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The Cauchy-problem with the Heat equation

Abstract

This report attempts to study solution of explicit linear PDE of second order, the heat equation
u, —kAu = f
With certain symmetry condition on the solution U .In this regard, some sort of scaling of variables is
. . . . N .
introduced and pertinent scaling transformation T, that leaves the ratio ~—— unchanged is shown to
t
usher to a solution of the form:
2
~ /I
ut =v e

Which is radial and hence a symmetric function.
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The Cauchy-problem with the Heat equation

1 Introduction

Heat equation is one of the most popular parabolic types of linear partial differential equation. Therefore it is
vital to drive its fundamental solution which is the heart of theory of infinite domain as well as bounded domain
problems both homogenous and non homogenous form. For the case of non homogenous form we need to apply
Duhamel’s principle. There are two ways of finding this solution. The first one that is the one that we applied is
by observing particular symmetries of the equation and the second one is through Fourier transformation. It is
also very crucial to identify some basic properties of solutions of heat equation including uniqueness, regularity,

and the maximum principle.

The need for fundamental solution is vital especially when ever classical solution may or may not exist and using
the fundamental solution one can determine its classical solution or weak solution applying the concept of
distribution theory that is mainly convolution.

As a result it is possible to identify properties of some real world problems that lead to partial differential
equations.

We introduce several PDE techniques in the context of the heat equation: The Fundamental Solution is the heart
of the theory of infinite domain problems. The fundamental solution also has to do with bounded domains, when
the maximum Principle applies to the heat equation in domains bounded in space and time. It is an important
property of parabolic equations used to deduce a variety of results such as uniqueness of solutions, comparison
principles. Example if boundary conditions are changed in a way that suggests intuitively the resulting
temperature should be smaller; this can be proved using the maximum principle.

The Energy Method works analogously to the wave equation, except that the physical (heat) energy is less
interesting than a mathematical energy, which typically decays. As for the wave equation, this leads to
uniqueness results. It is also useful for obtaining estimates on solutions that are part of the existence and
regularity theory for parabolic equations.

Concerning Initial Boundary Value Problems, we will spend some time describing explicit solutions, expressed
as infinite series of functions, of the heat equation plus initial and boundary conditions. There is a general
technique frequently referred to as separation of variables, or as Figen function expansions. The development of
this technique leads us to an analysis of Eigen value problems for ordinary and partial differential equations, and

to the analysis of Fourier series.
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The Cauchy-problem with the Heat equation

2. Equilibrium Conservation law

In what follows, we denote the temporal variable by tand the spacial variable by x ,x € R" (n >1) we use the

following notation for derivatives

ou .
u=—,u =—(>0=12,.,n
t ot X 8Xi ( )

Let v < R"be open and bounded. If U €, t: is the temperature profile at a point X in V and time { then the rotal

amount of thermal energy (heat)in V is given by Iu (x,t)dx

Since heat flows from hot to cold region, the rate of change of thermal energyin the domain V is then

. foxax (2.02)

If q (,t:is the heat flux (a smooth vector field onV') then the amount of heat per unit time following across an

oriental surface Swith unit out ward normal N(X) is given by

Iq.ds = Iq.ﬁds (2.03)
S S
For
S =V We have Iq.ﬁds = Iq.ﬁds Q.O4:
S ov
But heat flux moved in a direction opposite to the temperature gradient, that isq = —kVu, k > 0. Thus
Iq..ﬁds =- J.kVu.ﬁds Q.05
v ov

Where Vu is the gradiant of u w.rit the spatial variable

From divergence theorem we have
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The Cauchy-problem with the Heat equation

[vu.nds = [div(Vu)dx
v v
= jAudx, where Au = Zn:uxixi €06
v i=1

Consequently the statement of conservation of thermal energy might be paraphrased as

“The rate of change of heat in V is the same as the net amount of heat flowing acrossov »

) - N
= vju(x,t)dx:— a_v[q.nds €07~
. 0 ou
Since VJ.u(x,t)dx: VJ.E(x,t)dx
And IkVu.ﬁds = —jkAudx
o v
We have Ia—udx: IkAudx €.08
\ at \ -

jutdx— jkAudx =0

[ —kaudx=0 .09~

\
Since this holds for any open bounded domain V with smooth boundary ov, it follows that
u, —kAu =0 €.10

