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Abstract

In this paper we study the Landau number arising within the relativistic dynamics
of a neutral particle which possesses a permanent magnetic dipole moment inter-
acting with an external electric field in the curved spacetime background. The
eigenfunction and eigenvalues of the Hamiltonian are obtained. We show that the
presence of the torsion field breaks the infinite degeneracy of the Landau levels

arising in this system.
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Chapter 1

Introduction

In recent decades, the Landau quantization has been investigated in studies of
Bose-Einstein condensation[1-2]. The Landau quantization describes the interac-
tion between a charged quantum particle and a uniform magnetic field; the re-
sulting discrete spectrum of energies corresponds to the quantization of a charged
particle in cyclotron orbits. The Landau quantization was also investigated in
relativistic systems by Rabi. [3], relativistic Landau quantization has been ex-
tended to condensed-matter systems described by the Dirac equation. [4], and to
neutral particles.[5] Following these studies of relativistic quantum systems, the
relativistic Landau quantization for neutral particles has also been investigated
in a non inertial reference frame. [6] When a charged particle moves in a plane
under the influence of an external magnetic field and can occupy discrete levels,
we have, as a result, quantization of cyclotron orbits in the magnetic field for a
charged particle known as Landau quantization. [1] The analog of the Landau
quantization for neutral particles was suggested by Ericsson and Sj qvist,[7] where
a neutral particle with a permanent magnetic dipole moment interacts with an
external electric field, as in the AharonovCasher (AC) setup.[8], The Landau lev
els have been obtained in the continuum elastic medium with a topological defect
in the presence of an external magnetic field. It was shown that the degeneracy
of the Landau levels is broken due to the presence of the topological defect. . [9],

The objectives of this paper is to construct the Landau number for a neutral

particle with a permanent magnetic dipole moment interacting with an external



electric field on curved space time.

This paper is organized as follows. In chapter 1 we will present introduction,
relativistic Dirac equation, Dirac matrices, four-current density and the equation
of continuity. in chapter 2 we present motion of a Dirac particle, In chapter 3, we
will study the Dirac equation on curved space time and its solution, in chapter
4 we will study landau number to the Dirac solution in curved space time. In

chapter 5, we will present our conclusions and appendix.

1.1 Relativistic Dirac Equation

Relativistic Dirac equation is given by:

oy

ih— - = [, (1.1.1)

Since Eq. (1.1.1) is linear in time derivative , it is natural to try to construct

Hamiltonian that is also linear in spatial derivatives. Due to this, H should be

linear as:
~  he.. 0O . . 0 s,
H= T[alaxl - Gam + Oégaxg] + Bmoc”, (1.1.2)
Substituting Eq. (1.1.2) in Eq. (1.1.1)
oY he. . 0O . .0 e
zha = [7[041 p + Gag + a38x3] + fmoc?] U, (1.1.3)

Where,
«; 1s matrix

U is column matrix
\Ijl(xa t)
e W= |Wy(z,t)



¥y

o(z) = W = (U], W5, U, .. Wy)

Uy
= Z? _ U

o(z)-temporal component of four- vectors.

[ o(z)d?(x)-is constant with time.

W-is spinor

U;-spinor component(i = 1,2...N)

Energy momentum relation for free particle is given by:
E? = p*c* + mic?, (1.1.4)

Kelin-Gorden equation is also given by:[10]

82
—hzw = (—h2? 7 +a’moct) g, (1.1.5)

Six components of electromagnetic fields F,, E, E, and H,, H,, H, satisfy Maxwell
equation (1% order differential equation).

(VxH) = cat’ (VX E)= C8t’ V- E=0,7B=0,(yxH)=J.+J;= 0E+§5
Each single component [£; and H; satisfy the deferential equation of 2"¢ order

(wave equation.)

ie (V2 — 225)F; =0 and (V? — 225)H, = 0

o} ’ Ld; 4 d;a; 020 hmgc® N~ 4 a o OU
—hQ—:—hQCQZQ% A S Tf;oC Z(Oéiﬁ-i-ﬁ i) 2ot

ot? < 2 Ox'0xd ; oxt
i,j=1 =1
(1.1.6)
comparing Eq. (1.1.6) with Eq. (1.1.5)w we gate;
Qi + d;@; = 20,51, Qi3+ Py =0, a2 =2 =1, (1.1.7)

A

&; and 3 have o;;r = &, B+ = B, (1.1.8)



This shows that eigenvalues of the matrices is real. According to Eq. (1.1.7) one

has:

a?=1land B2 =1

Eigenvalues can have +1

&; in its eigenvalue representation has the form

A 00...0
0 A2 0...0
00 As;...0
000...An

With the eigenvalues Ay, ..., Ay and Eq. (1.1.7) be come

100...0
010...0
001...0
000 1

A2 =1 = A, =+1,S0 eigenvalue is +1

1.2

Dirac matrices

. 0 g;
ai =
o, 0

00 01
0010
01 00
1000

00 0—z2
00 O

0—-2 00
¢ 000

A2 00...0
0 A20...0
00 A2...0
000...A42%

. I 0
where o; 1s pauli matrices, [ = (
0—1

)

: (1.1.9)

(1.2.1)



001 0 10 00

00 0—-1 01 00
a3 = B =

1 000 00 -1 0

0-100 00 0 -1

,[10] (1.2.2)

1.3 Four-current Density And The Equation of

Continuity

To construct four- current density and equation of continuity, let multiply

Eq. (1.1.3)
from the left by W =(U% U3 Ui ) we have

oy h
inpt2Y _ e Z Ui, U + moc Ut AU,
7

ot
k=1
Hermitian conjugate of Eq. (1.1.3)
is
ot h owt
—ihi — ¢ ak’r + moc \IITBT

ot 8
multiplying (1.3.2) by ¥ in both 51de

b

aw L heg
—Zh ——TZ::

since dt = dy, At = B
Subtracting (1.3.3) from (1.3.1)
RO ROV = he ST U U, U

9] ’ 9,
ih ) = = Z (pt
t(\IJ ) - ’; —(TFw),

This equation can be written as:

aﬁv

which is equation of continuity. Where, o = U+W¥

¥ = cWUta, U or j = cUTAV is four-current density.

(1.3.1)

(1.3.2)

(1.3.3)

(1.3.4)

(1.3.5)



Conservation law become,

o)
&/d?’xtlﬁ\lf = —/v.jd% = —/j'df =0, (1.3.6)

Where v- is volume and s - is surface. [10]



Chapter 2

Motion Of A Dirac Particle

2.1 Free Motion Of A Dirac particle

Free Motion Of A Dirac particle equation is Dirac equation with out electric
potential.It is given by:
ih%—’f = Hptp = (ca- P+ moc® )0

Z,haa_@é} = (cé- P+ mo? B0, (2.1.1)

Where H is free Hamiltonian given by:
H=ca P+ moczﬁ

Its stationary state is given by:

Y(z,t) = \If(x)exp[—%et}, (2.1.2)

Substituting Eq. (2.1.2) in to Eq. (2.1.1) we gate
ih%—lf = ili(Fte) U (z)exp|—iet] = eV (x)exp[—iet] = eV(x)

eW(z) = Hp(x), (2.1.3)

Where € describes the time evolution of stationary state W(z).
For a sack of application it is better to split a four-component spinor in to two

component spinor(¢ and x)

(4!

v v .
iev=| 2| =("), o= "), v=( ?). (2.1.4)
U3 X v, vy



Inserting Eq. (1.2.1) in Eq. (2.1.1) we gate;

. 06\ - I 0
Hfz/J:[c< >~P—|—m002< )]\If
o; 0 0 —1
I
0
)=o)+ (
X 0 X 0 —1 X

c6- Py moctp
([T 7,
co- Py —MmocX

e = co- Px 4+ moc2,
ex = ¢&- Pp — moc?y, (2.1.5)

States with definite momentum P are

((,0) = (S%) exp[%P-X], (2.1.6)
X Xo

Equation (2.1.5) can be transferred in to the same equations for g and xo by
replacing P by eigenvalue P ordering with respect to ¢, and x, resuls in the
system of equtions

ey = co- Pxo + mocey

exo = & Ppg — moc?xo

(€ —moc®) Ly — co- Pxo = 0,

(e + moc®)Ixo — c6- Py = 0, (2.1.7)

This linear homogeneous equations for ¢y and xo has non trivial solution only in
the case of vanishing determinant of the coefficients.

