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Abstract

The aim of this paper is to generalize Certain Near-rings are rings. Here we
are interested in two problems concerning certain classes of Near-rings
satisfying the following polynomial identities:-

(¥) Foreachx,y inanear-ring N, there exist positive integerst = t(x,y) > 1
and s = s(x,y) > 1such that xy = +ySx*.

(x*) For each x,y in a near-ring N, there exist positive integers
t =t(x,y) =1 ands = s(x,y) > 1 suchthat xy = +x'y*°

Key words: Near-rings, distributively generated near-ring, Zero-

symmetric, Zero-commutative, Commutativity, Orthogonal sum and
Decomposition of near-rings.



Notations

N —left near-ring

d. g —distributively generated

s.d. g —strongly distributively generated
Z(N) — Multiplicative center of near-ring
A —the set of nilpotent elements of N

B —the set of idempotent elements of N

A @ B —orthogonal sum

€ —is belongs to

Vv —for all/ for every



Introduction

The first problem is to prove the decomposition for near-rings satisfying either the following
properties:

(¥) For each x,y in a near-ring N, there exist positive integers t = t(x,y) =1 and s =
s(x,y) > 1 such that xy = +ySx¢.

(¥x) For each x,y in a near-ring N, there exist positive integers t =t(x,y) =1 and
s =s(x,y) > 1 such that xy = +x'yS and second problem is to prove commutativity of
distributively generated near-ring satisfying either (x)or (**). As an application we show that
if N is strongly distributively generated near-ring satisfying either (*) or (*x), then N is
commutative. This generalizes a result by A.Frolich[1] which asserts that a distributively
generated near-ring N is distributive if and only if N? is distributive or if (N,+) is
commutative.

A celebrated theorem of I. Herstain[6] asserted that a periodic near-rings is commutative if its

nilpotent elements are central. In order to get the analog of this result in near-rings H. Bell

proved that if N is distributively generated (d. g) near-ring with its nilpotent elements laying in

the center, then the setAof all nilpotent elements of N forms an ideal of N and if N\A is

periodic, then N must be commutative. Recently, M. Quadri, Asharif and A. Ali [8] proved that a

d. gnear-ring N satisfying any one of the following conditions:

i) For each, x,y € N there exist a positive integers m = m(x,y),n = n(x,y) at least
one of them greater than one such that xy = y™x™ or

ii) For each x,y € N there exist a positive integers m = m(x,y),n = n(x,y) at least one
of them greater than one such that xy = x"y™, then N is commutative.

The main purpose of this work is to generalize the above result. In view of this observation, we
want to study the structure and commutativity of near-ring satisfying one of the following
conditions:

(¥) For each x,y in a near-ring N, there exist positive integers t = t(x,y) =1 and s =
s(x,y) > 1such that xy = +ySxt.

(¥x) For each x,y in a near-ring N, there exist positive integers t =t(x,y) =1 and
s = s(x,y) > 1 suchthat xy = +xty".

The present work is organized as follows: In the first part, we put together some elementary
materials for the sake of completeness. In particular the connection of the direct sum
decomposition of rings and analogous of near-rings. In part two we establish a rather general



theorem which asserts if a near-ring N satisfying either (x) or (xx),then N = A @ B, thatis
N is an orthogonal sum of subnear-rings A and B,where A is the set of all nilpotent
elements of N and B = {x € N|x™™ = x,n(x) € Z} with(B,+) is Abelian.

Part three is devoted to the problem that if N satisfies (*) or (*x), under appropriate
additional hypothesis a distributively generated near-ring must be commutative ring. As an
application we prove that if strongly distributively generated near-ring N satisfying either
(%) or (%), then N must be commutative ring.



Chapter 1
Preliminaries

In this chapter we present some basic terminologies and relating them whenever possible to
the ideas introduced later in this work.

Definitionl.1A non-empty setN together with two binary operations+(addition) and
‘(multiplication) is called a (left) near-ring if :-

i. (N,+)isagroup (not necessary abelian)

ii. Nis asemigroup under multiplication.

iii. Foranyx,y,z € N,it holds that x(y + z) = xy + xz.

iv. Similarly, it is possible to define a right near-ring by replacing the left distributive law
(iii) by the corresponding right distributive law. That is, for any x, y, z € N, it holds
that (x + y)z = xz + yz.

Note:

v In this work by a “near-ring” we shall mean a left near-ring.
v All rings are near-rings, but the converse is not true.
v' A near-ringNis Abelian if (N, +) is Abelian.

Example 1.1 LetZbe the set of integers.Then (Z, +) is a group.
Define ““” on Z bya.b = b for all a,b € ZThen(Z, +,.) is a near-ring.
Proof

i. (Z,+) is a group
ii. Leta,b,c € Z. Then (ab)c = ¢ = bc = a(bc).

Therefore (ab)c = a(bc)
Hence (Z,.) is a semi group.
jii. a(lb+c)=b+c=ab+ac
Therefore left distributive law holdsand by i),ii) and iii) (Z, +,.) is a near — ring.
Example 1.2Let Z,, = {0,1,2,...,11}.

(Z,,,+) is a group under (+)modulo12.



Define () onZ,, bya.b = aforalla,b € Z,,.
Then (Zi,,+,.) is not a left near — ring. But it is a right near — ring.

Example 1.3. Let G be an additively written (but not necessarly abelian)group with zero 0. Then the follc
— rings. Addition is defined point wise and multiplication is composition of maps.

