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Abstract

We have investigated the squeezing and statistical properties of the light gener-
ated by a three level atom available in an open cavity and pumped to the top level
by electron bombardment. We have determined the quantum Langevin equations and
the equation of evolution of the atomic operators by considering the vacuum reservoir
to be a noiseless physical entity and by applying the large-time approximation scheme.
Moreover, we have obtained the steady state solutions of the equation of evolution of the
atomic operators and the quantum Langevin equations . Then applying the resulting
solutions, we have calculated the mean photon number, variance of the photon number
and quadrature variance of the separate cavity light modes. We have found that the
mean photon numbers of light modes a and b are the same in the absence as well as in
the presence of spontaneous emission. Light mode a is in a chaotic state when the atom
is operating well above threshold, or at threshold, or below threshold. On the other
hand light mode b is in coherent state when the atom is operating well above threshold.
Finally, applying the same solution we obtained the mean and variance of the two mode
cavity light. The mean and variance of the photon number of the two-mode light is
greater in the absence than in the presence of spontaneous emission. Moreover, we have
determined the quadrature squeezing of the two mode cavity light. It is found that the
two-mode light is in squeezed state with a maximum quadrature squeezing of 50% below
the coherent state level. The maximum squeezing of the two-mode light occurs when

the atom is operating below vacuum state.
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Chapter 1

Introduction

The statistical and squeezing properties of the light generated by three-level atoms
have been investigated by several authors [1-14]. In one model, three-level atoms initially
prepared in a coherent superposition of the top and bottom levels are injected into a
cavity and then removed after they have decayed due to spontaneous emission [1]. In an
other model, the top and bottom levels of the three-level atoms injected into a cavity
are coupled by coherent light [2,10]. Tt is found that three-level atoms in either model
generates squeezed light under certain conditions. It appears to be quite difficult to
prepare the atoms in a coherent superposition of the top and bottom levels before they
are injected into the atom cavity. In addition, it should certainly be hard to find out
that the atoms have decayed spontaneously before they are removed from the cavity.
On the other hand, the degree of squeezing of the light generated by three level atoms,
with the top and bottom levels coupled by coherent light, is relatively large when the
mean photon number is relatively small [10,13].

In this project we wish to study the squeezing and statistical properties of the light
generated by a three level atom available in an open cavity and pumped to the top
level by electron bombardment. To this end, we first determine the quantum Langevin
equations and the equation of evolution of the atomic operators. Moreover, we determine
the solution of equations of evolution of the atomic operators and the quantum Langevin
equations. Finally, applying the same solution, we obtain the mean and variance of the
two mode cavity light. In addition we determine the quadrature squeezing of the two

mode cavity light.



Chapter 2

Operator Dynamics

We seek here to obtain the quantum Langevin equation for cavity mode operators
and the equation of evolution for the expectation values of atomic operators. We denote
the top, intermediate, and bottom levels of three-level atom by |a), |b) and |c), respec-
tively. We prefer to call the light emitted from the top level light mode a and the one
emitted from the intermediate level light mode b. We carry out our analysis with light
mode a and b having the same or different frequencies. In addition, we assume that
light mode a and b to be at resonance with the transition |a) — [b) and |b) — |c), with
direct transition |a) — |c), to be dipole forbidden. The interaction of a three level atom

with light modes a and b can be described at resonance by the Hamiltonian [2]

H=ig(6la—a'6, +alb—bay), (2.1)
where
da = [b){al (2:2)
and
J = |e)(b] (2.3)

are lowering atomic operators, a and b are annihilation operators for light modes
a and b, with g being the coupling constant between the atom and light mode a or b.
We assume that the cavity modes are coupled to a vacuum reservoir via a single-port
mirror.
The quantum Langevin equations for the operators a and b are given by [2]
da K

W o ifa ] + B (2.4)



and

db K~ aA A A

— =—=b—i|b,H| + Fy(1), 2.5

= —h—ilb H) + Fi(t) (25)
where k is cavity damping constant for light modes a and b and F (t) is a noise operator.
In addition, we carry out our calculation by putting the noise operators associated with
the vacuum reservoir in normal order. Thus the noise operators will not have any effect

on the dynamics of the cavity mode operators. We can thus drop the noise operators

and rewrite the quantum Langevin equation for the operates a and b as

da K. .. o~

i~ gt e 20
and A

db K~ Ao

With the aid of Egs. ( 2.1), (2.6), and (2.7), we easily find

da K

— =——0—go 2.
and

db K~

— = ——b—qg0oy. 2.