(e =moc®)I  —co-P|

—co- P (g +moc?)I

(e = moc®) (e + moc®) [ — (G- P)(6-P) =0

i.e

(e —mic"I — *(6- P)(6- P), (2.1.8)



But we have the following property
(6-A)(6-B) = (A- B)I +io- (A x B), (2.1.9)

Using property Eq. (2.1.9), Eq. (2.1.8) become
(e2 —m2cMI — AP’ I =0

e? = mict + 2 P?

e=+E, (2.1.10)

So energy eigenvalue become

E, = +c\/ P2+ mc?, (2.1.11)

The two signs of time- evolution factor € correspond to two types of solution. We

call them positive and negative solution respectively. From Eq. (2.1.7),

co- Pgoo
=—— 2.1.12
Xo= o moc?’ ( )
Let as done the two spinor ¢q in the form of
¢6- Pu
= 2.1.13
X0 £ + moc? ( )

Where,

0o = u= (ul) , (2.1.14)
Uz

Inserting Eq. (2.1.12) and Eq. (2.1.13) in Eq. (2.1.6) it become

(SO> = ( AUA )e:vp[zP- X, (2.1.15)
c6-Pu h
X e+moc?

Using Eq. (2.1.4) Eq. (2.1.2) can be written as:

Y(z,t) = <¢) e:cp[—%at], (2.1.16)
X
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Inserting Eq. (2.1.15) in Eq. (2.1.16) we gate

U(z,t) = ( BU ) expl; P x]exp[—jet] = ( PU ) exply(P-x — et)]
e+moc? e+moc?

We obtain complete set of positive and negative free solutions of Dirac equation

as:
N U

3 (6P
V 27Th /\Egp_i_l:,z(l)]cQ

Here , A+ characterizes the positive and negative solution with the time evolu-

Uon(z,t) = exp[h(P X — AEyt)], (2.1.17)

tion factor e = AE,. The normalization factor N is determined from the condition,

/@;w@umﬁp:&u&P_Pm (2.1.18)

Uy

And normalization condition ufu = <u1 u2> (
U2

) = uju; + usug =1

5-P)(6-P)u
N%(utu + uTCQ—(ngl(mocg)z) =1

2 2 (P-P)6-(PxP)y __
N (L + 55 fmeeme ) = 1

2 2 P2 _
N(1—|—C W)—l

N — \/()\ (AEp+moc?)?

Ep+moc?)2+4c2 P2

. (2AEp+moc?)?
(Mg 4+2moc? AEp+A2 E2+c2 P2

. (AEp+moc?)
- (M3t 42 P2)+2moc?AEp+A2 E2

(AEp+moc?)?
= \/ MBI+ 2moc?AE, + N B2

(AEp+moc?)?
2(moc?+AEp)AEp
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()\Ep + mocz)

N = 2.1.19
There fore all states became
(AEp+moc?) ]
2NE, u i
U (2,1) = —re— . A exp[—=(P-x — AE,t)] (2.1.20)
’ T c(6-P)U p/h
2rh AEp+moc? h
All states under Eq. (2.1.20) are eigenfunctions of momentum.
P, = PU,,\(z,1), (2.1.21)

For every momentum P there are two kinds of solutions.
ie A\=+41(e =+E,) and A = —1(e = —E,)
In order to study commutation relation of free Hamiltonian, let introduce the fol-

lowing operator.

. (6 0\ .
2-P:< A)-P, (2.1.22)

. P, (2.1.23)

[Hy, S P)_ = [ca- P+ Bmoc?, 5 P = [ca- P + - P]_ + [moc?3, - P

e}

Since £ is diagonal matrix, [mgc?, 3+ P] =

Hence,
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[H, 3-P]_ =0, (2.1.24)

Similarly,
[P,%- P =0, (2.1.25)

This means that - P and P can be diagonalized together. The the same holds
for the helicity operator

A, = hs, P (2.1.26)

it
NB: Helicity is the projection of the spin on to the direction of momentum.
If electron has propagation in z-axis, P = (0,0, p) using Eq. (2.1.25) helicity op-

erator become

1 000
. h. R|lO=10 0

A, ==, =— : (2.1.27)
2 210 01 0
00 0—1

With the eigenvalues j:g clearly, the eigenvectors of A, are

1 0
) and for negative eigenvalue, u = ( ) Now we
0 1

can classify completely the free Dirac waves propagating in z-direction; we denote

For positive eigenvalue u = (

them by Wp_ ) s, (x,) and wrte explicitly

1
AE 2 (o) :
- % exp[%(Pz B, (2.1.28)
p c(&x-P) 1
AEp+moc? 0
<0>
AE, + mqc? 1 i
Uy = % exply (P = AByt)],  (2.129)
P c(d:-P) (0)
AEp+moc? 1

As in [10]
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2.2 Lagrange Density And Energy-Momentum
Tensor Of The Free Dirac Equation

Free Dirac Lagrange density is given by
L = V(cify"d,, — moc*) ¥, (2.2.1)

Where, ¥ = W40 is called spinor adjoint to ¥ and v* stands for v° = A, = Bdi
~* is important for covariant formulation of Dirac equation.The Lagrangian den-
sity in Eq. (2.2.1) can be writen as

L = Uy9(cihy0y + cihyi0; — moc?) ¥

L = UTcin"y hop ¥ + Uicihny 40, — Wimgc?~+°0 but 10 = 7,
L = UTihd, U+ U cihn 10, U — T moc?y, T, (2.2.2)

L = (VTihd, + Wiciha- (7); — $imec?~0) W

where, 0; = aii = (V)i

L = (VTiho, + WUtea-ih(7); — Umec®~0) W

L = U (ihd,—cé- P—moc*H°) W,

(2.2.3)
Let determine equation of motion by variation with respect to ¥ yields
5 [Ld*z oL oL _
55— 0= v (9#8(8—“@) =0
9L = Z(U(cihy"0, — moc?) W) = (cihy"9, — moc*) ¥
oL
0(0,¥)
L 4 9.9L  _ o (cihy"d,, — moc®)¥ = 0
v " 8(8,7) 70w 0 )
(cihy*9), — moc®)¥ = 0, (2.2.5)

Eq. (2.2.5) is equation of motion which will be showed as Dirac equation.



Eq. (2.2.5) become
cihy" 9,V = moc*¥
ih[cy? 0o + 0, W] = moc* ¥
iR[BOY + cBé <75 U] = mo?
ihBO,Y — cfa- PY = moc? W
ihBO,Y = cfa- P + moc2 W
ih00, U = A% PV 4 moc® W
ihd,U = ca- P + 49?0
iU = (ci- P+ fmoc?) W

ihd, U = (Hy)W,

The Eq. (2.2.6) is Dirac equation with Hamiltonian

ﬁf =ca- P+ BmOCQ,

We recognize that solution of the equation of motion

Variation with respect to ¥ yields

§ [ Ld*z 5L oL
7 0= v 8#5@\1/)
g—é = U(cihy"0, — moc?),
oL -
= WeihyH
o0, w)

Using Eq. (2.2.9) equation of motion become,

oL, oL
v~ M(0,0)

Where 0, acts to the left on .

