    By hypothesis, (𝑋𝑋,𝒯𝒯) is Hausdorff; hence there exist open sets  
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                                   𝐺𝐺  and 𝐻𝐻 ∈ 𝒯𝒯  such that  

                               𝑎𝑎 ∈ 𝐺𝐺, 𝑏𝑏 ∈ 𝐻𝐻 and 𝐺𝐺 ∩ 𝐻𝐻 = ∅ 

                       By definition of sub space, 𝑌𝑌 ∩ 𝐺𝐺 and 𝑌𝑌 ∩ 𝐻𝐻 are   𝒯𝒯𝑦𝑦   open sets,  

                        Furthermore,  

                                      𝑎𝑎 ∈ 𝐺𝐺,𝑎𝑎 ∈ 𝑌𝑌 ⇒ 𝑎𝑎 ∈ 𝐺𝐺 ∩ 𝐻𝐻 

                                     𝑏𝑏 ∈ 𝐻𝐻, 𝑏𝑏 ∈ 𝑌𝑌 ⇒ 𝑏𝑏 ∈ 𝐻𝐻 ∩ 𝑌𝑌 

                                     𝐺𝐺 ∩ 𝐻𝐻 = ∅ ⇒ (𝑌𝑌 ∩ 𝐺𝐺) ∩ (𝑌𝑌 ∩ 𝐻𝐻) = 𝑌𝑌 ∩ (𝐺𝐺 ∩ 𝐻𝐻) = 𝑌𝑌 ∩ ∅ = ∅ 

            As indicated by the diagram below. 

            Accordingly, �𝑌𝑌,𝒯𝒯𝑦𝑦� is also Hausdorff. 

                                       

                                    

                                                         gGG            

 

 

 

                                           Figure 1.2 

A topological space  𝑋𝑋 is normal if and only if   𝑋𝑋 satisfy the following: 

If 𝐹𝐹1 and 𝐹𝐹2 are disjoint closed subset of 𝑋𝑋 ,then there exist disjoint open sets 𝐺𝐺 and 𝐻𝐻 

such that  𝐹𝐹1 ⊂ 𝐺𝐺 and 𝐹𝐹2 ⊂ 𝐻𝐻. 
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 On the other hand, a topological space 𝑋𝑋 is normal, if and only if for every closed set 

𝐹𝐹 and open set 𝐻𝐻 containing 𝐹𝐹 there exist an open set 𝐺𝐺 such that                                         

                           𝐹𝐹 ⊂ 𝐺𝐺 ⊂ 𝐺𝐺 ⊂ 𝐻𝐻. 

Proposition 1.5: Let 𝐹𝐹 is a compact subset of a topological Space 𝑋𝑋 and 𝑥𝑥 ∉ 𝐹𝐹 ,there are       

                          disjoint open sets 𝑈𝑈,𝑉𝑉 such that  𝑥𝑥 ∈ 𝑈𝑈 and 𝐹𝐹 ⊂ 𝑉𝑉. 

    Proof:  

    For each 𝑦𝑦 ∈ 𝐹𝐹,choose disjoint open sets 𝑈𝑈𝑦𝑦  and  𝑉𝑉𝑦𝑦  with 

                           𝑥𝑥 ∈ 𝑈𝑈𝑦𝑦  and 𝑦𝑦 ∈ 𝑉𝑉𝑦𝑦  

                    �𝑉𝑉𝑦𝑦�𝑦𝑦∈𝐹𝐹   is an open cover of 𝐹𝐹, so it has finite sub cover  �𝑉𝑉𝑦𝑦 𝑗𝑗 �𝑗𝑗=1

𝑛𝑛
 

                   Then, 𝑈𝑈 = ⋃ 𝑉𝑉𝑦𝑦𝑗𝑗
𝑛𝑛
𝑗𝑗=1  have the desired properties             ∎ 

Proposition 1.6: Every compact sub set of a Hausdorff space is closed. 

                Proof:  

                According to proposition above if 𝐹𝐹 is compact then 𝐹𝐹𝑐𝑐  is a neighborhood of               

                  each of its point. This implies that 𝐹𝐹𝑐𝑐   is open.  

                          Hence, 𝐹𝐹  is closed.                          ∎ 

Remark: In a non-Hausdorff space, compact sets need not be closed (for example every 

sub set of a space with the trivial topology is compact), and the intersection of compact 

sets need not be compact. Of course in a Hausdorff space the intersection of any family 

of compact sets is compact by the Heine Borel theorem and proposition above. Moreover, 

in an arbitrary topological space a finite union of a compact sets is always compact.  
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              i.e. if 𝐾𝐾1,𝐾𝐾2, … . . ,𝐾𝐾𝑛𝑛  are compact and {𝑈𝑈𝑖𝑖} is an open cover of ⋃ 𝐾𝐾𝑗𝑗𝑛𝑛
𝑗𝑗=1 . Then, by 

choosing a finite sub cover of each 𝐾𝐾𝑗𝑗  and by combining them together, then their finite 

union is compact.  

1.3    Algebra and  𝜹𝜹-Algebra  

Let 𝑋𝑋 be a non empty set. An algebra of a set on 𝑋𝑋 is a non empty collection 𝒜𝒜 of subset 

of 𝑋𝑋  that’s closed under finite union and complement. 

                i.e.  𝑖𝑖)  If 𝐸𝐸1,𝐸𝐸2,𝐸𝐸3, … … ,𝐸𝐸𝑛𝑛 ∈  𝒜𝒜  then   ⋃ 𝐸𝐸𝑗𝑗𝑛𝑛
𝑗𝑗=1  ∈   𝒜𝒜  and   

             

                     𝑖𝑖𝑖𝑖) If 𝐸𝐸 ∈ 𝒜𝒜, then   𝐸𝐸𝑐𝑐 ∈ 𝒜𝒜 

On the other hand, a 𝛿𝛿-algebra is an algebra that’s closed under countable union.  

From (𝑖𝑖) and (𝑖𝑖𝑖𝑖) one can generalize the following facts: 

1)      𝒜𝒜  is closed    under   finite intersections   

   

      i.e.  If  𝐸𝐸1,𝐸𝐸2, … . ,𝐸𝐸𝑛𝑛  ∈ 𝒜𝒜   then    ⋂ 𝐸𝐸𝑖𝑖𝑛𝑛
𝑖𝑖=1 ∈ 𝒜𝒜 

To this, 

 Since   ⋂ 𝐸𝐸𝑖𝑖 = (⋃ 𝐸𝐸𝑖𝑖𝑐𝑐𝑛𝑛
𝑖𝑖=1 )𝑐𝑐 ∈   𝒜𝒜                                                                          𝑛𝑛

𝑖𝑖=1  

2)  For   𝐸𝐸 ∈ 𝒜𝒜 then   ∅ ∈ 𝒜𝒜  

  Because  𝐸𝐸 ∩ 𝐸𝐸𝑐𝑐  =  ∅ and therefore,   ∅ ∈  𝒜𝒜 

 For     𝐸𝐸 ∈ 𝒜𝒜 , then 𝑋𝑋 ∈ 𝒜𝒜 

           Because 𝑋𝑋 =   𝐸𝐸 ∪ 𝐸𝐸𝑐𝑐 ∈ 𝒜𝒜 
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  Example: (1)      Let   𝑋𝑋   be any non empty set.       

  Let    𝐶𝐶 = {𝐸𝐸 ⊂ 𝑋𝑋 is either finite or  𝐸𝐸𝑐𝑐  is  finite}.   

Then  𝐶𝐶  is an algebra of subsets of 𝑋𝑋. 

To show this, 

If  𝑋𝑋 is a finite set, then    𝐶𝐶 = 𝒫𝒫 (𝑋𝑋) where 𝒫𝒫 (𝑋𝑋) is a power set of 𝑋𝑋 is trivially an 

algebra of subsets of 𝑋𝑋 .  