L 50— 90 (2.9)

Furthermore, the master equation for the three-level-atom interacting with

a vacuum reservoir has the form
dﬁ_ y ]:I A 7 2A At AfA A At 2A Ant S PN Anfa 210
%—Z[ ,p]+§ GapO) — GL0ap — POLGa + 26,00, — 6,60p — poyoy |, (2.10)

where 7 is the spontaneous emission decay constant.

We can rewrite Eq. (2.10) in the form

d—i = i[H,p] + %(2%1)02 — Mo = Pa + 260p6) — ip — pm) , (2.11)
where
fla = la){al (2.12)
and
iy = ) (bl (2.13)



Substituting Eq. (2.1) into Eq.(2.11), we get

Y A an n A N A oan ~ A N
+§(2oaml—naﬂ—pna+2ab,@ag —nbp—pnb>-

Now in the Schridinger picture, the time evolution of (A) can be written as

~

d, o dp

Thus we can write the time evolution of (G,) as

4
dt

. dp .
(Gq) = T'r(d—?aa).

Employing Eq. (2.14) in Eq.(2.16), we have

dt

d . e o e ot T T
—{(6,) = gTr (Jlapcra — palaaa — aTaapaa + paTag + a;rbpaa — pagbaa

— b'6,p6, + pbt &b&a> + %/TT (2&aﬁ&;&a — NapGa — Pliaba

266160 — e — ﬁﬁb&a) |

Then using the cyclic property of the trace operation, we obtain

E((M = —(Gq) + g((ﬁb&> — (e + @T&c))‘

In a similarly manner, one can establish that

d
i

A

o) = =300 + o (1)~ ()~ @au) ).

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)



00 =) — o) + 610 (223
where
A = le)(cl. (2.24)

We see that Eq.( 2.18) -(2.23) are nonlinear differential equations and hence it is not pos-
sible to find exact time-dependent solutions for these equations. We intend to overcome
this problem by applying the large-time approximation [10]. Then using this approxi-

mation scheme, we get from Eqs.(2.8) and (2.9) the approximation valid relations

a(t) = —2;96,1(15) (2.25)
and

> 29 .

b(t) = —;ab(t). (2.26)

Evidently, these would turn out to be exact relations at steady state.

Now combining Eqs. (2.25), (2.26) and their adjoint with Eq. ( 2.18), we get

0 = =206+ (00) ~ () + e ), (2.27)
= () +o (4= () + (1) ) (229
= <1062) + 9 (i = )~ o) + (- Zola) ). (229
= {6 + 2% (ma&a — 0 — &Z&J) : (2.30)
= —1(5) = L ((64)), (2:31)
Then
o) = — (1) (30 (2.32)



where

Vo= —, (2.33)

is the stimulated emission decay constant.

In the absence of spontaneous emission and based on the definition of this decay con-
stant, we infer that the atom in the top or intermediate level emits a photon due to
its interaction with the cavity light. We identify this process to be stimulated photon
emission [1].

Following a similar procedure, we readily find

%«W = —%(V +7e) (64, (2.34)
%<‘3c> - —%(7 + ) (0), (2.35)
d A ~
7)== (7 7e) (), (2.36)
%<ﬁb> = (74 %) (M) = (7 +7¢) ). (2.37)
and
d o ~
E@%) = (7 + ) (7)) (2.38)

The there-level atom available in the cavity is pumped from the bottom to the top level
by means of electron bombardment. The pumping process does not affect the interme-
diate level.

However, the pumping process must surely affect the dynamics of (7),) and (7.) .
If r, represents the rate at which a single atom is pumped from the bottom to the top

level, then (7,) increases at the rate of r,(n.) and (7).) decreases at the same rate.