M@G) ={f:G - G}
My(G) ={f:G - G:f(0) = 0}

M. (G) ={f:G
— G: f is a constant}The additive identity of M(G)that is the zero mapping is denoted by 0.

Define (+)and (o) on M.(G) as:
(f +9)(x) = f(x) + g(x) and
(f e 9)(x) = g(f(x)) forall x € G.

Then (M.(G),+,°) is a near — ring but not a right near — ring.
To verify this fact, take a, b, c € G and ¢ # 0. Define
fa:G = Gbyf,(x) =aVx€EG
fr:G—>Gbyf,(x)=b VXEG
fe:G = G by f.(x) =cVx EG.

1. To show that (M.(G),+) is a group.
i) Letx € G.Then

[(fa + fp) + £100) = (fa + f) 00 + £ (x)
= (fa() + f(0)) + fo(x)
=(a+b)+c
= a + (b + c)(Since addition of constants is associative)
= fa () + (fy(x) + fe(x))
= fa() + [(fy + f)(x))
= [fa + (fp + 1)
Therefore, (fo + fo) + fe = fa + (s + 1)
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ii) Existence of identity
The zero mapping is the identity element that is 0.
iii) existence of inverse
Forall x € G there exist f,,(x) € M(G)such that f,(x) + f,(x) = 0 = f,,(x) + £, (20).
>a+y=0
=y =—a=—f(x)
Therefore the inverse off, (x) is — f, (x).
Thus from i,ii and iii, (M.(G), +, )is agroup.

2. To show that (M.(G),°) is a semi group

Letx € G. Then

[fa o (Fp © fI1(x) = (fi © fo) (fa(x)))
= £ (fo(fa))

= f(fy(@)
= f.(b)
=
[(fa o fo) o £l @) = £ © ) ()
= f: (fo(fa))

= f(fo (@)
= fe(a)
=c

Therefore, f © (fy o fo) = (fa© fp) ° fc

3. Left distributive law

Let x € G.Then

[fa o (fs + 1) = (Fy + f) (fa (D))
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= fo(fa) + f(fu()
= fy(a) + f-(a)
=b+c
Also, [(fy © fi) + (fa © 1) = (fa© f) () + (fu © f) (x)
= fo(fa()) + f(fa(0)
= fp(a) + fc(a)
=b+c
Hence fy o (fy + fo) = (fa© fo) + (fa° f2)
Therefore, the left distributive holds
Thus it is near — ring.
4. Right distributive law
Letx € G
Now, [(fy + fo) © fe1(¥) = fe(fa + f5) ()
= £(fa) + f5,())
= f.(a +b)
=c
But, [(f o £2) + (fy © £1() = (o © £)C0) + (fy © £) ()
= fe(fa@) + fe(fp (X))
= f.(@) + £:(b)
=c+c#cssincec+0

Therefore (f; + f,) o fo # (fao fo) + (o f2)

This shows that N fails to satisfy the right distribution law.

Which provide an example of near — ring that is not a right near — ring and also a near
— ring that is not a ring.

Remark: A near-ring with identity is Abelian if (—1)n = —n Vn € N.
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To show this, suppose (N, +,.) is a near-ring with identity.

Leta,b € N.

We wanttoshow; a+b=b+a
(-b+(—a)+(@+b)=-b+(—a+a)+b=-b+0+b=—-b+b=0

=—1(b+a)+ (a+ b) = 0 (since N is left near-ring)

>a+b=b+a

Hence Nis Abelian.

Proposition 1.1Let N be a near ring. Forall m,n € N

i) m0 = 0 and
ii) m(—n) = —mn

(i) lLetmeN
Now m0 = m(0 + 0) = m0 + m0
=m0+ 0 =m0+ m0
=20=m0 YmeN.
(ii) Letm,n €N
Nowm(—n) + mn=m(—n+n)=m0 =0
Therefore, m(—n) = —mn.
Proposition 1.2Let Nbe a nearring. Forall m,n € N,—(m+n) = —n—m

Proof Takem,n € N.
Now(—n+(—m))+(m+n) =—n+(-—m+m)+n=-n+n=20

Hence,-(m +n) = —n — m.

Definition 1.2Let Nbe a near-ring. Then



(i) Ny = {n € N| On = 0}is called the zero-symmetric part of N.

(ii) N, = {n € N| On = n }is called the constant part of N.

(iii) If N = N,, then N is called zero symmetric.

(iv) If N = N_, then N is called a constant near-ring.

(v) A near-ring N is said to be zero-commutative if xy = 0 implies yx = Oforx,y € N.

Example 1.4Let N = {0, a, b, c} with addition and multiplication tables defined below

+ |0 |a |b |cC 0 |a |b |c
0 |0 |a |b |cC 0 |0 |0 |0 |0
a |a |0 |c |b a |0 |a |0 |a
b |b |c |0 |a b |0 |0 |0 |0
c lc Iblalo c |0 |c |0 |c
Table 1.1 Table 1.2

Then (N, +,.) is both zero-symmetric and zero-commutative near-ring.
Note:

i) fneN|On=n}={neN|VvmeN,mn=n}
i) Onneed not be equal to zero and
iii) (—m)nneed not be equalto —nm

To verify i): Letn € N.. We show that

mn=nvVmeN
Letm € N. Then, mn = m(0n) = (m0)n = On = n.
Therefore, {n € N|On =n} € {n € N|vm € N,mn = n}.
Supposemn =nVm € N.
Then, since 0 € N, we have On = n.
and hencen € N,.

Hence {n € N|On =n} ={n € N|vm € N,mn = n}.



ii) Using counter example, in a constant near-ring; On = nis not equalto zero Vn € N \{0}
iii) Again using a constant near-ring; (—m)n = nand (—n)m = m. This implies
(—m)n # —mm,for all m # n.

