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ABSTRACT

The complete set of this paper focuses on k-shortest path problem and algorithms which
solve k-shortest path in a grah= (V, E) whereV is set ofn nodes ané& is set ofm arcs.
and | have discussed how to compute the first, second, third, k' shortest path (in order)

from the source node to every other nodes by using labeling algorithm which is label setting and
label correcting algorithm and path removing algorithm in a given network.



ACKNOWLEDGEMENT

First and foremost, it is my pleasure to express my heart-felt appreciation and special
gratitude to my advisor Dr. Berhanu Guta for his patience in repeatedly reading the draft
manuscript of this project and for making constructive comments and suggestions from which |
have immeasurably benefited in sharpening my understanding, predominantly, on the area |
study.

Secondly, | would like to extend grateful acknowledgement to my family who support me
all the time.

Last but not least, | am also indebted for my friends and to all those who helped me one

way or another for the accomplishment of my study.

Tsegay Brhane
tsegay.ab@gmail.com

A.A.U.
2011



Table of content

Title page
INETOAUCTION ...ttt aesaenenenes 1
CHAPTER ONE
1 PRELIMINARY CON CEPT ...ttt ettt ettt e e e et e e e e e eet e e eeaneeanaaeees 2
1.1 BASIC AefINITIONS. ...t e e e e e e e eeeeas 2
1.2 Shortest path ProbIEM .........o i 4
1.3 Algorithms solving Shortest paths.............oooviiiiiiiiiiiieee e 5
1.3.1 Dijakstra’s algorithm ... 6
1.3.2 Bellman ford algorithm ... 12
CHAPTER TWO
2RANKED K- SHORT EST PATH S ..ttt e e e e e 19
2.1 Algorithms solving k-shortest paths ... 19
2.1.1 Labeling algorithm ..o s 20
2.1.1.1 Label setting algorithm for k-shortest paths .................... 20
2.1.1.2 Label correcting algorithm............cooiiiiiiiiiiiiiieeeee e 53
61

2.1.2 path Removing algorithm
B REFERENCE . ... it et e et e e et et e e et et ettt e e et e et a e 65



Glossary of symbols and notations

distance value of node
length ( cost) of argi , | ).
set of distance value of noge
r'" distance value of nodg.
r'™ shortest path from node 1 to nogle

length of pathp.
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Introduction

The shortest path problem is one of the most fundamental network optimization
problems; this problem comes up in practice and arises as sub problem in many network
optimization problems. Algorithm for this problem have been studied for long time,
however advances in the method and theory of shortest path algorithm are still being
made. k-shortest path problem is advanced and long studied generalization of the shortest
path problem in which the objective of k-shortest path problem is not only to find the first
shortest path as shortest path problem but also to find the second , third k™ - ,
shortest path (in order) from the source node to every other nodes in the network. The
first work on k-shortest paths appeared in 1959, more or less at the same time with the
first papers on the shortest path problem ,the resulting problem khdn, have been
published. Since then shortest path problem has merited much more attention from the
researcher than k-shortest path problem because k-shortest path problem manipulate great
amount of data. However with the development of computer and data structures there has
been an increasing interest from the researcher on k-shortest path problem, as larger
problem resulting from real world application.

This paper contains two chapters. The first Chapter devoted some basic ideas of
network system, shortest path problem and algorithm solving shortest path problem such
as Dijakstra’s and bellman ford algorithm. Moreover the shortest path problems with
their solution methodology are discussed. And the second Chapter gives a briefly
description of the k shortest path and algorithm solving k shortest paths such as labeling
algorithm (label setting and label correcting algorithm) and path removing algorithm with

their examples.
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CHAPTER ONE
1 PRELIMINARY CONCEPT

1.1 Basic definitions

In this section we introduce some of the basic definitions relating to network, graph and

related notions.

Network:
A triple (V,E,C) is said to be network i6 = (V,E) is directed graph without
directed cycle and passes exactly one source and at least one sink.

The elements oY are called nodes or vertices.

The elements ok are called arc or edge.

Directed graph:
A graphG = (V,E) consists of a sé¢ of nodes and a sé of pairs of
distinct nodes fronV called arcs. The numbers of nodes and arcs are denoted by
N andA, and it is assume throughout that N < o and 0< A < co. An arc (i, j)
is viewed as an ordered pair, and is to be distinguished from thgj,pirlf
(i, j) is an arc, we say thdt, j) is outgoing from nodé and incoming to nodg
; we also say thaj is an outward neighbor af and thati is an inward neighbor
of j . We say that ardj, j) is incident toi and toj, and thati is the start node
and j is the end node of the arc. We also say thahd | are the end nodes of
arc(i, j).
Undirected graph: where an arc is associated with a pair of nodgardtess of order.
Source (initial) node: is anode which has only outgoing arrows or edges.
Terminal (sink) node: is anode which has only incoming arrows or edges.
Intermediate node is anode which has both incoming and outgoingvesr@dges).

Path: a path p in a directed graph is a sequence on ndges,,....v,) with k22 a

corresponding sequence ok —1 arcs such that the" arc in the sequence is either
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(Vi ,Vm) (in such case it is called a forward arc of path iVQ-E'Vi) (in which case it is

called a back ward arc of the path ) nodfesind v, are called the starting node (origin)
and the end node (destination ) Bfrespectively.

Forward path: a path is said to be a forward path if all of its arcs are forward arc.
Backward path: a path is said to be a backward path if all of its arcs are backward arc
Cycle: is a path for which the starting and end nodes are the same.

Cyclic network: is a network consisting of directed cycle.

A cyclic network: is a network without any directed cycle.

Connected network a network is said to be connected if for each pair of noded |
there is a path starting atand ending af .

Tree: - is a connected partial sub network that contain no cycle

Strongly connected network:a network is said to be strongly connected if for each pair

of nodei and j there is a forward path starting atand ending af .
Sub graph: we say that a grafh = 6/ E') is a sub path of a graph = (v, E) if
V' OV andE OE.

Weighted graph: is a graph in which each edge has an associatadriaal value.
Edge weight may represent distance, cost, time etc.
Complexity of an algorithm; - is the number of computational steps taken by an

algorithm to solve a particular type of model fif, represents the size of our model we
wish to know the maximum number of operations needed to solve it as a fufftibn
then we can be shore that for any instance of a model ohsike computational steps

will not be greater tharf (n)).
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1.2 Shortest path problem

The shortest path problem is a classical and important combinatorial problem that

arises in many contexts .we are given a weighed gfapfr(V,E) with a node seV ,

edge setE and weight seC .each arc(i, j)D E has a cost or “lengthC; associated
with it. We are also given a starting nod&1V and terminal nodéJV .The length of a
path P:(Vl}/z,...,\/k_l,vk) is the sum of the arcs length in the pélﬂ) and it will be

>C.

denoted byl (P) sol(P)=
(ii)op

A path is said to be shortest path if it has minimum length over all paths with the
same origin and destination node. iR.said to be a shortest path over all paths with the
same source and destination nodeff R such thatl (P*)sl(q) OgOR whereR is
set of paths with the same source and destination node .the length of the shortest path is
also called the shortest distance.

Types of shortest path problem
Single —source (one-to-all) shortest path
Find shortest path from source n&l® every other nodes.

Single —destination (all-to-one) shortest path

Find shortest path from every node to destination iadethe network.
Single —pair (one-to-one) shortest path

Find shortest path from specific nodé¢o specific node.
All-pair shortest path

Find shortest path between every pair of nodes.
Note

Since there is no algorithm is known for computagingle pair shortest path
better than solving single source shortest path problem and also all pair shortest path con

be solving by running single source shortest q)aktimes .we will focus on single source

shortest path problem.
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Shortest path property
Property 1: a sub path of a shortest path is itself a shortest path.
Property 2: there is a tree of shortest path from a start vertex to all other vertices.
Lemma: shortest path can't contain cycles.
1.3 Algorithms solving shortest paths
In this section we develop abroad class of shortest path algorithms for single

source (one —to-all) shortest path problem. Those algorithms maintain and adjust a vector

(d, d,,...d,) where eachd; called the distance value of nogeis either a scalar o

.those broad class of shortest path algorithms classified in to two broad categories based
on how they select the node to be removed from the candidate list of nodes. Those are

» Label setting algorithm

» Label correcting algorithm

A, Label setting algorithm
In this algorithm the nodé removed from the candidate list is anode
with minimum distance value under the assumption that all arc length are non

negative(Cij > O).this algorithm has a remarkable property: each node will enter

in to candidate list at most once, as we will show shortly its distance value has its
permanent or final value at the first time it removed from the candidate list .the
most time consuming part of this algorithm is calculating the minimum distance
value associated to each nodes of candidate list.