This is a homogenous heat equation. If we have a source (sink) in the domain V then we have

u, —kdiv(Au) = f €11

This is the equilibrium conservation law in differential form, or simply a non ~homogenous heat equation.
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The Cauchy-problem with the Heat equation

21  Auxiliary conditions

Solutions of a PDE generally involve arbitrary functions, unlike that of ODE where by arbitrary constants are
involved. If we want to pick physically relevant unique solution of a PDE we need to have auxiliary conditions
which can be initial, boundary or initial-boundary condition.

A typical initial-boundary problem with the homogenous heat equation has the form

u, —kAu =0, (xt)eQx (),oo: €.12:
u(x,0)= f(x), xeQ ,Q < R"(open)

Bounded conditions with the heat equation come in three variants, namely Direchlet, Neumann and Robin.

AAU Department of Mathematics 7



The Cauchy-problem with the Heat equation

3. Homogenous equation and fundamental solution
3.1 The fundamental solution

We recall that
u, —kAu = f, (x,t) e Qx €, ) €01

Is a non homogenous heat equation, while
u, —kAU =0, (x,t) e Qx €, ) €02

Is the associated homogenous equation

3.11 Scaling transformation

We introduce scaling of variables as follows

for some 4 >0

X = AX
t— 2%

Then consider a transformation T, defined as
Tu€t >ux 2t €03
Proposition: The transformation T, defined above

(i)  Forms a group (often called dilation group)
(i) Maps solutions of the heat equation to solution

Proof: we shall show number two only because we are interested on it

Suppose U (,t: solves U, —kAu =0
Claim: U €x, 2t _is also a solution of U, —kAU =0

Set TJU(X,t) =u ‘iX, i :: V(X 1) 6-04\
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The Cauchy-problem with the Heat equation

0 0 2, M
V, (X*,1%) = —v(X*,t%) = — X, At
Oen ) = von ) = — (@, 2

0 ~dt * .

=—u@x,t*x — (chainrule
ot * ~dt ( )

_ 0 2: N

_—at*uﬁx,ﬂtz

_ 0 et g - YR SR ES €.05
at* — — —_

v, (o te) =2y te) = - Qx4
' OX; oX; -

_ 9 uks, 2t 1 i=12,..n
OX; * -
_ 0 u€x, 2%t 2
OX; * -
__9 vk tx ) =Av, , &xt*i=12...n €06
OX; * '
Inasimilar ways
Vi = AV, =120 €.07_

ivxixi = ﬂzivxi*xi*
i=1 i=1
Vt - kivxixi = ﬂ’zvt* n kﬂzivxi*xi*
i=1 i=1
= ﬂZ(Vt* - kivxi*xiﬂgj
i=1
= ,IZ(UH - kzn: uxi*xi*j
i=1

=2, kA u =220
v, —kAv=0 €.08

2
X
We observe that, the scaling transformation T, leaves the ratio u unchanged. Indeed

" =l = 2" and == 7t €09
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The Cauchy-problem with the Heat equation

This implies ”X *”2 — /12”)(”2 — ”X”2
t A%t t

Goal We are looking for a solutionU , such that

2
~ X -
u«,t/—v[@j forallt>0, xeQcR" €6.10_
~ J I X
ugl=v=- vl
X2
Proposition: Let u(x,t) = V(T; XxeR, t> Oj the functionU solves the PDE
u, —ku,, =0 If and only if the function V solves the ODE
4kzv'(z) + €+ 2k J € =0 for any z >0
Proof: @ letu (,t:solves the PDE u, —ku,, =0
2 2
ut:a—uzgvx— —vt Swhere 2= 2
ot ot |t t
2
But And u, _M_0,[X =2— ¢
o ax t t
v € GV € ==Vv¢ +—v £
-1, .
Thus T @' € 3 2kv € ) 4kzv' € S0
(z+2k)v' € J 4kzv" € >0
& Let vsolves 4kzv' (z) + €+ 2k E (} 0 for any z>0
. . -1
Multiply both sides by T >0
10
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The Cauchy-problem with the Heat equation