Definition 1.3 An additive subgroup M of a near-ringN with MM < M is called a sub near-ring
of N. Itisdenotedby M < N.

Example 1.5N, and N, are sub near-rings of N.

1. Toshow that N is a sub near-ring of N,
i) Letx,y € No.ThenO0x =0 and 0y =0

O(x—y)=0x—-0y=0
=>x—Yy €N,
=(N,, +)is a sub group of(N, +).
ii) Letm,n € N,.
Now, 0(mn) = (0Om)n=0n =20
=>mn € N,
Thus, NgNy € N,.
Therefore, N, is asub near-ring of N.

2. To show that N_is a sub near-ring;
i) Letx,y € N..ThenOx =xand Oy =y

O(x—y)=0x—-0y=x—y
=>x—y €N,
Thus, (N, +) is a subgroup of(N, +)
ii) Let m,n € N,. This implies 0(mn) = (Om)n = mn andso mn € N,
Hence N.N. € N.. Therefore, N, is a sub near-ring of N

Definition 1.4 A subgroup H of a group Gis said to be a normal subgroup of G if for every
g € Gand h € Hwe have ghg~! € H.



Definition 1.5 An ideal of a near-ring N is defined to be a normal subgroup I of (N,+) such

that

i)
ii)

NI €1 and
(x+a)y—xy€elvx,yeENandac€l.

Definition 1.6 Let N be a near-ring. Then N is said to be a commutative near-ring if
ab = baVa,b €N.

Example 1. 6 Let N = {0, a, b, ¢} with addition and multiplication tables defined below

+ 0 a b c

0 0 0 0 0
0 0 a b c

a 0 a b c
a a b c 0

b 0 b 0 b
b b c 0 a

C 0 c b a
c c 0 a b

Table 1.3.Tablel.4.

Then (N, +,.)is Abelian as well as commutative near-ring

Definition 1.7 If M is a subset of a commutative near-ring N, then annihilator of M, denoted
by Ann(M) is the set of all elements n of N such that mn =0 for all m € M. Thus
Ann(M) = {n € Nlmn =0Vm € M}.

Definition 1.8 The center of a near-ring denoted by Z(N) is the set of all those elements of N

which commute with each element of N. That is

Z(N) ={n € N|nr =rnVr € N}

Definition 1.9 An element n of a near-ring N s said to be: -

i)

An idempotent if n? =n. Anidempotent element is said to be central idempotent if it
is in the center of N. That is n € Nisan idempotent central if n? =n and nx =
xn,Vx € N.

A nilpotent if there exists a positive integer k such that n* = 0. Otherwise we say
that n is non-nilpotent element.
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Examples 1.7 In near-ring (Z¢, +,.), 0,1, 3 and 4 are idempotent elements.
Because (02 = 0,12 = 1,32 = 3,4%2 = 4)

If0,1 € N, then 0 and 1 are central idempotent where N is a ring.

In near-ring (Zg, +,.), 0, 2, 4 and 6 are nilpotent elements. Because

(0 = 23 = 42 = 6* = 0).And 1, 3, 5 and 7 are non-nilpotent elements.
Definition 1.10 A nonzero element nin a near-ring Nis said to be:

i) Left zero divisor if there exists a nonzero element a € N such thatna =0
i) Right zero divisor if there exists a nonzero element b € N such that bn =0

Example 1.8 In example 1.4 above; ab = 0 which implies a is left zero divisor and
bc = Oimpliesc is right zero divisor.
Remark: Every nonzero nilpotent element in a near-ring is necessarily a divisor of zero.

Proof Let x + 0 be nilpotent, then there exists the smallest positive integer n > 1 such that
x™ =0 sothatxx™ 1 =0 with x® 1 % 0.

Definition 1.11 A near-ring (N, +,.) is said to be a near-field if N\{0} forms a group with
respect to the second operation.

Example 1.9 All fields are near-fields.
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Chapter 2

Decomposition Theorems of Near-rings

In the first chapter we have seen what a near-ring mean?In this chapter we are interested in
two problems concerning certain classes of Near-rings satisfying the following polynomial.

(¥) For each x,y in a near-ring N, there exist positive integers t = t(x,y) =1 and s =
s(x,y) > 1such that xy = +ySx*.

(¥*) For each x,y in a near-ring N, there exist positive integers t =t(x,y) =1 and
s =s(x,y) > 1 suchthat xy = +xty*s

And also we will see that N is the orthogonal sum of sub near-ringsA and B where
Nsatisfying either(*) or (%), A is the set of the nilpotent elements of N and B is the set of
idempotent elements of N with (B, +) is abelian

Definition 2.1 A near-ring N is an orthogonal sum of a sub-near ring A and B denoted by
N =A+B if AB=BA ={0} and each element of N is uniquely represented in the form
a+b witha€e€ Aand b € B.

Proposition 2.1 If e € N is idempotent, then for any n € N there corresponds exactly one
ny € {x € N|lex = 0} and there corresponds exactly one n; € eN = {ex|x € N} such that
n =ny+n,. Taking e =0, for any n € N there corresponds exactly one n, € N, and
exactly onen, € N. such that n=ny+n., Hence (N,+)=(Ny+)+ (Ny,+) and
Ny N N, = {0}.