B, Label correcting algorithm

In this section the choice of a noddo remove from the candidate list is

the same as label setting algorithm however anode may enter to candidate list
multiple times and distance value of anode become permanent if the candidate list
of nodes is empty. But if we use FIFO queue of label the choice of node
removed from the candidate list is if anodés the first element of the candidate

list.
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Both group of algorithm employ the labeling method in computing one-to-all
shortest path problem.

Those two groups of algorithm differ in the way in which they update the estimate
of the shortest path distance associate with each node of each iteration and the way in
which they converge of the final optimal one-to-all shortest path.

In label setting algorithm the final optimal shortest path distance from the source
node to the destination node determined once the destination node remove from the
candidate list .while in label correcting algorithm the final optimal shortest path distance
from the source node to destination node is determined when the candidate list of node is
empty.

Whereas Dijakstra’s algorithm is representative of label setting algorithm and

Bellman ford algorithm is representative of label correcting algorithm.

1.3.1 Dijakstra’s algorithm
Dijakstra’s algorithm is one of the most important algorithms from the group of
label setting algorithm and it solves the single source shortest path problem (find the
shortest path from the source no&to all other nodes) on weighted directed graph

G= (V, E) for the case in which all edge weights are non negative.

If there is an edges with negative weight the actual shortest path cannot obtained
by using Dijakstra’s algorithm because Dijakstra’s algorithm adds vertices by increasing
its distance value but if there is a negative weighted edge the distance value of a vertices

cannot increase its value.
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Algorithm description step by step

Step 1, Initialization

» Assign the zero distance value to n&jend label it as permanent.

l.e. [The state of nods is(0, p) ]
» Assign to every other node a distance valueocdnd label them as
temporary.
l.e.  [The state of every other nfdg )}

» Designate the nod8 as the current node.

» Candidate list of node =3}
Step 2, Distance value update & current node desigtian update

Leti be the index of the current node
» Find the set J of nodes with temporary label tlaat loe reached from the

current node by a link (i, j) .update the distance value of these nodes. for
each j0J the distance valud, of node j is update as follows

New d; = min{dj .d +Cij}
Where C; is the cost of link(i, j) as given in the network problem

» Candidate list of node (L)={S}u{J}

> Determine a nodgl that has the smallest distance vablie among all
node j 03 find | suchthatMin d; =d .

> Change the label of nodg to permanent and designate this node as the

current node. and removi from the candidate list of node

Step 3, termination criteria
» If all nodes that can be reached from ndflehave been permanently
labeled then stop .we are done
> If we can not reach any temporary labeled node fitwrcurrent node then
all the temporary labels become permanent .we are done .otherwise go to

step 2
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Algorithm
Step 1: Initialization
begin
d, =0 andpred (s)=0;
d; =« for each nodg¢ # s ;
LIST ={s};
Step 2: Main step
While LIST # O do
begin
Remove the node which has minimum associated distance value from LIST;
for each aréi . )D A(i) do
if d; >d +c then
begin
d, =d,+c, ; pred (j)=i;
if j OLIST then appendj to the end of LIST;
end;
end;

end;
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Example 1
We want to find the shortest path frorode 1 to all other nodes usingijakstra’s

algorithm

Solution

Step 1 Initialization
. : 9 Imi]

» Node 1 is designated as the curi 14 \@

11

2
Node / . #]

9

Prl (1)
> The state of node 1(0, p). A1 ()

\ 10 / [u;, q
7

> Evert other node has stz (co, t)

[ex.4]

Step 2 Dstance value update & current node designatic
» Node 2,3and 6 can be react (4.4

from thecurrent node : '[:H

> Update distance value for thc /I\?}\Q‘ .1
14 T

nodes “@"\\e
d, =minfo 0+ 7}=7 - \“ 4) fod
d, =min{w 0+ 9 =9 l
: ‘,//1://

d, = minfeo O+ 14 =14
» Candidate list of noc(L) = {2,3,6}
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» Now among all elements df node 2 has the smallest distance value
> The status label of node 2 changes to permanent. So its sfaI@]iswhile the

status of node 3 and 6 remains temporary.

> Node 2 become the current node and remove it from
Step 3, Termination criteria
» We are not done .because all nodes have not begmete&om the source node 1.

So we perform other iteration (back to step 2)

Another implementation of step 2

» Node 3and 4 can be reached /?}-\
9
from the current node 2. » /'(‘“:r’ Hm(,l“g‘l
- 5
> Update distance value for those \/// § —NE
P e e,
nodes fo.p1{ * ) = 3\; T w4 ) e
u& - oY
d, = mif97+1¢ =9 RSN o
‘\\ 1 /_____,..-—-’ 15
d, = mifeo 7+ 13 =22 Ty
==
[7.0]

» Candidate list of nodg) = {3,6,4}
Now among all elements df node 3 has the smallest distance value
» The status label of node 3 changes to permanerits State is[9, p| while the

status of node 4 remains temporary.
> Node 3 becomes the current node and remove itlfrom

Step 3, Termination criteria

» We are not done .because all nodes have not begrmete&om the source node 1.

So we perform other iteration (back to step 2)

10
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Another implementation of step 2

> Node 6 and 4 can be reached
from the current node 3.

» Update distance value for those

nodes forl (2
d, = mif229+13=20
d, = mif149+ 3 =11

» Candidate list of nodg) = {6,4}
Now among all elements df node 6 has the smallest distance value

» The status label of node 6 changes to permanerits State is[ll p] while the
status of node 4 remains temporary.

» Node 6 becomes the current node and remove itlfrom

Step 3, Termination criteria

» We are not done .because all nodes have not bedmerttom the source node 1.

So we perform other iteration (back to step 2)

Another implementation of step 2

24T e
> Node 5 can be reached AT 2o
6
from the current node 6. 14/"( )\gx.\“ :’“‘1
2
> Update distance value for those N/ '\GH
) S_ . ) .
nodes o<1 (‘\:\ "\ B /Q pove
d. = mnﬁoo ,11+q:20 \7\ * g’?ﬂ { [20‘p]
b

» Now node 5 is the only candidate so its status admat@permanent.
» Node 5 becomes the current node.
» From node 5 we cannot reach any other node .hende #Aogets permanent

labeled and we are done

11
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1.3.2 Bellman ford algorithm

The bellman ford algorithm is an efficient algorithm to solve single source shortest path
problem in the more general case in which edge weight can be negative. Given a
weighted graphG = (V,E).with source nodeSand weight functionW:E - R.the
bellman ford algorithm returns a Boolean value indicating whether or not there is a
negative weight cycle reachable from the source node.
If there is such cycle the algorithm indicates that no solution exists if there is no
such cycle the algorithm produces paths and their weight.
Algorithm description step by step
Step 1, Initialization
» Assign the zero distance value to n&dend label it as permanent.
l.e. [The state of nods is(0, p)]
» Assign to every other node a distance valueccdnd label them as
temporary.
l.e. [The state of every other nfdg )}
» Designate the nod8 as the current node.
» Candidate list of node =3}
Step 2, Distance value update & current node desigtian update
Leti be the index of the current node
» find the set J of nodes with temporary label tlaat be reached from the

current node by a link (i, j) .update the distance value of these nodes. for

each jJJ the distance valud, of node j is update as follows
New d, = min{d,,d, +C, |
WhereC; is the cost of linki, j) as given in the network problem

» Candidate list of node (L)={S}u{J}

> Determine a nodg that has the smallest distance vatljeamong all

node j0J .find j* such that ”J‘érl_‘ d, =d .

12
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> Designate the nod¢™ as the current node. and remoyedrom the

candidate list of node
Step 3, termination criteria
» If candidate list of node becomes empty then all the temporary labels

become permanent. then Stop because we are done otherwise go to step 2

Remark
Bellman ford algorithm is the same as Dijakstra’s algorithm while in bellman ford
algorithm one node can enter in to list of nodes more than once .but if we use FIFO queue
of label its algorithm is stated us follow.
Algorithm;
Step 1: Initialization
begin
d, =0 andpred (s)=0;
d; = for each nodg¢ # s ;
LIST ={s};
Step 2: Main step
While LIST # O do
begin
Remove the first element from LIST;
for each aréi . )D A(i) do
if d; >d +c then
begin
d, =d,+c, ; pred (j)=i;
if j OLIST then appendj to the end of LIST;
end;
end;

end;

13
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Example 2

We want to find the shortest path from the source node to all other nodes using bellman

ford algorithm

Initialization step one

[, 1]
* Node one is designated as the current node ") 'Qfl
« The state of node one s, p] 1\\[m,r] N
[0,2]1(1) /1\44 ) 2 /\f;\z)[m, t]
« Ever other node has stafe,t] - 4 ~Z
AN \?’Zs“)//3
« Listof node ={ 1 } 3 4 2
[oo, 2] [o0,2]
Step 2
+ Node 2, 3 and 4 can be reached from the current hode
+ Update the distance value for those nodes [3,t] [o0.1]
) el
d, = min{w ,0+3=3 C 5
_ / v\\[e,t] =
dy = minfe0 04323 oyt T2 e
4
d, = min{ o ,0+ 6} =6 E\@/ :("6“)/ g
Z a _
[3.4] [ee, £]

14
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% List of nodd(L) = {2, 3, 4}
+ Now among all elements df node 2 and 3 have the smallest distance value
+ Node 2 become the current node and removes it from list of nodes
Step 3
> We are not done .because all nodes have not been reached from the source node 1
and list of node is not empty.
So we perform other iteration (back to step 2)
Another implementation of step 2
+ Node 5 and 4 can be reached from the current node 2
% Update the distance value for those nodes [3.t] [5,1]
d; = min{ o ,3+ =5 /3/' : N ‘-5/1\\3
6 \;/:T\ 2 \("‘) [oo,2]
™~ SN
3\®—4(m/ 3

3] [ix,1]

d, = min{ w ,3+1=4 [0,p] (1}

% Listof nodes  3,4,5}
+«» Now among all element of list of nodes node 3 hassthallest distance value
+ Node 3 becomes the current node and remove it finentist of nodes
Step 3
» We are not done .because all nodes have not beemere&om the source node 1
and list of node is not empty.

