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Preface
In certain problems that we encounter it is common to get equations in which the unknown function occurs under an integral sign. Such equations are termed as integral equations. Integral equations are use full to solve some classes of differential equations. We will see that the solution of a differential equation is an integral equation. This is one nice property that makes integral equations to be studied. 

The study of integral equations leads to the study of compact operators in a more general setting of infinite dimensional Hilbert spaces. Compact operators in infinite dimensional Hilbert space can be considered as counter parts of matrices as they enjoy many properties in common with linear operators in finite dimensional spaces (matrices).
For instance, they satisfy Fredholm alternative theorem and exhibit some spectral properties.

The objective of this seminar is therefore to generalize some of the fundamental properties of matrices in finite dimensional case to compact linear operators in infinite dimensional Hilbert spaces. The seminar deals with integral equations in a Hilbert space with emphasis on spectral theorem of eigenvalues and eigenfunctions of a compact operator in an infinite dimensional Hilbert space. Most of the examples and illustrations will be given on 
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space. This seminar also deals with the Fredholm alternative theorem of a general compact linear operator. 

In this seminar there are four sections. In section one some preliminary concepts that are needed later will be dealt.  In section two bounded linear operators in Hilbert space will be studied. Section three deals with compact linear operators and Hilbert-Schmidt kernels. Finaly, Spectral theory on compact operators will be investigated in section four.

 Table of content

Contents                                                                                             Pages                                       

Section 1: Integral equations and some basic preliminary concepts          1                           

1.1 some types of integral equations                                                                                  1

1.1.1 Fredholm integral equation(FIE)                                                                         1

1.1.2 Volterra integral equation(VIE)                                                                           2

1.2 Equivalence between integral and differential equations                                            2

1.3 Hilbert spaces and some basic facts                                                                             9

1.3.1 Normed spaces                                                                                                     9

1.3.2 Inner product spaces                                                                                            9

1.3.3 Hilbert space                                                                                                      10

Section 2: Bounded Linear Operators in Hilbert space                           11                                                         
2.1 Bounded Linear Operators                                                                                         11

2.1.1  Domain, Range and null space of an operator                                                     13

2.1.2  The adjoint of a bounded operator                                                                       14

2.1.3    Linear manifold                                                                                                  15

2.2     Linear Functionals                                                                                                 16                                                                                               
Section 3: Compact Operators-Hilbert Schmidt Kernels                            24                                       

3.1   Compact sets                                                                                                            24

3.2   Compact operators                                                                                                   25

3.2.1    Some basic properties of a compact operator                                                    25

3.3 Hilbert-Schmidt Kernels and Operators                                                                     28

Section 4:Spectral Theory for Compact Operators                                        32                                                    

4.1 Eigenvalues and eigenfunctions of a compact operator                                             33

4.1.1 Some important properties of eigenvalues and eigenfunctions of

          a compact linear operator                                                                                     33

4.2 Resolvent and Pseudo-Rsolvent Kernels                                                                   40

  References                                                                                                                        45
Section 1: Integral equations and some basic preliminary concepts

 Introduction

Integral equations are use full to solve some classes of differential equations. Given a boundary value problem or an initial value problem of a differential equation, its solution is an integral equation. That is the inverse of a differential operator is an integral operator .Hence ,one interesting property of integral equations is that they are related to differential equations. Thus, the integral equations lead the study of compact operators in a more general setting. 
Definition 1.1: An integral equation is an equation whose unknown appears under an                   integral sign. That is it is an equation of the form
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 is an unknown function. The function 
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 is called the kernel of the integral equation.

Example 1.1:
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 is an integral equation.                                               

1.1 Some types of linear integral equations
Depending on the limit of integration, there are two main types of linear integral equations namely the Fredholm and Volterra integral equations.

1.1.1. Fredholm integral equation (FIE): It is an integral equation of the form 
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       where  
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 Example 1.2 :
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1.1.2. Volterra Integral equation (VIE): it is an integral equation of the form
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Where 
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Fig 1.2 domain of 
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Remark 1.1:
1. If 
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3. VIE is special type of FIE if we put 
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1.2. Equivalence between integral equations and differential equations

 Differential equations can be converted in to integral equations and vice versa as illustrated in the following examples.

