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ABSTRACT

The neceésary background material for the analysis of the
electron phonon interaction with respect to the absorption
coefficient and change in incident phonon frequency is discussed
in the first and second chapters of this thesis. At the end. of
the second chapter the Migdal~Kohn enomalies for a sphericél
Fermi surface is discussed. Experimental varification and phi-

sical sense of these anomalies is also presented here,

An investigation of the change in the phonon spectrum due
to the Migdal-Kohn anomalies Tor some important cases of change
in topoloéy of the Fermi surface in metals is done in chapter
three. In general it is found thet the anomalies in T and Aw
depend on the changes of the Fermi surface topology caused at
phase trensition of order 23, Also it is noted that the singula-
rities in T and Aw'are:interdependent as can be predicted by

the Kramer's and Kronig relations.




INTRODUCTION

A clear majority of the elements in the periodic table are
metals. Together with their alloys they form a great multitude
of substances with very diverse properties. Metals differ from
each other and to a great extent from the nonmetals in their
electrical properties, heat conductivity, optical properties,

magnetic and mechanical properties.

Despite all these diversified properties there is a common
characterigtic which allows all metals to be described from a
single standpoint. This is the energy spectrum of electrons in
metals or the dependence of the energy "e" of the electrons on

. -+
their momenta "p".

According to the modern views, & metal may be regarded as
a combination of a system of positively charged oscillating
ions which form a quasi-periodic space-structure {(cystalline)
and a system of relatively free valence electrons filling the
lattice., The difference between any two metals may be related
to the difference in valence electrons of atoms, the peculiari-

ties of their electronic structure and the symmetry of the crys-

1L} 1

tal lattice. Thus, a metal can be thought as a "sea" of valence
electrons moving in a cystalline lattice of ions. These electrons

are often called conduction electrons.

A convinient method for the description of the energy spec-

trum of the electrons in metals is through the introduction of a
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Fermi surface for metals, This ig the surface which separates
the region occupied by electrons from the region free from elec-
trons at O degree Kelvin (absolute zero temperature). The Fermi
surface is one of the constant energy surfaces of the metal
e(g) = g¢. It can have a simple shape as in metals of the first
group Na, K, and Rb and the noble metals silver and gold or a

very complex shape as in lead.

A.R. Mackintosh says "Few people would define a metal as a
s0olid with a Fermi surface.," This definition represents a pro-
found advance in the understanding of why metals behave as they
do. The concept of the Termi surface as developed by guantum
physics provides a precise explanation of the main physical

properties of metals.

Delineating the Fermi surface of a specific metsl is an
intricate problem in so0lid state physics. Experimental methods
for studying the energy spectrum and determination of Fermi
surface of metals are mostly based on investigation of various
physical effects in metals occurring in the presence of an exter-
nal magnetic field (eg. Brandt and Chudinov, 1975). A feature of
all these methods is the use of strong magnetic fields in which
cyclic motion of current carriers is observed. This is linked
with that the nature of cyclic motion is determined by the topo-
logy and shape of the Fermi surface and therefore allows a cer-

tain information on that surface to be obtained.
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Anothey promising method to determine £his surface is
based on peculiarities of electron-phonon interaction which is
to be discussed in greater detail in chapters 2 and 3. A.B.
Migdal (1958) and W. Kohn (1959) independently showed that the
electron-phonon interaction brings about s logarithmic singula-
rity st q = 2Py where g is the phonon momentum and Py is the

Fermi momentum which is equal to V2me This singularity if

.
observed offers & direct information of the radius of the sphe-

rical Fermi surface in momentum space.

The aim of the thesis is to investigate the change of the
phonon spectrum due to the Migdal-Kohn singularities in sone
important cases of variation of topology of the Fermi surface
in metals (Lifshits 1960):

a) appearance of a new cavity

b} bresking of the connecting neck.

A digression on the energy spectrum of the electrons in
metals ig necessary., It is extremely important to device scien-
tific models to be able to describe the properties of metals,
The free electron model for example helps us to describe the
heat capacity, thermal conductivity, electrical conductivity,
magnetic susceptibility and electrodynamics of metals eventhough
it fails to help us with other large questions like the distine-
tion between metals, semiconductors and dielectrics; the occu-
rence of the positive values of the Hall Coefficient etec. There-

fore, important attempts to improve this model have been made and
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will continue to bhe until a well established and consistent

theory is developed.

It was possible to go much further with the theory after
the fundamental work of Bloch and Peierls in which the concept
of free-electrons was developed significantly (Lifshitz and
Kaganov, 1960). 1In Bloch's theory the interaction of the
conduction electron with the crystalline medium was described
by introducing a periodic potential to take into account the

symmetry of the lattice.

The study of the motion of particles in a periocdic field
led to the explanation of the band theory of metals. Detailed
investigation of the energy spectrum of electrons in metals
indicates that the electrons in crystals are arranged in energy
bands separated by regions in energy for which no electron
states exist. Such forbidden regions are called energy gaps or

forbidden bands.

One of the most important consequences of the band theory
was the distinction between metals, semimetals, semiconductors
and dielectrics using a criterion the filling of the zones in
the ground state. Metals corrospond to materials having a

partially filled zone (eg. see diagram from Kittle (1976)).
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Fig.l. Schematic diagram of energy bands of different substances

The Blech model which is formulated as a one-electron prob-
lem in a crystalline medium is not without its limitations. For
example it is not clear whether or not a consistent inclusion of
glectron interactions will cause fundamental changes in the

concepts of the band theory (Lifshitz and Kaganov, 1960).

A new approach to the problem of the electron theory of
metals is based on the general idea that energy spectrum in meta-
1s have several brancheg. Each branch being a guantised system
has its characteristic quasi-particles which carry definite energy
and momentum. The simplest examples of such elementary excitabtions
or quasi-particles are the system of valence electrons {which are
treated as an ideal gas of charged Fermi guasiparticles), phonons
in crystals, spin waves (magnons) in ferromagnets, exeitons in
semi-conductors and dielectrics ete. Depending on the statistics
of the quasiparticles which produce the energy spectrum of the

system, we say that the spectrum is a Bose or Fermi Spectrum.

The energy spectrum of the individual quasiparticle is a

periodic function of the quasi-momentum ; and single valued for
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cach band "s% unless there is overlapping of bands. That is

-_). + b -
Es(p) = ss(p + 21rhb) or using the wave vector notation

-3 ) >
es(k) = Es(k + 27DH)

For every band "s'" we have minimum and maximum values of

the energy and these values are followed by the forbidden bands.

That 1s
min "8 max

For exanmple a plot of energy versus wave vector for an

electron in & monatomic linear lattice gives the following
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Fig.2. Energy spectrum of one dimensional monatomic lattice,

shadded region is a forbidden band.