= U(ihy,0,c + moc?),

14

(2.2.6)

(2.2.7)

(2.2.8)

(2.2.9)

(2.2.10)

canonical energy momentum tensor from the Lagrangian density L calculated as

oL oL

TV = —— 8,0 + ———— — 0"L

Y T 90,9 T 9(9,7)

(2.2.11)
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Substituting Eq. (2.2.1), Eq. (2.2.4), Eq. (2.2.9),in to Eq. (2.2.11) it become
TH = Wcihy"d,V — (MY (cihy"d,, — moc?) W)

T = Wcihy# 0,V — §*WUcihy 0y U — 6*Wcihy 0, W + §Fmoc® T, (2.2.12)

Eq. (2.2.12) is energy momentum tensor. From this we can calculate energy den-
sity as

TY = Weihy?0, W — 80U cihy 0¥ — 60Wcihy 0, W + §9moc? U ¥

TY = =600 iy 0, ¥ + 60moc> Ut~ 0

7Y = —VTa-ih vy ¥ + 'mc? Ut o

TY = + Uta- Pel + 'm0+

TY = Ut (& Pe +~"moc®)

TO = Ut (Hy)W, (2.2.13)

From this,

/ TOdx = (W|Hf| W), (2.2.14)

Is expectation value of H ¢ in the state W.
The momentum density can also calculated from energy tensor as

T? = Wcihy° ;¥ — §9Wcihy? 0,V + 69moc? U Because of chronicle delta, the last

7

two terms are zero.Hence,
T? = Ucihn*0;¥

)

T = Utcihny 0,0

T = Ut Pl (2.2.15)
In other words P, = 1 [TPd*z = (U|(P;)|¥) which is expectation value of the
momentum operator in the state .

Other components are given by:

T = Vel 9,V — 8 Ucihin8,V + dimoc® W

T! = Weili(y'0; — 5;@02‘77,7“8#)\1! + 5§m002@\11, (2.2.16)
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The trace of T is given by
T =TH = Vcihy"d, VU — *VUciliy’ 0,V + §Fmoc? U
= Wcihy"0, W — PV cihy® 0,V + §tmoc® W

TH = Veihy" 9,V — 3Vcihy’ 0,V + 3moc* UV, (2.2.17)

. As in [10]
2.3 Non Relativistic Limit of Dirac Equation

Before going to study Dirac equation in non relativistic case late study when the
case the particle is at rest.

For this case ,f) =0 = PV = 0, Dirac equation be come,

. . I 0
ih%—‘f = Bmoc®V,with B = <O B I)
Solution for free Dirac equation is derived above is i.e

1
(AEp+moc?) 0 i
c(c%-P)
AEp+moc? (0>
0
(>\Ep+m()c2) 1 i
c(d2-P)
AEp+moc? <1>
Since in none relativistic case, we considered the case P = 0, the above solution
became
1 0
0 — 1 o
pl — exp[w] , P2 — exp[fzmoc t}
0 h 0 B
0 0
0 0
0 +imgc?t 0 Limgc?t
V= | t= — 2.3.1
| exp 5 ], 0 exrp 3 ], ( )
0 1
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The first two waves corresponds to positive and the last two functions corresponds
to the negative interpretation of solution with negative energy coses problems. we
restrict our selves to solutions of positive energy.

In non relativistic limit we introduce the electromagnetic four potential.

AP = {Ag(2), A(z)}, (2.3.2)

in to the Dirac Equation. We know that the minimal coupling

pro— pr— CAN = I1* ensures gauge invariance of the theory where I1* is the
kinetic momentum and P* is the canonical momentum.

Dirac equation with electromagnetic potentials become

c(ili2 — €Ag)¥ = (ca- (P — A) + Bmoc?) U

dct

WU — eAgW = (ca- (P — £A) + Bmoc®) ¥

m%\p = (ca- (P — SA+ —eAy) + fmocd) ¥, (2.3.3)
&

Interaction with electromagnetic field is included as

H = —ScaA+edy = —SU- A+ eA, (2.3.4)
C C

Where U = Z—f = ca is relativistic velocity operator.

The none relativistic limiting case of Eq. (2.3.3) can be most efficiently stated

U= (?) , (2.3.5)
X

Where the four component spinor decomposed in to two component spinor® and y,

in the representation

then the Dirac Eq. (2.3.3) be come

=l

ih% (ij) = (ca- (P — EA) — eAy + fmoc?) ()Z) , (2.3.6)
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0 o; . . . A I 0
But,a = ,where «; is Pauli matrices and 8 =
o; 0 0 —1I

U Iy U U
ihﬁ c @ >f +eA + myc? , (2.3.7)
ot \ y co- 11U X —¥

If the rest energy m,c?, as largest occurring energy, is additionally separated by

(\P> = <\Ij> exp(—im%gt), (2.3.8)
X X

Then Eq. (2.3.7) become

. U e co- Il imoc2 v imgc?
i | exp(—imet)] = erp(—5t) +edo | | eap(—4Et)
Y co- I[1W X

g .
+ moc? (_X> exp(——’m%CQt)

) : . v : co- 11 v
ih% ea:p(—m%gt) — ngCQ exp(——’m%CQt) = | X + eAy +
X X co- 11¥ X

v |
moc? ( )]efcp(——’m%CQt)

—X
U o, (W 11 U Y
Zh[% — —ngc } = @ X + €A0 -+ moC2
X X co- I[1V X —X
|\ v I Y [
ih% + moc? _ X +eA + moc?
X X co- [TV X —X
|\ 0 1 1 1
ih2 _ (A +eAy + mgc? — myc?
X co- 11w X —X X
0 0 W 0
ihﬁ [ HX + eAy — 2mgc? , (2.3.9)
ot X co- [T¥ X X

Eq. (2.3.9) is non relativistic Dirac equation.
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Applying the following condition on Eq. (2.3.9) it become

and

i.e if the kinetic as well as the potential energy are small compared to rest energy

11 0
0= Ry L 2mc?
co- 11V X
) Lo (Y \
since ihg; ~ 0 and eAp ~ 0
X X
0 11
2mc? = coriX
X co- 11V

This means x represents the small components of wave function ¥ a result we

o- 11V
— 2.3.10
X 2moc’ ( )

already know from (2.1.12) while ¥ represent the large components y ~ (2%)\1! in-

serting (2.3.10) in (2.3.9) results in none relativistic wave function for ¥

v o- 1128 v 0
Zhgt ( .H\p> - < 2moc> +€AO ( .mp) _2m002 ( .H‘Il>
2moc co- 11V 2moc 2moc
el 1 2C;r.LHc 1 2 0
Zhalp oIl = (CO‘- H) 10 v+ GAO\I’ oIl — 2moc L\ oI
2moc 2moc 2moc

@hglll _ (co-II)(o-II)
ot 2moc

Using property (o- A)(o- B) = (A- B)I +i0- (A x B)

U+ eAy ¥, (2.3.11)

(o IT)(0- IT) = (IT- T)I + io- (IT x 1)
(o-T)(0- 1) = 112 + i [(P — £A) x (P — £A)]
= II% + o [(— zhv——A) (—ih v —£A)]
=1II? +io- [—(—ih v —£A) X ik —(—’ihV —cA) x ¢4
=112 + ho- (—$A x 7) — o(he) 7 xA)
=112 — ho- [(SA x ) + £ v X A]
=112 — ho¢ (v x A)
=11~ ho- B
= (P —¢A)? —hto-B
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Eq. (2.3.11) have a form of

P —£A)? .
th\If _ ( €A) B heo- B
ot 2my 2moc

U+ eAgV, (2.3.12)

Where B = (7 x A) is magnetic field.
On a week ,homogeneous magnetic field,
B = (v x A) A=iB xx

Where the quadratic term of A in Eq. (2.3.12) have been neglected.