Suppose 𝑋𝑋  is not a finite set. Clearly ∅ and 𝑋𝑋 ∈  𝐶𝐶 and 𝐸𝐸𝑐𝑐  ∈ 𝐶𝐶, if E ∈ 𝐶𝐶. 

Finally Suppose E1, E2   ∈ 𝐶𝐶R  .  If either E1 is finite or E2   is finite, then obviously, 

              (𝐸𝐸1 ∩ E2) ∈  𝐶𝐶 .  If both  (𝐸𝐸1)𝑐𝑐    and  (𝐸𝐸2)𝑐𝑐   are finite,  

Then  {𝐸𝐸1 ∩ 𝐸𝐸2}𝑐𝑐  =   𝐸𝐸1
𝑐𝑐 ∪ 𝐸𝐸2

𝑐𝑐    is finite and thus 𝐸𝐸1 ∩ E2 ∈ 𝐶𝐶  . 

Therefore, 𝐶𝐶  is an algebra of subsets of 𝑋𝑋. 

 Example: (2) Let 𝑋𝑋 = {𝑎𝑎, 𝑏𝑏, 𝑐𝑐} and β= �∅,𝑋𝑋, {𝑎𝑎}, {𝑏𝑏, 𝑐𝑐}� 

                          Then β is 𝛿𝛿-algebra. 

                   If   𝛽𝛽 = �∅, X, {a}, {b, c}, {a, c}, {c}, {a, b}� 

                Then, 𝛽𝛽 is not a 𝛿𝛿 -algebra.        

Since   ∩𝑗𝑗 𝐸𝐸𝑗𝑗 = (∪𝑗𝑗 (𝐸𝐸𝑗𝑗𝑐𝑐))𝑐𝑐 , then algebra is closed under finite intersection and 𝛿𝛿-algebra 

are closed under countable intersection.  

We say that a collection 𝒞𝒞 of sub set of 𝑋𝑋 is semi algebra of sets if the intersection of any 

two sets in 𝒞𝒞 is again in 𝒞𝒞 and the complement of any set in 𝒞𝒞 is a finite disjoint union of 

sets in 𝒞𝒞. 

         i.e.   (𝑖𝑖)  If 𝐴𝐴,𝐵𝐵 ∈ 𝒞𝒞 then 𝐴𝐴 ∩ 𝐵𝐵 ∈ 𝒞𝒞. 
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 (𝑖𝑖𝑖𝑖) If 𝐴𝐴 ∈  𝒞𝒞, then 𝐴𝐴𝑐𝑐 = ∪𝐵𝐵𝑖𝑖
𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓   where 𝐵𝐵𝑖𝑖 ∈ 𝒞𝒞,𝐵𝐵𝑖𝑖 ∩ 𝐵𝐵𝑗𝑗 = ∅, for 𝑖𝑖 ≠ 𝑗𝑗 

 If 𝒞𝒞 is any semi algebra of  sets, then the collection  ℱ consisting of the empty set and all 

finite disjoint union of sets in 𝒞𝒞 is an algebra of sets which is called the algebra generated 

by 𝒞𝒞 . 

If 𝑋𝑋 is a topological space, the 𝛿𝛿-algebra generated by the family of open set in 𝑋𝑋 (or 

equivalently by the family of closed set in 𝑋𝑋) is called the Borel 𝛿𝛿-algebra on 𝑋𝑋 and it’s 

member are called Borel set. Any measure  𝜇𝜇  defined on the 𝛿𝛿-algebra of Borel set is 

called Borel measure. 

 A set which is countable union of closed set is called an ℱ𝜎𝜎  and countable intersection of 

open set is called  𝒢𝒢𝛿𝛿 . 

A set is called 𝛿𝛿-compact if it is the union of a countable collection of compact sets.A set 

which is contained in a compact set is called bounded and one which is contained in a 𝛿𝛿-

compact is called 𝛿𝛿-bounded. 
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1.4 Measure and Outer Measure 

Let ℳ be a 𝛿𝛿-algebra and let 𝑋𝑋 be a set equipped with ℳ. A measure µ on 

ℳ or on a measurable space (𝑋𝑋,ℳ) or simply on 𝑋𝑋 is a function    

  µ:ℳ → [0, ∞]   such that, 

               (𝑖𝑖)          µ(∅) = 0       

               (𝑖𝑖𝑖𝑖)    If  �𝐸𝐸𝑗𝑗 �𝑖𝑖=1
∞   is a sequence of disjoint sets in ℳ , then 

                                                      µ�⋃ 𝐸𝐸𝑗𝑗∞
1 � = ∑ µ(𝐸𝐸𝑗𝑗∞

𝑖𝑖=1 ) 

Property (𝑖𝑖𝑖𝑖) is called countably additivity. It implies finite additivity; if 𝐸𝐸1,𝐸𝐸2, … . ,𝐸𝐸𝑛𝑛  are 

disjoint sets in ℳ and then  

      µ�⋃ 𝐸𝐸𝑗𝑗𝑛𝑛
𝑖𝑖=1 � = ∑ µ�𝐸𝐸𝑗𝑗 �𝑛𝑛

𝑖𝑖=1 ,  because one can take 𝐸𝐸𝑗𝑗 = ∅ for 𝑗𝑗 > 𝑛𝑛. 

If 𝑋𝑋 is a set and ℳ ⊂ 𝒫𝒫(𝑋𝑋) , where 𝒫𝒫(𝑋𝑋) is a power set of 𝑋𝑋  is a 𝛿𝛿-algebra and then 

(𝑋𝑋,ℳ)  is called a measurable space ( i.e. a set 𝑋𝑋  equipped with a  𝛿𝛿-algebra ℳ is called 

a  measurable space). 

By an outer measure µ∗ we mean an extended real-valued set function defined on all 

subset of a space 𝑋𝑋 and having the following properties: 

1. µ∗(∅) = 0 

2. 𝐴𝐴 ⊂ 𝐵𝐵 ⇒ µ∗(𝐴𝐴) ≤ µ∗(𝐵𝐵)       (monotonicity) 

3. 𝐸𝐸 = ⋃ 𝐸𝐸𝑖𝑖  ⇒ µ∗∞
1 (𝐸𝐸) ≤ ∑ µ∗(𝐸𝐸𝑖𝑖)∞

𝑖𝑖=1          (countably sub additivity) 

The outer measure µ∗ is finite if µ∗(𝑋𝑋) < ∞.  A set 𝐸𝐸 is measurable with respect to µ∗ if 

for every set 𝐴𝐴 we have, 

                     µ∗(𝐴𝐴) = µ∗(𝐴𝐴 ∩ 𝐸𝐸) + µ∗(𝐴𝐴 ∩ 𝐸𝐸𝑐𝑐) 

    Since µ∗ is sub additive, it is only necessary to show that  
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           µ∗(𝐴𝐴) ≥ µ∗(𝐴𝐴 ∩ 𝐸𝐸) + µ∗(𝐴𝐴 ∩ 𝐸𝐸𝑐𝑐)  for every 𝐴𝐴 in order to show that 

                                       𝐸𝐸 is  measurable. 

       If µ∗(𝐴𝐴) = ∞  then the inequality is true and so we need only to establish it for sets 

𝐴𝐴  with   µ∗(𝐴𝐴) < ∞. 