In view of this, we rewrite Egs.(2.36) and (2.38) as

d

%(ﬁa) = - (7 + ’YC) <ﬁa> + Ta(ﬁc> (239)



and
d

E<TA}C> = (7 =+ /70) <ﬁb> - 7’a<rf]c>. (240)

The completeness relation is given by
Ao+ + N = 1. (2.41)

It then follows that

(Tla) =+ (o) + () = 1. (2.42)

We identify (7,), (7p) and (7.) as the probability for the atom to be in the top,

intermediate and bottom levels, respectively.

The steady state solutions of Eqs. (2.39) and (2.40), along with Eq. (2.42), we can

readily establish that

d

7 ) = = (3 % + 1) () + 70 = 7o (i) (2.43)

and

d

E(ﬁt) - = (’7 + '70) <ﬁa> + (’7 + 76) - (’Y + Ve + Ta) <ﬁc> (244)

We now easily get the stead-state solutions of Eqs. (2.37), (2.43) and (2.44), to be

(Na) = (o), (2.45)
Tq
) = —— 2 2.46
(Na) Oy (2.46)
and
. Y+ Ve
)= e 2.47
() = (2.47)

Moreover, the stead-state solutions of Eqs.(2.8) and (2.9) turn out to be

i=—"26, (2.48)



and

2
b=—"5, (2.49)

Applying Eqgs. (2.48) and (2.49) with their adjoint, we get

[a,a"] = %(ﬁb — 7a); (2.50)
(6,57 = 2 (5. — ). (2:51)

Now adding Egs.(2.50) and (2.51), we find the commutation relation for the two-

mode light to be

(@] + [b.6'] = 2= (i = it + i = 7). (2.52)
Then we see that
aat — ata + bb" — bTh = %(n — ). (2.53)

We can rewrite Eq.(2.53), as a form

aal + bb' — ala — b = 2 (5, — ). (2.54)
K
Let

¢=a+b, (2.55)

Thus
(a+0)(af +b') = aa + bbt = aa’ + bbt + abt + ba' = ec. (2.56)

Similarly

(a" + ) (a+b) = afa+ o = éte. (2.57)

Introducing Egs.(2.56) and (2.57) into Eq.(2.54), we obtain

el —éle = L5 (i — ). (2.58)

8



It then follows that

s ot = Je
[C,C]— K

(ﬁc - ﬁa)a (259)

where ¢ is annihilation operator for the superposition of light modes a and b.

We notice that the commutation relation for the operators a and a' or b and b
involves energy levels between which transition is dipole allowed. This may be taken
as a signature that the operators @ and a' or b and b represent a single-mode light.
On the other hand, we observe that the commutation relation for operators ¢ and ¢
involves energy levels between which transition is dipole forbidden. This may be taken

as a signature that the operators ¢ and ¢' represent a two-mode light [13].

We now proceed to calculate the expectation value of atomic operator .. Applying

the identity given by Eq.(2.42), the state vector of three-level atom can be put in the

form
W) = Cala) + Cy|b) + C.e), (2.60)
in which
Ca = (aly) (2.61)
and
C. = (c[v). (2.62)

The state vector described by Eq.(2.60) can be used to determine the expectation
value of an atomic operator formed by a pair of identical energy level or by two distinct
energy levels between which transition with emission of photon is dipole forbidden [1].

One can established that

CaCi = (), (2.63)
C.C: = (ie), (2.64)
and
(6.) = C,C. (2.65)



We then see that

(Ge)|* = () (e (2.66)

and on taking (d.) to be real, we have

<6—C> = <ﬁa><ﬁc> (267)

Based on Eqs.(2.46) and (2.47), Eq.(2.67) can be written as

A ra(Y + 7e)
) = —————. 2.68
(9c) Y+ e + 21 (268)
In addition, the stead-state solution of Eqs.(2.32) and (2.34), are given by
(Ga) =0 (2.69)
and
(Gp) =0 (2.70)
On the account of Egs. (2.48) and (2.49), we can put Eq. (2.55) in the form
. 29 | -
_ s, , 2.71
c - (0' + Ub) ( )

10



Chapter 3

Photon Statistics

In this chapter, we determine the statistical properties of the light modes pro-

duced by a three-level atom, in an open cavity and pumped by electron bombardment.

