REGULAR BIPARTITE GRAPHS OF ODD DEGREE ARE
ANTIMAGIC

By
SOLOMON TOLCHA

Addis Ababa University
College of Natural sciences

Department of Mathematics

SUBMITTED IN PARTIAL FULFILLMENT OF THE
REQUIREMENTS FOR THE DEGREE OF
MASTER OF SCIENCE
AT
ADDIS ABABA UNIVERSITY
ADDIS ABABA, ETHIOPIA
JUNE 2013



ADDIS ABABA UNIVERSITY
DEPARTMENT OF
MATHEMATICS

The undersigned hereby certify that they have read and recommend
to the School of of Natural sciences for acceptance a project work entitled
“REGULAR BIPARTITE GRAPHS OF ODD DEGREE ARE
ANTIMAGIC” by SOLOMON TOLCHA in partial fulfillment of

the requirements for the degree of Master of Science.

Dated: June 2013

Advisor:

Dr. Zelealem Belaineh

Examining Committee:

i



ADDIS ABABA UNIVERSITY

Date: June 2013

Author: SOLOMON TOLCHA

Title: REGULAR BIPARTITE GRAPHS OF ODD
DEGREE ARE ANTIMAGIC
Department: Mathematics

Degree: M.Sc. Convocation: June Year: 2013

Permission is herewith granted to Addis Ababa University to circulate
and to have copied for non-commercial purposes, at its discretion, the above
title upon the request of individuals or institutions.

Signature of Author

il



Table of Contents

Table of Contents iv
Acknowledgements \%
Abstract vi
1 Introduction 1
1.1 Prelimineries . . . . . . . . . . ... 2
1.2 Marriage Theorem . . . . . . . .. . .. .. Lo 5

2 Labeling 9
2.1 Magiclabeling . . . . . ..o 9
2.1.1 Magicsquare . . . . . . ... 10

2.2 Antimagic labeling . . . . .. ... 11
2.2.1 Pathsand Cycles . . . . .. ... ... ... ... 12

3 Regular bipartite graphs of odd degree are antimagic 16
3.1 Regular bipartite graphs with odd degree . . . . . . . ... ... ... 17
Conclusion 28
References 29

v



Acknowledgements

I would like to thank mostly Dr. Zelealem Belaineh, my Advisor, for his many valu-
able suggestions, constant support, encouragement and always sharing his positive
thinking during this paper. Also his guidance, comments and suggestions helped me
to achieve this goal.

My Mother, Zeleke Lema, and my father Tolcha Motumma in the first place is the one
who sincerely raised me with her/his encourage me and gently love. Her /his advice
and encouragement is the key for me to get this success and to be what I have to be.

And T want to thank my brother Amante Tolcha and my sister’s, Alemitu Tolcha,

Almaz Tolcha, and Ayelech Tolcha, for their love and support me in every part of my
life. And my sister’s husband Dejene Mengistu for his supporting me starting from
under graduate studies .

Also, I wish to thank the following: Ashenafi Tadese, Dejene Girma, Bedilu Tsige,
Tigist Dire, Tenagne Zawde, Mengistu chalchisa and Emnet Asefa for their friendship

and support and for their co-operation.

Finally, I would like to thank everybody who was important to the successful re-
alization of this project, as well as expressing my apology that I could not mention

personally one by one.



Abstract

A labeling of a graph G is an assignment of integers to the edges,vertices or both edges
and vertices of a graph subject to certain conditions. A vertex-sum for a labeling is
the sum of the labels on edges incident to a vertex v. In this work we focus on
edge labeling. A labeling is antimagic if there is a bijection from the edges of G to
{1,2,...,|E|} such that the sum of the labels incident to each vertex is distinct. We
say a graph is antimagic if it has an antimagic labeling

The aim of this work is to construct an antimagic labeling for regular bipartite

graph of odd degree. Our proof technique relies mostly on the Marriage Theorem.

vi



Chapter 1

Introduction

A labeling of a graph G is an assignment of integers to the edges,vertices or both edges
and vertices of a graph subject to certain conditions. A vertex-sum for a labeling is
the sum of the labels on edges incident to a vertex v; we also call this the sum at v. A
labeling is antimagic if there is a bijection from the edges of G to {1,2,--- ,|F|} such
that the sum of the labels incident to each vertex is distinct. The term antimagic is
motivated by the use of magic to describe a labeling whose vertex-sums are identical.
This term in turn arises from the ancient notion of a magic square, in which numbers
are entered in a square grid so that the sums in each row, each column, and each
main diagonal are the same. Magic labelings were introduced by Sedlacek [8] in
1963. Gallians [1] survey also presents the known results on magic and antimagic
labelings. Most of the results establish that various special families of graphs have
various types of magic or antimagic labelings. Hartsfield and Ringel [2] introduced
antimagic labelings in 1990 and conjectured that every connected graph other than
K, is antimagic.