Proof

Part 1: suppose e € N is idempotent element and let n € N.Now n = (n—en)+en.
Consider e(n—en) =en—een=en—en=0. So (n—en) € {x € Nlex =0} and also
en € eN.Suppose that n =ny +n, =ny’ +ny’ (2.1)
where ny,n," € {x € Nlex = 0},n,,n," € eN. Now

en=e(ny+n) =e(n, +n;)
=eny + en;=en,’ +eny’

—en,; =en;’ (2.2)
For n;,n;' € eN, there exist y;,y," € N such that n; =ey;n,’ =ey, and n;' =ey,".
Now en; =e(ey;) =eey, =ey; =n;, and also en;' =e(ey;) =eey,' =ey;' =n,".

12



From equation 2.2, we have n; = n;’. Also, from equation 2.1, n, = en,’. Therefore, for
all n € N, there exists exactly one ny € {x € N|ex = 0} and there exists exactly one
n, € eN = {ex|x € N} suchthat n = ny + n,.

Part 2supposee = 0 and n € N.

From part 1, we can have exactly one n, € {x € N|0x = 0} and exactly one n; € N, such
that n = ny + n;.Nown, € {x € N|0x = 0} = Ny,. We show that N, = N..

Let n € N.. Then On = n.This means that n = On € N,. Therefore, N. € N,. Let y € N,.
Then there exists some n' € N such that y = On’. Now we show that y € N.. Consider
0y = 0(0n") = (00)n"’ = On’ = y. Therefore, y € N, and hence N, = N.. Hence, for all
n € N, there exists exactly one n. € N, such that n = ny + n..

Now we show that (N, +) = Ny, +) + (N, +) and N, n N, = {0}.

From the preceding result, it follows that for each n € N, there exists ny € N, and
n. € N, such that n = ny + n..This implies

Let nyg € Ny and n. € N.. Now

From equation 2.3 and 2.4, we have (N, +)+ (N, +) = (N,+). Next we show that
Ny N N, = {0}

{0} < N..Since 00 = 0 andalso {0} S Nysince 00 = 0.

={0} € Ny N N,.. Let n € Ny N N,.This implies n € N, and n € N.. This implies On = 0 and
On = n. Thus, n = 0.

Therefore, N, N N, = {0}.

Lemma 2.1 Let N be near-ring with idempotent elements are multiplicative central and let e
and f be any idempotent element of N. Then there exists an idempotent element g such that
ge=-e and gf =f.

Proof: Let N =eN + Ann(e), where Ann(e) denotes the annihilator of e; and write
f=fi+f, where f; € eN and f, € Ann(e). In view of uniqueness of representation built in
the definition of orthogonal sum f; and f, are idempotent. Take g = e + f,. Then

9> =(e+f)e+f)

13



=(e+fle+(e+ f2)f2
=e(et f2) +falet+12)

=e?+tef, + fre+ fp°
=e+f2

= g Moreover
ge=(e+f)e=e(e+f,) =e*+ef, =e* = eand

gf =+ )i+ 1)
=+ i+ (e+f)f2
= file+ f2) + fo(e + f2)
= fie+ fifo + e + f2f2
=f+h

=f

Therefore, ge = e and gf = f

Lemma 2.2 Let N be a zero-symmetric near-ring. Then the set A of all nilpotent elements in
N isanideal if and only if A is a subgroup of the additive group (N, +) of N.

ProoflLet N be a zero symmetric near-ring

Assume that the set A of all nilpotent elements in N is an ideal.

We want to showAis a subgroup of the additive group (N, +) of N.
SinceAis an ideal, (4, +)is a normal subgroup of (N, +).

HenceA is a subgroup of (N, +).

Conversely, assume that Ais a subgroup of (N, +).

We want to show A is an ideal of N.

Since0'=0, A # @

Let n€ N and a, € A.Then by using induction on the degree of nilpotence,k > 0
fal=0n+a—-n=n+0-n=n—-n=0

If a?=0,(n+a—-n)>=m+a—-n)(n+a—n)

=n+a-nn+n+a—n)a—(n+a—n)n

14



=n+a-nn+an+a—-n)—m+a—n)n
=(m+a—-nn+an+a’*—an— (n+a—n)n
=(n+a—-nn+an—an— (n+a—n)n
=(n+a—-nn—(m+a—n)n

=0

Now suppose n + a — n is nilpotent for arbitrary n € N and a € A with index of nilpotence
less than k,k >3 and let a €A satisfy a®=0. Then letting b= (n+a—n)n and
proceeding as above, we have

(n+a-n)> =b+an+a’>—an—»b
= (b + an) + a? — (b + an)which is nilpotent since (a®)*"1 = 0. Thus, n+a—ne€A

Hence, Ais a normal subgroup

Letn € N and a € A. Then (na)* = nfa* =n*¥0=0 for k >0
=na € A

Hence, NACS A

Let m,n € N and a € A.We wants to show ((m + a)n —nm)* € A
Fork > 0. Asin(ii) above, using induction on the degree of nilpotence,

fal=0,(m+an—-mn=mM+0n—mn=mn—mn=20

Ifa? =0,((m+ a)n— mn)2 = ((m+ a)n — mn)((m + a)n — mn)

= ((m +a)n — mn)((m + a)n) - ((m +a)n — mn)mn

= ((m +a)n — mn)(m +a)(n) — ((m +a)n— mn)mn

= [((m +a)n — mn)m + ((m +a)n — mn)a]n - ((m +a)n— mn)mn
= [((m + a)n — mn)m + a((m + a)n — mn)|n — ((m + a)n — mn)mn
= [((m +a)n — mn)m + (am + a®)n — amn]n - ((m +a)n — mn)mn
= [((m + a)n — mn)m + (am + 0)n — amn]n — ((m + a)n — mn)mn
= [((m +a)n — mn)m + amn — amn]n — ((m +a)n— mn)mn

= [((m +a)n — mn)m]n — ((m +a)n — mn)mn

= ((m +a)n — mn)mn — ((m +a)n — mn)mn

=0

Now suppose (m + a)n —mn is nilpotent for arbitrary m,n € N and a € A with index of
nilpotence less than k, k >3 and let a € A satisfy a* = 0. Then lettingh = m + a)n — mn

15



and proceeding as above we have, ((m +a)n — mn)2 =b+am+a’®—am—>b
= (b+am)+a*— (b+am)

Which is nilpotent since (a?)*! = 0. Thus(m + a)n — mn € A.
Therefore, A is an ideal of N.