On the other hand, we define µ∗:𝒫𝒫(𝑋𝑋) ⟶ [0, ∞]  by 

                 µ∗(𝐸𝐸) = 𝑖𝑖𝑖𝑖𝑖𝑖  {∑ µ(𝐴𝐴𝑖𝑖) 
∞
𝑖𝑖=1 ,𝐴𝐴𝑖𝑖 ∈ ℳ, ∪ 𝐴𝐴𝑖𝑖 ⊃ 𝐸𝐸} 

Lemma 1.7: If 𝐴𝐴 ∈ ℳ and if  {𝐴𝐴𝑖𝑖} is any sequence of sets in ℳ such that  

                  𝐴𝐴 ⊂ ⋃ 𝐴𝐴𝑖𝑖∞
𝑖𝑖=1 , then µ (𝐴𝐴)≤ ∑ µ(𝐴𝐴𝑖𝑖)𝑛𝑛

𝑖𝑖=1  

     Proof: 

Set 𝐵𝐵𝑛𝑛 = 𝐴𝐴 ∩ 𝐴𝐴𝑛𝑛 ∩ (𝐴𝐴𝑛𝑛−1)𝑐𝑐 ∩ … …∩ (𝐴𝐴1)𝑐𝑐  

Then 𝐵𝐵𝑛𝑛 ∈ ℳ and  𝐵𝐵𝑛𝑛   ∈ 𝐴𝐴𝑛𝑛  

But 𝐴𝐴 is the disjoint union of the sequence {𝐵𝐵𝑛𝑛}, and so by countable additivity  

              µ(𝐴𝐴) = ∑ µ(𝐵𝐵𝑛𝑛) ≤∞
𝑛𝑛=1  ∑ µ(𝐴𝐴𝑛𝑛)∞

𝑛𝑛=1                             ∎ 

Corollary 1.8: If 𝐴𝐴 ∈  ℳ then  µ∗(𝐴𝐴) = µ(𝐴𝐴) 

If 𝐴𝐴 ⊂ 𝑋𝑋, the characteristics function 𝒳𝒳𝐴𝐴 of 𝐴𝐴 is defined by  

𝒳𝒳𝐴𝐴(𝑥𝑥) = �1        if       𝑥𝑥 ∈ 𝐴𝐴 
0      if        𝑥𝑥 ∉ 𝐴𝐴  

� 

The characteristics function, 𝒳𝒳𝐴𝐴 is measurable if and only if 𝐴𝐴 is measurable. A real-

valued function 𝜑𝜑 is called simple if it is measurable and it assumes only a finite number 

of values. If 𝜑𝜑 is simple and has the zero value 𝛼𝛼1,𝛼𝛼2, … . ,𝛼𝛼𝑛𝑛  then 𝜑𝜑 = ∑ 𝛼𝛼𝑖𝑖𝒳𝒳𝐴𝐴𝑖𝑖  
𝑛𝑛
𝑖𝑖=1 where 

𝐴𝐴𝑖𝑖 = {𝑥𝑥:𝜑𝜑(𝑥𝑥) = 𝛼𝛼𝑖𝑖}.That’s simple function is a finite linear combination of  
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characteristics function. If 𝜑𝜑 is a simple function in the space of all measurable function 

from 𝑋𝑋 to [0, ∞] with representation  

     𝜑𝜑 = ∑ 𝛼𝛼𝑖𝑖𝒳𝒳𝐴𝐴𝑖𝑖  
𝑛𝑛
𝑖𝑖=1   then we define the integral of 𝜑𝜑 with respect to the measure µ by 

                           ∫𝜑𝜑 𝑑𝑑μ = ∑ 𝛼𝛼𝑖𝑖µ(𝐴𝐴𝑖𝑖)     
𝑛𝑛
𝑖𝑖=1  

If 𝐴𝐴 ∈ ℳ then we define the integral of 𝜑𝜑 as 

                        ∫ 𝜑𝜑𝜑𝜑µ 
𝐴𝐴 = ∫𝜑𝜑𝒳𝒳𝐴𝐴  𝑑𝑑µ 

1.5. Normed vector Spaces  

Let 𝑋𝑋 be a v ector sp ace over K where K denotes e ither ℝ or ℂ. A  s eminorm on 𝑋𝑋 is a 

mapping   ‖. ‖ ∶ X → K such that for all 𝑥𝑥,𝑦𝑦 ∈ 𝑋𝑋 and 𝛼𝛼 ∈ 𝐾𝐾  

i. ‖𝛼𝛼𝛼𝛼‖ = |𝛼𝛼|‖𝑥𝑥‖ 

ii. ‖𝑥𝑥 + 𝑦𝑦‖ ≤ ‖𝑥𝑥‖ + ‖𝑦𝑦‖                          (triangle inequality) 

The f irst property c learly implies that ‖0‖ = 0. A semi norm such that ‖𝑥𝑥‖ = 0  if and 

only i f 𝑥𝑥 = 0 is called a n orm, an d a v ector sp ace equipped w ith a n orm i s cal led a 

normed vector space (or normed linear space).  

If 𝑋𝑋 is a n ormed vector space and 𝑑𝑑(𝑥𝑥,𝑦𝑦) is the distance from 𝑥𝑥 to 𝑦𝑦 .Then the function 

𝑑𝑑(𝑥𝑥,𝑦𝑦) = ‖𝑥𝑥 − 𝑦𝑦‖  is a metric on 𝑋𝑋. Since 

              ‖𝑥𝑥 − 𝑧𝑧‖ ≤ ‖𝑥𝑥 − 𝑦𝑦‖ + ‖𝑦𝑦 − 𝑧𝑧‖, ‖𝑥𝑥 − 𝑦𝑦‖ = ‖(−1)(𝑥𝑥 − 𝑦𝑦)‖ = ‖𝑦𝑦 − 𝑥𝑥‖ 

The topology i t defines is called the norm topology on 𝑋𝑋.Two norms ‖. ‖1 and ‖. ‖2 on 

𝑋𝑋 are called equivalent if there exist 𝑐𝑐1, 𝑐𝑐2 > 0 such that 

                        𝑐𝑐1 ‖𝑥𝑥‖1 ≤ ‖𝑥𝑥‖2 ≤ 𝑐𝑐2‖𝑥𝑥‖1    for all 𝑥𝑥 ∈ 𝑋𝑋 
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1.6 Linear Functional 

We define a linear functional F on a normed linear space 𝑋𝑋 to be a mapping 𝐹𝐹 of the 

space 𝑋𝑋 in to the set of all real number or complex numbers such that, for all 𝑓𝑓,𝑔𝑔 ∈ 𝑋𝑋 

and 𝛼𝛼,𝛽𝛽 are in complex or real numbers, 

                                𝐹𝐹(𝛼𝛼𝛼𝛼 + 𝛽𝛽𝛽𝛽) = 𝛼𝛼𝛼𝛼(𝑓𝑓) + 𝛽𝛽𝛽𝛽(𝑔𝑔). 

We say that a linear functional 𝐹𝐹 is bounded if there is a constant 𝑀𝑀 such that  

                                     |𝐹𝐹(𝑓𝑓)| ≤ 𝑀𝑀‖𝑓𝑓‖       for all 𝑓𝑓 in 𝑋𝑋. 

The smallest constant 𝑀𝑀 for which this inequality is true is called the norm of 𝐹𝐹.  

Thus,  

                        ‖𝐹𝐹‖ = 𝑠𝑠𝑠𝑠𝑠𝑠 |𝐹𝐹(𝑓𝑓)|
‖𝑓𝑓‖

   

  As 𝑓𝑓  ranges over all non zero elements of 𝑋𝑋 . 

    Example: - Let 𝑋𝑋 be a vector space.For 𝑓𝑓 in 𝑋𝑋  define  𝐹𝐹:𝑋𝑋 → ℝ   by  

                𝐹𝐹(𝑓𝑓) = 2∫ 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑
1

2�
0   ,   then 𝐹𝐹  is a   bounded linear functional on 𝑋𝑋. 