Alon, Kaplan, Lev, Roditty, and Yuster [9] use probabilistic methods and analytic



number theory to show that this conjecture is true for all graphs with n vertices
and minimum degree A(logn). They also prove that if G is a graph with n > 4
vertices and A(G) > n — 2, then G is antimagic and all complete partite graphs
except Ky are antimagic. Cranston[7] used the Marriage Theorem to prove that
every regular bipartite graph is antimagic. His prove relies heavily on the k-factor.
In this project we present the prove for regular bipartite graphs with odd degree at
least 3 is antimagic. Every regular bipartite graph has a 1-factor. By induction on
the vertex degree, it follows that a regular bipartite graph decomposes into 1-factors.
Recall that a k-factor is a k-regular spanning subgraph, so the union of any k 1-
factors is a k-factor. Throughout this chapter, we refer to the partite sets of the given
bipartite graph as A and B, each having size n.

The main contributions of this project work is presented in Chapter 3.
Outline of the project work.

In Chapter 1; we give basic definitions of graph theory and an introduction to the
project. In Chapter 2; we give an overview of magic and antimagic labeling with
some examples. And in the last chapter; We show that the proof for regular bipartite

graphs of odd degree are antimagic.

1.1 Prelimineries

In this section we give the basic definition, concepts and the ideas about graph theory.
They are important to provide strong and sufficient basis of the present study. As the
first part of this chapter some basic definitions, notation and terminology in graph

theory are discussed.



Definition 1.1.1. A Graph G = (V, E), is defined by a pair of finite sets V' and E,
which we call the vertex set and the edge set respectively. An element of the edge set
is a two-element subset of the vertex set. In other words any edge e connecting vertex
u to vertex v can be uniquely written as e = u,v. Note that this is an unordered

pair, so u,v = v, u.

Definition 1.1.2. The order of a graph G is the number of vertices of G and denoted
by | G |. The size of G is the number of edges of G and is denoted by || G ||.

Definition 1.1.3. A graph is called simple if there is no loop (an edge that has both
endpoints the same) or multiple edges (more than one edge between two vertices).

From now on, every graph mentioned in this paper is a simple graph.

Definition 1.1.4. Two graphs G and G5 are called vertex disjoint graphs if V/(G1)N
V(G3) = 0. Let G7 and G5 be two vertex disjoint graphs. A union of G; and G,
denoted by G' = G U Gy, is the graph that consists of V(G) = V(G;) U V(G3) and
E(G) = E(Gy) U E(Gy).

Definition 1.1.5. In a graph G, a vertex u € V is said to be adjacent to a vertex
v € V if there is an edge uv between v and v. Vertex v is then also called a neighbour
of u. The notation N(u) is used to represent the set of all the neighbours of vertex
u. The number of vertices that are adjacent to a vertex w is called the degree of
u, denoted by deg(u). Thus deg(u) = |N(u)| . A vertex with degree 0 is called an
isolated vertex and a vertex with degree 1 is called an end vertex (or leaf). The
minimum degree of a graph G is denoted by o = o(G) = mingey deg(u) and the
maximum degree of a graph G is denoted by A=A (G) = maz,cy deg(u) . If every
vertex in a graph has the same degree k, that is, 0 = A = k, then G is called a

regular graph of degree k, or a k-regular graph.



Definition 1.1.6. A graph H is called a subgraph of graph G if V(H) C V(G) and
E(H) C E(G) . A spanning subgraph H is a subgraph of G such that V(H) = V(G).

Definition 1.1.7. If G C G and G’ contains all the edges zy € E with z,y € V',

then G is called an induced sub graph of G. We say that V' induces G’ in G .

Definition 1.1.8. A path in a graph G is a sequence vpeiv;€2v3...0, 16,0, of edges
and vertices, where e, = v_1, v, and each e, appears in the sequence only once. A
cycle is a path that starts and ends on the same vertex in such a way that that vertex
is the only edge or vertex that is repeated.

A graph G is said to be connected if there exists a path between any two vertices in

G. In this paper we can restrict ourselves to connected graph.

Definition 1.1.9. Let GG be a graph. Then a decomposition of GG is a collection of
subgraphs H; C G, i = 1,2,..k , such that E(H;,) N E(H;) =0 forall1 <i<j<k

Definition 1.1.10. A set G = G4, ..., G}, of disjoint subsets of a set GG is a partition

of G if UG of all the sets G; € G and G; # 0; for every i

Definition 1.1.11. An edge labeling is an assignment of integers to the edges of a

graph. A graph with such a labeling is an edge labeled graph.

