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ABSRTACT

The requirement for accurate analysis tools to ipteétle behaviour of delaminated composites
has grown and will continue to grow into the futudele to the high demand of these materials
on major structural components. In the followingdetailed analysis of single and double-
delaminated beams is made, using traditional fieiégganent techniques, as well as two dynamic
element-based techniques. The Dynamic Stiffnessi@SM) and Dynamic Finite Element
(DFE) techniques introduce the concept of frequadependent stiffness matrices and shape
functions, respectively, and have been documerdeexhibit excellent convergence qualities
when compared to traditional finite elements. Cuofrrerends in the literature are critically
examined, and insight into different types of maugltechniques and constraint types are
introduced. In particular, the continuity (both &matic and force) conditions at delamination
tips plays a large role in each model’s formulatiom addition, the data previously available
from a commercial finite element suite are alstiagtdl to validate the natural frequencies of the
systems analyzed here. Beam element-based teckragei@ised and the results are compared to
those obtained using the dynamic element technigndsdata from the literature. In each case,
excellent agreement between different techniques otserved. In addition, The Commercial
Software (ANSY$12) based on FEM modeling approach analyzed hergeiseral and
accurately predicts delamination effects on thguesncy response of beam structures. Based on
an existing one-dimensional model, the investigat®extended to two-dimensional modeling
for single and double-delamination cases. In ea&be,cclamped-clamped and cantilevered
delaminated composite beam configurations, bothteced and none-centered delamination
conditions are studied. The three-dimensional madalso developed for single delamination of
a clamped-clamped delaminated composite beam. @$dts that obtained from simulations
(ANSYS®12) are excellent agreement with the data availdblethe literature. Finally,
conclusion, recommendation and future works are emaw the usefulness of the presented

theories, and some comments are made on the futirkeof this research path.
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Chapter One

1. Introduction

In recent years, mechanical structures are manugtusing composite materials. High specific
stiffness and strength of the material is what reakese composites the material of choice in
structures. These composite materials are favouaréae industry such as aerospace because of
their strength and weight. Composites are fabritatsing high-strength fiber filaments and
embedding them in plastics, metal or ceramics. Qmitgs are often costlier than conventional
metals but their properties justify their use.

Polyester and epoxy resin, reinforced with glasssed in boats, footbridges and automobile
body. One of the most expensive composite matasalarbon fibers. They possess an increased
stiffness with a high tensile strength. Their ténsstrength properties compare with steel but
weigh about a quarter as much. Carbon fiber madgenaw compete with aluminum in aircraft
structures. Mechanical properties of composite resedeteriorate due to possible damages.
Delamination is one of the most common failures composite materials. Such failures,
especially in aerospace industry often result talfaccidents. Some accidents involve in single
engine planes, gliders and large commercial aishfe to delamination.

1.1. Background

Layered structures have seen greatly increasedirusavil, shipbuilding, mechanical and
aerospace structural applications in recent decagi@marily due to their many attractive
features, such as high specific stiffness, higtcifipestrength, good buckling resistance, and
formability into complex shapes. The replacemerttaditionally metallic structural components
with laminated composites has resulted in new anque design challenges. Metallic structures
exhibit mainly isotropic material properties anduige modes. By contrast, composite materials
are anisotropic, which can result in more complaikufe modes. Delamination is a common
failure mode in layered structures. It may arisarfrmanufacturing defects, loss of adhesion
between two layers of the structure, from interl@mnistresses arising from geometric or material
discontinuities, or from mechanical loadings. Thesgnce of delamination may significantly
reduce the stiffness and strength of the structukeseduction in the stiffness will affect the
vibration characteristics of the structures, sushttee natural frequencies and mode shapes.
Changes in the natural frequency, as a direct resuhe reduction of stiffness, may lead to

resonance if the reduced frequency is close tocemation frequency.
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1.2. Problem statement

The dynamic modeling of flexible delaminated lapeams has been a topic of interest for many
researchers. With the increased use of laminatedposite structures, the requirement for
accurate delamination models has also grown. Thanumn delamination problem is the
vibration of layers of laminated beams, which metlr@supper and lower intact portions of the
delaminated segment to vibrate freely independértaoh other under free mode condition. In
addition, delamination is caused by improper orenfgct bonding, crack in material, chemical
corrosion, and separation of joined tiles or brokeers during manufacturing. Some of these
failures may attribute to in-service loads, whick aaused by object impact or fatigue. When
delamination occurs in a structure, the bendinfinsss at that cross section of the material
decreases and in turn, the natural frequency deese#® small change in the value of natural
frequency is a great indicator to identify thatameination has occurred. Since frequency is
proportional to the square root of stiffness, alswaiance in frequency would mean a large
damage to stiffness of the composite. It shoulddie that the reduction in stiffness and natural

frequency depends on the size and location of ¢hleathding of material.

beam 2

"
beam 3 !
A r
L A !

A

beam 1 [ beam 4 ’ beajm 5

Figure 1.1- The problem of free vibration of lamined composite beam.

1.3. Objective of the Study
1.3.1.General objective of the Study

The general objectives of this research are toveleand test several FEM, DSM and DFE
formulations by Matlab coding for single and doudklaminated composite beams using free
vibration analysis. To simulate the frequency madd shape mode of delaminated single and
double composite beams by using commercial FEMvso& or ANSY$12.

1.3.2.Specific objectives of the Study

The specific objectives of the research are -

% To develop analytical formulation for single andute delamination composite beam

~2 ~



« To study the harmonic oscillations, the governirgagions, Continuities of forces,
moments, displacements and slopes at the delamini@is are enforced.

% To develop FEM, DSM and DFE formulation for singd&d double delamination
composite beam

+ To develop FEM, DSM and DFE formulation by Matlaizle /Matlab programming

% To model delaminated composite beam by using cowiaiesoftware ANSY 812

1.4. Methodology

To achieve the objective of this research work ftlewing methodologies will be carried out

1. Introducing Analytical Formulation : - The co-ordinate system and notation for a single

and double delaminated composite beam will be aedlyIn addition, the continuity
condition for both single and double delaminatieam will be analyzed.

2. Introducing Finite Element Method (FEM):- a traditional finite element formulation

for both single and double delamination beam w#l fresent, which will take the
continuity conditions required at the delaminatis into account.
3. Dynamic Stiffness Matrix (DSM) formulation:- under This method, Dynamic Stiffness

Matrix (DSM) formulation for both single and douldelamination beam will be present,
it take into account the frequency-dependency of dhatien in their approximations,
making them more accurate than traditional FEMctmarser mesh densities.

4. Dynamic Finite Element (DFE) formulation:- This method Dynamic Finite Element

(DFE) formulationfor single and double delamination beam will besprs.

5. Verification _Using ANSYS®12 Software:- the penultimate work will present a

verification of the presented theories using conuiaé~EM software. Beam element
modeling techniques will be explored. A compariseii be made with each FEM
model, and discrepancies will be explained andyaedl.

6. Conclusion and Recommendatiosi-under this Conclusion, Recommendations and

future work will be presented.
1.5. Scope of Research

The main purpose of this thesis is to develop timéd-Element Modeling and Free Vibration

Analysis of Single and double Delamination CompoBieams are the following approaches.



+ The derivation of Finite Element Method (FEM), Rynic Stiffness Matrix (DSM) and
Dynamic Finite Element (DFE) formulations with ttieg each layers of beams as Euler
Bernoulli beamusing the free mode delamination.

% Capturing the modal frequency variation dependinglelamination ratio and location of
delamination (central delamination) for FEM, DSM; B by Matlab code/ programming

« Simulating the frequency mode and mode shape dindehted single and double
composite beams by using commercial FEM softwarkMN8YS°12.

s Study the effects of delamination such as locatisize element types etc and

+« Simulating modal frequency variation depending lo@ boundary condition of beams

such as clamped — clamped and cantilever beamsiby BEM software or ANSY&.2
1.6. Limitations of the study

At this research is confined to analyses and inyason of FEM, DSM and DFE formulation for
single and double delamination composite beamsyetiew of literature suggest that there is
wide range of issue that may have effect on delatitin beams. Such issues are the position of
delamination either center or off-center, envelopmon envelop delaminations, types of loads
etc are the factor effect on delamination.

In addition, due to the time and resource condBaitnis study only explores the analysis of
single (two layered) and double (three layeredamighations of composite beams with central

and free mode vibration are considered.
1.7. Organization of the study

The whole thesis work may encompass up to five nchepters, which will be presented as
following described bellows.

The first chapter briefly gives detailed informattiabout the general introduction, background,
objectives to be achieved and methods to achievehfective of this research work. The second
chapter is concerned with related Literature swsy@shich are done by various researchers, will
be summarized.

The analytical formulation and traditional finiteement Formulation, Dynamic Stiffness Matrix
(DSM) and Dynamic Finite Element (DFE) formulatiomsethod will be presented for both
single and double delamination of composite beamfigoration, producing frequency-
dependent stiffness matrices discussed in thirgtelna



In chapter forth, some numerical value and compari®r Finite Element Method (FEM),
Dynamic Stiffness Matrix (DSM) and Dynamic FinitéeBEent (DFE) will be made with values
obtained from the literature. to conclude the maqalelsentation, the penultimate chapter will
present a verification of the presented theorigsgusommercial FEM software (ANSYS). Beam
element modeling techniques will be explored. A panson will be made with each FEM
model, and discrepancies will be explained andyaedl.

The last chapter, chapter five, will present thediings of the study as a conclusion and
recommendation, a list of activities, which shobkl performed and should be encompassed in

future works in order to enhance the developmepraduct sector.



Chapter Two

2. Literature Survey

Delamination models, first formulated in the 1986%], dealt with the vibration of two-layer
sandwich beams, where layers were governed by ulex-Bernoulli bending beam theory. The
upper and lower intact portions o the delaminateghwent were assumed to vibrate freely —
independent of each other; as a result this madkhown as ‘free mode’ delamination. It was
later discovered that the free mode under-predictatural frequencies for off-mid-plane
delaminations due to unrestricted penetration ef eams into each other. Mujumdar [49]
accounted for this in 1988 by constraining the svanse displacements of the top and bottom
beams to be equal. The resulting model, known asctinstrained mode’ delamination model,
predicts vibration behaviour much more accuratelyoff mid-plane delamination. However, in
modeling terms, the constrained mode implementatsults in additional system constraints,
leading to increased system stiffness and a pessNmr-prediction of natural frequencies. As
well, the ability to capture opening delaminatioomdas — where the layers separate from each
other — which is commonly seen in experimental ysigl[14,45,51], is lost when using the
constrained model. Thus, in the work to follow, finee delamination model will be utilized.
Another result of Mujumdar’s work [49] was the dgtonnector assumption. The assumption
states that, for the beam models presented, tlaendtetion faces, which are planar and normal
to the neutral axis of the undeformed beam, rempkanar (and normal) to the neutral axis of the
deformed beam. This assumption, visualized in Edurproduces a set of kinematic and force
continuity conditions at the delamination tipsisialso worth noting that, in general, a laminated
composite beam may have orthotropic, layerwise natproperties, resulting in displacement
coupling behaviour. The model used in this worluasss an isotropic or homogenized material,
and is not immediately applicable to carbon fib&nforced laminated composite beams with
arbitrary lay-up patterns, as there would, in gahdye a torsional and/or extensional response
coupled with flexural vibration [31-33]. Work ontexding the presented theory to include these

effects has begun, and will be a topic for futwsearch.



Figure 1.2-Graph of the actual, soft and rigid comators on the deformed beam, from [15]
The accuracy of vibration analysis and forced raspocalculation of a flexible structure
depends greatly on the reliability of the modallgsia method used and the resulting natural
frequencies and modes. There are various analyeati-analytical and numerical methods to
predict the natural frequencies and mode shapesuchh a system. Several exact solution
methods exist for well-defined systems, such asndilated uniform isotropic beams with
constant geometric and material properties. Siftyle 19, 21, 62, 53,], multiple [9, 11], and
various overlapping and enveloped [46] delaminationditions in space and on various elastic
media, such as Pasternak soil [59] have been studimg analytical solution methods. Some
work has also been done on delaminated sandwialictstes [44], albeit with some
mathematical simplification. These solution methagerally use the same procedure as
Mujumdar [49] to formulate the kinematic continuiépnditions across the delamination tips.
The power of this type of formulation lies in theilay to be applied to any number of different
system configurations. However, a potential drawbsx this procedure is that the system
equation must be re-formulated after any configamratchange, potentially limiting its
applicability.

The conventional Finite Element Method (FEM) hdsray, well-established history and is one
of the most commonly used methods for modal amalyBhe FEM is a general systematic
approach to formulate the element mass and stdfmeatrices, which are constant in the
frequency domain, for a given system. FEM is eaadgptable to complex systems containing
variations in geometry or loading through the ug$eparticular modeling techniques. Non-

uniform geometry, for example, is often modele@ atepped, piecewise-uniform configuration.
With the method of weighted residuals and Galerlimite element formulation, the exact
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variation of the geometry, material properties a#8o be modeled directly in the formulation
[21]. Conventional FEM formulation, based on polgymnal shape functions, leads to constant
mass and stiffness matrices and results in a liegg@nvalue problem from which the natural
frequencies and modes of the system can be reaxiilgicted. One of the advantages of FEM is
that one could use Lagrange multipliers to enfocomtinuity conditions. Although these
formulations show good agreement [50] with experitak values, they introduce extra
computational overhead by inflating the size of #lement matrices. whereas an element
developed with the constraints in the formulatiovuld produce results with similar agreement —
shown in [43], [42] including axial compression afB], where a similar technique for
delaminated plates was shown— but with a smallkritisa domain. The results would not be
strictly identical, since including the conditiomxplicitly in the formulation enforces them
explicitly (exactly equal to zero), while the acacy of the conditions imposed using the
Lagrange multiplier technique would be subjectdavergence criteria (suitably close to zero to
assume convergence has been obtained). Other FEiMideies use layer wise theory [41],
wherein delamination is represented by the redudtiostiffness of the cross-sections of the
beam where the delamination exists, depending ennthmber of delaminations present and
hence, the number of layers which compose the megibe benefit of this type of formulation is
that it can model multiple delaminations easilyt the elements are very problem-specific.
Rather than discretizing the system into multipd@ris and applying delamination conditions to
the endpoints of those beams in order to satisfifimoity conditions, this method produces an
element for each span wise location of the beans $bmewhat limits the usefulness of the
technique, as a library of different element typgsuld have to be developed for each
delamination scenario, rather than simply the a&ppbn of different boundary conditions to
different beam sections.

Another avenue of FEM analysis has been the saagtysis of delaminated beams. Although an
understanding of dynamic properties of defectivegosites is important and is the focus of the
work presented here, an adequate understandingngbasite behaviour in all regimes has been
an important focus of academic research by manyekample, FEM formulations based on the
principle of virtual work have shown excellent agreent with existing analytical techniques.
These modeling techniques, which assume certaeniatics and continuity conditions about the
delamination condition, develop equations for theais energy of the system, either
homogenized [53] or using laminated material refahips [51]. Some work has also been done
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to incorporate shear deformation and rotary inenti@ the formulation [54], although the
continuity conditions were incorporated using anteque similar to Lagrange multipliers, rather
than directly in the formulation. For non-slendegalms, this technique showed excellent
agreement with a reference FE solution, also notivd the formulation was free of shear
locking, which was shown to cause poor convergertt&racteristics with high connection
stiffness [54]. Most static techniques employ nime#dr methods to ensure the delaminated beam
sections do not inter-penetrate each other. SucHinearities are not able to be resolved into
the frequency domain and thus are unsuitable foaahyc analysis without modification, but the
use of the principle of virtual work and the apgtion of continuity conditions at the

delamination tips are areas of crossover betwesdyhamic and static FE formulations.

Alternatively, semi-analytical formulations, such the Dynamic Finite Element (DFE) method,
can be used to carry out structural modal analy3#E formulation results in a more accurate
prediction method than traditional and FEM modelieghniques, allowing for a reduced mesh
size. The main principle of the DFE is the weightesidual integral formulation, which provides
a general systematic modeling procedure. The vaymbmicin DFE acronym refers to the
frequency-dependent basis/shape functions of appation space used to express the
displacements, which in turn lead to thgnamicstiffness matrix of the system. These shape
functions are derived from the general solutioa gubset of the differential equations of motion,
rather than arbitrary polynomials, as with tradiabFEM. The DFE technique follows the same
typical procedure as FEM by formulating the elememuations discretized to a local domain,
where element stiffness matrices are constructddren assembled into a single global matrix.

Analytical methods, such as the Dynamic Stiffnesstrid (DSM), have also been used for the
vibrational analysis of isotropic [3, 4], sandwid) 2, 6] and composite structural elements [7]
and beam-structure combinations [5, 7]. The DSMraggh makes use of the general, closed-
form solution to the governing differential equasoof motion of the system to formulate a
frequency-dependent stiffness matrix. The DSM dessrthe free vibration of the system and
exhibits both inertia and stiffness propertieshef system and produces exact results, within the
limits of the theory, for simple structural elemg&nsuch as uniform beams, using only one
element [3, 4]. Banerjee and his colleagues [lakehdeveloped a number of DSM formulations
for various beam configurations, where the roothing technique proposed by Wittrick-
Williams (W-W) [62] was exploited to determine tbgenvalue of the system. Wang et al. [61]
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to simulate a cracked beam have also used the D&Wg [61] also investigated the effects of a
through-thickness crack on the free vibration mo@eso elastic flutter and divergence of a
composite wing. Borneman et al. [11] presentediexm@xpressions of a DSM for the coupled
composite beams, exhibiting both material and genemeouplings. These expressions were
consequently used to develop a cracked DSM formamaiand the free vibration of doubly
coupled cracked composite beams was investigaté&eenGhese considerations, the DSM

method for a single beam can be modified to acelyatodel delaminated multi-layer beams.

FEM analysis of two dimensional plates and sheligluding delaminations has also been
investigated. These techniques use similar methsdbe layer wise beam models [41], which
again would require a library of elements for eadmfiguration considered. The effects of
different bonding conditions have been examinedlbgring the behaviour of interlaminar slip
[45]. Damage models have also been incorporateal some solutions [20, 64] in order to
accurately predict crack and delamination propagatver time. Other work, using spectral
elements to model two-dimensional delaminated pldies been used to model time-variant
mechanics, such as Lamb wave reflections [40]. Baigaviour, if modeled accurately, can assist

in non-destructive testing of components to lockaminations.

The aim of this work is to present a complete amay FEM, DSM and DFE formulation for
the free vibration analysis of delaminated two- dhcee-layer beams, using the free mode
delamination model. Two intact beam segments reptebe delamination of a two-layer beam
(single-delamination); one for each of the top baottom sections of the delamination. Similarly,
three intact beam segments represent the delaonnaif a three-layer beam (double-
delamination). The delaminated region is boundeckitimer side by intact, full-height beams.
The beams transverse displacements are assumedgtmverned by the Euler-Bernoulli slender
beam bending theory. Shear deformation and rotaertia, commonly associated with
Timoshenko beam theory, are neglected. For harnusuilations, the governing equations are
developed and used as the basis for the model afgweht. Continuities of forces, moments,
displacements and slopes at the delamination tipseaforced, leading to solutions of the
system. Assembly of element matrices for the elérbased techniques, and in all cases, the
application of boundary conditions results in aralbteristic system of equations representing the
system. The FEM model will utilize cubic Hermitegermpolation functions of approximation to
express the flexural displacement functions, neth field variables and weighting functions [9].
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Chapter Three
Analytical, FEM, DSM And DFE Formulation

3. Introduction

The frequency at which a system vibrates naturaftgr it has been set in motion is called
natural frequency. Therefore, if there is no irdeghce, the number of times a system oscillates
between its original position and the position ibwad to after it was set into motion is the
natural frequency of that system. For example, beam that is fixed on one end and a weight
attached to its other end is pulled and then rekbafhe beam oscillates at its natural frequency.
The study of natural frequencies and modes ofviletion of a system can be accomplished by
one of the many well-established methods, namelglyiical, Finite element Method (FEM),
Dynamic Stiffness Matrix (DSM) and Dynamic Finitelement (DFE) formulations. The
methods to finding the natural frequency at whichyatem vibrate naturally for delaminated
composite beam by FEM, DSM and DFE formulation wiksented this chapter.

3.1. Analytical Formulation Method

To narrow down the field for analytical method, foeus of this research will be on single and
double delamination of composite beams treatindagttrs of beams as Euler-Bernoulli beams.
the main propose of these analytical formulatiothis research is to determine the parameters
of delamination, continuity of shear forces, coutiy of slope and displacements of delaminated
beams. all of these proposes will used in Finieemeint Method (FEM), Dynamic Stiffness
Matrix (DSM) and Dynamic Finite Element (DFE) forhations.

3.1.1. Analytical Formulation for Single Delamination

Previous scholars in two conditions studied sirdgégamination. First, free mode and second,
constrained mode. In this research, free mode msidered. To explain analytical method in
single delamination, and how it is determined, Wark done by previous researchers will be
illustrated. They reported the analytical solutidos“free mode”. The assumption was that the
beam is divided into 4 segments. All four beamstagated as Euler—Bernoulli beams; therefore,
the present solution is valid as long as3H;, i=4, bellow Figures [8]. Figure (3.1) shows the
general coordinate system and notation for a delated beam, with total length intact beam

segment lengthk; andL,4, delamination lengtl and total heighH,. This model incorporates a
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general delamination, which can include laminatechgosites or bi-layered isotropic materials,
with different material and geometric properties\aand below the delamination plane.

Through-width
delamination

Beam 2 /' H,
El, ,-‘f
M w Beam 1 H, / J' Beam4 | ___
El, x T El4 , u

Beam 3 Ha
Els l

— X1 —» X2 Xa — X4

<« L, 4>|<—L2L a —>|H Ly —>

Lo >

S w

z
Figure 3.1- The co-ordinate system and notation fosingle delaminated composite beam

Thus, the top layer has thicknd$g Young’'s moduluds,, densityp,, cross-sectional arég and
second moment of aréa The bottom layer has corresponding propertiet) subscript 3. The
delamination tips occur at statiows = L, and x4 = 0, and torsion, shear deformation, axial
(warping effects and axial deformation) and oufptzine delamination are ignored. Following
this notation, the general equation of motion fwit" Euler-Bernoulli beam in free vibration is
written as [13, 14]:

4., 2
-aw‘+plAlaaz—0|1 4 (1)

For harmonic oscillations, the transverse displaa@sican be described in the frequency
domain by using the transformation

w;(t) = W; sin(wt) (2)
Where w is the circular frequency of excitation of the syst Wi is the amplitude of the
displacementv; and subscripti* represents the beam segment number. By subst({8.2) into
(1), the equations of motion reduce to

64Wl
L oox

EI, — piA;wW; = 0,i=1,...4 (3)
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The general solution to the 4th-order, homogenethifisrential equation can be written in the
following form

W (x;) = Aicos(4;x) + Bisin(1;x) + Gcosh(4;x) + Disinh( 4;x) 4)
Which represents the bending displaceméhbf beam segment’; L; is the beam segment
length, and; represents the non dimensional frequency of osiciiadefined as:

2
4 _ Wpidi
A4, = 2 hA

El;
A4 = O 5
= (5)
Where m is mass of beanf"iarea and the Coefficients, B, C;, andD; (i = 1,. . ., 4) are

evaluated to satisfy the displacement continuityurements of the beam segments and the
system boundary conditions. As also observed aported by several researchers [13, 14], the
inclusion of delamination into the beam model ressid a coupling between axial and transverse
motion of the delaminated beam segments. Thisimgoily due to the continuity requirements
imposed on the delaminated beam endpoints at flend®tion tips. Since the delamination tip
cross sections are assumed to remain planar aferndation, the ends of the top and bottom
beams must have the same relative axial locatiem déformation, preventing interlaminar slip.
Consider a delamination tip after deformation. Adaag to the numbering scheme in Figure 3.1,
and since no external axial load is applied, thedand bottom beam segments must have equal

and opposite internal axial forces, thatd8,= P2, applied to prevent interlaminar slip.

e, 9"
¢ ) s

Faces remain
planar after
deformation

Figure 3.2 — The faces of the delamination remaifapar after deformation

Uy (2 = 0) —uz(x3 = 0) = %%W1(x1 = Ly) (6)
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Whereu; is the axial displacement of beam seciipandW'1(x1 = L1) = W's(x2 = 0) IWV'3(x3 =
0) from the kinematic continuity conditions. If shis combined with the same formulation from

the right delamination tip,
[us(x3 = L3) —uz(xz = 0)] — [up(x; = Ly) —up(x, = 0)] =
d d
%[5W4(x4 =0) _awl(?ﬁ = L) (7)
The assumption was made by Mujumdar [50] and bgrotesearchers (for example, [13, 14])

that the axial displacement will behave accordimghie following, for small deformations and
material and geometric properties, which remairstaimt along the length of the beam:

L .
ui (e = L) = w0 = 0) = fo EPA(?Z?)d - Zﬁ; (®)

WhereEA;is the axial stiffness of beam sectiorsubstituting this into (7) yields:
PaL; P3lz _ Hy

0 0
EA, EAs 2 [5; Walxs = 0) = Wy (x; = Ly)] 9)

Using the continuity of axial forces across theadghation tip, B=-P, and L=L3

EA,+EA
P3 2( E: EAs 3 - 2 6 W4(x4 - 0) ——Wl(xl = Ll)]
H EA>,EA
3 2le (EA22+EA3 ) [_ Wa(xy = 0) — _Wl(x1 = Ly)]
* H 9
P3 = A 71 [ W4_(x4 = ) — awl(xl = L1)] (10)

Wi;' is the slope of thé” beam segment, where “prime” represents the diffeation with respect

to the beam longitudinal axix,, and the parameter As defined as

( EA,EA; )
2L2 EA2+EA3

*

(11)

Which can be further simplified if the cross-segtibshape is known. With explicit expressions
(10) and (11) for the internal axial force, conttguconditions for bending moment can be
derived as follows:

At stationsx = xp, X3, continuity of bending moments leads to
Atx = xp: My (x;) = My (x3) + M3(x,) — Pz + P3 2 (12)
At x = x3: My(x3) = Mp(x3) + M3(x3) — Pz + P3 > (13)

Using expression (12) and the previous condltldm)s and (11) for represents the internal axial

force, and noting that from beam theory, bendingn@ats and shear forces in beam segmént °
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are related to displacement, , throughM; = —EIL Ell respectlvely, it can be

shown that, for continuity of bending moments,

EL 22 (v = L) = EL 22 (o) + EL; 22 () +
A= Wy (g = 0) = =Wy (21 = Ly)] (14)
Where the coefficierA is defined as:
EA,+EA;5
Likewise, to satisfy the continuity of shear foradmut the left delamination tip,
d a3 a3
EL 2 () = L) = EL 2% (o) + Bly 222 () (16)

Additionally, there exist two kinematic contlnun:xbnditions at each delamination tip. Again,
about the left delamination tip:

Continuity of displacements: Wi (x1=L1) =Wy (x2=0) =W3(x3=0)

Continuity of slopes: [;—xwl(xl =L = ;_xWZ(xZ =0) = ;_xWZ(xZ =0) (17)
These kinematic and force continuity conditionsewlapplied to each delamination tip, produce
six equations per tip. In addition to four endpdintindary conditions of the system, this process
results in 16 equations. If the general soluticomfr(4) is applied to each of the four beam
sections, this results in 16 unknown constant ceffts. The 16 equations can be solved
simultaneously, using a root finding algorithm itedfthe natural frequencies and mode shapes of
the system. Thus, an analytical solution can belywed for each set of imposed boundary
conditions. One of the advantages of utilizing Ement-based approach, such as FEM, DSM,
or DFE is that the system need not be re-develtgeal different set of boundary conditions.
3.1.2. Analytical Formulation of Double Delamination

Overall, there are two possibilities with doubldaseination. One is overlapping delamination
which is also known as “non-enveloped”, and “enpeld’ delaminate, in which damaged
laminates have the same centre on beam (Figuresd.3.5).

When the beam vibrates, different layers can vebraeely and have different transverse
deformations or may be vibrated together in a caimstd mode. In current research, only free
mode is considered.

In this section a clamped-clamped homogeneous lv@#imdouble delamination is studied. In

previous literatures, the beam was divided intorfaegments: two integral and two
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delaminations. Researchers considered the beanawasghfive segments and they assumed

sections interconnected, to form a single beanafidi 15].

beam 2

‘A :
beam 3 !

beam 1 \ beam 4 ] beajm 5

-
-
-.>
-
-

Figure 3.3- Free mode vibration on enveloped delaiion, adapted from [16]

\_/
\
IW\
beam 1 ! \ beam 5
IW
I L3

\

!

Figure 3.4- Constrained mode on enveloped delamioat adapted from [16]

The study of delaminated composite beams is natddhio a single through-width delamination.
In fact, the literature contains many examplesifiéent delamination configurations. To show
the extensibility of the dynamic modeling preseniedthe previous section, a multiple-
delaminated beam model will be analyzed and thdteesompared to analytical formulations, as
well as data obtained from the literature.

Through-width
delamiJnations

Beam 2 JQ
Elx / ¢
M, w’ Beam 1 H; Be:lm 3 Ha Beam 5 x
El4 ? e ! Els P.ou
Beam 4 ,I4
Els i
> %1 > X2 X3 X —> xs
i L4 ‘;F Lo La Ly a 4>|<— Ls —>»
i Lo >

‘S. w
Figure 3.5— The co-ordinate system and notation tBodouble delaminated composite beam
According to Euler-Bernoulli beam theory, each besaction will deform according to the

differential equation of motion
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Wiy A ZW = 0, i=1,...5 (18)

L gtz

ELZ —
For harmonic oscillations, the transverse displa#m can be described in the frequency
domain by using the transformation

w;(t) = W; sin(wt) (29)
Where w is the circular frequency of excitation of the gyst W is the amplitude of the
displacementv;, and subscripti* represents the beam segment number. By subsgt(ii9) into
(18), the equations of motion reduce to

64Wi
El; ot

The general solution to thé"#rder, homogeneous differential equation can hi¢temrin the

+ ,DiAi(UZWl' = 0, |=1,5 (20)

following form

W (x;) = Aicos(4;x) + Bisin(1;x) + Gcosh(4;x) + Disinh( 4;x) (22)
Which represents the bending displacem@mf beam segment’; L; is the beam segment
length, and; represents the non dimensional frequency of osiciiadefined as:

24 = w?p;A;
" T?
14
4 Q)Zmi
1 = (22)
El;

The expressions (18) through (22) are, respectivdbntical to (1) through (5) presented in

above section. The basic assumption at the deldiointps, again, is that the change in length
of the delaminated beams, as imposed by requirethahthe delamination tips remain planar

after deformation (rigid connectors), is equal he tength change caused by an internal axial
force acting at the delaminated beam endpointshignway, the axial forces can be treated as
unknown, and solved to provide sufficient informatito generate bending moment and
continuity equations at the delamination tips. Ehesoment continuity equations include the

following factors, for equal-length double delantinas, written about the left delamination tip.