Lemma 2.3 Let N be a near-ring which is a zero commutative. The annihilator of any nonempty
subset of N is an ideal.

ProofLet M be a nonempty subset of N.

i) Since 00 = 0, Ann(M) + @.
ii) Letx,y € Ann(M). then

mx=0and my =0, vme M

mx—my=0-0=0
m(x—y) =0

Thus, x —y € Ann(M)
Hence Ann(M) is a subgroup of N
iii) Let n € N and x € Ann(M). Then

mn+x—n)=mn+mx —mn
=mn+0—mn
=mn—mn

=m(n—n)
=m0
=0,VmeM
Thus, Ann(M) is a normal subgroup of N
iv) Letx € Ann(M) and n € N. Thenforany m € M,xm = 0
=>nmx)m=n(xm) =n0=0
Hence, NAnn(M) € Ann(M)

V) Let a,b € N andx € Ann(M).Then, forany m € M,
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m[(a + x)b —ab] = m(a + x)b — mab
= (ma + mx)b — mab
= (ma+ 0)b — mab

= mab — mab
= 0. Then by the zero commutativity of N,[(a + x)b —ab]lm =0

= (a + x)b — ab € Ann(M).
Therefore,Ann(M)is an ideal ofN.
Lemma 2.4 Let N be a zero symmetric near-ring satisfying the following conditions:
(a) For each xin N, there exists an integer n = n(x) > 1 such that x™ = x
(b) Every non-trivial homomorphic image of N contains a non-zero central idempotent.
Then (N, +)isAbelian.
Proof Assume that N is a zero-symmetric near-ring satisfying (a) and (b)
We want to show (N, +) is Abelian

Since N is azero symmetric satisfying (a) it has no nonzero nilpotent elements. Thus the set
of all nilpotent elements has no zero divisors and contains a non-trivial central idempotent
which is left identity say g. Hence g is the only nonzero and is the identity element.

Now x™ = x implies x™ ! isidempotent. Hence nonzero element in N have an inverse in
Nand hence a near-field.

Therefore, (N, +) is Abelian.

Theorem: 2.1 Let N be a near-ring.Supposethat Nis a near-ring satisfying (*) and the
idempotent elements of N are multiplicative center. Then the setAof all nilpotent elements of
Nis a sub near-ring with trivial multiplication, and the set B of all idempotent elements of Nis a
sub near-ring with (B, +)is abelan. Furthermore N = A @ B.

ProofWe break the proof in the following steps:

Step 1 If N satisfies () (that is for each x, yin a near-ring N, there exist a positive integers
t =t(x,y) > land s = s(x,y) = 1 such that xy = +y5x?!), then Nis zero-symmetric as well
as zero-commutative. Because if y € N, then for 0,y € N, there exist t =¢t(0,y) =1 and
s =5(0,y) > 1 such that
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0y = +y50twhich implies 0y = +y%0 = 0 (by proposition 1.1 i)
=0y =0
That is Nis zero symmetric

Assume that xy = 0. Then by assumption there exist s = s(x,y) =1 and t=t(x,y)>1
such that

yx = +xty° = () (yy Y = 2T )yt = 110y
= (xt710)y5~1 = 0y5~1 = 0 (by proposition 1.1 and i above)
=>yx=0
=it is a zero commutative.
Step 2 The set A of all nilpotent elementsin N form an ideal.
To see this we let a € A and x € N.then there exist integers
s; = s(x,a) = landt; = t(x,a) > 1such thatax = +x51ah

Now choose s, = s;(x51,a*) =1 and t, = t;(x51,a’*) > 1 such that x51a’t = +alitzx5152
+xS1att = (4)2atrt2x5152and ax = (+)%alrt2x5152, hence for arbitraryk, we have integers
s;=s(x,a) =21 ,s, =s;(x5,a") =1, ..., sp =sp_1(xk1,at-1)>1 , ¢t =t(x,a)>
1,t, =t;(x5,a%) >1 , ., t, = tp_1(x5%-1,at%-1) > 1 such that

xa = (+)katrte-tex51525k, Thus a € A, atrt2tk=Q for sufficiently large k. Hence ax = 0 Vx €
Nanda € A.By step 1, N is zero commutative. And hence the nilpotent element of N
annihilate Non both sides. Thus AN = NA = {0}. Hence A> = {0} and A € Z(N). Leta,b € A
such that a? = 0 and b? = 0 where p, q are positive integers. Then (a — b)?*? =0 That is
a—b € A.Hence A is additive subgroup of (N, +).