A A A

(2 —cA)? = (P —£Bxa)?~ P>~ ¢(Bxz)P=P~<B.(xxP)=P>—<B-L

C

where L = 2 x P is the operator of orbital angular momentum,

S =3ho = 25 =ho is spin operator. So Eq. (2.3.12)

haW = [f — 5 B- L — 258 4 e AW

2moc 2moc
i, P e(L+29)B
h—W = - - Aol W 2.3.1
ot [2m0 c 2my +eAo?, (2:3.13)

As in [10] Is Dirac equation transformed to Pauli equation i.e to proper non

1

relativistic equation for spin 3

2.4 Velocity Operator and Force operators for
Dirac Particles In An Electromagnetic Field

The Hamiltonian of Dirac particle in the electromagnetic field is

A

H = ca- (P — EA) + Bmoc® + eg, (2.4.1)

Where ¢ = Ay(x)
The equation of motion of arbitrary operator F' is given by
dF OF i . -
—=—+-|H,F]_ 2.4.2
= L] (242)
For position operator it become

H, 5] (2.4.3)

. 98 __
Since 5% = 0

The commutator [H, #]_ become
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[H, 3] = [(ci- (P — SA) + Bmoc® + eg), 2]

[H,7]- = [ca- (P - SA), 2] + [Bmoc?, 2] + [ed, 3], (2.4.4)

¢ is scalar potential i.e [¢,Z]_ = 0. The position operator & is a simple multipli-
cation operator W = xW it is diagonal with respect to spinor indices and contain
no differentiation. Hence
[3,2]- =0 and [&,#]_ =0
using the following identity,
[AB,C)]_ = [A,C]_B + A[B, C]_ to show
(6 P, 2] = 3. (65, @] Piéw + 65 Py, aelén}
= 32, {[6y, B Piéx + &Py, milen)
= 2w tlas[P, welex}
= > plla;boumer}

fore j =k

a-P,i)_ Z{aj e}, (2.4.5)
[a- A, #]_ = 0 since & commutes with & as well as with A;
[H,i] = c%a hence & = c1h4

dzx N
. (2.4.6)

Hence the velocity operator of Dirac particle is given by
U = ca, (2.4.7)

This operator acts on Dirac spinor as
Ui = ca,; ¥ = ¢l
Since the operator & has eigenvalues &; = 1. This result shows the Dirac

particles always move in the speed of light and it has no classical analogy.
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The equation of motion for kinetic momentum M=pr-— ¢A is given by

dil _ O 4 i1f 1)

dt ot N
dIl AP e A
= I - 2= (2.4.8)
Since the potential A(r,t) is depend on time explicitly.
[H,11] = [H, (P — ¢A)]
[H,11] = [H, P] - Z[ﬁ,A], (2.4.9)
Late calculate the the first commutator:
[]:I, P] = [(ca- (]5 —SA) + BAmoc2 + ed), }5]
[H,P] = cla- P, P — Scla- A, P+ moc®|B, P] + e[, P, (2.4.10)
c

P= —ihsy it follows that [B , ]5] = 0 because B does not depend on space coordi-
nates
elo, P = eihlo, V] = €ih(v¢ — V)
e, P1W = eih[¢, 7V = eih(v¢ — ¢37) ¥

= cil(Vo¥ — ¢ v V)

=eih(Vvo+tov V-0V V)
elo, P|U = eih¥ 7 ¢
e[¢, P] = eih vy ¢ farther more
cla- P, j] = sz',j(é‘i[lsiapj]— + a4y, D] P))
Since ¢; is not depend on space coordinate.
So [a;, Pj] = 0 and[P;, P = 0 = c[a- P,p] = 0
ccla- A, P = ela- A, P]

= e >, ;([4s, - Aié; + ail Ai, Pjlés) = —e X, (Gl Ay, Pjlés)

[H,P] = —e) (&:[A;, Pjlé;) + eih 7 6, (2.4.11)
1,J
The second commutator in Eq. (2.4.9) become
[H, A] = £[(ca- (P — £A) + Bmoc® + eg), Al

— 2{[ca- P, A] — e[a- A, A] + moc?[B, A] + elo, Al}
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since A commutes with o and with it self.
B, A] = [a- A, A] = [¢, A] =
elea- (P, Al = e 3, ([au, Aj]-Biej + &l Py, Ay e;)

7, Al = eZ(@i[Pi, Aj]_e;), (2.4.12)

Totally plugging Eq. (2.4.12) and Eq. (2.4.11) in Eq. (2.4.9) it become
[H 1] = —e X, (&]Ay, Pjlé;) + eih v ¢ — e, (4l P, Aj]—e;)
[f{7 ﬂ] - %[elh V ¢ — eqy; Z@j([‘p’i? Aj]—ej + [AZ7 p]]—él)]

(AT = [ 76— ex S O(1P Aoy + [ 45 B2 (2.4.13)

,L?j

inserting Eq. (2.4.13) in eq. (2.4.8) finally we gate

; 10A - Ao
(il_l;l =€ (_Ea - V¢) —ex OKZ Zz,][H?A]]—BJ + [Ala Pj]—e
dIt i - L
d_t =eb — eﬁai %:[Pz; Aj]_ej + [Aw Pj]_ei, (2414)

[P, Aj]T = ih(Vz’Ai - Asz’)‘I’
= ih(V:iA; — A7)V
= ih(V: AV — A; <7 )
=iV Aj+ A7 ¥ — A7 V)
[Py, Aj] =il 7; A,
[]51», A;l=ih ~7; A;, where gradient acts only on A
ngl =eF —e; ozlzm(zﬁvJA —ih /i Aj)e;
A — eF +ed; 3, (VA — Vid))é
an _ e(E + %c& X curlA)

dt

— =e(E+ -U x B), (2.4.15)

In the classical case this is Lorentz force.As in [10]



Chapter 3

Dirac Equation In Curved Space
Time

3.1 The n-bein formalism

If {z+} are local coordinates on space time M, then {dz*} is a set of coordinate
basis one-forms for the cotangent space( cotangent space T*M is the vector space
dual of the tangent space TM). The line element for the n-dimensional space time

M is expressed in local coordinate as:
ds* = g, (z)dz"dz", (3.1.1)

Instead of working in coordinate basis, it is more convenient to work in a local

orthonormal frame which has a basis one-forms {w®(x)} and as line element
ds? = nyw®(z)w’(z), (3.1.2)

Where 1., = diag(1,—1,—1, ..., —1) is metric tensor of for Menkowski space time

coordinate in certain coordinate and,
w(z) = e (z)dz", (3.1.3)

where e (x) is n-bein or verbain used on four space time dimensions. It can be
set as component of a set covariant vector fields e, leveled by orthonormal frame
index a.

Substituting Equation (3.1.3) into Equation (3.1.2) we get,
ds® = nabe/‘j(x)dx“e’;(x)dx”, (3.1.4)

24



Comparing Eq. (3.1.4) with Eq. (3.1.1) we get,

g,uu<x> = nabez<x>€g<x>7

The inverse, or dual of the n-bein will be denoted e”(z), and satisfies:

Then we have
dat = ehbw®(x),

Nap = guu65($)62/7

25

(3.1.5)

(3.1.6)

(3.1.7)

(3.1.8)

(3.1.9)

It is easily seen from Eq. (3.1.5) or Eq. (3.1.9) that the n-bien is not uniquely

determined by the metric tensor or g,, (). Rather, €%(z) and () both satisfy

Eq.(3.1.5)
If

where [§(x) is local Lorentz transformation matrix .

From wy, is defined as

a__  .a o
wy = wpdat,

Differentiating Eq. (3.1.3) with respect to z it be come

dzy w(z) = dzt dzy et () + eZ(a:)d%dx“

dw?(z) = [dxtes, () + e, (x)dz"|dz”

= 6?1/7#] diCMAd.TV s

where ”7d” is the exterior derivative and "A” is wedge product.

Using the following relation,

a 1 a a
Clou] = 5(6117# o ew,),

substituting Eq. (3.1.13) in Eq. (3.1.12)

1
dw®(x) = i(e“ e, ) Adr",

v

(3.1.10)

(3.1.11)

(3.1.12)

(3.1.13)

(3.1.14)
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The condition that the the connection be torsion free is
0 = dw®(x) + wiAw’, (3.1.15)
Torsion is described by replacing 0 on the left hand side of Eq. (3.1.15)
dw(z) = —wiAw®, (3.1.16)

substituting Eq. (3.1.14) in to Eq. (3.1.16)

a b_ 1(,a a v
—wpAw’ = 5(e; , — e, )Adx

Eliminating lambda in both side

—wiw® = %(el‘iu — e}, )dz”, (3.1.17)
Inserting Eq. (3.1.11) in to Eq. (3.1.17)
—whdatw = S(el , — el )da”
—widrtw’ = 5(0,e8 — 0,8 )da”
W datw® = %(@eﬁ — 0,e%)dz”
why = 5(0,el — Ouep)elw™
Were, Zx% = e,
changing index
wip = —ep (Ouey, — Fzyei), (3.1.18)

We now to consider the Dirac equation in flat space time it reads
[i7'0, + m|¥(z) =0, (3.1.19)

Where, 7* matrices satisfy
{v*, 7"} = 2, (3.1.20)