C€+2kV € dkv'(z) 0

t t
1 2% 1 X
Tzv‘ ¢ - S 1 V' t/—¥4kzv" ¢ =0, (and takez = T)

—1( x* ) [ x? 2 [ x? (x2Y 2x Y .
rairy i " -k " v e —kv rel e =0, change of variables & some rearrengements

2 2
X : I : : .
vt( " j—kvxx( " j:O, once expressed as partial derivatives w.r.t time t &spacial variable x

2
u &t —ku, €t =0, asu(xt)= V[XTJ

Proposition: the general solution of the ODE

4v' (2) + € + 2] (z) =0 Is of the form

z -s -1
v(z) = c_[e 4S2(s €11
0

Proof: 42v'(2) + €+2 Y () =0

, In c—[EJr1 In z}
v(z)=e 2

-s -1

v(z) = Ice787ds
0
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The Cauchy-problem with the Heat equation

3.1.2 Radial Solution

The fact that the solution U of

u, —kAu =0 €12

Is invariant under the scaling transformation, T, leads to solution of the form

u(x,t) = v{@} €.13

Often called radial solution. Such type of solutions in turn, ushers to fundamental solution. However, the most
general radial solution worth trying in

000 = {3 614"

For suitable scalarscx & . The basic assumption to this end is that the solution U of the heat equation is

invariant under dilation scaling D ia'ﬂ is the transformation defined by
D,“u(x,t) = Au€’x it _ €15

On scaling that is if then D ia’ﬂ maps solution of the heat equation to solutions.

Now, we pose the following question Are there suitable scalars «, ,&A for which
u(x,t) = 22u €’x, itj

This is the same as saying

1 X >
I —v| = |=Au’x, At ?
° t* (tﬁj ¢ -~

AAU Department of Mathematics 12



The Cauchy-problem with the Heat equation

Fori:%, we have 2* _1

t?
Py X
X = 7 y
a B l
Aul’x At = -
~ tugl
1 -~
=—v
t” ¢
@ugi=vg>
UGl =ve
. ~ 1 /x). .
substituting, U&,t = t_“v 7 |in to the heat equation
u —Au=0.
Renders, ot ¢ v @ gt ¢ Y.V Ft “¥ Avg 0 €.16_
Aim! To write an equation €.16 : as an expression involving only “y”.
, 1
To thisend, set f = E
at v g %t“’”jy.Vv ¢ +tAvg =0
-+l ~ 1 By
v @+ 5 y.Vv(y)+Av€ ) =0
av(y)+%y.Vv+Av =0 (3.17)
In the event that v(y) can be expressed as a radial function, that is
v(y) = wiy] 615
then (3.17) Reduces to
ozw+%rw'+w"+n—_lw':0 €.19
r
AAU Department of Mathematics 3



The Cauchy-problem with the Heat equation

For a = g (3.19) results in

(r”‘lw' +%r”w) =0 where '=% and r=|y|, yeQcR"

n

1
r"*w +=r"w=constant (say a)

r"w +%r”w =0, (for sack of convinenta = 0)

wo_-r
w2

~ =T
w_=—

-2

_r2 -
Inw=— +Inb, for someb >0 €.20_
w(r) =be *

y R
U(X,t):t— a’ 621/

o

Since a = 2 & p= % we obtain

L
u(x,t) :Ene a €22
t2

AAU Department of Mathematics 14



The Cauchy-problem with the Heat equation

Definition: The function

L

et (xt)eQx Q0o

~

P&t =) @n:

0 , (X1) € Qx € 0,0 €23
Is called the fundamental solution (Gauss-Weierstrass kernel) of the heat equation.
3.2 Basic properties of the fundamental solution

The above function is also called the Aeat kernel, and it has the following properties:

¢ j:OI’ t>0 OEt } 0 is an infinitely differentiable function of X &t.