92w, a2W, 92 W, 92w,
My =El—— + Eb——" + Eli—— + El,— "+

P2+ Py (Hy +22) + Py (Hy + Hy + =) (23)

*

The terms in (*) (the last three terms in equat@8) represent the moment contribution from the
axial forces, which are unknown at this point anel tieated as variable. In order to find the
values of these axial forces as functions of tiepldcement magnitud®/ which when solved
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will be an appropriate approximation function — sophysical assumptions have to be made.
Equilibrium of axial forces at either delaminatitps demands thd&,+P3;+P,=0, assuming the
system has no externally applied axial forces. Addially, the following conditions, based on
the assumption that the differential axial straighis caused completely by the unknown axial
forces, can be written:

Pza P3a _ H2+H3
EA, EAs 2

[ Ws(xs = 0) — =W, (1 = Ly)]

P3a P4_a H3+H4 F)
£A, EAg > [o; Ws (x5 = 0) ——W1(x1 =Ly) (24)

Where the terms on the right represent the difteakstretching to maintain axial displacement
continuity at the delamination tips and the termstloe left represent the stretching/shrinking
caused by the axial forces. This is the same tgalenused in above section of Analytical
Formulation of Single Delamination to find the etplent statement for the single delamination

case. Setting these two equal, the form of thel fomiaes can be determined as functions of the
difference in slope between the delamination ti§sz1(;\c1 =L — ;—xWS(xs =0). The

moment continuity equation above then becomesg;, sdifestitution and simplification:

FRA 92W, 92W, 92w,
Ellﬁ EIZ a 2 +EI3 a 2 +EI4 a

Where (25)

«  EAEA4(Hy + H3)? + EA,EA;(Hy + H3)? + EAEA,(H3 + Hy)?
B 4a(EA, + EA; + EA,)

Similarly, the form of the moment continuity condit at the right delamination tip can be

d
+ A[ —Wi(xy = Ly) = - Ws(x5 = 0)]

found. In addition, the other continuity conditioasthe delamination tips may be found. For
example at the left delamination tip:

Continuity of displacements: Wi=Wo,=W3=W,
Continuity of slopes: ;—xW1 = %WZ = iW3 = iW4 (26)
Continuity of shear forces: E11 oz E12 o % 4 EI3 o %+ EI4 o

Using the requirement for a force-displacementti@tahip with the already established general
solution, the standard, Euler-Bernoulli beam thegegcriptions of internally developed bending

moment and shear stress may be written at eachpas:

2w,

M; = El;
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Similar relationships can be derived for the rigbtamination tip. These relationships result in

Ti=EI

(27)

20 equations, and 20 unknown constants, from @ ectors. When the determinant of the
coefficient matrix of these constants vanishes cthditions for natural modes of free vibration
are met, and the frequencies at which this ocaarshe natural frequencies of the system. These
frequencies may be found in a number of ways, faofrequency-sweep to more advanced root-

finding algorithms [62].
3.2. Finite Element Method (FEM) Formulation

The Finite Element Method (FEM) is a versatile nuos method frequently used to solve
engineering problems. In this method a mechantcattire is broken down to a large number of
substructures know as element. The Finite Elemesgthdtl considers a number of compatible
elements connected to each other. Using this tqakrany complex structure can be modeled as
an assembly of simpler structures. The greatesdrddyge this method has over other methods is
its generality with which natural frequencies anode shapes can be determined. The challenge
for this method is that it requires a large (memagmputer to be sensitive enough to achieve

numerical output.
3.2.1. FEM Formulation for Single Delamination Composite Beam

The finite element approach used here is basetdeoGalerkin method of weighted residuals.
The equations of motion for each beam are useldealsasis of this solution method. Simple

harmonic motion is again assumed, and the equatiom®tion.

Wf W2

W;' L'

€

F ) L
x

~
Yy

Figure 3.6— A 2-node, 4 degree-of-freedom beam edatn
According to the Euler-Bernoulli beam theory, take following form:

a*W; A% r, .
El(w)- El (L—) W;=0, i=1,..4 (28)
WhereW; is the actual transverse displacement of beand the same non-dimensionalization
used in (5) has been applied. An approximate tenssvdisplacemer; is introduced in place

of the actual displacement, such tiat=WW;. This results in the following residual equation
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EJ (64Wi) _El, (ﬂ)4 W=R, i=1,..4 (29)

x4 L;
Where R is residual of approximate equation, Fahgwthe Galerkin method of weighted
residuals, the residual above is weighted by aiairtisplacemendi/ and the integral is set to
zero across the domain of the system. Since theerayss composed of four distinct beam
sections occupying their own subset of the domte, following is representative of the

Galerkin method applied to the delaminated system.

4 L; 4 4
i 94w, A
E (f (Elic?Wl- <6—4‘> - EJ (—‘) 6WiWi>dxi> =0 (30)
. 0 X Li

=1
Where Wi(xi) = [Ni(x){ W}
Where N; (x;)] are the shape functions of the beam elementshwhill be defined later. Since
the virtual displacement is applied to the enticendin, and the four different beam sections
occupy unique sub-domaindW =Y}, §W;. In order to produce the force and displacement

continuity terms, a set of integrations by partspesformed on the above, resulting in the
L; 4 L; 2 2
+ j (g (0% (9 W (31)
, 0 P\ ox2 0x?
0 =1

l
At
— EL, (L—l> 6WiWi> dxi> =0
i

In above equation, the term (*), represent the damnand continuity conditions imposed on the

following weak form.
4

3w, 0 02w,
Z El;|ow; dx3 _(aawi) 0x?

i=1

system. Using Euler-Bernoulli beam theory, the slieae and bending moment at any points

are defined as based on the transverse displacesent
3w,
() =EL() |55

M(x) = EI (0 (52) (32

For the endpoints of beam sections 1 and 4, thewolg is true for free vibration

3 2
EL (6W1 3wy 95W, 9 W1)

dx3 dx 0x2

£4=0 = 5Wext|x1=0 (33)

= 6Wext|x4=L4

X4 =L4_

03w, 08W, 0°W,
Ely | oW, ax3  Ox 0x2

For the free vibration of this system, the totakexal work is
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Wext = 5Wext|x1=0 + 6Wext|x1=L4 =0
Where §W.y: is the external virtual work caused by appliedeaxal forces on the system,

causing virtual displacements. The remaining tam(%) above can be resolved by applying the

continuity conditions from (16) and (17), with theollowing as a result:
4
" ' mLi
Z (EL[swiw,” = sW,W;]") = 6Wes
i=1
+6W,(0) [ELW; " (Ly) — ELW, " (0) — EI;W5” (0)]

- SW, (O)[ELW, (Ly) — ELW, (0) — EI;W; (0)]
- SWy(Ly) [ELW, " (0) — EL,W, " (Ly) — EIsW5 "' (Ls)]

k%%

+8W, (L) [EL,W, (0) — EL,W, (Ly) — ElsW5 (L3)] (34)

The terms (**) and (***) in equation (34), as welt the external work term go to zero directly
as a result of the shear force continuity condgidfiowever, the remaining terms do not vanish,
since the continuity of bending moments containgdditional implicit bending-axial coupling
term, in (14), such that

4

3 (e o () - Grow) ()]

i=1 0

= [;—x SW,(Ly) — %SWZ(O)] * A [;—x Wy(Ly) — %6WZ(0)]

With the boundary and continuity conditions sa#idfi the system can be discretized into
elements, which will each be approximated usingrtben basis functions, from which FE

shape functions can be found. The system can bestized as follows, using the result of (35):

| 6W,(L2) — — 5W,(0)] + A [ Wi (Ly) — = 6W,(0)] +

4 *elements; 2 2 4 (36)
T (e (W) (W) g (A sww ) =0

' i i\ 75,2 ax2 | iL_l_ iviplaxp || =

i=1 m=1 m

Where ‘#elements;" is the number of elements in beam sectiofollowing the traditional
Euler-Bernoulli finite element development, Hernttgbic polynomials [46] will be used as the
basis functions of approximation for each beamhdhat, for a two-node, 2 degree-of freedom
per node beam element (transverse displacemerdiapel defined at each node)

W) =[1 x x2 x3]{C} (37)
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Where {C} is, a column vector of unknown constant coefiintge the following represents the

vector of nodal displacements used in further Reebgpment:

("1y 1100 o0

WL _ 10 1 0 0 _
{Wn}—iwzf— o0 e =mi©
W, 0 1 2L 3I?
{Wn} = [Pn] {C}
{C}=1[P n]_l {Wn}
Substitute expression of {C} in to (37) equatidme e obtain the following
WE) = [1 x %% X[ Pu] { W} = [N(X){ W} (38)
. L3 03 0 0
MNeol=01 x a2 1=l S B
2 3. -2 L

3x%  2x3 2x%  x3

Nl(x)= 1- 12 + [E Nz(X)=x__L +L—2
3x2  2x3 x2  x3
N3(X) = 12 - B N4(X) = _T+L_2

[N(x)] is a row vector of shape functions, which ddserihe displacements at any point along
the domain of the element in terms of the nodgbldements at the endpoints of the element
domain, {#/,}. Additionally, the shape functions may also bedido approximate the virtual
displacementspW(x) = [N(x)|{ SWn.}. With the shape functions fully defined, they mbhg

substituted for the approximate displacements@) (3

[6Wo [ (N2} (L) = = (N,}(0)] * A [ [N ](Lz) — 2 [N,1(0)] + )
4 [*#elements;
Xm+1 92 92 A 4
> ( > 1w < | <Eli 5 N ] = 1 (1) {NL-}[NL-]> d xl-) {Wn}> =0
i=1 m=1 Xm i

Frequency-dependent and non-frequency-dependans tabove can be gathered to form the
following eigenvalue problem, common to structuvabration analysis with FEM, with a
modification caused by the presence of the delatima
[6Wa]((K + Kdelam) — 0*M{W,} = 0 (40)
det (K + Kdelam) — @’M) = 0
WhereK is the structural stiffness matrix formed by assémgbthe associated beam elements,
as per equation (39K geiam IS the delamination stiffness matrix, from the teappearing outside
the integral expression in equation (39), avdis the structural mass matrix. From this
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formulation, the simplest solution methods involggensolutions. However, sweeping the
frequency® until (40) is satisfied is another solution methagich will be used extensively for
DSM and DFE solutions below chapter four.

3.2.2. FEM Formulation for double delamination Composite Beam

The conventional finite element approach used l®ebased on the Galerkin weighted residual
method. The equations of motion for each beam seel @s the basis of this solution method.

Simple harmonic motion is again assumed, and thatems of motion, according to the Euler-

Bernoulli beam theory, take the following form:

Bl ("’4"}'

= ) El (ﬂ)4wi: 0, i=1,..5 (41)

Li

WhereW; is the actual transverse displacement of beand the same non-dimensionalization
used in (5) has been applied. An approximate temssvdisplacemeni is introduced in place
of the actual displacement, such tiat=IW;. This results in the following residual equation

B2 - Ey (ﬂ)4 W=R, i=1,.5 (42)

Li
Then, following the Galerkin method of weightedidesis, this residual is weighted by a virtual

displacement, and integrated over the entire dontlaénresult being set equal to zero, such that:
5

Li oW, N
Z J;) E116Wl W - EII<L_l> 6WiWi dxl- =0

i=1
Where Wi(xi) = [Ni(x) { Wa} (43)
The row vector of shape functiorid, depend on the element type being used for arsadysi\,
is a column vector of nodal displacements. Integnaby parts is then carried out twice, to

produce the following:
5

3w\ o RTAN AR Sy 92SW,\ [82W;
Z Eli|oW. 0x3 _a(SWi 0x? +2f0 Eli 0x? 0x?

=1 0 i=1

*

o 1)
i Li

The term on the left, representing the boundanmyseiis also related to the external virtual work

4

6WiWi>dxi> =0 (44)

6Wext, which is imparted to the system by external fercBince the bending moment is

affected by the aforementioned axial force couplithg boundary term of the above equation
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can be expressed as For the endpoints of beanorsedtiiand 4, the following is true for free

vibration:

3w, AW, (92w,
Ely <8W1 ( 6x31) B 6x1 ( 6x21)> o - 6W3Xt|x1=0
X1=

93Ws\ 95Ws [92W
Els | oWs ax3 | ox O0x?

Where §Wext is the external virtual work caused by appliedeaxal forces on the system,

(45)

= 5Wext|x5=5

x5=L5

causing virtual displacements. For the free vibratof this system, the total external work is
Mext = SWextlazo + 6 Wexths=15 = 0. The remaining terms in (*) above can be ne=mlby

applying the continuity conditions from (26), witie following as a result:
5
" ' mLi
Z (EIl- [sw,w," — sw;'w, ]O) = W,
i=1
+8W,(0) [ELW, (Ly) — ELW, (0) — EL,W5 (0)] — EI,W, (0)

k%

—8W, (0)[ELLW, " (Ly) — ELW,"(0) — EI;W; (0) — ELLW, (0)]

—SW, (L) [ELW, (0) — EL,W, (L) — EIW5"(Ls) — ELLW, " (Ly)]

+8W, (L) [EIsWs (0)EL,W, (Ly) — EIsW; (Lg) — EI,W, " (Ly)]

The terms (**) and (***) in equation (45), as wels the external work term go to zero directly

as a result of the shear force continuity condgidfiowever, the remaining terms do not vanish,
since the continuity of bending moments containaddhitional implicit bending axial coupling
term, in (25), such that.

3 (e (52) -G ()

= [i(sw (L )—iaw (0)] *A[iw (L )—ia‘w (0)]
T lox T PV gy 2 ax V% ox 2

(47)
Then, expression (48) becomes:

] ] ] ]
[ 0W2L2) = 5 5W(0)] = A [ 7 Wa (L) — 5-5W, (0)] +

5 *elements; X 625Wi aZWi ,1l. 4

Z Z (L <E11< axz ><ax2 >—EII <L—l> SWiWi>dxi> =0

i=1 m=1 m

(48)
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Discretizing the domain from intm elements and replacing the displacements abovédiy t
equivalent shape function expressions, the follgwigsults, which will be the final form of the

FEM solution for this formulation:

d 0 d d
[Wa] [~ (N)(L) = - (N30« A | [N1(E) - 5 [N,1(0)]

5
"),
i=1
4

— 1, () {Ni}[Ni]> d xi> M} | =0

*elements;

Xm+1 02 02
> ([ (1 (0 ) ()

m=1

L;

(49)
Frequency-dependent and non-frequency-dependent tabove can be gathered to form the

following eigenvalue problem, common to structuvabration analysis with FEM, with a
modification caused by the presence of the delatima
[6Wn]((K + Kdelam) — w’M){Wn} = 0 150
det(K + Kdelam) — 0“M)=0
Using appropriate shape functions and substitutéd the above to solve for the structural
stiffnress and mass matriceK @nd M, respectively) anK gelam, the delamination stiffness
matrix, in equation (50). This yields the same ltegsi the traditional finite element solutions for
mass and stiffnes&(= | [B][ B]dV andM = [{ N} pA(N)dV.
where B] is the strain-displacement matrix [8]) with thelded stiffness term due to the
delamination, and noting that the frequency of &itin squared? is contained within the non-
dimensional frequency terim, which makes this eigenproblem identical to tlaelititonal FEM
free vibration problemK — w®MJ{ W} = 0.
A further investigation into the effects of highmder elements was conducted in addition to the
refinement of the theory to include multiple delaations, in order to assess the possible
benefits afforded to FEM solutions using higheresrdhape functions. The tradeoff between
increased solution accuracy and solution efficiewag examined in the process.
A. 2-Node Beam Element
Using 2-node, 4 degree of freedom beam elementhwimdicate in figure (3.7), standard
Hermite cubic polynomial interpolation functions neechosen to represent a 2-node beam
element, with 2 degrees of freedom per node (disptent and slope). The basis functions

chosen are linearly independent polynomial bage$p wrder three.
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W(x) = [Lx x* x*){ C} (51)
Where, {C} is a column vector of unknown constaaefficients. The following represents the

vector of nodal displacements used in further Reebgpment:

(Wi1y 11 0 0 o

(W= i%fz 010 8 hep=1pdto) (52)
w,) lo 1 2L 312
Thus W =[1 x x° x°][Pu] { Wi} = [N(x){ Wy}

These shape functions can then be used in therahteguation provided above to solve for the
stiffness and mass matrices. This integration maycérried out symbolically during initial

development, or numerically during the solution gghaDue to the relative simplicity of the
method, the terms in the stiffness and mass ma#e solved for directly during development.

This was true for the second element type, as well.

B. 3-Node Beam Element

W W- Ws
W'
w,' [ 1 02 03
- | |
< L/2 > L/2 >

Figure 3.7 — The 3-node, 5 degredreedom beam element
Here, the same concept of a polynomial interpatafianction is used, as before. However,

making use of a higher-order polynomial interp@atfunctions increases the accuracy of the
solution. Whereas for the 2-node beam element®ar8er polynomial was required, for a
higher-order interpolation of"4order one requires the addition of another sirdpgree of
freedom to the system. This was accomplished byngdal midpoint node with one degree-of-
freedom (lateral displacement) to the beam model ysreviously. This third node, while
increasing the mesh fineness, allows for a greatdution accuracy and possibly faster
convergence, which will be investigated. The 3-nbéam element will be developed in the
same way as the 2-node beam element, except irgrigllowing interpolation function:

W(x) =1 x x* x* x}{C} (63
Consequently, the degrees of freedom for the systdihbe modified as discussed. The addition
of the midpoint node and its associated lateratekegf freedom are compensated for by using

the following degrees of freedom:
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W, o 0 0 0
W'l o 1 0 0 0 |
{Wn}:JWZl: 1 L/2 /4 1*/8 L*/16|{C} = [R,]{C} (54)
|ws| (T L 2 3 L*
\W3’ 0 1 21 312 413
Thus Wx) =[1 x x* x* x*][P,]"H{W,} = [N]{vy}
L3 0 0 0 0
0 L3 0 0 0 ]

E 5] 32 —14 _3]
-8/L -2 16/L 8/L 2

[ L3 0 0 0 0
3
1| 0 L 0 0 0|
—| 11L  —412 -16L 5L 12
L l 18 5] 32 —14 _3LJ
-8/L -2 16/L 8/L 2

1
[2,]7! ——{ 11L  —472 —16L 5L |2 ‘
18

[N]=[1 x x? x3 x*]

Ny = = (L — 2)%(L = 2x) (L + 4x) N, = = x(L — x)2(L — 2x)
Ny = 216x2(L—x)? Ny = ——=x?(L — 2x)(5L — 4x) N5 = = x2(L — 2x)(L — x)
3.3. Dynamic Stiffness Matrix (DSM) Formulation

The dynamic stiffness matrix (DSM) method providesanalytical solution to the free vibration
problem. This is achieved by combining the cougederning differential equations of motion
of the system into one ordinary differential eqoatand the most general closed form solution is
sought. Applying the boundary conditions forms tthgnamic stiffness matrix. The DSM
formulation results in a non-linear eigenvalue peaband the Wittrick-Williams algorithm [62]
can then be employed as a solution technique. DxsSdapable of providing exact results for any
of the natural frequencies of the beam with the afsa single element since the continuous
element has an infinite number of degrees of freedo

One major disadvantage of DSM methods is that tbheed form solution of the governing
differential equation must be known, which only mecfor a limited number of special cases
such as systems with constant geometric and miapgoperties and only a certain number of
boundary conditions.

3.3.1. DSM Formulation for single Delamination Composite Bam

Another solution method for describing the freeratlon natural frequencies and mode shapes
of a delaminated beam system is the method of ymamic Stiffness Matrix. Most actively and

recently developed by Banerjee [1-7], this mettadcb$ advantage of the analytical solution as a
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basis for an element-based approach. While the D&iMnique does not use traditional FEM
methods to formulate a solution, the result of &M process, nonetheless, is a stiffness matrix,
whose entries are frequency-dependent. In the dpweint presented here, a dynamic stiffness
matrix formulation will be presented for the cehtdelaminated beam sections (2 and 3 from
Figure 3.1), including the coupling relationshipgich enforce the continuity conditions at the
delamination tips. Additionally, a general DSM fariation, in the form ofF = Ku will be
presented, which is used to formulate the stiffmaagrices for the intact sections (1 and 4 from
Figure 3.1), which is then assembled to the delatathsection using standard element assembly
techniques.

The basis of the DSM technique is that the forepldicement relationship can be found min
directly from a general solution to the differehiguations of motion, after some manipulation
of the equations. In the case of uncoupled motio&,equations presented here will not need to
be modified, but the specific techniques used forarcomplex cases, such as intact sandwich
beams can be found in [4-6]. Once expressiondhfogeneral solutions for the displacements are
found in terms of constant coefficients, the behsoty definitions of the forces are used (in the
form of displacement-dependent differential equef)o to find the nodal force-nodal
displacement relationship, in the form of a stifeanatrix. The equations of motion take the

following form, as established previously:

El ("4W") _El (ﬁ)4 W,=0, i=1,.4 (55)

ax* L;
WhereW; is now taken to be the actual displacement of'tHeeam section, as a function of the
axial degree of freedom. The general solution to this equation, in terfhsamstant coefficients
is:
W (x;) = Aicos(4;x) + Bisin(1;x) + Gcosh(4;x) + Disinh( 4;x) (56)
Differentiate equation (56) with respect¢antil third order differentiation
W; (xi) = Aicos(4;x) + Bisin(4;x) + Gcosh(4;x) + Disinh(4;x)
%(xi) = -Ail;sin(1;x) + Bid;cos(4;x) + -CA;sinh(4;x) + DiA; cosh( 4;x)

62Wi
0x2
63Wi
0x3

(x:) = -AiA?%; cos(4;x) - BiA?;sin(A;x) - GA?; cosh(A;x) -DjA?;sinh( A;x)

(x:) = AiA3; sin(4;x) - BiA3;cos(4;x) + GA3; sinh(4;x) -DiA3;cosh( 1;x)
From the Euler-Bernoulli beam theory equationstiiershear force and bending moment are

used to describe the internal forces and momerasyapoint in the domain is defined as
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Mi(x) = EIx) 22 x)
7(x:) = El(x)) a;:;i(xi) (57)

Substitute the second derivation of above actisglldcement ofV; (x;) into the moment
equation

62Wi }
dx? (xl)
M; (x;) =EI (x:) [ -AiA?%; cos(A;x) - BiA?;sin(4;x) - GA?; cosh(4;x) -DjA?%;sinh( A;x)]

Then Rewrite moment equation also as the form dfima

Mi(x:) = EI(x:)

A;
M;(x;) = EI(xi)Azl.[— cos(A;x) — sin(4;x) — cosh(4;x) — sinh(4;x)] lé‘
l
D;
In addition, Substitute the third derivation of aba@ctual displacement @f; (x;) shear equation
_ ) 63WL' )
Ti(xi) = EI(x)) e (i)
7(x:) = (x) [AiA3; sin(4;x) - BiA3;cos(4;x) + GA3; sinh(4;x) -DiA3;cosh( 4;x)]

Then Rewrite shear equation as the form of matrix

A;
B:
7;(x;) = EI(x;))A3;[sin(A;x) —cos(1;x) sinh(4;x) —cosh(;x)] C%
l
D;
From shear force equation, The nodal values oftiear force can be expressed in terms of the
coefficients: Fi = Biai (58)
A;
B;
Where a; = c. (O [AiB:C: D] T
L
D;

Furthermore, from equation (56), the end displacemand slopes can be related to coefficient
vector,a;, through the following expression
W; (xi) = Aicos(4;x) + Bisin(4;x) + Gcosh(4;x) + Disinh( 4;x)
W; (x=0) = A + G
W; (xi=Li) = Aicos(4;L;) + Bisin(4;L;) + Gcosh(4;L;) + Disinh( 4; L;)
%(xi) = -AiA;sin(4;x) + Bid;cos(4;x) + -CA;sinh(4;x) + DiA; cosh( 4;x)
Z¥4(xi=0) =A; B + A;D
%(xl:Li) = -Ail; sin(4;L;) + Bid;cos(A;L;) + -CGA;sinh(4;L;) + DiA; cosh( 4; L;)
Rewrite above expression in the form of matrix
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(Wi (x; = 0)Y

1 0 1 0 A; ,
0 A 0 A B _|Wi(x;=0)
cos(4;L;) sin(A;L;) cosh(4;L;) sinh(4; L) )G (~ YW, (x; = L))
_Ai sin(AiLl-) AiCOS(AiLi) —Aisinh(liLi) Ai COSh(/‘[L' Ll) Di lW’i(xi — LL)J
D;a; = u; (59)
JWi (x;=0)
_JW'i(x; =0) W _ _ ow; _ T
Where u;= W[ (xi _ Ll) or [Wl (xi = O)E X = 0) Wi (xi = Ll) E Xi = Ll)]
W'i(x; = Ly)
Finally, using expressions (58) and (59), leads to
a; = uiDi_l
Fi = BiDi_lui

F; = Kpsm,iu;
Kpsmi = B;D;"
Kpsmi = EI(x))A3;[sin(A;x) —cos(A;x) sinh(A;x) —cosh(2;x)]

1 0 1 0 -
0 Ai 0 A
*|' cos(A;Ly) sin(A;L;) cosh(4;L;) sinh(4; L)
—Aisin(A4;L;)  A;cos(A;L;)  —Aisinh(A;L;)  A; cosh(A; L)

Where Kpsw; is the frequency-dependent, dynamic stiffness maifi beam section. The
standard assembly process similar to FEM lead$onbnlinear eigenvalue problem of the
system:

[K(w)]{U} =0 (60)
Where[K (w)] is the overall (global) dynamic stiffness matrixd&{ U} represents the vector of
degrees of freedom of the system. The solutioh@firoblem consists of finding the eigenvalue,
o, and corresponding eigenvectorl/ {§, that satisfy equation (60) and the boundaryditions
imposed using, for example, the penalty method Pg&jwerful algorithms exist for solving a
linear eigenvalue problem (i.e., system’s naturadjiencies), resulting from discrete or lumped
mass models. In the case of the nonlinear eigetgrobhown in equation (60), which involves
frequency-dependent dynamic stiffness matricesngrisom the DFE or DSM formulations, one
can use the Wittrick-Williams (W-W) root-findingdknique [62] to determine the eigenvalues
of the system. The W-W algorithm is a simple metldccalculating the number of natural

frequencies of a system that are below a givenh fréguency value. The method exploits the
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bisection method and the Sturm sequence propeaftide dynamic stiffness matrix to converge
on any particular natural frequency of the syst@many desired accuracy. This allows one to
solve for any specific frequency number withoutihgvto solve for all previous frequencies,
which is the requirement of some linear eigenvahigers.

Consequently, the corresponding modes can be dgdlud-7, 21]. Through continuity
conditions, a coupling relationship can be foundhini the delamination region to reduce the
total number of unknowns from eigh& (— D;, i =2,3, for the top and bottom beams within the
delaminated region) to four. Of particular interast the continuity conditions for displacement
and slope at the delamination tips, from which aptiog between the coefficients for the top
beam and the bottom one can be derived. Stemnong tine requirement that the displacement
and slope of each beam, at the delamination tipst tme equal, the transverse displacements of

beam segments 2 and 3 can be linked through tleeviag relationship

1 0 1 0 4,
0 A 0 A B,
cos(A,L,) sin(A,L,) cosh(A,L,) sinh(1,L,) C,
—2A, sin(A,L,) Ay cos(A,L,)  —A,sinh(A,L,) A, cosh(A,L,)1 \D,
1 0 1 0 As
0 A3 0 s B,
cos(A3L3) sin(A3L3) cosh(A3L3) sinh(A3L3) Cs
—A3sin(A3L3) A3cos(A3L3) —Azsinh(A3L3) A5 cosh(A3L3)) \D3
Or D:a: = D3as3 (61)

Using this result, a direct relationship betweea thefficients of beam 2 and 3 can be found.
Due to this, the force-displacement relationshipthe central delaminated section (2 and 3 from
Figure 3.1) can be expressed in terms of a sirgjlefsnodal displacements. This was expected,
since it is explicitly required by the kinematic la@®ination conditions. The result is the
following, if for the sake of formulationy: is taken to be the reference displacements, even
thoughuz = ua:

F23 =B2az + Bzaz = (B2 + B3D3 1D>) (62)

= (B, + B3D3 'D,;) D, u,

Kpsm

The final result being a dynamic stiffness matwxjch incorporates the effects of both beams 2
and 3, with one set of nodal displacements, whigh be assembled to the intact sections’

stiffness matrices, found using (58).

~ 31 ~



3.3.2. DSM Formulation For Double Delamination Composite Bam

Although the analytical solution presented abouélduthe initial requirements of this project,
some transformations can still be made to make sibletion process more intuitive and
extensible. To this end, the concept of a Dynaniitfn8ss Matrix (DSM) will be utilized.
Whereas the analytical solution is self-contained aelies on the solution of a coefficient
matrix, the DSM approach results in a more usdtue-displacement relationship. This can
then be used for the same purpose as the inibaph — solving a free vibration problem at the
delamination level — or the problem can be extendsihg other dynamic finite elements. This
allows for a greater breadth of analysis, sincedékmination configuration is not limited to
simple intact-delaminated-intact beam segmentsidJigie requirement for a force-displacement
relationship with the already established geneshlt®n, we can use the standard, beam theory

descriptions of internally developed bending monsett shear stress as:

aZWi
M; = El; ——(x))

3w,
1, = EI, a:ﬁ (x) (63)

Then, the following can be substituted into thevayooting again the general solution to the
differential equations of motion:
W;(x;) = [cos(4;x) sin(4;x) cosh(4;x) sinh(4;x)]{C;}

ow;

™ x;) = A;[—sin(4;x) cos(4;x) sinh(4;x) cosh(4;x)]{C;} (64)
a;:z/i (x;) = A;°[—cos(A;x) — sin(A;x) cosh(A;x) sinh(1;x)]{C;}
3w,

ng(xl-) = /1i3[sin(/1ix) — cos(A;x) sinh(4;x) cosh(4;x)]{C;}

Where {Ci} is, column vector of constant coefficients, Sirtbe delamination tips will be the
boundaries of the domain of interest, the bendirgment definition is modified from that
provided by beam theory to account for the bendixigd coupling described previously. The

proper definitions for bending moment and sheard@t the delamination tips then become:

92w, 92 W, 2w, [0 9
Ml = EIZW-I_EI?;W-I_ELLW-}_A &Wl(xl = Ll) —aWS(x5 = 0)
. 03W, GRAA 3w,
Tl — E12F+EI3F+EI4 Ax3 (65)

Similar relationships can be derived for the secendpoint, using the previously identified

relationships. Creating a column vector of nodatés, we have the following:
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T1
= F = A{C,} + As{Cs} + A {C4} (66)

M,
WhereA,, A; andA, are, contain the frequency dependent coefficiehtseounknown constants
for beams 2, 3, and 4, respectively. Then, assusonge relationship can be found that relates
the unknown constants of beams 3 and 4 to tho2gwhich will be described later) by
{Cs} ={Ca}, { Ca} ={C3}, then:

F = (A2 + A3B32 + AsB42){ C2} (67)
Since this development makes use of nodal displant&snnodes 1 and 2 are defined at the left
and right endpoints, respectively, of the delan@ddieam model, then the following is also true:
Waxz=0) =W3(x3=0) =Wy(x4=0)=[1 01 0]{2s34

Similar continuity conditions foWW';, W,, andW', exist at each delamination tip. This gives the
following relationship between nodal displacememtsd constant coefficients (using the

coefficients for beam 2 as a reference):

W, 1 0 1 0
W [ 0 1 0 1 ]
W= 3w, 1 G, Sx Chy,  Shy, ‘{Cz} (68)
; 2 yl yl 2
wi) =28, 26, 7Sh, 7Ch,

u ={Cz}

Where(,, = cos A,, Shy, = sinh 1, 5;, = sin4, and Ch;, = cosh,. Combining this with the
force relationship, from equation (5.14), the fallng can be shown:

F = (A, + A3Bs, + A4By;)D, Mu

F = [K] {u} (69)
WhereK is the system of Dynamic Stiffness Matrix and whesements are all dynamic in
nature and functions of frequency. This system ggas in the proper form for use with other
elements, as was intended from the start. Freeatutlor occurs when the determinant of this
stiffness matrix vanishes.
As previously described, the form of the systenstdfness matrix is dependent on the existence
of some coupling relationship between the unknoamstants for beams 3 and 4 with respect to
those for beam 2. Using the concept of nodal digprents described above, the following is
true for each beam, with the vectar being identical in each case, since the transverse

displacement and slope are continuous across thgoaris at whichu|eiement niS defined:
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u|element 2= {CZ} ) u|element 3= D3{ C3} ) u|element 4= D4{ C4} (70)
Where u represent the column vector of nodal displacemémtdeami, Di is the matrix of
coefficients for beami, and {Cj} represents the unknown constants for beamAt the
delamination tips, in order to ensure inter-elemeorntinuity of displacements and their first
derivatives C; continuity), the displacements and their first datives are equal for each
delaminated beam. Since these displacements apéssaéiso represent the nodal displacements

and sloped®\, it can be shown that:

Ulelement 2= Wletement 3, Wlelement 2= Wlelement 4
{C2} ={C3}, D2{C2} = Da{ Ca}

Ck} = D37{C2}, { C3} = D37'D2{ C2}
Thus B3z =D3' ,Bsz =D4s D> 71§
Which satisfies the initial requirement that Bematrices exist, and also gives the explicit form
of these coupling matrices. All terms within théfsess matrix have now been identified, and
the free vibration modes of the system can be dobgng this newly developdd, together
with root solving algorithms, to satisfy the frednation condition thaKu = 0, if and only if
detK) = 0.