The generalization of Dirac equation to curved space time is obtained by replacing
0, — €V, where V, is an appropriate covariant derivative for spinor representa-

tion of Lorentz group.We then have

[ivel v, +m]¥(z) =0, (3.1.21)
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As then Dirac equation in curved space time , it is possible to relate Dirac matrices

in curved space time with flat space as
Y =egn, (3.1.22)
substituting Eq. (3.1.22) in Eq. (3.1.21) it will be
i7"V, +m]|¥(z) =0, (3.1.23)

Where, V,, = 0, + wy,
The space time ¥* satisfy
{777} = 29", (3.1.24)
In which for u # v — A#*y¥ = —4¥~#
p=v=0—= "2 =1
p=rv=k=123 = ()2 =-1
Eq. (3.1.23) became

7" (O + wjp) +m]¥(z) =0

[i7" 0, + 17wy, +m]V¥(z) = 0, (3.1.25)

Inserting Eq.(3.1.18) in Eq. (3.1.25) it become
(70 + " (=€} (Opey, = Tpe)) + m]¥(z) = 0
[iy"0,, — 1" e} 0,el + ﬁ“egffwe‘}\ +m]¥(x) =0

[i7"(8, — e} 0,el, + ey T e8) +m]¥(z) =0

i7" (0, — T'y) + m|¥(x) =0, (3.1.26)
Where, T, = ey 9 el — ey €5

If we allow the Dirac field to be coupled to an electromagnetic field, [11]

[i7"(0, — Ty —ieA,(x)) + m]¥(x) = 0, (3.1.27)
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3.2 Solution To Dirac Equation in curved space
time

Dirac equation in curved space time in the presence of electric potential is given by

(0o — T — ieAy)¥ + MV = 0, (3.2.1)

Where curved Dirac matrices 4 satisfy the commutation relation

{7%,77} = 247, (3.2.2)

And I', are the spin connections given by

Lo
o= W[@aé — T8, (3.2.3)

Where s = (34" — 7*4") and the matrices bj,aj; establish the connection
between the Dirac matrices on a curved spacetime and the flat Dirac matrices as

follows:
P = alva, 3 =V, (3.2.4)

The line element associated with a spatially open Friedman universe has the form
ds® = a*(n)[—dn® + dr* + sinh*(df* + sin*0d6?)], (3.2.5)
Making the coordinate transformation as in (Appendix A)
e % = coshr — sinhrcost, e *x = sinfcospsinhr,e”*y = sinfsingsinhr, (3.2.6)
The metric in Eq. (3.2.5) be comes
a~2(n)ds® = [—dn® + dz* + e **(dx* + dy?)], (3.2.7)
The line element in curved space time is given by
ds* = g, datdx”, (3.2.8)
Field matrix related with Menkowiskian flat space matrix as

Guv = nabezef“ (329)
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Inserting Eq. (3.2.9) in to Eq. (3.2.8) we get
ds® = nabeZede“dx”, (3.2.10)

become Eq. (3.2.10) can be expanded as

ds* = nooegehda’dr® + miejerdrtdrt + nasejesdrda® + nzeseddr’da®

ds® = —(e)?dt” + (e1)*da’® + (e3)°dy® + (e3)°d=", (3.2.11)

Comparing Eq. (3.2.11) with Eq. (3.2.7)

1 1 1 1
0_ ol — 2 3
e , €5 = €5 = —, (3.2.12)
"Taln) T alme" T alme= T aly)
Since the line element (3.2.7) is associated with a diagonal metric, we can work in

the diagonal tetrad gauge for 4#:
Expanding Eq. (3.1.4) it be come
P+ T+ =a +ay + a3y + ey’

Comparing left and rite of this equation and substituting Eq.(3.2.11) it be come

0 1 2 3
~0 ~1 v ~2 v =3 v
7 = Y= Y= 3.2.13
R T T M
Substituting Eq. (3.2.13) in Eq. (3.2.3) spin connection obtained
as in (Appendix B)
1e” da(n)
Iy =— — P+ ——qlyt 2.14
| 2a(n){ almy "+ =g =77 (3.2.14)
1 e~ do(n)
['y =—= — 23 24 2.1
d 1
Ty = O‘(") V4 Ty =0, (3.2.16)

a(m’
Substituting Eq.(3.2.14-3.2.16) into Eq. (3.2.1) we find that the Dirac equation

takes the simple form as in (Appendix C)

(5 (G — i) + %

o 9 4 o 30 Ma(n)}¥ =0, (3.2.17)

dy 0z

Where we have introduced the spinor ¥,

U = a(n) ie* 0, (3.2.18)
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Regarding Eq. (3.2.17), we should mention that it does exhibit a non factorisable
structure. In order to solve Eq. (3.2.17) we apply the algebraic method of sep-
aration of variables.[12-13] The method consists in rewriting the Dirac equation

(3.2.17) as a sum of two first order differential operators k; , ko satisfying the

relation
ky, ko] - = 0, {ky + k2 }® = 0, (3.2.19)
Which
VU = P, (3.2.20)
And
b, ) ® = 120 42 (L~ A )T = ik (3.2.21)
’ oy Ox ’
ko (2, m)® = ez{’yoa%] + 73% + Ma(n)}y* "V = —ik®, (3.2.22)

It should be noticed that, using the pairwise scheme of separation, one has been
able to reduce the problem of solving the Dirac equation to finding solutions of
the decoupled system of Eq. (3.2.21) and (3.2.22). A further problem arises when
we try to separate variables in Eq. (3.2.22). Here it is not possible to reduce the
problem to a set of two commuting first order differential operators. In order to

separate variables in Eq. (3.2.22), we rewrite it in the following form:[14]
(L1y3y° + Ly)® = 0, (3.2.23)

Where

Ly and Ly are two commuting differential operators given by the expressions

L1 =+ + Ma(n), (3.2.24)

. )
Ly = 'yoa + ike?, (3.2.25)

In order to separate variables in Eq. (3.2.23), we introduce the auxiliary spinor Y

(L17*y° + Ly)Y = @, (3.2.26)
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Where the differential operator L, is given by the expression
EQZWWQ—wa (3.2.27)
P , 2.

Substituting Eq. (3.2.26) into Eq. (3.2.23) we obtain that ”Y ” satisfies the

following equation as in (Appendix D)

(M, + M,}Y =0 (3.2.28)
With [My, My] =0
N _ 02 _
ML+AWE4—5;—m%ﬁ+k%%+MY:Q (3.2.29)
N _ 02 d _
M@—AW545F+$MJ%Q+M%HM—MY:Q (3.2.30)

Where )\ is a separation constant. Introducing the new variable u = 2ke* we have

that Eq. (3.2.29) can be written as (Appendix E)
=0 3.2.31

Where

1
u"zs =Y and

A=A\—

1
4

Choosing the following representation of the Dirac matrices,

0 — 0 , 0 o’ ,
V= =1 , 1 <5 <3, (3.2.32)
0z ol 0

Substituting Eq.(3.2.32) in to Eq. (3.2.21) we readily obtain that the spinor &

has the following structure:(Appendix F)

o . .

[Ula—y —ioa(ky — A1(y))| @1 = ikDy, (3.2.33)
g . .