The zero slope of the energy spectrum at the zZone hounda-

ries followg from the two reguifements that

-3 ¥ Y . .
ES(P) = Es("p) symmetric dispersion law
and N N -
eg(p) = es(p + 2nhb) periodic dispersion law
Thus, the group veloecity V = Aeslp) . 0 at zone boundaries.

g ap
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CHAPLER 1

THERMODYNAMICAL PROPERTIES 0OF METALS AND GEOMETRY

Geomebtry of Tsoenergetic Surfaces

Consider the dispersion law es(g) of an electron. Tt is
already stated that es(g) attains its minimum and maxi-
mum values for definite values of the guasimomentum E.
What is the shape of ES(;) = g = constant,which is an
isoenergetic surface of the electron in momentum space?
o answer this question we have to expand 55(5) asbout
the minimum {or maximum) energy for a specific band s.
If we disregard cases of degeneracy, the expansion has

the following form (Lifshitz and Kaganov, 1960)

(3) = v 22s(B) JRELNGSY )G, )
Ea Pl = Euin 0% P™Prin ﬁapiapk Pi"Pigin’ ' i Prmin
SR R I Y )y (
min ‘ 9D, 9D, | Ei”Pimin)(pkmpkmin 1)
* TFmin

o b 4 -
%~$%£El ! is & symmetric tensor of the second rank.
PidPx  "PTDu5y

The components of the tensor have the dimension of the
reciprocal mass. For this reason the tensor is called the

reciprocal effective mass tensor and is denoted by

wob . 52e4 (D) (

ik 9p4 3Pk

o
—
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Mikl can be diagonalized and thus es(é) is reduced to

the form

(p,-py = )% (,mp, o 1% (pampe s )°
e (+) _— + 1 “lmin’ 2 Temin’ o 73 T3min (3)
g\ P min 2ml Em? ng R

+ . - ,
If Es(p) is referred to the minimum we get a simpler
£

equation

2 2 2
b b p
I > S - 3 (h)
Es(p) - Es(p) €anin 2my * 2m,, t 2m3 ¢

The principal values of the tensor By, M, and m, are

3

positive when the expansion ig sbout the minimum and
negative when it is about the maximum. Bguation (k) is
the equation of an ellipsoid whose semi-axes are respec-

tively egqual to

/om, e , /nge' . /2m3€' . Thus, the sur-

faces of constant energy € = constant,near the extremal
points for electrons in a crystal are ellipsoidal surfa-

ces, In the particular case when m, = m_, = m, the ellip-

1 2 3

s0id degenerates into s sphere.

ffhen the components m,, my and m are positive (expan-

3

sion ahout gmin) an electron in the lattice behaves

qualitatively like a free electron ie. its kinetic energy

and velocity in an electric field increases in the direc—

tion of the acting force. If the components of the tensor
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nre negative the electron is accelerated in the direction
opposite to that of the external force and thus behaves as a
negative mass particle and it is caslled hole-like (Brandt and

Chudinov, 1975).

- ‘ ;J+“*
— __._.,.,.__...-,"""A —""‘--—s.___‘_____’.- t

S S —

Fig.3. Open (a) and closed (b) isoenergetic surfaces near

(1) and €hax (2)

“nin
Any closed energy surface in momentum space near s minimum

point encloses a region in the momentum space in which the energy
is less than its value on the surface, while near a maximum point
any point within has greater energy than the surface., This means
that in the first case the velocity is directed along the exter-
nal normal to the surface of constant energy and along the inwvard
normal in the second case. Sine es(g} is periodie in reciprocal

space (momentum space) the surfaces described above are repeated

periodically over the whole reciprocal lattice.,

It is obvious that between these surfaces which are topolo-

gically simple there must be more complicated surfaces like open

surfaces which extend throughout the whole reciprocal lattice for

otherwise it would be impossible to have a continuous transition

from surfaces surrounding mirimum points to surfaces surrounling

naximun points (Pig.3).
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Change in Topology of Iscenergetic Surfaces

If mebtals are subjected to external pressure, the accompa-

nying change in interatomic separations modifies the entire
energy structure of the metal (Lifshits, 1960). However, if
there is no change in the symmetry of the metal as a result
of the external pressure there exists a guantitative change

in the gtructure of the isocenergetic surfaces up to some

eritical pressure P,. A qualitative change occurs at the

eritical pressure and the topology of the isocenergetic

surface is changed. Some of the common changes are

a) appearance of a spherical isocenergetic surface

b} appearance {or disappearance) of ellipsoidml isoenergetic
surfaces (Fig.,ha)

e¢) breaking of necks (Fig.hb)

Y

i

N Ny
W e (b e ofido
\ /] § 1 M,
k\\.{ ¢ N7,

Fig.ha.Appearance of o new sheet of a constent energy-

surface

Fig.hb. Breaking up of a "bridge" on the isoenergetic

surface.
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The dispersion law Es(p) near the criticsl points in the

above transitions &re given by

Ty . b
a) e {p) = e+ im (56)
2 2 2
-+ Py Py P3 \
b) e {p) = €& + =i * 5=+ (5D)
2 2 2
P1 P2 P3 e (p)> ( )
» p)>e 5¢
C) £ (p) = £ + = + Lol * 5 o] 1
5 c .21y 21&2 2m3
R PR ,
= € or + - = 0 5e }
Is] 21111 2m2 21]13 o
2 2 2
P p p y
=| g Fa oo 22, .3 R gﬂ(51-<g , (503}

+ .
¢ 2 2m2 2m

The Fermi Surface i5 one of the isoenergetic surfaces in
metals. So it can PE Subjected to such types of transitions
as & result of extérnal pressure which may be caused by
external electric, magnetic or acoustiec fields and even

mechanical forces re@sonably enocugh not to cause change in

symmetry in the crystal.

The above changes in topology of isocenergetic surfaces are
xnown to be accompgsiied by singularities in the density ot

electron states as 18 shown in the next section.
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.

1..3 Van Hove Siungularities

Now let us find an expression for the density of states
vs(e) which determines the number of electron states pev

unit interval of energy.

The total number of gquantum states per primitive cell is

given by (in momentum space}

. _2v 3
"2 T (awh)d ill e . (6)

The total number of electron states for the energy

o>

Es(p)x £ e is given by
2V 3
N = Ty 3 / 47p

27h +

s t27h) es(p)éE
2v

= f dp. dp,dp

21h 127 ¥3
( ) e lp)ge

* * - “)‘
For an ellipsoldal surface ES(P)J

X . b 3 s/
J dp;dp,dp, = 3W (2m12m22m3) {e Emin)
d th N = ey -&'n 2% (m.wm,. m ); (6-€ . BF
an us s  (2ah)? 3 ' 17273 T Thin .
s (1)
Rub vs(e) = 35 8 7
Y2V 3 2
vs(e) - EYE? (m1m2m3)2(gm€min)2 b (8)
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This expression for the density of states gives

vs(e) = %%ﬁ% ndl 2 ¢t (9)

for the speciel case of spherical isoenergetic surface.
Similar analysisg of vs(s) near maximum critical point € rax

_ V2 v

gives, v_(e) = 2220 Clny [lmyl lngl D E ey, -0 (10)

If we differentiate équations 8 and 10 with respect to
energy we get a root type of singularities in the density
of states v(e). Such singularities are called Van Hove
singularities and are common to all quasiparticles (Van

Hove, 1953).