In particular, we calculate the mean and variance of the photon number at steady state.

We next seek to calculate the mean and variance of photon number at steady-state for

light modes a and b and for the superposition of these light modes.

It would be crucial to classify the photon statistics of a light mode based on the

relation between the mean and variance of the photon number If(An)2 > n, the light

mode is in chaotic state and for (An)2 = 0, the light mode is in coherent state [1].

3.1 The mean photon number

The mean photon number of light-mode a is expressible as

Now using Eq. (2.48) and its adjoint along with Eq.(3.1), we get

ey
Ng = ,{<77a>-

Upon substituting Eq. (2.46) into Eq.(3.2), we obtain

~ %{ Tq ]
g = — | —|.
K 7+70+27’a

11

(3.1)

(3.2)

(3.3)



In the absence of spontaneous emission (y = 0), the mean photon number takes the

form

_ e T'q
Mg = [—% " 2Ta}. (3.4)

K

Mean photon number of light mode a

Figure 3.1: Plots of the mean photon number of light mode a (71,) [Egs. (3.3) and (3.4)]
versus r, for 7. = 0.5, k = 0.8, 7 = 0 (red curve) and v = 0.1 (blue curve).

We observe that from Fig 3.1 the presence of spontaneous emission leads to a decrease
in the mean photon number of light mode a.

It proves to be convenient to refer to the regime of atom operation with more atoms
in the top level than in the bottom level as above threshold (% << ra), the regime of
atom operation with equal number of atoms in the top and bottom levels at threshold
(’yc = ra) and the regime of atom operation with less atoms in the top than in the
bottom levels as below threshold (v, >> r,)[2].

Then for 7. << r, , we have
_ Ye

a = 5§ 3.5
fla = 5 (3.5)

12



and for the atom operating at threshold, ~. = r,, we get

_ Ve
= 3.6
Mo = 5= (3.6)

Following the same procedure, the mean photon number of light mode b is found to be

b = (i), (3.7)

Ty = M. (3.8)

Thus the presence of spontaneous emission leads to a decrease in the mean photon
number of light mode b.

The mean photon number for the two-mode light is expressible as

. = (¢7é). (3.9)

So that on account of Eq. (2.55), we have

fie = <(5ﬁ +bh(a+ 13)>, (3.10)
= (ata) + (b'b) + (bta) + (a'b). (3.11)
One can easily show that
(bta) = (a'd) = 0. (3.12)
Hence
f. = (afa) + (b'h). (3.13)

Introducing Egs. (3.2) and (3.7) along with Eq. (2.45) into Eq. (3.13), we get

R = 2© (<ﬁa> + <ﬁb>)~ (3.14)

K

Now On the account of Eq. (2.46) along with (2.45), we get

fro = ¢ (L> (3.15)

KA\ + e+ 2rq

13



Thus in the absence of spontaneous emission, the mean photon number for the two-mode

light becomes
27,

_ Ve
o= = ). 1
" K (%—f-2ra> (3.16)

0.5

0451

04}

035

031

025}

0.2}

0151

01}

0.05

Mean photon number of the superposed light modes

Figure 3.2: Plots of the mean photon number of the superposed light modes (7..) [Eqgs.
(3.15) and (3.16)] versus r, for 7. = 0.5, Kk = 0.8, v = 0 (red curve) and v = 0.1 (blue
curve).