[_Ula_y + 20'2(]{395 — Al (y))]@g = qu)la (3234)

@, P(y) .
P = = exp(tk,x), 3.2.35
()= () ovtnr 323
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Where

Aly)
B(y)
Using the representation of Eq. (3.2.32) we obtain that the solution of Eq. (3.2.31)

b1 = d(y)explik,) = ( >emp<z'kxx>, (3.2.36)

can be written in terms of Whittaker functions

S12 = Dlw — %\/X(U) + DQM — % )\(U,)
1 1
833 = Dgwg\/X(u) + D4M§\/X(U), (3237)

Where Dy, Dy, D3, Dy do not depend on the variable u. Looking at Eq. (3.2.30)
and eq. (3.2.31), we have that, for regular solutions at u = 0, the spinor Y has

the following structure:

a(y)C1(7])u_%M + %7 \/X(u)
b(y)cl(n)u*%M + %, V(1) '

Y = ! exp(ik,x), 3.2.38
cy)e(nu—z2 M — %7 \/X(u) Pl ) ( )
d(y)er (n)u—2 M — LV (u)

Substituting Eq.(3.2.38) into Eq.(3.2.26) and noticing that Eq. (3.2.30) is equiv-

alent to the following system of equations,

(a% —iMa(n — Vs () (3.2.39)
B
(5 + Ml = Vel (3.2.40)

We obtain that the spinor ®; and ®, has the following structure

A(u)er(n)e 2 M — 1 VX (2ke?)
B(u)er(n)e 3 M — L, VA (2ke?) ,

o) = N — exp(ik,x), 3.2.41
iA()ea(m)e3 ML VRRe) | (#k:) (3:2.41)

FodA(u)ey(n)e 3 M — 1 VX (2ke?)
Fo3B “3M — 1 /\(2ke?
o R (w)er(n)e 20 VA(2ke?) exp(ik,a), (3.2.42)
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Here A(u) and B(u) satisfy the system coupled system of equations

d

(d—y — (k. — A1(y)))B = ikA, (3.2.43)
d .
(d_y + (ky — A1(y)))A = ikA, (3.2.44)
Where u was defined in
u= Aly—\/Ale’”, (3.2.45)

Let us look for solutions of the system Eq.(3.2.43) and Eq.(3.2.44) when the elec-
tromagnetic potential has the simple functional dependence A;(y) = Ayy. In this
case one can obtain exact solutions for A(u) and B(u) in terms of hyper geo-
metric functions. After making the change of variable Eq. (3.2.45) and using the

recurrence relations [15]

M
(b— 1M (a,b—1,2) = (b— 1)M(a,b, 2) + Z;l (a,b, 2), (3.2.46)
z
L2dMA@b2) | it b, 2) = M(a+ 1.6, 2), (3.2.47)
a dz
W —U(a,b,z) = =U(a,b+1,2), (3.2.48)

We find that the general solution of the system of equations Eq.(3.2.43) and
Eq.(3.2.44) reads

VA1, k21, k21,
1, K13, K 13,
B=e (EU )U(CIM(4_141+§7§7U )_C2U(4—141+§,§,U )), (3250)



Chapter 4

Landau Number To The Dirac

Solution In Curved Space Time

4.1 Torsion Field

The torsion field describes how a field twists about a curve on the surface.lt is
useful in the study of the geodesics.

Now we are going to expand this idea to study the Landau levels arising within
the dynamics of a neutral particle with a nonzero magnetic dipole in the presence

of a torsion field.

4.2 Landau Number To The Dirac Particle In
Curved space Time

Dirac equation in a curved spacetime with the presence of torsion field is[9]

I B o

11
OF L 22T o Y D it e (421
+iy [0/) 2, M o] +np[a¢ Xg U+ 5 =mU, (42.1)

34
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Where 7 is responsible for the curvature of spacetime and y is the torsion field.

For the metric corresponding to a cosmic string, we choose the verbain to be [16]

1 0 0 0
0 cosp —mnsing 0

el = , (4.2.2)
g 0 sing ncosp 0
0 0 0 1
Which yields the correct flat spacetime limit for n = 1.
~* matrices defined as
=€t
This implies,
. 1 0 0 0 7°
! 0 cosp —sinp 0 ~t
= : )
. 0 S1NY cosp 0 ol
8
0 0 0 1 73
From this,
At = 0
P = cos<,071 + sing072
VP = —sinpy! + cospy?
v =3, (4.2.3)

Suggesting the solution to the Dirac equation (4.2.1) in the form

e
U = ¢ : 4.2.4
(0 =

By plugging in Eq. (4.2.4) in Eq. (4.2.1) we obtain two coupled equations for ¢

and &; the first coupled equation is

.0 0¥, 0 0 . .,0 il—n puApa”
_ N R R R ST N P T p_ BT 49
and the second is
.0 0¥, 0 0 o% 0 o, i1l1—n tpuNpo?
i Y YN e Y Y YN p
(E4m)E = [mio? 5o (o mx )i =it (o )+ tor g,
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We call the o matrices in Eq. (4.2.5) and Eq. (4.2.6)
o? = cospo! + sinpo?, 0¥ = —sinpo! + cospo?, oF = o*

Eliminating £ and considering that the dipole moments of the neutral particle are

aligned with the z axis of the spacetime, we have the following (Appendix G)

2 2Nt 02 10 1 (9 92 92 : 31-m/9 0
(e —m)¢——ﬁ—;a—ﬁ—nzpz(@—><&) ¢—a—;§—w nsz(%—ng

/142/\2

4

NO 0 1(0=n?®  pA A
oA TR PR {C ek SPRLC PR CAPEE
n°p 2 2n

1 PP, (4.2.7)

We can see that ¢ is an eigenfunction of the Pauli matrix o3, whose eigenvalues
ares = 1, i.e. 03¢, = s¢, .
The solutions to Eq. (4.2.7) has the form

53

b5 = Ce'tTa =TI R (), (4.2.8)

Where [ =0, +1, 2, . . . , kis a constant and C is a constant spinor amplitude.
Substituting the Eq. (4.2.8) into the Dirac Eq. (4.2.7) , we obtain the following
as in (Appendix H)

LrR(p) + 2 R.(p) — 72 Ra(p) — 350 Ralp)

A
(2 —m2 -k — s%{s — N Ry(p) = 0, (4.2.9)
Where we have defined
S 1
G= =X+ 51 =)+ 51— s), (4210

At this moment, we make a change of variables,(Appendix I)

T = “2—Ap2, (4.2.11)
And thus Eq. (4.2.9) becomes
[rdd—; + % + (8 — 47;27 - i)]RS(T) — 0, (4.2.12)
With the new parameter (3, given by
8, 2}%(52 Cm? o) — sg—; - % (4.2.13)
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The solution to Eq. (4.2.12) has the form

Cs
Ry(r) = e 27 7 Fy(1), (4.2.14)

and thus, substituting Eq. (4.2.14)
into Eq. (4.2.12 ), as in (Appendix J) it will be

&F, Cs dF,
(-0

Gs
™ ; - PR =0, (4.2.15)

which is the hyper geometric equation. The wave function can be normalized if

and only if the series in (4.2.15) looks like a polynomial of degree n, and so

Fy(1) = F(—n, g + 1; 7); thus, we arrive at the condition
Cs
(55 - 2n - %) =n
This shows
Cs
(e —m? — k) s — 5 — o —f=n

Gs
52—m2+k2+2uA[n+Q+sg—;+§+§]

The energy levels corresponding to the analog of the Landau levels for a neutral

particle with a permanent magnetic dipole moment are

q

2 2 | 12 ‘ Cs

= k= 4 2u\ s 41 4.2.16
g, =m”+ +u[n+2n+52n+], ( )
wheren =0, 1,2, . . . is a nonnegative integer and ¢, = (I—x*)+£(1—n)+3(1—s),
with [ =0, £1,+2,+3,+4, . . . . We find that the presence of the torsion field

in the expression of the relativistic energy levels breaks the infinite degeneracy of
the analog of Landau levels. We can observe that in the limit
n — 1, the . analogs of the Landau levels are given in flat spacetime, but in the

presence of a torsion field,

(=X )+30=s)  (1—y")+Li1-
5i:m2~|—k:2+2,u)\[n+ 2 +s( X+ 5( s)
2n 2n

+1], (4.2.17)

where we have found that the degeneracy is broken due to the presence of a torsion

field. If we consider y = 0, but 1 # 1, we have the analog of the Landau levels for
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a neutral particle given in curved spacetime with the absence of the torsion field:

I+30=n)+30=8) 14+l1-n+Li1-
e2 =m?+k*+2uln+ = 5 = + s 3 772) 51— ¢) + 1],
1 Ul

(4.2.18)
Again, the infinite degeneracy of the analog of the Landau levels is broken due the
presence of the parameter 7. It is obtained in the limit n — 1 and x = 0, where
the spacetime becomes flat without the presence of torsion field. To obtain the
components of the Dirac spinor, we first must write the expression (4.2.8) in the
following form

Inserting Eq.(4.2.11) in to Eq.(4.2.14)
<

A A oy ' 5‘ A
R —EEpP (50 p%) 21 F(—n, 54115 0%)

s(p)=e 7
Cs ‘CS

Ry(p) = (%)zne—‘?p%"F(—n,;"+1;@p2)

Eq.(4.2.8) be come

+1-20) ke ) G B, s ‘C‘ )
¢, = Ce'l 2 pe’ (2)2ne P F( n—+1 2 p7), (4.2.19)

and substitute it into Eq. (4.2.6). Thus, to obtain the upper Dirac spinor for
positive energy, we must take s = +1 and consider
¢_ = 0. In that way, the solution to the Dirac Eq. (4.2.1) parallel to the z axis is

1

0
Uy = fiF(-n 'C ‘ + 1L #2>\/02) k

e+m

7 (udp — @ + )

0
i A ‘C ’ A, |0

fp e P p( D B2y (T (4.2.20)
e+m ’C ‘ n 2 0

Now, the other component of the Dirac spinor anti parallel to the z axis and
for the positive energy solution is obtained when we choose s = 1 and ¢, = 0.