Therefore A is anideal of Nby Lemma 2.2

Step 3 Let N satisfying (x)and n € N. Suppose that s' > 1, t' > 1 be integers such that
n? = +n5'*t'. Then n(n ¥ n5'+t"1) =0.By step 1, Nis a zero commutative. Hence

(nFns*' D=0 and (n F s+~ )ns'+'-1 = 0
e ; = s+t -1)2 T8 +t'-1 ;
This implies that (n Fnstt ) =0and n+n’ € 4, that is

14l It/
n—n®*t "1 e dandn +n° **' 1 € A. So We can write
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Iyl Iy el
n=n—nSt"14nS+"1 Now
(ns’+t’—1)s'+t’—1 — n(s’+t’—1)(s’+t’—1)
= n(s'+t'=2)(s"+t")+1

[ A A
=n(s +t')s '+t Z.Tl

— (nZ)(s’+t'—2)_n

Iy 4l _5N\2
— n(s +t'=2) n

Since n® *t'~2js idempotent by(x), (nS tt'"1)S*'-1 = ps'+-1 g0 ' 4t — 2> 1 and
ns'*t'~1 e B This showsthat N = A + B

Step 4 Let N satisfying (¥)and let B be a sub near-ring with (B,+) abelian. If x,y € B, then
there exist integers k = k(x) > 1 and [ =I(y) such that x* =x and y'=7y. Llet p=
k—DI—-(k+2)=U-1k—-(1—-2)>1. Then

xP = xand y? = y. Note that e; = xP~! and e, = y?~! are idempotent elements in Nwith
e;x =xand e,y =y.Thus xy = +(e,y)?(e;x)" for some integers q = q(xy,ese;) = 1 and
r =r(xy,e;e;) > 1. But We have xy = ejxe,y = eje,xy = xyeie, = +(eje;)?(xy)". This
implies that xy = e;e,(xy)". Hence xy = (xy)"and so xy is idempotent that is xy € B.
Moreover, since  N/A has x* = x property, We have an integer j > 1 such that (x — y) =
x—y+a, ac€A(l)

Since e, e, are central idempotent in N, in view of lemma 2.1 choose an idempotent g for
which ge; =e; and ge, = e,.Hence gx =x and gy =y. Multiplying (1) by g gives
(x —y)) = x — y. This shows that x —y € B. Hence B is a sub near-ring. By step 1N is zero
symmetric and by Lemma 2.4 We get (B, +) is abelian.

Step5 We want to see that each element in N has at most one representation of the form
(a+ b) where a € Aand b € B. Moreover N = A @ B. We have by step 2N is an ideal. Let
a;,a, € A and by, b, € B such thata, + b; = a, + b,. Thena; —a, = b, —b; € AN B = {0}
which gives a; =a, and b; = b;.

Hence N =A@ B

Remark: If a near-ring N satisfies (*x), then we may not even get orthogonal sum
decomposition of N which is evident from the following:

Example 2.1 LetN = {0, x, y, z} with addition and multiplication tables, defined as follows:
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+10|x|y|z O(x|y|z

00|x|y|z o|o|0|0|0

x|x|0|z|y x|0|x|0|x

yilylz|0]|x y|10[0|0|0

z|z|y|x|0 z|0z|0|z
Table 2.1 table 2.2

We can see from the tables, N is:-

) A near-ring

) Zero-symmetric near-ring

) Zero-commutative near-ring; satisfying property (**). But the set B = {0, x, z};the
set of all idempotent elements of Nis not a subnear-ring of N

Theorem2.2let N be a zero-commutative near-ring satisfying (**) and idempotent elements
of N are multiplicative central. Then the set A of all nilpotent elements of N is sub near-ring
with trivial multiplication and the set B of all idempotent elements of N is a sub near-ring
with(B, +) is abelian. Furthermore, N =A@ B

Proof We break the proof in the following steps as in the theorem 2.1
Step 1 IfNsatisfying (x*), then N is a zero-symmetric.

Because,if y € N, then for 0,y € N, there exist t =t(0,y) =1 and s =s(0,y) >1 such
that

y0 = +yS0twhich implies y0 = +y°0 = 0 y0 = 0 = 0y.SinceN is zero commutative
=0y=0VyeN

Thus, N is zero-symmetric.

Step 2The set A of all nilpotent elementsin N form an ideal.

Tosee thisleta € A and x € N. Then there exist integers

s; = s(x,a) = 1andt; = t(x,a) > 1 such that ax = +af1x51.

Now choose s, = s;(x%,a%) > 1 andt, = t;(x51,a’t) > 1 suchthatat*x5t 4+ ql1tzx5152
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, Fatixst = (+)2atr2x5152and ax = (+)%a1'2x5152, Hence for arbitrary k, we have integers
sy =s(x,a) =1,

s, =s1(x51,at) > 1, .., 5, = sp_1(x5-1,atk-1) > 1,
t, =t(x,a)>1,
t, = t;(x5,at) > 1 , .. ,t; = t_1(x5-1,a%-1) > 1 such that
ax = (£)katrtz-tex 51525 Thus a € A, at1t2-tk=0 for sufficiently large k.

Hence ax =0Vx € N and a € A.By step 1, N is zero-symmetric. And hence the nilpotent
element of N annihilate Non both sides. Thus AN = NA = {0}. Hence A% = {0}and A € Z(N).
Let a,b € A such that a?P =0 and b? = 0 where p,q are positive integers. Then (a —
b)P*9 = 0 Thatisa — b € A. Hence A is additive subgroup of (N, +).