We see from the plot in fig. 3.2 the presence of spontaneous emission leads to a
decrease the mean photon number of the two-mode cavity light.
We note that for v, << rg,

Ne = — (3.17)
and for the atom operating at threshold, v. = r,, we find

_ 2%
C 3k

(3.18)

14



3.2 The variance of the photon number

The variance of photon number for light mode a is expressible as [12]

(Ang)? = (a'aa'a) — (a'a)? (3.19)
The expectation value of the solution of Eq. (2.8) is expressible as

st/

aley = @)t — g [ ¥ uttnar (3.20)
The solution of the expectation value of Eq. (2.32), can be written as
(64(t)) = (64(0))e ), (3.21)
Now assuming the atom to be initially in the bottom level, we have

<6a<t>>ss =0 (3'22)

In view of this result, Eq. (3.20) can be put in the form
(a(t)) = (a(0))e™=. (3.23)
We consider light mode a to be initially in the vacuum state, we then see that
{(a(t)) = 0. (3.24)

We observe on the basis of Egs. (2.8) and (3.24), that a is a Gaussian variable with zero
mean.

Now Egs. (3.19) can be rewritten in the form
(On,)* = (a'a)(aa’) + (a)(a?) (3.25)
Moreover, employing Eq.(2.48), one easily obtains
(a*) =0 (3.26)
Introducing Egs.(3.26) into Eq.(3.25), we get
(Ang)? = (a'a)(aal). (3.27)

15



Employing Egs. (2.48) and its adjoint along with Eq. (2.45), we arrive at

(aat) = 2 (i) (3.28)

K

Thus with the help of Eqgs. (3.2) and (3.28), we can express Egs. (3.27), as

(Ang)? = (ﬁ>2<m><m>. (3.29)

K

Finally, with the aid of Egs. (2.45) and (2.46), the variance of the photon number of

mode a is found to be

<Ana>2=(k>2(( E )2)=ni. (3.30)

K Y+ Ve + 21,
We see from Fig. 3.3 the quadrature variance of light mode a is greater for v = 0 than

0.07

by <o < <o <o
o =) o o o
] @ = > >
T T T T T
AN

o

o

=
T

Variance of photon number of light mode a

Figure 3.3: Plots of the variance of the photon number of light mode a (An,)? [Egs.
(3.30) and (3.31)] versus r, for 7. = 0.5, kK = 0.8, v = 0 (red curve) and v = 0.1 (blue
curve).

that for v = 0.1. In the absence of spontaneous emission, the variance of the photon

number for light mode a becomes

e = 5 () (331)



Following the same procedure, the variance of the photon number of mode b given

as

(D) = (22 () () (3.32)

Substitute Egs. (2.46) and (2.47) into Eq. (3.32), we get

v (deyz( ()T
(Am)* = () ((7+%+2ra)2)' (3.33)

In the absence of spontaneous emission, the variance of the photon number for light

mode b becomes

(Any)? = (22)? (ﬁ) (3.34)

K Ye + 21,

In addition, for 7. << r,, we have

(Ang)? = (;—;)2 = n; (3.35)

This represents the normally-ordered variance of the photon number for chaotic light.
On the other hand, for the atom operating well above threshold, we see that the variance

of photon number of light mode b is
(Any)? = 0. (3.36)

which represents the normally-ordered variance of the photon number of light mode b
in coherent state.

For the atom operating at threshold (7. = r,), we get

(Ang)® = (;—;)2 = n, (3.37)
and
(Any)? = (;—;)2 = 72, (3.38)

These results given by Egs. (3.37) and (3.38), shows the normally-ordered variance of
the photon number for chaotic state.
From the plot in Fig. 3.4 we observe that the variance of the photon number of light

mode b for v = 0 and v = 0.1 cross each other at the point r, = 0.27. It is also found

17
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Figure 3.4: Plots of the variance of the photon number of light mode b (Any)? [Egs.
(3.33) and (3.34)] versus r, for 7. = 0.5, kK = 0.8, v = 0 (red curve) and v = 0.1 (blue
curve).

that when r, < 0.27 the variance of photon number light mode b for v = 0 is greater
than that of v = 0.1 and when r, > 0.27 for v = 0 is less than that of v = 0.1.
Furthermore, the variance of the photon number for the superposed light can be ex-

pressed as

(An.))? = (efeele) — (eTe)?. (3.39)
Introducing Eqs.(2.71) and its adjoint into Eq.(3.39), we can obtain