3.4. Dynamic Finite Element (DFE) Formulation

Dynamic Finite Element (DFE) theory is a hybrid hwat that blends the well-established
classical FEM theory with the recently developedvDiBeory in order to achieve a model that
possesses all the best traits of the FEM and DSNewtying to minimize the effects of their

limitations; the adaptability of classical FEM withe accuracy of DSM. DFE defines the
approximation space using frequency dependent noigetric basis functions to obtain the
appropriate interpolation functions which assumastant parameters over the length of the
element. DFE theory was first developed by Hashgh] and has since been exploited by
Hashami and his coauthors [28] in the free vibratmalysis of homogeneous and laminated
composite beam configurations exhibiting diversengetric and material couplings. In the case
of a three-layered sandwich beam, the solutiorisdaincoupled parts of the equations of motion
are used as the basis functions of the approximaspace, leading to the Dynamic

Trigonometric Shape Functions (DTSFs) which aregum, used to express the field variables.
The DTSFs are then introduced into the integrainfef the equations of motion to derive the

element dynamic stiffness matrix. DFE follows a weaimilar procedure as FEM by first
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applying the weighted residual method to the déifeial equations of motion. Next, the element
stiffness matrices are derived by discretizingwsak integral form of the equations of motion.
For FEM, the polynomial shape functions are appaed the integrations are carried out and
evaluated in order to obtain the element matrid¢shis point, DFE applies an additional set of
integration by parts to the discretized (elementegral equations of motion, substitutes the
DTSFs to the newly formed equations, and then eaiout the integrations to form the element
stiffness matrices. The assembly of the globalrgtes matrix from the element matrices follows
the same procedure for both FEM and DFE. In the cA$EM, the result is a linear eigenvalue
problem (in terms of?) ; while the DFE methodology results in a non-dineigenvalue.
3.4.1.DFE Formulation for Single Delamination Composite Bam

Dynamic Finite Elements (DFE) takes advantage efatcuracy offered to DSM solutions from
the frequency-dependent nature of the approximstiaith the added benefits that a Galerkin
finite element formulation provides. These include ease of boundary condition modification,
coupled material response implementation, non-timeaterial properties, and more. Using the

already discretized weak form equation from the HaNhulation,

| 6w, (Ly) — = W, (0)] + A [ Wi (L) — = sW,(0)] + (72)

X1 026w, (9*W; A\
Z z -fxm EIL axz axz - EII <L—l> SWiWi dxl- =0

4 *elements;
=1 m=1

Another set of integrations by parts is performedtlve system. This results in the following,

where the differentiation afiW; andW; have been reversed from their original form in)(20
a a 2@ a
| 6W,(L2) — = 5W,(0)] + A [ Wy (L) — o= W, (0)]+

4 +elements;

DI CESICOREEY Wl: (73)

i=1 m=1
Xm+1 *sW, N
+L Ell W (Wl) —Eli (L_l> 6WiWi dxl-

m

*

From this point, unlike traditional finite elementle basis functions are chosen such that (*) in
(73) goes to zero, resulting in the eliminationimtiegral equations for this uncoupled, linear

system. The general solution to (*), which will iged as DFE basis functions, is
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W, (fi):[cos(aifi) sin(aaiifi) cosh(aifgi—zcos(aifi) sinh(aifgi—ssin(aifi)]{ci}
[B){ Ci} (74)

Where {Ci} is a column vector of constant coefficients, is the non-dimensional axial
coordinatexi/L;, anda; is a constant coefficient from the general solutm(¥) in (73), equal to

= o 75)

The shape functions are a linear combination ofntleee simplified form introduced in (4), but
the specific format of the basic functions servesiraportant purpose. If the frequency of
excitationw goes to zero, the basic functions here will siandbusly become mathematically
identical to the Hermite cubic basis functions, amailarly with the shape functions. If this
approach is not taken, then the shape functiorexgvas the frequency approaches zero, and the
method would not be complete, as static deformationld not be possible to find. The shape

functions were found using the following,

wE=0y | o . 0 o]
(W= Vvlﬁi ((gll: i))) _ cos(a;) sinof:xi) cosh(agi—zcos(ai) sinh(azi—ssin(ai) (3
W, (& = 1) _asin(a)  cos(a;) asinh(aii;a sin(a;) (xsinh(al-o)li—sacos(ai)
= [PaJ{ Ci} (75)
Thus Wi(§) = [P1[P]7 (Wi} = [Ni{ Wa} (76)

Where () represents, the nodal values at the endpointseobeam element. It should be noted
also that, while the coordinate non-dimensionalirato {; was made, the differentiation is still
with respect to, and this should be respectederfahmulation. Introducing the shape functions
back into the discretized equation, the followieguits:

[6Wh] (A(IN,) (L2) — IN2Y () ([N, (L2) = [N,1'(0)) ) (Wi} +

4 *elements;

YD (Bulvy v - N ) ) = 0

i=1 m=1
Or oW n)(Kore + Kdelam){ Wa} = 0 (77)
WhereKpee is the frequency-dependent structural stiffnesgirmandKgelam is the delamination
stiffness matrix, from the conditions imposed a tfelamination tips. The above statement is
true if and only if
det Kpre + Kdelam) = 0 (78)
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This process gives a platform from which solutiomsly be obtained. Either traditional
eigensolvers, coupled with frequency-sweeping, orenadvanced root finding algorithms [62].
This gives the DFE formulation more flexibility ava traditional FEM-based solution alone, in
that more solver types are available, dependintheriorm of the problem at hand.
3.4.2.DFE Formulation for Double Delamination Composite B2am
Due to the accuracy of the 2-node DFE beam elerobsérved in the single delamination
formulation, it was not necessary to develop a @enDFE element in the double-delamination
case. The formulation presented here will be f@rreode, 2 degree-of-freedom per node beam
element (4-DOF), with the same coordinate systechdaiinitions presented in Figure 3.6. The
weak form of the weighted residual formulation fréme FEM development, is
(32 0W2(L2) = 5 5Wo(0)] = A | - Wi (Ly) — 5 6W5(0)] +
5 /#elements;

X1 028w, (9*W; A\
Z z -fxm EIL axz axz - EII <L—l> SWiWi dxl- =0

i=1 m=1

(79)
The domain is then discretized over a number ahelds (#elements;), and another set of
integrations by parts is performed. The result laé tis the following, where the order of
differentiation of the displacemeWt; and the virtual displacemerél¥/;, has been reversed from

the original weighted residual formulation:

- [ASW, ASW, oW, dSW,
A=) - (0)]( (1) = =2 (O))

0x 0x 0x

5 *elements;

+Z z El 626Wi an 636Wi W
. HI\ oxz ) ox 0x3 ‘
=1 m=1

+ f T (e (259 (Ai>4
i i\ x4 i i\Z,

m

Xm+1

Xm

5Win’> dx (80)

*

For the DFE formulation, the interpolation functsare chosen such that the expression (*)
above goes to zero with the approximation impleme@n®hus, the general solution to (*) was
chosen to be the basis functions from which shapetions would be derived, much in the same
way as the single delamination DFE was implemer&ite beam would be independent within

their own unigue sub-domains, each could be mesis®uly elements with different shape
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functions, with no effect on the finite elementeamsbly, so long as the delamination stiffness
implementation — (*) in the expression above —ngplemented properly. For an uncoupled
Euler-Bernoulli beam, the interpolation functioake the following form

sin(@;§;) cosh(a;§;)—cos(a;§;) sinh(a;§;)—sin(a;¢;)
Wi(§)=[cos(aig) =22

a; a;? a;3

]{Ci}
[B]{ Ci} (81)
Where {Ci} is a column vector of constant coefficients, is the non-dimensional axial

25.A.
coordinatexi/L;, and a; = %Ifm (82)

In much the same way as the interpolation functimese found for the single delamination
formulation, the form that was adopted is a lineambination of the linearly independent
interpolation functions introduced in (4), such tthhey collapse to the Hermite cubic
interpolation functions as the frequency of ex@iaiapproaches zero. The shape functions were

found using the following:

0 0 0

(Wi(fi = 0)\ [ 1 0 0
_ W,(f = 0) sin(a;) cosh(a;)—cos(a;) sinh(a;)—sin(a;)
W= s f| st = —w

Wi’(fi — 1) —a sin(ai) COS(Oli) asinh(ai;-'l-zasin(ai) asinh(ai;ucos(ai)

= [Pa){ Ci}
Thus Wi(§) = [PI[R.]7 (Wi} = IN{ Wi} (83)
Where () represents, the nodal values at the endpointseobeam element. It should be noted
also that, while the coordinate non-dimensionallirato {; was made, the differentiation is still
with respect to, and this should be respecteddridhmulation.
Introducing the shape functions back into the @iszed equation, the following results:

SWa] (A({ N2}'(L2) = {N2}'(0))([N2]'(L2) — [N2]'(0)){ Wn} +
5 *elements;
YD) BRIV INY - Ny N (W | = 0
i=1 m=1
Or SWTI](KDFE + Kdelam){ Wn} =0 (84)
WhereKpee is the frequency-dependent structural stiffnesgirmandKgelam is the delamination

stiffness matrix, from the conditions imposed a tlelamination tips. The above statement is
true if and only if

deKore + Kdetam)= 0 (85)
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This process gives a platform from which solutiomsly be obtained. Either traditional
eigensolvers, coupled with frequency-sweeping, orenadvanced root finding algorithms [62].
This gives the DFE formulation more flexibility ava traditional FEM-based solution alone, in
that more solver types are available, dependintheriorm of the problem at hand.

The similarities between this formulation and senglelamination formulation should be
apparent, and this is an important note. The aalyformulation had to expand to include
additional conditions and equations in this forniola but the fundamental application of the
DFE theory remained the same across applicationis. i$ more evidence of the utility of the
DFE formulation; different scenarios, which migatjuire a large scale expansion of the solution
algorithm may be handled relatively easily usinplBE approach. This ease of transitioning
between test cases is one of the prime motivatsrBEM-based techniques, and DFE combines
this advantage with the frequency-based approatii8M.
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Chapter Four
Result and Discussion

4. Introduction

The Beam with two and three-layered beam was mddalélatlab programming as described
in appendix A (from 1 to 3) at the end of this ieke3he computer code was run for various
different orientations of plies in the laminate.ihgs Matlab programming, non-dimensional

frequency for Finite Element Method (FEM), Dynan8tiffness Matrix (DSM) method and

Dynamic Finite Element (DFE) Method for single atalible Delaminated composite beam was
computed under free Vibration mode, respectivelyese values are shown graphically in the
following sections. In addition, the comparisontbése values and the date with reported in

literatures are presented. The compared data avensfiraphically as the following sections.

4.1. Result and Discussion for Finite Element Method

Numerical checks were performed to confirm the tadility, accuracy and practical
applicability of the proposed FEM method. To sothe nonlinear eigenvalue (40) and (50)
resulting from FEM formulation, a determinant séancethod was used; Matlab Programming,
which in appendix (A-1) solved the non-dimensiorfeéquency of single and double
delamination composite beam. The detailed discassior single and double delamination

composite beams are illustrated as the following.

4.1.1. For Single Delamination Composite Beam

In what follows, an illustrative example of fixetkéd, homogeneous, 2-layer delaminated beam
will be examined. The natural frequencies of thetay with a central split, about the mid-
section [; = Lg4), of various lengths up to 90% of the span<0a/L < 0.9), occurring
symmetrically along the midplane of the beam andosuded by intact beam segments, are
considered. The FEM, models were created and wsedrhpute the natural frequencies and
mode shapes of various delamination cases.

Some of the result which are obtained from Matlabgpammed in detailed appendix (A-1)
under section (A), non-dimensional frequency fogk delamination composite beam described
in bellow table (4.1)
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Table 4.1 Natural frequency parameférof a single delaminated Composite beam by FEM

Finite Element Method (FEM) For Single Delaminati©omposite Beam

Lo/L 1st mode 2nd mode 3rd mode 4th mode size latatio
0.00 | 0.223676e+002 0.616647e+0QR208786e+0022.109767e+002 0.00 | 0.0750
0.10 | 0.223652e+002 0.608067e+00R208389e+0022.109398e+002 0.015| 0.0675
0.20 | 0.223487e+002 0.557657e+00R188658e+002 2.089639e+002 0.030 | 0.0600
0.30 | 0.222389e+002 0.487878e+00R091587e+002 1.992568e+002 0.045 | 0.0525
0.40 | 0.218276e+00R0.438847e+0020.935774e+002 1.836751e+002 0.060 | 0.0450
0.50 | 0.208776e+002 0.415282e+0a2823563e+002 1.790068e+002 0.075| 0.0375
0.60 | 0.192886e+002 0.410453e+Q0R.77687e+002 1.784969e+00D.090| 0.0300
0.70 | 0.175324e+002 0.408236e+0Q@R771777e+0021.767459e+002 0.105 | 0.0225
0.80 | 0.150513e+00R 0.39056e+002| 0.754267e+002.705069e+002 0.120 | 0.0150
0.90 | 0.131255e+002 0.353878e+Q02691877e+0021.672679e+002 0.135| 0.0075

Table 4.1 summarizes the first four natural freques obtained using the developed (cubic

Hermite-type) finite element model (FEM), with 2@ment discretizations of midplane

delaminated region (90% of span). Intact beam satgneere modeled using single beam

elements. When data from table (4.1) illustratedhart (Graph) depending on modal frequency,

it indicated as the bellows figure (4.1)

Frequency Variation

FEM result of Natural Frequency for single Delamindion
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Figure 4.1- Graphical lllustration of FEM result offrequency variation for single

A split beam FEM model was formulated, exploitingoic Hermite [8] interpolation functions.

Using the model presented in chapter three, thghted residual method was applied on the

differential equations governing the free vibratioih2-layer delaminated beams. The residual

was made orthogonal to a virtual displacement dher domain of the element, and two
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integrations by parts were carried out to reduae dbntinuity requirements of displacement
functions. The principle of virtual work was usea determine the element system equations.
The FEM formulation results in an additional stéés term not present if interlaminar slip were
included. Table 4.2 summarizes the first two ndttregquencies obtained using the developed
FE model (FEM), with 20-element discretizationsmélplane delaminated region (90% span).
Table 4.2- Comparison of First, second and third4gimensional frequencies single
delaminated beam with Della and Shu [19] and Waf@l3 data

Presented Shu and Della [19] Wang et al. [61]
L 2/ L 1St 2nd 3I’d 1St 2nd 3I’d 151 2nd 3I’d
mode mode mode mode | mode | mode | mode | mode | mode

0.00 | 22.36676| 61.6646f/ 120.87862 22.37 61.67 1202039 | 61.67| 121.9]

0.10 | 22.36523| 60.80672 120.83289 22.37 60.81 12022337 | 60.76] 120.8]

0.20 | 22.34871| 55.76573 118.86583 22.36 56.00 11822735 | 55.97| 118.7¢

= O ==

0.30 | 22.23879| 48.78781 109.15876 22.24 49.00 1092623 | 49.00| 109.04

0.40 | 21.82760| 43.8847 93.57742 21.83 43.89 93|59.832 43.87| 93.57

0.60 | 19.28826| 41.0415 77.68772 19.30 41.04 77(69.29] 40.93| 77.64

0.70 | 17.53124| 40.8232 7717777 17.23 40.82 77(1§.231 40.72| 77.05

0.80 | 15.05113] 39.0561 7542675 15.05 39.07 75[43%.051 39.01| 75.33

7
2
3
1
3
0.50 | 20.87762| 41.52812 82.35635 20.89 41.52 82,29.882 41.45| 82.29
3
6
2
6

0.90 | 13.12515| 35.3878 69.18774 13.00 3539 69(18.001 35.38| 69.17

When data from table (4.2) illustrated in chart @) depending on ratio of Delamination

lengths, it indicated as the bellows (figures 4.3,and 4.4)
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Figures 4.2- comparison between Shu and Della[1@]ang et al.[61] and presented
data for first mode of FEM single delamination coropite beam
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Figures 4.3- comparison between Shu and Della[1@jang et al.[61] and presented

data for second mode of FEM single delamination cpasite beam
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Figure 4.4- Comparison between Shu and Della[19]ag et al.[61] and presented
data for third mode of FEM single delamination coropite beam.
The FEM formulation produced excellent agreemenh #8hu and Della [19], Wang et al.[61]
(including from the literature). It was observedittihe discrepancy for the first natural modes
was lower than for the second natural modes anthiisecond natural modes was lower than
third natural modes. This is consistent with tiadial FEM theory, where more elements are

required to guarantee accurate solutions for higieae numbers.
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4.1.2.For Double Delamination Composite Beam
In order to assess the accuracy of the proposedti@ol method, a series of different
delamination configurations will be analyzed usihg methods outlined above. Results obtained
from appendix (A-1) under section (B) and thoséngatd from the literature will be presented.
Note that the boundary conditions are clamped-clim@Bome results of non-dimensional
frequency of double delamination composite beamnsanzed in table (4.3), which was, the
first four natural frequencies obtained using tleealoped (cubic Hermite-type) finite element
model (FEM), with 8-element discretizations of maie delaminated region (60% of span).
Intact beam segments were modeled using single e&aments.
Table 4.3- Some of non-dimensional frequei@f a double delamination Composite beam by
Finite Element Method (FEM)

Finite Element Method (FEM) For Double Delaminati@omposite Beam
Lo/L 1st mode | 2nd mode| 3rd mode | 4th mode | size location
0.00 47230513 7.039942 11.61472 19.302187| 0.000 | 0.075000(
0.10 4.7215227) 7.038421 11.61271 19.301515 0.019676000
0.20 4.7218713 7.037892 11.61174 19.301468 0.03@600000
0.30 | 4.6918456| 6.339135 10.2744% 17.823p45 0.040526000
0.40 | 4.5786291| 5.925268 9.925867 15.051139 0.06@450000
0.50 | 4.3218715| 5.576678 9.577282 13.145162 0.07®3786000
0.60 | 3.9579987| 5.092944 8.99354¢ 12.253B77 0.09@300000

When data from table (4.3) illustrated in chart g@r) depending on modal frequency, it
indicated as the bellow figure (4.5)
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Figure 4.5- Graphical lllustration of FEM result offrequency variation for Double
delaminated composite beam
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The delamination model tested is illustrated infigare (3.6). The top and bottom delaminated

beams each have a height of 30% the intact beaghthand central height of 40%the intact

beam height. In addition, the delamination lengthyas varied as a percentage of the total beam

length from 20% to 60%. The delamination is centraéaning that the left and right intact

segments have equal lengths.

Table 4.4- Comparison of First and second modeoofdimensional frequencies with Della and
Shu [19] and Hashami [12] data

Presented Shu and Della [19] Hashami [47]
Lo/L 1% mode 2"mode | ¥ mode | 2°mode | ¥ mode| 2°mode
0.20 4.7218713 7.037892 4.75 7.05 4.725 7.054
0.30 4.6918456 6.339135 4.70 6.37 4.691 6.337
0.40 4.5786291 5.925263 4.55 5.95 4.574 5.965
0.50 4.3018715 5.576678 4.30 5.85 4.318 5.86
0.60 3.9579987 5.092944 3.96 5.21 3.958 5.201

When data from table (4.4) illustrated in chart 1) depending on ratio of Delamination

lengths, it indicated as the bellows (figures 4@ 4.7)
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Figure 4.7- Comparison between Shu and Della [1Bgashami [47] and presented data for
second mode of FEM double delamination compositaine
The FEM formulation for double delamination beanoduced excellent agreement with both

Della-Shu [19], Hashami [47]t can be seen that as single delamination belaenFEM result
discrepancy was low, even for a coarse mesh dizead observed that the discrepancy for the

first natural modes was lower than for the secaatdnal modes.

4.2. Result and Discussion for Dynamic Stiffness MatriXDSM) method
Numerical checks were performed to confirm the tadility, accuracy and practical
applicability of the proposed DSM method. To sallie nonlinear eigenproble(0) and (79)
resulting from DSM formulation, a determinant séancethod was used; Matlab Programming,
which in appendix (A-2) solved the non-dimensiorfaéquency of single and double
delamination composite beam under section A anelsBectively.

4.2.1. For Single Delamination Composite Beam

Searching a particular frequenay which would make the determinant of the globahaiyic
stiffness matrix zerdK (w)| = 0, whose corresponding eigenvectai},{represented the degrees
of freedom of the mode shape associated with theralafrequency. The use of the non-
dimensional frequency (5) in the calculations reatwnaterial dependencies from the system,
provided that the material was isotropic,(at leagtotropic with principal axes aligned) with the
Cartesian coordinate system in Figure 3.1. Somenasf-dimensional frequency for single
delamination composite beam illustrated in bellable (4.5) which obtained appendix (A-2)
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Table 4.5 some of non-dimensional frequetfayf a single delaminated Composite beam by

Dynamic Stiffness Matrix (DSM) method

=)

Dynamic Stiffness Method (DSM) For Single DelamdamaComposite Bean
L,/L | 1stmode | 2nd mode | 3rd mode | 4th mode| size location
0.00| 22.37867| 61.66667  120.9876 211.2Y72 0.000 5000
0.10| 22.36667| 60.80144 120.8629 210.9919 0.015 76
0.20| 22.35674 55.99879 118.96581 209.9527 0.030 600@DO
0.30 | 22.24237 48.98654 96.5776  198.2467 0.045 S](11i92
0.40| 21.83159 43.88763 93.87753 183.7756 0.060 500RD
0.50| 20.87922 41.52238 82.65636 179.2167 0.075 7601
0.60| 19.30147| 41.02823 77.77778 178.8565 0.090 00QX®
0.70 | 17.82325| 40.92427  77.21111 176.8568 0.105 26D
0.80| 15.05114| 38.15623 75.52688 170.5278 0.120 500
0.90| 13.14516 35.68787 68.98876 167.5677 0.135 760D

When data from table (4.5) illustrated in chart g@r) depending on

modal frequency, it

indicated as the bellow figure (4.8)
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Figure 4.8- Graphical lllustration of DSM result ofrequency variation for single delaminated
composite beam depending on modal frequency
To compare DSM results in Table 4.5 with Della-$t@] and Wang et al. [61] for the free mode

delamination model. The DSM model incorporates tallip only three ‘elements’; one intact

element on each end of the delamination represetiti;m undamaged beam segments (1 and 4),

obtained using the methods outlined in previougptdraand one fully delaminated element.

~ 47 ~



Table 4.6- Comparison of First and second non-dsieral frequencies with Della and Shu
[19], Wang et al. [61] and presented data by Dynai@tiffness Matrix (DSM) method

DSM Wang, eal. Della and Shu

Lo/L 1% mode 2 mode ¥ mode | 2°mode| 1% mode| 2" mode

0.00 22.37867 61.66667 22.39 61.6]7 22.87 61.67
0.10 22.36667 60.80144 22.37 60.76 22.87 60.76
0.20 22.35674 55.99879 22.35 55.9¢7 22.86 55.97
0.30 22.24237 48.98654 22.23 49.00 22.24 49.00
0.40 21.83159 43.88763 21.83 43.8/7 21.83 43.87
0.50 20.87922 41.52238 20.88 41.46 20.89 41.45
0.60 19.30147 41.02823 19.29 40.93 19.80 40.93

When data from table (4.6) illustrated in chart @) depending on ratio of Delamination

lengths, it indicated as the bellows (figures 48 4.10)
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The DSM natural frequencies are in excellent agesgnwith those reported in the literature,
with a maximum difference of 0.20%. Excellent agneat was found between the DSM and
these FEM results.
4.2.2.For double Delamination composite beam
DSM Results for double delamination, which obtaifexin appendix (A-2) under section (B)
and those gathered from the literature will be @nésd. Note that the boundary conditions for
double delamination composite beam are clampedp#dmSome results of non-dimensional
frequency of double delamination composite beamnsarized in table (4.7), which was, the
first four natural frequencies obtained using tnigmetric shape function, with three-element
discretizations of midplane delaminated region (66f6span). Intact beam segments were
modeled using single beam elements.

Table 4.7- some of non-dimensional frequetiayf a double delaminated Composite beam by

Dynamic Stiffness Matrix (DSM) method

Dynamic Stiffness Method (DSM) For Double DelamoraComposite Beam
Lo/L | 1st mode| 2nd mode| 3rd mode | 4th mode | size | location
0.00 | 4.7431122 7.039736 | 11.643242 21.832597 0.000 0.075000
0.10 | 4.7424127 7.035755 | 11.632232 20.889486 0.015 0.067500
0.20 | 4.7253235 7.008888 | 11.610885 19.288413 0.030 0.060000
0.30 | 4.6950420| 6.339226 | 10.272384 17.818888 | 0.045| 0.052500
0.40 | 45746991 5.925374 9.9301111 15.048829 0(06M45000
0.50 | 4.3348996 5.576777 9.5801322 13.087953 0/07H37800
0.60 | 3.9601395 5.101400 | 8.9923362 12.248888 0.090 0.030000

Above table indicate by graphs
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Figure 4.11- Graphical lllustration of DSM result bfrequency variation for Double
delaminated composite beam
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To compare DSM results in Table 4.7 with Hashanii @nd Della-Shu [19] for the free mode

delamination model. The DSM model incorporates tallip only three ‘elements’; one intact

element on each end of the delamination repreggtiim undamaged beam segments (1 and 5),

obtained using the methods outlined in previouptraand one fully delaminated element. The

previous researcher such as Hashami [47] and Béllejl7] was considered 20% to 60% of

delamination beam but in this research, it was idened 0.00% to 60% of delamination beam.

Table 4.8- Comparison of First and second non-dsreral frequencies with Hashami [47],

Della-Shu [19] and presented data double delamiddteam by DSM method

Lo/L Presented Hashami(47) Shu and Della (1
1st mode| 2nd mode 1st | 2nd mode  1st 2nd mode
mode mode
0.00 | 4.7431122 7.039736 -- -- -- --
0.10 | 4.7424127 7.035755 -- -- -- --
0.20 | 4.7253235% 7.008888 4,725 7.045 4.7 7.1
0.30 | 4.695042() 6.339226 4.695 6.335 4.7 6.3
0.40 | 4.5746991 5.925374 4,575 5.965 4.6 6.0
0.50 | 4.3348996 5.576777 4.315 5.845 4.3 5.9
0.60 | 3.960139% 5.101400 3.981 5.290 3.9 5.3

9)

When data from table (4.8) illustrated in chart @) depending on ratio of Delamination
lengths, it indicated as the bellows (figures 4ahd 4.13)
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Figure 4.13- comparison between Shu and Della[1€ashami [47] and presented data for
second mode of DSM double delamination compositarbe
From the results presented above 20% to 60%, th®l D&tural frequencies for double

delaminated beam are in excellent agreement witbetheported in the literature, between these
intervals with a maximum difference of 0.62%.

4.3. Result and Discussion Dynamic Finite Element (DFEnethod
Numerical checks were performed to confirm the tadility, accuracy and practical
applicability of the proposed DFE method. To sdike nonlinear eigenproblem (78) and (85)
resulting from DFE formulation, a determinant skamethod was used; Matlab Programming,
which detailed in appendix (A-3) solved the non-edmsional frequency of single and double

delamination composite beam under section B anes@erctively.

4.3.1.For Single Delamination Composite Beam
DFE Results for single delamination that obtainesf appendix (A-3) under section (B) and

those gathered from the literature will be presgn&me results of non-dimensional frequency
of double delamination composite beam summarizedile (4.9), which was, the first four non-
dimensional frequencies obtained with using trigoetric shape function, with four-element
discretizations of midplane delaminated region (96f6span). Intact beam segments were

modeled using single beam elements.
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Table 4.9- some of non-dimensional frequetidpr a single delaminated Composite beam by

Dynamic Finite Element (DFE) method

Dynamic Finite Element (DFE) For Single DelaminatiSGomposite Beam
Lo/L 1st mode | 2nd mode| 3rd mode | 4th mode | size location
0.00 | 22.38978 | 61.6588G 120.8887811.8121 0.000 0.075000¢
0.10 | 22.37778 | 60.81258 120.8637Z210.8899 0.015 0.06750(¢
0.20 | 22.36785| 55.98779 118.8769208.9638 0.030 0.06000(¢
0.30 | 22.25338 | 48.88765 109.6448B98.3579 0.045 0.052500
0.40 | 21.84268| 43.86765 93.87755 184.01p7 0.060.045000
0.50 | 20.88836 | 41.53333 82.65636 178.9865 0.075.037600
0.60 | 19.31279| 41.03736 77.87878 178.86[6 0.090.030000
0.70 | 17.83337| 40.87538 77.33333 176.76[8 0.106.022500
0.80 | 15.06225| 38.06734  75.48879 170.6389 0.120.015000
0.90 | 13.15627| 35.58779 68.89987 167.67B8 0.1.350075000

When data from table (4.9) illustrated in chartgfdr) depending on ratio of modal frequency, it
indicated as the bellows (figures 4.14)
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Figure 4.14- Graphical lllustration of DFE result 6frequency variation for Single
delaminated composite beam
The presented DFE solution was used to computedhdgral frequencies and mode shapes of

selected delamination cases. A clamped-clamped be#éima central delaminationL{=L4)
surrounded by intact beam segments, was modeled.
In order to solve for the natural frequencies of "#ystem, a sweep of the non-dimensional
frequency was performed, and a search for thevimtig condition was carried out, which
represents free vibration of the assembled system:

SWr](Kpre + Kdelam){ Wn} = 0
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Where the assembly of local element stiffness wedriwvas carried out in the traditional FEM
manner. The use of the non-dimensional frequéAacgmoved material dependencies from the
system, provided that the material was isotropicab least orthotropic with principal axes

aligned with the Cartesian coordinate system iufag.1.

To compare DFE results in Table 4.9 with Wang ef@dl] and Hashami [17] for the free mode
delamination model. The DFE model incorporatestalliofour ‘elements’; one intact element

on each end of the delamination representing themaged beam segments (1 and 4).