So we perform other iteration (back to step 2)

Another implementation of step 2
«» Node 4 can be reached from the current node 3

¢ Update the distance value for those nodes

d, = min{ 4,3+ 4=4 KH—/V' )'\
’ ™

15
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% List of nodes 5{ 4,5}
+ Now among all element of list of nodes node 4 hassthallest distance value.
+ Node 4 becomes the current node and remove it fnertist of nodes.
Step 3
» We are not done .because all nodes have not beemege&om the source node 1
and list of node is not empty.
So we perform other iteration (back to step 2)
Another implementation of step 2
+ Node 6 can be reached from the current node 4.

¢ Update the distance value of node 6

r—2 (s
d, = min{ © ,2+ 4 =6 /3/M\1\ [4,t] Nl\&
IO 2T e
\F/ Ty A
% List of nodes 5 5,6} 3. [6.1]

+«» Now among all element of list of nodes node 5 hassthallest distance value.
+ Node 5 becomes the current node and remove it fnentist of nodes.
Step 3
» We are not done .because all nodes have not beemee&om the source node 1
and list of node is not empty.
So we perform other iteration (back to step 2)
Another implementation of step 2
% Node 4 can be reached from the current node 5.

¢ Update the distance value of node 4
[3.t] (5.4
2

2
3/ 3

d,=min{ 4,5+3=4 - T\[4t] S~

[up](d
\
"\/'\—/ rﬁ)/

% Listof nodes 5 6,4} 3. [6.1]

’.7)[0”]

16
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+«» Now among all element of list of nodes node 4 has the smallest distance value.
+ Node 6 becomes the current node because we are work with node 4 as a current
node and remove node 4 and 6 from the list of nodes.
Step 3
» We are not done .because all nodes have not been reached from the source node 1
and list of node is not empty.
So we perform other iteration (back to step 2)
Another implementation of step 2

< Node 3 and 7 can be reached from the current node 6.

¢ Update the distance value of those nodes [3,t] [5.]
Gy—2 s
3
d, = min{ 3,6-4=2 I [4.4]
[0,p](1) 5 0}~ 2779,
d, = min{ 3,6+3=9 "\ 4 2 —
3 3
3 3 . (6
% List of nodes 5 3,7} 2] [6.1]

+«» Now among all element of list of nodes node 3 hassthallest distance value.
+ Node 3 becomes the current node and remove it fnentist of nodes.
Step 3
» We are not done .because all nodes have not beemegef&om the source node 1
and list of node is not empty.

So we perform other iteration (back to step 2)
Another implementation of step 2

< Node 4 can be reached from the current node 3.
+« Update the distance value of node 4 [3.t] [5.4

[0 (2 ) e 2 77)9.]
d,= min{ 4,2+4=4 4 \,
3 3
3 ¥ ) { 6

17
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% Listof nodes 5 7,4}
+ Now among all element of list of nodes node 4 hassthallest distance value.
+« Node 7 becomes the current node because we arepneviously with node 4 as
a current node and remove node 4 and 7 from the list of nodes.
Step 3
» We are not done .because all nodes have not beemeef&om the source node 1
and list of node is not empty.
So we perform other iteration (back to step 2)
Another implementation of step 2
% Node 4 and 5 can be reached from the current node 7.

% Update the distance value of those nodes [3:t] [5.1]

3

d, = min{ 4,9-2=4 .01 6
d, = min{ 5,9+3 =5

% Listof nodes 5 4,5} 2] _ 6.

¢ Since the distance value of node 5 and 4 are nanggd and we are work
previously with node 4 and 5 as current node associated with the distance values 4
and 5 respectively those node can’'t chose as a current node therefore remove
those nodes from the list of nodes.

Step 3
Stop because we are done

18
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CHAPTER TWO

2. RANKED K- SHORTEST PATHS

k-shortest path problem is a natural and long studied generalization of the shortest

path problem in which the objective of k-shortest path problem is not only to find the first
shortest path as shortest path problem but also to find the second , thirk!shortest

path (in order) from the source node to every other nodes in the network. Whefe each
should have cost greater or equal tRgnfor 1<i <k and the remain path between the
source node and the destination node should have cost at least gguélecare given a
weighted network(V,E,C) with node seéf, edge set E and the weight seC
specifying weight C; for the edges(i, j)D E , we are also given a starting no8élV

and terminal node1V .
To determine the set of ranked k-shortest paths, we select first a desired integer

k >1.then starting from node 1, step by step; we find a set of ranked k-shortest paths
p; ,p?,....p{to each nodejin the network. Her@!,r=1,2,...,k refers to ther®
shortest path from node 1 to a ngdeln general, to each nod¢we will assign
appropriately a k-vector of distance lata{j)=(d (3 ,d,(2,. .., d,(k)) where r"
component labeld (r)=1(p!) andd,()<d (2)< ...<d,(k). To produce this, our

procedure is essentially stated in the following algorithms as follow.

2.1 Algorithms solving k-shortest paths
There are many algorithms which solves k-shortetstsparoblem those algorithm
can be studied based on their complexity and detailed description. In this paper we deal
on the details of those algorithms rather than on their complexity.
In order to find k-shortest path it is important for the algorithm to choose different

route throughout the network .This can be done by labeling node and edge or by

19
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removing node and edge .Based on labeling node and edge or removing node and edge
we classify those algorithm which solves k-shortest path problem in to two class
» The first class is labeling algorithm and
» The second class is path removing (deviation) algorithm.
2.1.1 Labeling algorithm
These algorithms behave much like classical labeling algorithm for shortest path
problem. The difference is that labeling algorithm for k-shortest path problem keeps a list
of label at each node while labeling algorithm for shortest path problem keeps only one
label at each node.
There are two subclass of labeling algorithm namely
» Label setting algorithm and
» Label correcting algorithm
2.1.1.1 Label setting algorithm for k-shortest paths
Label setting algorithm keeps a list of labels at each node and the length of the
list is K in each iteration the label with the lowest associated distance value (cost) in the
network is chosen although there are many label at each node and this label update other
label list such a label is treated as permanent label as in Dijakstra’s algorithm. This
implies that the k-shortest paths are ranked in order. Making a label at pedsanent
identifies the next shortest path this algorithm precedes until there is no more update and
the destination labels permanenklytimes.
Algorithm description step by step
Step 1, Initialization
» Assign zero distance value to noBeand predecessor node 8is zero
i.e. d(s)=0 , pred(s)=0 and [ The label of nodeS is[S,{1),0] and
label it permanently ]

> Assign to every other node a distance valueoofk -times and label them
as temporary.

» List of nodes with their predecessor nfdgd = {[ S ,d1),0]}

> Designate the nod& as the current node arfds ,(1),0] as current

label
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Step 2, Distance value update (list) and current node designate update
Let i be the index of current node .
» Remove the current label from the list of nodes with their predecessor
node.
» Select the set of nodek that can be reached for the current nodsy a

link (i, j) which doesn’t make cyclic path and update (list) the distance
value of those nodes. For eaghilJ ther™ distance value of node
(d,(r))is update(list) as follows

d;(r)=d/(r)+c, . pred(j(r)=i(r,)
Where C; is the cost of Iink(i, j) as given in the network problem and

r=1,2,3,...,k.
» Order and list associated distance values of eashesit of J ’k - times

in increasing order

ie. for each jOJ  d(j)={d,(9.d,(9 . ..., d,k) }where
d(3=<d,(9<,...,<d,(k)
> List of nodes with their predecessor nfidg = old L, U {[ reachable

nodes from the current node by a link (i, j).i.e. J, predecessor node

of nodeJ with its order, associated distance value of reachable nodes
with their orders]}

> Determine a nodg that has the smallest distance valqér) among all
nodes.