(Do) = ()7 (<<&l +63) (60 + ) (6] + 5)) (60 + &b>>) - (¢'e)?, (3.40)

= (@' + 8N (a+ b)) + (@' + b)) {(a+ b)2)

+((a"+ bY@+ b)) (a+by(at +bh)) — (&fe)?, (3.41)

= (ata + b'b)% + (abT)(ba) + (a'a + bTb)

+(aa’ + bb'y — (ata + bTb)?, (3.42)

18



where

ALA

(¢'e)? = (a'a + b'b)>. (3.43)

Thus

N

(Ane)? = (a'bT)y(ba) + (a'a + b'b)(aa’ + bb'). (3.44)

Employing Eqs. (2.48), (2.49) and their adjoint along with Eq. (2.45), into Eq. (3.44),
we get

(Ang)? = (”—) (G + @) (i + ) + Glohyena))  (3.)

K

= (L2)* (24i0)* + 2000 i) + (6)?). (3.46)

Substituting Eqgs. (2.46), (2.47) and (2.68) into Eq. (3.46), we have

(Ang)? = (L)

{27;% +3rq (v + %)1 (3.47)

(v+7.+ 27“a)2
In the absence of spontaneous emission, the variance of the photon number of the

superposed light mode is given by

(Ane)? = (%)2 (%} . (3.48)

In addition, for the atom operating well above threshold ( 7. << r,), we have

2
1
An)?=2(22) =22 4
o =2(3) =g (3.49)

For the atom operating at threshold, (y. = r,), we get

2
2 _ e _ §72
(An.)” = 5(—3/{) = 7 (3.50)

We observe that, Eq. (3.50) shows the normally-ordered variance of the photon number
for a chaotic light.
The plot in Fig 3.5 clearly indicates that, the variance of the photon number of the

superposed light modes is greater fory = 0 than fory = 0.1.
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Chapter 4

Quadrature Squeezing

In this chapter we seek to discuss the quadrature variance of light modes a and b.
In addition, we discuss the quadrature variance and quadrature squeezing of the two

mode light.

4.1 Quadrature variance
We define the quadrature operators for light mode a by
a,=a'+a (4.1)

and

a_ =i(a' —a). (4.2)

a, = —%(&1 +6,). (4.3)
and
i = —2;97;(&; —6,) (4.4)

21



= 2i(a — iib + fha — b),

Then we see that

l6_,a,] = 2%2'(77@ — ).

(4.6)

In view of Egs. (4.6), the uncertainty relation for the two-mode light can be put in

the form

NayDa > %(w — (i)

On the account of Egs. (2.45) and (4.7), becomes
ANayNa_ > 0.
The quadrature variance for light mode a is expressible as
(Nas)® = +((af £a)*) 7 (@) + (@),

from which follows

(Day)? = (aa) + (aa’) + (@) + (a®) F (@)* F (@)* — (a)(a') - (a')(a).

Introducing Eq. (2.69) into Eq. (2.48), we have

It then follows that
(Day)? = (a'a) + (aa') £ (a'?) £ (a2).
Using Eq. (2.48), one can easily show that

(a'?) = (a% = 0.

22
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(4.10)

(4.11)

(4.12)

(4.13)



Substituting Eqgs. (3.2), (3.28) and (4.13), into Eq. (4.12), we arrive at

K

(B =2 (i) + (a0 )

On the account of Egs. (2.45) and (2.46), one can rewrite Eq. (4.14), as

~ 2 e 2rq
(Bae) = (7 )

(4.14)

(4.15)

In the absence of spontaneous emission (7 = 0), the quadrature variance for light

mode a is given by

(Adi)2:’YC( 2rq )

K
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Figure 4.1: Plots of Quadrature variance of light mode a(a+)? [Eqs. (4.15) and (4.16)]

versus 1, for 7. = 0.5, K = 0.8, v = 0 (red curve) and v = 0.1 (blue curve).

The quadrature variance of light mode a is greater for v = 0 than that for v = 0.1.