Therefore A is anideal of N by Lemma 2.2

Step 3 Let N satisfying (xx)and n € N. Suppose that s’ > 1, t' > 1 be integers such that
n? = +n%*% . Thenn(n F n¥**'~1) = 0 = (n F n***' ")n since Nis a zero commutative. And

(Tl F ns’+t’—1)ns’+t'—1 =0

_ 2 _
This implies that (n F n5'+t"1) =0andnFns*t'"1 € 4, thatis
n—nS+'-1 e Aandn +ns -1 € A. So We can write

Iyl Iyl
n=n—-n*tt-14nS+ -1 Now

(ns'+t'—1)s'+t'—1 — n(s'+t'—1)(s'+t'—1)
= p(s'+t'=2)(s"+t")+1
! ! ! !
— n(s +t')s '+t —Z_n
— (nZ)(s’+t'—2)_n

I 4l _5N\2
:n(s+t 2).n

Since n® *t'~2Zis idempotent by (x),(nS*t' 1S+l = ps'H-1 for ¢ 4" —2>1 and

ns'*+t'=1 € B. This shows that N = 4 + B.
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Step 4 Let N satisfying (**)and let B be a sub near-ring with (B, +) abelian. If x,y € B, then
there exist integers k = (x) >1 and [ =1I(y) such that x* =x and y'=7y. Llet p=
k—Dl—(k+2)=U-1Dk—-({—-2)>1.Thenx? = xand y? =y.

Note that e; = xP~! and e, = yP~! are idempotent elements in Nwith e;x = x and
e,y =Y. Thusxy = +(e;x)" (e, y)4.

for some integers q = q(xy,e;e;) = 1 andr = r(xy,e;e;) > 1. But We have xy = e;xe,y =
e1e,xy = xye e, = t(e;e2)?(xy)". This implies that xy = e;e,(xy)". Hence xy = (xy)"and
soxy is idempotent that is xy € B. Moreover, since  N/A has x¥ = x property, We have an
integer j > 1suchthat (x —y)) =x —y +a,a € A.(1)

Since eq, e, are central idempotent in N, in view of lemma 2.1 choose an idempotent gfor
which ge; = e; and ge, = e;.Hence gx =x and gy =7y. Multiplying (1) by g gives
(x —y)/ = x — y. This shows that x — y € B. Hence B is a sub near-ring. By step 1 N is zero
symmetric and by Lemma 2.4 We get (B, +) is abelian.

Step5. We want to see that each element in N has at most one representation of the form
(a+b) where a€A and b € B.MoreoverN = A @ B.We have by step 2N is an ideal.
Leta,,a, € A and by, b, € B such that a; + b; = a, + b,. Thena; —a, = b, —b; EANB =
{0} which gives a, =a, and b; = b;.

Hence N = A @ B.
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CHAPTER 3
CERTAIN NEAR-RINGS ARE RINGS

In this chapter we will see some basic definitions and some results that are used to show that
certain near-rings are rings.The aim of this section is to prove that with certain additional
conditions such as distributively generated near-rings turn out to be commutative ring.

3.1 Basic Definitions

Definition 3.1 Anelement din a near ring N is called a distributive element of Nif (x + y)d =
xd +yd and anti-distributive if(x + y)d = yd + xd Vx,y € N. If all the elements of a near-
ring N are distributive, then N is said to be distributive near-ring. A near-ring N is called a
distributively generated (d.g) if it contains a multiplicative sub semi-group of distributive
elements which generates additive group(N,+). A near-ring N will be called strongly
distributevely generated (s.d.g) if it contains a set of distributive elements whose square
generates additive group (N, +).

Lemma 3.1 IfN is a zero-commutative near-ring, then ab = 0 implies that arb =0Vr €
Nanda,b € N.

Proof Let N be a zero-commutative near-ringandr € N.

Let a,b € N and ab = 0. This implies ba = 0. Thus r(ba) = 0 for all » € N. (by proposition
1.1).This implies, (rb)a = 0 (by associativity of multiplication)

=a(rb) = 0.SinceN is zero-commutative

Hence arb =0Vr € N.

Lemma 3.2 Ad. g near-ring is always a zero symmetric.
Proof SupposeN isa d.g near-ring

Let x,€ N.Then Ox = (0 + 0)x = Ox + Ox

=0x = 0x + Ox
=0x+ 0 = 0x+ O0x
=0 =0x € N,
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Therefore, a d.g near-ring is always zero-symmetric.
Lemma 3.3 A d.g near-ring N is distributive if and only if N2 is distributively commutative.
ProofSupposeN is distributive

Let x,y,z€ N

=>x(y+2)=+2)x

=Xy +xzZ = yx + zx

=N is additively commutative

Hence N? is additively commutative

Conversely suppose that N? is additively commutative
= N is additively commutative

Forx,y,z € N,xy + xz = yx + zx
=>x(y+2z)=WQ+2)x

Thus N is distributive

Lemma 3.4 A d.g near-ring N with unity 1 is a ring if N is distributive or if (N,+) is
commutative.

Proof let N be ad.g near-ring with unity 1

i) Suppose N is distributive. We want to show (N, +) is Abelian.
—1 € N.Since N iswithunityland N isagroup.
Forany x,y € N,—(x +y) = —y — x (by proposition 1.2)

= (D(-x+y) = D=y —x)
=>—(—Dx+y)=(-1(—y) + (—=1)(—x) (by proposition 1.2 ii and left distributive)

=>x+y=—-(-1y—-(-Dx
= x+y=y+x. Thus N isAbelian.

Hence,N isaring.

ii) Suppose (N, +) is commutative, thatis xy = yx Vx,y € N, then
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ForzeN,z(x+y)=zx+zy=xz+yz=(x+y)z
This implies N is distributive and by (i) N is Abelian
Therefore, N is aring.