Findj" such thatrJnDirE d, (r)=d . ©)

Letpred (j" (@)= i(-)

» Change the label of nod§ with the distance valud . () to permanent

and label nodej” with other distance value to temporary and designate
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node j with the distance valud . (0 as a current node and designate the

label | i ,i (o), d (D] asacurrent label.

Step 3, Termination criteria
» If list of nodes with their predecessor node is not empty go to step 2.

> If list of nodes with their predecessor node is empty then

forj=1ton
forr=1tok
ST AN N TN
where predj(n))=i,(-) . pred(i,())=i (=) .. .., pred((]))=1
'(pjr)zdj (r)
end;
ed;
STOP

Remark
This algorithm check’s whether the paths are cyclic or not for cyclic directed

graph and undirected graph while it does not check for acyclic directed graph
Algorithm

Step 1: Initialization
begin

d (1) =0 andpred (s (1) =0;

foreach nodegj # <
for =1to k
d(r)=e;
end:

end:
oldd, (r)=d,(r)

Lst={ [s,0(1),d,@)] };
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Step 2: Main step
Remove a label with minimum associated distance value from the LIST;
Current node = node associated with the above removed label.

Lét= current node and is order ofi

for each ar€i, j JOA(i) do

it py =Ly, i, has no repeated node where
pred(j)=i(r,) , pred(i(r,)=i,(c). . . ., pred(, (+))=1 then
dj (r) =d (rl) *t G , pred ( j(r)):i (rl)
for gq=1to k

if d(r)<oldd,(q) then

if r=1 then
for= r+1to k do
d (r) =oldd, (p-1)
end for;
end if ;
if =k then
far=1to r-1do
d, (r) =old d, (p)
end for;
end if ;
f<r <k then
for=1to r-1do
d (r) =oldd, (p)
end for,
for= r+1to k do
d, (r) =oldd, (p-1)
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end for;

end if ;
d(i)=(d;(3.4,(2 ..., d; (k))
ifold d, (k) Od (j) then
remove label which contain a distance vatle d; (k) froma LIST;
end if;
end if;
break

else > k end else;
end for;
it rO0{ 1,2,.. .,k } then
appendlj ,i (), d, (r) | to the end of LIST;
end if ;
end for,
end if;
Step 3 : Termination criteria
if LIST # ¢ then go to step 2;
if LIST = ¢ then
forj=1ton
for=1to k

pi =1, .i,, ... ,ig,i, ] where

pred(j (r))=i(r) , pred(i(r.))=i,(), . . .. pred(i (-))=1;
end for;

end for;
STOP
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Example 3for acyclic directed graph
We want to find ranked 3- shortest paths from the source node to all other nodes using

label setting algorithm.

Solution
Step 1
» Node 1 with predecessory node zero and associated distance value zero is
designated as the current node .
i.e.[ 1,q1),0] is the current node

> List of nodes with their predecessor node)= {[ 1,d1),0]}

Step 2
> Remove the label which has smallest associate distaalue from the list of

nodes with their predecessor node and find nodes that are reachable from the
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current node. l.e[101)0] is removed from the list of nodes with their

predecessor node and node 2 and 3 are reachable nodes from the current node 1.
» Update the distance value of those nodes

dy(r)=d(}+Cp,= & & 4 r=1, pred(q1)= 1)
dy(r)=d,(}+Cyp= 0222 r=1, pred(3(1))=1()
d(3={ d,(9,--}={4,-.-}
d(3={ () .-.-}={2,-,-}
» Add the above nodes with their predecessor nodehwhkithe current node and

their associated distance value at the end of list of nodes with their predecessor
node.

« L ={[ 24} .4[319.2]}
» Designate the label which has small associatedndistealue from all elements of
list of nodes with their predecessor node us a current label and the node associate
with this label us current node.

* le. Iabel[ 3,1(1) ,2] is the current label and node 3 is current node.

NS

4000000{

(=) ("
/ \*A\s\ p :
—— I N P
it 7
pE=jo 2

Step 3
» We are not done because list of nodes with thetdtqmessor node is not empty so
then go to step 2.
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Another implementation of step 2
> Remove[ 3,1(]),2] from the list of nodes with their predecessor node.

> Node 4 and 6 are reachable nodes from node 3.

» Update the distance value of those nodes
do(r)=d,(+Ce= 2 =9 r=1 , pred(6(d)
d,(r)=d,(+Cy,= 2 F5 r=1, pred(4(2)
d(4={ d,(3 -.-}={5.-.-}

d(9={ di( -.-}={9.-.-}

> Lo={[ 2 .4] 4.4} 9[6.301.9]}

> Label[ 2,1(1),4] is current label and node 2 is current node.

1 I

w w
—~
= =

1 - - / 5
2 3
— / 7l 0 o @ »
3 -.l?/(:\
7 \,
1| - 3
3 / © © 6] 9| « ©
1 - 1

Step 3
We are not done because list of hodes with thedgmessor node is not empty.

then go to step 2.

Another implementation of step 2
» Remove| 2,1(1),4] from the list of nodes with their predecessor node.

> Node 4 and 5 are reachable nodes from the currelet 20

» Update the distance value of those nodes.
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d,(r)=d,(+C,,= 4 48 r=2, pred(4(2)=2()
di(r)=d,(J+Cps= 4 13 r=1 , pred(5(1)=2()
{

)

)
d(3 d.(3.-}={5.8.-} = pred(4(1)=30)
ds(3

> L={[ 4Q15[ 601.9[ 44).9[520.13]}

> Label[ 4,3(1),5] is current label and node 4 is current node.

1 -- - 2 |- -
2| 4> | = 5/ 13 |» |
O i 1|17~
/;\ 9 ={: 5
_/\4 1 ,
S
312 |y Y
p=loqiliE=z)0 o
— /\_Xf\)/‘_‘
/\/3 '
7| o | o ©
3 » 6
\_/’.‘ 7 k\_,_/
1|~ 3
/ o0 [e’s} 6 9| s}
1|~ 1

Step 3
We are not done because list of nodes with thedgmessor node is not empty.
then go to step 2.

Another implementation of step 2
» Remove| 4,3(1),5] from the list of nodes with their predecessor node.

> Node 5 and 6 are reachable nodes from the currelet 40

» Update the distance value of those nodes.
d(r)=d,(+C,s= 5 E 6 r=1, pred(5(1))=4(1)
dg(r)=d,(+Cs= 3 510 r=2 , pred(6(2)=4()
d($={ di(} d5(9 -}={6.13,-} = pred(5(2)=4()
d(8={ d(} ds(3 -}={ 9.10,-}
> L={[ dp1l9.4(31]s[. 5.0)1 13[ 5.4).6[ 6.4 .10]

> Label| 5,4(1),6] is current label and node 4 is current node.

r
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1 4|2
2| 4w | 5| 6 |13] =
1 1|1

PN

Step 3
We are not done because list of nodes with their predecessor node is not empty.

then go to step 2.
Another implementation of step 2

» Remove| 5,4(1),6] from the list of nodes with their predecessor node.

> Node 7 is reachable node from the current node 5.

» Update the distance value of node 7.

d,(r)=dy( }+C;,= 639 r=1 , pred(7(1)=50)
d(9={ d,(9 .-.-}={9.-.-}
> L={[ &p1]9.4(31]s[ 5.1 1B 6.4).10 [75().9]

Label[ 4,2(1),8] is current label and node 4 is current node

1 - 412
2| a0 | 5 6|13 »
1 - 1 1

] () T S ()
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Step 3
We are not done because list of nodes with their predecessor node is not empty.
then go to step 2.
Another implementation of step 2
> Remove[ 4,2(1) ,8] from the list of nodes with their predecessor node.

> Node 5 and 6 are reachable nodes from the currelat 40

» Update the distance value of those nodes.

dy(r)=d,( 2+Cs= 8 E9 r=2 , pred(5(2)=4(2)
dg(r)=d,( B+rC,e= 8 513 r=3 , pred(6(3)=4(2)
d(F=1 ds( ) .ds (2 ds(3 ={ 6,9,13} = pred(5(3)=2(1)
d( B={ do( 1 ds( 2 d5(3}={ 9.10,13}

(1 e(31)o] 501 ap[ 6.4)x.1d [75().9]
~ b {[ 5,43,9].[6, 4(3 13 }

Label [ 6,3(1),9] is current label and node 6 is current node

=d
=d

6| 9|10 13

Step 3

We are not done because list of nodes with thedgmessor node is not empty.
then go to step 2.
Another implementation of step 2

» Remove| 6,3(1),9 ]from the list of nodes with their predecessor node.
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A\

A\

Node 7 is reachable node from the current node 6.

