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Abstract

We have investigated the squeezing and statistical properties of the light gener-

ated by a three level atom available in an open cavity and pumped to the top level

by electron bombardment. We have determined the quantum Langevin equations and

the equation of evolution of the atomic operators by considering the vacuum reservoir

to be a noiseless physical entity and by applying the large-time approximation scheme.

Moreover, we have obtained the steady state solutions of the equation of evolution of the

atomic operators and the quantum Langevin equations . Then applying the resulting

solutions, we have calculated the mean photon number, variance of the photon number

and quadrature variance of the separate cavity light modes. We have found that the

mean photon numbers of light modes a and b are the same in the absence as well as in

the presence of spontaneous emission. Light mode a is in a chaotic state when the atom

is operating well above threshold, or at threshold, or below threshold. On the other

hand light mode b is in coherent state when the atom is operating well above threshold.

Finally, applying the same solution we obtained the mean and variance of the two mode

cavity light. The mean and variance of the photon number of the two-mode light is

greater in the absence than in the presence of spontaneous emission. Moreover, we have

determined the quadrature squeezing of the two mode cavity light. It is found that the

two-mode light is in squeezed state with a maximum quadrature squeezing of 50% below

the coherent state level. The maximum squeezing of the two-mode light occurs when

the atom is operating below vacuum state.
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Chapter 1

Introduction

The statistical and squeezing properties of the light generated by three-level atoms

have been investigated by several authors [1-14]. In one model, three-level atoms initially

prepared in a coherent superposition of the top and bottom levels are injected into a

cavity and then removed after they have decayed due to spontaneous emission [1]. In an

other model, the top and bottom levels of the three-level atoms injected into a cavity

are coupled by coherent light [2,10]. It is found that three-level atoms in either model

generates squeezed light under certain conditions. It appears to be quite difficult to

prepare the atoms in a coherent superposition of the top and bottom levels before they

are injected into the atom cavity. In addition, it should certainly be hard to find out

that the atoms have decayed spontaneously before they are removed from the cavity.

On the other hand, the degree of squeezing of the light generated by three level atoms,

with the top and bottom levels coupled by coherent light, is relatively large when the

mean photon number is relatively small [10,13].

In this project we wish to study the squeezing and statistical properties of the light

generated by a three level atom available in an open cavity and pumped to the top

level by electron bombardment. To this end, we first determine the quantum Langevin

equations and the equation of evolution of the atomic operators. Moreover, we determine

the solution of equations of evolution of the atomic operators and the quantum Langevin

equations. Finally, applying the same solution, we obtain the mean and variance of the

two mode cavity light. In addition we determine the quadrature squeezing of the two

mode cavity light.

1



Chapter 2

Operator Dynamics

We seek here to obtain the quantum Langevin equation for cavity mode operators

and the equation of evolution for the expectation values of atomic operators. We denote

the top, intermediate, and bottom levels of three-level atom by |a〉, |b〉 and |c〉, respec-

tively. We prefer to call the light emitted from the top level light mode a and the one

emitted from the intermediate level light mode b. We carry out our analysis with light

mode a and b having the same or different frequencies. In addition, we assume that

light mode a and b to be at resonance with the transition |a〉 → |b〉 and |b〉 → |c〉, with

direct transition |a〉 → |c〉, to be dipole forbidden. The interaction of a three level atom

with light modes a and b can be described at resonance by the Hamiltonian [2]

Ĥ = ig
(
σ̂†aâ− â†σ̂a + σ̂†b b̂− b̂†σ̂b

)
, (2.1)

where

σ̂a = |b〉〈a| (2.2)

and

σ̂b = |c〉〈b| (2.3)

are lowering atomic operators, â and b̂ are annihilation operators for light modes

a and b, with g being the coupling constant between the atom and light mode a or b.

We assume that the cavity modes are coupled to a vacuum reservoir via a single-port

mirror.

The quantum Langevin equations for the operators a and b are given by [2]

dâ

dt
= −κ

2
â− i

[
â, Ĥ

]
+ F̂a(t) (2.4)
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and

db̂

dt
= −κ

2
b̂− i

[
b̂, Ĥ

]
+ F̂b(t), (2.5)

where k is cavity damping constant for light modes a and b and F̂ (t) is a noise operator.

In addition, we carry out our calculation by putting the noise operators associated with

the vacuum reservoir in normal order. Thus the noise operators will not have any effect

on the dynamics of the cavity mode operators. We can thus drop the noise operators

and rewrite the quantum Langevin equation for the operates â and b̂ as

dâ

dt
= −κ

2
â− i

[
â, Ĥ

]
(2.6)

and

db̂

dt
= −κ

2
b̂− i

[
b̂, Ĥ

]
. (2.7)

With the aid of Eqs. ( 2.1), (2.6), and (2.7), we easily find

dâ

dt
= −κ

2
â− gσ̂a (2.8)

and

db̂

dt
= −κ

2
b̂− gσ̂b. (2.9)

Furthermore, the master equation for the three-level-atom interacting with

a vacuum reservoir has the form

dρ̂

dt
= i

[
Ĥ, ρ̂

]
+
γ

2

(
2σ̂aρ̂σ̂

†
a − σ̂†aσ̂aρ̂− ρ̂σ̂†aσ̂a + 2σ̂bρ̂σ̂

†
b − σ̂†b σ̂bρ̂− ρ̂σ̂†b σ̂b

)
, (2.10)

where γ is the spontaneous emission decay constant.