To show this, 

 Let 𝑓𝑓1 ,𝑓𝑓2 be in 𝑋𝑋 and 𝛼𝛼 , 𝛽𝛽  in  ℝ , then  

𝑖𝑖)       𝐹𝐹(𝛼𝛼𝑓𝑓1 + 𝛽𝛽𝑓𝑓2)      =   2 ∫  (𝛼𝛼𝑓𝑓1 + 𝛽𝛽𝑓𝑓2)(𝑥𝑥) 𝑑𝑑𝑑𝑑
1

2�
0  

                                = 2 (∫ 𝛼𝛼 𝑓𝑓1(𝑥𝑥)𝑑𝑑𝑑𝑑 + 
1

2�
0 ∫ 𝛽𝛽 𝑓𝑓2(𝑥𝑥)𝑑𝑑𝑑𝑑 ) 

1
2�

0    

                                

                                 = 2 (𝛼𝛼 ∫  𝑓𝑓1(𝑥𝑥)𝑑𝑑𝑑𝑑 +  𝛽𝛽
1

2�
0 ∫  𝑓𝑓2(𝑥𝑥)𝑑𝑑𝑑𝑑 ) 

1
2�

0  
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                                  = 𝛼𝛼(2∫  𝑓𝑓1(𝑥𝑥)𝑑𝑑𝑑𝑑 ) + 𝛽𝛽 (2
1

2�
0 ∫  𝑓𝑓2(𝑥𝑥)𝑑𝑑𝑑𝑑 ) 

1
2�

0  

                                 = 𝛼𝛼𝛼𝛼(𝑓𝑓1) + 𝛽𝛽𝛽𝛽(𝑓𝑓2) 

Thus, the result 𝐹𝐹 is linear functional. 

𝑖𝑖𝑖𝑖)            Boundedness  

|𝐹𝐹(𝑓𝑓)| = �2 � 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑  
1

2�

0
� = 2 �� 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑  

1
2�

0
� 

 

≤ 2� |𝑓𝑓(𝑥𝑥)|𝑑𝑑𝑑𝑑
1
2

0
 

 ≤ 2‖𝑓𝑓‖ �
1
8
− 0� 

                                                                     = 1
4
‖𝑓𝑓‖                 

where   𝑀𝑀 = 1
4
 

Thus  𝐹𝐹 is bounded. 

Therefore, 𝐹𝐹 is a bounded linear functional on 𝑋𝑋 . 
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CHAPTER TWO  

2 POSITIVE LINEAR FUNCTIONALS 

2.1 Positive Linear functional on 𝑪𝑪c (𝑿𝑿) 

If 𝑋𝑋 is a locally compact Hausdorff space and 𝑓𝑓 ∈ 𝐶𝐶(𝑋𝑋) where 𝐶𝐶(𝑋𝑋) is the set of all 

continuous function on 𝑋𝑋 , then the supports of 𝑓𝑓 is denoted by 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑓𝑓) and is defined as 

the smallest closed set which vanish outside of 𝑓𝑓. 

                    i.e.   the closure of the set {𝑥𝑥: 𝑓𝑓(𝑥𝑥) ≠ 0} = {𝑥𝑥: 𝑓𝑓(𝑥𝑥) ≠ 0} 

We define 𝐶𝐶c (𝑋𝑋)= {𝑓𝑓 ∈ 𝐶𝐶 (𝑋𝑋): 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑓𝑓) is compact}.Equivalently 𝐶𝐶c (𝑋𝑋) is defined as   

the class of all continuous function which have compact support.  

(Or it is consisting of all continuous function which vanishes outside a compact sub set 

of 𝑋𝑋 ). 

Examples 1)  𝑓𝑓(𝑥𝑥) = �𝑥𝑥
2 − 1     𝑖𝑖𝑖𝑖   |𝑥𝑥| ≤ 1

 0              other wise
� 

  2)  𝑓𝑓(𝑥𝑥) = �sin 𝑥𝑥        𝑥𝑥 ∈ [−𝜋𝜋, 𝜋𝜋]
0               other wise

�  

These two examples are continuous and support of the function 𝑓𝑓  is compact. This can 

be seen by drawing the graph of this function. On the other hand, the function:     

3) 𝑓𝑓(𝑥𝑥) = � 𝑥𝑥       𝑖𝑖𝑖𝑖   |𝑥𝑥| < 1
0          other wise

�                     

  is not an example of 𝐶𝐶c (𝑋𝑋).  Because, the function has a hole at  𝑥𝑥 = 1 and  𝑥𝑥 = −1. 

That’s the function is not continuous. Therefore,  𝑓𝑓(𝑥𝑥) is not an example of 𝐶𝐶c (𝑋𝑋) .  
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Remark: To say that a function defined through out  ℝ𝑛𝑛 (vector space), is of compact 

support is the same as  to say that there is a bounded interval outside which the function 

takes only the value zero. 

Definition: Let 𝑋𝑋  be a locally compact Hausdorff space. A linear functional 𝐼𝐼 on 𝐶𝐶c (𝑋𝑋)   

is positive if 𝐼𝐼(𝑓𝑓) ≥ 0  when ever 𝑓𝑓 ≥ 0.   

  Example: - If we define 𝐼𝐼 for  𝑓𝑓 in 𝐶𝐶𝐶𝐶(ℝ) by 𝐼𝐼(𝑓𝑓) = 2∫ 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑
1

2�
0  then 𝐼𝐼 is a positive 

linear functional on 𝐶𝐶𝐶𝐶(ℝ).  

To show this, 

Clearly 𝐼𝐼 is a linear functional. Now to show that 𝐼𝐼 is positive,  

Suppose that  𝑓𝑓(𝑥𝑥) ≥ 0 then  ∫𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑 ≥ 0. Thus, one can see that                              

           𝐼𝐼(𝑓𝑓) = 2∫ 𝑓𝑓(𝑥𝑥)𝑑𝑑𝑑𝑑
1

2�
0  ≥ 0.     

                  

       This implies that 𝐼𝐼(𝑓𝑓) ≥ 0. 

       Therefore,  𝐼𝐼 is a positive Linear functional on 𝐶𝐶𝐶𝐶(ℝ). 

Theorem 2.1: Let X is a locally compact Hausdorff space. If 𝐼𝐼 is a positive linear        

                          functional on 𝐶𝐶c (𝑋𝑋), then for each compact 𝐾𝐾 ⊂ 𝑋𝑋,  there is a constant 

                         𝐶𝐶𝐾𝐾    such that  

                           |𝐼𝐼(𝑓𝑓)| ≤ 𝐶𝐶𝐾𝐾‖𝑓𝑓‖    for all 𝑓𝑓 ∈ 𝐶𝐶c (𝑋𝑋) such that 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑓𝑓) ⊂ 𝐾𝐾.Where ‖𝑓𝑓‖ is   

                         a uniform norm or the supremum norm. 

 Before we are starting to proof we need the following lemmas and definition.  

Definition: Let 𝑋𝑋 be any set and let 𝑓𝑓 ∈ 𝐵𝐵(𝑋𝑋)  where 𝐵𝐵(𝑋𝑋) is the space of all bounded 

real valued function on  X , then we denote the uniform norm by ‖f‖   and is defined by  
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            ‖𝑓𝑓‖ = 𝑠𝑠𝑠𝑠𝑠𝑠{|𝑓𝑓(𝑥𝑥)|: 𝑥𝑥 ∈ 𝑋𝑋}  

Definition: Let f  be a real (or extended real) function on a topological space .If  

                    {𝑥𝑥: 𝑓𝑓(𝑥𝑥) > 𝛼𝛼}   is open for every real  α,  𝑓𝑓  is said to be lower semi    

                    continuous and if    

                     {x: f(x) < α}  is open for every real α, 𝑓𝑓  is said to be upper semi continuous. 