Update the distance value of node 7.
d,(r)=d(J+Cs, = & £10 r=2, pred(7())=6(1)
d(¥={ d,(} d,(3 -}={ 9.10,-}

le{ [ 5(31.43[, 6.6)1.19 [ 74} .9 {5,4(2).9]}
[ 6.4% .13 7.6( .10

> Label[ 5,4(2),9] is current label and node 5 is current node
1 - - 4 4 2
2| a7 | o 5 6|9 |13
N 1|21
— . =
A Y
/4/ \i“-\ 1,/}_/ 2
@ =siod ()
e | —
\ 111 /\_/\5 5
N 3 - 7 10 | =
1 - 3 4 4
37| » | » 6 9|10] 13
1 1( 1 2

Step 3
We are not done because list of nodes with thedgmessor node is not empty.

then go to step 2.

Another implementation of step 2

>

>
>

Remove| 5,4(2),9] from the list of nodes with their predecessor node.

Node 7 is reachable node from the current node 5.

Update the distance value of node 7.
d?(r):d5( )Z+C57: g %12 r=3, pred(7(3)):5(2)
d( y={ d,(pd,(24,(3}={ 09,2012}

L= { [ dp1ds, 6rap [ 7.60.9 [ 6,4(2),@}
[ 7.63.1d.[7.5(3 .12]

Label [ 7,5(1),9] is current label and node 7 is current node since there is no

node reachable from node 7 we remove this label from list of node with their
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predecessor node and lapd, 4(1) ,10] is current label and node 6 is current

node.

([ s@1aBL e.41.ad [ 64213,
7 hT {[ 7,63 .14 [7, 5(3 12] }

Step 3
We are not done because list of hodes with thedgmessor node is not empty.
then go to step 2.
Another implementation of step 2
> Remove| 6,4(1),10]from the list of nodes with their predecessor node.
> Node 7 is reachable node from the current node 6.
» Update the distance value of node 7.
d,(r)=ds( BrC,,= 18 E11 r=3, pred(7(3)=6(2)
d(y={ d,(pd,(20,(3}={ 9.1011}
L={[ s21.43. 6f4)2 43 7.6} 19.[ 7.6(2 11]}
> Label[ 7,6(1),10] and [ 7,6(2 ,11] are current labels respectively and node
7 is current node since there is no node reachable from node 7 all labels of node 7
becomes permanent so we remove those labels from list of node with their

predecessor node and Iab@,4(2) ,13] is current label and node 6 is current

node.
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» List of nodes with their predecessor nodd =[ 5,21 ,13 [ 6,4(2,13 }

1 4 ]al2
2|4 w | o 56913
1 1(2|1

Cr——
P TN
S \‘/‘ﬂ\/\ -
@ ) 1/;-( - (\j)\/_\ /)l‘\‘]
~ 1~ 5 5|6 |6
\/‘“\1/3 /f//i 7|9 P%d
) —T=

— 7 e 1|1 ]2
1 34| 4

7| o | » 6| ¢ 10| 13

1 111 2

Step 3

We are not done because list of nhodes with thedgmessor node is not empty.
then go to step 2.

Another implementation of step 2
> Remove[ 6,4(2 ,13] from the list of nodes with their predecessor node.

> Node 7 is reachable node from the current node 6.

» Update the distance value of node 7.
d,(r)=d,(3+C,, =13+ 1=14 r>3
d(F={ d,(Le,(2d,(3}={ 92011}
> L ={[529.13]}

> Label[ 5,2(1),13] is current label and node 5 is current node.

1 [ -1~ ala]2
2| o | w 56 9|13
I 1|21
m 9 =.k5

4
3|2

:
=0 ‘B
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Step 3
We are not done because list of nodes with their predecessor node is not empty.

then go to step 2.
Another implementation of step 2
> Remove[ 5,2(1) ,13] from the list of nodes with their predecessor node.

» Node 7 is reachable node from the current node 5.
» Update the distance value of node 7.
d,(r)=d;(3+C,,=13+3=16 r>3

d( ={ d;( L o,(2d,(3}={ 91011}

» List of nodes with their predecessor nodd =¢ }

1 - - 4 4 2
2| a4 o | 5| 6 |9 |13
- |- 1{2]1
——C
/4/' = o \\3\
. 32 bt Y
e=logilil:=s o DI
\_(33( \_76)/
x,_/”l 7 \\q_,_, 1 1 2
1 - - 3|4 4
3 7| | = 6| 9 [0
1 - - 1|1 2

Step 3
We are done because the list of nodes with their predecessor node is empty and all nodes

are permanently label. List 3-shortest paths of node 7.
p; 1 7. kréd)EL()51 pledFp= (4)1 prdfl= ) pred 3(1)=1()
= pi=1-3-4-5-7 andl(p})=9
p/  :7.pted7)z (61 preéd 6= &) pred3(1)=1()
= pZ=1-3-6-7 andl (p?)=10
P77 kredf=3( )62 pred @ = (4)1 prdf)l= 81 pred3())=1()

= p2=1-3-4-6-7 andl (p})=11
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Example 4for cyclic directed graph
We want to find ranked 3 - shortest paths from the source node to all other nodes using

label setting algorithm.

2 3 ,{"’Z‘

8/' .. 9
o \H\ \,H\
O S L /U

T . ~oL
3 | . o 5 )

Solution
Step 1
» Node 1 with predecessory node zero and associated distance value zero is
designated as the current label .

i.e.[ 1,0(1,0] is the current label and node 1 is current node.

> List of nodes with their predecessor node)(= { [ 1,0(1),0]}

o A2 X : G,
P . \\ -
[EC X i . f (s)

Step 2
» Remove the label which has smallest associate distamiue from list of nodes
with their predecessor node and find nodes that are reachable from the current

node. l.e.[ 1,0(1),0] is removed from the list of nodes with their predecessor

node and node 2 and 3 can be reached from the current node 1.
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» Update the distance value of those nodes
d,(r)=d,(+C,= 6 88 r=1, pred(2(1)=1(1)
dy(r)=d,(+C= 033 r=1 , pred(3(1)=1(0)
d(9={ d,(9.-.-}={8.-.-}
d(3={ ds(3 -.-}={3.-.-}
» Add the above nodes with their predecessor node which is the current node and
their distance value to the end of list of nodes with their predecessor node.
- L={[ 24} ¢ [31(.3]}
» Designate the label which has small associatedndistealue from all elements of
list of nodes with their predecessor node us a current label and the node associate

with this label us current node.

« le. label[ 3,1(1),3] is the current label and node 3 is current node.

N
R (oo| P
8
8

Step 3

» We are not done because list of nodes with thedgmessor node is not empty
then go to step 2.

Another implementation of step 2
» Remove|[ 3,1(1),3] from the list of nodes with their predecessor node.

> Node 5 is reachable from node 3.

» Update the distance value of node 5
dy(r)=dy(}rCp= 3 225 r=1, pred(5(3)=3()
d(9={ ds(d - .-}={5.-.-}
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> L={[ 24} .8 [5.30 5]}

» Label[ 5,3(1),5] is current label and node 5 is current node.

w
)
8
8
al

(6 [
8
8

Step 3

We are not done because list of hodes with thedgmessor node is not empty.
then go to step 2.
Another implementation of step 2

> Remove| 5,3(1),5] from the list of nodes with their predecessor node.

> Node 2, 4 and 6 are reachable nodes from the curoela 5.

» Update the distance value of those nodes.
dy(r)=d,(+C,= 5 E 6 r=1 , pred(2(1)=51)
d,(r)=d,(+C,,= 3 510 r=1 , pred(4(1)=5()
d(r)=ds( #+Cye= 3 =12 r=1, pred(6(1)=5()
d(2={d,(30,(3 -.-}={6.8,-} = pred(2(2)=1()
d(4={ d,(3 .- .-}={10,-.-}
d(9={ d;(3 - .-}={12,-.-}
> L={[ 2A31]e, 26)1.6[ 4.6k 2d [ 6,501 12]

> Label[ 2,5(1),6] is current label and node 2 is current node.
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51| - 5 |-|-
216 |8]x 4 [ 100 [0
11~ 1|
2 3 ,{4
/8’//' \\ \‘9“-..
0 ,/ 2 \“\\]-_ H"
o (D ° 6 )
el \\ e
x"‘\\‘ ™. ped 5[-—-]-
3
3\ v 6 [12[© [»
2 "J Ol
11-—-1- 3]--
‘3/3 o ‘5)300 =
1=—1= 111

Step 3
We are not done because list of nodes with their predecessor node is not empty. then go
to step 2.
Another implementation of step 2

» Remove| 2,5(1),6] from the list of nodes with their predecessor node.

> Node 4 is reachable node from the current node 2.

» Update the distance value of node 4.

d,(r)=d,(J+C,,= & 39 r=1 , pred(4(1)=2(1)
d(3={ di(} d.(3 - }={9.10,-} = pred(4(2)=5()

L={[ 2A)rjs[ 4611p[ 6.4).12 [4.2().9]

> Label[ 2,1(1),8] is current label and node 2 is current node.