€ D, = AD, for xeR" and t >0

PZIJ.CD((,@X =1 forallt>0.
Rn

(33:For any function g(x) that is continuous and satisfies |g ((IS CleCZ‘X‘ , for some C,,C,.
im [ &t H(dx=g(0)
Rn

‘In particular, this holds for any continuous and bounded function. Property Pis easy if slightly tediously to

verify directly by taking derivatives of t Property P, says that the integral of @ is invariant in t (remember, no

heat created or destroyed). This is easy to verify by using a change of variables and the following basic fact:

So that
. . AV Y
Je‘xz dx = [{ Je‘xz dx] = [ Je‘xz‘yzdxdy]
»2n b - I
=(.”re‘rzd6dr :(Zﬂjre‘rzdrj =Jr €24
00 0
i
R!@((,t dx = qﬂt\nZ Jn'e 4 dx = ”J% R'[ey dy= 7 Ie Vi —Y2 y”dy

AAU Department of Mathematics 15



The Cauchy-problem with the Heat equation

Because the integral of @ €,t } 0, as it is equal to 1 for allt > O, the function D&, t:defines a probability
density for each t > O fixed. In fact, this is just the density for a multivariate Gaussian random

variable with mean zero and covariance matrix Z 2t5ij (in one dimension, O Z =2t ). So ast —> 0, the variance
ij

grows linearly, and the standard deviation is proportional to Jt. Property P;is a very interesting property which
says that as t — 0 the function © €t :concentrates at the origin. If D represents the density of a diffusing
material at point X at timet, then Pssays thar all of the mass concentrates atX =0 as t — 0. Mathematically

this means that @ Converges to a Dirac delta function (J,) in the sense of distributions as t — 0. Since
D g, t } 0, you may think of the integral

jq:«,tjg(x)dx €25

as a weighted average of the function g(X) . In fact, this integral is an expectation with respect to the probability
measure defined by @. Ast — 0 , all of the weight concentrates near the origin where g = g, In order to verify

P; we write:

I s 2
€ D000 = fe a0 e adatdy > e a @y =)
R" R" T R" T R"

as t — 0. In the last step we used the Lebesgue Dominated convergence theorem, since for all

te Q,l: we have a bound for the integrand by an integrable function independent of t € Q,l::
oY’ ‘g (/4 IS Ce v eCNa < g g 2o,

which is integrable. Using these properties one may show the following:

Theorem 3.2.1: For any function g(X) that is continuous and satisﬁes|g (X)| < Clecz‘x‘ for some C,,C,, the
function
ugt = [O&-y,tg(y)dy 626
Rn
Satisfies:

CueC” Q" x €, Jhat is u is smooth inx and t
¢ u =Au, forall xeR"and t>0
O, 1, Y0 ear

AAU Department of Mathematics 16



The Cauchy-problem with the Heat equation

So, the function U ‘(,t:defined above solves the initial value problem in R" with initial data g(X) . The values at
t = 0 are defined by continuity, since the above formula) is ill-defined fort = 0. Nevertheless, property (iii) says

that the limit ast — 0 is well defined and equal to g. Here is a very interesting point: even if g(X) is merely

continuous (not necessarily differentiable), we have a solution to the heat equation which is actually infinitely

differentiable for all positive times! This is sometimes referred to as the smoothing property of the heat equation.
Proof: First property (iii) is a simple consequence of P;. Indeed, let g, (Y) = g(X—Yy) then P;

Implies that:
lim [o&-y,t 5@ dy=lim [©¢,tG&-ydy=lim [©€,t 7, ¢dy=0,0)=9(x-0)=g(x)
Properties (i) and (ii) follow from the fact that we may take derivatives of U by interchanging Integration and
differentiation. In general, one cannot do this. However, fort > t, > 0. The function ® «t :is smooth with

uniformly bounded and integrable derivatives of all orders (their Seize is bounded by constants depending on z).
Therefore, one can compute derivatives, as follows.