Lemma 3.5 Let N bead.g near-ring satisfying (x). Let A be the set of all nilpotent elements
in N.Thend € Z(N).

Proof Let a € N and x € N. Then using the same technique of step 2 in the proof of Theorem
2.1 we get the nilpotent elements of N annihilate N on both sides and therefore, are central.
Thus A € Z(N).

Lemma 3.6 Let N be a d.g near-ring satisfying (*x). Let A be the set of all nilpotent
elements in N.ThenA € Z(N).

Proof Let a € Aand x € N. Then there exist integers s; = s(x,a) > 1

andt; = t(x,a) > 1such that xa = +x51alr = (4)?x5152qt1t2 and

xa = (£)%x5152g%1%2 | Hence we find positive integers s; > 1, s, > 1,

v, Se>land t; > 1,t, > 1, ..., t, > lsatisfyingxa = () xS152-Skgqtata-t,
Since a € 4,at1tz+t = 0 for sufficiently large k. hence xa = 0 Vx € N.

Again ax = +alx%. And abix5 = +ahitex$152, +qlx51 = (4)2al 1245152, This implies
ax = +at1x51 = (£)%2at12x5152 Hence we find positive integers s; > 1, s, > 1,...,5, >
1 and t; > 1,t, > 1,...,t, > 1satisfyingax = (+)*at1tztkx5152-sk_since a € A, af1tz~tk =
0= for sufficiently large k. Hence ax = 0 Vx € N.Thus nilpotent elements of N annihilate
N on both sides.

Therefore, A € Z(N).
Theorem 3.1 Let N be a d.g near-ring satisfying (*).ThenN is commutative.
ProofWe break the proof in the following steps:-

Step 1 If N satisfies (x)then Nis zero-symmetric as well as zero-commutative. Because if
y € N, thenfor0,y € N, thereexist t =t(0,y) =1 ands = s(0,y) > 1 such that

0y = +y50twhich implies 0y = +y%0 = 0 (by proposition 1.1 i)

=0y =0
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Hence,N is zero-symmetric

Assume that xy = 0. Then by assumption there exist s =s(x,y) =1 and t=t(x,y)>1
such that

yx = daty® = 2(x 1) (ry T = £x T )y T = xTH(0)y
= (xt710)y5~1 = 0y5~1 = 0 (by proposition 1.1 and i above)
=>yx=0
Thus, N is zero-commutative.
Step 2 The set A of all nilpotent elementsin N form an ideal.
To see thiswe let a € A and x € N.then there exist integers
s; = s(x,a) = landt; = t(x,a) > 1 such that ax = +x51att

Now choose s, = s;(x51,a*) =1 and t, = t;(x51,a’*) > 1 such that x51atr = +ahrit2x5152
+x51att = (4)%at1t2x5152and ax = (+)%at12x5152, hence for arbitrary k, We have integers
sy =s(x,a)=>1,

s, =s1(x51,at) > 1, .., s = sp_1(x51,at-1) > 1, t; =t(x,a) > 1,
t, =t (x5,a") > 1 , .. ,t; = tp_ (x5-1,at%-1) > 1 such that

xa = ()katrte-tex51525, Thus a € A, atrt2-tk=Q for sufficiently large k. Hence ax = 0 Vx €
N and a € A.By step 1, N is zero commutative. And hence the nilpotent element of N
annihilate N on both sides. Thus AN = NA = {0}. Hence A> = {0} and A € Z(N). Leta,b € A
such that a? =0 and b? = 0 where p,q are positive integers. Then (a — b)P*? =0 That
isa —b € A. Hence A is additive subgroup of (N, +).Hence A is anideal of N.

Now in view of the above steps, together with the main theorem of H. E. Bell[3], we get N s
commutative.

Theorem 3.2 Let N bea d.g near-ring satisfying (**).ThenN is commutative.

ProofBy Lemma 3.6 and the argument in the proof Theorem 3.1 above N is commutative.
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3.2 Some conditions under whichd. gnear-rings are commutative rings.

In this subtopic we will see some Corollaries of the Theorems and Application of Lemma. Here
we will see the relationships between distributively generated near-rings and rings.

Theorem: 3.3 Let N be ad.g near-ring satisfying (*) or (**) Furtherif N> =N, then N isa
commutative ring.

Proof By Theorem 3.1 and Theorem 3.2 a d. g near-ring satisfying (*)or (**) is commutative.
Forany a,b,c € N we have

(b+c)a=a(b+c)=ab+ac=ba+ca

This shows that N is distributive and by application of Lemma 3.3; N2 is additively
commutative. Therefore, N is commutative ring.

Theorem 3.4 Let N be a d.g near-ring with unity 1 satisfying (x)or (**). Then N is a
commutative ring.

Proof ByTheorem 3.1 and Theorem 3.2 N is commutative and distributive. Again by Lemma
3.4, N isring.

Therefore, N is commutative ring.

Theorem 3.5 Let N be s.d.g near-ring satisfying either (%) or (*x).Then N is commutative
ring.

Proof In view of Theorem 3.1 and Theorem 3.2 a s.d.g near-ring satisfying either (*)or (xx)
is a commutative. Hence N isa s.d.g near-ring in which every element is distributive. By
application of Lemma 3.3; N? is additively commutative.

Thus additive group (N,+) of the s.d.g near-ring is also commutative and hence N is
commutative ring.
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SUMMARY

An attempt is made in this paper to concentrate on structure and commutativity of near-rings.
Orthogonal decomposition is established. We show that a relation between distributively
generated near-rings and rings and we have seen certain conditions under which near-rings are

rings.
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