Y

1 -
2168
l -

Step 3
We are not done because list of nodes with theolgmessor node is not empty. then go

to step 2.
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Another implementation of step 2
> Remove [ 2,1(1) ,8] from the list of nodes with their predecessor node.

> Node 3 and 4 are reachable nodes from the currelet 20

» Update the distance value of those nodes.

dy(r)=d,( p+C,i= & 311 r=3 , pred(4(3)=2(2)
dy(r)=d,( p+C,;= & 210 r= 2, pred(3(2)=2(2)

d(3={ ds(} ds(3 -}={3.10,-}
d( p={ dy(hdi(2d,(3}={ 9.10,11}

{ [ 46)1.1p[ 6.82) 17 ] 4,2(1),9]}
[ 3.9 10].[4, 2(2) 11]

> Label[ 4,2(1),9] is current label and node 4 is current node.

> L

5 [1]- 2[5[2
2 EI8 ™ 4 [9T0[1T
11— 1[1]2
?L 3 o4
8 \
nerle o | O
L0 | \ .
3 / 5 |-
3 ) 5 > 5 6112°° ®
S B
121 3=
3310 ® 55 %o
120 11~

Step 3
We are not done because list of nodes with thedlgmessor node is not empty. then go
to step 2..
Another implementation of step 2

> Remove| 4,2(1),9] from the list of nodes with their predecessor node.

> Node 6 is reachable node from the current node 4.

» Update the distance value of node 6.

dy(r)=d,(+C,,= ¢ =18 r=2, pred(6(2)=4()

d($={ do( X ds(2-}={1218,-}

39



Ranked k — shortest paths in netW(erOll

([ 481.1p[ 6.6) 19 [ 6,44 18],
7 hE {[ 3.4% ad [ 4,2(2 11] }

> Label| 4,5(1),10] is current label and node 4 is current node.

5 (1] - 215|2
2 L6 18 [® 4 19110/11
111 - 1]1[2

112 3
3.3 10| *® 5 0 |00
112 1

Step 3
We are not done because list of nodes with thedlgmessor node is not empty. then go
to step 2..
Another implementation of step 2

> Remove| 4,5(1),10] from the list of nodes with their predecessor node.

> Node 6 is reachable node from the current node 4.

» Update the distance value of node 6.

dg(r)=d,( B+C,,= 18 =19 r=3, pred(6(3)=4(2)

d( =1 do( Ldls( Rots( 3f={ 12,1829}

([ s1.ap[ 6.4) 19 [ 3.2(9 .10],
7 hT {[ 2,43 11] [6, 4(3 19] }

> Label[ 3,2(2),10] is current label and node 3 is current node.
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Step 3
We are not done because list of nodes with their predecessor node is not empty. then go
to step 2..
Another implementation of step 2

> Remove[ 3,2(2 ,10] from the list of nodes with their predecessor node.

> Node 5 is reachable node from the current node 3.

» Update the distance value of node 5.

di(r)=d,( prC,= 186 212 r=2, pred(52)=3(2)

d($={ di(} ds(3 -}={512,-}

Lo (] oM@kl eéxad 43,
[ 6.49 19] [5. 3(9.12]
> Label| 4,2(2 ,11] is current label and node 4 is current node.
5 1]~ 275]2
2 L6718 [®© 4 P9A0[1T
1(1]- 171]2
(T‘ 3 (4 )
/ :
'@ ’ : ° (o)
X \ 7 [ B
) . e 6 [12[1819
112 | - ud 3
313 30| © 5L.5]12]®©
1] 2] - 12
Step 3

We are not done because list of nodes with thenlgmessor node is not empty. then go
to step 2..
Another implementation of step 2

» Remove| 4,2(2,11] from the list of nodes with their predecessor node.

> Node 6 is reachable node from the current node 4.
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» Update the distance value of node 6.
dg(r)=d,(3+C, =11+ 9=20 r>3

d( B=q do( Ldls( Rots( 3f={ 12,1829}
» L ={[ e¥1.42, 60@1.1B[ 6.4 .19 ][5.32.12]

> Label[ 5,3(2),12] is current label and node 5 is current node.

= 3 =
313 10| *© 5L5(12|x
- l -

Step 3
We are not done because list of nodes with thedlgmessor node is not empty. then go
to step 2..
Another implementation of step 2
» Remove| 5,3(2,12] from the list of nodes with their predecessor node.
> Node 4 and 6 are reachable node from the currer 50od
» Update the distance value of node 4 and 6.
d,(r)=d,(3+C,=12+5=17 r>3
d,(r)=d,(3+C, =12+ 7=19 r=>3
d( f={ dy(Ld(2a,(3={ 91011}
d ( )‘AF{ de( JL dle ( 2l $}:{ 12,18,19}

L ={[ e@1.1k[ 6.4} 146,42 19]}

> Label[ 6,5(3 12] [ 6,4(1),14] and[ 6,4(2),19] are current labels

respectively and node 6 is current node since there is no node reachable from
node 6 all labels of node 6 becomes permanent so we remove those labels from

list of node with their predecessor node
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112 ]~ 313
3137130 © 5L 9142|©
112~ 1{2]-

Step 3
We are done because the list of nodes with their predecessor node is empty and all labels

become permanent. List 3-shortest paths of node 6
P 1 6.plefhE (31 .predbl)= § 3 pred3(1)=1()
= pi=1-3-5-6 andl(p})=12

02 6 krddf2 ()41 predd)x (1 pred = %1 pred 5(1)=3(1),
" pred3(d)=1()

= pZ= % 3 5 2 4 6andl(p?)=18

p;  : 6.0redl3( 42 pled4 = (5)1 predGf= &) pred3(1)=1()

= p=1-3-5-4-6
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Example 5for undirected graph

Solution
Step 1
» Node 1 with predecessory node zero and associated distance value zero is
designated as the current node .
i.e.[ 1,0(1),0] is the current node

» List of nodes with their predecessor node)= {[ 1,0(1),0]}

Step 2

Remove [ 1,d1),0] fromL, and J ={ 2,3}
d(r)=d(+C,= & E1 r=1 , pred(2(1)=1()
dy(r)=d,(J+C,= & 33 r=1 , pred(3(1)=1()

d(9={ d,(9 - -}=
d(3={ d,(9 -.-}={3,

Lo={[ 249 4[3.(1)3]}
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Current label  2,1(1),1]

1
2 T 4= o [®
1
2 i 2 /4
/1/<\—/\\ 4 ///\H_'
7
. T
0] 3 e 3
ln GJ\ & T

Another implementation of step 2
Remove[ 2,1(1),1] fromL, and J ={ 3,4,5}
dy(r)=d,(+C,,= # 324 r=2, pred(3(29)=2(1),
d,(r)=d,(+C,= # 22 3 r=1, pred(4(1))=2()
d(r)=d,(+C,s= * £5 r=1 , pred(5(1)=2(1)
d(3={ di(3 d:(3.-}={3.4,-}
d(4={ d,(3.,-.-}={3.-.-}
d(9={ ds(3 ,-.-}={5,-.-}
Lo={[ sk B[.3e}) 4[4493[521)5])

Current label § 3,1(1),3]

1 |- 2
2/1/ o | oo 41 3w |
1 |- 1
()
e o
/1/ M\\_\i\ ////
0 o S
1 (?) 3 s 3
o A & T
\-\"‘\‘_‘_ ,-'/ -\\\'\-\
3 e - K\
T —=)
1]2 - 2|
3(3]4 00 5| 5] w|x®
111 |- 1
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Another implementation of step 2

Remove [ 3,1(1),3] from_, and J={ 2,4,5}
d,(r)=d,(#+C,,= 3 =6 r=2, pred(2(2)=3(),
d,(r)=d,(+Cy= 3 58 r=2, pred(4(
d(r)=d,(J+C,.= 3 &£ 7r=2, pred(5(2)=3(1) and

d(2={ d,(3 d,(3.-}={1.6.-}
d(4={ d,(3 d.(3.-}={3.8,-}
d(9={ ds(} 95(3.-}={5.7.-}

L {1 2g ) Aladddlednsl)
T 2494 [431) 805 3(1).7

Current label § 4,2(1),3]

3 - 2 3| -
6 | © 4138
1] - 11 ]-

s : ()

2
[

1
LT
1
Y 2
- PR
/ \\\é T g
e o |
o | /g/ S
3 // \\\.
-
3 3
1
13
1

\ .
NG, — )

——

3

0

Another implementation of step 2
Remove [ 4,2(1),3] from_, andJ ={ 3,5}

d,(r)=d,(+C,,= 3 58 r=3 , pred(3(3)=4(1),
d,(r)=d,(+C,s= 3 36 r=2 , pred(52)=4()

d(3={ di(} 0.(3 0d.(3}={ 3,4.8}

d($={ ds(} ds(2 ds(3 }={ 5.6,7} = pred(5(3)=3()
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{[ g2)1 ]4[, s(2)1 B[, 2861 .4 [ 4% 1) § {5,3(1),7],}
=11 3) 8] [ 5,409