Table 4.10- Comparison of First and second non-dsranal frequencies with Wang, et al. [61]

and Hashami [47] and presented by using DFE mefoodingle Delaminated Beam

DFE (Present) DFE (Wang, et al. DFE (Hashami)
Lo/L | 1" mode | 2°mode | Fmode| 2°mode| Fmode| 2°mode
0.00 | 22.38978 61.65886 --- --- 22.39 61.67
0.10| 22.37778 60.81258 22.37 60.76 22.37 60.81
0.20| 22.36785 55.98779 22.35 55.97 22.36 56.00
0.30 | 22.25338 48.88765 22.23 49.00 22.24 49.00
0.40 | 21.84268 43.86765 21.83 43.87 21.84 43.90
0.50 | 20.88836 41.53333 20.88 41.45 20.89 41.52
0.60 | 19.31279 41.03736 19.29 40.93 19.29 41.03

Table 4.1Gsummarizes the DFE results, comparing them wittheias and Wang, et al. [61] for
the free mode delamination model. The initial resubven for four elements, agree well with

those results taken from the literature. When ttata table (7.10) compared in chart (Graph).
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Figure4.15- comparison between Wang, et al.[61],dth@mi [47] and presented data
for first mode of DFE Single delamination compositeam
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Figure 4.16- comparison between Wang, et al. [8ishami [47] and presented data
for second mode of DSM single delamination compedieam
From the results presented above, it is cleardhah a single DFE element per beam section
produced excellent agreement with those resultaimdd from existing literature. In particular,
the agreement observed between a coarse mesh D&&srior higher modes is of note. Using
traditional FEM based solution methods; higher modermation requires the use of a finer
mesh. The number of elements required for a moaebeu for good accuracy scales with the
mode number, as the natural frequencies and majeeshformation are dependent on the size
of the mass and stiffness matrices and thus, theeuof nodes present in the mesh. DFE does
not exhibit this dependency, and in theory, amitdi number of modes can be found using the

smallest mesh possible.

4.3.2.For Double Delamination Composite Beam

DFE Results for double delamination that obtaireanfappendix (A-3) under section (C) and
those gathered from the literature will be presgéntdote that the boundary conditions for
Double delamination composite beam are clampedada@nSome results of non-dimensional
frequency of double delamination composite beamnsarnized in table (4.11), which was, the
first four non-dimensional frequencies obtainedhwising trigonometric shape function, with
five-element discretizations of midplane delamidategion (60% of span). Intact beam

segments were modeled using single beam elements.
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Table 4.11- some of non-dimensional frequeriaf a double delaminated Composite beam by

using Dynamic Finite Element (DFE) method

Dynamic Finite Element (DFE) For Double Delaminat@omposite Beam
Lo/L 1st mode | 2nd mode | 3rd mode | 4th mode | size location
0.00 | 4.7441111| 7.039625 11.643121 21.832468.000 0.075000
0.10 | 4.7424116| 7.035823 11.63211120.889215| 0.015 0.067500
0.20 | 4.7253124| 7.0087872 | 11.61067319.288201| 0.030 0.060000
0.30 | 4.6950313| 6.339135 10.2722687.818777| 0.045 0.052500
0.40 | 45746682 5.925263| 9.93001115.048837| 0.060| 0.045000
0.50 | 4.3348725| 5.576678 9.58002013.087820| 0.075 0.037500
0.60 | 3.9601172|5.101322 8.992555| 12.247777| 0.090 0.030000

Depending on ratio of modal frequency data frometgd.11) illustrated in chart (Graph), it

indicated as the bellows (figures 4.17)
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Figure 4.17- Graphical lllustration of DFE result 6frequency variation for double
delaminated composite beam
To compare DFE results in Table 4.11 with Wangl.€i6d] and Hashami [47] for the free mode

delamination model. The DFE model incorporatedallyofive ‘elements’; one intact element on

each end of the delamination representing the uadathbeam segments DFE results in table

4.11 was compared with Hashami [47] and Della-318] for the free mode delamination model
in this section. The Hashami [47] and Della-Shu][i#as considered 20% to 60% of
delamination beam but in this research, it wasidaemnsd 0.00% to 60% of delamination beam.
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Table 4.12- Comparison of First and second non-dsianal frequencies with Hashami [47],

Della-Shu [19] and presented data double delamiddteam by DFE method

Lo/l Presented Hashami(47) Shu and Della (19)
1st mode| 2nd mode 1stmode 2nd modst mode| 2nd mode
0.00 | 4.7441111| 7.039625 -- - -- --
0.10 | 4.7424116| 7.035823 - - -- -
0.20 | 4.7253124| 7.0087872 4.725 7.045 4.7 7.1
0.30 | 4.6950313| 6.339135 4.695 6.334 4.7 6.3
0.40 | 4.5746682| 5.925263 4575 5.965 4.6 6.0
0.50 | 4.3348725| 5.576678 4.315 5.845% 4.3 5.9
0.60 | 3.9601172 | 5.101322 3.981 5.290 3.9 53

the Data in above table (4.12) when illustratedhart (Graph)
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A better indication of the comparison made abovwsveen Shu and Della [19], Hashami [47]
and presented data for first and second mode of @dtible delamination composite beam can
be observed in Figures 4.18 and figure 4.19. Foenrésults presented above 20% to 60%, the
DFE natural frequencies for double delaminated beaenin excellent agreement with those

reported in the literature, between these interwétls a maximum difference of 0.46%.

4.4. The Comparison of FEM, DSM & DFE

4.4.1.For Single Delamination beams

When the date obtained from FEM, DSM and DFE bylaatoding/programming in appendix
A (1-3) detailed at the end of this research, aramgared to each other illustrated in bellow table
Table 4.13- Compression of FEM, DSM & DFE for SenBelamination composite beam

Compression FEM, DSM & DFE of for Single Delamirchigeam
FEM 20-elements DSM 3-elements DFE 4-elements

L/L |18 mode | 2" mode| ¥Fmode | 2°mode | ¥mode | 2°mode
0.00 | 22.36676 | 61.66467 22.37867 61.66667 22.38D78.65886
0.10 | 22.36523| 60.80672 22.36667 60.80144 22.37[778.81858
0.20 | 22.34871| 55.76573 22.35674 55.99879 22.36[785.98379
0.30 | 22.23879| 48.78781 22.24237 48.986b4 22.25B338.88465
0.40 | 21.82760| 43.88473 21.83159 43.887p63 21.84P268.86465
0.50 | 20.87762| 41.52812 20.87922 41.52238 20.88836.53333
0.60 | 19.28826 | 41.04153 19.30147 41.02823 19.31p79.03%436
0.70 | 17.53124 | 40.82326 17.82325 40.92427 17.83330@.87338
0.80 | 15.05113| 39.05612 15.05114 38.15623 15.06228.06334
0.90 | 13.12515| 35.38786 13.14516 35.68787 13.15623.58378

While the first mode shows fair agreement betwe&: DDSM and FEM for the coarse FEM
mesh, the second exhibited a maximum discrepand2®. In contrast, when the number of
elements was increased, the FEM formulation exddbrmuch better correlation with the DFE
and DSM results and by extension from Table 4.113 Tiend of increasing FEM accuracy with
finer mesh density was expected, but also servadytdight the utility of a dynamic formulation
such as DFE for obtaining information about high&tural modes.

As seen in Figure 4.20, the vibration of the tom dwottom delaminated beams would be
inadmissible due to non-linear phenomena such atac which cannot be modeled in the

frequency domain.

~57 ~



Mode Shape
o

a/L=0.9, H=0.5H,

Dielaminated

[ EE T

Bomom Baam

Top Beam

1 L d i 1 1 1
0.2 0.3 () 0.8 &8 a.7 0.4 0.9

% Location

Figure 4.20 — The first opening mode shape for adpiane delaminationi? = 31.88
In addition to real natural modes of vibration, goland inadmissible interpenetration modes

examined above, under small vibration amplitudspld layered beam may exhibit a mode at a

frequency corresponding to a delamination-openiongen

a/L=0.9, = 0.5H

a/L=0.9, b= 0.5H

Mode Shape
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Figure 4.21 — The first two natural modes of a siegdelaminated beam. Top: First mode
shape; Bottom: Second mode shape. Intact mode shape also visualized.
Figure 4.21 shows the first opening mode for amd@hated beam with top beam thickness equal
to 40% the height of the intact beam, 90% of spdéiamidplane delamination, obtained using
DSM, DFE and FEM models (FEM nodes visualized).
When it comes to conventional FEM frequency resititsan be observed from Table 4.13 that

both 2-node beam elements perform well with resfetioth the analytical solution, as well as
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those taken from the literature. Slight deviatigd6% for 2-node mode 2, with respect to the
solution) are present for larger delamination siaed for higher modes of vibration, as it was
expected from the start of FEM development.
4.4.2.For double delamination beam
The date obtained from FEM, DSM and DFE by Matlaticg/programming in appendix A (1-
3) detailed at the end of this research, are coeapi@r each other illustrated in bellow table.
Table 4.14- Compression of FEM, DSM & DFE for deutbelamination composite
Compression FEM, DSM & DFE of for Double Delamirthigeam
FEM DSM DFE
Lo/L | 1 mode |2"mode | £ mode | 2°mode | ¥ mode | 2°mode
0.00 | 4.7230513 7.03994p 4.7431122 7.039736 4.744171039625
0.10 | 4.7215227 7.03842[L 4.7424127 7.035755 4.742471035823
0.20 | 4.7218713 7.037892 4.7253235 7.008888 4.726372008787
0.30 | 4.6918456 6.33913b 4.6950420 6.339226 4.6%H081339135

3

8

4

0.40 | 45786291 5.92526 4.57469P1 5.925874 4.524668925263
0.50 | 4.3218718 5.576678 4.3348996 5.576777 4.3M8F576678
3.9601395 5.101400 3.96015/101322

0.60 | 3.9579981 5.09294

Once again, excellent agreement was observed hetthieefrequency-based element solutions
(DSM and DFE) solutions. Furthermore, these reswtse obtained with only slight
modifications to the single delamination techniqueesented earlier. While the analytical
solution had to be completely modified, DSM and Ddvelopment very closely followed the
same process as outlined before. This lends furthedence to the advantages of these
formulations, since good correlation with analytic@sults can be achieved with less
development overhead. The usage of DFE or DSM topcibe results for more complex cases
might achieve similar accuracy, where analyticalittons might be significantly more difficult
to obtain, if not impossible to obtain without apxmation.

Some mode shapes emerged from the analysis, whndtved physically inadmissible mode
shapes. In this case, the inadmissibility came ftbheninterpenetration of different beam layers
with each other. That is, one beam segment woulchie laterally in one direction and another
beam segment, occupying the same axial domain, dveildrate laterally in the opposite
direction. The physically inadmissible mode shajeesd for normal vibration occur when the

difference in flexural stiffness of the beams isinero, and worsens with increasing difference.
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Since this is purely a physical phenomenon, itlmaiseen for all DSM, DFE and FEM solutions.
It was observed that if the difference in beamfretds between the three delaminated beams
were sufficiently large, these modes would appeabé slight interpenetrations. some mode
shapes, corresponding to system global poles, tiappoles, emerged from the DFE modeling
presented here. The poles are a result of the deaton of the stiffness matrix (and shape
functions) vanishing. Since the interpolation amown, an expression for the frequencies
corresponding to the system poles, and theref@enttimber of such frequencies laying below
any frequency value, can be found. This can theruder in more advanced root solving

techniques, such as  Wittrick-Williams [62], to iease solution speeds.

/N
/ / b\
9 / \
//' / T /

/ N
Vv \/

Figure 4.22 - Examples of physically inadmissible ode shapes. B= 0.3H;, Hz = 0.5H;,
a/L = 0.5 Left: interpenetration due to natural vibration. 4™ mode,»? = 5.96

Right: off-delamination level partial pole 2'¥ mode,»’= 4.67
4.5. Verification Using ANSYS®12 Software

The theoretical development of a model for predgtihe vibration behaviour of delaminated
beams has been presented and validated accordiegutis obtained by other researchers and
those in the literature. However, in order to valelthe theoretical approach, it was necessary to
use contemporary engineering tools to model thieesyand estimate the resulting behaviour.
With aid of ANSYS'12 simulation, the size, location and type of défemtion in a beam
structure can be varied to study their effects amgd the changes in, the system natural
frequencies. As will be shown later in this chaptergeneral, the larger the delamination, the
lower the natural frequency. In addition, the lomatof the delamination also affects the natural
frequencies of the defective system. Furthermofebeam structure has more than one

delamination, then natural frequencies decrease exze.
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ANSYS®12 is capable to do simulations in 1D, 2D and 3Birenments. 1D FEM simulations

are omitted here, as they have been previouslystigated [38]. Therefore, this study
concentrates its focus mostly on 2D and 3D simuati These simulations include different
frequencies and delamination conditions on two sypebeams.

4.5.1. Results and discussion for ANSY®L2 Software

Contrary to other finite element software, ANSYSo\pdes the option to write a specific
program or commands in Microsoft Word, Notepad asriVpad. This written Macro file can
then be executed in ANSY$2. To that end, several programs that are develspecifically
for this research

4+ The material is homogeneous and isotropic

4+ No coupling has been employed

+ Free mode only is considered

+ Rigid connectors are applied

In present study, two types of models will crezibeand 3D.
4.5.2. 2D Model

For the finite element modeling of layered beamARE182-2D-(4-node, 2 degree-of-freedom
per node, linear, elastic quadrilateral) was usetid@del the system. In this case study the effects
of delamination on vibration characteristic of aatmeis illustrated. For simplicity, a single
delamination is considered and these results caxtemded to multiple delaminations as long as
there is no separation between the layers of deksmon at the mid-plane. For 2D modeling, a
Macro file has been created to simulate singlerdiglated clamped- clamped and cantilever
beams; with consideration, that delamination cappba on either center or off-center of the

beam.
4.5.2.1 Case Study 1 - Single delamination (Clamped-Clampdaeam)
A clamped-clamped homogenous beam model is dewedpere delamination is located in mid

plane and centered position. In modeling, two layare stitched as shown by green color in
figure 4.23.
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Figure 4.23 - 2D clamped-clamped beam with stitchmdgreen color
The same clamped-clamped constraints used preyiauslvisible in Figure 4.23, where each
node along the tip to be constrained has the ainstapplied. Also visible are the multipoint
constraints along the delamination interfaces of¢hsections, which were made to behave as
intact beam sections.
For convergence analysis of the 2D elements, thne sgpproach was used as was used for beam
element sizing [10]. An element edge length eqoa.1% of the intact system length yielded
convergence to less than 0.3% error. This convermyehd not represent solution accuracy,
however, as this will be discussed further belovs With the beam model, the standard
ANSYS®12 Block-Lanczos solver (without any pre-stressingadded mass) was used to solve
for the natural frequencies and mode shapes ofybEm. Solution accuracy is expected to be
affected by a number of factors. First, and mospdrtantly, Bellcave did not respect the
required minimum length to height ratio (L/H>10) watisfy the Euler-Bernoulli beam
assumption; the L/H>10 condition must be satisfied all the beam segments within the
delaminated model.
The lack of a rigid connector could also reduce gtifness of the system when compared to
theory models. Thus, a reduction in the naturafuencies found here is expected. Both the
beam and 2D models were used to find the firsetig@ural frequencies and mode shapes of the
system, in order to compare to those results foumdhe literature [11] for equivalent

delaminated beam systems.
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FEile
I
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PROELEH DIHEWSIOWALITY. . . & & o @ 0w 0w o . 2-0
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Table 4.15- First three modes of single centerddrdmated clamped-clamped beam from

ANSYS812
Mode | Frequency | Non-dimensional frequencies
No. (Hz)
1 0.27859 21.829
2 0.56021 43.896
3 0.84178 65.959

The corresponding mode shapes for captured thteeahfrequencies as illustrate bellow
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clamped—-clamped central single delamination

Figure 4.24- First mode of single centered delamiiman clamped-clamped beam

1
DISTLACEMENT

clamped-clamped central single delamination

Figure 4.25- Second mode of single centered delaation clamped-clamped beam
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Figure 4.26 (a)- Third mode shape in interval 1 while upper andner layers are twisting
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Figure 4.26 (b)- Third mode shape in interval 2 while upper andater layers are opening

1
DISCLACEMENT

clamped—clamped central single delamination

Figure 4.26 (c) - Second mode of single centerethdenation clamped-clamped beam
4.5.2.2 Result 1 - Single delamination (Clamped-clamped bea
To investigate the effects of delamination raticadf on non-dimensional frequency of single
centered delamination of a clamped-clamped bearoraride was run several times, and in each
case of varied delamination length from 0-0.6L. lEaesults obtained from this simulation are

compared with those of Della and Shu [13] and Waifilsf data shown below table.
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Table 4.16- comparison of First and second non-dsianal frequencies with Della and Shu
[19] and Wang's [61] data

First model Second model

a/L | Elem. Size 0.1| Dell & Shu | Wang | Elem. Size 0.1 | Dell & Shu | Wang

0.0 22.396 22.37 22.39 61.588 60.76 61.67
0.1 22.395 22.37 22.37 60.624 60.76 60./76
0.2 22.375 22.36 22.36 55.700 55.97 55.p7
0.3 22.25 22.24 22.24 48.829 49.00 49.00
0.4 21.829 21.83 21.83 43.896 43.87 43.87
0.5 20.866 20.89 20.88 41.649 41.45 41.45
0.6 19.260 19.3 19.29 41.213 40.93 40.93

The next table shown the performance of presemtilation with developed analytical data and
errors for first and second modes are comparedWdhg [61] and Della-Shu [19]

Table 4.17- Result deviation between FEM modelrafetence data

First model second model
Min. error% | Max. error%| Ave. error% Min. error 9 kaerror % | Ave. error %
0.00% -0.21% 0.09% 0.06% 1.36% 0.52%

The low percentage of errors displayed in Tabler Argiterates the fact that the simulation
program in ANSY$12 is functioning properly and giving acceptablsutes. A better indication

of the comparison made above between simulaticamatad analytical data
B Fiures - igure 1 Compataon ANSYS e v wang o o

File Edit View Insert Tools Debug Desktop Window Help A%
DGEL AR08 L£- 2|0 cm BmAa=0
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Frequency Variation
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Figure 4.27- comparison between Della-Shu [19], W [61] and ANSY 812 for first mode
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Figure 4.28- comparison of Della-Shu [19], Wang'6]] and ANSY$12 for second mode

4.5.2.3 Result 2 - Single delamination (Clamped-clamped bea

In order to verify the effect of length of the bea®gments on the precision of ANSYS®
analysis (provided L/H is very large), the frequedata was reproduced for different a/L values,
by setting a/L=0.2 and changing L/H ratio (see €a#l18). Three different sets of values,
L/H=20, 40, and 60, were used in simulations antEarison was made between ANSYS
results and those reported by Della and Shu [19].

Table 4.18- Non-dimensional frequencies are inddpanhfrom L/H ratio

a/L L/H a/H2 | Lambda™2| L(mm) a(mm) Delland Shuy \damge
- 0.200 50 20 22.21 50 10 22.36 -0.67%
A 0.200| 100 40 22.33 100 20 22.36 0.13%
0.200| 150 60 22.37 150 30 22.36 0.07%
0.300 50 30 21.97 50 15 22.24 -1.23%-
N 0.300 75 45 22.14 75 22.5 22.24 -0.45%
A 0.300| 100 60 22.20 100 30 22.24 -0.17%
0.300| 125 75 22.25 125 37.5 22.24 0.04%%0
0.400 50 40 21.49 50 20 21.83 -1.58
0.400 75 60 21.70 75 30 21.83 -0.59
g 0.400| 100 80 21.77 100 40 21.83 -0.2)
n 0.400| 125 100 21.83 125 50 21.83 0.00po
0.400| 150 120 21.85 150 60 21.83 0.08P%6

As can be observed from the data in Table 4.18 vl ratio becomes significantly high, the

effect on frequency becomes almost negligible; wihéhincreases the error decreases.
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4.5.2.4 Case Study 2 - Single out of mid-plane delamination

In this section, the clamped-clamped beam exansptepeated. but the delamination is out of
mid-plane. H=0.67H, and B=0.33H. After simulating this model in differentses of a/L, the
data is summarized in Table 4.19.chin be observed from the table that the location of
delamination with respect to mid-plane is a detamg factor in primary frequency. To clarify
this matter more, if results from Table 4.16 armpared with results in Table 4.19, the primary
frequency, or non-dimensional frequency, will daseas delamination occurs closer to the edge
in width direction of the beam.

Table 4.19- Primary frequency of single out of plahe delamination

a/L L/H | a(mm) a/H2 Lambda | Lambda"2

0.1 150 15 22.3880597 47318 22.3918p4
0.2 150 30 44.7761194 4.7251 22.325625
0.3 150 45 67.1641791 4.6989 22.080601
0.4 150 60 89.5522388 4.629 21.436889
0.5 150 75 111.9402985 44719 19.998784
0.6 150 90 | 134.3283582 4.1659 | 17.3555564

4525 Case Study 3 - Single delamination (Cantilever beam

In this section, the effects of delamination ra@dl,, on the natural frequency of a cantilever
beam with single off-centered and centered delaimoing, are studied. The macro file was run
several times, and in each case, the length ofrde#dion was varied from 0 to 0.6L. The modal
test was conducted with the following conditions:

The delamination length over length of beam (a#l).4, Thickness of beartH,) = 0.33H, d=0,
Thickness of beam3 @)= 0.67H and homogenize®&E,= Ez. Boundary condition is: one end
is clamped, UX=UY=0 and other end is free. The eensize is 0.1.

ELEMENTS

U

Figure 4.29 the cantilever beam with single centdr@elamination
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In the table below (Table 4.20), the numerical ltssior clamped-clamped and cantilever beams
are tabulated. Three important results can be wbdefrom this table. First, the primary
frequency for clamped-clamped and cantilever bedeseases as delamination length (a)
increases. Secondly, primary frequency slightlyrel@ases in a short delamination (a<0.4L) for
both boundary conditions. Thirdly, for delaminagowith long length (a>0.4L), the primary
frequency sharply decreases in clamped-clamped battver than cantilever beam.

Table 4.20 the numerical results for clamped-clath@ed cantilever beams.

a/L L/H a/H, Primary freq. lambdan2
0.00 | 150| 00.000000 4.732 22.391824
0.100 | 150| 223880597  4.732 22.391824
S [ 0200 | 150| 447761194  4.730 22.3729
@©
Lo £
BSE [ 0300 | 150 67.164179]  4.714 22.221796
EED
@ © ©
OO | 0400 | 150| 895522388  4.657 21.687649
=
S [ 0500 | 150 111.9402985 4502 20.268004
0.600 | 150| 1343283582 4.183 17.497489
0.00 | 150| 00.000000 1.877 3523129
010 | 150| 223880597  1.877 3523129
020 | 150| 447761194 1874 3511876
=] c
o _ o
CBE | 030 | 150| 671641791 1866 3.481956
O "E —
T 0 g
SOS 7040 | 150| 895522388  1.851 3.426201
O o
050 | 150| 111.9402985 1.829 3345241
0.60 | 150| 134.3283582 1.798 3.232804

In Figure 4.30, a comparison is made between cldrsfsanped results and those of cantilever
beam. It shows the impact delamination length hagpmmary frequency which is higher in
clamped-clamped beam than cantilever beam for a>0.4
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Figure 4.30- Influence of a/L on primary frequencyf clamped-clamped and cantilever beams
4.5.2.6 Case Study 4 - Single off-centered delamination

In this research, to find out about the influendeoff-centered delamination on primary

frequency, macro files are updated from centereaxfftocentered position.
ANSYS

JUN 4 2014
02:41:49

Figure 4.31 Single off-centered delamination cargyer beam
After running the updated programs, the followiegults are obtained for clamped-clamped and

cantilever beam:

ANSYS

JUN 4 2014
02:41:45%

Figure 4.32 Single off-centered delamination clangpelamped beam
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When data from Table 4.21 it can be concluded ttafprimary frequency decreases similar to
single centered delamination for both types of lflaup conditions. However, in off-centered
delamination, there is a slightly sharper decreasél>0.3 compared to centered delamination.
Table 4.21 Comparison of clamped-clamped & cargiiddeam

a/L L/H a/H Primary freq.| Lambda’2
S 0.00 150 00.0000000 4,732 22.39182
qg- < 0.100 150 22.3880597 4,732 22.391824
C_S _ S = 0.200 150 44.7761194 4,725 22.32562
-?) g % E 0.300 150 67.1641791 4.699 22.080601
g- O % 0.400 150 89.5522388 4.630 21.43690
< T | 0.500 150 111.9402984 4.472 19.998784
© 0.600 150 134.3283582 4.166 17.355556
- 0.00 150 00 .000000 1.877 3.523129
§ - 0.10 150 22.3880597 1.877 3.523129
23 % 0.20 150 447761194 1.874 3.511876
g £ £ 030 | 150 | 67.1641791 1.867 3.485689
20 3 040 | 150 | 89.5522388 1.854 3.437316
8 © 0.50 150 111.9402985 1.834 3.363556
0.60 150 134.3283582 1.806 3.2616386
5

> S ———— clamped-

% 4 . clamped not
S 3 central

g ; ; cantilever not

E 2 central

£ 1

a £ TR Y I feech e e S R
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Delamination length (ajL

Figure 4.33 Influence of a/L on primary frequency.
4.5.2.7 Case Study 5 - Double centered delamination
There are a number of possible configurations foubde delamination of a beam. These
possibilities including centered, off-centered, mldne etc. To gain a better understanding of
the effects of double delamination on vibrationbem, 2D model as shown in Figure 4.35 is
created in ANSY&12. The macro files created for this investigafiolfowed are considered:
a) Material type: isotropic homogenous$H,= Es=E)
b) Element type: Plane 182
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c) Element size=0.1

d) Boundary condition: Clamped-clamped beam
e) Analysis type: Free mode

f) Center of delamination is center of bear=@=0)

" Stit("hes
Stitches

Figure 4.34- Double delamination
All results confirm that an increase in delaminatiength ratio will cause a decrease in primary
frequency (Table 4.22). The results achieved by X8%12 simulations are in agreement with
previous analytical literatures [4, 15]. Therefdtezan be concluded that the new macro file for
double delamination is a suitable template forHertinvestigation of other configurations of

double delamination of beams.
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HUMBER OF HODES TOERPAND . . .. .. ... .. 10
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PRINT DUTRUT CONTRLS » & v v v v v v v v M0 PRINTOUT
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Figure 4.35- Double delamination model with stattemmand of window ANSY3&2
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Figure 4.36- Set list of frequency results in coramd of window ANSY$12

The corresponding mode shapes for captured fowralatrequencies for double delaminated

composite beam as illustrate bellow figures

Figure 4.37 a) First mode of double centered delaation clamped-clamped beam

DISPLACEMENT
STEP=1

Figure 4.37 b) Second mode of double centered détetion clamped-clamped beam
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Figure 4.37 c) Zoom in on middle of the beam in sed mode of double centered

delamination clamped-clamped beam

ANSYS Main Menu

&

B Preferences
Preprocessor
Solution
B General Postproc
Data & File Opts
Results Summary
Read Results
Failure Criteria
2 Plot Results
Contour Plot
Vector Plot
Plot Path ltem
Concrete Plot
ThinFilm
List Results
Query Results
Options for Outp
Results Viewer

Figure 4.37 d) Third mode of double centered delaaiion clamped-clamped beam with

zoom in
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Figure 4.37 e) Forth mode of double centered delaation clamped-clamped beam

~T74 ~



when the results obtained from this simulation @mpared with those of Della and Shu [13]
data shown below table (4.22).

Table 4.22-Comparingnew program with analytical results and other laarres

Primary freq. Della & Shu [19 variance

&/lL |L/H |a/Hs |a&/H |a&/H | L First | Second| First | Secon| First | Second

3 4 mode| mode mode d mode mode

mode

0.20 | 150 | 75 100 | 100 |150 | 4.728| 7.029 4.75 7.05 | -0.46% | -0.30%
0.30 | 150 [ 1125|150 | 150 |150 | 4.693| 6.341 4.70 6.37 | -0.15% | -0.50%
0.40 | 150 | 150 200 | 200 | 150 | 4.565| 5.982 4.55 5.95 | 0.33% | 0.50%
0.50 | 150 [ 187.5|250 | 250 |150 | 4.323| 5.581 4.30 5.8 0.53% | -3.77%
0.60 | 150 | 225 300 | 300 |150 | 3.958| 5.121 3.96 5.2 -0.04% | -1.52%

The low percentage of errors displayed in Table Argiterates the fact that the simulation
program in ANSY$12 is functioning properly and giving acceptablsutes.

4.5.2.8 Case Study 6 - Double non-enveloped delamination

Double non-enveloped delamination model ANSYS is created with following assumptions:
The beam in homogenous, and the boundary condifiaset as UX=UY=0, for both ends.

Furthermore, &= 0.6, d=d,, a=&, ata= &+a and H=0.5H, H,=0.2H, H=0.3H.

" ELEMENTS

Figure 4.38- Enveloped delamination withya,= ag+a; condition
In figure 4.39, influence of delamination length tre fundamental natural frequency of a

clamped-clamped beam is displayed. Total axial delation length is shown as at, which
represents the length of the entire delaminatiayiore including overlapping segment. The
length of overlapping delamination section is dedoas at. Frequencies are compared as the
ratio of fundamental frequency, with respect to the natural frequeneay, of an intact beam.

In what follows, two delamination configurationgatudied.
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a) First both delaminations are assumed to be of dqugth, i.e., 1= and & +a = a+a.
The overlapping segmeni, is assumed to be at the center of the b
b) Second there is a naverlapping delamination, whery=0.0. Also, d is assumed to be
equal to d, where d and ¢, are the distance of each delamination from cenfteh®
beam.
For the free mode delamination, the frequency rw/wo decreases slightly wher/L is less
than 0.3. This decrease remains insignificant uhel value of at/L eaches 0.4. At this tim
frequency decreases significantly and it continioedecrease as/L increases. Another that tl
fundamental frequency decreases as the length eflapping delamination,,, increases.
Observation of this simuliain is illustiated in table 4.23 and figure 4.39.

Table 4.234nfluence of overlapping length on fundamental imacy of clampeclamped beam

Influence of the overlapping len¢ | delamination length
1 0.0
0.99 0.3
0.96 0.4
0.89 0.5
0.75 0.6
0.47 0.8

Influence of the overlapping len
1.2

0.8 - :
espmw|nfluence of the
0.6 overlapping...

~»

0.4

0.2

0 T T T T T 1
0 0.3 0.4 0.5 0.6 0.8 delamination length

Figure 4.39-Influence of overlapping length on the fundamentéiequency of a clampe
clamped beam
Similar to Della, Shu and Zhao [], the results obtained in this simulation showt thize

fundamental frequency ratio wo decreases sharply aftefla= 0.4 forfree mode delaminatic
model
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4.5.2.9 Case Study 7 - Impact of Size, location and type dkelamination

The following table is created based on reportdd ohaprevious sections of this thesis. From the
table, it can be observed that when size of delatioin increases, the non-dimensional
frequencies decrease, especially when a/l0.#4. In addition, in case of more than one
delamination, the non-dimensional frequency of dife beam structure is affected more than a
single-delamination configuration. As presentedhi@ Table 4.24, when defect occurs closer to
the edge of beam (out of midplane), the slope afatese of non-dimensional frequencies is
sharper than mid-plane delamination.

Table 4.22-Impact of Size, location and type chuhhation

Central Delamination Clamped-Clamped
Single delamination Double delamination
0.33H-0.67H| 0.5H-0.5H 0.3H-0.3H-.04H
a/L Primary freq. | Primary freq. Primary freq.
0.2 4.730 4.730 4.727
0.3 4.714 4.717 4.692
0.4 4.657 4.672 4.574
0.5 4.502 4.568 4.322
0.6 4.183 4.389 3.958

In summary, each of the size, type and locatiodedémination has a direct influence on non-
dimensional frequencies.

4.5.2.10 Case Study 8 - Effects of element size in simulatioesults

The size of element is an important factor in FEAdd simulation, affecting the results

precision. Based on current research and the dhatdated in Table 4.25, in 2D simulation, size

of element should not exceed 0.17% of length ofrhess the variance between simulation data
and mathematical results grows larger when the at¢gize is greater than 0.0017L.