Involving the dominated convergence theorem, the partial derivative U, is defined by the limit

N _im j
8‘[ h—0 o

_ N _ N
oY 4 y,t+hh;®( y,td(@y

We know thatas h —0

. O&-y,t+h —d&-y,t - -
im =P g (y) = 0, -yt DY), €28
So we’d like to say that
. (D€-yt+h >DE€-y,t ) -
i [PEPTNTPEN G gy [0, €y D)y €2
R" R"

Also holds. If Ais sufficiently small Cay |h| <& ; then t £h >0, and Taylor’s theorem implies

~

Py trh —Pk=Y L 4 ¢yt RE Y LN €.30_

h

Where the remainder R satisfies the bound

R& y,t,h X hr‘n‘ax|<Dn €-y.t+s]

AAU Department of Mathematics 17



The Cauchy-problem with the Heat equation

Therefore we see that for each x

_ REY 2D
ch( y,t+hh) (oY 4 y,t/g(y)

< ‘?x|g(z)|g®t(—y,t]]+gr£2§|®n(—y,t+sjj) €31

By computing @, & @, directly, we see that the right hand side of the above expression is integrable in Yy .

Therefore, the dominated convergence theorem implies that

— I — D
%“:lhm (2 y'”hhj@( Il gqBy= [o &-y.tDy)dy

R

That is, using the dominated convergence theorem, we may justify bringing the limit inside the integral in €.26 :

Using a similar argument with the dominated convergence theorem, one can show that

AU = jAcD(( —y,t g(y)dy, €32

Also holds, so that

U —Au= [@ &-y,t -AD&-Y,t g(y)dy=0 €33
Rn

The last equality holds since @ is itself a solution to @, — A® = 0. In the same way, using a dominated
convergence theorem, one may also take higher derivatives of U(X,t) , since @ is infinitely differentiable, and

each derivative is integrable (fort > 0). This shows that U €,t } C” Q" x 00: even if the initial data g(X) not

smooth.

AAU Department of Mathematics 18



The Cauchy-problem with the Heat equation

4. The Cauchy problem
4.1 Initial-value problem

We now demonstrate a technique for solving boundary value problems for the heat equation on the

Half-line:

u, =Au, x>0,t>0
u&0 =g(x) x>0
u(0,t)=0,t>0 ¢.01

We begin by extending the function g(X) on € 00,0: by odd reflection:

9" € >0(x), x>0,  g”€3>=-9g(-x), x<0 €.02_
This function has odd symmetry: g € x } —g%(X). Then we solve the extended problem

0, = AT, xeR,t>0

TU&0 =g%(x), xeR

Using the convolution formula, our solution is:
0= I@(( —y,t g™ ¢ dy
R

Using a change of variables and the fact that @ has even symmetry, it is easy to see that U has

Odd-symmetry: U(—X,t) = —U €t : for all x e R. Therefore,= U, t} 0 for t >0, and the restriction of

o€t _to the half-line satisfies the equation. So our solution is €or x > Oj

u(xt) =t = [O&-y,t g7 ¢ dy
R

1
= -le “ g¥¢dy
Q2 R
1 w[ Py v] . -
= 1je o —e 4 g@ dy €¢.03
Qrnt > 0

AAU Department of Mathematics 19



The Cauchy-problem with the Heat equation

4.2 Non homogeneous boundary conditions
Suppose we modify the above problem to become
u, =Au, x>0,t>0
u&0 =g(x) x>0
u(0,t)=hq;t>0 €.01_
Now the boundary condition at the origin is U(0,t) =h (jwhich may be non-zero in general.
Therefore, the reflection technique won't work without modification, since odd reflection guaranteed
that u =0 at the boundary.
One way to solve boundary value problems with non homogeneous boundary conditions is to “shift the data”.
That is, we subtract something from U that satisfies the boundary condition (but maybe not the PDE). In the

present case, suppose we have a function
h&t3 P 3 P.oo 3> R such that Nt 3 h(t) , this functionh extends h off the axis x = 0.
Then letV &t } ugt } ﬁ(, t : This function V satisfies the homogeneous boundary condition:
v Q, t } u Q, t } F\Q} h (} h (} 0. However, V solves a different PDE. SinceU =V + h , We compute
o.4+h =A+h_ 602
So that V satisfies
Vv, =Av+Ah-h, 6.03
Putting this all together, we see that U=V + hwhere V solves
V,=Av+ f &t,x>0,t>0

V&0 = g(x) - h(x,0), x>0
v(0,t)=0,t>0 6.04_

And f(x,t)=Ah—-h
The price to pay for shifting the data is that now we may have a non homogeneous equation and different initial

conditions. The key fact that makes this solution technique possible is the fact that the equation is linear; thus

we can easily derive and solve an equation for the shifted functionV.