Current label 5 3,2(1),4]

1|3 2|3
2 x e = 4 3T8[>
1|1 1] 1
— ——
2}— 2 [ 4
T ,,/1"'\.,_,
/ \h\4 /
s
- L \K -
1 (1) 3 s 3
[ e
7 T
3 ‘// R
D (s
_/ 4 \-.__/
12 4 243
3342 8 5567
111 1 1] 1)1

Another implementation of step 2
Remove[ 3,2(1),4] fromL, and J={ 4,5}
d,(r)=d,( +C,,= 4 59 r=3 , pred(4(3)=3(2),
d(r)=d,(J+C, = 4+ 4=8 r>3
d(4={ d.(} d,(3 d.(3}={ 3,89}
d(={ dy(1 ds(2 a,(3}={5.6.7}

{[ 5(2)1 B[, 281 .6 [ 4% 1) g [s, (1),7],}
=1 s) 8] [5.41) .6 [ 4,499

Current label  5,2(1),5]
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Another implementation of step 2
Remove [ 5,2(1),5] fromL, and J ={ 3,4}

d,(r)=ds(d+C,,=5+4=9 >3,
d,(r)=d(+Cy,= 538 r=3 , pred(4(3)=5()
d(3={ ds(} 4:(3 ds(3}={ 3.4 .8}
d(#={ di(} d.(2 d.(3}={ 3,88}

{[ 261 6 [ 4%1) d[s, (1),7],}
S sh) el {506l | 4,500

Current label § 2,3(1),6]

103 |- 2 3]s
2/1’600 AZ18[s
1| - 1(1(1
_-/ )
}/
110 / 3
P08
-H-\"""-u..
T
3"“‘& ———
3 :5)
112 |4 2143
33 Tx | 8 5 6 | 7
111 111

Another implementation of step 2
Remove [ 2,3(1),6] from_, andJ ={ 4,5}
d,(r)=d,(2+C,,=6+2=8 r=3
ds(r)=d,(2+C,,= 6+5=10 r>3
d(4={ di(} d.(3 d.(3}={ 38,8}
d($={ do(} d(3 A(3}={5.6.7}

{[ 46 1 $[5$J)H3,4(1),8]}
"= [5.41) 6] [ 4,500

Current label 9 5,4(1),6]
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[ee)
[ee)

[

Another implementation of step 2
Remove [ 5,4(1),6] from_, and J={ 3 }

d,(r)=d,(2+C,,= 6+ 4=10 r>3,
d(3={ dy(} 4,(3 0,(3}={ 3,48}
L-{ [ 43) B[.5.6) [ 34).8[4.50.8]}

Current label § 5,3(1),7]

1|3 2|3\|5
2 E= 4788
1|1 111 |1

~| W

[

Another implementation of step 2
Remove|[ 5,3(1),7] fromL, andJ ={ 2,4 }
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d,(r)=d,( BrC,,= * 4 11 r= 3, pred(2(3)=5(3),
d,(r)=d,(3+C,=7+3=10 r>3
d( p={ d()d,(24,(3}={ 1,611}
d( #={ d(} 4,(3 d,(3}={ 3,88}
L-{ [ 43} I8 341.8[ 4.8} 8] 24311

Current label § 3,4(1),8]

1|3 5 2 3|5
‘B ‘B
(a
//—IK‘—’ J
RO
s (ot tr
Another implementation of step 2
Remove[ 3,4(1),8] fronL, and J={ 5}
ds(r)=d,(3+C,,=8+4=12 >3
d($={ dy(} ds(2 As(3 }={ 5.6,7}
L{ [ 4689 $[ 481 8[24311
Current label § 4,3(1),8]
B (B
//?‘\— 2 -'/7\)
i 1
, 2
0 / \\4\‘\ //,/
'5' @\\ ) /€/><\_X N
. -~ ~_ 1
O
s et te 5 i/m
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Another implementation of step 2
Remove[ 4,3(1),8] fromL,and J={ 2,5}

ds(r)=d,(3+C,s=8+3=11 r>3,

d,(r)=d,( rC,,= 8 210 r=3 , pred(2(3)=4(2
{1,610}

{5,6,7}

d( 2={ d( )} d,(2 (3}
d($={ ds( 1 ds(3 0s(3}
L-{ [ 4%).8[ 24910}

Current label 9 4,5(1),8]

Another implementation of step 2
Remove| 4,5(1),8] fromL, andJ ={ 3}

d,(r)=d,(3+C,,=8+5=13 r>3
d(3={ da(} ds(2 d5(3}={ 3.4.8}
L={ [ 24910}

Current label § 2,4( 2),10]

1|3 4 2 3|5
2 xr &[0 Az EE
1 1 2 111 1)1

) 2 ()

1 _ » /&d
e \\ ,.//
e ’ = ’
0 3 /5/ ..
\3 \\\_mﬁ

o/

A
¥
HB\A
r—\\w
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Another implementation of step 2
Remove| 2,4( 2),10] fromL, and J={ 5}

= d(r)=d,(3+C, =10+ 4=14 r>3

d(¥={ d(} ds(2 d;(9}={5.6,7}

L-{ ¢}
1 3 4 2 3|5
2 el 4 3 =1
1 1|2 1|11
2
> o
l/// -.\ ///_S\._.
) \4‘-:. //
T T -~
-_ (?) 3 o 3
= AN N PNy
37— - e
e d 5
\r\\ A = Ml
T2 | 4 >4 ]3
s Zla e 5 & 17
1 1 1 1 1 1

Step 3

We are done because the list of nodes with their predecessor node is empty and all labels
become permanernitist 3-shortest paths of node 5

ps : 5, predB= @) .pred2(])=1(1)

= pi=1-2-5 andl(pl)=5

s  :5.pleds)= (31 predbf= £} pred2(1)=1()

= ps =1-2-4-5 and| (p52)=6

ps : 5, predBh= B} pred3(1))=1(1)

= p=1-3-5 andl(pl)=7
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Complexity of k-shortest path problem
To determine the k-shortest paths

> For acyclic directed graph at mogtV| comparisons and |E| addition are

made by the algorithm to extract minimum distance value and update the

distance value of all vertices adjacen¥ tiespectively.

> For cyclic directed graph at mo&tV| comparisonsk |E| addition andk|E|

checking are made by the algorithm to extract minimum distance value ,update
the distance value of all vertices adjacerlf &md whether there is a repeated

node or not on each path respectively.

> For cyclic directed graph at motV| comparisong |E| addition and X |E|

checking are made by the algorithm to extract minimum distance value ,update
the distance value of all vertices adjacen emd whether there is a repeated

node or not on each path respectively.

2.1.1.2 Label correcting algorithm

A label correcting algorithm keeps a list of labels at each node. The length of the
list is K.one node is selected in each iteration and the associated label list is used to
update other label lists. The algorithm proceeds until there is no more update.

A more flexible way to perform label correcting is to separate labels and nodes.
Rather than treating the whole label list at once. One single label is treated in each

iteration. An obvious way to do this to have a FIFO queue of labels.

Algorithm description step by step
Step 1, Initialization
> Assign zero distance value to no8eand predecessor node 8is zero
i.e.d(s)=0, pred(s)=0 and [ The label of nodes is[S,q1),0] ]
> Assign to every other node a distance valueoofk -times and label them
as temporary.

» Enter the source node to the list of nodes witlr ffredecessor node
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i.e. List of nodes with their predecessor nfide= {[S,q1),0]}
> Designate the nod& as the current node and Iat[SI,((]),O] as current

label
Step 2, Distance value update (list) and current nadesignate update
Let i be the index of current node.
» Remove the first element of list of nodes with thpiedecessor node
(current label).
» Select the set of nodethat can be reached for the current nodaey a

link (i, j) which doesn’t make cycle and update (list) the distance value of
those nodes. For each)J ther™ distance value of node(d, (r))is
update(list) as follows
d;(r)=d/(r)+c, . pred(j(r)=i(r)
Where C; is the cost of Iink(i, j) as given in the network problem and
r=12,3,...,k.
> Order and list associated distance values of earhegit of J k -times in

increasing order

l.e. foreachj 0J d (j)={ d,(d ,d,(9 , ... , d,(k)}
Where dj(:l)sdj( s,...,sdj(k).
> List of nodes with their predecessor nfdd = old L, U {][

reachable nodes from the current nade.e. J, predecessor node with
their order, associated distance value] }
» Designate the first element of list of nodes witkitlpredecessor node as
a current label and its associated node as a current node.
Step 3, Termination criteria
» If list of nodes with their predecessor node isemapty go to step 2.
> If there is a negative weighted cyclic path stopabee there is no shortest

path.
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> If list of nodes with their predecessor node is empty then
Forj=1ton
Forr=1tok

P =Ly sip seee g gy ]
Where predj(n))=i.(-) , pred(i,(-))=i(-) ... ., pred(i())=1
! (pjr)zdj (r)
End
End
STOP

Algorithm
| state each steps of label correcting algorithm in a similar way as a label setting
algorithm except remove a label with minimum associated distance value from the LIST
because label correcting algorithm removes the first element of the LIST rather than
removing the label with minimum associated distance value as label setting algorithm.
Hence | didn't write each step of the algorithm because it will become a full of
redundancy.