Example 1.3: verify that the solution of the boundary value problem (BVP) 
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is equivalent to the integral equation
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Solution:      
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Thus, (1.7) becomes 
[image: image42.wmf](

)

(

)

 

.

c

 

)

(

2

1

0

+

+

=

ò

x

c

dt

t

x-t

x

u

x

j


From the given boundary condition we have that    
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 is given by (1.6).Hence, the equivalence of (1.4) and (1.5) is verified. 
Example 1.4: Write an equivalent integral equation for the Cauchy problem 
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Solution: Given 
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Now, using integration by parts, let 
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Thus, it can be concluded that if 
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Now we can generalize example (1.4) to a Cauchy problem of nth order linear differential equation with constant coefficients. To do this we use the following formula.

Formula 1.1: Let 
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Example 1.5: Write an equivalent integral equation for the Cauchy problem of 
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where the coefficients 
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Thus, we have that        
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Now inserting (1.16) and (1.17) into (1.15) gives
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  (1.18) is now an equivalent integral equation to the differential equation in (1.15).
In all the examples we discussed, we can observe that the solution of a differential equation is an integral equation. Hence, one interesting property of integral equations is that they are related to differential equations. 

Equivalently, some integral equations can be solved by changing in to their equivalent differential equations.

Example 1.6: Solve the integral equation           
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Solution: Given 
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From (1.19) and (1.20) it can be seen that 
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Thus, solving (1.19) is the same as to solve (1.21) with the initial condition,
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 is the solution of the integral equation in(1.19).

1.3. Hilbert spaces and some basic facts

    1.3.1. Normed spaces

Definition 1.2: Let 
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The pair 
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is a complete space with respect to the norm, it is called a Banach space.

    1.3.2. Inner Product spaces

Definition 1.3: Let
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be a vector space. An inner product is a mapping 
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The pair 
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Example 1.7: In 
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Example 1.8: In 
[image: image129.wmf](

)

]

,

[

2

b

a

L

 a norm is defined by


[image: image130.wmf]dx

x

f

dx

x

f

x

f

f

f

f

b

a

b

a

ò

ò

=

=

=

2

)

(

)

(

)

(

,

.

Definition 1.4: Two vectors 
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Definition 1.5: A set of vectors 
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Let 
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     1.3.3. Hilbert space
Definition 1.6: A vector space H with an inner product that is a Banach space with        respect to the induced norm is called a Hilbert space. 
Example 1.9:
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Remark 1.2: 
1. In all the sections that follow, we will simply consider 
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3.If 
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is a closed convex sub set of 
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Section 2: Bounded Linear Operators in Hilbert Space- 

                 The Fredholm Alternative

2.1. Bounded Linear Operators
Definition 2.1: A mapping  
[image: image152.wmf]H

®

H

:

L

,which takes one function in H in to another   function in H is said to be

a) Linear: if 
[image: image153.wmf](

)

H

Î

"

Î

"

+

=

+

g

f

C

g

L

f

L

g

f

L

,

&

,

),

(

)

(

b

a

b

a

b

a

.

b) Bounded: if
there exists a constant 
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A mapping which satisfies (a) & (b) is called bounded linear operator.

The norm of the operator 
[image: image156.wmf]L

is 
[image: image157.wmf]f

Lf

L

f

sup

0

¹

=

.
That is 
[image: image158.wmf]L

is the smallest constant 
[image: image159.wmf]m

 for which 
[image: image160.wmf]f

m

Lf

£

. 
[image: image161.wmf]
Example 2.1: 
[image: image162.wmf](

)

(

)

]

1

,

0

[

]

1

,

0

[

:

2

2

L

L

L

®

 given by

             
[image: image163.wmf](

)

ò

=

1

0

dx

x

f

Lf

 is linear and bounded operator. To show this:
             Let
[image: image164.wmf](

)

C

L

g

f

Î

Î

b

a

,

&

]

1

,

0

[

,

2

, then

            
[image: image165.wmf](

)

(

)

(

)

ò

+

=

+

1

0

dx

x

g

f

g

f

L

b

a

b

a


                               
[image: image166.wmf]dx

x

g

x

f

))

)(

(

)

(

)

((

1

0

b

a

+

=

ò


                               
[image: image167.wmf](

)

(

)

ò

ò

+

=

1

0

1

0

dx

x

g

dx

x

f

b

a

(From linearity of the integral)

                              
[image: image168.wmf].