 Lemma 2.2: Suppose 𝑋𝑋 is a Hausdorff space, 𝐾𝐾 ⊂ 𝑋𝑋,𝐾𝐾 is compact, and 𝑝𝑝 ∈ 𝐾𝐾𝑐𝑐 .Then 

                        there are an open set  𝑈𝑈 and 𝑊𝑊 such that, 

                                        𝑝𝑝 ∈ 𝑈𝑈,𝐾𝐾 ⊂ 𝑊𝑊 and 𝑈𝑈 ∩𝑊𝑊 = ∅. 

            Proof:  

        If  𝑞𝑞 ∈ 𝐾𝐾, the Hausdorff separation axiom implies the existence of disjoint open     

                sets 𝑈𝑈𝑞𝑞and 𝑉𝑉𝑞𝑞   such that    

                                    

                             𝑝𝑝 ∈ 𝑈𝑈𝑞𝑞and 𝑞𝑞 ∈ 𝑉𝑉𝑞𝑞 . 

  Since 𝐾𝐾 is compact, there are points 𝑞𝑞1, 𝑞𝑞2, … , 𝑞𝑞𝑛𝑛 ∈ 𝐾𝐾 such that  

                                  𝐾𝐾 ⊂ 𝑉𝑉𝑞𝑞1 ∩ 𝑉𝑉𝑞𝑞2 ∩ … . . .∩ 𝑉𝑉𝑞𝑞𝑛𝑛              

       Now if we sets,   

 𝑈𝑈 = 𝑈𝑈𝑞𝑞1 ∩ 𝑈𝑈𝑞𝑞2 ∩ … …∩ 𝑈𝑈𝑞𝑞𝑛𝑛    and 

 𝑊𝑊 = 𝑉𝑉𝑞𝑞1 ∪ 𝑉𝑉𝑞𝑞2 ∪ … …∪ 𝑉𝑉𝑞𝑞𝑛𝑛    , then our requirements are satisfied.                            ∎ 
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Lemma 2.3:    If {𝐾𝐾𝑖𝑖}  is a collection of compact sub set of a Hausdorff space and  

                       ⋂ 𝐾𝐾𝑖𝑖𝑖𝑖 = ∅, then some finite sub collection of {𝐾𝐾𝑖𝑖} also empty intersection. 

               

               Proof: 

          Put  𝑉𝑉𝑖𝑖 = 𝐾𝐾𝑖𝑖𝑐𝑐 .  Fix a member 𝐾𝐾1 of   {𝐾𝐾𝑖𝑖} 

          Since no point of 𝐾𝐾1 belongs to every 𝐾𝐾𝑖𝑖 ,  

                   {𝑉𝑉𝑖𝑖}  is an open cover of 𝐾𝐾1 . 

        Hence  𝐾𝐾1 ⊂ 𝑉𝑉𝑖𝑖1 ∪ 𝑉𝑉𝑖𝑖2 ∪ … … . .∪ 𝑉𝑉𝑖𝑖𝑛𝑛   for some finite collection  �𝑉𝑉𝑖𝑖𝑗𝑗 �  

             This implies that  

                                   𝐾𝐾1 ⊂ 𝐾𝐾𝑖𝑖1 ∩ 𝐾𝐾𝑖𝑖2 ∩ … …∩ 𝐾𝐾𝑖𝑖𝑛𝑛 = ∅                

Therefore, some finite sub collection of  {𝐾𝐾𝑖𝑖} is an empty intersection.                           ∎    

Lemma 2.4: If 𝑈𝑈 is open in a locally compact Hausdorff space 𝑋𝑋,𝐾𝐾 ⊂ 𝑈𝑈, and 𝐾𝐾 compact,    

                    then there is an open set 𝑉𝑉 with compact closure such that  

                                          𝐾𝐾 ⊂ 𝑉𝑉 ⊂ 𝑉𝑉 ⊂ 𝑈𝑈.      

         Proof: 

     Since every point of 𝐾𝐾 has a neighborhood, with compact closure, and since 𝐾𝐾 is   

      covered by the union of finitely many of these neighborhoods,𝐾𝐾 lies in an open set 

      𝐺𝐺 with compact closure. 

        If  𝑈𝑈 = 𝑋𝑋, take  𝑉𝑉 = 𝐺𝐺 . 

        Otherwise, let 𝐶𝐶 be the complement of  𝑈𝑈 . 
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       Lemma (2.2) shows that to each 𝑝𝑝 ∈ 𝐶𝐶 there corresponding open set 𝑊𝑊𝑝𝑝  such that                      

                               𝐾𝐾 ⊂ 𝑊𝑊𝑝𝑝  and 𝑝𝑝 ∉ 𝑊𝑊𝑝𝑝  

Hence   �𝐶𝐶 ∩ 𝐺𝐺 ∩𝑊𝑊𝑝𝑝�,  where 𝑝𝑝 ranges over 𝐶𝐶, is a collection of compact sets with empty 

intersection.    

By lemma (2.3) there are points 𝑝𝑝1,𝑝𝑝2, … , 𝑝𝑝𝑛𝑛 ∈ 𝐶𝐶 such that  

        𝐶𝐶 ∩ 𝐺𝐺 ∩𝑊𝑊𝑝𝑝1 ∩ … …∩𝑊𝑊𝑝𝑝𝑛𝑛 = ∅ 

The set 𝑉𝑉 = 𝐺𝐺 ∩𝑊𝑊𝑝𝑝1 ∩ … …∩𝑊𝑊𝑝𝑝𝑛𝑛  then has required properties, since 

 𝑉𝑉 ⊂ 𝐺𝐺 ∩𝑊𝑊𝑝𝑝1 ∩ … …∩𝑊𝑊𝑝𝑝𝑛𝑛 = ∅         ∎ 

Notation: If 𝑈𝑈 is open in 𝑋𝑋and 𝑓𝑓 ∈ 𝐶𝐶c (𝑋𝑋) we shall write 𝐾𝐾 ≺ 𝑓𝑓 ≺ 𝑈𝑈 to mean that  

                   0 ≤ 𝑓𝑓 ≤ 1, 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑓𝑓) ⊂ 𝑈𝑈 and 𝑓𝑓 = 1 on  𝐾𝐾. 

Lemma 2.5: (Urysohn’s lemma)   

Suppose 𝑋𝑋 is a locally compact Hausdorff space, 𝑉𝑉 is open in   𝑋𝑋, 𝐾𝐾 ⊂ 𝑉𝑉,  and     

𝐾𝐾 compact. Then there exist   𝑓𝑓 ∈ 𝐶𝐶c (𝑋𝑋), such that  

                                                    𝐾𝐾 ≺ 𝑓𝑓 ≺ 𝑉𝑉.  

                      i.e. 0 ≤ 𝑓𝑓 ≤ 1, 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑓𝑓) ⊂ 𝑉𝑉 and 𝑓𝑓 = 1 on  𝐾𝐾. 

      Proof: 

 Put  𝑟𝑟1 = 0, 𝑟𝑟2 = 1 and let 𝑟𝑟3, 𝑟𝑟4, … ..  be an enumeration of the rational in                                                                                       

(0, 1).By lemma (2.4) we can find open sets 𝑉𝑉0 and then 𝑉𝑉1 such that 𝑉𝑉0 is                                                     

compact and  

         

                     𝐾𝐾 ⊂ 𝑉𝑉1 ⊂ 𝑉𝑉1 ⊂ 𝑉𝑉0 ⊂ 𝑉𝑉0 ⊂ 𝑉𝑉 
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Suppose  𝑛𝑛 ≥ 2 and 𝑉𝑉𝑟𝑟1 ,𝑉𝑉𝑟𝑟2 , … . ,𝑉𝑉𝑟𝑟𝑛𝑛  have been chosen in such a manner that  𝑟𝑟𝑖𝑖 ≤ 𝑟𝑟𝑗𝑗   

implies  𝑉𝑉𝑟𝑟𝑗𝑗 ⊂ 𝑉𝑉𝑟𝑟𝑖𝑖 .  