In that way, the solution to the Dirac Eq. (4.2.1) anti parallel to the z axis is
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| !
Vo= fF(=n, " + 1,407

et+m

0

e np) ‘C—‘ A, |0
- E AP pen, 1 B2 ) : (4.2.21)

e+m ’C—‘ n 2 1

(5 +1) 0

where we define the parameter fs in Eq. (4.2.20) and eq. (4.2.21) as
. . s . )\ CS " 2

fs = Ce_mez(““%_?)goelkz(u—)—e_TAp P G , (4.2.22)

27 2n



Chapter 5

Conclusion

In this paper we have investigated the analog of the Landau number for a neu-
tral particle with a permanent magnetic dipole moment. For the case, we have
obtained a analog of Landau number in the presence of a torsion field. We have
demonstrated that energy levels depend on the parameters n and x. Where 7 is
responsible for the curvature of spacetime and x for the torsion field. We see that
the infinite degeneracy of the Landau levels in flat spacetime is broken due to the
presence of a torsion field. We claimed that, in the absence of the torsion field
x= 0, the presence of the n is the factor causing the breaking of the infinite de-
generacy of the relativistic analog of the Landau levels. When we take the limit
n — 1, but x # 0, the presence of the torsion field is the factor breaking the
degeneracy of the relativistic analog of the Landau levels. In this way, taking the
limit

1n —1 and y = 0 we recover the infinite degeneracy of the relativistic analog of the

Landau number. [5]

40
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ApendixA

Making the coordinate transformation

z

e~ * = coshr — sinhrcosf |, e *x = sinfcospsinhr , e *y = sinfsingsinhr,
0 ,—2 _ 0 : o) :
5-e7% = S (coshr — sinhrcost))dr 4 55(coshr — sinhrcos)do

—l—%(cashfr — sinhrcos)de

* —dz = (sinhr — coshrcosf)dr + sinhrsinfdd
Le2x = L(sinfcospsinhr)dr + 2 (sinfcospsinhr)df + %(sin@cw(ﬁsinhr)d(b
* e *dx = sinfcospcoshrdr + cosbcospsinhrdtd — sinfsingsinhrdg
gye_zy =2 5. (sinflsingsinhr)dr + 55 (sin@sinqﬁsz’nhr)d@ + %(sz’n@singﬁsmhr)dqﬁ
* e *dy = sinfsingcoshrdr + cosfsingsinhrdf + sinfcospsinhrdeo
Squaring the equations denoted by stars in both sides,summing up them and com-
paring with Eq. (3.2.5) the metric in Eq.(3.2.5) becomes
a2(n)ds* = —dn? + dz* + e % (dx* + dy?)

Apendix B
Substituting Eq.(3.2.13) into eq.(3.2.3) and solving for the spinor connections we
have
Fa = f0ul(2%)a} — D) (547" - 77")

Fl = %g)\a[(a 1)CLB Fg‘l]l(iﬁ\,—yy . /7,/3/)\)

2
T = Lgool(Z5)al — T — 37°) + Lgul(Z)ah — TLIL('F — 77" +
10l(2%)a% ~ T2 1L (77 —77%) + Lgs[(25)ad — T4, 11 (3°7" —77°)
= Ty = 1gol((Z)a — T9)L(7°7° — 7°3°) + ((24)a? — [9)1(3°3* — 7'4°)
((2%)ag — T9)1(7°7% — 727°) + (Z)al — T9)E(3°9% — 7%7°)] +
Lon[((g8)abTh)3(3'7° = 7°31) + <<3—> - Fh
((5%)a} — TH)EFW? = 7271 + ((5%)a}
Lon[((g8)ag — T3)5(7°7° — 7%
((2%)a3 — T3)1(7°7 — 7°9%) +
Losl((38)ad — T3)1(77° — 7°3%) + ((2)ad — I3 — 3'7°) +
( 3

ob2 _9_ _9_ ob3 _aq_ _a_
((52)a3 — T3)3(33% = ¥*7) + ((32)ad — T3)1 (7% — ¥*9%)]

=
\g|

oy
=)
i
Y
i)
|
Y
Y
N
+
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By considering only diagonal terms,3 I'; reduced to:

= =3 S {—alm'y® + 5219,
In the same way, we find for I'y, I's, and T'y and their values are given by Eq.(3.2.15)
and Eq.(3.2.16) respectively.

Apendix C
Substituting Eq.(3.2.14) - Eq.(3.2.16) into Eq.(3.2.1)

= (5 = 0+ 7' (G — Gy — 3G ity —ieAdw) + 7 -
Loy — (35 S0y ) +43(& + 5 Py g+ M) =0

= () e (E eV =5 i Ty 'Y Y e A () A e (e -

ety 4402 + $ 9 Lon20)]g + Ma(n)y = 0

using properties of gamma matrices given under Eq.(3.1.24) We find that the Dirac

equation takes the simple form of

(Vg +'e (g — Aly) + e 5 + 70 + Ma(n)}y =0,
Apendix D

Substituting Eq. (3.2.23) in to Eq. (3.2.20)

= (L17*y0 + L) (L17*y° + L)Y = 0

= (L1)2(7*)2(7°)2 + L1 Loy®y° 4 LoLy73A° + L1 L,)Y

= [V + Mam)v*y° +1°% + ike?)

(V05 + Mam)7*y° +1°F; — ike?)]Y =0

= [(")22(P)2(1°)? + PEPA MM + P 2P0 L — Ly ke +
M?a*(7*)(7°)? + Ma(n)y*(7°)? 577" + Ma(n)v*(7°)? 5, — Ma(n)y*y ike® +
70%708%7370 + 902 Ma(n)y*y + (10)2(L)? — 10 Like* + z'kezfyoa%fy?wo n
ike*Ma(n)y*~° + ike* " & + k2e*]Y =0

= (— 47 =" Ma(n) +7° 57 & =7 47" ike* = M?a?(n) + Ma(n)y® 477" +
Ma(n)y* & — Ma(n)y*y ike* +7° 27 2y 20 L Ma(n)y*y + & = ike* +
z'k;ezfyoa%f’vo + ike* Ma(n)y*~Y + ikeZVO% + k2e**)Y =0

Applying properties of gamma matrices, it can be reduced to

= (=2 ="M Z(n) - M2a2(n) + & — in%ke* + K2e*)Y = 0



And we obtain that Y satisfies the following equation.

{M; + M}Y =0,
with [My, M,) = 0 and
(M + VY = (=25 — ir%ke* + k2> + A)Y =0,
(My = N)Y = (=45 + 7" M2 4 M2a?(n) — N)Y =0,
Where )\ is a separation constant.
ApendixE
To change variable in Eq. (3.2.29),
*x u=2ke* = 5 = ke*
Ou = 2ke*0z = Ou? = 4k*e*922

2
x B — 92
U

Substituting all equations denoted by stars in to Eq. (3.2.29)

(G -5+ 5+ Y =0
w2

(T2 jp0U 4w L MY =0

Ou?