For v. << r,,we have

(4.17)



This represents the normally ordered variance of the photon number for chaotic light.

In addition, for 7. = r,, Eq. (4.16) takes the form

2y
Nay)? = =5, 4.18
(Dag)? = 3 (4.18)

We observe that Eq. (4.18) represents the normally-ordered variance of the photon

number for a chaotic light.

Moreover, we define the quadrature operators for light mode b by
b, = b+, (4.19)

and

b =i(b" — D). (4.20)

Following similar steps of procedure, the commutation relation for the quadrature

operators of light mode b is found to be of the form

[b-.b4] = 20 (3 — ). (4.21)

On account of this commutation relation, we have

Aby Db > () — (7). (4.22)

N
Substituting Eqs. (2.46) and (2.47), along with Eq.(2.45) into Eq.(4.22). we get

"Yc ra_’y_f}/c
Ab Nb_ > — | —————— . 4.2
" SR (7+%+2ra) (4.23)

The quadrature variance of light mode b has the form

(Abe)? = £((0T +6)%) F (b1 + (), (4.24)

from which follows
(Abs)? = (bTb) + (bbT) & (b%) £ (0)  (b') F (B)* — (B)(BT) — (BT) (D). (4.25)
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Substituting Eq.(2.70) into (2.49), we get
(b) = 0. (4.26)

It then follows that

~

(Aby)? = (b1h) + (bb1) £ (b12) & (1?). (4.27)

Employing Eq. (2.49) and its adjoint, we find

(Bb) = (i), (4.28)
and
(b'%) = () =0 (4.29)

Introducing Eqs. (3.7), (4.28) and (4.29) into Eq. (4.27), we get
7 ’)/c N N
(Dbe)* = = ({) + (i) (4.30)
Now on the account of Eqs. (2.46) and (2.47) along with Eq. (2.45), we get

7 c a+’7+7¢
Nby)? = Jo(letd ey, 4.31
(£b2) H(’7+’Yc+27”a) ( )

In the absence of spontaneous emission (v = o), the quadrature variance for light mode

b is given by

7 c a +70
Aby)? = Je(laTley 4.32
(8b)? = (Lot (432)
For v, << r,, we have
(Lby)? = (AD_)? = ;? (4.33)

In addition, for v. = r,, Eq. (4.32), takes the form

27,
(Aby)? = (Ab_)? = 31 = 27, (4.34)

We observe that Eq.(4.34) represents the variance of the photon number for chaotic

state.
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versus r, for 7. = 0.5, Kk = 0.8, 7 = 0 (red curve) and v = 0.1 (blue curve).

The quadrature variance of light mode b is greater for v = 0.1 than that for v = 0.
We next seek to calculate the quadrature variance for the superposition of light

modes a and b. We define the quadrature operators of the superposed light as

ey =l 4¢ (4.35)
and
c_ =it —e). (4.36)
Introducing Eqgs.(2.71) and its adjoint, into Eqgs.(4.35) and (4.36), we get
A 2g At oAt oA A
Cp = —;(Ua + 6} + G0 + 63), (4.37)
and
2
¢ =—2i(61+ 6] — 6. —6y). (4.38)
K



The commutation relation of these quadrature operators has the form

A oA Ve /A N
[e_,eq] = 22;(% — 7). (4.39)
It the follows that
Yef /o .
Acple > = <<na> = <nc>)- (4.40)

We find the uncertainty relation of the quadrature variance to be

NN it (4.41)
KA\Y+Ye+2ra

Furthermore, the quadrature variance for the superposed light modes is defined by

(Dey)? = <éi> —(e4)? (4.42)

and

(Ac_)? = () — ()2 (4.43)

Thus with the aid of Eqgs. (4.35) and (4.36), we can rewrite Eqs. (4.42) and
(4.43), as

(Acs)® = (676) + (eeh) £ (6%2) £ (&%) F (67)2 F ()2 — (€")(&) — (O)(eT).  (4.44)

On account of Eqgs. (2.48), (2.49) and (2.55) along with Eqgs. (2.69) and (2.70),
we easily find

(@) =0 (4.45)