Then one of the numbers  𝑟𝑟1, 𝑟𝑟2, … . , 𝑟𝑟𝑛𝑛   say 𝑟𝑟𝑖𝑖  , will be the largest one which is smaller 

than 𝑟𝑟𝑛𝑛+1,and another say  𝑟𝑟𝑗𝑗   will be smallest one larger than 𝑟𝑟𝑛𝑛+1. 

Again by using lemma (2.4) we can find 𝑉𝑉𝑟𝑟𝑛𝑛+1  so that  

                                   𝑉𝑉𝑟𝑟𝑗𝑗 ⊂ 𝑉𝑉𝑟𝑟𝑛𝑛+1 ⊂ 𝑉𝑉𝑟𝑟𝑛𝑛+1 ⊂ 𝑉𝑉𝑟𝑟𝑖𝑖      

Continuing like this, we obtain a collection {𝑉𝑉𝑟𝑟} of open sets, one for every rational         

𝑟𝑟 ∈ [0,1], with the following properties: 

 𝐾𝐾 ⊂ 𝑉𝑉1,𝑉𝑉0 ⊂ 𝑉𝑉,  each 𝑉𝑉𝑟𝑟   is compact.  

  And  𝑠𝑠 > 𝑟𝑟 which implies that  𝑉𝑉𝑠𝑠 ⊂ 𝑉𝑉𝑟𝑟                                                           (1) 

            

         Define 𝑓𝑓𝑟𝑟(𝑥𝑥) = �1        if           𝑥𝑥 ∈ 𝑉𝑉𝑟𝑟
0            other wise 

�      , 𝑔𝑔𝑠𝑠(𝑥𝑥) = �1       if  𝑥𝑥 ∈ 𝑉𝑉𝑠𝑠 ,
𝑠𝑠   other wise

�          and  

                             𝑓𝑓 = 𝑠𝑠𝑠𝑠𝑠𝑠 𝑓𝑓𝑟𝑟
𝑟𝑟          ,          𝑔𝑔 = 𝑖𝑖𝑖𝑖𝑖𝑖  𝑔𝑔𝑠𝑠

𝑠𝑠  

Now by definition, 𝑓𝑓 is lower semi-continuous and that 𝑔𝑔 is upper semi continuous.  

It is clear that 0 ≤ 𝑓𝑓 ≤ 1, that 𝑓𝑓(𝑥𝑥) = 1 if 𝑥𝑥 ∈ 𝐾𝐾, and that 𝑓𝑓 has its support in 𝑉𝑉0.  

Now the proof will be completed by showing that  

                                      𝑓𝑓 = 𝑔𝑔 

The inequality 𝑓𝑓𝑟𝑟(𝑥𝑥) > 𝑔𝑔𝑠𝑠(𝑥𝑥)  is possible only if  𝑟𝑟 > 𝑠𝑠, 𝑥𝑥 ∈ 𝑉𝑉𝑟𝑟 , and 𝑥𝑥 ∉ 𝑉𝑉𝑠𝑠 . 

 



Representation of positive linear functional  2011 
 

27 
 

 

 But 𝑟𝑟 > 𝑠𝑠 implies  𝑉𝑉𝑟𝑟 ⊂ 𝑉𝑉𝑠𝑠 . 

Hence 𝑓𝑓𝑟𝑟 ≤ 𝑔𝑔𝑠𝑠  for all 𝑟𝑟 and 𝑠𝑠, so 𝑓𝑓 ≤ 𝑔𝑔 

 Suppose 𝑓𝑓(𝑥𝑥) ≤ 𝑔𝑔(𝑥𝑥)  for some 𝑥𝑥 . Then there are rational 𝑟𝑟 and 𝑠𝑠, such that  

                  𝑓𝑓(𝑥𝑥) < 𝑟𝑟 < 𝑠𝑠 < 𝑔𝑔(𝑥𝑥). 

Since 𝑓𝑓(𝑥𝑥) < 𝑟𝑟, we have 𝑥𝑥 ∉ 𝑉𝑉𝑟𝑟 ; since 𝑔𝑔(𝑥𝑥) > 𝑠𝑠,  we have 𝑥𝑥 ∈ 𝑉𝑉𝑠𝑠     

By equation (1) above, this is contradiction. 

                  Hence       𝑓𝑓 = 𝑔𝑔               ∎ 

Now the Proof theorem (2.1) is as follows: 

           Consider the real valued 𝑓𝑓 

                      Given a compact 𝐾𝐾, let 𝑈𝑈 be an open set containing 𝐾𝐾 and choose  

                        𝜙𝜙 ∈ 𝐶𝐶c(𝑋𝑋, [0,1]) such that 𝜙𝜙 = 1 on 𝐾𝐾       (Urysohn’s lemma) 

                    Then if 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑓𝑓) ⊂ 𝐾𝐾  , we have       |𝑓𝑓| ≤ ‖𝑓𝑓‖ 𝜙𝜙    

                    This implies  ‖𝑓𝑓‖ 𝜙𝜙 − 𝑓𝑓 ≥ 0  and ‖𝑓𝑓‖ 𝜙𝜙 + 𝑓𝑓 ≥ 0         definition of absolute 

                                                                                                                           value. 

                    Thus, 𝐼𝐼(‖𝑓𝑓‖ 𝜙𝜙 − 𝑓𝑓) ≥ 0 and 𝐼𝐼(‖𝑓𝑓‖ 𝜙𝜙 + 𝑓𝑓) ≥ 0  

                       ‖𝑓𝑓‖ 𝐼𝐼(𝜙𝜙) − 𝐼𝐼(𝑓𝑓) ≥ 0  𝑎𝑎𝑎𝑎𝑎𝑎 ‖𝑓𝑓‖ 𝐼𝐼(𝜙𝜙) + 𝐼𝐼(𝑓𝑓) ≥ 0      Linearity of   𝐼𝐼 

                                     |𝐼𝐼(𝑓𝑓)|  ≤ 𝐼𝐼(𝜙𝜙)‖𝑓𝑓‖  

                             Therefore, if we set   𝐶𝐶𝐾𝐾 = 𝐼𝐼(𝜙𝜙)  then the result holds.             ∎ 
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Definition: Let 𝑋𝑋 be a locally compact Hausdorff space and μ be a Borel measures on 

𝑋𝑋 and 𝐸𝐸  a Borel subset of 𝑋𝑋.Then the measure μ  is called outer regular on 𝐸𝐸  if 

                  μ(𝐸𝐸) =  𝑖𝑖𝑖𝑖𝑖𝑖{μ(𝑈𝑈):𝑈𝑈 ⊃ 𝐸𝐸,𝑈𝑈 open}   and inner regular on  𝐸𝐸  

                   if  μ(𝐸𝐸) = 𝑠𝑠𝑠𝑠𝑠𝑠 {μ(𝐾𝐾):𝐾𝐾⊂𝐸𝐸, 𝐾𝐾 compact} 

If  μ  is outer and inner regular on all Borel sets, then  μ  is called regular.  

A Radon measure μ on a locally compact Hausdorff space 𝑋𝑋 is a Borel measure that’s 

finite on all compact sets, outer regular on all Borel sets and inner regular on all open 

sets. Radon measures are also inner regular on all of 𝛿𝛿-finite sets. 