Table 4.25- Effects of element size in simulatesult

Single Central delamination clamp-clamp beam

a/L | LIH | a/lH f w=2pf A° Wang[5] | variance| Elem. SizeQTY Element
0.4 | 150 120 0.2791.7504| 21.829| 21.83 0.00% 0.17L% 6000
0.4 | 150| 120 0.2811.7646| 22.007| 21.83 -0.80% 0.33L% 1800
0.4 | 150| 120 0.2851.7887|22.307| 21.83 -2.14% 0.5L% 800

In addition, when the mesh is coarse (QTY=800), gkeetration in mode shape cannot be
captured as well as in fine mesh (QTY=6000), Figur€0 and 4.41.

~ 77 ~



1 DISPLACEMENT

Figure 4.40- Penetration in fine mesh

DISPLACEMENT

Figure 4.41- Penetration in coarse mesh

4.5.2.11 Case Study 9 - Influence of element type

As it was mentioned earlier in this report, sel@mttof element type depends on the nature of
analysis preformed, in this case liner modal anslyand also accuracy and calculation time.
Therefore, Planel82 element was selected for #ssarch. However, it should be noted that
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Planel82 is not the only option; there are othpesyof elements that one could use and produce
results that are more accurate. However, the tonsimulation would have been longer, but in
the end, the results are not different significarflor comparison purposes, Shell63 element was
also examined in a 2D simulation. A modal test w@asducted with both Planel82 and Shell63
elements. The average difference in results folfitesefour modes was found to be very small,
i.e., around 0.25%. A model created using Shelll&B3yever, needed more time to solve.
Therefore, to save in simulation time without coowpising the precision of results, Plane182

was selected for all 2D simulation tests.

4.5.3.3D modeling

Even though 2D modeling is found to be sufficiemt ihvestigating effects of delamination on
natural frequency, but 3D modeling is probably mpractical in today’s industries. Therefore,
in what follows, an ANSY®12 FEM-based 3D modeling, for the free vibratioralgsis for
delaminated layer beam will be examined. Singleami@ated clamped-clamped beam is
modeled in ANSYS812.

The advantage of having simulations in 3D modetisgppposed to 2D is that more frequencies
along the other axes could also be captured in iBilation, which is an important issue in
design and predicting delamination. It should beeddhat these frequencies cannot be captured
as easily in 2D modeling. The detailed report ofvh8D simulation is carried out in this
research, the logical steps will be explained enftrm of an example as follow:

4.5.3.1 3D single centered delamination beam

This is a uniform beam along its length and itsssrsectional area and it is fixed at both ends,
clamped-clamped. The investigation focuses on tieets of single delamination on the system

natural frequency and its mode shapes.

ELEMENTS

Figure 4.42- 3D single delaminated beam
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Figure 4.43- Close look at 3D model

Approach and Assumptions

Assumption is that both sides of the beam are fs@dhat it has no degrees of freedom. The
beam is isotropic so the material properties arestamt. First, a 2D model of length of the beam
is created using solid modeling. This area is teeinuded across the thickness of the beam to
form a 3D solid model.

Table 4.26 assumption of 3D single center delarmonatf beam

Applicable ANSYS Products ANSYS ED (ANSYS Mechatjc
Discipline: Structural

Analysis Type: Modal

Element Types Used: PLANE42 and SOLID45
ANSYS Features Demonstrated: extrusion with a mesh

Summary of Steps

Following is a list of necessary steps and a deson of each step completed to achieve the
results in Table 4.27.

a) Input Geometry

For this step, any geometry file, which is savetids format, can be imported to ANSYR.

b) Define Materials

In order to introduce the material that is spedidi@any given example, the preference will be set
as follow: “Structurar, “Linear”, “Elastic’, “Isotropic’ for each layer and beam is homogenous.
E=E= E,.

c) Generate Mesh

The first step of meshing the model is definingredat type. In this practice, there are two types
of elements: 2-D element (PLANE 42) and 3D elem{&@QLID 52) should be defined. Length
area of beam is meshed with 2D elements. Then dxxitive area to create a 3-D volume. The

mesh will be "extruded" along with the geometry3sb elements will automatically be created
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in the volume. The size of each element is idegdifas 0.1. In extrusion process, “Element type
number should be selected SOLID45. Also, the nurob&Elem divs” is 5 in this problem. And
“Offsets for extrusion” = 0, 0, 0.5. The ANSY® software used in this thesis is ANSYS,
which is the educational version. Because of litiates with this version, 4-node PLANE 42
element is used instead of 8-node PLANES2. In ahsggthis problem, the maximum node limit
of ANSYS®12 was taken into consideration. That is why theode PLANE42 element, rather
than the 8-node PLANES2 element was used. SOLID4%in this problem in ANSY&L2 will
produce this warning message. If ANSYS is not being used, then SOLID95 (20-node brick)
can be used as element type 2.

d) Apply Boundary conditions

In this particular example, the beam is clampedaplad. Therefore, the displacement of nodes at
both ends of beam are 0 (UX=UY=UZ=0).

e) Obtain Solution

The next step is specifying analysis type. In #xample, a modal analysis type is chosen:
Block-Lanczos. 10 modes to extract are identified also number of modes After meshing and
applying boundary conditions, the model is readgdaolved.

Fa\ /'sTATUS Command
Eile

SOLUTIOHN OPTIDHNS

PROBLEH DIHENSIOMALITY. .« & « o 2 o o o« o o « 3-0
DEGREES OF FREEDOH. . . . . . 1 1L |
MNALYSCES-TYPE - oo e & iea et e s e e e e HODAL
EXTRACTION HETHOD. o « o« o o = o » « o o « BLOCE LARCZIOS
LUHPED HASS HATRICES. . . . . - o o o o o = = = 0
PRESTRESS EFFECTS IMCLUDED IF AWAILABLE . . . .%ES
EQUATION SOLVER OPTIOM. . . . - - = & & o = = - SFPRRSE
MUHEBER OF HDODES TO EXTEACT. « o o o o o o o « o
GLOBALLY ASSEHBLED HATRIX . . . . . . . . . . . SYHHETR IC
MUHBER OF HODES TO EMPAMD . . . . . . . . . . . o
ELEHENT EESULTS CALCULATION . . . . - -« = &« = = oM

L xAD STEP OPTIDMNS

LORD STEP HUHBER. . o v & w o = = & » » = & = = 1
PRINT OUTPUT CONTROLS . . . . . - - & & o . - . HO PRINTOIT
DATABASE OUTPUT CONTROLS. . . - - - -« & - « - - ALL DATH HEITTEM

Figure 4.44- status command of window ANSYS
f) Review Results
The list of natural frequencies (Table 4.27), amndt fthree mode shapes for this 3D beam
(a=0.5L, B= H3=0.5H, and = E;=E) are obtained for this problem (Figu#ed5 4.46 4.47,
and4.48).

As it can be observed, all natural frequencieslbpl@nes are captured by one simulation.
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Table 4.27- Modal test results from 3D beam

3D simulation
Mode Na | Frequency from | Plane
ANSYS®12 (Hz)
1 0.24803 Y-Z
2 0.27980 X-Y
3 0.55174 XY
4 4 0.68039 Y-Z
5 0.83676 X-Y X-Y
6 1.1717Y-Z Y-Z
7 1.3302 X-Y
8 1.4635 X-Y
9 1.9179 Y-Z
10 2.1933 X-Y

Figure 4.45- First Mode in X-Z plane

| Y
DISPLACEMENT AN!S

JI 3 2014
19:55:12

Figure 4.46- Second mode in X-Y plane
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Figure 4.47- Third mode in X-Y Plane

Figure 4.48- Forth mode in X-Z plane

In addition, the non-dimensional frequency param¢ié) results from 3D simulation are
compared with Della-Shu [19] to verify the preseldeNSYS®12 program in Table 4.28.
Table 4.28- Comparison of 3D simulation with anaBftresults [19]

alL L/H | a/H2| A°from 3D simulation| Della & Shu [19] Variance

0.00 150 0 22.394 22.37 0.119

0.10 150 30 22.398 22.37 0.13%
0.20 150 60 22.431 22.36 0.32%
0.30 150 90 22.339 22.24 0.44%
0.40 150 120 21.924 21.83 0.43%
0.50 150 150 20.907 20.89 0.08%
0.60 150 180 19.206 19.30 -0.49%
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The variance between simulation and analytical odghs less than 0.5%. This result proves

that 3D simulation could not only be confidentlyedsas an alternative to analytical methods, it

also captures more natural frequencies, represgritie beam vibration along the axis

perpendicular to the original axis.

Table 4.29- Comparison of 1D,2D 3D, and analytiesults [19] and Variance between them

3D 2D 1D Della | Variance Variance Variance
a/lL | L/IH | a/H, | simulation | simulation| Simulation Between Between | Between 1D
(Present | (Present [25] Shu | 3D &Della- | 2D & Della | [25] & Della-
study) study) [13] Shu [13] Shu[13] Shu [13]
0.00 | 150 0 22.394 22.396 N/A 22.87 0.11% 0.12% N/A
0.10 | 150 30 22.398 22.395 22.2588 22,37 0.13016 0.11% -0.50%
0.20 | 150| 60 22.431 22.375 22.2414 22,36 0.32°)F) 0.07% -0.53%
0.30 | 150| 90 22.339 22.250 22.1268 2224 0.44% 0.046 -0.51%
0.40 | 150| 120 21.924 21.829 21.7298 21.83 0.43% %90.00 -0.46%
0.50 | 150 150 20.907 20.866 20.8026  20.89 0.08% 190.1 -0.42%
0.60 | 150 180 19.206 19.260 19.2283  19.30 -0.49%  219. -0.37%

It can be concluded from Table 4.29 that 2D simoitest results match best with analytical

results from previous literatures. In addition, tresults obtained from 3D simulations are

comparable to those of 2D, and any variance in Bbulgtion is negligible. However, 3D

simulation is more realistic because it takes stoount frequencies in all planes, while in 2D

simulations only frequencies on a particular planeonsidered and frequencies on other planes

are neglected. Therefore, 3D simulation should deddor any investigations on free vibration

of delaminated beam because it captures all pesBifjuencies on defected beam in all planes
in one simulation process.
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Chapter Five

Conclusion and Recommendations

5.1. Conclusion

In the preceding, a detailed analysis of variougpdrtant aspects of single- and double
delamination of layered beams was presented. Theigts (from Matlab coded) existed and
were found for the simple cases here, and were amdpwith results obtained from traditional
FEM, DSM and DFE formulations. DSM and DFE, by th&equency-dependent natures,
provided excellent results compared to those faartthe literature and from the other solution
techniques, for a relatively coarse mesh size.al$ shown that, using very few elements, even
higher mode natural frequencies and mode shapdd beucalculated with excellent precision.
One of the drawbacks of the dynamic element-basetiniques was that the root-finding
algorithms used tended to be non-linear and ditficucompute fast, unless advanced techniques
were used. Using a frequency sweep, natural fregeercould be found from the non-linear
eigenproblem solution, but not as quickly as savihe linear eigenproblem, that represents
FEM free vibration analysis. However, this drawbagks more than offset by both the use of
advanced root-finding algorithms and by the inheraccuracy of the DSM and DFE
formulations.

A verification of the models presented was carnat in comparison with data available from a
commercial finite element suite. The purpose of tvas twofold: first, it would give another
independent source of data to which comparisone wexde, and second, it gave an insight into
how accurate the existing engineering toolset waanalyzing the problem of delamination.
Using a beam element model, and based on the dotedheonvergence data, it was found that
a fine mesh was required to accurately capturefdate delamination effects. Most commercial
FEM applications require quite fine mesh densitresrder to produce accurate results with a
high degree of convergence, especially for highedennumbers. The opportunity to improve
upon this was noted — using an extremely coarsedmparison) DFE or DSM mesh, similar
results could be obtained, without having to s@uarge eigenproblem. Additionally, the ability
to analyze any mode number using dynamic elemeggaydless of the total number of degrees
of freedom in the global system, is a clear adwvgat# the use of dynamic elements.

The 2-dimensional element model did not satisfyebgential condition of L/H>10 for all beam

segments in the delamination model. In additiorm#éde no assumptions at the delamination
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faces — whereas the rigid connector assumptionne af the hallmarks of the beam-based
solutions. The lack of rigid connectors, while paially closer to the behaviour of a real
delaminated system, meant that the system wasitgdsHence, a reduction in stiffness led to
lower natural frequencies.

Also, the techniques discussed here are not limidebeams. Although the formulations were
carried out on beam structures, composite plates saeing increased use in structural
applications, especially in the aerospace industhere their use is becoming more common in
fuselage, wing, and stabilizer skins. Importanthe aerospace industry as well is the use of
composite materials in the fan and compressor agectof turbine motors. The complex
geometry and material properties of these make them difficult to analyze using existing
techniques. With a robust dynamic delamination rmottes could provide analysts with a
powerful tool for analyzing the vibration of defset structures in such a high-stress

environment.
5.2. Recommendation

The scope of this thesis has proven to be extremaefje and extremely new. As such, it is
recommended that at this stage, the scope be mated. In particular, research initially needs
to be devoted to solving the nonlinear analysisnagited in this research for the frequency based
problem and whilst doing so to develop Matlab cgdand limitations that contact elements have
in numerical modeling. In order to do this, it mag necessary to attempt a 2D model to reduce
the computational complexity of the model. Seconbigfore attempting any more research on
delamination using changes delamination ratio olelaminated composite it is paramount to
extend the current research on modeling.

Finally, a significant limitation of this thesis wahat the mesh used was uniform. To achieve

accurate results the mesh will need to be refimedral the delamination.
5.3. Futures Works

In the future, all 2D and 3D defective configurasowith boundary conditions not covered in
this study can be studied. 2Dand 3D double centenedoff-centered delamination Cantilever
beam can be conducted in the future. Furthermoqgegrenental tests for the above conditions
will add more credentials to the simulation. Itwerth nothing that high accuracy and time
savings are critical factors in any industry. Tésthnd, incorporating ANSY&.2 software or

any simulation method can benefit all industried ail be a more trusted tool in the future.

~ 86 ~



8.
9.

Reference

Banerjee, J. R. and Sobey, A.J., ‘Dynamic stiffnémsnulation and free vibration
analysis of a three-layered sandwich beatmternational Journal of Solids and
Structuresyol.42, pp. 2181-2197, 2005.

Banerjee, J. R., Cheung, C.W., Morishima R., Peleérand Njuguna J., ‘Free vibration

of a three-layered sandwich beam using the dynatifiness method and experiment’,
International Journal of Solids and Structuy®®l.44, pp. 7543-7563, 2007.
Banerjee J.R. and Williams F.W., ‘Coupled Bendirgsional Dynamic Stiffness Matrix

of an Axially Loaded Timoshenko Beam Elememtternational Journal of Solids and
StructuresVol. 31 pp. 749-762, 1994.
Banerjee J.R. and Williams F.W., ‘Free vibrationcoimposite beams an exact method

using symbolic computationJournal of Aircraft Vol.32, na03, pp.636-642, 1995

Banerjee J.R., ‘Dynamic stiffness formulation forustural elements: A general
approach’ Computers & Structure¥ol.63, na01 pp. 101-103, 1997.

Banerjee J.R., ‘Free vibration of sandwich using tthynamic stiffness method’,
Computers & Structured/ol. 81, pp. 1915-1922, 2003

Banerjee J.R.Su H., and Jayatunga C., ‘A dynamic stiffness elgnfier free vibration

analysis of composite beams and its applicationaitoraft wings Computers &
StructuresVol. 86, no.06, pp. 573-579, 2008.
Bathe, K-J.,” Finite element procedures in Engimeganalysis’ Prentice Hall 1982.

Bathe, K-J., ‘Finite element procedures in Engimgganalysis’ Prentice Hal| 1984.

10.Bellecave J., 'Vibration Analysis of Defective Lagd Beams’, Internal report,

Department of Aerospace Engineering; Faculty of iBeering, Architecture and

Science; Ryerson Universifforonto, Ontario, September 2010.

11.Borneman S.R., Hashemi S.M., and Alighanbari H.ibf&tion Analysis of Doubly

Coupled Cracked Composite Beams: An Exact Dynartifn&ss Matrix’, International
Review of Aerospace EngineeriddRE.AS.E.) Vol. 1(3): 298-309, 2008.

12.Brandinelli L. and Massabo R., ‘Free VibrationsDdlaminated Beam-Type Structures

with Crack Bridging’,Composite Structure¥ol. 61, pp. 129-142, 2003.

13.Della C. N. and Shu D., ‘Free vibration analysisnailtiple delaminated beams under

axial compressive load'Journal ofReinforced Plastics and Composit¥®l. 28, no. 11,
pp. 1365 — 1381, 2009.

~ 87 ~



14.Della C. N. and Shu D., ‘Vibration of delaminatedltitayer beams’Composites Part B
vol. 37, no. 2-3, pp. 227-236, 2006.

15.Della C. N., Shu D.Yapu Zhao, Vibration of Composite Beams With Two Overlapping
Delaminations’ Acta Mechanica Siniga/ol. 1(21), pp. 47 — 55, 2005.

16.Della C. N. and Shu D., ‘Vibration of Beams with uilde Delaminations’Journal of
Sound and Vibratignvol.3 (282) pp.919 — 935, 2005.

17.Della, C.N. and Shu, D., ‘Vibration of Delaminaté&bmposite Laminates’Review
Transactions of the ASME Journal of Applied Mecbgiiol. 60, pp. 1-20, 2007.

18.Della C.N. and Shu D., ‘Free Vibration Analysis@dmposite Beams with Overlapping
Delaminations’ European Journal of Mechanics A/Solidel. 24, pp. 491-503, 2006.

19.Della C.N. and Shu D., ‘Free Vibration AnalysisMiiltiple Delaminated Beams under

Axial Compressive Load’Journal of Reinforced Plastics and Compositésl. 28 pp.
1365-1381, 2009

20.Doxsee L.E., Rubbrecht P., Li L., Verpoest |. anth@le M., ‘Delamination Growth in
Composite Plates Subjected to Transverse Loddsinal of Compositdlaterials Vol.
27 pp. 764-781, 1993.

21.Hashami, S.M., ‘Free Vibrational Analysis of Rot@tiBeam-like Structures: A Dynamic

Finite Element ApproachRhD Thesis, Laval UniversitfQuébec, Canada, 1998.

22.Hashami S.M. and Borneman S. R., A dynamic finikement formulation for the
vibration analysis of laminated tapered composéants’,CD Proceedings of the Sixth

Canadian-International Composites Conference (CanComAugust 16-19, 2005,
Vancouver, Canada, 1-13, 2005.
23.Hashami S.M. and Borneman S. R., Vibration analgéisomposite wings undergoing

material and geometric couplings: a dynamic finkéement formulation’, CD

Proceedings of the 2004SME International Mechanical Engineering Congré84ECE

200)4 Aerospace Divisiolovember 13-19, 2004, Anaheim, A7 (2004).
24.Hashami S.M. and Richard M. J., ‘Free vibrationlgsia of axially loaded bending-

torsion coupled beams - a dynamic finite elemem®ED, Computers and Structur&sol.
77, pp. 711-724, 2000.
25.Hashami S.M. and Richard M. J., ‘A dynamic finitereent (DFE) for free vibrations of

bending-torsion coupled beamg#&erospace Science and Technologyl. 4, pp 41-55,
2000.

~ 88 ~



26.Hashami S.M. and Roach A., ‘A dynamic finite eletiem coupled extensional torsional
vibrations of uniform composite thin-walled beamisternational Review of Aerospace
Engineering(l.RE.AS.E.)Vol. 1 no. 2, pp234-245, 2008.

27.Hashami S.M. and Roach A., ‘Free vibration of hadlisprings using a dynamic finite

element mesh reduction techniqugiternational Review of Mechanical Engineering,
Vol. 2, no. 3, pp. 435-449, 2008.

28.Hashami S.M., ‘The use of frequency dependent riogeetric shape functions in
vibration analysis of beam structures bridging tja@ between FEM and exact DSM

formulations’,AsianJournal of Civil Engineeringyol. 3, no. 4, 33-56, 2002.

29.Hashami S.M., Borneman S. R. and Alighanbari, Mipration analysis of cracked
composite beams: a dynamic finite elemeritifernational Review of Aerospace
Engineering(.RE.AS.E.), Voll, no. 1 pp. 110-121, 2008.

30.Hashami S.M., Richard M. J. and Dhatt G., ‘A newnayic finite elements (DFE)

formulation for lateral free vibrations of Euler4Beulli spinning beams using

trigonometric shape functionsJournal of Sound and Vibratioviol. 220, no. 4, pp. 601-
624, 1999.
31.Hashemi S.M. and Roach A., ‘A Dynamic Finite Eleméor Vibration Analysis of

Composite Circular Tubesin the Proceedings of the l0nternational Conference on

Civil, Structural and Environmental Engineering Qauing, B.H.V. Topping(Editor),
Civil-Comp Press, Stirlingshire, UK, Paper 177, 2000i:10.4203/ccp.81.177, Rome,
Italy, 30 August-2 September 2005.

32.Hashemi S.M. and Roach A., ‘A Dynamic Finite Eleitniam the Free Vibration Analysis

of Extension-Torsion Coupled Composite Beanvathematics in Engineering, Science
and Aerospace (MESA) THE TRANSDISCIPLINARY INTERDMAL JOURNAL Vol.
1, no. 3, pp. 221-239, 2010.

33.Hashemi S.M. and Adique E.J., ‘A Quasi-Exact Dymarkinite Element for Free

Vibration Analysis of Sandwich Beam#pplied Composite Materigl/ol. 17, pp.259-
269, 2010.

34.Hein H., ‘The Influence of Delamination of Free Yahions of Composite Beams on

Pasternak Soil'Proceedings of the Estonian Academy of SciencesiddhMathematics
Vol. 55, no. 4, pp. 220-234, 2006.

~ 89 ~



35. http://aviation-safety.net/wikibase/wiki.php?id=424 &

http://www.yachtsurvey.com/composite troubles incraift.htm

36.Hu, J. S. and Hwu, C., ‘Free Vibration of DelamatComposite Sandwich Beams’,
AlIAA Journa) Vol. 33, no. 10, pp. 1911-1918, 1995

37.Jaehong Lee, ‘Free Vibration Analysis of Delamida@omposite BeamsComputers
and Structuresvol. 2, no. 74, pp. 121-129, 2000.

38.Johan Belecave, ‘Beam Delamination Modeling in ANSSYnternal report, Department

of Aerospace Eng., Ryerson universitgronto, Canada2011.

39.Krawczuk M., Ostachowicz W. and Zak A., ‘DynamidsCGracked Composite Material
Structures’ Computational Mechanicgol. 20, pp. 79-83, 1997.

40.Kudela P. and Ostachowicz W., ‘A Multilayer Delamied Composite Beam and Plate
Elements: Reflections of Lamb Waves at Delaminatidiechanics of Advanced
Materials and Structures/ol. 16, no., 3, pp. 174-187, 2009.

41.Lee J., ‘Free vibration analysis of delaminated posite beams’,Computers &
StructuresVol. 74, no. 2, pp. 121-129, 2000.

42.Lee S., Park T., and Voyiadjis G. Z., ‘Free ViboatiAnalysis of Axially Compressed

Composite Beam-Columns with Multiple DelaminatigngComposites Part B:

Engineeriry Vol. 33, pp. 605-617, 2002.

43.Lee S., Park T., and Voyiadjis, G. Z., ‘Vibratiom&ysis of Multi-Delaminated Beams’,
Composites Part B: Engineeringpl. 34, pp. 647-659, 2003.

44.Lestari W. and Hanagud S., ‘Health Monitoring ofustures: Multiple Delamination

Dynamics in Composite Beams’, Report fgkmerican Institute of Aeronautics and
Astronautics AIAA99-1509, 1999.
45.Liu M. and Yu J., ‘Finite Element Modeling of Delamtion by Layerwise Shell

Element Allowing for Interlaminar Displacement€pmposites Science and Technology
Vol. 63, pp. 517-529, 2003

46.Logan D.L., ‘A First Course in the Finite Elementeifod’, Fourth Edition Toronto,
ON: Nelson, 2007.

47.N. Erdelyi and S. M. Hashami, ‘Free vibration as@éyof delaminated layered beams: a

Dynamic Finite Element (DFE) techniqueh Proceedings of the 8th Joint Canada

Japan Workshop on Composite Materjgs10, Montreal, Canada, July 2010.

~90 ~



48.N. H. Erdelyi and S. M. Hashemi, ‘A Dynamic Stifse Element for Free Vibration
Analysis of Delaminated Layered BeaniBhe Scientific World JournaVol. 2012, Sep.
2011

49.P. Mujumdar and S. Suryanarayan, ‘Flexural vibrati@f beams with delaminations’,
Journal of Sound and Vibratigwrol. 125, no. 3, pp. 441-461, 1988.

50.Perel, V. Y., ‘Finite Element Analysis of Vibratioof Delaminated Composite Beam

with an Account of Contact of the Delamination Gardtaces, Based on the First-order
Shear Deformation TheoryJournal of Composite Materigld/ol. 39, pp. 1843-1876,
2005.

51.Roche C.H. and Accorsi M.L.,, ‘A new finite elemeidr global modeling of
delaminations in laminated beamBinite Elements in Analysis and Desigfl. 31, pp.
165177, 1998.

52.Salawu O. S., ‘Detection of Structural Damage TgiouChanges in Frequency’,
Engineering Structured/ol. 19, no. 9, pp. 718-723, 1997.

53.Sankar B.V., ‘A Finite Element for Modeling Delamabion in Composite Beams’,
Computers & Structuregol. 38, no. 2, 239-246, 1991.

54.Schnabl S., Saje M., Turk G. and Planinc |., ‘LockiFree Two-Layer Timoshenko
Beam Element with Interlayer SligEinite Elements in Analysis and Desigfol. 43, pp.
705-714, 2007.

55.Shen M.H. and Grady J.E., ‘Free Vibrations of Deteated Beams’AIAA Journal,Vol.
30, no. 5, pp. 1361-1370, 1992.

56.Shu D., ‘Vibration of Sandwich Beams with Doublel@ginations’,Composites Science
and Technologyol. 54, pp. 101-109, 1995.

57.Shu D. and Fan H., ‘Free Vibration of BimaterialliSBeam’, Composites Part B:

EngineeringVol. 27, pp. 79-84, 1996.

58.Tay T. E., ‘Characterization and Analysis of Delaation Fracture’Applied Mechanics
Revievg, Vol. 1, no. 56, pp. 1-32, 2003.

59.Tracy J. J. and Pardoen G. C., ‘Effect of Delamamabn the Natural Frequencies of

Composite Laminates’, Journaf Composite Materialsyol. 23 no. 11, pp. 1200-1216,
1990.

~91 ~



60.Tracy J. J. and Pardoen G. C. (1989), ‘Effect oaBenation on the Natural Frequencies
of Composite LaminatesJournal of Composite Materiald/ol. 23, no. 12, pp. 1200-
1216, 1989.

61.Wang J., Liu Y., and Gibby J., ‘Vibrations of SpBeams’, Journal of Sound and
Vibration, Vol. 84, pp. 491-502, 1982.

62. Wittrick W.H. and Williams F.W., ‘A General Algotim for Computing Natural
Frequencies of Elastic StructureQuarterly Journal of Mechanics and Applied
MathematicsVol. 24, pp. 263-284, 1971.

63.Y.Zou L. Tong and Steven G.P., ‘Vibration-based Mledependent Damage
(Delamination) Identification and Health Monitorifigy Composite Structuresa, Review
Journal of Sound and Vibratipivol. 2, no. 230, pp. 375-378, 2000.

64.Zou Z., Reid S.R., Li S., Soden P.D., ‘Applicatioina Delamination Model to Laminated
Composite StructuresComposite Structure¥ol. 56, pp. 375-389, 2002.

~ 92 ~



Appendi X A-1: Finite El enent Met hod (FEM

FEM Matlab Programming for single and double Delami

composite Euler Bernoulli beam
A Si ngl e Del am nati on

% Find the natural frequencies of a clamped- clampe

% of Euler Bernoulli composite beam under free vibr

% 150*12.6*1 mm3 dimensions this beam has two layer
%
%Y
% |
% |
% |
% |
% |
% |
% |
% |

% Variable descriptions
%
% k = element stiffness matrix

% m = element mass matrix

% kk = system stiffness matrix

% mm = system mass matrix

% index = a vector containing system dofs associa
% bcdof = a vector containing dofs associated wit
% bcval = a vector containing boundary condition

% associated with the dofs in 'bcdof'
%

% clear memory

%

clear all

close all

%

nel=6; % number of elements
nnel=2; % number of nodes per
ndof=2; % number of dofs per n

% total number of node
% total system dofs

nnode=(nnel-1)*nel+1,;
sdof=nnode*ndof;

%
% material and geometric property
%
E1l = 140E9; % longitudinal young modulus
E2 = 92E9; % transverse young modulus o
b =1e-3; % width of all beams

tleng = 0.150; % total length of beams

leng = tleng/6; % length of each elements
height = 0.0126; % height of beam 1 and beam
rho = 1570; % Laminate density,

v12 = 0.28; % Poisson’s ratio

G12 =5e9; % the in-plane shear modulus

%
% input the orientation Layer
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%

thetal = 0; % angle of orientation L
theta2 = 0; % angle of orientation L

%

% determine the constant parameter of beam
%

v21 = (E2*v12)/E1l; % Constant equations
Q11 = E1/(1-(v12*v21));
Q22 = E2/(1-(v12*v21));
Q66 = G12;
Q11barl=Q11*(cos(thetal))*4+Q22*(sin(thetal))4+2*(
cos(thetal))"2;
Q11bar2=Q11*(cos(theta2))*4+Q22*(sin(theta2))+2*(
cos(theta2))"2;
for i=1; % when iis the segment of laminated beam
D11 = b/3*(Q11lbarl*(0.5*height)*3-Q11bar2*(-0.5*h
B11 = b/2*(Q11barl*(0.5*height)*2-Q1l1bar2*(-0.5*h
A1l = b*(Q11barl*(0.5*height)-Ql1lbar2*(-0.5*heigh
El = D11-((B11)"2/A11);
end
%
% compute the cross section area of All beam
%
area = b*height;
%
% input data for nodal coordinate value
% where gcoord(i,j),i-> number of node and j-> valu
%
gcoord(1,1) = 0.0;
gcoord(2,1) = 0.025;
gcoord(3,1) = 0.05;
gcoord(4,1) = 0.075;
gcoord(5,1) = 0.100;
gcoord(6,1) = 0.125;
gcoord(7,1) = 0.150;
%
% input data for nodal connectivity of each element
% where nodes (i,j),i-> element number and j-> conn
%
nodes(1,1)= 1; nodes (1,2)= 2;
nodes(2,1)= 2; nodes (2,2)= 3;
nodes(3,1)= 3; nodes (3,2)= 4;
nodes(4,1)= 4; nodes (4,2)=5;
nodes(5,1)=5; nodes (5,2)= 6;
nodes(6,1)= 6; nodes (6,2)=7;
%
% apply constraints
%
bcdof(1)=1; % first dof (deflaction at left end)
bcval(1)=0; % whose described value is 0
bcdof(2)=12; % first dof (deflaction at right end
bcdof(2)=0; % whose described value is 0
%
% initialization zero
%
kk=zeros(sdof,sdof); % initialization of syste
mm=zeros(sdof,sdof); % initialization of syste
index=zeros(nel*ndof,1); % initialization of index
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Ofymmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmemmmmeeee
% stiffness and mass matrix

% [k,m]=febeam1(El,leng,area,rho,ipt)

% stiffness matrix at the local axis

G mmmm - e
for iel=1:6;

k =[12*El/(leng”3) 6*El/(leng"2) -12*El/(leng”"3 ) 6*El/(leng"2);...
6*El/(leng"2) 4*El/(leng) -6*El/(leng"2) 2*E I/(leng);...