Definition 1.1.12. A labeling is antimagic if there is a bijection from the edges of

G to {1,2,...,|E|} such that the sum of the labels incident to each vertex is distinct.

Definition 1.1.13. Let a,b,n € Z with n > 0. Then a is congruent to b modulo

n;a = b (mod n) provided that n divides a — b.



Example: 17 =5 (mod 6)

Definition 1.1.14. Let a and n be integers with n > 0. The congruence class of a
modulo n, denoted [a], is the set of all integers that are congruent to amodulon; i.e.
la] = {z € Z|a — z = kn for some k € Z}

Example: In congruence modulo 2 we have

0] ={0,2,4,6,...}

1] ={1,3,5,7,...}

1.2 Marriage Theorem

Definition 1.2.1. A graph G is called bipartite if V' can be partitioned into two
non-empty subsets A and B in such a way that every edge in F joins a vertex of A
with a vertex of B. If each vertex in A is adjacent to all vertices in B, then G is said

to be complete bipartite, denoted by K,,,, where m =| A | and n =| B |.

Definition 1.2.2. A matching of graph G is a subgraph of G such that every edge
shares no vertex with any other edge. That is, each vertex in matching M has degree
at most one.

Let M be a matching in a graph G, then a vertex of GG is said to be saturated by M

if it is incident with an edge of M; otherwise, it is said to be unsaturated or by M.

Definition 1.2.3. A matching of a graph G is complete if it contains all of G’s

vertices. Sometimes this is also called a perfect matching.



Definition 1.2.4. A k-regular spanning sub graph is called a k-factor. Thus, a sub-

factor graph H C G is a 1-factor of G if and only if F(H) is a matching of V' .

If the edge set E(G) of a bipartite graph G is partitioned into disjoint 1-factors
E(G) = FLUF,U..UF, , where each F; for i from 1 through r is a 1-factor of G,
then we say that G is 1-factorable, and call the partition a 1-factorization of G.

Let us return to main problem, consider the problem of finding necessary and suf-
ficient conditions for the existence of a 1-factor. In our present case of a bipartite
graph with partition (A, B), we may as well ask more generally when G contains a
matching of A, this will define a 1-factor of G if |A| = |B|, a condition that has to
hold anyhow if GG is to have a 1-factor. A condition clearly necessary for the existence

of a matching of A is that every subset of A has enough neighbours in B, i.e.

IN(S)| > |S| for all S C A.
Halls proved that the above condition is also sufficient.

Theorem 1.2.1. (Hall’s marriage theorem 1935)
G contains a matching of A if and only if [N(S)| >| S | forallS C A[5] .

Proof. We first construct a bipartite simple graph H from the given bipartite graph
G by replacing all the multiple edges of G by single edges. Then G has the desired
matching if and only if H has such a matching, and that G satisfies marriage con-
dition if and only if H satisfies it. Therefore, we may assume that G itself has no
multiple edges by considering H as the given bipartite graph. Suppose that G has a

matching M that saturates A . Then for every subset S C A, we have



|Na(S)| = [Nu(S)] = |S].

We next prove sufficiency by induction on | G |. Assume that | A [> 2. We consider
the following two cases.

Case 1. There exists ) # S C A such that | Ng(S) |=| S |. Let H = (SU Ng(S))a
and K = ((A—S)U(B—Ng(S5)))¢ be induced subgraphs of G . So H satisfies condition
above, and so H has a matching My that saturates S by induction. For every subset
X CA—S, wehave | Ny(X) |=| Ny(XUS) | — | No(S) |2 XUS| = | § |= X |,
Which implies that | Np(X) |>| X | . Hence, by induction, K also has a matching
My that saturates A — S. Therefore My U M is the desired matching in G which

saturates A.

B-Na(§)

Figure 1.1: The induced sub graph H and K

Case 2. | Ng(S) |[>| S |forall @ # S C A. Let e = ab(a € A,b € B) be an edge of
G, and let H = G — {a, b}. Then for every subset ) # X C A —a, by the assumption
of this case, we have

| Nu(X) |2 No(X)\{b}| >[ X | =1,

which implies | Ng(X) |>| X |. Therefore, H has a matching M  that saturates

A — {a} by induction. Then M + e is the desired matching in G’ Consequently the



theorem is proved. O

We now give some results on matchings in bipartite graphs, most of which can
be proved by making use of the marriage theorem. We begin with the following
famous theorem, which was obtained by K onig in 1916 before the marriage theorem.

However, our proof depends on the marriage theorem.

Corollary 1.2.2. . If G is k -reqular bipartite graph then G can be factorised into k

1-factor.