 2.2 The Riesz representation theorem 

Let 𝑋𝑋 is a locally compact Hausdorff spaces. If 𝐼𝐼 is a positive linear functional on 𝐶𝐶c (𝑋𝑋), 

then there exist a unique Radon measure μ on 𝑋𝑋 such that                

                             𝐼𝐼(𝑓𝑓) = ∫ 𝑓𝑓 𝑑𝑑µ 
𝑋𝑋       for all 𝑓𝑓 ∈ 𝐶𝐶c (𝑋𝑋) 

More over μ satisfies the following:  

1)  μ(𝑈𝑈) = 𝑠𝑠𝑠𝑠𝑠𝑠{𝐼𝐼(𝑓𝑓): 𝑓𝑓 ∈ 𝐶𝐶𝐶𝐶(𝑋𝑋),𝑓𝑓 ≺ 𝑈𝑈} for all open 𝑈𝑈 ⊂  𝑋𝑋                             (1) 

2) μ(𝐾𝐾) = 𝑖𝑖𝑖𝑖𝑖𝑖{𝐼𝐼(𝑓𝑓): 𝑓𝑓 ∈ 𝐶𝐶𝐶𝐶(𝑋𝑋),𝑓𝑓 ≥ 𝒳𝒳𝐾𝐾} for all compact  𝐾𝐾 ⊂ 𝑋𝑋                      (2) 

Proof: 

(𝒊𝒊) Existence 

Define µ(𝑈𝑈) = 𝑠𝑠𝑠𝑠𝑠𝑠{𝐼𝐼(𝑓𝑓): 𝑓𝑓 ∈ 𝐶𝐶𝐶𝐶(𝑋𝑋), 𝑓𝑓 ≺ 𝑈𝑈} for 𝑈𝑈 open and for arbitrary set 𝐸𝐸 ⊂ 𝑋𝑋 

define µ∗(𝐸𝐸)  by 

     µ∗(𝐸𝐸) = 𝑖𝑖𝑖𝑖𝑖𝑖{µ(𝑈𝑈):𝑈𝑈 ⊃ 𝐸𝐸, 𝑈𝑈 open} 

   If 𝑈𝑈 ⊂ 𝑉𝑉 then  µ(𝑈𝑈) ≤ µ(𝑉𝑉)  and if 𝑈𝑈 is open µ∗(𝑈𝑈) = µ(𝑈𝑈) 

 Now what we wants to show is the following: 
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1    µ∗  is an outer measure. 

2 Every open set is µ∗-measurable. 

3     µ satisfies (2). 

4    𝐼𝐼(𝑓𝑓) = ∫ 𝑓𝑓 𝑑𝑑µ 
𝑋𝑋   for all 𝑓𝑓 ∈ 𝐶𝐶𝐶𝐶(𝑋𝑋). 

Now let’s shows each of them one by one. 

(1)  If  {𝑈𝑈𝑖𝑖}  is  a sequence of open sets and 𝑈𝑈 = ⋃ 𝑈𝑈𝑗𝑗∞
𝑗𝑗=1   then what we want to show is 

                     µ(𝑈𝑈) ≤ ∑ µ�𝑈𝑈𝑗𝑗 �∞
𝑗𝑗=1  

  Indeed from this it follows that for any set 𝐸𝐸 ⊂ 𝑋𝑋 

          µ∗(𝐸𝐸) = 𝑖𝑖𝑖𝑖𝑖𝑖�∑ µ�𝑈𝑈𝑗𝑗 � ∶ 𝑈𝑈𝑗𝑗  open ,𝐸𝐸 ⊂ ⋃ 𝑈𝑈𝑗𝑗∞
𝑗𝑗=1

∞
𝑗𝑗=1 �  

The equation on the right hand side just defines the outer measure.  

            If  𝑈𝑈 = ⋃ 𝑈𝑈𝑗𝑗 ,𝑓𝑓 ∈ 𝐶𝐶𝐶𝐶(𝑋𝑋)  ∞
𝑗𝑗=1 and 𝑓𝑓 ≺ 𝑈𝑈 

   Let 𝐾𝐾 = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑓𝑓). Since 𝐾𝐾 is compact, we have 𝐾𝐾 ⊂ ⋃ 𝑈𝑈𝑗𝑗𝑛𝑛
𝑗𝑗=1  for some 𝑛𝑛 . 

   Then there exist 𝑔𝑔1,𝑔𝑔2,𝑔𝑔3, … . ,𝑔𝑔𝑛𝑛 ∈ 𝐶𝐶𝐶𝐶(𝑋𝑋) with 𝑔𝑔𝑖𝑖 ≺ 𝑈𝑈𝑗𝑗  and   ∑ 𝑔𝑔𝑗𝑗 = 1 𝑛𝑛
𝑗𝑗=1 on 𝐾𝐾. 

    But then, 𝑓𝑓 = ∑ 𝑓𝑓𝑔𝑔𝑗𝑗  and 𝑓𝑓𝑔𝑔𝑗𝑗 ≺ 𝑈𝑈𝑗𝑗𝑛𝑛
𝑗𝑗=1   so  

        

                          𝐼𝐼(𝑓𝑓) = �𝐼𝐼�𝑓𝑓𝑔𝑔𝑗𝑗 � ≤�µ�𝑈𝑈𝑗𝑗 �
𝑛𝑛

𝑗𝑗=1

𝑛𝑛

𝑗𝑗=1

 

                                                   ≤ ∑ µ(𝑈𝑈𝑗𝑗 )∞
𝑗𝑗=1  

        Since it is true for any 𝑓𝑓 ≺ 𝑈𝑈 we conclude that  
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                       µ(𝑈𝑈) = ∑ µ�𝑈𝑈𝑗𝑗 �∞
𝑗𝑗=1 . 

(2)  If 𝑈𝑈 is open and  µ∗(𝐸𝐸) < ∞ for any set  𝐸𝐸 ⊂ 𝑋𝑋,then  

  we want to show   

                        µ∗(𝐸𝐸) ≥ µ∗(𝐸𝐸 ∩ 𝑈𝑈) + µ∗(𝐸𝐸\𝑈𝑈) 

   Let 𝐸𝐸 is open, then 𝐸𝐸 ∩ 𝑈𝑈 is open. 

  So given 𝜖𝜖 > 0 we can find 𝑓𝑓 ∈ 𝐶𝐶𝐶𝐶(𝑋𝑋) such that 𝑓𝑓 ≺ 𝐸𝐸 ∩ 𝑈𝑈  and 𝐼𝐼(𝑓𝑓) > µ(𝐸𝐸 ∩ 𝑈𝑈) − 𝜖𝜖 

Also 𝐸𝐸\(𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑓𝑓)) is open .So we can find 𝑔𝑔 ∈ 𝐶𝐶𝐶𝐶(𝑋𝑋) such that    

         𝑔𝑔 ≺ 𝐸𝐸\𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑓𝑓)  and 𝐼𝐼(𝑔𝑔) > µ�𝐸𝐸\𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑓𝑓)� − 𝜖𝜖 

   But then 𝑓𝑓 + 𝑔𝑔 ≺ 𝐸𝐸, so  

    

µ(𝐸𝐸) ≥ 𝐼𝐼(𝑓𝑓) + 𝐼𝐼(𝑔𝑔) > µ(𝐸𝐸 ∩ 𝑈𝑈) + µ�𝐸𝐸\𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑓𝑓)� − 2𝜖𝜖 

               ≥ µ∗(𝐸𝐸 ∩ 𝑈𝑈) + µ∗(𝐸𝐸\𝑈𝑈) − 2𝜖𝜖 

       Letting 𝜖𝜖 → 0  we get,  

                 µ(𝐸𝐸) ≥ µ∗(𝐸𝐸 ∩ 𝑈𝑈) + µ∗(𝐸𝐸\𝑈𝑈). 

          Hence every open set is µ∗  measurable. 