-12*El/(leng”3) -6*El/(leng”2) 12*El/(leng”"3) -6*El/(leng"2);...
6*El/(leng”2) 2*El/(leng) -6*El/(leng”2) 4*E I/(leng)];

end;

G mm e e

% compute local mass matrix of each elements

e mmememeem ) e
for iel=1,;

ml=rho*area*leng/420;

m =[156*m1 22*leng*ml  54*ml -13* leng*m1;...
22*leng*m1 4*leng”"2*m1  13*leng*m1 -3*| eng”2*ml;...
54*m1 13*leng*rml 156*ml1  -22* leng*m1;...
-13*leng*m1 -3*leng"2*m1 -22*leng*ml 4* eng"2*ml];

end
%
% Assembly of element matrices into the system matr iX

%  [kk]=feasmbll1(kk,k,index)
% Variable Description:
%  kk - system matrix
% k - element matrix

% index - dof. vector associated with an elemen t
e mmememeem e
edof = leng(index);
for i=1:edof
ii=index(i);
for j=1:edof
ji=index(j);
Kk(ii, jj)=Kk(ii,jj)+k(i.j);
end
end
%
% [Omega, Phi]=fcmodal(M,K,F)
%

% variable description:
% M - mass matrix
% K - stiffness matrix

% Omega - Natural frequency (rad/sec) in ascendin g order

% Phi - Modal matrix with each column correspondi ng to the eigenvector
% solve the eigenvalue problem and normalized eigen vectors

%

[V.D]= eig(M,K);

[lambda,k]=sort(diag(D));

V=V(;,k);

Factor=diag(V*M*V);

Phi=V*inv(sqgrt(diag(Factor)));

Omega=diag(sqgrt(Vnorm*K*Vnorm));

%%%%% %% %% %% %% % %% %%%% %% %% % %0***//END//*** %% e et %6 %6 % % % % % %% % % %%
Change ratio of delamination length to 0.1

Ofmmmmmmmcmmmmmmmmcmmmmmmmmmmmmmmmmmmmmmmmeeee

% Change the delamination length to 0.015 means 0.1 5*0.1= 0.015

% Variable descriptions
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%
% Find the natural frequencies clamped-clamped sing
% Bernoulli composite beam under free vibration. Th

% beam divided into four beams. The beam has 150*12
%
% N
%|Y
% |
% |
% | | beam2 |

% | I I

% |----beam 1 | [---beam 4------
% | I |

% | | beam3 |

% Variable descriptions
%
% k = element stiffness matrix

% m = element mass matrix

% kk = system stiffness matrix

% mm = system mass matrix

% index = a vector containing system dofs associa
% bcdof = a vector containing dofs associated wit
% bcval = a vector containing boundary condition

% associated with the dofs in 'bcdof'

%

% clear memory

%

clear all

close all

%

nel=6; % number of elements
nnel=2; % number of nodes per
ndof=2; % number of dofs per n
nnode=(nnel-1)*nel; % total number of nodes
sdof=nnode*ndof; % total system dofs

%

% material and geometric property

%

E1l = 140E9; % longitudinal young modul
E2 = 92E9; % transverse young modulus
b =1e-3; % width of all beams

a =0.015; % delamination length or a
tleng = 0.150; % total length of beams
leng2 = a; % length of beam 2

lengl = 0.5*(tleng-a); % length of beam 1

leng3 = leng2; % length of beam 3

leng4 = leng1,; % length of beam 4

height = 0.0126; % height of beam 1 and bea
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height2 = 0.5*height; % height of beam 2 and bea
height3 = height2; % the height of beam 3
height4 = height; % the height of beam 4

rho = 1570 ; % Laminate density,
v12 =0.28; % Poisson’s ratio
G12 =5e9; % the in-plane shear modul

%

% input angle of orientation Layer

%

theta = 0; % orientation Layer

v21 = (E2*v12)/E1l; % Constant equations

Q11 = E1/(1-(v12*v21));

Q22 = E2/(1-(v12*v21));

Q66 = G12;

Q11bar=Q11*(cos(theta))4+Q22*(sin(theta))"4+2*(Q11
cos(theta))"2;

%
% determine the constant for all beam
%
fori=1, % constant
D11 = b/3*Q11bar*((0.5*height)"3-(0)*3+(0)"3-(-0.
B11 = b/2*Q11bar*((0.5*height)*2-(-0.5*height)"2)
A1l = b*Q11bar*((0.5*height)-(0)+(0)-(-0.5*height
El1 = D11-((B11)"2/A11);
fori=2; % constant
D12 = b/3*Q11bar*((height2)"3);
B12 = b/2*Q11bar*((height2)*2);
Al12 = b*Q1l1lbar*((height2));
El2 = D12-((B12)"2/A12);
for i=3; % constant
D13 = b/3*Q11bar*((height3)"3);
B13 = b/2*Q11bar*((height3)"2);
A13 = b*Q1l1lbar*((height3));
EI3 = D13-((B13)"2/A13);
for i=4; % constant
D14 = b/3*Q11bar*((0.5*height4)"3-(0)"3+(0)"3-(-0
B14 = b/2*Q11bar*((0.5*height4)"2-(-0.5*height4)"
Al14 = b*Q1l1bar*((0.5*height4)-(0)+(0)-(-0.5*heigh
El4 = D14-((B14)"2/A14);
end;
end;
end;
end;
%
% Determine the delamination stiffness matrix of la
%
% variable description
% Kd = delamination stiffness matrix
% N2 = node shape 2
% N12 = node shape value at left tip delamination
% N22 = node shape value at right tip delaminatio
% use equation (29) in analytical formulation
% second derivation of N2 = 1-(4*x)/L+3*x"2/L"2
for x =leng1;
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5*height)"3);

)
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2);

t4));

when x = lengl
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N21 = 1-4*lengl/tleng+3*lengl/tleng”2;
for x = lengl+a;
N22 = 1-4*(lengl+a)/tleng+3*(lengl+a)*2/tle

end;
end;
% From equation(15)compute the coefficient of delam
A=height*2/(4*a)*((A12*A13)/(A12+A13))*10"-3;
% create as matrix form
Kd = A*[0;N22-N21;0;0]*[0 N22-N21 0 0];
%
% compute the cross section area of All beam
%
areal = b*height;
area?2 = b*height2;
area3 = area2;
aread4 = areal,
%
% input data for nodal coordinate value
% where gcoord(i,j),i-> number of node and j-> valu
%
gcoord(1,1) = 0.0; gcoord(1,2) = 0.0;
gcoord(2,1) = lengl; gcoord(2,2) = 0.0;
gcoord(3,1) = lengl+a/2;  gcoord(3,2) = -0.5*he
gcoord(4,1) = lengl+a/2;  gcoord(4,2) = 0.5*hei
gcoord(5,1) = lengl+a; gcoord(5,2) = 0.0;
gcoord(6,1) = lengl+a+leng4; gcoord(6,2) = 0.0;
%
% input data for nodal connectivity of each element
% where nodes(i,j),i-> element number and j-> conne
%
nodes(1,1)= 1; nodes (1,2)= 2;
nodes(2,1)= 2; nodes (2,2)= 3;
nodes(3,1)= 2; nodes (3,2)= 4;
nodes(4,1)= 3; nodes (4,2)=5;
nodes(5,1)= 4; nodes (5,2)=5;
nodes(6,1)= 5; nodes (6,2)= 6;
%
% apply constraints
%
bcdof(1)=1; % first dof (deflaction at left end)
bcval(1)=0; % whose described value is 0
bcdof(2)=12; % first dof (deflaction at right end
bcdof(2)=0; % whose described value is 0
%
% initialization zero
%
kk=zeros(sdof,sdof); % initialization of syste
mm=zeros(sdof,sdof); % initialization of syste
index=zeros(nel*ndof,1); % initialization of index
%
% stiffness and mass matrix
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% stiffness matrix at the local axis
%
for iel=1:nel,
kl1=EI1/((leng1)*3)*[12 6*(lengl) -12 6*(len
6*(lengl) 4*(lengl)"2 -6*(lengl) 2*(lengl)
-12  -6*(lengl) 12  -6*(lengl);...
6*(lengl) 2*(leng1l)"2 -6*(lengl) 4*(lengl)"
kl6 = kI1;
for i=2:5;
kiI2=EI2/((leng2/2)"3)*[12 6*(leng2/2) -12 6
6*(leng2/2) 4*(leng2/2)"2 -6*(leng2/2) 2*
-12 -6*(leng2/2) 12  -6*(leng2/2)
6*(leng2/2) 2*(leng2/2)"2 -6*(leng2/2) 4*
end;
end;
%
% compute local mass matrix of each elements
%
for iel=1,;
ml=rho*areal*leng1/420;
mi1=[156*m1 22*lengl*ml1l 54*m1l -13*lengl*m1;...
22*lengl*ml 4*leng1”2*m1 13*lengl*ml -3*lengl
54*m1 13*lengl*ml 156*ml -22*lengl*ml;...
-13*leng1*ml -3*leng1”2*m1 -22*lengl*ml 4*len
ml6=ml1;
for i=2:5;
m2=rho*area2*(leng2/2)/420;
ml2=[156*m2 22*(leng2/2)*m2 54*m2 -13*(leng
22*(leng2/2)*m2 4*(leng2/2)"2*m2 13*(leng2/2)
54*m2 13*(leng2/2)*m2 156*m2 -22*(leng2/2
-13*(leng2/2)*m2 -3*(leng2/2)"2*m2 -22*(leng2/2
end;
end;
%
%  Assemble the local stiffness matrix to create
%
for iel=1:nel % loop for the total
index=feeldofl(iel,nnel,ndof); % extract system dof
[k,m]=febeam1(El,leng,rho); % compute element stiff
kk=feasmbl1(kk,k,index); % assemble element stiffne
matrix

mm=feasmbl1(mm,m,index); % assemble element mass ma

end
%
% [Omega, Phi]=fcmodal(M,K,F)
%
% variable description:

% M - mass matrix

% K - stiffness matrix

% Omega - Natural frequency (rad/sec) in ascendin
% Phi - Modal matrix with each column correspondi
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O mmmmmm e e

% solve the eigenvalue problem and normalized eigen vectors
o

[V.D]= eig(M,K);

[lambda,k]=sort(diag(D));

V=V(:,k);

Factor=diag(V"*M*V);

Phi=V*inv(sqgrt(diag(Factor)));

Omega=diag(sqrt(Vnorm*K*Vnorm));

%%%%% %% %% %% %% % % %% %% %% %% %% %% %***/[END //***%%%%%Y%YeY%Y%0 %% %% %% %% %% %% %% %%
%

%%%%%%%%%%**//Continuous the programs until Ratio 0 .9/**% %% %% %% % %% %% %% % %% %% %

%%%%% %% %% %% %% % %% %%6%%%%%% %% %% %0***//EN D/ /* S99 0 e amamehh % %6 %% %% % %% %% % % % %0 %
B. Doubl e Del am nati on conposite beam

% delm.m without delamination

% Find the natural frequencies a clamped- clamp wit hout delamination

% of Euler Bernoulli composite beam under free vibr ation. The beam

% has 150*12.6*1 mm3 dimensions

L

% N

%|Y

% | -

% | I

% | First layer |

% | I

% | -

% |-----------m---- Second layer-------------------- --|--central axis--> P,X

% | I

% | -

% | Third layer |

% | I

% | -

% |<------ L1------ >|<-----a >|< L5 ->|

% |<----m-mmmmemmeee- 150 mm ->|

% Variable descriptions

L

% k = element stiffness matrix
% m = element mass matrix
% kk = system stiffness matrix
% mm = system mass matrix

% index=a vector containing system dofs associate d with each element
% bcdof=a vector containing dofs associated with boundary conditions

% bcval = a vector containing boundary condition values

% associated with the dofs in 'bcdof'

L

% clear memory
L

clear all

close all

L
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nel=8; % number of elements

nnel=2; % number of nodes per
ndof=2; % number of dofs per n
nnode=(nnel-1)*nel+1; % total number of node

sdof=nnode*ndof;
%

% total system dofs

% material and geometric property

%

E1l = 140E9; % longitudinal young modul
E2 = 92E9; % transverse young modulus
b =1e-3; % width of all beams

tleng = 0.150; % total length of beams
leng = tleng/8; % length of each elements
height = 0.0126; % height of beam

rho = 1570 ; % Laminate density,

v12 =0.28; % Poisson’s ratio

G12 =5e9; % the in-plane shear modul

%
% input the orientation Layer
%

thetal = 90; % orientation Layer
theta2 = 0; % orientation Layer
theta3 = 90; % orientation Layer
%

% determine the constant for beam

%

v21 = (E2*v12)/E1l; % Constant equations

Q11 = E1/(1-(v12*v21));

Q22 = E2/(1-(v12*v21));

Q66 = G12;

Q11barl = Q1l1*(cos(thetal)).”4+Q22*(sin(thetal)).”4
(sin(thetal)*cos(thetal))."2;

Q11bar2 = Q1l1*(cos(theta2)).”4+Q22*(sin(theta2)).”4
(sin(theta2)*cos(theta?2)).”2;

Q11bar3 = Q11*(cos(thetal)).”4+Q22*(sin(theta3)).”4
(sin(theta3)*cos(theta3)). 2;

D11 = b/3*(Q11barl*((-0.2*height)*3-(-0.5*height)"3
-(-0.2*height)"3)+Q11bar3*((0.5*height)"*3-(0.1

B11 = b/2*(Q11barl*((-0.2*height)*2-(-0.5*height)"2
-(-0.2*height)*2)+Q11bar3*((0.5*height)*2-(0.1*

A1l = b*(Q11barl*((-0.2*height)-(-0.5*height))+Q11b
(-0.2*height))+Q11bar3*((0.5*height)-(0.1*heigh

El = D11-((B11)"2/A11);

%

% compute the cross section area of All beam

%

area = b*height;

%

% input data for nodal coordinate value

% where gcoord(i,j),i-> number of node and j-> valu

%
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gcoord(1,1) = 0.0;
gcoord(2,1) = 0.01875;
gcoord(3,1) = 0.0375;
gcoord(4,1) = 0.05625;
gcoord(5,1) = 0.075;
gcoord(6,1) = 0.09375;
gcoord(7,1) = 0.1125;
gcoord(8,1) = 0.13125;
gcoord(9,1) = 0.150;
%

% input data for nodal connectivity of each element
% where nodes(i,j),i-> element number and j-> conne

%
nodes(1,1)=1; nodes (1,2)= 2;
nodes(2,1)= 2; nodes (2,2)= 3;
nodes(3,1)=3; nodes (3,2)= 4;
nodes(4,1)= 4; nodes (4,2)=5;
nodes(5,1)=5; nodes (5,2)= 6;
nodes(6,1)= 6; nodes (6,2)=7;
nodes(7,1)=7; nodes (6,2)= 8;
nodes(8,1)= 8; nodes (6,2)=9;
%
% apply constraints
%
bcdof(1)=1; % first dof (deflaction at left end)
bcval(1)=0; % whose described value is 0
bcdof(2)=16; % first dof (deflaction at right end
bcdof(2)=0; % whose described value is 0
%
% initialization zero
%
kk=zeros(sdof,sdof); % initialization of syste
mm=zeros(sdof,sdof); % initialization of syste
index=zeros(nel*ndof,1); % initialization of index
%
% stiffness and mass matrix
% [k,m]=febeaml1(El,leng,area,rho)
% stiffness matrix at the local axis
%
for iel=1:nel;
kl = El/((leng)"3)*[12 6*(leng) -12  6%(

6*(leng) 4*(leng)"2 -6*(leng) 2*(leng)"2;.

-12  -6*(leng) 12  -6*(leng);...

6*(leng) 2*(leng)"2 -6*(leng) 4*(leng)"2];
End;
%

% compute local mass matrix of each elements

%
m=rho*area*leng/420;
for i=1:nel;
ml1=[156*m  22*leng*m  54*m -13*
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22*leng*m 4*leng”"2*m  13*leng*m -3*
54*m 13*leng*m 156*m  -22
-13*leng*m -3*leng"2*m -22*leng*m 4%
end;
%
%  Assemble the local stiffness matrix to create
%
for iel=1:nel % loop for the total
index=feeldofl(iel,nnel,ndof); % extract system dof
[k,m]=febeam1(El,leng,rho); % compute element stiff
kk=feasmbl1(kk,k,index); % assemble stiffness matri
mm=feasmbl1(mm,m,index); % assemble element mass ma
end
%
% [Omega, Phi]=fcmodal(M,K,F)
%
% variable description:
% input parameters-
% M - mass matrix
% K - stiffness matrix
% Omega - Natural frequency (rad/sec) in ascendin
% Phi - Modal matrix with each column correspondi
% solve the eigenvalue problem and normalized eigen
%
[V.D]= eig(M,K);
[lambda,k]=sort(diag(D));
V=V(:,k);
Factor=diag(V"*M*V);
Phi=V*inv(sqgrt(diag(Factor)));
Omega=diag(sqrt(Vnorm*K*Vnorm));

eng~2*m;...
*leng*m;...
eng"2*my;

Global matrix

number of elements

s associated with element
ness & mass matrix

ces into system matrix
trices into system matrix

g order
ng to the eigenvector
vectors

%%%% %% %% %% %% %% %% %% %% %***//EN D//*** %% % %% % Yo Yo %0 % %

Change the delamination Ratio to 0.10

%
% Change the Delamination length to 0.015 which mea
% Find the natural frequencies of a clamped-clamped
% Euler Bernoulli composite beam under free vibrati

% 150*12.6*1 mm3 and divided into five beams dimens
%

% AN

%|Y

% |

% | I I

% | | beam2 |

% | I I

% | I I

% | I I

%| beaml | beam3 | beam4
% | I I

% | | beam4 |

% | I I

% |

% |<------ L1------ >|<-----a >|< L5
% |<---mmmmmm e 150 mm
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% Variable descriptions

% _____________________
% k = element stiffness matrix

% m = element mass matrix

% kk = system stiffness matrix

% mm = system mass matrix

% index=a vector containing system dofs associate d with each element
% bcdof = a vector containing dofs associated wit h boundary conditions
% bcval = a vector containing boundary condition values

% associated with the dofs in 'bcdof’

%

% clear memory

%

clear all

close all

%

nel=8; % number of elements

nnel=2; % number of nodes per element
ndof=2; % number of dofs per n ode
nnode=(nnel-1)*nel-1; % total number of node s in system
sdof=nnode*ndof; % total system dofs

%

% material and geometric property

%

E1l = 140E9; % longitudinal young modul us of beams
E2 = 92E9; % transverse young modulus of beam
b=1e-3; % width of all beams

a =0.015; % delamination length or a =0.2*150 = 30
tleng = 0.150; % total length of beams

leng2 = a; % length of beam 2

lengl = 0.5*(tleng-a); % length of beam 1

leng3 = leng2; % length of beam 3

leng4 = leng3; % length of beam 4

leng5 = leng1,; % length of beam 5

height = 0.0126; % height of beam 1 and bea m5

height2 = 0.3*height; % height of beam 2
height3 = 0.4*height; % the height of beam 3
height4 = 0.3*height; % the height of beam 4

rho = 1570 ; % Laminate density,
v12 =0.28; % Poisson’s ratio
G12 =5e9; % the in-plane shear modul us

L
% input the orientation Layer
72—

thetal = 90; % orientation Layer

theta2 = 0; % orientation Layer

theta3 = 90; % orientation Layer

L
% determine the constant for beam 2

Ofmmmmmmmmmmmmmmmmmcmmmmmmmmmmmmmmmmmmmmmmmeeee
v21 = (E2*v12)/E1l; % Constant equations

Q11 = E1/(1-(v12*v21));

Q22 = E2/(1-(v12*v21));

Q66 = G12;

Q11barl=Q11*(cos(thetal)).”4+Q22*(sin(thetal)).”4+2 *(Q11+2*Q66)*(sin(thetal)*
cos(thetal)).”2;

Q11bar2=Q11*(cos(theta)).”4+Q22*(sin(theta2)).”4+2 *(Q11+2*Q66)*(sin(theta2)*

cos(theta2)).n2;
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Q11bar3=Q11*(cos(thetal)).”4+Q22*(sin(theta3))."4+2
cos(theta3))."2;
for i=1; % Constant for beam 1
D11=b/3*(Q11lbarl*((-0.2*height)"3-(-0.5*height)*3
(-0.2*height)*3)+Q11bar3*((0.5*height)*3-(0.1*
B11=b/2*(Q1l1lbarl*((-0.2*height)"2-(-0.5*height)"2
(-0.2*height)*2)+Q11bar3*((0.5*height)*2-(0.1*
Al1=b*(Q11barl*((-0.2*height)-(-0.5*height))+Q11b
height))+Q11bar3*((0.5*height)-(0.1*height)))
El1 = D11-((B11)"2/A11);
for i=2; % Constant for beam 2
D11 = b/3*Q11bar3*((0.5*height)*3-(0.1*height)®
B11 = b/2*Q11bar3*((0.5*height)*2-(0.1*height)®
A2 = b*Q11bar3*((0.5*height)-(0.1*height));
El2 = D11-((B11)"2/A2);
for i=3; % Constant for b
D11 = b/3*Q11bar2*((0.1*height)"3-(-0.2*height)
B11 = b/2*Q11bar2*((0.1*height)*2-(-0.2*height)
A3 = b*Q11bar2*((0.1*height)-(-0.2*height));
EI3 = D11-((B11)"2/A3);
for i=4; % Constant for beam 4
D11 = b/3*(Q11barl*((-0.2*height)"3-(-0.5*heigh
B11 = b/2*(Q11barl*((-0.2*height)"2-(-0.5*heigh
A4 = b*(Q11barl*((-0.2*height)-(-0.5*height)));
El4 = D11-((B11)"2/A4);
for i=5; % % Constant for be
D11=b/3*(Q11barl*((-0.2*height)"3-(-0.5*height)"3
(-0.2*height)"3)+Q11bar3*((0.5*height)*3-(0.1*
B11=b/2*(Q11barl*((-0.2*height)*2-(-0.5*height)"2
(-0.2*height)*2)+Q11bar3*((0.5*height)*2-(0.1*
A5=b*(Q11barl*((-0.2*height)-(-0.5*height))+Q11ba
height))+Q11bar3*((0.5*height)-(0.1*height)))
EI5 = D11-((B11)"2/A5);
end;
end;
end;
end;
end;
%
% compute the cross section area of All beam
%
areal = b*height;
area?2 = b*height2;
area3 = b*height3;
aread = b*height4;
areab = areal,
%
% input data for nodal coordinate value
% where gcoord(i,j),i-> number of node and j-> valu
%
gcoord(1,1) = 0.0; gcoord(1,2) = 0.0;
gcoord(2,1) = leng1; gcoord(2,2) = 0.0;
gcoord(3,1) = lengl+a/2;  gcoord(3,2) = 0.5*hei
gcoord(4,1) = lengl+a/2;  gcoord(4,2) = -0.025*
gcoord(5,1) = lengl+a/2;  gcoord(5,2) = -0.325*
gcoord(6,1) = lengl+a; gcoord(6,2) = 0.0;
gcoord(7,1) = lengl+a+leng5; gcoord(7,2) = 0.0;
%
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% input data for nodal connectivity of each element
% where nodes(i,j),i-> element number and j-> conne
%
nodes(1,1)= 1; nodes (1,2)= 2;
nodes(2,1)= 2; nodes (2,2)= 3;
nodes(3,1)= 2; nodes (3,2)= 4;
nodes(4,1)= 2; nodes (4,2)=5;
nodes(5,1)=5; nodes (5,2)= 6;
nodes(6,1)= 4; nodes (6,2)= 6;
nodes(7,1)= 3; nodes (6,2)= 6;
nodes(8,1)= 6; nodes (6,2)=7;
%
% apply constraints
%
bcdof(1)=1; % first dof (deflaction at left end)
bcval(1)=0; % whose described value is 0
bcdof(2)=14; % first dof (deflaction at right end
bcdof(2)=0; % whose described value is 0
%
% initialization zero
%
kk=zeros(sdof,sdof); % initialization of syste
mm=zeros(sdof,sdof); % initialization of syste
index=zeros(nel*ndof,1); % initialization of index
%
% stiffness and mass matrix
% [k,m]=febeam1(El,leng,area,rho,ipt)
% stiffness matrix at the local axis
%
for iel=1:nel;
ki1=EI1/((leng1)*3)*[12 6*(lengl) -12  6*
6*(lengl) 4*(lengl)"2 -6*(lengl) 2*(lengl)
-12 -6*(lengl) 12  -6*(lengl);...
6*(lengl) 2*(lengl)"2 -6*(lengl) 4*(lengl)
kI8 = kI1;
for i=2:7;
ki2=EI2/((leng2/2)"3)*[12 6*(leng2/2) -12
6*(leng2/2) 4*(leng2/2)"2 -6*(leng2/2)
-12 -6*(leng2/2) 12  -6*(leng2/
6*(leng2/2) 2*(leng2/2)"2 -6*(leng2/2)
kI7 = kl2;
kI3=EI3/((leng2/2)*3)*[12 6*(leng2/2) -12
6*(leng2/2) 4*(leng2/2)"2 -6*(leng2/2) 2
-12 -6*(leng2/2) 12  -6*(leng2/2
6*(leng2/2) 2*(leng2/2)"2 -6*(leng2/2) 4
k6 = kI3;
kld=El4/((leng2/2)"3)*[12 6*(leng2/2) -12
6*(leng2/2) 4*(leng2/2)"2 -6*(leng2/2) 2*(
-12 -6*(leng2/2) 12  -6*(leng2/2);
6*(leng2/2) 2*(leng2/2)"2 -6*(leng2/2) 4*(
ki5=kl4;
end
end
%
% compute local mass matrix of each elements
%
ml=rho*areal*leng1/420;
m2=rho*area2*(leng2/2)/420;
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m3=rho*area3*(leng2/2)/420; %length of element 3 =
m4=rho*aread*(leng2/2)/420; %length of element 4 =

for iel=1;

ml1=[156*m1  22*lengl*ml 54*m1
22*lengl*m1 4*lengl”2*m1l 13*lengl*ml
54*m1 13*lengl*ml 156*m1
-13*lengl*m1l -3*lengl”2*ml1 -22*lengl*ml
mi8=ml1;

mi2=[156*m2 22*leng2/2*m2 54*m2 -13*le
22*leng2/2*m2 4*(leng2/2)"2*m2 13*leng2*m2
54*m2 13*leng2/2*m2 156*m2 -22*
-13*leng2/2*m2 -3*(leng2/2)"2*m2 -22*leng2/2

ml7=ml2;

ml3=[156*m3 22*leng2/2*m3 54*m3 -13*len

22*leng2/2*m3 4*(leng2/2)"2*m3 13*leng2/2*m3

54*m3 13*leng2/2*m3 156*m3  -22*
-13*leng2/2*m3 -3*(leng2/2)"2*m3 -22*leng2/2*
ml6=ml3;

ml4=[156*m4 22*leng2/2*m4 54*m4 -13*len

22*leng2/2*m4 4*(leng2/2)"2*m4 13*leng2/2*m4

54*m4 13*leng2/2*m4 156*m4  -22*|
-13*leng2/2*m4 -3*(leng2/2)"2*m4 -22*leng2/
ml5=ml4;
end

%
% Determine the delamination stiffness matrix of la
%
% variable description
% Kd = delamination stiffness matrix
% N2 =node shape 2
% N12 = node shape value at left tip delamination
% N22 = node shape value at right tip delaminatio
% use equation (53) in analytical formulation
% second derivation of N2 = 1-(4*x)/L+3*x"2/L"2
for x =leng1;

N21 = 1-4*lengl/tleng+3*lengl/tleng”2;

for x = lengl+a;

N22 = 1-4*(lengl+a)/tleng+3*(lengl+a)"2/tleng”"2

end;
end;
% compute the coefficient of delamination tip

A=((height+0.3*height)*2*A2*A4+(0.4*height+0.3*heig

0.3*height)"2*A3*A4)/(A2+A3+A4);
% create as matrix form
Kd = A*[0;N22-N21;0;0]*[0 N22-N21 0 0];
%
%  Assemble the local stiffness matrix to create
%
for iel=1:nel % loop for the total

length of element 2
length of element 2

-13*leng1*m1;...
-3*leng172*m1;...
-22*lengl*mi;...

4*lengl1”2*m1];

ng2/2*m2;...
-3*(leng2/2)"2*m2;...
leng2/2*m2;...

*m2 4*(leng2/2)"2*m2];

02/2*m3;...
-3*(leng2/2)"2*m3;...
eng2/2*m3;...

m3 4*(leng2/2)"2*m3];
02/2*m4;...
-3*(leng2/2)"2*m4;...
eng2/2*m4;...