The density of states v{e) can now be expressed as a sum

of smooth part v _ and singular pert v ie.
vie) = v _(e) + dv(e) (11)

Where 6v(e) is given by equation (8) for € > €nin and by

equation (10} for e <e .- It is obvious that dv{e) should

be gzero for both £ < ¢ . and € > € .
min max

For the case of breaking of necks or transition from hyper-
boloid of one sheet to hyperboloid of two sheets through
the critical conical point € = g, of figure 4b we obtain

c

similar singularities in v(e) as is shown below.
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Consider first the hyperboloid of one sheet in Fig.lb,

Calculation of the volume bounded by the surface

SR RTS
£ = Ec + S + o Y and the surface
1 2 3
Py = p, = constant gives
D P 2
v = SO ° ! : P3
D -p. . dp= [ w(2m ) (2m ) (e—e oo ) dp
© “Po e
3 3
- 3 Ln(m 18507 P , € > € (12)
= b )" (e €c)po ) 2m3 3 ¢

If ¢. <e, then we have hyperboloid of two sheets and

IPBImin + 0.
P - s
vos [0 da'p 4 s lp3£§1ﬁ
- P
*1P3|min Po
% 3
3 2mp ! 2 87[ 2 3/e
- hﬂ(mlm ) {e-¢g )p t o 3 m3 -§42mlm2m3) (e~sc)
for €. < €, (13)
. = e
Thus, v(e)-—de

_a
T {(e«nhTa }

2y
T57E) 3 4 {m mp) P, » E > €,

*{ oy b (mm )2 2y

1
AT V3 2 _ z
(2wh) 0 wzfa(mlmng) (Ec €)%, £ < ec

The non-smooth part of the density of states for the case
of breaking of necks is then identical to that of appea-

rance (disappearance) of new isoenergetic surface equa-

tion (10).
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Electron Phase Transitions of Order 23

It is shown in the previous section that for certain criti-
cal values of energy e = €, for which the topology of iso-
energetic surfaces change (for example an open surface chan-
ges to a closed surface by disruption of a neck or a new
spliting off region of surfaces appear) there corresponds
peculiarities (root singularities) in the density of elect-
ron states. These anomalies are called electron phaée tran-
sitions of Order 23 or Lifshitz Transitions after their
discoverer (Lifshitz, 1960). At the point of such & transi-
tion the electron dynamics also possesses some peculiar
features which lead to anomalies of the electron characte-
ristics of the metal (thermodynamic and kinetic). It will

be discussed in latter sections that such transitions create
anomelies in the absorption coefficient and change in the

phonon spectrum of an incident sound.

Anomalies in Thermodynamic Quantities as a Result of 2}

Order Phase Transitions

It was found out that the singular part of v(e), the density

of states, is given by

0 £ > EZ.
{ € (1k)

ule—ec[

Sv(e)

i

Ml

yov (m.m )%
T2h3 1Moy )

1]

where
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The thermodynamic potential .2 has also smooth part and
singular part as is the case for any other thermodynamic
guantity, ie.

Q = QO + ¢ Q . This function is related

to the number of electrons and the chemical potential £

of the electrons in the metal by the equation

_o_.an(e) i
N o= - "Eggﬁ | (15)

It is a standard equation in statisbical physics that

w g-¢
Q= - 7 g v{e) gn(1+e T Yge « (16)

Limiting ourselves to the singular part ve get

o

It

T émg\)(g gn J_+e iy )d(‘:

>
= o~ mfn(l+e§Tw)dN(€)

Oty

£

1+§Tﬂ

f
!

i )?n(1+e£ﬁr'}§N(e)é é “dn(e) £

» dH(e)
oo g t-e de ,

e T 41

But & N(g)

i

% o (e~ 80)3/2 from equation (12). So

o = -2, S ,
3 gc e¢T§+l

Letting =z = £ -~ ¢ and € - € = x and considering thH& tases

z2,v <0 and z > 0 vwe get

m§d%x
o S .x:”fgll 2]

e

i) Z"LA{ 0} ()}2 = -

Lo
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for T\ .<<z| we have el%l 55| and thus
-~z 3/2
g0 = - 2 'LT‘L o X
Y 3 o e {) o dx
el
Substitute % = y? y  dx = 2Tydy) and integrate to
get

L]
1
=
[y:]
f
»3{5
=
o
~—
3

8o

i) 220 do=-2qy

Considering again T, << fz] end using Sommerfel&‘s

I - Helge : (&)
ntegral f e = f rlelde + X f* E
o MT§+1
ve get
. —2 5/2 mér? 3 1
éh = 3<x(z ( ) o+ Z 5 2
2 1
- —4 s/2 _ X 2 _3
= 15 o z g e = R
The combined result is then
_lz|
aq = Qan
4 /2 .m? 3
L z]8/2 zo Tz|? =z >0 |,
For T=Oq
0 4 < 0
61%* ~ ,-1 I IS/Z . o (18)
15 2
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The power of z in equation (18) is related to the name 23
Order phase transition, The second derivatives of & at the
point of "electron transition™ z = O have a vertical break,
¥hile the third derivatives go to infinity as zq% (Iifshitx
1960). Besides singularities in @ we have also similar situ-
ation in the specific heat Cvs compressibility K and other
thermodynamic quantities. In 2} order phase transitions no
change in symmetry of the c¢rystal takes place but only
change in topology of the Fermi surface or other isoenerge-

tic surfaces as is stated im section 1.2,
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CHAPTER 2

ELECTRON-PHONON INTERACTIONS

Phonons

In a large crystslline solid body say an elastic continuun
mechanical vibrationsg of the atoms take the form of waves.
It is reasonable to expect and guantum mechanics tells us
that the energy in such waves must be guantised. Using de-
Broglie ideas of wave-particle duality it is convirnient to
assoclate a particle with a quantum of excitation in such a
wave., For wvibration in a crystal, such a quantum is called
phonon in analogy with the photon which represents a quantun

in electromagnetic field.

The phonon is one of the elementary excitations that cont-
ribute to the total energy spectrum in the crystal discussed
in the introduction. To each phonon we associate a wave
vector k and frequency w(k). To each wave we can assign an
oscillator and to each oscillator an energy ﬁw(ﬁ) and
monent um § = h k. Phonons are bosons and thus have to obey

the Bose-Eingstein Distribution function

o= e (19)

the chemical potentisl "&" being zero for phonons.
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The number of phonons in & crystal is dependent on the
temperature of the crystal, At high temperatures N o T
and at lov temperature No (é?-ﬁfz where T_ is called the

Q
degeneracy temperature of the crystal (Kaganov, 1981),

We can directly measure dispersion law for phonons e(%)
by inelastic scatbtering of slow neutrons in crystals

(Brockhouse, 1961).

The neutron makes the atoms of the crystal to swing thus
exciting sound waves (creating phonons) thereby decreas-
ing its energy. The change in neutron momentum and energy
are related to the phonon momentum and energy by the con-
servation laws applied to the crystal as a whole (Brock-

house etal, 1962},

Colligion between Electrons and Phonons

Phonons interact with each other, with electrons and with
other quasiparticles in the solid. The most common effect
of the electronphonon interaction is seen in the tempera-
ture dependence of the electrical resistivity, which for
example for pure copper is 1.55 microhm-cm at 0°C and 2,28
microhm-cm at 100°C (Kittel, 1976). The electrons are
scattered by the phonons, and the higher the temperature

the more phonons there are and hence more scattering.
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A more subtle effect of the electron-phonon interaction
igs the apparent increase in electron mass in metals and
insulators because the electron drags the heavy ion cores

along with it (Kittel, 1976).

Another important application of electron phonon inter-
action worth mentioning in here is the direct amplifica~
tion of acoustic phonons by drifting electrons in piezo-

electric crystals (Elliott and Gibson, 1974).

As temperature decreases to 0°K thermal motion is almost
suppressed mipimizing the electron phonon interaction and
the electrical resistance is now caused by defects in the
crystal., At higher temperatures electrons interact with

phonons in one of the following ways,

- _PE® . P EF

Jﬂ T
|t|< (k)
Y

= — =2 | s
— _PE® 4 P

AHE  hw(ic)
|

Fig.5. Emnission{I)and absorption (II) of phonons by

electrons
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Solid lines symbolize electrons and dashed lines, phonouns
{(Kaganov, 1981). fThe lines are labeled with the nomentsa
and energies of the electroné and phonona with primed

quantities after the collision.