In order to illustrate the working of label correcting algorithm let us see the following
Example 6

We want to find 3-shortest paths from the source node to all other nodes using label
correcting algorithm.

2 T~
O e
3 /
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Solution

Step 1
» Node 1 with predecessory node zero associated distance value is designated as

the current node .
i.e.] 1,d1),0] is the current node

> List of nodes with their predecessor nodd § 1,41),0] }

Step 2
» Remove the first element of the list of nodes whhitt predecessor node and

find nodes that are reachable from the current label and current node. i.e.
[ 1,0,0] is removed from the list of nodes with their predecessor node and
node 2,3 and 4 are reachable nodes from the current node 1.
» Update the distance value of those nodes
d,(r)=d,(+C,= & 2= 2 r=1 pred(41)=10)
dy(r)=d,(+C,= 0 & 4 r=1 ,pred(4))=10)
d,(J=d,(+C,= 6 33 r=1 ,pred(41)=1(1)

d(9={ d,( -.-}={2,-.-}
d(9={ dy(9 -.-}={4.-.-}
d(4={ d,(.-.-}={3,-.-}
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» Add the above nodes with their predecessor node and their associated distance
value to the end of list of nodes with their predecessor node.

« Lo=A{[ 2(01.2[ 3.4).4 [ 41093]}
» Designate the first element of the list of nodes with their predecessor node us a

current label and the node associate with this label us current node.

« i.e.label[ 2,11),2] isthe current label and node 2 is current node.

Step 3

» We are not done because list of nodes with thedgmessor node is not empty
then go to step 2.

Another implementation of step 2

> Remove| 2,11),2] from the list of nodes with their predecessor node.
> Node 3 and 5 are reachable nodes from node 2.
» Update the distance value of those nodes

d,(r)=d,(+C,,= 2 E8 r=1, pred(41)=2()
di(r)=d,(+C,s= 2 68 r=1, pred(51)=2(1)
3={d,(3 di(3 - }={3.4.-} = pred(42)=1()
9={ ds(9 .-.-}={8,-.-}
={[ vl 4(01.3[ 3.8).9[541).8]}
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> Label[ 311),4] is current label and node 3 is current node.

Step 3
We are not done because list of hodes with thedgmessor node is not empty.

then go to step 2.

Another implementation of step 2
> Remove| 3,11),4] from the list of nodes with their predecessor node.
> Node 5 is reachable node from node 3.
» Update the distance value of node 5.
do(r)=dy( 2+C,.= 4 =7 r=1 ,pred @1)=3(2)

d($={dy(3 d;(2 - }={7.8,-} = pred(42) = 2(1)
> L={[ 431B[ slr.d1]54 8 [592.7])

> Label| 4,11),3] is current label and node 4 is current node.

T -
2 L2 | o
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Step 3
We are not done because list of nodes with their predecessor node is not empty.

then go to step 2..

Another implementation of step 2
> Remove[ 4,](]),3] from the list of nodes with their predecessor node.

» Node 5 is reachable node from node 4.
» Update the distance value of node 5.
d;(r)=d,(J+C,c= 3 E4 r=1 , pred(51)=4(1)

d($={ds(} ds(3 ds(3 }={4.7.8} = pred($3)= §3 . pred(43)=21)
> L={[ 3(31 B[ 5.4 .[583.71[541).4])

> Label[ 3,41),3] is current label and node 3 is current node.

S
. 2 [Z] = [=
2 N I
2 X
1 KG
Kr'_"‘-_
p== e
2T = ;
7S S 7 432
11__//1 5[4 [7 |8
121
/

Step 3
We are not done because list of nodes with thedgmessor node is not empty.

then go to step 2..

Another implementation of step 2
> Remove[ 3,41),3] from the list of nodes with their predecessor node.

> Node 5 is reachable node from node 3.
» Update the distance value of node 5.
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do(r)=dy(J+Cs= 3 =6 r=2 , pred(2)=3(1)

d($=1ds(} d:(3 9s(3 }={4.6.7} = pred( £))= 43 . pred(5(3)=3(2)
> L={ [5BR.7154).4[5.41).¢ }

> Label| 5,3(2),7] [ 5.4(1),4] and[ 5,41),6] are current labels
respectively and node 5 is current node since there is no node reachable from
node 5 all labels of node 5 becomes permanent so we remove those labels from

list of node with their predecessor node.

> L, = empty
1 -—-1T1-
———— 2 1 * *
oS-
"‘-.-_-\‘
2 -‘-‘“1.‘_‘_
/ 1 T 6
- e
.r'_"‘-\-./ I -“"‘-..ﬂ—-‘.
151‘0 (1.‘ {2 } 2 -—T5.J
e K‘“—-—.—"/‘ Z l - -.-__.-;"'-\_.-"'J 4 3 3
\} el T s
1|12
s, —
\(4)(’
BEE
4% o | ©
T =1=
Step 3

We are done because the list of nodes with thedqmessor node is empty and all labels

become permanent. List 3-shortest paths of node 5
p; : 5, predB)= 4} pred4(])=1(1)
= ps=1-4-5 and| (psl):4
p;  :5.pfeds))z (31 pred = £} pred2(1)=1()
= p2=1-2-3-5andl (p2)=6
s : 5,prdBP= B} pred3(2))=1(1)

= p2=1-3-5 andl(pd)=7
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2.1.2 path Removing algorithm

This algorithm was proposed by martin in 1984. The main idea takes in to account
is the following property the second shortest pthin G is the shortest path in a new
network G', obtained fromG removing the shortest patR.in addition the third
shortest pathP, in G corresponding to the shortest path in netw@rkobtained fromG

removing P, and P, , or removingP, from G*.consequently the general step of the

algorithm are
» Removing the shortest path in the current network.
» Determining the shortest path in the resulting network.

Remark: This algorithm is more applicable to find disjoint paths

Algorithm

fori = 0Oto k

» Find the shortest path tréé rooted at nodeS and shortest pa(tpiﬂ) by running

Dijkstra’s algorithm in the grapB' . This tree contains for every vertex , a
shortest path fron5to j. Letp,, be the shortest cost path frofwto t in the
graphG'. The edges il are called tree edges and the remaining edges are called
non tree edges.

» Modify the cost of each edge in the graph by replacing the@psof every edge
(u ,v) byC, =C, —d, +d,. According to the resulting modified cost
function, all tree edges have a cost of 0, and non tree edges have a non negative
cost.

> Create a residual grapB'** formed fromG' by removing the edges @' that
are directed intdS and by reversing the direction of the zero length edges along
pathp,,

> end for;
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» Find the shortest paths by combining the edgeg0fp, ,. . . ,p,and then

discarding the common reversed edges of all paths.

Example
The following example show how path removing algorithm find the shortest pair of

disjoint paths from the source node 1 to destination node 6.

2
3 4
2 //JI“OH‘& 1
-~
o
-~
C/ P \@
01
// g
\O/:/
2
2
Solution

By using Dijakstra’s algorithm we get the first shortest pgih (-2-4-6)

o

2
3
2
\ P
5 |‘5}
2 N

1 3

2 distance value

And the shortest path tree T rooted at node 1 and the computed distance from node 1 to
every vertex is
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1 3

Now let us update cost of each arc and reverse the edge @f gatbbtain the new
graphG" .

C;=C, —d; +d

C,,=C,,—d,+d, = 2-2+0=0, C,,=C,—d, +d, = 2-0+2=4
C,,=C,—d.+d,=2-3+1=0 C.,=C.,-d,+d, = 2-1+3=4
C,=Cy—d, +dy = 2-2+2=2 C;3=Cp—d,+d, = 2-2+2=2
Cy, =C.—d, +d, = 2-3+3=2 Cys =Ces—d. +d; = 2-3+3=2

And the distance value of each arc of pgihis zero.
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By applying Dijakstra’s algorithm o™ we obtain the second shortest p&h( P=1-
3-4-2-5.6)

3 {4 .
/\ e
! /'/:—" e
e )
P, Il /'/ L g 6
7
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H“"H-HI_ ‘,_/'(__/ -
e et T
P £ e
-~ v (5 \;
T |
I —

Finally let us find the shortest paths by combining the edgep,ahd p, and then

discarding the common reversed edges between both paths (2-4), as a result we get the
two shortest paths

p,=1-2-5-6
p,=1-3-4-6
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