 

(3)    If  𝐾𝐾 is compact, 𝑓𝑓 ∈ 𝐶𝐶𝐶𝐶(𝑋𝑋) and 𝑓𝑓 ≥ 𝒳𝒳𝐾𝐾  

         Let 𝑈𝑈𝜖𝜖 = {𝑥𝑥: 𝑓𝑓(𝑥𝑥) > 1 − 𝜖𝜖}  then 𝑈𝑈𝜖𝜖  is open.  

         If 𝑔𝑔 ≺ 𝑈𝑈𝜖𝜖   we have (1 − 𝜖𝜖)−1𝑓𝑓 − 𝑔𝑔 ≥ 0  and so  
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                    (1 − 𝜖𝜖)−1𝐼𝐼(𝑓𝑓) − 𝐼𝐼(𝑔𝑔) ≥ 0 ⟹  𝐼𝐼(𝑔𝑔) ≤ (1 − 𝜖𝜖)−1𝐼𝐼(𝑓𝑓) 

          Thus µ(𝐾𝐾) ≤ µ(𝑈𝑈𝜖𝜖) ≤ (1 − 𝜖𝜖)−1𝐼𝐼(𝑓𝑓)  and 

          Letting  𝜖𝜖 → 0  we see that,  

           

                         µ(𝐾𝐾) ≤ 𝐼𝐼(𝑓𝑓) 

       On the other hand, for any open set 𝑈𝑈 ⊃ 𝐾𝐾, by Urysohn’s lemma there exist  

        𝑓𝑓 ∈ 𝐶𝐶𝐶𝐶(𝑋𝑋)  such that 𝑓𝑓 ≥ 𝒳𝒳𝐾𝐾   and 𝑓𝑓 ≺ 𝑈𝑈   

          Whence 𝐼𝐼(𝑓𝑓) ≤ µ((𝑈𝑈) 

      Since µ is outer regular on 𝐾𝐾 equation (2) holds. 

(4) It is suffices to show 𝐼𝐼(𝑓𝑓) = ∫ 𝑓𝑓 𝑑𝑑µ 
𝑋𝑋   if  𝑓𝑓 ∈ 𝐶𝐶𝐶𝐶(𝑋𝑋, [0,1]) as 𝐶𝐶𝐶𝐶(𝑋𝑋) is a linear span of 

the latter set. 

Given 𝑁𝑁 ∈ ℕ  for 1≤ 𝑗𝑗 ≤ 𝑁𝑁.  Let 𝐾𝐾𝑗𝑗 = {𝑥𝑥: 𝑓𝑓(𝑥𝑥) ≥ 𝑗𝑗𝑁𝑁−1} and 𝐾𝐾𝑜𝑜 = 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑓𝑓) 

Define 𝑓𝑓1,𝑓𝑓2, … . , 𝑓𝑓𝑛𝑛 ∈ 𝐶𝐶𝐶𝐶(𝑋𝑋)   by 

 

           𝑓𝑓𝑗𝑗 (𝑥𝑥) = �
  0                                if       𝑥𝑥 ∉ 𝐾𝐾𝑗𝑗−1

𝑓𝑓(𝑥𝑥) − (𝑗𝑗 − 1)𝑁𝑁−1   if   𝑥𝑥 ∈ 𝐾𝐾𝑗𝑗−1\𝐾𝐾𝑗𝑗
𝑁𝑁−1                     if        𝑥𝑥 ∈ 𝐾𝐾𝑗𝑗

� 

     Then, 𝑁𝑁−1𝒳𝒳𝐾𝐾𝑗𝑗 ≤ 𝑓𝑓𝑗𝑗 ≤ 𝑁𝑁−1𝒳𝒳𝐾𝐾𝑗𝑗−1                                                                         (3) 

      

 

 Now integrating (3) yields,  

                  1
𝑁𝑁 

µ(𝐾𝐾𝑗𝑗 ) ≤ ∫ 𝑓𝑓𝑗𝑗
 
𝑋𝑋 𝑑𝑑µ ≤ 1

𝑁𝑁 
µ(𝐾𝐾𝑗𝑗−1) 
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   If  𝑈𝑈 is open set containing 𝐾𝐾𝑗𝑗−1 then we have, 𝑁𝑁𝑓𝑓𝑗𝑗 ≺ 𝑈𝑈 

                     Then 𝐼𝐼�𝑓𝑓𝑗𝑗 � ≤ µ(𝑈𝑈).      This implies that  𝐼𝐼�𝑓𝑓𝑗𝑗 � ≤
µ(𝑈𝑈)
𝑁𝑁

 . 

   Hence by outer regularity and (2), we have   

  

            1
𝑁𝑁 

µ�𝐾𝐾𝑗𝑗 � ≤ 𝐼𝐼�𝑓𝑓𝑗𝑗 � ≤     1
𝑁𝑁 

µ�𝐾𝐾𝑗𝑗−1� 

  More over 𝑓𝑓 = ∑ 𝑓𝑓𝑗𝑗  ,𝑁𝑁
𝑗𝑗=1  so that  

         1
𝑁𝑁
∑ µ(𝐾𝐾𝑗𝑗 )𝑁𝑁
𝑗𝑗=1  ≤  ∫ 𝑓𝑓 𝑑𝑑µ 

𝑋𝑋  ≤  1
𝑁𝑁
∑ µ(𝐾𝐾𝑗𝑗 )𝑁𝑁−1
𝑗𝑗=0      

             1
𝑁𝑁
∑ µ(𝐾𝐾𝑗𝑗 )𝑁𝑁
𝑗𝑗=1  ≤  𝐼𝐼(𝑓𝑓) ≤  1

𝑁𝑁
∑ µ(𝐾𝐾𝑗𝑗 )𝑁𝑁−1
𝑗𝑗=0  

           It follows that, 

�𝐼𝐼(𝑓𝑓) −�𝑓𝑓 𝑑𝑑µ
 

𝑋𝑋
�   ≤  

µ(𝐾𝐾𝑜𝑜) − µ(𝐾𝐾𝑁𝑁)
𝑁𝑁

 ≤   
µ(𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑓𝑓))

𝑁𝑁
 

Since µ�𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝑓𝑓)� < ∞ and 𝑁𝑁 is arbitrary it follows that, 

                   𝐼𝐼(𝑓𝑓) = ∫ 𝑓𝑓 𝑑𝑑µ 
 𝑋𝑋   for all 𝑓𝑓 ∈ 𝐶𝐶𝐶𝐶(𝑋𝑋)         
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𝒊𝒊𝒊𝒊)  Uniqueness. 

      Let µ  be a Radon Measure such that    𝐼𝐼(𝑓𝑓) = ∫ 𝑓𝑓 𝑑𝑑µ 
𝑋𝑋       for all 𝑓𝑓 ∈ 𝐶𝐶𝐶𝐶(𝑋𝑋). 

      Le 𝑈𝑈 ⊂ 𝑋𝑋  is open. Then Clearly    𝐼𝐼(𝑓𝑓) ≤ µ(𝑈𝑈)     

      On the other hand, if 𝐾𝐾⊂𝑈𝑈 is compact, then by Urysohn’s lemma there is an                                           

                      𝑓𝑓 ∈ 𝐶𝐶𝐶𝐶(𝑋𝑋)  such that 𝑓𝑓 ≺ 𝑈𝑈  and  𝑓𝑓 = 1 on 𝐾𝐾. 

 Whence  µ(𝐾𝐾) = ∫ 𝒳𝒳𝐾𝐾
 
𝑋𝑋 𝑑𝑑µ ≤ ∫ 𝑓𝑓 𝑑𝑑µ 

𝑋𝑋 = 𝐼𝐼(𝑓𝑓) 

      On the other hand, since µ is inner regular on 𝑈𝑈, it implies that (1) holds.  

      Thus µ is determined by 𝐼𝐼 on open sets, and hence on all Borel sets because of outer           

regularity.                                     
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