In the first process there is no collision at all but the
electrons create phonons. In the second process there is a
collision resulting in the absorption of a phonon, Conser-—
vation of energy equation is the same for both processes

{(eg. see Kaganov, 1981),

e(3) +hw=c(d+h¥. (20)
Near the Fermi surface h can be ignored compared with €p
to get

ep(D) = e(¥ + h K) (21)

Egquation (21) implies that the two processes in Figure 5
. > > > .

are allowed if e{p) = €p and e{p + h k} = €p simultane-

cusely. If hk is small compared to ; as is usually the

case, bthen using Taylor expansion we get (eg. see Abri-

kosov, 1972)
5 > = 3+ 9 (+)
e{p + hk) = e(p} + hk. ~§£E“ , resulting in

e(p + hk) = e(p) + 1k.V (22)
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Near the Fermi surface eF(B) = eF(p) +

el

thF cos B8 = 0, (2
In general if hw is not to be ignored we have

e(p) + ho = () + #E.J , and thus

1}

haw h kV_ cos 8 near Fermi surface. (2k

F

Since g‘z s which is the speed of sound we finally get

Vp cos © = s, (25
Analysis of equations (23) and (25) leads to the conclusion
that the electrons interacting with the phonons have velo-
cities perpendicular to the wave vector of the phonong of

the incident sound (Note that in equation (23) VF~1oﬁiﬁ

and 8§ ~ ]ffé%% cos & << 1 8 .~ n/2). Thus the effec-

tive belt where the interacting electrons are located is

almost perpendicular to the incident phonon wave vector.

Absorption Coefficient [ and Change in Phonon Frequency Aw

Now let us make use of the free electron model of metals to

analyse electron-phonon interaction in further detail. Con-

sider an incident sound into a metal box at T = 0, The

collision between a phonon and an electron within +the box

)

)
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obeys the momentum conservation law

"4
+
oy
{]

3, 2 >
Plo * Py + oG (26)

: 0 for Normal Process
where ¢ = ’
$0 for Umklapp Process

(lote that here momentum is not conserved in the collision

but it is in the crystal).

If the mean free path "&" of the electrons iy very small
compared with the phonon—vavelength A  then the descrete-
ness of £ will not be felt by the phonon and thus can be
said that there is no interaction. If £ >> XA , there is
interaction resulting in absorption or emission of a phonon

by an excited electron.

Introduce
r as sbsorption coefficient
-
P as electron momentunm
¥
q as phonon momentunm

-
e(p) as electron energy
£p as Fermi Energy
f as Fermi Dirac Distribution function

Aw as change in phonon freguency..




.-.25.-..
An electron can absorb or emit & phonon if there is a free

state in the adjacent state to where the tranmsition ocecurs.

i ____h_____%.__w_(?@_’_._%ww___--n

A —

. Vs F
Fig.6. Transition from 3 to p+E or the reverse can take

place only if one of the states ig empty.

In calculating the transition rate of electrons from state
-»> -+ - . N .

p to state p+q , one must multiply by the Fermi Dirac
Distribution functions fg(l—f§+a) to account for the
probability that the initial state is occupied fg and the
final state is unoccupied l“f§+a . The reverse process may
take place in the above process and its probability of

occurence is f> +{(1-f>),
pta b

If there is equilibrium between the two processes then
there is no net absorption or creation of phonons. If on
the other hand there is no equilibrium then using guantum
statisties and perturdbation theory one can show that

(Akhiezer etal, 1957)

r

M2 e (1=f> 3)=fs +{1-f>)x6(er+hw-cp+q) a°
I v p( 1)Jrq) P*q( p)x ( 3 ptq) a°p

(27)

Ju}? (f;-f§+g) G(e% + hm~e;+a)
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For the change in phonon specitrun

j( M2 Cep = 13ad) go (28)

r‘ﬁw = £ :}"l'a:

for example Kapanov M.I. and Semenenko, {1966),

The aymbole ff denotés: the principal value of the

integral, and [M|? is the square of the mat¥ix element

of the two states which includes factors of the type %g

An alternative expression for fﬁ - fﬁ+¢ is that

E3-fa,3 = - hmﬁﬁg = 6(e§—eF) * (29)
and

Oley + fio - e3.2) = & §(u- £.9) (30)

Equations (29) and {30) are obtained under the assumption

that hw <<eg_ ana 70,

r

The guantum formulas for Aw and I' are related mathema-

tically as is shown in Semenenko's article, (1967).

[ Iul* (s
Ay = = £p ¥
2
- 12 thag) 6(ehe fug ¢+ Kume)y g0,
. £
- (fmax F(q,ﬁm»e)de (31)
Cmin €
" E:-} - = 2 =
where (ep Ep+q Ewlmin Cnin

and )
= - =
(e3 e3+3 Em)max >
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Migdsl-Kohn Anomalies for Spherical Fermi Surface of Metals,

Consider now the absorption ccefficient and change in phonon

frequency when T-0 and hw << ¢ Assume also that the energy

F -

spectrun 6(5) is isotropic in momentum space ie. e(§)=p2/2m.

Equation (27) will now be simplified to the expression

hw f|M[? G(%a - EF)G(€E+§°‘EF) adp . (32)

Equation (32) will vanish unless

3 =
E(P) EF
and (p+€) = p are satisfied simultanecusely.
Thus,

The intersection of these two surfaces consists of allowed
values of phonon momentum q.

o ‘,p..n‘uue.g 't_ d_,..n.—-'—n.n.‘
There cannot be any inter- jjy \K;\ %\\\\

section 1f q > 2pF.

The matrix element ]M!z 3 K

depends on the curve of \\\\W ;xf

intersection. Assuming

this to be IMol2 Fig.T7. Two intersecting
spherical Fermi

gsurfaces
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we then have

3
#

oM |2 S8l (3)-ey) 8(e(3,2y-ep)a%p

2 p? (EiE)Z 3
ﬁm]Mol f6(2m - ep)6( el EF) adp

i

fo M, |2 (2m) f6 67 -p,?) 6 [ (B+a) 2 ~paty

Using spherical coordinates to evaluate the integiral we
get

a%p = p%*dpd¢ sin0do (33}

w
r =holM,2(2n)?) 77 6(p2~pp?) 6(p%+ 2pq cos®td-pp?) x
o O O

x p2ain® dpdaedd

Integration with respect ¢ gives 2w. To integrate with
respect to 8 substitute first cos & by x . Then
~sin 8d8 = dx and the limits of integration will now be

from 1 to -1 with respect to ¥

1 P
I = evhe |Mg|%*(em) S f Fﬁ(pzﬂpF)pzdp x
-} ©

x§(p2+2pq x + q°= sz)dx

Mol2(2nm)2 PF : Eﬂfiﬂiiﬂq o

2 "RE
Ewm_%Q“{MQI it q < 2pg

= (3k4)
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.
The absorption coefficient is thus constant for a non

zero but specific value of q as far as q. < 2pp and zevo

The phonon frequency ® can be expressed as the sum of
s smooth part w, and singular part Aw , where Ap 1is

given hy equation (28).