AAU Department of Mathematics 20



The Cauchy-problem with the Heat equation

5. Non homogeneous Heat Equation
5.1 Duhamel's principle
So far we have derived a representation formula for a solution to the homogeneous heat equation in the whole

space X € R" with given initial data. With the fundamental solution we may also solve the non homogencous
heat equation using a principle called Duhamel's principle. Roughly speaking, the principle says that we may solve
the inhomogeneous equation by regarding the source at time S as an initial condition at time S , an instantaneous
injection of heat. The solution U is obtained by adding up (integrating) all of the infinitesimal contributions of
this heating.

The time-dependent Duhamel's principle

Suppose we wish to solve
u =Au+ f(x,t), xeR", t>0 €.05
u€0 =g(x), xeR"
First, for s > 0, we define the family of functions W (, t; S: solving
W, =AW, xeR",t>s
we,s;s = f(x,s), xeR", t=s
Notice that for eachs, S, W, S: solves an initial value problem with initial data prescribed at time

t = s, instead of t = 0. Then set
t
wé.t = [Wet;s ds 6.06
0

So, W&, t; S: represents the future influence (at time t) of heating at time S € €, t :, and W(X,t) may be
interpreted as the accumulation of all the effects from heating in the past. Duhamel's principle says that the

solution U, t: of the initial value problem is given by
t
ut =u" €t rwét =u" &t + jv_v((,t;siis 6.07
0

Where U" €,t :solves the homogeneous problem:
u"=Au", xeR", t>0 €.08
u" €0 =0, xeR"
In fact (we will prove below), the function W(X,t) is the solution to the non homogeneous problem with zero

initial data:

AAU Department of Mathematics 21



The Cauchy-problem with the Heat equation

w, = Aw+ f(x,t), xeR", t>0 €.09_
w&0 =0, xeR"

Since the PDE is linear, the combination of U" & W solves initial value problem

Now, by Theorem 2.3.1 we may represent both of the functions W & U" in terms of the fundamental

solution. Specifically,
W& t;s = jd)((— y,t—s ¥ ¢,sdy
er
h ~ ~ -
u" &t = I@«—y,t—sg&ﬁy €.10_
Rn
Combining this with the Duhamel formula, we see that
t
ug,t = j@«— yt—s g@dy+ jjcp«— y,t—s ¥ ¢,s dyds 6.11
R" 0R"
Theorem 5.1.1Suppose f €C/ ¢’ :>< I), oo: the above function satisfies:

(i) u, =Au+ f(xt), forallt>0,xeR"
G ueC’Q 3 ho”
(u/wzlira]w]u((,t/: g€, _ 612

Proof:By the above analysis and previous theorem, the only thing left to prove is that the function

wé,t = [ [o&-y,t-sJ ¢,sdyds 6.13

OR"
solves the inhomogeneous problem. We compute derivatives:
we,t+ h:—w«,t:_l”f
h h s
19 ~  TWe&t+h;s ~wet;s
== .[W‘(,'[+h;S/dS+I ¢ e =ds
h ; h

0

t
v_v(<,t+h;s§s—% IW((,t+h;S§IS
0

Using the properties of f & ® and integrating by parts, one can show that
t+h

lim = W& t+hsds=we,s;s = &s €.14_
t

h—0 h

And that
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t

jv_v((,t+h;s:—W(<,t;s

-~ t
lim - s = jwt &t;sds
0 0
t
= [Aw € t;s ds = Awet 6.15
0
Therefore, W, = AW + f €t : The initial condition is satisfied since
t t
lim JR'[(D‘(_y’t_S:f ¢.s dyds|<lim a[max|f(/Ids:0 €.16
So w0 >0
AAU Department of Mathematics 23



The Cauchy-problem with the Heat equation

6. Properties of Solution

6.1 Maximum principle
This analysis also shows that the ordering of initial data is preserved by the corresponding solutions, in the
following sense. Suppose that U and V both solve the heat equation (and satisfy the growth conditions) with
initial data

U(x0) = 8,(X) < g, (x) =v(x0) 601
Then the function W =V — U solves the heat equation with initial data g,(X) — g,(X) > 0. So, W is non-negative
forall t >0, implying thatv > U for all X and t > 0. Even in a bounded domain, solutions to the heat equation
obey a comparison principle or maximum principle. To state this, we define the sets for some T >0.