So that on account of Eq. (4.45), Eq. (4.44) can be written as
(Dey)? = (ele) + (eely + (672 + (&), (4.46)

and
(Ae)? = (@) + (eety — (672) — (). (4.47)
Employing Eqs. (4.46) and (4.47) along with Eq. (2.55), we easily obtain

AL A

(¢Té) = (a'a) + (bTb) (4.48)
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Introducing Egs. (3.2) and (3.7) into Eq. (4.48), we have

(@) = 22 ((ha) + (i) (4.49)

K

Following the same procedures we have

(eet) = L2 (o) + (). (4.50)
and
(&) = L(0). (4.51)

Introducing Eqs. (4.49)- (4.51) into Eqs. (4.46) and (4.47), we can easily find

(Bes)’ = (<ﬁa> + 2(i) + () £ 2<&c>), (4.52)
=2 (1 i) 22060 ). (4.53)

We see that the cavity light is squeezed state and the squeezing occurs in the minus

quadrature. Thus we write

(Ac,)2 = % (1 + (1) — 2<&C>). (4.54)
Using Eq. (2.45), we can rewrite Eq. (4.54) as
(Nel)? = % (1 + () — 2<&c>). (4.55)

Now substitute Egs. (2.46) and (2.68) into Eq. (4.55), we have

2 e Tq Ta(’y + 70)
(Ac)”==(1+ —2 : (4.56)
K ’y+f}/c+2ra 7+’yc+27”a

In the absence of spontaneous emission and there is no rate at which atom is pumped

from the bottom to top level, the quadrature variance of Eq. (4.56) is given by

(Cu)? =L (4.57)

K
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4.2 Quadrature squeezing of the two-mode light

We then define the quadrature squeezing of the superposed light mode by

S = (Ac_gi_ gfc_)z (4.58)

Introducing Eqgs. (4.56) and(4.57) into Eq. (4.58), the quadrature squeezing of two-mode

light can be written as

S = % , (4.59)
= 2(6¢) — (Mla), (4.60)
2 a C
_ Wyt e (4.61)
Y+Yet+2ra Y+ +2r,
2 a c)  la
g — ra(y+7:) — 1 (4.62)

Y+ e+ 21

2,/ L+ -1
— . (4.63)

442

For v =0
2/ra(Ve) — Ta
S pu— 4.64
Yet+2rg (4.64)
2, /% —1
=y 4.65
L +2 (4.65)

We have observed that the quadrature squeezing cross each other at the point r, =
0.14. It is also found that when r, < 0.14 the quadrature squeezing for v = 0 is greater
than that of v = 0.1 and when r, > 0.14 the quadrature squeezing for v = 0 is less than
that of v = 0.1.

It is also found that the superposed light modes are in squeezed state with a maximum

quadrature squeezing of 50% below the vacuum state.
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Chapter 5

Conclusions

In this project, we have studied the squeezing and statistical properties of the light
generated by a three level atom available in an open cavity and pumped to the top
level by electron bombardment. We have carried out our analysis by putting the noise
operators associated with the vacuum reservoir in normal order and applying the large-
time approximation scheme, we have obtained the quantum Langevin equation for cavity
mode operators. Using the master equation for the three-level atom, we have seen the
equation of evolution for the expectation values of atomic operators. Using the steady-
state solution of the quantum Langevin equation, we have calculated the mean photon
number, the variance of the photon number, and the quadrature variance for separate
light modes and the superposed of the two light modes. We have determined that the
mean photon number for v = 0 is greater than for v = 0.1. We have also established
that like the mean photon number, the variance of the photon number is greater when
v = 0 than when v = 0.1. We have obtained that the quadrature squeezing cross each
other at the point r, = 0.27. It is also found that when r, < 0.27 the quadrature
squeezing for v = 0 is greater than that of v = 0.1 and when r, > 0.27 the quadrature
squeezing for v = 0 is less than that of v = 0.1. Moreover, we have found that the light
generated by the three-level atom is in a squeezed state, with the maximum quadrature

squeezing being 50% below the coherent-state level.
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