We can rewrite Eq. (2.10) in the form

dρ̂

dt
= i

[
Ĥ, ρ̂

]
+
γ

2

(
2σ̂aρ̂σ̂

†
a − η̂aρ̂− ρ̂η̂a + 2σ̂bρ̂σ̂

†
b − η̂bρ̂− ρ̂η̂b

)
, (2.11)

where

η̂a = |a〉〈a| (2.12)

and

η̂b = |b〉〈b|. (2.13)

3



Substituting Eq. (2.1) into Eq.(2.11), we get

d

dt
ρ̂ = g

(
σ̂†aâρ̂− ρ̂σ̂†aâ− â†σ̂aρ̂+ ρ̂â†σ̂a + σ̂†b b̂ρ̂− ρ̂σ̂†b b̂− b̂†σ̂bρ̂+ ρ̂b̂†σ̂b

)
+
γ

2

(
2σ̂aρ̂σ̂

†
a − η̂aρ̂− ρ̂η̂a + 2σ̂bρ̂σ̂

†
b − η̂bρ̂− ρ̂η̂b

)
. (2.14)

Now in the Schrödinger picture, the time evolution of 〈Â〉 can be written as

d

dt
〈Â〉 = Tr

(dρ̂
dt
Â

)
. (2.15)

Thus we can write the time evolution of 〈σ̂a〉 as

d

dt
〈σ̂a〉 = Tr

(dρ̂
dt
σ̂a

)
. (2.16)

Employing Eq. (2.14) in Eq.(2.16), we have

d

dt
〈σ̂a〉 = gTr

(
σ̂†aâρ̂σ̂a − ρ̂σ̂†aâσ̂a − â†σ̂aρ̂σ̂a + ρ̂â†σ̂2

a + σ̂†b b̂ρ̂σ̂a − ρ̂σ̂†b b̂σ̂a

− b̂†σ̂bρ̂σ̂a + ρ̂b̂†σ̂bσ̂a

)
+
γ

2
Tr

(
2σ̂aρ̂σ̂

†
aσ̂a − η̂aρ̂σ̂a − ρ̂η̂aσ̂a

+ 2σ̂bρ̂σ̂
†
b σ̂a − η̂bρ̂σ̂a − ρ̂η̂bσ̂a

)
. (2.17)

Then using the cyclic property of the trace operation, we obtain

d

dt
〈σ̂a〉 = −γ〈σ̂a〉+ g

(
〈η̂bâ〉 − 〈η̂aâ〉+ 〈b̂†σ̂c〉

)
. (2.18)

In a similarly manner, one can establish that

d

dt
〈σ̂b〉 = −γ

2
〈σ̂b〉+ g

(
〈η̂cb̂〉 − 〈η̂bb̂〉 − 〈â†σ̂c〉

)
, (2.19)

d

dt
〈σ̂c〉 = −γ

2
〈σ̂c〉+ g

(
〈σ̂bâ− 〈σ̂ab̂〉

)
, (2.20)

d

dt
〈η̂a〉 = −γ〈η̂a〉+ g

(
〈σ̂†aâ〉+ 〈â†σ̂a〉

)
, (2.21)

d

dt
〈η̂b〉 = γ

(
〈η̂a〉 − 〈η̂b〉

)
+ g

(
〈b̂†σ̂b〉+ 〈σ̂†b b̂〉 − 〈σ̂

†
aâ〉 − 〈â†σ̂a〉

)
, (2.22)
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d

dt
〈η̂c〉 = γ〈η̂b〉 − g

(
〈b̂†σ̂b〉+ 〈σ̂†b b̂〉

)
, (2.23)

where

η̂c = |c〉〈c|. (2.24)

We see that Eq.( 2.18) -(2.23) are nonlinear differential equations and hence it is not pos-

sible to find exact time-dependent solutions for these equations. We intend to overcome

this problem by applying the large-time approximation [10]. Then using this approxi-

mation scheme, we get from Eqs.(2.8) and (2.9) the approximation valid relations

â(t) = −2g

κ
σ̂a(t) (2.25)

and

b̂(t) = −2g

κ
σ̂b(t). (2.26)

Evidently, these would turn out to be exact relations at steady state.

Now combining Eqs. (2.25), (2.26) and their adjoint with Eq. ( 2.18), we get

d

dt
〈σ̂a〉 = −γ〈σ̂a〉+ g

(
〈η̂bâ〉 − 〈η̂aâ〉+ 〈b̂†σ̂c〉

)
, (2.27)

= −γ〈σ̂a〉+ g

(
〈η̂b − η̂a〉|〈â〉+ 〈b̂†σ̂c〉

)
, (2.28)

= −γ〈σ̂a〉+ g

(
〈η̂b − η̂a〉〈−

2g

κ
σ̂a〉+ 〈−2g

κ
σ̂†b σ̂c〉

)
, (2.29)

= −γ〈σ̂a〉+
2g2

κ

(
〈η̂aσ̂a − η̂bσ̂a − σ̂†b σ̂c〉

)
, (2.30)

= −γ〈σ̂a〉 −
4g2

κ

(
〈σ̂a〉

)
, (2.31)

Then

d

dt
〈σ̂a〉 = −

(
γ + γc

)
〈σ̂a〉. (2.32)

5



where

γc =
4g2

κ
, (2.33)

is the stimulated emission decay constant.

In the absence of spontaneous emission and based on the definition of this decay con-

stant, we infer that the atom in the top or intermediate level emits a photon due to

its interaction with the cavity light. We identify this process to be stimulated photon

emission [1].