Proof. Let G be a k-regular bipartite with partition (A, B). Then by counting the
edges having end point in A and end point in B we have that k | A |=eG(A,B)=k | B |
so |A] = |B| . For every subset X C A, we have k | X |= eG(X, Ng(X)) < k|
Ne(X) |, and so | X |<| Ng(X) |. Hence by the marriage theorem, G has a matching
M saturating A, which must saturate B since | A |=| B |. Thus M is a 1-factor of
G. Tt is obvious that G — M is a (k — 1)-regular bipartite graph, and so it has a k — 1
edge disjoint 1-factor by induction we can obtain a k 1-factors of G which are edge

disjoints. 0



Chapter 2

Labeling

2.1 Magic labeling

Definition 2.1.1. A labeling of a graph G is an assignment of integers to the
edges,vertices or both edges and vertices of a graphs subject to certain conditions. A
vertex-sum for a labeling is the sum of the labels on edges incident to a vertex v; we

also call this the sum at v.

Magic labelings were introduced by Sedlacek in 1963. Naturally, a number of
variations were created. A graph is said to be semi-magic if the edges can be labeled
in such a way that the sum of the incident edges is the same for every vertex chosen.
A semi-magic graph becomes a magic graph when the edges are labeled with distinct

positive integers.

Definition 2.1.2. A magic labeling is an assignment of integers to the edges of a
graph GG ;so that the sums of the edge labels around any vertex in G are all the same.

A graph is called magic if it has a magic labeling.
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Figure 2.1: k33 is magic graph

In figure above we have the graph K33. The edges are labeled with the number
1,2,3,...9 in such away that the sum at each vertex is 15. This labeling is derived

from the well known magic square.

2.1.1 Magic square

Definition 2.1.3. A magic square of order n is a n x n arrangement of the integers
{1,2,...,n?} in which each of n integer occurs exactly once in each row and once in
each column so that the sums of the entries in each row, each column, and along the

two main diagonals are equal.

Example 2.1.1. | 7| 5| 3

magic square of order 3
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magic square of order 4

2.2 Antimagic labeling

We formally define a labeling of a graph G is a bijection from edges to integers
{1,2,.,.,.,|FE|}. The term Antimagic is motivated by the use of magic to describe a
labeling whose vertex-sums are identical. The study of these graphs was motivated
by Nora Hartsfield and Gerhard Ringel [2] who considerd labeling uniquely the edges
of a graph containing q edges using integers 1, 2, ...q, and evaluating partial sums of
labels at the vertices of the graph. A labeling is antimagic if there is a bijection from
the edges of G to {1,2,...,|E|} such that the sum of the labels incident to each vertex

is distinct.
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Figure 2.2: k, is anti magic
2.2.1 Paths and Cycles

In chapter one we tried to define path and cycle, in this chapter we will try to show

the antimagicness of paths and cycles.
Proposition 2.2.1. Every path P,,n > 3 is antimagic.

Proof. with out loss of generality, we can assign path P, with vertex set V(P,) =
{uy, ug, . Up_1,u,} and E(P,)= {ujui2}7=7 U {tn_1u,}. Then we define a bijection

f:E(P,) — {1,2,...|E|} by:

fup_quy,) =i—1 ifi=n

and the associated vertex sum f : V(P,) — N, calculated as follows, where N.
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P if1<i<?,
Flu)=14 2i—2 if2<i<n—1,
2% —3 ifi =n,

Hence the vertex sum for each vertex is distinct which shows that paths are antimagic.

m
Example 2.2.2. Fy,is an antimagic.

Solution: A path P,, for n > 3 has n—1 edges, so for Ps we have 5 edges. The ver-
tex set of v(FPg) = {v1, v, v3, vy, U5, V6 } and an edge set E(FPs) = {vyv3, a0y, U305, V406, andvsvg }

Since we have 5 edges we can label the edges of Ps from 1 to 5 the values of each

Figure 2.3: path of length 5

edge is the smallest index from the pair of edges that is viv3 = 1,vv4 = 2, V305 =
3,040 = 4,v5v6 = 5. The vertex sum of this path is the sums of the numbers on the
edges around each vertex which gives as distinct vertex sum.

Hence a path of length 5 is antimagic.
Proposition 2.2.3. Every cycle C,, for n > 3 is antimagic.

Proof. Let V(C,) = {v1, v, ...v,} and the edge set E(C,) = {viva} U {vivia )2 U

{vn_1v,}, and we can define a bijection f : E(C,) — {1,2,...n}, such that,
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4 b n—2

Figure 2.4: antimagicness of a cycles

f(l)l’l}g) =1
f(UiUi+2):i+1 1f1§2§n—2,
fop_qv,) =i ifi=n,

The associated vertex sum f : V(C,) — N can be calculated as ,

3 ifi=1
f(v) = 2% if2<i<n-—2,
2t —1 if 1 =n,
Hence every cycle is antimagic. O]

Example 2.2.4. Cy is antimagic.