Q. =0x 0T _ 6.02_
This is an open set in R" x R. IfQ is a ballin R? , this set is a cy/inder. In general, however, Q; is called the
parabolic cylinder.

TT = Q_T \ Q, 6-03:
Then the set is the boundary portion on the bottom and sides of the cylinder (but not the top!). So, T:resembles

a cup, and it is called the parabolic boundary.
Theorem 6.1.1( Weak Maximum Principle)

Suppose that u e C** €, NC :

(Suppose that u, < Au for all &t € Q;.Then 6.04_
max u(<t = maxu(<t
(x,t)eQr teTT
That is the maximum of u must attained on the boundary
¢ Suppose that u, > Au for all &t € Q;.Then 6.05_
min u&,t = m|n u(<t
(x,t)eQr eT‘r

That is the minimum of u must attained on the boundary

The assumption U € ok (2 C ﬁR _means that U has two space derivatives and one time derivative those are

continuous for €, t } Q. . Also, uis continuous up to the boundary.

Proof-We prove only (i); the proof of (ii) is similar. Suppose thatU attains its maximum at an interior point

(o’to}QT :
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U(Xy,t,) = max u(xt) 6.06_
«teOr
At a local maximum, we must have U, =0 & Au <0. Therefore, u, > Au must be satisfied at this point, which
means that U, <AuU could not hold at the maximum point (x, t). Therefore, ifu, <Au at all points inQ; , u
cannot have a local maximum in the interior €;

For the general case, U, < AU consider the function W* = U — &t . This function satisfies
W' =U —e<AU—g=AW —g < AW 6.07

Therefore, we may apply the preceding argument to W* to conclude that

max W (X,t) < max w’ (x,t 08
€t SOr ( ) €t STy ( ) 6 -

Letting € — 0, W* — U uniformly, and therefore

max u(x,t)=Ilim max w xt<I|mmaxw X, 1) = max u(x,t 09
e u(x,t)=lim max we (x,t) < lim max w () = max u(x,) .09

Corollary 6.1.1 (Comparison) suppose that U and V both solve the heat equation in the bounded

domain Q; withu €t 3 v(xt) for all €t :T,.Then u€t 3 v&t Jfor all xe Qr. 7har

is, If U is greater than V on the parabolic boundary, then U is greater than N everywhere in the

domain.
Proof:The function W = U —V satisfies the heat equation and is non-negative on the parabolic boundary

T; . The weak maximum principle implies that

min wé,t = min w&t >0 6.10
(x)er (x)eTy -

So, u>v for all €t ¥Qr
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6.2 Uniqueness of solutions: the energy method

Using the fundamental solution we have constructed one solution to the problem
U =Au+f &t,xeR" t>0 6.11
U0 =g&, xeR"

>
Where f € C12 Q" x [, o_and |g (X)| < Clecz‘x‘ . Is this the only solution? If there were another

SolutionV, then their difference W= U —V would satisfy
W, =Aw, XxeR", t>0 6.12
wé,0 =0, xeR"

Since the equation is linear. We'd like to say that w=0 for all t > O since the initial data is zero.
This would imply that U =V so that the solution is unique. However, it turns out (surprise!) that there are non-

trivial solutions to this initial value problem (6.12). So the solution to (6.11) is not unique. Nevertheless, the non-
trivial solutions to (6.12) must grow very rapidly as |X| —> 00, and if we restrict our attention to solutions

satisfying a certain growth condition, then the only solution of (6.12) is the trivial solution w = 0 . Therefore,
under a certain growth restriction, the solution to (6.11) must be unique:
Theorem 6.2.1: there exists at most one classical solution to the initial value problem (6.11) satistying the growth

estimate.
2 -~
ut< Ae™ wxeR" te p,T Forconstant Aa>0 6.13
From now on, we will always assume that our solutions to the heat equation in the whole space satisfy this

growth condition. Notice that the condition |g (X)| <Cpe M s within the limits of this growth condition.