)

(

)

(

Linear

is

L

g

L

f

L

Þ

+

=

b

a


And let 
[image: image169.wmf](

)

]

1

,

0

[

2

L

f

Î

,then

                           
[image: image170.wmf](

)

(

)

(

)

ò

ò

ò

ò

÷

÷

ø

ö

ç

ç

è

æ

=

÷

÷

ø

ö

ç

ç

è

æ

=

=

1

0

1

0

2

1

0

2

1

0

2

2

)

1

(

dx

x

f

dt

dx

x

f

dt

Lf

Lf


                              
[image: image171.wmf](

)

(

)

ò

ò

ò

¥

<

=

=

£

1

0

2

1

0

1

0

2

2

f

dx

x

f

dx

dx

x

f

( Schwarz’s inequality)

                           
[image: image172.wmf](

)

]

1

,

0

[

,

2

L

f

f

Lf

Î

"

£

Þ

.Therefore, 
[image: image173.wmf]L

is bounded.

Example 2.2: The integral operator 
[image: image174.wmf](

)

(

)

]

1

,

0

[

]

1

,

0

[

:

2

2

L

L

K

®

 defined by

              
[image: image175.wmf](

)

(

)

ò

=

1

0

,

dy

y

u

y

x

k

Ku

is linear and bounded if 
[image: image176.wmf](

)

¥

<

ò

ò

1

0

1

0

2

,

dydx

y

x

k

.

To show this, let 
[image: image177.wmf](

)

]

1

,

0

[

,

2

L

v

u

Î

 and
[image: image178.wmf]C

Î

b

a

,

, then

      
[image: image179.wmf](

)

(

)

(

)

(

)

ò

+

=

+

1

0

,

dy

y

v

u

y

x

k

v

u

K

b

a

b

a


                         
[image: image180.wmf](

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

ò

ò

ò

+

=

+

=

1

0

1

0

1

0

,

,

,

dy

y

v

y

x

k

dy

y

u

y

x

k

dy

y

v

y

u

y

x

k

b

a

b

a

 
[image: image181.wmf]
                        
[image: image182.wmf]v

u

K

+

K

=

b

a

.
        
[image: image183.wmf]K

Þ

is linear.

Now, let
[image: image184.wmf](

)

]

1

,

0

[

2

L

u

Î

. Then
                 
[image: image185.wmf](

)

(

)

(

)

(

)

ò

ò

ò

ò

ò

÷

÷

ø

ö

ç

ç

è

æ

£

÷

÷

ø

ö

ç

ç

è

æ

=

=

1

0

2

1

0

1

0

2

1

0

1

0

2

2

,

,

)

)(

(

dx

dy

y

u

y

x

k

dx

dy

y

u

y

x

k

dx

x

Ku

Ku


                   
[image: image186.wmf](

)

(

)

(

)

(

)

(

)

.

bounded

is

]

1

,

0

[

,

.

,

0

where

,

,

)

inequality

Schwarz

by

(

,

2

1

0

1

0

2

2

1

0

1

0

2

2

1

0

2

1

0

1

0

2

K

Þ

Î

"

£

Þ

¥

<

=

<

=

=

÷

÷

ø

ö

ç

ç

è

æ

÷

÷

ø

ö

ç

ç

è

æ

£

ò

ò

ò

ò

ò

ò

ò

L

u

u

Ku

dydx

y

x

k

u

dydx

y

x

k

u

dx

dy

y

u

dy

y

x

k

m

m

m













Example 2.3: 
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2.1.1. Domain, range and null space of an operator 

Linear operators in Hilbert space are the natural generalization of matrices in 
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If our analogy with matrices is met, we expect the operator 
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Example 2.4: Given the integral operator  
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As the following example reveals, the adjoint operator may not exist.

Example 2.5: The unbounded differential operator 
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So we may ask when does an adjoint operator exist? To answer this question, first we need to see some notations.
2.1.3: Linear manifold

Definition 2.4: A linear manifold 
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Definition 2.5: A linear manifold 
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Lemma 2.1: If 
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2.2.  Linear functionals

Definition 2.6: A Linear Functional is a map 
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Definition 2.7  A Linear Functional 
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Generally, according to the following theorem any bounded linear functional can be represented as in example 2.8.
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The Riesz representation theorem does not hold for unbounded linear functionals.
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Example 2.10: To illustrate the Fredholm Alternative theorem, we consider the real linear   integral equation
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At this time, it is not possible to be sure that the Fredholm alternative applies here since we have not yet shown that the range of the integral operator 
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This verifies the above existence statement.