Solution: Let a vertex set of V(Cg) = {v1, v, v3,v4, 5,06} are vertices of a cycles
and E(Cg) = {v1v2, 0103, Uavy, U305, V406, U506 } are edge set of Cg We can label the
edges of the given cycles as follows, since we have 6 edges we can label these edges by

the integer from 1 to 6. Let define a bijection function, f : E(Cs) — {1,2,3,...6}.

f(Uwz) =1, f(U1113) =2, f(U2U4) =3, f(U3U5) =4, f(U4U6) =5, f(U5U6) =6
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Figure 2.5: labeling of Cy

and vertex sum of f(v1) =3, f(ve) =4, f(vs3) =6, f(vy) =38, f(vs) =10, f(vs) = 11

as we can see from the above figure we can say a cycle of length 6 is antimagic.



Chapter 3

Regular bipartite graphs of odd

degree are antimagic

In this chapter, we will show that every regular bipartite graph of odd degree are
antimagic. Our proof relies heavily on the Marriage Theorem, which states that
every regular bipartite graph has a 1-factor which is proved in the first chapter of this
paper.

Our general approach is to partition GG into two regular graphs, label one first, then
use the second one to resolve conflict in partial labeling. With respect to a given
labeling, two vertices conflict if they have the same sum. We view the process of
constructing an antimagic labeling as resolving the potential conflict for every pair
of vertices. We will label the edges in phases. When we have labeled a subset of the

edges, we call the resulting sum at each vertex a partial sum.

16
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3.1 Regular bipartite graphs with odd degree

We have observed that a k-regular bipartite graph G decomposes into 1-factors. We
can combine these 1-factors in any desired fashion. In particular, when K is odd and
at least 5, we can decompose G into a (2[4 2)-factor and a 3-factor, where [ > 0. Our
aim will be to combine special labelings of these two factors to obtain an antimagic
labeling of G. The case k = 3 is proved separately; we do this before the general

argument.

Proposition 3.1.1. If Gy and Gy are each reqular antimagic graphs, then the disjoint

union of Gy and Gy is also antimagic.

Proof. Let Gy and G, are regular antimagic graph and let k; and ks be degree
of the vertices of a graph G; and G5 respectively so that vertices in Gy have degree
at least as large as those in G;. Let m; = |E(G4)|. Place an antimagic labeling on
(G4, using the first m; labels. Label G5 by adding m; to each label in an antimagic
labeling of GS.

Translating edge labels by m; adds mik to the sum at each vertex of G5, so the new
labeling of GG has distinct vertex sums. Hence there are no conflicts within G; and
no conflicts within G5. There are also no conflicts between a vertex in (G; and one in
(9, since each vertex-sum in Gy is less than mik and each vertex-sum in G5 is greater

than mik. O
Theorem 3.1.2. Fvery 3-regular bipartite graph is antimagic.

Proof. Suppose G is 3-regular bipartite graph and decompose G into two spanning
subgraph a 1-factor H; and a 2-factor Hy. We use the 0-labels, 1-labels and 2-labels

to assign the first n, positive integers. We will label the 0O-labels for H; and we will
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label Hy with the 1-labels and 2-labels so that the partial sum at each vertex of A is
3n. We do this by pairing each 1-label with the 2-label in such away that the partial
sum at each vertex of A have sum 3n and the partial sum at each vertex of B has
sum different from multiple of 3.

Let C' be a cycle that is a component of Hy. We have to use a 1-label and a 2-label at
each vertex A of C'. In this cycle, if we have a 1-label and then a 2-label at a vertex
of A, then the next vertex of A should have a 2-label followed by a 1-label (and vice
versa) as figure 3.2 below, here we may have the sum of two 1-label or two 2-label in
which it is different from multiple of 3 and the sum of 1-label and 2-label is multiple
of 3. Here we may have two cases.

case 1: If | V(C') N A | is even, then we have 1- label and 2-label at vertex of A and
the next vertex of A have 2-label and 1-label alternatively. In this way we will get
the partial sum at each vertex of A is 3n and the partial sum at each vertex of B is
not multiple of 3 which implies there is no conflict between vertices of A and vertices
of B.

case 2: If | V(C)NA | is odd, then by labeling vertices of A with a similar way that is
by using 1-label and 2-label alternatively, at one vertex A of C' we will have a 1-label
and a 2-label which is multiple of 3 so this vertex of B conflict with vertex of A which
is fails to that the partial sum at each vertex of B is not multiple of 3. We Call such
a vertex of B bad vertex. A cycle in Hy has a bad vertex only if it has length at least
6, that is the minimum length for the existence of bad vertex is occur at a cycle of
length 6. A cycle of length 6 has at most one bad vertex. So the maximum number
of bad vertex in the cycles of length 2n ( n > 3 and n is odd )is obtained by dividing

2n for the minimum length of a cycle. Which also implies the the maximum number



19

of bad vertex is Z. So a cycle of length at least 6 has at most ¢ bad vertex.