f12 3
re = )2, ) M| 2.2 4%p
- g+,_g+ + 8+‘»8+ >
b btg
3 d3
N T LA S
\ . - -+
o5 < 65 B4 %5 o
b £+ ¥ < g
ptq- F

ol
A EF=g3 >
ef<e, v “pta

i

Consider now I

da

T oea'<ce, B —(p242D.3432)
D F 2m S

-t
]

s . . . > -
There 1s no loss of generality if we assume g to be dirve

ted slong the p, axis, Let the angle between % and E bhe

|
I

~2m5j p2ginédsdddp
) 2pgcosd + q

2Tm PF

ey

C--

-
i

- == g » &n f~£~ﬂ dp after inte-
0

gration with respect 4o ¢ and & . Note that the logariithwi-:
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function is smooth around the singulsrity of the denomi-—

nator, ie,

1 X=Xg=-& 1
4 K%%E o % fn|Ax+B| +  fn|Ax+B|
-1 x#ml x=x +e
S A+B
= % ftnlgzpl

Eveluation of the above integral Il leads to the expressicn

(Dwight, 1961)

=

= 2mm [ bpp’-¢®, 42pw-q apyF \
Il q { a8 &n I 2P+q] 5 (35)
Similarly
3
I = ..,; d____d;_E,_____
2 . €> e+++
“p+i<ep ? pra

Introduce new variable letting % = E+E

a’p = adyp since the Jacobian is 1.
‘I = - ~w?gi£~*~ Wwe canl now use
2 3 € H £, * ’
| B <Pp (B-gl~ “(p}

the old varia-

hle, small Sk

3 _ L . - LN rsg'
2 / (pegl’w pZs 18INE equation (5%},
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we h&?é
PF 1 a 27

I, = =2 24 . S d
2 n 306 p-dp ﬂé 2pqx-‘.qz ('l; ¢

. 2Tm 2p~q

ll‘}t'{PF

. 2
T o= 20 (“PFZ - q ) 2 2py-a __E}
2 q 8 " n EPF+Q‘-

which is identicel to equation (35) of I,.

~Combining we get

po = Egﬁ1mo| {(“Pﬁmmfl | - } . (36)

l2pF-I ]

Equation (36) can he re-written as

fo = TMel® o iq) (opgmaltn |52 e SEER() ~amm Mg | 2pp,

2q q

The last term can he included with the smooth part of

w = w, + Aw. The last expresslon of Aw Is of the fForm

Ay ~ x &n x vhere x = epFﬁq
. : . in x T /x .
Lim Lo o« Rim P o Rim —FHS, 20
x+0 o ox20 le %0 ?‘1/4{

Thias ashows that Aw ig & continuous Ffunction.

A
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Consider the group velocity which is defined as

v = g Ae) g alAw) dx . _ 4 d(hw)

g dgq dx dg
v -~ h R-nlxl _}l
g

fim V . @
£

x+0

dx

It is evident that there is a kink in the phonon dispersion

lay which results in infinite group velocity.

AW/

<

Fig.8. Dispersion curves for the phoron frequency (&) and

group velocity (b) for sphericsel Fermi surface.

The above kink in the phonon dispersion law leads to the

expectation of the appearance of the image of the Fermi

surface of the metal concerned.
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Consider the group velocity which is defined as

- a(Aw) _ ; d({Aw) dx ~ a{Awm})
Vg = h dq h dx dq h dx

V¥ . - h Qn]x] - h
g

Rim Vv ~ @
24

x>0

It is evident that there is a kink in the phonon dispersion

law which results in infinite group velocity.

Al I . \é A l
//'
J |
A7
- '
| |
L. e e N DUNBY.
2P 2 q
() ¢ ? (};)F +

Fig.8. Dispersion curves for the phonon frequency (a) and

group velocity (b) for spherical Fermil surface.

The =sbove kink in the phonon dispersion law leads to the
expectation of the appearance of the image of the Fermi

surface of the metal concerned.
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This behaviour of ithe phonon spectrum at sbout q = 2pF
was first discovered theoretically by Migdal (1958) and
then Kohn (1959) independently., Its experimental confir-
mation was first provided by Brockhouse etal (1961) for
lesd, The magnitude of the kink is supposed to be very
small as estimated by Kohn himself and Taylor (1963) espe-
cially for mebals having almost spherical Fermi surface
{Woll and XKohn, 1962), Afanasev and Kagan (1962) have shown

that the relative kinks of different Fermi surfaces are as

plotted below:
/N

Aw
a - spherical /Mz”’f/!

A
b + cylinderical ) Hj// E)
C-

¢ » nearly plane e

o Y

- e >
26 Z

Fig.9. Relative kinks in phonon

dispereion curve for diffe-

rent Fermi surface.

Physical Sense of the Migdal-Kohn Anomalies

A more physical relationship between the absorption coef-
ficient and change in the phonon frequency can be arrived
at using the well known Kramers and Kronig relstions when

applied to the dielectric function e(qg,w).
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The dielectric function e{q,n), which is dependent on the

phonon freguency » and momentum q is given by

£+ ~ 03+ >
hge? + .
E: m - 3+ —— s .
(q,0) | q é €(§+3)“€§“hw+1h“ (37)

impossing an oscillation of frequency w, wave-vector q
groving slowly with time constant o(Ziman, 1979). The
function €{q,w) is sometimes called Lindhards dielectric
function, It is a complex funetion, the imaginary part
being related to the absorption coefficient T and the real
part to the change in phonon frequency. This relationship
will become obvious in lster sections were we will find
that the singularities for £{q,®w),Aw and T for a spherical
Fermi surface are all at gq = 2pF. ie.

k 2
e(a,0) = 1 + 5 F (5% (3§
q Pp

{See Back Thor A, 1963).

Where RS is the Fermi Thomas screening parameter and Py is
the Fermi radius in momentum space.

The function F(§%—) or T{x) is sketched below:
P

N/
5

%>
o

Fig.l0.




...35-,.
£(q,w) being complex can -be expressed as
e{g,w) = e'(q,0) + i e"{(q,w) (39)

e'(q,0) and €"{q,w) inturn are related by Kramer's and

Kronig Relations:

P =]
gt = = e"{x)ax
g S (ho)
0o E_ e'(x)dx
eV = = —i - (h1)

Bguation (40) is related to Aw and equation (k1) to T,

The similarity in the logerithmic singularity between T,
Aw and e£{q,w) indicates that the cause is related with
the response of the conduction electrons to the motion of
ions. At gq = QPF the conduction electrons fail to screen
out the ioniec electrostatic field and thus the anonmaly is
created. Kohn's approach {1959) to 4this problem of the
phonon spectrum is based on the dielectric function where
as Migdal (1958) followed field theoretical methods. The
quantities I', Aw and e(q,w) behave like the function F(x)

sketched in Figure 10 at adbout g = ZPF.
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CHAPTER 3

MIGDAL-KOEN ANOMALIES ¥FOR THE CASE OF CHANGE IN TOPLOGY OF

FERMI SURFACE OF METALS

Appearance (Disappearance) of Spherical Cavity,

The anom&lous:dependence of the sound absgorption coeffi-
cient ' and change in the phonog frequency A on = FERTE
where €p is the Fermi energy and e, is the eritical

energy at which the topology of the Fermi-surface changaez

is calenlated in this section near z = 0 (see Fig.lbsa),

In egquation (32}, gg s e + :%:
and
2
§(ed —ep) = 85 - 2]
and

+q)? . . . pa . .
6(85*3 - EF) = 6((%23) «z), This simplification is

gssuning that f wg<z and T = 0 gince we sve interested
in the vough estimation of the singularities as in gecticn