2*m4 4*(leng2/2)"2*m4];

when x = lengl
n when x = lengl+a

ht)"2*A2*A3+(0.3*height+

number of elements

s associated with element
ness & mass matrix

ces into system matrix
trices into system matrix

index=feeldofl(iel,nnel,ndof); % extract system dof
[k,m]=febeam1(El,leng,rho); % compute element stiff
kk=feasmbl1(kk,k,index); % assemble stiffness matri
mm=feasmbl1(mm,m,index); % assemble element mass ma
end

%
% [Omega, Phi]=fcmodal(M,K,F)
%
% variable description:
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% M - mass matrix
% K - stiffness matrix

%  Omega - Natural frequency (rad/sec) in ascen ding order

%  Phi - Modal matrix with each column correspo nding to the eigenvector
% solve the eigenvalue problem and normalized eigen vectors

%

[V.D]= eig(M.K);
[lambda,k]=sort(diag(D));

V=V(:,k);

Factor=diag(V*M*V);
Phi=V*inv(sqgrt(diag(Factor)));
Omega=diag(sqrt(Vnorm*K*Vnorm));
%
%%%%%%% %% %% %% %% % %% % % %% % % %% % ** //EN D//**% %% %% %% %% %% %% % %6 %% % %% %% %6 %% % %%
%
%%%%%%%%%%**//Continuous the programs until Ratio 0 .6//**%%%% %% %% %% %% %% % %% %% %
%%%%%%% %% %% % %% % % %% % % %% % % %% % % %***//E N D/ /* e aaaesahaiaoe %o % %6 %% % %6 %% % %6 %% % % %
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Appendi x A-2: Dynamc Stiffness Matri X
(DSM

DSM Matlab Programming for single and double Delami nated

composite Euler Bernoulli beam
A. For Single Delam nati on Conposite Beam

% delm.m single without delamination beam

% Find the natural frequencies of clamped- clamped without delamination of

% Euler Bernoulli composite beam under free vibrati on. The beam has150*12.6*1
% mm3 dimensions

%
% Variable descriptions
%
% Kdsm = element dynamic stiffness matrix
% kk = system of dynamic stiffness matrix

% index = a vector containing system dofs associa ted with each element
Ofymmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmemmmmeeem e
% clear memory

Offymmmmmmmmm e mmmmmmmmmmmmmmmmmmmmmmm e
clear all

close all

O mmm e s
nel=3; % number of elements

nnel=2; % number of nodes per element
ndof=2; % number of dofs per n ode
nnode=(nnel-1)*nel+1; % total number of node s in system
sdof=nnode*ndof; % total system dofs
o

% material and geometric property
o

E1l = 140E9; % longitudinal young modulus of beams
E2 = 92E9; % transverse young modulus o f beam

b = 1le-3; % width of all beams

tleng = 0.150; % total length of beams

height = 0.0126; % height of beam

rho = 1570; % Laminate density,

v12 = 0.28; % Poisson’s ratio

G12 =5e9; % the in-plane shear modulus

Ofymmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmme s
% input the orientation Layer
L

thetal = 0; % angle of orientation L ayer 1

theta2 = 0; % angle of orientation L ayer 2

L
% determine the constant parameter of beam

Ofmmmmmmmmmmmmmmmmmcmmmmmmmmmmmmmmmmmmmmmmmmeeee
v21 = (E2*v12)/E1l; % Constant equations

Q11 = E1/(1-(v12*v21));

Q22 = E2/(1-(v12*v21));

Q66 = G12;

Q11barl=Q11*(cos(thetal))*4+Q22*(sin(thetal))4+2*( Q11+2*Q66)*(sin(thetal)*
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cos(thetal))"2;
Q11bar2=Q11*(cos(theta2))*4+Q22*(sin(theta2))4+2*(
cos(theta2))"2;
for i=1; % when iis the segment of laminated beam
D11 = b/3*(Q11lbarl*(0.5*height)*3-Q11bar2*(-0.5*h
B11 = b/2*(Q11barl*(0.5*height)*2-Q1l1lbar2*(-0.5*h
All = b*(Q11barl*(0.5*height)-Qllbar2*(-0.5*heigh
El = D11-((B11)"2/A11);
end
%
% compute the cross section area of All beam
%
area = b*height;
%
% input data for nodal coordinate value
% where gcoord(i,j),i-> number of node and j-> valu
%
gcoord(1,1) = 0.0;
gcoord(2,1) = 0.05;
gcoord(3,1) = 0.10;
gcoord(4,1) = 0.150;
%
% input data for nodal connectivity of each element
% where nodes (i,j),i-> element number and j-> conn
%
nodes(1,1)= 1; nodes (1,2)= 2;
nodes(2,1)= 2; nodes (2,2)= 3;
nodes(3,1)= 3; nodes (3,2)=4;
%
% apply constraints
%
bcdof(1)=1; % first dof (deflaction at left end)
bcval(1)=0; % whose described value is 0
bcdof(2)=6; % first dof (deflaction at right end)
bcdof(2)=0; % whose described value is 0
%
% initialization zero
%
kk=zeros(sdof,sdof); % initialization of syste
index=zeros(nel*ndof,1); % initialization of index
%
%
Sym omega
t =((rho*area*omega”2)/EI)"(1/4); % Vibration Mode
L = tleng/3;
L1 =tleng;
Z=2%;
%
A1=EI*[0 -t"3 0
-th2 0 t"h2
t"3*sin(t*L) -t"3*cos(t*L) t*"3*sinh(t*L) t"3*co
-th"2*cos(t*L) -t"2*sin(t*L) t"2*cosh(t*L) t"2*si
A2=EI*[t"3*sin(t*L) -t"3*cos(t*L) t"3*sinh(t*L) t"3
-t"2*cos(t*L) -t"2*sin(t*L) t2"2*cosh(t*L) t"2*s
t"3*sin(t*z) -t"3*cos(t*z) t"3*sinh(t*z) t"3*c
-t"2*cos(t*z) -t"2*sin(t*z) t"2*cosh(t*z) t"2*s
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0;...
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A3=EI*[t"3*sin(t*z) -t"3*cos(t*z) t*3*sinh(t*z) t"3 *cosh(t*z);...

-t"2*cos(t*z) -t"2*sin(t*z) t"2*cosh(t*z) t"2*si nh(t*z);...
tA3*sin(t*L1) -t"3*cos(t*L1) t"3*sinh(t*L1) t A3*cosh(t*L1);...
-t"2*cos(t*L1) -t"2*sin(t*L1) t"2*cosh(t*L1) t A2*sinh(t*L1)];
D1=[1010;.
0t0t;...
cos(t*L) sin(t*L) cosh(t*L) sinh(t*L);...
-t*sin(t*L) t*cos(t*L) -t*sinh(t*L) t*cosh(t*L );
D2 = D1;
D3 = D2;
Ommmmm - e
% compute Dynamic Stiffness Matrix of each beam ele ment
S
for i=1; % Dynamic Stiffness M atrix of beam 1
Kdsm1l = Al*inv(D1);
for i=2; % Dynamic Stiffness M atrix of beam 2,3 and 4
Kdsm2 = (A2)*inv(D2);
for i=3; % Dynamic Stiffness Matrix of beam 5
Kdsm3 = A3*inv(D3);
end;
end;
end;

S

% compute Global Dynamic Stiffness Matrix

e mmememeem e
% variable description

% KDSM = Global Dynamic Stiffness Matrix

% kdsm1 = Local Dynamic Stiffness Matrix for beam 1

% kdsm234 = Local Dynamic Stiffness Matrix for beam 2,3and 4

% kdsm3 = Local Dynamic Stiffness Matrix for beam 4

%

for iel=1:nel % loop for the total number of elements
index=feeldofl(iel,nnel,ndof); % extract system dof s associated with element
[Kdsm1,Kdsm2,Kdsm3]=febeam1(El,tleng,area,rho,omega ); % compute
KDSM=feasmbl1(kk,Kdsm1,Kdsm2, Kdsm,index); % assemb le element DSM

end;

%
Y = det(KDSM);

% from determinant we obtained large equation so so Ive the obtained equation
% putting Y = 0 because the determinant of KDSM equ al to zero.

omega = solve(Y, omega);

%
%%%%%%%%%%6%0%% % %% %% %% %% %% %% %% ***/[END //***9%%%%%YY%Y6%%0%0 %% %% %% %% %% %%

Change the delamination ratio from 0.00 to 0.10

% delm.m single with delamination

% Find the natural frequencies of clamped- clamped single delamination of
% Euler Bernoulli composite beam under free vibrati on. This double
% delamination beam divided into three beams. The b eam has 150*12.6*1 mm3

% dimensions
%
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% Variable descriptions
%
% Kdsm = element dynamic stiffness matrix

% kk = system of dynamic stiffness matrix

% index = a vector containing system dofs associa
% element

%

% clear memory

%

clear all

close all

%

nel=3; % number of elements
nnel=2; % number of nodes per
ndof=2; % number of dofs per n
nnode=(nnel-1)*nel; % total number of node
sdof=nnode*ndof; % total system dofs

%

% material and geometric property

%

E1l = 140E9; % longitudinal young modul
E2 = 92E9; % transverse young modulus
b=1e-3; % width of all beams

a =0.015; % delamination length or a
tleng = 0.150; % total length of beams
leng2 = a; % length of beam 2

lengl = 0.5*(tleng-a); % length of beam 1

leng3 = leng2; % length of beam 3

leng4 = leng1; % length of beam 4

height = 0.0126; % height of beam 1 and bea
height2 = 0.5*height; % height of beam 2 and bea
height3 = height2; % the height of beam 3
height4 = height; % the height of beam 4

rho = 1570 ; % Laminate density,
v12 =0.28; % Poisson'’s ratio
G12 =5e9; % the in-plane shear modul

%
% input angle of orientation Layer
%
theta = 0; % orientation Layer

v21 = (E2*v12)/E1; % Constant equations
Q11 = E1/(1-(v12*v21));

Q22 = E2/(1-(v12*v21));

Q66 = G12;

Q11bar=Q11*(cos(theta))4+Q22*(sin(theta))4+2*(Q11

cos(theta))"2;

%

% determine the constant for all beam

%
fori=1; % constant

D11 = b/3*Q11bar*((0.5*height)*3-(0)"3+(0)"3-(-0.
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B11 = b/2*Q11bar*((0.5*height)*2-(-0.5*height)"2)
All = b*Q1l1bar*((0.5*height)-(0)+(0)-(-0.5*height
Ell1 = D11-((B11)"2/A11);
for i=2; % constan
D12 = b/3*Q1l1bar*((height2)"3);
B12 = b/2*Q11bar*((height2)"2);
Al12 = b*Q11bar*((height2));
El2 = D12-((B12)"2/A12);
for i=3; % constan
D13 = b/3*Q1l1bar*((height3)"3);
B13 = b/2*Q11bar*((height3)"2);
A13 = b*Q11bar*((height3));
EI3 = D13-((B13)"2/A13);
for i=4; % const
D14 = b/3*Q11bar*((0.5*height4)"3-(0)"3+(0)"3-(
B14 = b/2*Q11bar*((0.5*height4)*2-(-0.5*height4
Al4 = b*Q11lbar*((0.5*height4)-(0)+(0)-(-0.5*hei
El4 = D14-((B14)"2/A14);
end;
end;
end;
end;
%
% compute the cross section area of All beam
%
areal = b*height;
area?2 = b*height2;
area3 = b*height3;
aread = b*height4;
%
%
% input data for nodal coordinate value
% where gcoord(i,j),i-> number of node and j-> valu
%
gcoord(1,1) = 0.0;
gcoord(2,1) = 0.05;
gcoord(3,1) = 0.10;
gcoord(4,1) = 0.150;
%
% input data for nodal connectivity of each element
% where nodes (i,j),i-> element number and j-> conn
%
nodes(1,1)= 1; nodes (1,2)= 2;
nodes(2,1)= 2; nodes (2,2)= 3;
nodes(3,1)= 3; nodes (3,2)=4;
%
% apply constraints
%
bcdof(1)=1; % first dof (deflaction at left end)
bcval(1)=0; % whose described value is 0
bcdof(2)=6; % first dof (deflaction at right end)
bcdof(2)=0; % whose described value is 0
%
% initialization zero
%
kk=zeros(sdof,sdof); % initialization of syste
index=zeros(nel*ndof,1); % initialization of index
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%
syms omega
%
tl =((rho*areal*omega’2)/EI1)"(1/4); % Vibration Mo
t2 =((rho*area2*omega’2)/EI2)"(1/4); % Vibration Mo
t3 =((rho*area3*omega’2)/EI3)"(1/4); % Vibration Mo
t4 =((rho*aread*omega’2)/EI4)"(1/4); % Vibration Mo
z = lengl+leng2;

L1 =lengl,;

L2 = leng2;

L3 = leng3;

L4 = leng4;

%

A1=EI1*[0 -t1n3 0
-t1n2 0 t1n2

t173*sin(t1*L1) -t1"3*cos(t1*L1) t173*sinh(t1*L1
-t172*cos(t1*L1) -t172*sin(t1*L1) t1°2*cosh(t1*L1
A2=EI2*[t2"3*sin(t2*L1) -t2"3*cos(t2*L1) t2"3*sinh(
t2~3*cosh(t2*L1);...
-t272*cos(t2*L1) -t2°2*sin(t2*L1) t2"2*cosh(t2*L
t2/3*sin(t2*z) -t273*cos(t2*z) t2°3*sinh(t2*z)
-t2"2*cos(t2*z) -t272*sin(t2*z) t272*cosh(t2*z)
A3=EI3*[t3"3*sin(t3*L1) -t3"3*cos(t3*L1) t3"3*sinh(
t373*cosh(t3*L1);...
-t372*cos(t3*L1) -t3"2*sin(t3*L1) t3"2*cosh(t3*L
t373*sin(t3*z) -t3"3*cos(t3*z) t3"3*sinh(t3*z)
-t3"2*cos(t3*z) -t372*sin(t3*z) t372*cosh(t3*z)
A4=EI|4*[t4"3*sin(t4*z) —t4"3*cos(t4*z) t4"3*sinh(t4
-t4"2*cos(t4*z) —t4"2*sin(t4*z) t4"2*cosh(t4*z)
t473*sin(t4*L) -t4"3*cos(t4*L) t4"3*sinh(t4*L
-t472*cos(t4*L) —t4"2*sin(t4*L) t4~2*cosh(t4*L
D1=[1010;.
0t10tl1;...
cos(t1*L1) sin(t1*L1) cosh(t1*L1) sinh(t1*L1)
-t1*sin(t1*L1) t1*cos(t1*L1) -t1*sinh(t1*L1) t
D2=[1010;.
0t20t2;...
cos(t2*L.2) sin(t2*L2) cosh(t2*L2) sinh(t2*L2)
-t2*sin(t2*L2) t2*cos(t2*L2) -t2*sinh(t2*L2) t
D3=[1010;.
0t30t3;...
cos(t3*L3) sin(t3*L3) cosh(t3*L3) sinh(t3*L3)
-t3*sin(t3*L3) t3*cos(t3*L3) -t3*sinh(t3*L3) t
D4=[1010;.
0t40t4;...
cos(t4*L4) sin(t4*L4) cosh(t4*L4) sinh(t4*L4)
-t4*sin(t4*L4) t4*cos(t4*L4) -t4*sinh(t4*L4) t
%
% compute Dynamic Stiffness Matrix of each beam ele
%
for i=1; % Dynamic Stiffness M
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0;...
) t1"3*cosh(t1*L1);...
) t172*sinh(t1*L1)];
t2*L1)

1) t272*sinh(t2*L1);...
t273*cosh(t2*z);...
t272*sinh(t2*z)];

t3*L1)

1) t372*sinh(t3*L1);...
t3”3*cosh(t3*z);...
t372*sinh(t3*2)];

*7) t473*cosh(t4*z);...

t472*sinh(t4*z);...

) t4"3*cosh(t4*L);...

) t4"2*sinh(t4*L)];

1*cosh(t1*L1)];

2*cosh(t2*L2)];

3*cosh(t3*L3)];

4*cosh(t4*L4)];

atrix of beam 1



Kdsm1 = Al*inv(D1);

for i=2; % Dynamic Stiffness M atrix of beam 2,3 and 4
B32 = inv(D3)*D2;
Kdsm234 = (A2+A3*B32)*inv(D2);

for i=3; % Dynamic Stiffness Matrix of beam 5
Kdsm4 = A4*inv(D4);
end;
end;
end;

0

% compute Global Dynamic Stiffness Matrix

G mmmm e e
% variable description

% KDSM = Global Dynamic Stiffness Matrix

% kdsm1 = Local Dynamic Stiffness Matrix for beam 1

% kdsm234 = Local Dynamic Stiffness Matrix for beam 2,3and 4

% kdsm3 = Local Dynamic Stiffness Matrix for beam 4

%

for iel=1:nel % loop for the total number of elements
index=feeldof1(iel,nnel,ndof); % extract system dof s associated with element
[Kdsm1,Kdsm23,Kdsm4]=febeam1(Eli,lengi,areai,rho); % compute
KDSM=feasmbl1(kk,Kdsm1,Kdsm23, Kdsm4,index); % asse mble element DSM

end;

%
Y = det(KDSM);

% from determinant we obtained large equation so so Ive the obtained equation
% putting Y = 0 because the determinant of KDSM equ al to zero.

omega = solve(Y, omega);

%
%%%%%% %% %% %0%% % % %% %% %% %% %% %% %***//END //***9%%%%%UIYYY%Y0 %% %% %% %% %% %% %% %%
%
%%%%%%%%%%**//Continuous the programs until Ratio 0 .9/1**% %% %% % %% %% %% %% % %% %% %
%%%%%% %% %% %0%0% % % %% %% %% %% %% %% %0 %0***//EN D/ X605 % %% %% %% % %% % % % % %%

B. For Double Delamination Composite Beam

% delm.m double without delamination beam

% Find the natural frequencies of clamped- clamped without delamination of
% Euler Bernoulli composite beam under free vibrati on. The beam has
150%12.6%1

% mm3 dimensions
%
% Variable descriptions
%
% Kdsm = element dynamic stiffness matrix
% kk = system of dynamic stiffness matrix

% index = a vector containing system dofs associa ted with each element
Offymmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmmeme e

% clear memory
L

clear all

close all
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%
nel=3; % number of elements

nnel=2; % number of nodes per
ndof=2; % number of dofs per n
nnode=(nnel-1)*nel; % total number of nodes

sdof=nnode*ndof;
%

% total system dofs

% material and geometric property

%

E1l = 140E9; % longitudinal young modul
E2 = 92E9; % transverse young modulus
b=1e-3; % width of all beams

tleng = 0.150; % total length of beams
height = 0.0126; % height of beam

rho = 1570 ; % Laminate density,

v12 =0.28; % Poisson’s ratio

G12 =5e9; % the in-plane shear modul

%
% input the orientation Layer
%

thetal = 90; % orientation Layer
theta2 = 0; % orientation Layer
theta3 = 90; % orientation Layer
%

% determine the constant for beam

%

v21 = (E2*v12)/E1l; % Constant equations

Q11 = E1/(1-(v12*v21));

Q22 = E2/(1-(v12*v21));

Q66 = G12;

Q11barl = Q1l1*(cos(thetal)).”4+Q22*(sin(thetal)).”4
(sin(thetal)*cos(thetal))."2;

Q11bar2 = Q1l1*(cos(theta2)).”4+Q22*(sin(theta2)).”4
(sin(theta2)*cos(theta?2)).”2;

Q11bar3 = Q11*(cos(thetal)).”4+Q22*(sin(theta3)).”4
(sin(theta3)*cos(theta3)). 2;

D11 = b/3*(Q11barl*((-0.2*height)*3-(-0.5*height)"3
-(-0.2*height)"3)+Q11bar3*((0.5*height)"*3-(0.1

B11 = b/2*(Q11barl*((-0.2*height)*2-(-0.5*height)"2
-(-0.2*height)*2)+Q11bar3*((0.5*height)*2-(0.1*

A1l = b*(Q11barl*((-0.2*height)-(-0.5*height))+Q11b
(-0.2*height))+Q11bar3*((0.5*height)-(0.1*heigh

El = D11-((B11)"2/A11);

%

% compute the cross section area of All beam

%

area = b*height;

%

%

% input data for nodal coordinate value

% where gcoord(i,j),i-> number of node and j-> valu
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%
gcoord(1,1) = 0.0;
gcoord(2,1) = 0.05;
gcoord(3,1) = 0.10;
gcoord(4,1) = 0.150;
%
% input data for nodal connectivity of each element
% where nodes (i,j),i-> element number and j-> conn
%
nodes(1,1)= 1; nodes (1,2)= 2;
nodes(2,1)= 2; nodes (2,2)= 3;
nodes(3,1)= 3; nodes (3,2)= 4;
%
% apply constraints
%
bcdof(1)=1; % first dof (deflaction at left end)
bcval(1)=0; % whose described value is 0
bcdof(2)=6; % first dof (deflaction at right end)
bcdof(2)=0; % whose described value is 0
%
% initialization zero
%
kk=zeros(sdof,sdof); % initialization of syste
index=zeros(nel*ndof,1); % initialization of index
%
Sym omega
t =((rho*area*omega”2)/EI)*(1/4); % Vibration Mode
L = tleng/3;
L1 =tleng;
Z=2*%;
A1=EI*[0 -t"3 0
-th2 0 th2
t"3*sin(t*L) -t"3*cos(t*L) t*"3*sinh(t*L) t"3*co
-th"2*cos(t*L) -t"2*sin(t*L) t"2*cosh(t*L) t"2*si
A2=EI*[t"3*sin(t*L) -t"3*cos(t*L) t"3*sinh(t*L) t"3
-th"2*cos(t*L) -t"2*sin(t*L) t2"2*cosh(t*L) t"2*s
t"3*sin(t*z) -t"3*cos(t*z) t"3*sinh(t*z) t"3*c
-t"2*cos(t*z) -t"2*sin(t*z) t"2*cosh(t*z) t"2*s
A3=EI*[t"3*sin(t*z) -t"3*cos(t*z) t*3*sinh(t*z) t"3
-th"2*cos(t*z) -t"2*sin(t*z) t"2*cosh(t*z) t"2*si
t"3*sin(t*L1) -t"3*cos(t*L1) t"3*sinh(t*L1) t
-t"2*cos(t*L1) -t"2*sin(t*L1) t"2*cosh(t*L1) t
D1=[1010;.
0tO0t;...
cos(t*L) sin(t*L) cosh(t*L) sinh(t*L);...
-t*sin(t*L) t*cos(t*L) -t*sinh(t*L) t*cosh(t*L
D2 =D1;

D3 = D2;
%
% compute Dynamic Stiffness Matrix of each beam ele
%
for i=1; % Dynamic Stiffness M
Kdsm1l = Al*inv(D1);
for i=2; % Dynamic Stiffness M
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Kdsm2 = (A2)*inv(D2);

for i=3; % Dynamic Stiffness Matrix of beam 5
Kdsm3 = A3*inv(D3);
end;
end;
end;

S

% compute Global Dynamic Stiffness Matrix

G mmm e e
% variable description

% KDSM = Global Dynamic Stiffness Matrix

% kdsm1 = Local Dynamic Stiffness Matrix for beam 1

% kdsm234 = Local Dynamic Stiffness Matrix for beam 2,3and 4

% kdsm3 = Local Dynamic Stiffness Matrix for beam 4

%

for iel=1:nel % loop for the total number of elements
index=feeldofl(iel,nnel,ndof); % extract system dof s associated with element
[Kdsm1,Kdsm2,Kdsm3]=febeam1(El,tleng,area,rho,omega ); % compute
KDSM=feasmbl1(kk,Kdsm1,Kdsm2, Kdsm,index); % assemb le element DSM

end;

%
Y = det(KDSM);

% from determinant we obtained large equation so so Ive the obtained equation
% putting Y = 0 because the determinant of KDSM equ al to zero.

omega = solve(Y, omega);

%

%%%%% %% %% %% %% %% %% %% %% %% %% %% %***//END //***%%%%%%%%%%6%6%0%% %% %% %% %% %

Change the delamination ratio from 0.00 to 0.10

% delm.m double with delamination

% Find the natural frequencies of clamped- clamped double delamination of
% Euler Bernoulli composite beam under free vibrati on. This double
% delamination beam divided into three beams. The b eam has 150*12.6*1 mm3

% dimensions
%
% Variable descriptions
%
% Kdsm = element dynamic stiffness matrix
% kk = system of dynamic stiffness matrix

% index = a vector containing system dofs associa ted with each
% element

G- e
% clear memory

e mmememeem e
clear all

close all

%

nel=3; % number of elements

nnel=2; % number of nodes per element
ndof=2; % number of dofs per n ode
nnode=(nnel-1)*nel+1,; % total number of node s in system
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sdof=nnode*ndof; % total system dofs
%

% material and geometric property

%

E1l = 140E9; % longitudinal young modul
E2 = 92E9; % transverse young modulus
b = 1le-3; % width of all beams

a =0.015; % delamination length or a
tleng = 0.150; % total length of beams
leng2 = a; % length of beam 2

lengl = 0.5*(tleng-a); % length of beam 1

leng3 = leng2; % length of beam 3

leng4 = leng3; % length of beam 4

leng5 = leng1; % length of beam 4

height = 0.0126; % height of beam 1 and bea
height2 = 0.4*height; % height of beam 2 and bea
height3 = 0.3*height; % the height of beam 3
height4 = 0.3*height; % the height of beam 4

rho = 1570 ; % Laminate density,
v12 = 0.28; % Poisson’s ratio
G12 =5e9; % the in-plane shear modul

%
% input the orientation Layer
%

thetal = 90; % orientation Layer
theta2 = 0; % orientation Layer
theta3 = 90; % orientation Layer
%

% determine the constant for beam 2

%
v21 = (E2*v12)/E1; % Constant equations
Q11 = E1/(1-(v12*v21));

Q22 = E2/(1-(v12*v21));

Q66 = G12;

Q11barl1=Q11*(cos(thetal)).”4+Q22*(sin(thetal)).”4+2

cos(thetal)).”2;

Q11bar2=Q11*(cos(theta)).”4+Q22*(sin(theta2)).”4+2

cos(theta?2)).n2;

Q11bar3=Q11*(cos(thetal)).”4+Q22*(sin(theta3))."4+2

cos(theta3))."2;
for i=1; % Constant for beam 1
D11=b/3*(Q11lbarl*((-0.2*height)"3-(-0.5*height)*3
(-0.2*height)*3)+Q11bar3*((0.5*height)*3-(0.1*
B11=b/2*(Q1l1lbarl*((-0.2*height)"2-(-0.5*height)"2
(-0.2*height)*2)+Q11bar3*((0.5*height)*2-(0.1*
Al1=b*(Q1l1barl*((-0.2*height)-(-0.5*height))+Q11b
(-0.2*height))+Q11bar3*((0.5*height)-(0.1*heig
El1 = D11-((B11)"2/A11);
for i=2; % Constant f
D11 = b/3*Q11bar3*((0.5*height)"3-(0.1*height)*
B11 = b/2*Q11bar3*((0.5*height)*2-(0.1*height)*
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All = b*Q11bar3*((0.5*height)-(0.1*height));
El2 = D11-((B11)"2/A11);
for i=3; %
D11 = b/3*Q11bar2*((0.1*height)"3-(-0.2*height)
B11 = b/2*Q11bar2*((0.1*height)*2-(-0.2*height)
A1l = b*Q11bar2*((0.1*height)-(-0.2*height));
EI3 = D11-((B11)"2/A11);
for i=4; %
D11 = b/3*(Q11lbarl*((-0.2*height)*3-(-0.5*heig
B11 = b/2*(Q11barl*((-0.2*height)*2-(-0.5*heig
All = b*(Q11barl*((-0.2*height)-(-0.5*height))
El4 = D11-((B11)"2/A11);
for i=5;
D11=b/3*(Q11lbarl*((-0.2*height)"3-(-0.5*height)*3
(-0.2*height)*3)+Q11bar3*((0.5*height)*3-(0.1*h
B11=b/2*(Q1l1lbarl*((-0.2*height)"2-(-0.5*height)"2
(-0.2*height)"2)+Q11bar3*((0.5*height)*2-(0.1*
Al1l=b*(Q1l1barl*((-0.2*height)-(-0.5*height))+Q11b
(-0.2*height))+Q11bar3*((0.5*height)-(0.1*heig
EI5 = D11-((B11)"2/A11);
end;
end;
end;
end;
end;
%
% compute the cross section area of All beam
%
areal = b*height;
area2 = b*height2;
area3 = b*height3;
aread = b*height4;
areab = areal,
%
% input data for nodal coordinate value
% where gcoord(i,j),i-> number of node and j-> valu
%
gcoord(1,1) = 0.0;
gcoord(2,1) = 0.05;
gcoord(3,1) = 0.10;
gcoord(4,1) = 0.150;
%
% input data for nodal connectivity of each element
% where nodes (i,j),i-> element number and j-> conn
%
nodes(1,1)= 1; nodes (1,2)= 2;
nodes(2,1)= 2; nodes (2,2)= 3;
nodes(3,1)= 3; nodes (3,2)= 4;
%
% apply constraints
%
bcdof(1)=1; % first dof (deflaction at left end)
bcval(1)=0; % whose described value is 0
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bcdof(2)=6; % first dof (deflaction at right end)
bcdof(2)=0; % whose described value is 0

%
% initialization zero
%
kk=zeros(sdof,sdof); % initialization of syste
index=zeros(nel*ndof,1); % initialization of index
%
syms omega
%
tl =((rho*areal*omega’2)/EI1)"(1/4); % Vibration Mo
t2 =((rho*area2*omega’2)/EI2)"(1/4); % Vibration Mo
t3 =((rho*area3*omega’2)/EI3)"(1/4); % Vibration Mo
t4 =((rho*aread*omega’2)/EI4)"(1/4); % Vibration Mo
t5 =((rho*area5*omega’2)/EI5)"(1/4); % Vibration Mo
z = lengl+leng2;

L1 =lengl,;

L2 = leng2;

L3 =leng3;

L4 = leng4;

L5 =leng5;

A1=EI1*[0 -t1n3 0
-t1n2 0 t1n2

t173*sin(t1*L1) -t1"3*cos(t1*L1) t173*sinh(t1*L1
-t172*cos(t1*L1) -t172*sin(t1*L1) t1"2*cosh(t1*L1
A2=EI2*[t2"3*sin(t2*L1) -t2"3*cos(t2*L1) t2"3*sinh(
t2/3*cosh(t2*L1);...
-t2"2*cos(t2*L1) -t2"2*sin(t2*L1) t272*cosh(t2*L
t2/3*sin(t2*z) -t273*cos(t2*z) t2°3*sinh(t2*z)
-t2"\2*cos(t2*z) -t2/2*sin(t2*z) t272*cosh(t2*z)
A3=EI3*[t3"3*sin(t3*L1) -t3"3*cos(t3*L1) t3"3*sinh(
t373*cosh(t3*L1);...
-t372*cos(t3*L1) -t3"2*sin(t3*L1) t3"2*cosh(t3*L
t373*sin(t3*z) -t373*cos(t3*z) t3"3*sinh(t3*z)
-t3"2*cos(t3*z) -t372*sin(t3*z) t3/2*cosh(t3*z)
A4=EI|4*[t4"3*sin(t4*L1) -t4"3*cos(t4*L1) t4"3*sinh(
t473*cosh(t4*L1);...
-t4n2*cos(t4*L1) -t4"2*sin(t4*L1) t4"2*cosh(t4*L
t4"3*sin(t4*z) -t4"3*cos(t4*z) t4°3*sinh(t4*z
-tAn2*cos(td*z) -t4"2*sin(t4*z) t4~2*cosh(t4*
A5=EI5*[t5"3*sin(t5*z) -t5"3*cos(t5*z) t5"3*sinh(t5
-t5"2*cos(t5*z) -t5"2*sin(t5*z) t5"2*cosh(t5*z)
t5"3*sin(t5*L) -t5"3*cos(t5*L) t5"3*sinh(t5*L)
-t572*cos(t5*L) -t5"2*sin(t5*L) t5*2*cosh(t5*L)
D1=[1010;.
0t10tl1;...
cos(t1*L1) sin(t1*L1) cosh(t1*L1) sinh(t1*L1)
-t1*sin(t1*L1) t1*cos(t1*L1) -t1*sinh(t1*L1) t
D2=[1010;.
0t20t2;...
cos(t2*L2) sin(t2*L2) cosh(t2*L2) sinh(t2*L2)
-t2*sin(t2*L2) t2*cos(t2*L2) -t2*sinh(t2*L2) t
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is constrained

m stiffness matrix
vector

de for beam 1(lambda 1)
de for beam 2(lambda 2)
de for beam 3(lambda 3)
de for beam 4(lambda 4)
de for beam 5(lambda 5)

t113;...