For boundary value problems in a bounded domain, solutions may be unique. For example, consider the initial
value problem with Dirichlet boundary conditions:
U =Au+f €t xeQ t>0
ut =h&t,xedQ, t>0 6.14
U0 =g&, xeQ, t=0
Theorem 6.2.2 there is at most one solution to the initial value problem (6.14).
Proof:1f there were two classical solutions u & v to this problem, then their difference W= U —V would satisfy

(since the equation is linear!):
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W, =Aw, xeQ, t>0
wé,t =0, xedQ, t>0
w0 =0, xeQ, t=0
We wish to show thatW(,t} 0 for all t>0 and x € QO, implying thatU =V. To see this, multiply

the equation by W and integrate in X and {:

TI i €t W(x, ydxt =Tjj<xw¢<,tjv(x,t)dxdt .15
0@ 0Q

We will use this equality to show that the quantity E € ::: J. w & T :dx must be zero for all T.
Q

The left hand side is:

10
T”Wt €t W(x t)dxdt =Tj J'andedt
0Q i

.
_1 jéwzdt dx
ZQ 5 ot

:% [ € €T >-w? &0 dx by FTC
Q

T oy~ 1<
== W &T dx==EJQ
2! -2

We may evaluate the right hand side of (6.15) using the fact that WW = WV.VW=V.@VW—VW.VW  so that
T T ,
”(&W((, t Wt dxdt = ”V @Vw = |[Vw| dxdt
00 00

The first integral on the right side vanishes, by the divergence theorem and the fact that w = 0on the boundary:

TJ‘ j V.@Vw dxdt = T'f Iv. @Vw dS¢ dt=0
00

0oQ
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Therefore,
T T
[ [ et et dxdt = [ [[vwf* dxdt <0
00 00

Now returning to (6.15) we see that

%E(T)SO

Unfortunately, E(T) > 0.Therefore, E(T) =0 for all T. This implies that w(x,t) =0 forall t & xe Q
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7. Observations
> From the properties of fundamental solution, one can observe that is a probability distribution for each
t >0, with interesting dependence on t in the limitst — o0 and t — 0. The area under the graph is 1 for

allt >0, yetas t > oo, maqu>(<,t:—> 0, the tail spreads out to maint ain ICDzl,As t > 0, the
Rn

maximum (at x=0) blows up like , but the integral remains constant. We also observe

tn
® €t 3»0, for x=0,ast —0

lim ® &, t .Isnot as a function in the usual sense is a distribution or generalized function called the
t—0+ -

Dirac delta function J €, t ] I5 «- y:g ‘/ij =g ‘(: where the integral is a notational convince. One
Rn

way to interpret the delta function and the integral is to recognize the delta function as a measure that
places a unit mass at X = 0and zero mass at each X # 0.

» Calculation during the application of Duhamel’s principle to solve the non homogenous heat equation
slightly misleading, because we differentiate under the integral sign, when
DE-y,t- s)as singularity at X=y,t =S | on the boundary integration. However, this singularity

can be handled with the appropriate limit, and the result is the same.
> If uhas alocal maximum at (,t} Q;.Thenu, =0=u,=0, Au<0. If Au<O0 at (X,t), then the end up

with contradiction: 0 = KAu < 0. Although this is not a proof, since we have to handle the degenerate case

in which AU = 0, it has the main idea; the proof merely modifies u to remove a possibly degenerate
maximum.
» The weak maximum principle is easy to proof. The related strong maximum principle is somewhat

harder to proof. The strong maximum principle states that, provided € is connected then the maximum
of u is on the parabolic boundary unless U is constant throughout Qr By applying the maximum
principle to —U , which also satisfies the conditions of the theorem (The maximum principle) we see

that there is a corresponding minimum principle: mjn U €t } min u(x,t)
o T
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