(2.11) can also be written as
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where the operator
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is the inverse of the integral operator 
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Section 3: Compact Operators-Hilbert Schmidt Kernels

It is not sufficient to conclude that a bounded operator is similar to a matrix. We need compactness which is a stronger condition than boundedness.The important property of integral operators is that they are compact. 

3.1. Compact sets

Definition 3.1: A set 
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By Bolzano-Weierestras theorem, any bounded sequence in a finite dimensional space possesses a convergent subsequence. Therefore, any bounded set in a finite dimensional space is compact. 
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3.2 Compact operators
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The main impact of this result is that, a large class of integral operators are compact operators. 

3.3. Hilbert-Schmidt Kernels and Operators

Definition 3.4: If a kernel 
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it is called a Hilbert-Schmidt kernel and the corresponding integral operator is called a Hilbert-Schmidt Operator.

Though it is possible to deal with complex kernels, in this section we will assume that the kernel 
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Let’s see an important fact about orthonormal bases which helps us in the proof for compactness of a Hilbert-Schmidt Operator.
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Theorem 3.3:  A Hilbert-Schmidt Operator is compact.

Proof: Let’s first show that a Hilbert-Schmidt Operator is bounded, and finally it can be approximated by a sequence of degenerate operators. 
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in the operator norm.

Therefore, 
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 is compact by theorem 3.1.
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Section 4: Spectral Theory for compact operators

Introduction: Degenerate operators are equivalent to matrix operators. To see this equivalence, suppose we wish to solve 
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Using (4.1) the form of the equation becomes
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Now, if we let
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 which are unknown constants (as they depend on u),
 then equation (4.2)  becomes
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If we let 
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 play an important role on the solution of this matrix problem.

The main goal of this section is to determine how to generalize the spectral theory for matrices(finite dimensional) to infinite dimensional linear compact operators. This generalization is possible  for compact operators because the compacting action of the operator tends to minimize the effect of "most" of the possible independent directions in the vector space. As a result the difference between the action of a finite dimensional operator and the action of a compact operator is "small".
4.1. Eigenvalues and eigenfunctions of a compact operator

Definition 4.1: Let 
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Such a non zero 
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is called an eigenfunction (eigenvector) of
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Definition 4.2: An eigenvalue, eigenvector pair of 
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4.1.1. Some important properties of eigenvalues and eigenfunctions of a compact linear operator 
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Eigenvalues and eigenvectors of a compact linear operator 
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have a number of important properties. 

Property 4.1 The multiplicity of any eigenvalue 
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.Thus, the number of 
linearly independent eigenfunctions for a  non zero eigenvalue is finite.

Definition 4.3: an operator 
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 exists and is bounded as 
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Example 4.1: if 
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 is a Hilbert-Schmidt operator, by example 2.2 the adjoint using the real 
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Property 4.2: If 
[image: image732.wmf]K

 is self-adjoint, the eigenvalues of
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 are real. 

Proof: Let
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Property 4.3: If 
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 is self-adjoint compact operator, then the eigenfunctions corresponding to distinct eigenvalues are orthogonal. 
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Property 4.5 (maximum principle):  Every non-trivial self-adjoint compact operator has a non-trivial eigenpair 
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Property 4.6: A compact self adjoint operator 
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 is either degenerate or it has an infinite number of mutually orthogonal eigenfunctions.
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That is, g is represented as a Fourier series of 
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4.2. Resolvent and Pseudo-Resolvent Kernels

Definition 4.4: When ever it exists, a Resolvent Operator is the inverse operator for an integral equation
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 is called the Resolvent kernel and the operator 
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Finally, we generalize our discussion by using the least squares solution to find a pseudo-inverse operator for a self adjoint integral equation.
Definition 4.5:  The least squares solution of the problem 
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Definition 4.6: The "inverse" of the operator corresponding to the least squares solution is called the pseudo-inverse operator.
From the definition of the least squares solution we can find a pseudo-inverse operator (which always exists)for a self adjoint integral equation. When 
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The operator 
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is the "pseudo" resolvent operator for this problem, and it exists since the eigenfunctions corresponding to eigenvalue 
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m

are projected out.
Example 4.4: Find the pseudo-resolvent operator for the Fredholm integral equation
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This integral operator is not self adjoint.As seen in example 2.10, the null space of 
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is spanned by the function 
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 constant and the null space of 
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From(4.17) and using (4.18)we have            
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Substituting(4.19) in to ( 4.17)  gives us the pseudo-resolvent solution
to be  
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