2.,h, Thus,

2 — z Y 4 ok 2 A
I = hmlmglz s Gcga “ZEESCP'+EPQ2;0&3 *g'“z)d3p

= {(2an)?ho iMQ|2f6(p1wp§ 18(p2+2pa COE@+%2ﬁp221p2dep

7z Py 1 . - .
= 27m(2m) *hw | Me | { g { G(p2+2pqx+%2*pzzldx 8(pzvpzzlp‘dp

w 24 ula12 Pz .
= Eﬁﬂm%glﬂg{ S 6(p2ﬁp?21 d(p“) where the condition
5 a
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of integration is |xi «| or

2pq
2rhiom? [ Mg 2 '
r = qv—l OI g« 2’_[_)Z )
‘ (L2}
0 q>2pz

Awy for the appearance or disappearance of a sphevical

Fermi surface is)frOE equation (28)

/
. L g
Aw = lM012 f " 3;3.4 -> “‘Molz f dspwuﬁH
E‘('ﬁ“‘EFE(ﬂ Cp+al “p+§ <Eg B - (P
3
- 2 4 p _
= |, 2! ST S T pacose | qf
P <z 2m " Zn 2m 2m
2
dsp
© 2 pl _ (332
(,g;:ﬁ)\ <z  2m 2u

Consider the first integral and use equation (33)

pdp sineavad

I, = -2m where p =y 2ma
1 2 cosd+g2 ? 2
Il <p, pq g
" D T, .
s . ATm T2 2ap f 51n64de
4 o b o  2pcosdiq

4

Ly s
Q

Py
a p fn|2p*aldp = /' pal2pealdp f
(4]
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2_ .2 2 .2 Py,
_ 21m {hpg q £n|2p+q1 Ep_g_q, Q_nggp..ql + PEQ.} 10

q
= 2_"”2 {upz2 - q2 R‘n'2Pz - q‘ _ qu}
a 8 2Pz + g -2

The 204 integral I, will yield

3
a4 . > >
I, = f p—, £+ — , letting P = p+q we get

|;+a! <pz P- ptg

3

! —ap_

- a4l 2m o _a'p
= st = S

p-a)® 2 4« q-2p cos @
|pl <pz 2m 2m
I = hnm ! n2a fﬂ sin 9496
2 q P po q-2p cos O

Following similar proecedures we finally get

I. = - 2fm [hpiangnIQ“Qle_ QP%]
2 q 8 q+2p, 2
Combining Il and I2 ¥e have the final expression for Aw as

- 2 _ 2

Ao = M |21, - M 1?1,

Mnl2 2_ 2 _
= b | Mo {FPz L [EWQPZ| -~ 4Pz, (k3)
q 8 g+2pg, 2

This result is identical in form to that of a normal spheri-
cal Fermi surface (no transition of order 23) treated

before in section 2.4. So the conclusion given there applies

also to this section,
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2ramce (Disappesvance)

Lf Ellipsoidsl Covity,

his case the energy spectrum is given by equation

ie .,
Pt p,2 p?
Eexy = g 4 o e i
(p) ¢ Eml 2m2 2m3
2
. +q +
e mm e v (P2t9)7 (Bpra)® (agepy)
(p#+q) c 2m1 2m2 2m3

sduce now new variables P and @ defined by

D p e
1 2 3
Py 2 PysS  p a3 )
1 m, 2 /m2 3 Jms
o, = oL, o .02 and q, =3 that
1 Vi, 7 N2 Ty 8nd Qg == 50 the
2 3
2 2 2
P p p
P2 ~i&4 _ﬁm + wgm
2 2 Q.2
\ qQy a,” , -3%
S
1 2

the cquations (27) and (28) will have the form using

new variables

1 2 2 2 : ,
(m1m2m3)2[M0]2ﬁmI6(§'“Z)&(g +% +PQ cos® ~z) “d’p (h5)

h 2 &
T 2 3 - P ain9dodra
o= =[G 2 Gy mpm ) | ?Tﬁ“l“uﬁfu*ﬁ
2

,ﬁjﬁEz

1 .
m,MOI 2(mlm2ms)§ f r §in6dedrag (46)




= ho -

Dbk

vhere d%p = (w.m m3) a3p

12

1

= (mlm?m?)a P®sinedrdede .

1
- 2 2 2
R hIMO] (mlm2m3) hofé§(P2-22)x

x (P2+Q2+2PQy~2%)P2aPaxad

1
- Mo [ % (ympnsg ) Pha Jr&{p2-22)a(p?)

Q
27 1 ]
where foad = 2w anda f 6(p2+Q2+2PQx«zzldx:;f;
O =1 [
2
e s 122 ~
under the condition that Ix{é § < = E~—§§§~Q |§
1
2
_— Eﬂl?qu(mlmEmB) fiw g« o/
¢ | ()

0 Qg >2/22

The Tirs{ part of equation {46} can Be evalusted in a

similar fashion as in section 3.1,

3 .
= olw 12 , 2 P sin@dedPd¢
Eo= -2!40] (mlm2m3} ”{H 5P0cosbrq?

n 1 21 .
= b P uymm )P per g2 Ty
ol My My, - 2PQxiq? i

|PI&22 %
k]
é
_.QH’IMOI (]’ﬂlmerﬂS) i pp,{,Q‘
= *“—*Hu-a"““““‘—"‘““ N S P in ImldP
lp’ <249
1 . r——
2wfmo[2(mlm2m3)2 [ABZ“QQ 2y2uvq G2z
ST LT gl - e
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Similarly I, gives an identical resultb.
o

Thus

P

hﬂIMOlz(mlm )

Q

b1}
Aw 2 3

[82“Q2£ [2/2z~Q! _ QJ?%] (h8)
8 N 15/22+q 2

The anisctropy of T and Aw 1is now obvious from the
results of equations (L47) and (48) because of the Q

dependence,

3 ( Qg a5 q )
= e
Jml ’/mg /m3
and
-+ . - . -
a = g sin © cos¢% + 4q sin & sin ¢3 + g cos © K.
L 2 L2 < 2 a2 24 1
lal - q(§1n & cos”¢ , 8in"® sin-¢ . cgs 912'
™1 o2 i3

=+ .
The critical value of |@| is 2/2z which corrosponds to
the critical value of the phounoen momeuntum g = 2/2M¥%3

with M¥ being the effective mass,

m, fig g ‘ ) i
] 3 ¥ 2 2 -+ - v T + +
M o630 & cos?d mymysin ® sin“¢+m

o g
1m200u 6 (49
Thus for the case of appearance (disappearance) of ellip-
soidal cavity the singularities of ' and Aw are anisot-
ropic because of the & and ¢ dependence of the effective
mass. Information about the relationship between the nria-

cipal values of the effective mass tensor may be extractec

from invegstigation of the Migzdal-Kohn anomalies.
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Besides the logarithmic singularity in Aw we have now

additicnal roob singularity in equation (L),

Peenliarities of the Migdal-Kohn Anomalies for Breaking

of HNecks.

Refering Dack to figure Ub we will now analyse the singu-
larities in the phonon frequency for the unparted hyper-
boloid (%»0) and for the parted hyperboloid (< 0), For
rough estimation Huw is ignored, T=0 is assumed snd inte-
gration with respect to GS-Ffunction is used since it is

}‘i s".,:v" -7 .J)}G. D

£+ - £ >
by ptg

Aw =

e 3
6(85 aF) a’p

£ = £33
P btq

(56)

i

|4 Fho f

Congider now the following casges:

Case 1 g = {00q)

Cage 2 a = {-OSQ;O) or (519030).
-+ .
Case 3 a = (0,q #in®, q cos9]
Z may be greater than or less than zero for each case.