Following a similar procedure, we readily find

d

dt
〈σ̂b〉 = −1

2

(
γ + γc

)
〈σ̂b〉, (2.34)

d

dt
〈σ̂c〉 = −1

2

(
γ + γc

)
〈σ̂c〉, (2.35)

d

dt
〈η̂a〉 = −

(
γ + γc

)
〈η̂a〉, (2.36)

d

dt
〈η̂b〉 =

(
γ + γc

)
〈η̂a〉 −

(
γ + γc

)
〈η̂b〉, (2.37)

and

d

dt
〈η̂c〉 =

(
γ + γc

)
〈η̂b〉. (2.38)

The there-level atom available in the cavity is pumped from the bottom to the top level

by means of electron bombardment. The pumping process does not affect the interme-

diate level.

However, the pumping process must surely affect the dynamics of 〈η̂a〉 and 〈η̂c〉 .

If ra represents the rate at which a single atom is pumped from the bottom to the top

level, then 〈η̂a〉 increases at the rate of ra〈η̂c〉 and 〈η̂c〉 decreases at the same rate.

In view of this, we rewrite Eqs.(2.36) and (2.38) as

d

dt
〈η̂a〉 = −

(
γ + γc

)
〈η̂a〉+ ra〈η̂c〉 (2.39)

6



and

d

dt
〈η̂c〉 =

(
γ + γc

)
〈η̂b〉 − ra〈η̂c〉. (2.40)

The completeness relation is given by

η̂a + η̂b + η̂c = Î . (2.41)

It then follows that

〈η̂a〉+ 〈η̂b〉+ 〈η̂c〉 = 1. (2.42)

We identify 〈η̂a〉, 〈η̂b〉 and 〈η̂c〉 as the probability for the atom to be in the top,

intermediate and bottom levels, respectively.

The steady state solutions of Eqs. (2.39) and (2.40), along with Eq. (2.42), we can

readily establish that

d

dt
〈η̂a〉 = −

(
γ + γc + ra

)
〈η̂a〉+ ra − ra〈η̂b〉 (2.43)

and

d

dt
〈η̂c〉 = −

(
γ + γc

)
〈η̂a〉+

(
γ + γc

)
−

(
γ + γc + ra

)
〈η̂c〉. (2.44)

We now easily get the stead-state solutions of Eqs. (2.37), (2.43) and (2.44), to be

〈η̂a〉 = 〈η̂b〉, (2.45)

〈η̂a〉 =
ra

γ + γc + 2ra

(2.46)

and

〈η̂c〉 =
γ + γc

γ + γc + 2ra

(2.47)

Moreover, the stead-state solutions of Eqs.(2.8) and (2.9) turn out to be

â = −2g

κ
σ̂a (2.48)

7



and

b̂ = −2g

κ
σ̂b. (2.49)

Applying Eqs. (2.48) and (2.49) with their adjoint, we get

[
â, â†] =

γc

κ

(
η̂b − η̂a), (2.50)

[
b̂, b̂†] =

γc

κ

(
η̂c − η̂b), (2.51)

Now adding Eqs.(2.50) and (2.51), we find the commutation relation for the two-

mode light to be [
â, â†

]
+

[
b̂, b̂†

]
=
γc

κ

(
η̂b − η̂a + η̂c − η̂b

)
. (2.52)

Then we see that

ââ† − â†â+ b̂b̂† − b̂†b̂ =
γc

κ

(
η̂c − η̂a

)
. (2.53)

We can rewrite Eq.(2.53), as a form

ââ† + b̂b̂† − â†â− b̂†b̂ =
γc

κ

(
η̂c − η̂a

)
. (2.54)

Let

ĉ = â+ b̂, (2.55)

Thus (
â+ b̂

)(
â† + b̂†

)
= ââ† + b̂b̂† = ââ† + b̂b̂† + âb̂† + b̂â† = ĉĉ†. (2.56)

Similarly (
â† + b̂†

)(
â+ b̂

)
= â†â+ b̂†b̂ = ĉ†ĉ. (2.57)

Introducing Eqs.(2.56) and (2.57) into Eq.(2.54), we obtain

ĉĉ† − ĉ†ĉ =
γc

κ

(
η̂c − η̂a

)
. (2.58)

8



It then follows that [
ĉ, ĉ†] =

γc

κ

(
η̂c − η̂a

)
, (2.59)

where ĉ is annihilation operator for the superposition of light modes a and b.

We notice that the commutation relation for the operators â and â† or b̂ and b̂†

involves energy levels between which transition is dipole allowed. This may be taken

as a signature that the operators â and â† or b̂ and b̂† represent a single-mode light.

On the other hand, we observe that the commutation relation for operators ĉ and ĉ†

involves energy levels between which transition is dipole forbidden. This may be taken

as a signature that the operators ĉ and ĉ† represent a two-mode light [13].

We now proceed to calculate the expectation value of atomic operator σ̂c. Applying

the identity given by Eq.(2.42), the state vector of three-level atom can be put in the

form ∣∣ψ〉 = Ca

∣∣a〉+ Cb

∣∣b〉+ Cc

∣∣c〉, (2.60)

in which

Ca =
〈
a
∣∣ψ〉

(2.61)

and

Cc =
〈
c
∣∣ψ〉

. (2.62)

The state vector described by Eq.(2.60) can be used to determine the expectation

value of an atomic operator formed by a pair of identical energy level or by two distinct

energy levels between which transition with emission of photon is dipole forbidden [1].