To avoid conflicts between vertices of A and bad vertices of B, we will make the
vertex-sum at each bad vertex smaller than at any vertex of A. Furthermore, we will
make the partial sums in H, at these vertices equal. Let m be the number of bad
vertices and Consider the 1-labels and 2-labels from 1 through 3m — 1 ; group them
into pairs j and 3m —j. The sum in each such pair is 3m, which is at most n. Allocate
the pairs for Hy to vertices of A so that at each bad vertex of B, the labels are the
small elements from pairs in the original pairing and form a pair with sum 3m in this
most recent pairing.

We now label H; using unused 0-labels. We must achieve about six goals; which are

Figure 3.1: the red color is H; and black is Hy

listed below.

1. To resolve all conflicts among vertices of A. From the beginning the vertex sum
at each vertex of A are the same, then by adding distinct 0-labels on each vertex
of Ais3n+ 3,3n+6,...,6n — 3,6n, we will get distinct labeling on each vertex

of A which solve the conflict among each vertex of A.

2. The sum at each vertex A of Hj is the same. For every assignment of 0-labels to



20

|

Figure 3.2: labeling of Ho

A, the vertex sums in A will be 3n + 3,3n + 6, ...,6n — 3, 6n which are distinct.
The sum at each bad vertex is 3m which is at most n. To see that the vertex-
sums at the bad vertices in B will be less than 3n + 3, we use the smallest
O-labels at the bad vertices. Since there are at most § bad vertices in B, every
0-label at such a vertex is not more than n. Thus, every sum at a bad vertex
is at most 2n, which is less than 3n. Furthermore, the sums at bad vertices are
3m+3,3m+6,3m—+9,.,.,.,6m; hence they are distinct. So there is no conflict

between each vertex of A and bad vertices of B.

. We have the partial sum at each bad vertices are the same which is 3m. Then
adding distinct 0-labels to it, we will have 3m+3,3m+6,3m+9, ., ., .,6m which

are distinct. So no conflict between each bad vertices of B.

. Let by,by,bs,... denote the good vertices of B in order of increasing partial
sum from H, . We assign the remaining 0-labels to edges of Hy at by, bs, ... in
increasing order. Since the 0-labels are distinct, this prevents conflicts among

the good vertices in B.
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5. The goal we must achieve from this labeling is, by adding O-labels on 3n i.e
3n + 3....6n which are still multiple of 3 and when we add 0-labels on good
vertices of B still it is not multiple of 3. These tell us that there is no conflict
between vertices of A and good vertices of B. From the above cases we can
under stand that the sum at vertex of A is 3n and at the vertex of B is different

from multiple of 3. So there is no conflict between vertices of A and vertices of

B.

6. The last goal, to resolve all conflicts between bad vertices and good vertices
of B, we make that the bad vertices of B is equal. Then we add the smallest
0-label to each bad vertices of B and the remaining labels for good vertices of B
in increasing order, since the number we uses are distinct and the labels on the
bad vertices are small there are no conflict between each bad vertex and good

vertex of B. Hence 3-regular bipartite graphs are antimagic.
O

For larger odd degree, we will construct an antimagic labeling from special label-
ings of two subgraphs. Like the labeling we constructed for 3-regular graphs, the first
labeling will have equal sums at vertices of A, but this time we guarantee that all

sums at vertices of B are not congruens (mod 3) to the sums at vertices of A.

Lemma 3.1.3. If G is a (21 + 2) -reqular bipartite graph with parts A and B of size
n, then G has a labeling such that the sum at each vertex of A is some fixed value t

and the sum at each vertex of B is not congruent to t(mod3).

Proof. suppose G is a (2l + 2)-regular bipartite graph, we can decompose G into a

2l-factor Hy and a 2-factor Hs for [ > 0. Let m = (20 + 2)n; where n is the size of
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a graph G. Since m is even, we can partition the labels 1 through m into pairs that
sum to m+ 1, in order to label all the vertices of G, that is (1,m), (2,m —1), (3, m —
2),...,(%,% +1). Let choose a so that m +1 = 2a (mod 3); each pair consists either
of two element in the same congruence class as a (mod 3) or of elements in the two
other congruence classes (mod 3). Call these like-pairs and split-pairs, respectively.
At each vertex of A, we will use [ of these pairs as labels in Hy. We use the pairs in
which the smaller label ranges from 1 to In.