Case la q = (0,0,q) and 250,
The energy spectrum is

_ 2 2
€y £+ el + P P3 =g * Gt A
() e Qm] 2m? 2m C 2rmy Em“




L2 2
Py (p,ta)
[P Y o E - P _ -
{p+a) c 2 ity 21y
where m, = n, it end m., & m . There i1z no losco
4 2 L 3 "

in generality in this assumption.

2 2
- T ) B, 4P aF_d¢
A~ ~ >, 4B,
Aw = hw|M % 18 emy el 3
C Y b 2 (p.+ )2
B Pg B P37
23, 21, 2m,) 2ny

Cylinderical coordinates are now being used instead of
spherical coordimates bhecause the figures considered hav:

cylindevrical symmetry.

b,
I 2, 2o (3, .
Lo Pt Jnemy e *<en ()] v, ap, sean
' q 2py * a

hﬂhw|molzmlm“ P

q Y

g = e ey

éﬂﬁwlMolzmlm" 2p ta
Zn
g

In the close vacinity of the critical point (since our

interest is near z = Q) P, <<q 8o there is no singulariil;

ir Aw since the limit is zero. Besides there is no exp:t-

cit dependence on % as Iin section 3.2, If z is assumed Lo

be zero there is no change in equation {51)}.
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Cage ib. After the rupture of wvhe connecting neck thatl

is Tor =z « 0 we get

2 2
= thuwl3 e ;s 61)3_ » 3 \ ) ) )
bo = holM [P F 8 hgn oo+ 1) by dp dpdey
e
“P3amd
21’!‘1“

; %min = JET”.,I?J

R Ny R
" I [

. - + )

: -'(),};'.nn = Li - fitn !{«

Fig .11 Hyperboloid of two sheets Indicating Pin:

o T )
Aw = Hw IMO [ ?‘Ezr&n“ 2my s dps P o Q.E{P3 .
2q “Dy 2?3%‘{1 ,/g"}ﬁff]‘%"] 2@3-4-(1
. enhwomm, |¥ |7 2p_-q a-2v2my ||
e — Q, - e et s oy 3 i
—nlgpo'{"ﬁ*‘QI}‘i}_’{'gﬁmn-‘Z {55 ]

Phe Tivrst logarithmic expression in equation {52} is not

en actusl singularity since p, can Be teken arbitrary smal.
as in case ita, but the second one is important. Tt contain:
sn explicit dependence on z and it is particularly LMpOT -

tant since Aw is now proportional to fn|yxl| rather than
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xn}x| as in previous sections. Thus, the singularity is
now much stronger.

gim Aw » « logarithmically.

x*+0

The group velocity Vg = hﬁ%%gl has hyperbolic singularity

as x+0 since

Vv _ = ha (Aw)

h ,a
"1;1(711;?1’

g dg
1 i f > 0
where alxf = { % *
dx -1 1i1f =% < O

Such a behaviour in the phonon spectrum after the rapture
of the neck is expected since T vanishes for this case

(bavydov, 1976).

AW
n % AN
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Fig.12., Migdal-Kohn singularities for the phonon
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Case 2. Assume now the vector q to be perpendicular
. + .
to the axis of the neck, say q = {(g,0,0) in
Fig.Ub.
2 2
(X . 23,y g
Aw = bolu |2 £ § 2m ) 2my i P
o

z 2 4, 2 2 2 o2
P1 . Pp” Ps *_(pl+q)_ Pp® | P3

: _
2m1 2m2 2m3 2m1 2m2 cm3
2
2 QIBL P
- S A
(p, (Em” z)ngQLa¢up3

i

ﬁm]Mo.l?‘(’a’m_L)_?‘ f 8 — : -
~(2p,q cos ¢ + 0°)

i

= bw|M | *(2m,)? dp d%

2
q A
2 —e J3-
sy mi?mu z)eos ¢+ q

after integrating with respect to P, using the identity

S F(x) §(x-a)a(x) = F(al,

To integrate with respect to ¢ we hove to use the stan-
dard integral

am

d 2T . .
/ I;i cose” Vi a’ see Dwight {1961),

where ga = E{WQmL (%—~—+ zz]? <1 and g > 0




= e D 12 2 21
Aw - ﬁ@ IHO[ MU ap, S G0
ot 3 l+a cosd
lahw M| *mg ? dp
= - E S S e g
z . 2 -7 1
4 - iZEmL(ij + z};?)
d 2ty .
haho [M_ | *my 2 dp,
= wa P = - 1
q (1~8?L v - Dy 2y2

This integral should be reduced to the standard form

dx N .. ,
ff;;j*;glé . To do this we have to limit the

sign of .

hoholM | 2m 2 d
ho = - | of my P ’ pi__
g2 2y 2 q%my 1-8my z ?7
Gy b % T, A ps Ty
3 # 1
2mm, mutﬁmiMolz pamax dp.,
= C - ST AR — ey
q pomin my g*  1-8mz 5 )
[P [N, R i,
3 pLMax
hﬁmi_hm|M012mf'f 3 dp
I{» z =0 \ Aw = - - o “‘*5;1-5—':-—*;“‘"7* “:*4;1;“—"'
a [93 % p;3 J d
o " 1 my 7z 4
. . N S - ———— } 2 Y 3 o ey o £ o
where pymax = 2(mi) (1-8 q2) . "his value of PR
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is consistent with the above limitation namely

0 P 3 /1,
0 < a <1 where a = q 2uy {57~ + 2) |
P.max 1is obtained for max'a” ie.

p ma x 1 Gy oz 3
2 2
E [ m-L (““";{;’:“‘ +Z):] = ] :) p3n1ax = 9’( )2(1 T *}

The result of the integration is

1 -
’47!’111 3t o ! M , m, 3 i PS p3max
Ay = - gin — E
aQ Pomax 3
by Va, ,
Qﬂzmiﬁ'mﬂ ﬁmlMolz 1-8u, 2 0 fooy
= - ' " = 5 2> 0 and TRETT > o
2
Wi hwiM ) mit P dp
x. o i 3
Zz = 0 A = - J — B
e ) g o LI ?’%
H}S{I‘l P3 ]
mliqz
where p 2 = (oo
o} I?ID'L
5]
thLf ﬁwlM |2m,@ _ P P,
- o . =1 3 j
A = - ~  ain e
3
27?2111_1 m:fi' hw,MO'Z ’
R — , The same as equation (% -
7z
<0 3
S /. Yo 48,
- iHIm_LL m /1 he|M |2 S dp
fl o 3 i
Y R — SR AR S PR S

I
. 1Emax -
4 p3m1n LI p3 ?
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m 5 8m |Z| 1
. . = Qe M 2 L 3
vhere Py max 2(r%) (1+ %
and py min = vem, |z]
L ﬁ{zm %|M | 2he D Pgmax
. 1l ! -
R Aw = - 2 gin 1('—3‘5{" |
4 poMe p.,min
3
1
2 3 3
an?my ¥m [M [ *he & n, #m,, (M [Pt “12/&dz|
Aw= - + sin — (54)
aq a p3 max

Equation (54) shows that there is a jump in the value of Aw

after the neck is bhrocken.