One can established that

CaC
∗
a =

〈
η̂a

〉
, (2.63)

CcC
∗
c =

〈
η̂c

〉
, (2.64)

and 〈
σ̂c

〉
= CaC

∗
c . (2.65)

9



We then see that ∣∣〈σ̂c〉
∣∣2 =

〈
η̂a

〉〈
η̂c

〉
(2.66)

and on taking 〈σ̂c〉 to be real, we have

〈
σ̂c

〉
=

√
〈η̂a〉〈η̂c〉. (2.67)

Based on Eqs.(2.46) and (2.47), Eq.(2.67) can be written as

〈
σ̂c

〉
=

√
ra(γ + γc)

γ + γc + 2ra

. (2.68)

In addition, the stead-state solution of Eqs.(2.32) and (2.34), are given by

〈σ̂a〉 = 0 (2.69)

and

〈σ̂b〉 = 0 (2.70)

On the account of Eqs. (2.48) and (2.49), we can put Eq. (2.55) in the form

ĉ = −2g

κ

(
σ̂a + σ̂b

)
. (2.71)

10



Chapter 3

Photon Statistics

In this chapter, we determine the statistical properties of the light modes pro-

duced by a three-level atom, in an open cavity and pumped by electron bombardment.

In particular, we calculate the mean and variance of the photon number at steady state.

We next seek to calculate the mean and variance of photon number at steady-state for

light modes a and b and for the superposition of these light modes.

It would be crucial to classify the photon statistics of a light mode based on the

relation between the mean and variance of the photon number If
(
4n

)2
> n̄, the light

mode is in chaotic state and for
(
4n

)2
= 0, the light mode is in coherent state [1].

3.1 The mean photon number

The mean photon number of light-mode a is expressible as

n̄a = 〈â†â〉. (3.1)

Now using Eq. (2.48) and its adjoint along with Eq.(3.1), we get

n̄a =
γc

κ
〈η̂a〉. (3.2)

Upon substituting Eq. (2.46) into Eq.(3.2), we obtain

n̄a =
γc

κ

[
ra

γ + γc + 2ra

]
. (3.3)
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In the absence of spontaneous emission (γ = 0), the mean photon number takes the

form

n̄a =
γc

κ

[ ra

γc + 2ra

]
. (3.4)

Figure 3.1: Plots of the mean photon number of light mode a (n̄a) [Eqs. (3.3) and (3.4)]
versus ra for γc = 0.5, κ = 0.8, γ = 0 (red curve) and γ = 0.1 (blue curve).

We observe that from Fig 3.1 the presence of spontaneous emission leads to a decrease

in the mean photon number of light mode a.

It proves to be convenient to refer to the regime of atom operation with more atoms

in the top level than in the bottom level as above threshold
(
γc << ra

)
, the regime of

atom operation with equal number of atoms in the top and bottom levels at threshold(
γc = ra

)
and the regime of atom operation with less atoms in the top than in the

bottom levels as below threshold
(
γc >> ra

)
[2].

Then for γc << ra , we have

n̄a =
γc

2κ
, (3.5)
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and for the atom operating at threshold, γc = ra, we get

n̄a =
γc

3κ
. (3.6)

Following the same procedure, the mean photon number of light mode b is found to be

n̄b =
γc

κ
〈η̂b〉. (3.7)

On the account of Eq. (2.45) and Eq. (3.7), we get

n̄a = n̄b. (3.8)

Thus the presence of spontaneous emission leads to a decrease in the mean photon

number of light mode b.

The mean photon number for the two-mode light is expressible as

n̄c = 〈ĉ†ĉ〉. (3.9)

So that on account of Eq. (2.55), we have

n̄c =

〈
(â† + b̂†)(â+ b̂)

〉
, (3.10)

= 〈â†â〉+ 〈b̂†b̂〉+ 〈b̂†â〉+ 〈â†b̂〉. (3.11)

One can easily show that

〈b̂†â〉 = 〈â†b̂〉 = 0. (3.12)

Hence

n̄c =
〈
â†â

〉
+

〈
b̂†b̂

〉
. (3.13)

Introducing Eqs. (3.2) and (3.7) along with Eq. (2.45) into Eq. (3.13), we get

n̄c =
γc

κ

(
〈η̂a〉+ 〈η̂b〉

)
. (3.14)

Now On the account of Eq. (2.46) along with (2.45), we get

n̄c =
γc

κ

(
2ra

γ + γc + 2ra

)
. (3.15)
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Thus in the absence of spontaneous emission, the mean photon number for the two-mode

light becomes

n̄c =
γc

κ

(
2ra

γc + 2ra

)
. (3.16)

Figure 3.2: Plots of the mean photon number of the superposed light modes (n̄c) [Eqs.
(3.15) and (3.16)] versus ra for γc = 0.5, κ = 0.8, γ = 0 (red curve) and γ = 0.1 (blue
curve).

We see from the plot in fig. 3.2 the presence of spontaneous emission leads to a

decrease the mean photon number of the two-mode cavity light.