We can decompose 2[-factor into [ 2-factor which is cycle, whose union is Hy;. For
labeling Hs we use pairs of labels 1 through In, that is (1,m),(2,m — 1), (3,m —
2),...,(In,m —In + 1). Each cycle in the decomposition of Hy, at vertices of A we
use pairs of labels of the same type: all like-pairs(see figure 3.3) or all split-pairs(see
figure 3.4 ). When using split-pairs, we assign the labels so that the same congruence
class (mod 3) is always label first. If we have all like-pairs or all split-pairs at each
vertex of A, this tell us that at each vertex of B, each cycle contributes an amount to
the sum that is congruent to 2a (mod 3). There may be at most one cycle where we
are forced to use both like-pairs and split-pairs. At this time we label both like pair
and split pair, at each vertex of B if we have two like pairs and two split we know
that the sum is congruent to 2a (mod 3). But if we have like pairs and split pairs at
vertex of B, it become different from 2a (mod 3). Let x and y be the vertices of B
where, in this cycle, we switch between like-pairs and split-pairs. At each vertex of
A, the partial sum in Hy is (m + 1)l and at each vertex of B, except x and y, the
partial sum is congruent to (m + 1)l (mod 3).

Now let us label H,, we use the unused pairs of labels that is using the labels from

In+itom—(In+i)+1, for i from 1 to %” so that we add m 4+ 1 to each partial sum
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in A, but what we add to each partial sum in B is not congruent to m + 1 (mod 3).

Otherwise it conflict with vertices of A.

N

Figure 3.3: labeling of like pairs of Hy,

Y

Figure 3.4: labeling of split pair for Hy,

On the figure above [ and s represent like pairs and split pairs respectively. By
treating x and y specially, the sum at each vertex of A will be (m + 1)(I + 1), while
at each vertex of B the sum will be in a different congruence class (mod 3) from
(m + 1)(I +1). On each cycle, we use the pairs of labels that contain the smallest
unused labels. Thus, every third pair we use is a like-pair; the others are split pairs.
We begin with a like-pair and alternate using a like-pair and a split-pair until the like-

pairs allotted to that cycle are exhausted. For the remaining split-pairs, we alternate
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them in the form (a + 1,a + 2) followed by (a + 2,a + 1); in this way the sum of the
two labels used at any vertex of B is not congruent to 2a (mod 3). If no like-pair is
available to be used on the cycle, then the cycle has length 4 and we label it with
split-pairs in the form (a + 1,a + 2), (a + 2,a + 1), and the same property holds.

One or two cycles in H, may contain the vertices z and y, where the sum in Hy
differs by 1 from a value congruent to (m + 1)/ (mod 3). Suppose that the sums in
Hy at x and y are (m + 1) + ¢, and (m + 1)l +to. We want the sum at x in H, to
be either 2a — t; +1 (mod 3) or 2a — t; + 2 (mod 3). Similarly, we want the sum at
y in Hy to be in 2a — t5 + 1,2a — t5 + 2. The more difficult case is when z and y lie
on the same cycle in Hy. At these vertices we want the contribution from Hs to be
congruent to 2a (mod 3). We label with these first and can then make the argument
above for the remaining cycles. If x and y lie on a single 4-cycle, then we use two
like-pairs or two split-pairs ordered as (a+ 1,a+2), (a+ 1,a+2). If one or both of
and y lie on a longer cycle, then at each we put edges from two like-pairs or from two
split-pairs ordered as (a4 1,a+2), (a + 1,a+ 2). The remaining pairs, whether they
are like-pairs or split-pairs as we allocate them to this cycle, can be filled in so that
like-pairs are not consecutive anywhere else and neighbouring split-pairs alternate.
Thus the labeling of Hs enables us to keep the overall sum at each vertex of B out of

the congruence class of (m + 1)(l + 1) (mod 3). O

Lemma 3.1.4. If G is a 3-reqular bipartite graph with parts A and B, where B =
bi,....,b,, then G has a labeling with the numbers 1,2,3,...,3n so that at each b; the

sum is 3n + 3i , and for each i exactly one vertex in A has sum 3n + 3i.