L(Fw% _jy0t 4« L XY =0

(225 +4iL —1 )y =0

u? 20 4w
(G +ik =5 - (A= Dp)Y =0
Where A :/\—}l
)Y =0

(b +ifs =5+ (G = NS =0

43
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Apendix F
Substituting Eq.(3.2.32) in to Eq.(3.2.21)

= (V5 +7(& — Ay}’ = ik

N 0 Lol L —iAi(y) 0 o\ [P _ (™
o5+ ot g —iAi(y) 0 —io? 0 D, d,

—1i0 ( 2 8 + 0'1 3 — ZA1 (y)) 0 (I)l . (I)l
= : P 10 . = ik
0 103(02a—y +ots —iA1(y) D, D,

We readily obtain that the spinor ¢ has the following structure:
[0'159 ’LO'Q(k — Al(y))]q)l = ’ikq)z,
[ 0'18 +ZO'2(]€ —Al y))]q)g :’ikq)l,

(
D, () . Ay)
P = exp(tk,x), where = .
(%) (F03¢(y)> plikaz) oW (B (y)>

Apendix G
To eliminate £ multiply Eq.(4.2.5) by Eq.(4.2.6) .

2
(€2 =m?)o€ = [~ 57 — (55 — X&) — 3 — i
oPo

_ ppl-n pAroPof a¥o? . 9>
ofol = + =+ wp Xazz + 2

(

) _ w2 0lo? (0. 2)

1-n .
n2p? 4 o  Xoz

82 11-n _p _p 0
s—logPo
z T3 np Op

(=)~ xgE) + o 4 - m—“’?f"”

_ Upapl%ea% _ Usﬂapﬂ_( X8z> UPH_B .+ Mgn ) oP0?)pé
=& - (& —x2) - ;j VO B ety
_17_757 - M_Q/\ T 20:5 Xf?a_; - %177—_/)77% - %(1 - 77)(% - Xai) - 03177/:]882
NG 15 B — M — ) — ot o L - g

Eliminating ¢ and considering that the dipole moments of the neutral particle are
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aligned with the z axis of the spacetime, we have
52 0, o) 0 92 . 31— o) o)
(€ —mio=—2% 10 - _L(2 2P 24 _igd (L — L)

oM (e~ xg)o+ 1S+ o+ o+ 1%

Apendix H

Substituting the solution at Eq. (4.2.8) into the Dirac Eq. (4.2.7) as the following

« _59_;2 L= 02 Ce@(l+f—% e** R, (p)
— _%Rs(p)ce¢(1+§—%)¢eikz
5 = o, =~ (Ct TR R ()
p1ij (p )(Cei(l+§—%)goeikz)
* _#(%_X&)% = - 212(_ 28¢X$_X 822)¢
— _n21p2(d Lo Oeiltta =Tk R (p) — %xz’kgbs — k220,
:_#(%Oez(l i % zsz( )_QXikcei(l—i—% % eih* R,
_k2x206i(l+%—§)¢eiszs
x = a0y = = S(CATE TR (p)
=k*¢,
* o' p")@—xa%m— R (CEE DA R,(p) — ikxo,)
oD By 7<Oel HB)eh R () — ikxos)
% 417 /7)7)2¢S — 43:7;7 Ceil+5—% )@eiszs(p)

Substituting equations denoted by stars in Eq (4.2.7) it will be
(2-m)6, = ~(Rulp)+ 24 Ry(p)) CeitHh-Fee

dp pdp

o‘

(d_sD_QX,lk. k,2 )Oei(l+2 %) zsz

o'

+k206i(l+§—7)g&eisz8( )_,L'U3( — (1—ikxg0)0€i(l+% %) zsz( )

1 o' a

20.3(;p ( Zk‘XgO)C@ +5—%) zsz( ) 1(1—mn)* Cfez(l-i- =% zsz( )

4n?p?
0 O'

_I_%Acvez‘(l—i—% % )e zsz( ) M_ACGi(H—% % )e zsz( )

0

+M 2)\2 20€z(l+ -%) eiszS(p>
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. U —_ )2 212 . o
(52_m2>062(l+% %) zsz( )_ [;l; Rs( ) plij( ) 1272;72) RS+M4/\ pQ]C«ez(l—&-% 7) ZszE
03 .
(zsélpn)_i_zs(l U)+ 2 o )Ce % 7)€zszS<p)

~ [skx S5 +sl77kx—ﬂé+k% )eCeltH= e R, (o)

(52 —m? —k* — S%Cs u)\)goCe (H3-% WR (p ) = [d_p2RS(p) + ﬁRS(ﬂ)

pdp
2

2)\2 3 l,j 1kz
—#st — 12 2R (p)]pCeilHi= T e R, (p)

(62— m? — K> — 52— AR, = —[j—;Rs@) riss(p) = 2 Ralp) = 255 p* Re(p)
[52 - m2 - k2 - S%Ags ;u)‘) dp2 + PITCL - 77§T - 4)\ pQ]Rs(p):O
Apendix I

At this moment, we make a change of variables,

T=10p K=
dr = pApdp
__ dr
* L R(p)=4i= Rs(p)=pA = R(7)

uAp

again late substitute the first term of Eq.(4.2.9)

dr = #2204y = 7% = WX g2

:%&dﬁﬂ
4“)‘po = dp? = QT/M
So,
2 2
* j—szs(P) = ;iz s(7)
2T
= 2uTx\d—22R(7')
2 2
* ,02:— 4>\ p — >\

Substituting equations denoted by stars in equations in Eq.(4.2.9)

2 2
2uTALS R(T) + pAL Ry(T) — f};ijs(T) — BT Rs)(T)
+(e2 = m? — k% — 5’%‘@ — uA\)Ry(7) =0
(T + L — S — D2UARL(7) + (5h5(2 — m? — k?) — s§ — L)2uAR,(7) = 0
Dividing both side by 2uA
T+ L+ (2 —m? = k?) — 5§ — L — & — 1R,(r) and thus Eq. (4.2.9)

becomes
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ke % + L+ (B - 474] 5= — 2)]R,(7) = 0 with the new parameter 3, given by
Bs = gx(e® —m® =k — 552 —
Apendix J
Substituting (4.2.14)

into Eq. (4.2.12 ), as the following
4 | o 2

* %RS( ) = 16 it o Fy(t)+ e 3rm 'Fy(r)+e 2T @ %FS(T)
* Tl Ro(r)] = [ (R(7))]
TRV < YN N <
=7[L(—Llemzr o Fy(1) + e 2r = 'Fy(r) +e 57 ~F(7))]
1 ‘i d 1‘C5’ -z '—— 1 M d
=T[ze7 2T " = — 5, € 2T Fy(7) e 27 7 = F (1)
Gs G
6. il e ’5;‘6—27%‘ 2 (r)
[ < =
tgpe 2 T L F(T) — gem T F(T)
o e y 4l ,
e 2T o (1) e 7 o = F(7)]
1,-I @-ﬁ- 'C’ ‘C‘ l.—% Mﬂd
=€ 2T = YFy( 22776 173 Fy(1) — tem2r = Fy(7)
J .l | .l
s S del ol S
<y <
tige e I g Fy(r) — g r T (1)
+‘§—;’6_2727%FS(7’)+6 27‘277 +1§2 s(7)
¢ -3 C—S‘— 1 'C‘H
* (Bs — 4nr_£)]RS(T):BsRS(T> € 2T Fy(t) — 3¢~ i CF(T)
Substituting all equations denominated by x it will be
Gs
te72 ’ ‘ Fy(1)— ’C‘e 27"2"‘]73(7') ze” 27'2"‘“‘1 Fy(1)— ’C‘e 372 FS(T>—|—
Gs Gs
’Cs‘ ‘C’e_w'?n_lFs T) + ‘277'6 o LF (1) — Le” 27"2n‘ A p ()
!c\ o, LSNPS < NN <
Plle—gr72m F(T)—l—e 37 2 =P (T)—5e” 7o FS(T)+—€ a7 2 F(T)+
\gs! - e

6_%7'7% s(7) + BsRs(T) — 4<2€ 2T 20 1F(7’) ie 2 277+1F(7')—O



] \ci e
= e IT % Tdd F 1)+ (2 e 27 2n LeIT I —e a7 T T)d—Fs(T)
Gs
+(Bse™ T —2‘;‘6 27'277‘ —|—‘§s‘e T 2n_ ‘('6 QTW_
T < M= N
4

Dividing both side by e”27 21 it becomes
<l g

<y (L AR T SR M S DY O

T
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