We note that for γc << ra,

n̄c =
γc

κ
(3.17)

and for the atom operating at threshold, γc = ra, we find

n̄c =
2γc

3κ
. (3.18)
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3.2 The variance of the photon number

The variance of photon number for light mode a is expressible as [12]

(4na)
2 = 〈â†ââ†â〉 − 〈â†â〉2 (3.19)

The expectation value of the solution of Eq. (2.8) is expressible as

〈â(t)〉 = 〈â(0)〉e−
κt
2 − ge−

κt
2

∫ t

0

e−
κt′
2 〈σ̂a(t)〉dt′. (3.20)

The solution of the expectation value of Eq. (2.32), can be written as

〈
σ̂a(t)

〉
=

〈
σ̂a(0)

〉
e−(γ+γc)t. (3.21)

Now assuming the atom to be initially in the bottom level, we have

〈σ̂a(t)〉ss = 0 (3.22)

In view of this result, Eq. (3.20) can be put in the form

〈â(t)〉 = 〈â(0)〉e−
κt
2 . (3.23)

We consider light mode a to be initially in the vacuum state, we then see that

〈â(t)〉 = 0. (3.24)

We observe on the basis of Eqs. (2.8) and (3.24), that â is a Gaussian variable with zero

mean.

Now Eqs. (3.19) can be rewritten in the form

(4na)
2 = 〈â†â〉〈ââ†〉+ 〈â†2〉〈â2〉 (3.25)

Moreover, employing Eq.(2.48), one easily obtains

〈â2〉 = 0 (3.26)

Introducing Eqs.(3.26) into Eq.(3.25), we get

(4na)
2 = 〈â†â〉〈ââ†〉. (3.27)
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Employing Eqs. (2.48) and its adjoint along with Eq. (2.45), we arrive at

〈ââ†〉 =
γc

κ
〈η̂b〉 (3.28)

Thus with the help of Eqs. (3.2) and (3.28), we can express Eqs. (3.27), as

(4na)
2 =

(
γc

κ

)2

〈η̂a〉〈η̂b〉. (3.29)

Finally, with the aid of Eqs. (2.45) and (2.46), the variance of the photon number of

mode a is found to be

(4na)
2 =

(γc

κ

)2
(

r2
a(

γ + γc + 2ra

)2

)
= n̄2

a. (3.30)

We see from Fig. 3.3 the quadrature variance of light mode a is greater for γ = 0 than

Figure 3.3: Plots of the variance of the photon number of light mode a (4na)
2 [Eqs.

(3.30) and (3.31)] versus ra for γc = 0.5, κ = 0.8, γ = 0 (red curve) and γ = 0.1 (blue
curve).

that for γ = 0.1. In the absence of spontaneous emission, the variance of the photon

number for light mode a becomes

(4na)
2 =

(γc

κ

)2
(

r2
a

(γc + 2ra)2

)
(3.31)
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Following the same procedure, the variance of the photon number of mode b given

as

(4nb)
2 =

(γc

κ

)2〈η̂b〉〈η̂c〉. (3.32)

Substitute Eqs. (2.46) and (2.47) into Eq. (3.32), we get

(4nb)
2 =

(γc

κ

)2
( (

γ + γc

)
ra(

γ + γc + 2ra

)2

)
. (3.33)

In the absence of spontaneous emission, the variance of the photon number for light

mode b becomes

(4nb)
2 =

(γc

κ

)2
(

γcra(
γc + 2ra

)2

)
. (3.34)

In addition, for γc << ra, we have

(4na)
2 =

( γc

2κ

)2
= n̄2

a (3.35)

This represents the normally-ordered variance of the photon number for chaotic light.

On the other hand, for the atom operating well above threshold, we see that the variance

of photon number of light mode b is

(4nb)
2 = 0. (3.36)

which represents the normally-ordered variance of the photon number of light mode b

in coherent state.

For the atom operating at threshold (γc = ra), we get

(4na)
2 =

( γc

3κ

)2
= n̄2

a (3.37)

and

(4nb)
2 =

( γc

3κ

)2
= n̄2

b . (3.38)

These results given by Eqs. (3.37) and (3.38), shows the normally-ordered variance of

the photon number for chaotic state.

From the plot in Fig. 3.4 we observe that the variance of the photon number of light

mode b for γ = 0 and γ = 0.1 cross each other at the point ra = 0.27. It is also found
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Figure 3.4: Plots of the variance of the photon number of light mode b (4nb)
2 [Eqs.

(3.33) and (3.34)] versus ra for γc = 0.5, κ = 0.8, γ = 0 (red curve) and γ = 0.1 (blue
curve).

that when ra < 0.27 the variance of photon number light mode b for γ = 0 is greater

than that of γ = 0.1 and when ra > 0.27 for γ = 0 is less than that of γ = 0.1.

Furthermore, the variance of the photon number for the superposed light can be ex-

pressed as

(4nc))
2 = 〈ĉ†ĉĉ†ĉ〉 − 〈ĉ†ĉ〉2. (3.39)

Introducing Eqs.(2.71) and its adjoint into Eq.(3.39), we can obtain

(4nc)
2 = (

γc

κ
)2

(〈
(σ̂†a + σ̂†b)(σ̂a + σ̂b)(σ̂

†
a + σ̂†b)(σ̂a + σ̂b)

〉)
− 〈ĉ†ĉ〉2, (3.40)

=
〈
(â† + b̂†)(â+ b̂)

〉2
+

〈
(â† + b̂†)2

〉〈
(â+ b̂)2

〉
+

〈
(â† + b̂†)(â+ b̂)〉

〉
〉(â+ b̂)(â† + b̂†)

〉
− 〈ĉ†ĉ〉2, (3.41)

= 〈â†â+ b̂†b̂〉2 + 〈â†b̂†〉〈b̂â〉+ 〈â†â+ b̂†b̂〉

+〈ââ† + b̂b̂†〉 − 〈â†â+ b̂†b̂〉2, (3.42)
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where