Proof. suppose G is 3-regular bipartite graph then,decompose G into three 1-factors:

R, S, and T. In R, use label 3¢ — 2 on the edge incident to bi; let a; be the other



25

endpoint of this edge. In S, use label 3n + 3 — 37 on the edge incident to a;; call the
other endpoint of this edge b;. In T, use label 3i — 1 on the edge incident to b'¢; call

the other endpoint of this edge a;. See figure below

Figure 3.5: 3 1-factor

Note that each 1-factor received the labels from one congruence class (mod 3).
That is R received 1 (mod 3) ,S received 2 (mod 3) and T received 0 (mod 3) . From
the above figure we can see that the partial sum in SUT at each vertex of B is adding
the labeling on the edges incident to b; that is the labeling on S is 3n + 3 — 3i and
the labeling on T"is 3t —1 . Then 3n+3 —3i+3¢—1 = 3n+2. And, the sum at each
vertex bi can be obtained by adding the partial sum of S UT to the labelings of R
that is 3n+2+43i—2 = 3n+3i. Similarly, the partial sum in RU.S at each vertex of A
is adding the labeling on the edges incident to a; that is3n+3—-3i+3t—1=3n+1.
Hence, the vertex-sum at each a; can be obtain by adding the partial sum of RU .S

to the edges of 7" whichis 3n+1+4+3i —1=3n+3:¢ . O]
Theorem 3.1.5. Fvery reqular bipartite graph of odd degree is antimagic.

Proof. Let G be a regular bipartite graph of degree k. Here we need to find the

anti magicness of G where k is odd. For the case k = 3 is done in the above theorem
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by decomposing G into 1-factor and 2-factor. In this we assign O-label for 1-factor
and 1-label and 2-label for 2-factor in such away that the partial sum at each vertex
Ais 3n and that of B is different from multiple of 3. Then by adding distinct 0-labels
to this partial sum; we resolve a conflict among vertices of A and among vertices of
B and also we resolve conflict between vertices of A and B . So k-regular bipartite
graph for £ = 3 is antimagic.

Now let £ > 3, and kK = 2l + 5 with [ > 0 , then we decompose the graph G into a
3-factor G and a (2] 4 2)-factor Gs.

Label Go as in Lemma 3.2.1; this uses labels 1 through (20 4 2)n. let m = (21 + 2)n
then by pairing m in which the sum of each pair is m + 1. Decompose 2/ + 2 into
2l-factor (Hy) and 2-factor (Hj) so that the partial sum at each vertex A of (Hy) is
(m + 1)l and the partial sum at each vertex of B is congruent to (m + 1)l (mod 3).
And the partial sum at each vertex A of (Hs) is m+1 and at B is different from m+1
(mod 3). In this labeling we can resolve the conflict between A and B. The vertex
sum at A is (m+1)(I+ 1) and at that of B is different from (m +1)(I4+1) (mod 3),

so there is no conflict between each vertex of A and each vertex B . label Gy as in

. 25 )
02:’ - 25 - » 25
Ho
L E - -
20 39 30 42

Figure 3.6: labeling of regular bipartite graphs of odd degree
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lemma 3.2.2 above, this uses labels 1 through 3n in such away that the vertex sums
are multiple of 3.

Then add 3n to each label, leaving labels 1 through 3n for G; Each vertex-sum
increases by 3n(2l + 2), which is a multiple of 3.

Let b; denote the vertices of B in order increasing partial sum in G5 as we can see
from figure above. By Labeling G all the partial sums in GGy are multiples of 3. We
have the partial sum at each vertex A of G5 are the same, adding the multiple 3
of GG resolve the conflict among the vertices of A. The labeling of G5 resolves each
potential conflict between a vertex of A and a vertex of B. Because the b; are in order
of increasing partial sum in G4 labeling of GG; resolves all potential conflicts within
B. So there is no conflict among the vertices of A and among vertices of B and also
there is no conflict between vertex of A and B. We have checked that the labeling is

antimagic. Hence regular bipartite graph of odd degree is antimagic. 0



Conclusion

In this paper we have seen some definitions of graph theory, some concepts of magic
labeling, and we construct an antimagic labeling of regular bipartite graphs of odd
degree. We can label 3-regular bipartite graph separately by decomposing into 1-
factor and 2-factor graphs whose union is 3-regular bipartite graph. And we can
label 1-factor by 0-label and 2-factor by 1-label and 2-label, the sum at each vertex of
A is 3n and at each vertex of B is different from multiple of 3. For G odd at least 5
we partitioning into two regular factors, that is into 21 + 2-factors and 3-factors. We
can also partition each spanning subgraphs into other subgraphs that is, we partition
2l + 2- factors into 2l-factors and 2-factors, and 3-factors into three 1-factors. We
can label each factor separately, in such a way that the partial sum at each vertex of
A and partial sum at each vertex of B are distinct and there is no conflict between
them. By combining the labelings of these two factors, we can get regular bipartite

graphs of odd degree which are antimagic.

28
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