Case 3

Analysis of the Ancmalies in Aw for the case of

3
Arbitrary Angle of the Phonon Momentum q.

Fig.13. Rupture of the connecting neck of the Fermi surface
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We can choose the direction of 3 to have no projection

along the P, axis. 1ie.

a = (0, q sin 8, q cos ©)

let

(555
The expression for Aw will then be
2 2
p,% _ 0P
holM |2 68 (=— = 3 - 4 dp, ddd
p“_2 p32 512 P, sin 8% p4¥q cos 62\;
2m; T omy |em, 2m, )- 2m,, “%

—

2
r
- emy (331;+z)_]-d(p ?)dpdp,

2
_ ﬁ(ﬂIMOI 2m, ; 5[9"'2
" e

Integration with respect to Py

property of the

+ p3cose‘_qsin29 +q\0082§

is based on the following

§~-function,

S F(x)8(x~a)dx = ¥(a) and the result is
2
o my b [ M| dp,d¢
4 ~p, sin © PycOs ® qcos?s
— sin ¢+ - - (tan?6-tan®e,..)
1 1 ey
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.\

hwlM |2
Aw = ML .
e foF (q,0,2) (56}
q
vhere
dp., a9
3
I 2) = .
(9,6,2) 4 -p, sin B _ p3c039 q cos’e i ,
T_ gin ¢ + . i W(tan e"ta;ﬂ'i;‘:r)

(57)

and

- o (p?: + %
p.!—. N ’_:m"l" Em“ Z)]

or
2 2 3 .
- . . \
Py (2 my = Py, tan” ®, ) (58]
where
. m g .
ep = 8TC ban (E;l (see Fig. iz )
If B8 = @ T(q,®,2) will Be independent on the phonon

cy?

> . .
momentum ¢. This means that the Migdal«~Kohn singularity
vanishes for thig particular direction of the incident
sound, We can investigate the behayiour of I(q,®,s) as 9
approaches Gcr from both sides, ie, 9'+ecri . Hepe &

: . - + el
apprqaches Gcr heing less (eCr) or greater Bcr regpecti

vely.
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“

Eguation (5%) will have the form

¥ dpydd
17(q,6,2) = J =p,; sin ecr; p3cosec;3 q codfo
sin 4 - 5
Iﬁ.l. m” qu
(5
vhere
- 2n 2
v(o} tan”o tan ecr'
Ve can expand $(8) ahaut 8., to get
p(0)= ylOer) + ¥ (oo )+ e
8919516 er
er
- 2381 00r 4o
ey
Whevre second order terms and above are neglected.
Equation (£9) will now have the form
- ) ap d¢
C L Fy oV e 3 -
I (q,@,Z)*—f -p sin 9‘;'_ P COSB";’ ~ tan ecr‘
4. CY tin g+ “3 E R AB
'vﬂ_;_ * Y 4
in the limit as A8-0.
dédp
i N 3 -
1(q,8,21=/ p3cos_eﬁ; tan G.. Ap P sin 8%
S Lx = TTH T sin ¢
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The "integral over d¢ iz of the Torm

S - -
g e sin b and ite velue is yTUEVE
Thusg
e dp
e 3 . T
I (Qaegz)“ 2n f g - "2 2 a2 AT /é
(pﬁcosé _ tan Scr 26) o, Sln,?i%[
s ) my ™ /
dp
= 294 f - u:i T e e s
cos?@¥ £in?0% tan<@ 2q ban 6 __abp_coab *
_ er cr 8] - cr 3 wr
E nln 2 ]i]'l.L_2 P3 m, iy
Zm, z Sin’e
p or .
. ; (60)
IH’L
The above integral is of a standard form
dx 1 .
J T;;{H:fg;“;“g)g and the resulit depends on the
sign of &, ie. on vwhethey
cos g™ sin26${ tan’é
cry - . cr cr ( 61 )
m g my * )

is greater or less than zero, Egquation (61) ecan be writien

as

tanzec_1 ccszef; -
e 22 (0070w tan®ert ) {62)
N e ey
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For 6 < @cr the sign of (6§) is positive and

I (q,9,2) is the logarithmic function since

ax 1 i o ’/?.
A i = P +
5 Taxiibxto)? T n |2 [alax +hX+cl] +0ax+D

for a > 0 (see for example Dwight 1961).

But for 6 > 0, I+(q,8,z) ig & function of are sin

ke

type because the value of the above standard integral is

- ~ +
(jé)% sin "t T%%fhzc)% . B<0, b*> hac

]2ax+ﬁlé (hzvhac)%

‘Since I+(q,9,2} is of the arcwsin type for er>ecr the
Migdal-Kohn singularities wvanish, Whence in rupture of

the cénnecting neck the Migdal~Keohn singularities may he
chaerved only in the case when the angle between the phonon
wave~vectoy of the incident sound and the axis of the neck

1s less than ecr‘

According to the results of Davydov and Ksganoy (1974} the
ahsorption coefficient I' has an apprecisble anisotropy
upon the rupture of a connecting neck., In certain cases
%a<@cr I undergoes a jump as in the formation of new coavity

in others 93>90 it possesses s logarithmic singularity.

r
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The results of this section of the thesis for the phonon
shift in frequency Aw and that of the absdrption coeffi-~
cient T as acquired by Davydov and Kaganov (197h) are in
agreement with the recent results of Kaganov and Lisovskaya
{1981). According to the last result the singularities in

I' and Aw are interdependent which is also in line with the
prediction using the Kramer's and Kronig relations (see for

example Landau and Lifshitz, 1958).

' ¢+ Jump in the derivative A fn|A]

Aw ' A &nlal jump in the derivative

These relations indicate that the singularities in the
absorption coefficient manifest themselves in the phonon

spectrum.
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CONCLUDING REMARKS

In general it is found ocut in this thesis that the anoma-
lies in the sound absorption coefficient T and the shift of the
phonon frequency Aw depend on the topology of the phase transi-

tions of order 23 and on the local geometry of the Fermi surface.

During the formation or disappearance of a new spherical
cavity T undergoes a jump (equation 42) and Aw has singularity
of type x &n x (equation 43} for any direction of the phonon

wave vector,

In the case of appearance or disappearance of ellipsoidal
cavity at phase transition of 2} order the jump in the absorp-
tion coefficient was found out to be anisotropic (eguation 47T)
because of the 6 and ¢ dependence of the equation, The singula-
rity in the phonon spectrum for this phase transition is alseo
anisotropic and of the x fn|x| +type. Besides this Aw has under-
gone a change which is directly proportional to V|z| (the second

term of equation h8},

Upon the rupture of the connecting neck three cases were

considered,

Case la: a = (0,0,q) and =z > O, Aw has unobservable singularity

of type Afnx {equation 51).
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Case 1b: a = (0,0,q) and 2 < 0 . Aw has a jump of logerithmic
function as compared to case la, The singularity is stronger
than the previous ones. The group velocity has hyperbolic singu-

larity since Aw is of type &njx|.

Case 2: a = (q,0,0), Aw has a constent value for fixed ]al and
z > 0, and a jump of arc sin type for z. <O (54), So the Migdal-

Kohn singularities vanish for this case.

Finally, T would like to stress the fact that every sanalysis
discugsed in this thesis on the Migdal~Kohn singularities is upon
the assumption that the temperature T is equal to zero. If T
increases from zero gradual smearing off of the singularities
takes place and experimental observation of the image of the Fermi
surface becomes more difficult, Also hw is ignored compared with

the Fermi Energy €_ or u = €, ~ € , in this thesis. It is now an

F ¥ ¢
established result that fine structure of the singularities (ie.
two closely located kinks) should appear on the absorption coeffi-

cient and change in phonon frequency curves.
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