〈ĉ†ĉ〉2 = 〈â†â+ b̂†b̂〉2. (3.43)

Thus

(4nc)
2 = 〈â†b̂†〉〈b̂â〉+ 〈â†â+ b̂†b̂〉〈ââ† + b̂b̂†〉. (3.44)

Employing Eqs. (2.48), (2.49) and their adjoint along with Eq. (2.45), into Eq. (3.44),

we get

(4nc)
2 =

(
γc

κ

)2((
〈η̂a〉+ 〈η̂b〉

)(
〈η̂b〉+ 〈η̂c〉

)
+ 〈σ̂†aσ̂

†
b〉〈σ̂bσ̂a〉

)
(3.45)

=
(γc

κ

)2(
2〈η̂a〉2 + 2〈η̂a〉〈η̂c〉+ 〈σ̂c〉2

)
. (3.46)

Substituting Eqs. (2.46), (2.47) and (2.68) into Eq. (3.46), we have

(4nc)
2 =

(γc

κ

)2
[
2r2

a + 3ra

(
γ + γc)(

γ + γc + 2ra

)2

]
(3.47)

In the absence of spontaneous emission, the variance of the photon number of the

superposed light mode is given by

(4nc)
2 =

(γc

κ

)2
(

2r2
a + 3γcra(
γc + 2ra

)2

]
. (3.48)

In addition, for the atom operating well above threshold ( γc << ra), we have

(4nc)
2 = 2

(
γc

2κ

)2

=
1

2
n̄2

c . (3.49)

For the atom operating at threshold, (γc = ra), we get

(4nc)
2 = 5

(
γc

3κ

)2

=
5

4
n̄2

c . (3.50)

We observe that, Eq. (3.50) shows the normally-ordered variance of the photon number

for a chaotic light.

The plot in Fig 3.5 clearly indicates that, the variance of the photon number of the

superposed light modes is greater forγ = 0 than forγ = 0.1.
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Figure 3.5: Plots of the variance of the photon number of the superposed light modes
(4nc)

2 [Eqs. (3.47) and (3.48)] versus ra for γc = 0.5, κ = 0.8, γ = 0 (red curve) and
γ = 0.1 (blue curve).
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Chapter 4

Quadrature Squeezing

In this chapter we seek to discuss the quadrature variance of light modes a and b.

In addition, we discuss the quadrature variance and quadrature squeezing of the two

mode light.

4.1 Quadrature variance

We define the quadrature operators for light mode a by

â+ = â† + â (4.1)

and

â− = i(â† − â). (4.2)

On the account of Eqs. (2.48) and its adjoint, we have

â+ = −2g

κ

(
σ̂†a + σ̂a

)
. (4.3)

and

â− = −2g

κ
i
(
σ̂†a − σ̂a

)
(4.4)

The commutation relation for the above quadrature operators can be written as

[
â−, â+

]
=

[
− 2g

κ
i
(
σ̂†a − σ̂a

)
,−2g

κ

(
σ̂†a + σ̂a

)]
, (4.5)
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=
γc

κ
i

[(
σ̂†a − σ̂a

)(
σ̂†a + σ̂a

)
−

(
σ̂†a + σ̂a

)(
σ̂†a − σ̂a

)]
,

=
γc

κ
i
(
η̂a− η̂b+ η̂a− η̂b

)
,

Then we see that [
â−, â+

]
= 2

γc

κ
i(η̂a − η̂b). (4.6)

In view of Eqs. (4.6), the uncertainty relation for the two-mode light can be put in

the form

4a+4a− ≥
γc

κ

(
〈η̂a〉 − 〈η̂b〉

)
. (4.7)

On the account of Eqs. (2.45) and (4.7), becomes

4a+4a− ≥ 0. (4.8)

The quadrature variance for light mode a is expressible as

(
4a±

)2
= ±〈

(
â† ± â

)2〉 ∓
(
〈â†〉 ± 〈â〉

)2
, (4.9)

from which follows

(4a±)2 = 〈â†â〉+ 〈ââ†〉 ± 〈â†2〉 ± 〈â2〉 ∓ 〈â†〉2 ∓ 〈â〉2 − 〈â〉〈â†〉 − 〈â†〉〈â〉. (4.10)

Introducing Eq. (2.69) into Eq. (2.48), we have

〈â〉 = 0. (4.11)

It then follows that

(4a±)2 = 〈â†â〉+ 〈ââ†〉 ± 〈â†2〉 ± 〈â2〉. (4.12)

Using Eq. (2.48), one can easily show that

〈â†2〉 = 〈â2〉 = 0. (4.13)
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Substituting Eqs. (3.2), (3.28) and (4.13), into Eq. (4.12), we arrive at

(4a±)2 =
γc

κ

(
〈η̂a〉〉+ 〈η̂b〉

)
. (4.14)

On the account of Eqs. (2.45) and (2.46), one can rewrite Eq. (4.14), as

(4â±)2 =
γc

κ

( 2ra

γ + γc + 2ra

)
. (4.15)

In the absence of spontaneous emission (γ = 0), the quadrature variance for light

mode a is given by

(4â±)2 =
γc

κ

( 2ra

γc + 2ra

)
(4.16)

Figure 4.1: Plots of Quadrature variance of light mode a(a±)2 [Eqs. (4.15) and (4.16)]
versus ra for γc = 0.5, κ = 0.8, γ = 0 (red curve) and γ = 0.1 (blue curve).

The quadrature variance of light mode a is greater for γ = 0 than that for γ = 0.1.

For γc << ra,we have

(4a±)2 =
γc

κ
= 2n̄a. (4.17)

23



This represents the normally ordered variance of the photon number for chaotic light.

In addition, for γc = ra, Eq. (4.16) takes the form

(4a±)2 =
2γc

3κ
. (4.18)

We observe that Eq. (4.18) represents the normally-ordered variance of the photon

number for a chaotic light.

Moreover, we define the quadrature operators for light mode b by

b̂+ = b̂† + b̂, (4.19)

and

b̂− = i(b̂† − b̂). (4.20)

Following similar steps of procedure, the commutation relation for the quadrature

operators of light mode b is found to be of the form

[
b̂−, b̂+

]
= 2i

γc

κ

(
η̂b − η̂c

)
. (4.21)

On account of this commutation relation, we have

4b+4b− ≥
γc

κ

(
〈η̂b〉 − 〈η̂c〉

)
. (4.22)

Substituting Eqs. (2.46) and (2.47), along with Eq.(2.45) into Eq.(4.22). we get

4b+4b− ≥
γc

κ

(
ra − γ − γc

γ + γc + 2ra

)
. (4.23)

The quadrature variance of light mode b has the form

(
4b±

)2
= ±〈

(
b̂† ± b̂

)2〉 ∓
(
〈b̂†〉 ± 〈b̂〉

)2
, (4.24)

from which follows

(4b̂±)2 = 〈b̂†b̂〉+ 〈b̂b̂†〉 ± 〈b̂†2〉 ± 〈b̂2〉 ∓ 〈b̂†〉2 ∓ 〈b̂〉2 − 〈b̂〉〈b̂†〉 − 〈b̂†〉〈b̂〉. (4.25)
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Substituting Eq.(2.70) into (2.49), we get

〈b̂〉 = 0. (4.26)

It then follows that

(4b̂±)2 = 〈b̂†b̂〉+ 〈b̂b̂†〉 ± 〈b̂†2〉 ± 〈b̂2〉. (4.27)

Employing Eq. (2.49) and its adjoint, we find

〈b̂b̂†〉 =
γc

κ
〈η̂c〉, (4.28)

and

〈b̂†2〉 = 〈b̂2〉 = 0 (4.29)

Introducing Eqs. (3.7), (4.28) and (4.29) into Eq. (4.27), we get

(4b̂±)2 =
γc

κ

(
〈η̂b〉+ 〈η̂c〉

)
. (4.30)

Now on the account of Eqs. (2.46) and (2.47) along with Eq. (2.45), we get

(4b̂±)2 =
γc

κ

( ra + γ + γc

γ + γc + 2ra

)
. (4.31)

In the absence of spontaneous emission (γ = o), the quadrature variance for light mode

b is given by

(4b̂±)2 =
γc

κ

( ra + γc

γc + 2ra

)
. (4.32)

For γc << ra, we have

(4b̂+)2 = (4b̂−)2 =
γc

2κ
. (4.33)

In addition, for γc = ra, Eq. (4.32), takes the form

(4b+)2 = (4b−)2 =
2γc

3κ
= 2n̄b. (4.34)

We observe that Eq.(4.34) represents the variance of the photon number for chaotic

state.
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Figure 4.2: Plots of quadrature variance of light mode (b±)2 [Eqs. (4.31) and (4.32)]
versus ra for γc = 0.5, κ = 0.8, γ = 0 (red curve) and γ = 0.1 (blue curve).

The quadrature variance of light mode b is greater for γ = 0.1 than that for γ = 0.

We next seek to calculate the quadrature variance for the superposition of light

modes a and b. We define the quadrature operators of the superposed light as

ĉ+ = ĉ† + ĉ, (4.35)

and

ĉ− = i
(
ĉ† − ĉ). (4.36)

Introducing Eqs.(2.71) and its adjoint, into Eqs.(4.35) and (4.36), we get

ĉ+ = −2g

κ

(
σ̂†a + σ̂†b + σ̂a + σ̂b

)
, (4.37)

and

ĉ− = −2g

κ
i
(
σ̂†a + σ̂†b − σ̂a − σ̂b

)
. (4.38)
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The commutation relation of these quadrature operators has the form

[
ĉ−, ĉ+] = 2i

γc

κ

(
η̂a − η̂c

)
. (4.39)

It the follows that

4c+4c− ≥
γc

κ

(
〈η̂a〉 − 〈η̂c〉

)
. (4.40)

We find the uncertainty relation of the quadrature variance to be

4c+4c− ≥
γc

κ

(
ra− γ − γc

γ + γc + 2ra

)
. (4.41)

Furthermore, the quadrature variance for the superposed light modes is defined by

(4c+)2 = 〈ĉ2+〉 − 〈ĉ+〉2 (4.42)

and

(4c−)2 = 〈ĉ2−〉 − 〈ĉ−〉2. (4.43)

Thus with the aid of Eqs. (4.35) and (4.36), we can rewrite Eqs. (4.42) and

(4.43), as

(
4c±

)2
= 〈ĉ†ĉ〉+ 〈ĉĉ†〉 ± 〈ĉ+2〉 ± 〈ĉ2〉 ∓ 〈ĉ+〉2 ∓ 〈ĉ〉2 − 〈ĉ+〉〈ĉ〉 − 〈ĉ〉〈ĉ+〉. (4.44)

On account of Eqs. (2.48), (2.49) and (2.55) along with Eqs. (2.69) and (2.70),

we easily find

〈ĉ〉 = 0 (4.45)

So that on account of Eq. (4.45), Eq. (4.44) can be written as

(
4c+

)2
= 〈ĉ†ĉ〉+ 〈ĉĉ†〉+ 〈ĉ+2〉+ 〈ĉ2〉. (4.46)

and (
4c−

)2
= 〈ĉ†ĉ〉+ 〈ĉĉ†〉 − 〈ĉ+2〉 − 〈ĉ2〉. (4.47)

Employing Eqs. (4.46) and (4.47) along with Eq. (2.55), we easily obtain

〈ĉ†ĉ〉 = 〈â†â〉+ 〈b̂†b̂〉 (4.48)
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Introducing Eqs. (3.2) and (3.7) into Eq. (4.48), we have

〈ĉ†ĉ〉 =
γc

κ

(
〈η̂a〉+ 〈η̂b〉

)
. (4.49)

Following the same procedures we have

〈ĉĉ†〉 =
γc

κ

(
〈η̂a〉+ 〈η̂b〉

)
. (4.50)

and

〈ĉ2〉 =
γc

κ
〈σ̂c〉. (4.51)

Introducing Eqs. (4.49)- (4.51) into Eqs. (4.46) and (4.47), we can easily find

(
4c±

)2
=
γc

κ

(
〈η̂a〉+ 2〈η̂b〉+ 〈η̂c〉 ± 2

〈
σ̂c〉

)
, (4.52)

=
γc

κ

(
1 + 〈η̂b〉 ± 2〈σ̂c〉

)
. (4.53)

We see that the cavity light is squeezed state and the squeezing occurs in the minus

quadrature. Thus we write

(
4c−

)2
=
γc

κ

(
1 + 〈η̂b〉 − 2〈σ̂c〉

)
. (4.54)

Using Eq. (2.45), we can rewrite Eq. (4.54) as

(
4c−

)2
=
γc

κ

(
1 + 〈η̂a〉 − 2〈σ̂c〉

)
. (4.55)

Now substitute Eqs. (2.46) and (2.68) into Eq. (4.55), we have

(
4c−

)2
=
γc

κ

(
1 +

ra

γ + γc + 2ra

− 2

√
ra(γ + γc)

γ + γc + 2ra

)
. (4.56)

In the absence of spontaneous emission and there is no rate at which atom is pumped

from the bottom to top level, the quadrature variance of Eq. (4.56) is given by

(C±)2
v =

γc

κ
(4.57)
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4.2 Quadrature squeezing of the two-mode light

We then define the quadrature squeezing of the superposed light mode by

S =

(
4c−

)2

v
−

(
4c−

)2(
4c−

)2

v

(4.58)

Introducing Eqs. (4.56) and(4.57) into Eq. (4.58), the quadrature squeezing of two-mode

light can be written as

S =

γc

κ
− γc

κ

[
1 + 〈η̂a〉 − 2〈σ̂c〉

]
γc

κ

, (4.59)

= 2〈σ̂c〉 − 〈η̂a〉, (4.60)

=
2
√
ra(γ + γc)

γ + γc + 2ra

− ra

γ + γc + 2ra

, (4.61)

S =
2
√
ra(γ + γc)− ra

γ + γc + 2ra

(4.62)

=
2
√

γ
ra

+ γc

ra
− 1

γ
ra

+ γc

ra
+ 2

. (4.63)

For γ = 0

S =
2
√
ra(γc)− ra

γc + 2ra

, (4.64)

=
2
√

γc

ra
− 1

γc

ra
+ 2

. (4.65)

We have observed that the quadrature squeezing cross each other at the point ra =

0.14. It is also found that when ra < 0.14 the quadrature squeezing for γ = 0 is greater

than that of γ = 0.1 and when ra > 0.14 the quadrature squeezing for γ = 0 is less than

that of γ = 0.1.

It is also found that the superposed light modes are in squeezed state with a maximum

quadrature squeezing of 50% below the vacuum state.
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Figure 4.3: Plots of quadrature squeezing(S) [Eqs. (4.63) and (4.65)] versus ra for
γc = 0.5, γ = 0 (red curve) and γ = 0.1 (blue curve).
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Chapter 5

Conclusions

In this project, we have studied the squeezing and statistical properties of the light

generated by a three level atom available in an open cavity and pumped to the top

level by electron bombardment. We have carried out our analysis by putting the noise

operators associated with the vacuum reservoir in normal order and applying the large-

time approximation scheme, we have obtained the quantum Langevin equation for cavity

mode operators. Using the master equation for the three-level atom, we have seen the

equation of evolution for the expectation values of atomic operators. Using the steady-

state solution of the quantum Langevin equation, we have calculated the mean photon

number, the variance of the photon number, and the quadrature variance for separate

light modes and the superposed of the two light modes. We have determined that the

mean photon number for γ = 0 is greater than for γ = 0.1. We have also established

that like the mean photon number, the variance of the photon number is greater when

γ = 0 than when γ = 0.1. We have obtained that the quadrature squeezing cross each

other at the point ra = 0.27. It is also found that when ra < 0.27 the quadrature

squeezing for γ = 0 is greater than that of γ = 0.1 and when ra > 0.27 the quadrature

squeezing for γ = 0 is less than that of γ = 0.1. Moreover, we have found that the light

generated by the three-level atom is in a squeezed state, with the maximum quadrature

squeezing being 50% below the coherent-state level.
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