0;...
) t1"3*cosh(t1*L1);...
) t1”2*sinh(t1*L1)];
t2*L1)

1) t272*sinh(t2*L1);...
t273*cosh(t2*z);...
t272*sinh(t2*2)];

t3*L1)

1) t372*sinh(t3*L1);...
t3”3*cosh(t3*z);...
t372*sinh(t3*z)];

t4*L1)

1) t472*sinh(t4*L1);...
) t4"3*cosh(t4*z);...
z) t4"2*sinh(t4*2)];
*7) t573*cosh(t5*2);...
t572*sinh(t5*z);...
t5"3*cosh(t5*L);...
t572*sinh(t5*L)];

1*cosh(t1*L1)];

2*cosh(t2*L2)];



D3=[1010;.
0t3013;...
cos(t3*L3) sin(t3*L3) cosh(t3*L3) sinh(t3*L3)
-t3*sin(t3*L3) t3*cos(t3*L3) -t3*sinh(t3*L3) t 3*cosh(t3*L3)];
D4=[1010;..
0t40t4;...
cos(t4*L4) sin(t4*L4) cosh(t4*L4) sinh(t4*L4)
-t4*sin(t4*L4) t4*cos(t4*L4) -t4*sinh(t4*L4) t 4*cosh(t4*L4)];
D5=[1010;..
0t5015;...
cos(t5*L5) sin(t5*L5) cosh(t5*L5) sinh(t5*L5)
-t5*sin(t5*L5) t5*cos(t5*L5) -t5*sinh(t5*L5) t 5*cosh(t5*L5)];
0
% compute Dynamic Stiffness Matrix of each beam ele ment
O mmmmm e e
for i=1; % Dynamic Stiffness M atrix of beam 1
Kdsm1 = Al*inv(D1);
for i=2; % Dynamic Stiffness M atrix of beam 2,3 and 4
B32 = inv(D3)*D2;
B42 = inv(D4)*D2;
Kdsm234 = (A2+A3*B32+A4*B42)*inv(D2);
for i=3; % Dynamic Stiffness Matrix of beam 5
Kdsmb5 = A5*inv(D5);
end;
end;
end;
0
% compute Global Dynamic Stiffness Matrix
S
% variable description
% KDSM = Global Dynamic Stiffness Matrix
% kdsm1 = Local Dynamic Stiffness Matrix for beam 1

% kdsm234 = Local Dynamic Stiffness Matrix for beam 2,3and 4

% kdsm3 = Local Dynamic Stiffness Matrix for beam 4

%

for iel=1:nel % loop for the total number of elements
index=feeldofl(iel,nnel,ndof); % extract system dof s associated with element
[Kdsm1,Kdsm234,Kdsm5]=febeam1(Eli,lengi,areai,rho); % compute
KDSM=feasmbl1(kk,Kdsm1,Kdsm234, Kdsm5,index); % ass emble element DSM
end;

%

Y = det(KDSM);

% from determinant we obtained large equation so so Ive the obtained equation
% putting Y = 0 because the determinant of KDSM equ al to zero.

omega = solve(Y, omega);

%

%%%%%% %% %% %% %% % %% %% %% %% %% %% %***//END //***9%%%%%UIYYY%Y0 %% %% %% %% %% %% %% %%
%
%%%%%%%%%%**//Continuous the programs until Ratio 0 .911**% %% %% % %% %% %% %% % %% %% %

%%%%% %% %% %% %% % %% %%6%%%%%% %% %% %0***//EN D/ /* S99 0 e amamehh %6 %6 %% %% % %% %% % % % %%
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Appendi x A-3: Dynamc Finite Elenent Stiffness

Mat ri X (Keeg) Met hod

DFE Matlab Programming for single and double Delami
composite Euler Bernoulli beam was detail illustrat
appendix. This appendix has three contents such as
generation of Dynamic Finite Element (DFE), Program
single and double delaminated composite beam which

bellows.

nated

ed under this
symbolic
ming for

ere detailed

A. Synbolic Generation of Dynanic Finite Elenent Stiffness
Matri x (Kpeg) Formul ation by Synbolic Math tool box

% Program (A)

% Symbolic Generation of Dynamic Finite Element (DF
% From trigonometric shape functions of beam To for

% Matrix of DFE by Symbolic Math toolbox.

% The trigonometric shape functions are N1, N2, N3,

% descriptions are defined bellows

% f1 = N1 at x=0

% f2 = diff(N1,x) first derivation of N1 with respe
% f3 = diff(N1,x,2) second derivation of N1 with re
% f4 = diff(N1,x,3) third derivation of N1 with res
% f5 = N1 at x=L

% f6 = diff(N1,x) first derivation of N1 with respe
% f7 = diff(N1,x,2) second derivation of N1 with re
% f8 = diff(N1,x,3) third derivation of N1 with res
% w1l = N2 at x=0

% w2 = diff(N2,x) first derivation of N2 with respe
% w3 = diff(N2,x,2) second derivation of N2 with re
% w4 = diff(N2,x,3) third derivation of N2 with res
% w5 = N2 at x=L

% w6 = diff(N2,x) first derivation of N2 with respe
% w7 = diff(N2,x,2) second derivation of N2 with re
% w8 = diff(N2,x,3) third derivation of N2 with res
% rl = N3 at x=0

% r2 = diff(N3,x) first derivation of N3 with respe
% r3 = diff(N3,x,2) second derivation of N3 with re
% rd = diff(N3,x,3) third derivation of N3 with res
% r5 = N3 at x=L

% r6 = diff(N3,x) first derivation of N3 with respe
% r7 = diff(N3,x,2) second derivation of N3 with re
% r8 = diff(N3,x,3) third derivation of N3 with res
% z1 = N4 at x=0

% z2 = diff(N4,x) first derivation of N4 with respe
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E) Formulation
mulate Stiffness

N4 and other variable

ctto x
spect to x
pect to x

cttolL
spectto L
pectto L

ctto x
spect to x
pect to x

cttoL
spectto L
pectto L

ctto x
spect to x
pect to x

cttoL
spectto L

pect to L

ctto x



% z3 = diff(N4,x,2) second derivation of N4 with re
% z4 = diff(N4,x,3) third derivation of N4 with res
% z5 = N1 at x=L

% z6 = diff(N4,x) first derivation of N4 with respe
% z7 = diff(N4,x,2) second derivation of N4 with re
% z8 = diff(N4,x,3) third derivation of N4 with res

% ST = the denominator of Dynamic Finite Elements

% L = Length of each beam

% t = non dimensional frequency (lambda) of beam

% EI = Material Property of beam

% Kdfe = dynamic finite element stiffness matrix
%
syms x tL El
%
ST=2*(cos(t)*cosh(t)-1);

N1 = 1/ST*(-cos(t*x/L)+sinh(t)*sin(t*(x/L-1))+cosh(

cosh(t*(x/L-1))-cosh(t*x/L)-sin(t)*sinh(t*(x/L-

N2 = 1/t*1/ST*(-sin(t*x/L)+cosh(t)*sin(t*(x/L-1))+s
cosh(t*(x/L-1))-sinh(t*x/L)+cos(t)*sinh(t*(x/L-
N3 = 1/ST*(-cos(t*(x/L-1))-sinh(t)*sin(t*x/L)+cosh(
cosh(t*x/L)-cosh(t*(x/L-1))+sin(t)*sinh(t*x/L))
N4 = 1/t*1/ST*(-sinh(t)*cos(t*x/L)-sin(t*(x/L-1))+c
-sinh(t*(x/L-1))-sin(t)*cosh(t*x/L)+cos(t)*sinh

%
for x=0;
fl = 1/ST*(-cos(t*x/L)+sinh(t)*sin(t*(x/L-1))+cosh(
cos(t)*cosh(t*(x/L-1))-cosh(t*x/L)- sin(t)*sin
f2 = ((t*sin((t*x)/L))/L-(t*sinh((t*x)/L))/L+(t*cos
cosh(t*(x/L-1))*sin(t))/L-(t*sin(t*(x/L-1))*co
cos(t))/L)/(2*cos(t)*cosh(t) - 2);
f3 = -((t"2*cosh((t*x)/L))/L"2-(t"2*cos((t*x)/L))/L
cosh(t))/L"2 -(t"2*cosh(t*(x/L-1))*cos(t))/L 2
sinh(t))/LA2+(t"2*sinh(t*(x/L-1))*sin(t))/L"2)
f4 = -((t"3*sin((t*x)/L))/L"3+(t"3*sinh((t*x)/L))/L
sinh(t))/L"3+(t"3*cosh(t*(x/L-1))*sin(t))/L"3-
cosh(t))/L"3-(t"3*sinh(t*(x/L-1))*cos(t))/L"3)
for x=L,;
f5 = 1/ST*(-cos(t*x/L)+sinh(t)*sin(t*(x/L-1))+cosh(
cosh(t*(x/L-1))-cosh(t*x/L)-sin(t)*sinh(t*(x/L
6 =((t*sin((t*x)/L))/L-(t*sinh((t*x)/L))/L+(t*cos(
-(t*cosh(t*(x/L-1))*sin(t))/L-(t*sin(t*(x/L-1))*
cos(t))/L)/(2*cos(t)*cosh(t)-2);
f7 =-((t"2*cosh((t*x)/L))/L 2-(t"2*cos((t*x)/L))/L"
cosh(t))/L"2-(t"2*cosh(t*(x/L-1))*cos(t))/L"2+(
sinh(t))/L"2+(t"2*sinh(t*(x/L-1))*sin(t))/L"2)/
f8 =-((t"3*sin((t*x)/L))/L"3+(t"3*sinh((t*x)/L))/L"
sinh(t))/L"3+(t"3*cosh(t*(x/L-1))*sin(t))/L"3-(
cosh(t))/L"3-(t*3*sinh(t*(x/L-1))*cos(t))/L"3)/
end;
end;
for x=0;
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spect to x
pect to x

cttoL
spectto L
pect to L

t)*cos(t*(x/L-1))+cos(t)*
n);
inh(t)*cos(t*(x/L-1))+sin(t)*
)

t)*cos(t*x/L)+cos(t)*

;)sh(t)*sin(t*x/L)
(tx/L));

t)*cos(t*(x/L-1))+
h(t*(x/L-1)));
(t*(x/L-1))*sinh(t))/L-(t*
sh(t))/L+(t*sinh(t*(x/L-1))*

A2+(th2*cos(t*(x/L-1))*
+ (t"2*sin(t*(x/L-1))*
/(2*cos(t)*cosh(t)-2);
A3+(t"3*cos(t*(x/L-1))*
(t"3*sin(t*(x/L-1))*
/(2*cos(t)*cosh(t)-2);

t)*cos(t*(x/L-1))+cos(t)*
-1)));

t*(x/L-1))*sinh(t))/L
cosh(t))/L+(t*sinh(t*(x/L-1))*

2+(t"2*cos(t*(x/L-1))*
th2*sin(t*(x/L-1))*
(2*cos(t)*cosh(t)-2);
3+(t"3*cos(t*(x/L- 1))*
tA3*sin(t*(x/L-1))*
(2*cos(t)*cosh(t)-2);



wil = 1/t*1/ST*(-sin(t*x/L)+cosh(t)*sin(t*(x/L-1))+s
cosh(t*(x/L-1))-sinh(t*x/L)+cos(t)*sinh(t*(x/L
w2 =-((t*cos((t*x)/L))/L+(t*cosh((t*x)/L))/L-(t*cos
cosh(t*(x/L-1))*cos(t))/L+(t*sin(t*(x/L-1))*sin
sin(t))/L)/(t*(2*cos(t)*cosh(t) - 2));
w3 =((t"2*sin((t*x)/L))/L"2-(t"2*sinh((t*x)/L))/L 2
sinh(t))/L"2+(t"2*cosh(t*(x/L-1))*sin(t))/L"2-(
cosh(t))/L"2 +(t"2*sinh(t*(x/L-1))*cos(t))/L"2)
w4 =((t"3*cos((t*x)/L))/L"3-(t"3*cosh((t*x)/L))/L"3
cosh(t))/L"3+(t"3*cosh(t*(x/L-1))*cos(t))/L"3+(
sinh(t))/L"3 +(t"3*sinh(t*(x/L-1))*sin(t))/L"3)
for x=L;
w5 = 1/t*1/ST*(-sin(t*x/L)+cosh(t)*sin(t*(x/L-1))+s
cosh(t*(x/L-1))-sinh(t*x/L)+cos(t)*sinh(t*(x/L-
w6 =-((t*cos((t*x)/L))/L+(t*cosh((t*x)/L))/L-(t*cos
cosh(t*(x/L-1))*cos(t))/L+(t*sin(t*(x/L-1))*sin
sin(t))/L)/(t*(2*cos(t)*cosh(t)-2));
w7 =((t"2*sin((t*x)/L))/L 2-(t"2*sinh((t*x)/L))/L 2
sinh(t))/L"2 + (t"2*cosh(t*(x/L - 1))*sin(t))/L
cosh(t))/L"2 + (t"2*sinh(t*(x/L - 1))*cos(t))/L"
w8 =((t"3*cos((t*x)/L))/L"3 - (t*3*cosh((t*x)/L))/L
cosh(t))/L"3 + (t"3*cosh(t*(x/L - 1))*cos(t))/L
sinh(t))/L"3 + (t"3*sinh(t*(x/L - 1))*sin(t))/L"
end;
end;
for x = 0;
rl1 =1/ST*(-cos(t*(x/L-1))-sinh(t)*sin(t*x/L)+cosh(t
cosh(t*x/L)-cosh(t*(x/L-1))+sin(t)*sinh(t*x/L)
r2 =((t*sin(t*(x/L-1)))/L-(t*sinh(t*(x/L-1)))/L-(t*
(trcosh((t*x)/L)*sin(t))/L-(t*sin((t*x)/L)*cosh
cos(t))/L)/(2*cos(t)*cosh(t) - 2);
r3 =((t"2*cos(t*(x/L - 1)))/L"2-(t"2*cosh(t*(x/L -
cosh(t))/L"2 +(t"2*cosh((t*x)/L)*cos(t))/L"2+(t"
(t"2*sinh((t*x)/L)*sin(t))/L"2)/(2*cos(t)*cosh(t
r4 =((t"3*cos((t*x)/L)*sinh(t))/L"3-(t"3*sinh(t*(x/
sin(t*(x/L-1)))/L"3+(t"3*cosh((t*x)/L)*sin(t))/
cosh(t))/L"3+(t"3*sinh((t*x)/L)*cos(t))/L"3)/(2
forx = L;
r5 = 1/ST*(-cos(t*(x/L-1))-sinh(t)*sin(t*x/L)+cosh(
cosh(t*x/L)-cosh(t*(x/L-1))+sin(t)* sinh(t*x/L)
ré =((t*sin(t*(x/L-1)))/L-(t*sinh(t*(x/L-1)))/L-(t*
cosh((t*x)/L)*sin(t))/L-(t*sin((t*x)/L)*cosh(t)
cos(t))/L)/(2*cos(t)*cosh(t)-2);
r7 =((t"2*cos(t*(x/L-1)))/L"2-(t"2*cosh(t*(x/L-1)))
cosh(t))/L"2+(t"2*cosh((t*x)/L)*cos(t))/L 2 +(t"
(t"2*sinh((t*x)/L)*sin(t))/L"2)/(2*cos(t)*cosh(t
r8 =((t"3*cos((t*x)/L)*sinh(t))/L"3-(t"3*sinh(t*(x/
sin(t*(x/L - 1)))/L"3 + (t*3*cosh((t*x)/L)*sin(
cosh(t))/L"3 + (t"3*sinh((t*x)/L)*cos(t))/L"3)/
end;
end;
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inh(t)*cos(t*(x/L-1))+sin(t)*
-1));

(t*(x/L-1))*cosh(t))/L - (t*
h(t))/L-(t*sinh(t*(x/L -1))*

-(t"2*cos(t*(x/L-1))*
tA2*sin(t*(x/L-1))*
/(t*(2*cos(t)*cosh(t)-2));
-(t"3*cos(t*(x/L- 1))*
tA3*sin(t*(x/L-1))*
/(t*(2*cos(t)*cosh(t)-2));

inh(t)*cos(t*(x/L-1)) +sin(t)*
D)

(t*(x/L-1))*cosh(t))/L- (t*
h(t))/L-(t*sinh(t*(x/L-1))*

-(t"2*cos(t*(x/L- 1))*

A2 - (th2*sin(t*(x/L - 1))*
2)/(t*(2*cos(t)*cosh(t) - 2));
A3 - (t"3*cos(t*(x/L - 1))*
A3 + (t"3*sin(t*(x/L - 1))*
3)/(t*(2*cos(t)*cosh(t) - 2));

)*cos(t*x/L)+cos(t)*

);

cos((t*x)/L)*sinh(t))/L +
()L + (t*sinh((t*x)/L)*

1)))/LA2 - (tr2*cos((t*x)/L)*
2*sin((t*x)/L)*sinh(t))/L"2 +
)-2);

L-1)))/L"3-(t"3*
LA3+(t"3*sin((t*x)/L)*
*cos(t)*cosh(t) - 2);

t)*cos(t*x/L)+cos(t)*

);
cos((t*x)/L)*sinh(t))/L+(t*
)/L+(t*sinh((t*x)/L)*

[LA2-(t"2*cos((t*x)/L)*
2*sin((t*x)/L)*sinh(t))/L"2+
)-2);

L-1)))/LA3-(t"3*

t))/LA3 + (t"3*sin((t*x)/L)*
(2*cos(t)*cosh(t) - 2);



for x = 0;
z1 = 1/t*1/ST*(-sinh(t)*cos(t*x/L)-sin(t*(x/L-1))+c
sinh(t*(x/L-1))-sin(t)*cosh(t*x/L)+cos(t)*sinh
22 =-((t*cos(t*(x/L-1)))/L+(t*cosh(t*(x/L-1)))/L-(t
cosh(t))/L-(t* cosh((t*x)/L)*cos(t))/L- (t*sin

(trsinh((t*x)/L)* sin(t))/L)/(t*(2*cos(t)*cosh(

z3 =((t"2*sin(t*(x/L-1)))/L 2-(t"2*sinh(t*(x/L-1)))
sinh(t))/L"2-(t"2*cosh((t*x)/L)*sin(t))/L"2-(t"
(t"2*sinh((t*x)/L)*cos(t))/L"2)/(t*(2*cos(t)*co

z4 =-((t"3*cosh(t*(x/L-1)))/L"3-(t"3*cos(t*(x/L-1))
cosh(t))/L"3-(t*3*cosh((t*x)/L)*cos(t))/L"3 + (
+(t"3*sinh((t*x)/L)*sin(t))/L"3)/(t*(2*cos(t)*c

forx = L;

25 =1/t*1/ST*(-sinh(t)*cos(t*x/L)-sin(t*(x/L-1))+co
sinh(t*(x/L-1))-sin(t)*cosh(t*x/L)+cos(t)*sinh(

26 =-((t*cos(t*(x/L-1)))/L+(t*cosh(t*(x/L-1)))/L-(t
(t* cosh((t*x)/L)*cos(t))/L-(t*sin((t*x)/L)*sinh
sin(t))/L)/(t*(2*cos(t)*cosh(t)-2));

z7 =((t"2*sin(t*(x/L-1)))/L 2-(t"2*sinh(t*(x/L-1)))
sinh(t))/L"2-(t"2*cosh((t*x)/L)*sin(t))/L 2-(t"
(t"2*sinh((t*x)/L)*cos(t))/L"2)/(t*(2*cos(t)*cos

28 =-((t"3*cosh(t*(x/L-1)))/L"3-(t"3*cos(t*(x/L-1))
cosh(t))/L"3-(t*3*cosh((t*x)/L)*cos(t))/L N3+(t"
(t*3*sinh((t*x)/L)*sin(t))/L"3)/(t*(2*cos(t)*cos
end;

end;

%

% Using equation (6.7)from analytical formulation

%

k11 = f7*f6-f8*f5-(f3*f2-f4*f1);

k12 = f7*w6-f8*w5-(f3*w2-f4*w1l);
k13 = f7*r6-f8*r5-(f3*r2-f4*rl);

k14 = f7*z6-f8*z5-(f3*z2-f4*z1);
k21 = w7*f6-w8*f5-(w3*f2-w4*f1);
k22 = w7*w6-w8*w5-(w3*w2-w4*w1l);
k23 = w7*r6-w8*r5-(w3*r2-w4*rl);
k24 = w7*z6-w8*z5-(w3*z2-w4*z1);
k31 = r7*f6-r8*f5-(r3*f2-r4*f1);

k32 = r7*w6-r8*w5-(r3*w2-r4*w1l);
k33 = r7*r6-r8*r5-(r3*r2-r4*rl);

k34 = r7*z6-r8*z5-(r3*z2-r4*z1);
k41l = z7*f6-z8*f5-(z3*f2-z4*f1);
k42 = z7*w6-z8*w5-(z3*w2-z4*w1l);
k43 = z7*r6-z8*r5-(z3*r2-z4*rl);
k44 = z7*26-28*25-(z3*22-z4*21);

Kdfe = EI*[k11 k12 k13 k14; k21 k22 k23 k24; k31 k3

%

%%%%%% %% %% %% %% % %% %% %%%***//OUTPUT FILE//***%PaPaReReRdPd%o %% % % %% %% %% % %% %% %% %%

%

% The output Text file that shows symbolic equation

% Matrix 4x4 Formulation
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osh(t)*sin(t*x/L)-

(txIL));

*cos((t*x)/L)*
((t*x)/L)*sinh(t))/L+

1)-2));

[LA2 + (t"2*cos((t*x)/L)*
2*sin((t*x)/L)*cosh(t))/L"2+
sh(t) - 2));
YLA3+(t"3*cos((t*x)/L)*
tA3*sin((t*x)/L)*sinh(t))/L"3
osh(t)-2));

sh(t)*sin(t*x/L)-

t*x/L));
*cos((t*x)/L)*cosh(t))/L-
(©)/L + (t*sinh((t*x)/L)*

[LA2+(t"2*cos((t*x)/L)*
2*sin((t*x)/L)*cosh(t))/L"2+
h(t) - 2));
)/LA3+(t"3*cos((t*x)/L)*
3*sin((t*x)/L)*sinh(t))/L"3+
h(t)-2));

2 k33 k34; k41 k42 k43 ka4];

Dynamic Finite Element



%
Kdfe =
EI*[-((2*t"3*cos(t)*sinh(t))/L"3+(2*t"3*cosh(t)*sin
(2*t*sin(t)*sinh(t)*((2*t)/L-(2* t*cos(t)*cosh(t))/
((2*t"3*sin(t))/L"3+(2*t"3*sinh(t))/L"3)/(2*cos(t)*
-(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t"2*cos(t))/
(2*cos(t)*cosh(t)-2)"2)];
[-(2*t"2*sin(t)*sinh(t))/(L"3*(2*cos(t)*cosh(t)-2))
((2*t~2*cos(t)*sinh(t))/L"2-(2* t"2*cosh(t)*sin(t))
-((2*t"3*cos(t))/L"3-(2*t"3*cosh(t))/L"3)/(t*(2*cos
-(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t 2*sin(t))/
(2*cos(t)*cosh(t)-2)"2)];
[((2*t"3*sin(t))/L"3+(2*t"3*sinh(t))/L"3)/(2*cos(t)
cosh(t))/L)*((2*t"2*cos(t))/L 2-(2*t"2*cosh(t))/L"2
-((2*t"3*cos(t)*sinh(t))/L"3+(2*t"3*cosh(t)*sin(t))
-(2*t*sin(t)*sinh(t)*((2*t)/L-(2*t*cos(t)*cosh(t))/
[((2*t"3*cos(t))/L"3-(2*t"3*cosh(t))/L"3)/(t*(2*cos
cosh(t))/L)*((2*t"2*sin(t))/L"2-(2*t"2*sinh(t))/L"2
(2*t"2*sin(t)*sinh(t))/(L"3*(2*cos(t)*cosh(t)-2)),
((2*t"2*cos(t)*sinh(t))/L"2-(2*t"2*cosh(t)*sin(t))/
%

(£)/L"3)/(2*cos(t)*cosh(t)-2),
L))/(L"2*(2*cos(t)*cosh(t)-2)"2),
cosh(t)-2),
L"2-(2*t"2*cosh(t))/L 2))/(t*

~(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*
ILA2))/(t"2*(2*cos(t)*cosh(t)-2)"2),
(t)*cosh(t)-2)),
LA2-(2*t"2*sinh(t))/L"2))/ (1" 2*

*cosh(t)-2),(((2*t)/L-(2*t*cos(t)*
N/(t*(2*cos(t)*cosh(t)-2)"2),
/L"3)/(2*cos(t)*cosh(t)-2),
L))/(L"2*(2*cos(t)*cosh(t)-2)*2)];
(tH)*cosh(t)-2)),-(((2*t)/L-(2*t*cos(t)*
N/(t"2*(2*cos(t)*cosh(t)-2)"2),
-(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*
LA2))/(t"2*(2*cos(t)*cosh(t)-2)"2)];

%%%%%% %% %% %% %% %% %% %% %% %% %% %0 **//E N D//*** % Y IsIeaseseht % % %% % %% % %% % % % % %%

%%%%%% % %% %% %% %% %% %% % %% % %% %% %% %% % %%

%%%%%%% %%

B. for Single Delamination Composite Beam

% DFE.m without delamination

% Find the dynamic finite element natural frequenci
% delamination of Euler Bernoulli composite beam un
% single delamination beam divided into four beams.
% dimensions

% Variable descriptions

%
% Kdf = element DFE stiffness matrix

% kk = system stiffness matrix

% index = a vector containing system dofs associa
% bcdof = a vector containing dofs associated wit
% bcval = a vector containing boundary condition

% associated with the dofs in 'bcdof'
%

clear all

close all

%

nel=3; % number of elements
nnel=2; % number of nodes per
ndof=2; % number of dofs per n

% total number of node
% total system dofs

nnode=(nnel-1)*nel+1;
sdof=nnode*ndof;

%

% material and geometric property

%

E1l = 140E9; % longitudinal young modulus
E2 = 92E9; % transverse young modulus o
b =1e-3; % width of all beams
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tleng = 0.150; % total length of beams
height = 0.0126; % height of beam 1 and beam

rho = 1570; % Laminate density,

v12 =0.28; % Poisson’s ratio

G12 =5e9; % the in-plane shear modulus
%

% input the orientation Layer

%

thetal = 0; % angle of orientation L
theta2 = 0; % angle of orientation L

%

% determine the constant parameter of beam
%

v21 = (E2*v12)/E1l; % Constant equations
Q11 = E1/(1-(v12*v21));
Q22 = E2/(1-(v12*v21));
Q66 = G12;
Q11barl1=Q11*(cos(thetal))*4+Q22*(sin(thetal))4+2*(
cos(thetal))"2;
Q11bar2=Q11*(cos(theta2))*4+Q22*(sin(theta2))4+2*(
cos(theta2))"2;
for i=1; % when iis the segment of laminated beam
D11 = b/3*(Q11barl1*(0.5*height)*3-Q11lbar2*(-0.5*h
B11 = b/2*(Q11bar1*(0.5*height)*2-Q11bar2*(-0.5*h
All = b*(Q11barl*(0.5*height)-Qllbar2*(-0.5*heigh
El = D11-((B11)"2/A11);
end
%
% compute the cross section area of All beam
%
areal = b*height;
%
% input data for nodal coordinate value
% where gcoord(i,j),i-> number of node and j-> valu
%
gcoord(1,1) = 0.0;
gcoord(2,1) = 0.05;
gcoord(3,1) = 0.10;
gcoord(4,1) = 0.150;
%
% input data for nodal connectivity of each element
% where nodes (i,j),i-> element number and j-> conn
%
nodes(1,1)= 1; nodes (1,2)= 2;
nodes(2,1)= 2; nodes (2,2)= 3;
nodes(3,1)= 3; nodes (3,2)= 4;
%
% apply constraints
%
bcdof(1)=1; % first dof (deflaction at left end)
bcval(1)=0; % whose described value is 0
bcdof(2)=6; % first dof (deflaction at right end)
bcdof(2)=0; % whose described value is 0
%
% initialization zero
%
kk=zeros(sdof,sdof); % initialization of syste
index=zeros(nel*ndof,1); % initialization of index
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%

% determine the matrix function of dynamic finite e
% for single element of beam

%

for L=tleng/3;
all =-((2*t"3*cos(t)*sinh(t))/L"3 + (2*t"3*cosh

(2*cos(t)*cosh(t) - 2);

al2 = (2*t*sin(t)*sinh()*((2*t)/L - (2*t*cos(t

(Lr2*(2*cos(t)*cosh(t) - 2)2);

al3 =((2*t"3*sin(t))/L"3 + (2*t"3*sinh(t))/L"3)
al4d = -(((2*t)/L - (2*t*cos(t)*cosh(t))/L)*((2*

tr"2*cosh(t))/L"2))/(t*(2*cos(t)*cosh(t) -

a2l = -(2*t"2*sin(t)*sinh(t))/(L"3*(2*cos(t)*co
a22 = -(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t"

tr2*cosh(t)*sin(t))/L"2))/(t"2*(2*cos(t)*c

a23 = -((2*t"3*cos(t))/L"3-(2*t"3*cosh(t))/L"3)
a24 = -(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t"

sinh(t))/L"2))/(t"2*(2*cos(t)*cosh(t) - 2)

a3l = ((2*t"3*sin(t))/L"3 + (2*t*3*sinh(t))/L"3
a32 = (((2*t)/L - (2*t*cos(t)*cosh(t))/L)*((2*t

cosh(t))/L"2))/(t*(2*cos(t)*cosh(t) - 2)"2

a33 = -((2*t"3*cos(t)*sinh(t))/L"3 + (2*t"3*cos

(2*cos(t)*cosh(t) - 2);

a34 = -(2*t*sin(t)*sinh(t)*((2*t)/L - (2*t*cos(

(L"2*(2*cos(t)*cosh(t) - 2)72);

adl = ((2*t"3*cos(t))/L"3-(2*t"3*cosh(t))/L"3)/
a42 = -(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t"

sinh(t))/L"2))/(t"2*(2*cos(t)*cosh(t) - 2)

a43 = (2*t"2*sin(t)*sinh(t))/(L"3*(2*cos(t)*cos
ad4 = -(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t"

Kdf = El*[all al2 al3 al4;a21 a22 a23 a24;a31 a32 a

end;
%

t"2*cosh(t)*sin(t))/L"2))/(t"2*(2*cos(t)*c

% Assemble each local matrix to obtain the global m

%

KDFE=EI*[all al2 al3 al4d 0 0

%

a2l a22 a23 a24 0 0
a3l a32 a33+all a34+al2 al3 al4
a4l a42 a42+a2l ad44+a22 a23 a24

0 0 a3l a32 a33+all a34+al2
0 O a4l ad2 ad43+a2l a44+a2?2
0 0 0 0 a3l a32
0 0 0 0 a4l a42

% Compute Determinant of Global Dynamic Finite Elem

%

G = det(KDFE)
% from determinant we obtained large (ambiguous) eq
% equation putting G = 0 because the determinant of

t = solve(G, t);

% t is modal frequency
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lement stiffness matrix

(t)* sin(t))/L3)/
Y*cosh(t))/L))/

/(2*cos(t)*cosh(t) - 2);
t"2*cos(t))/L"2 - (2*
2)"2);

sh(t) - 2));
2*cos(t)*sinh(t))/L"2-(2*
osh(t) - 2)*2);
/(t*(2*cos(t)*cosh(t)-2));
2*sin(t))/L"2 - (2*t"2*
/\2);

)(2*cos(t)*cosh(t) - 2);
N2*cos(t))/LN2 - (2*th2*
);

h(t)* sin(t))/L"3)/

t)*cosh(t))/L))/

(t*(2*cos(t)*cosh(t)-2));
2*sin(t))/L"2-(2*t"2*
/\2);

h(t) - 2));
2*cos(t)*sinh(t))/L"2-(2*
osh(t) - 2)*2);

33 a34;a41 a42 a43 a44];

atrix

O:
0
0

O O O o

0;...
al3 al4;...
a23 a24;...
a33 a34;...
a43 ad4];

ent Stiffness matrix (KDFE)

uation so solve the obtained

KDFE equal to zero.



%
%%%% %% %% %% %% %% %% %% %% %% % %% %% %***//END //***%%%%%%%%%%0%0%0% %% % % %% %% %% %0 %%

Change the delamination ratio to 0.10

% DFE.m with delamination

Offymmmmmmmmmmmmmmmmmmcmmmmmmmmmmmmmmmmmmmmmmmmmmmmme e
% AN

% |Y

% |

% | |

% | | beam2 | |

% | I | I

% |----beam 1 | [---beam 4------ - |--=------ > P,X
% | I I I

% | | beam3 | |

% Variable descriptions
L
% Kdf = element DFE stiffness matrix

% kk = system stiffness matrix

% index = a vector containing system dofs associa ted with each element
% bcdof = a vector containing dofs associated wit h boundary conditions
% bcval = a vector containing boundary condition values

% associated with the dofs in 'bcdof'
L

% clear memory

O mmmememeem e
clear all

close all

clear all history

G mm e e
nel=4; % number of elements

nnel=2; % number of nodes per element
ndof=2; % number of dofs per n ode
nnode=(nnel-1)*nel, % total number of nodes in system
sdof=nnode*ndof; % total system dofs
S

% material and geometric property
S

E1l = 140E9; % longitudinal young modulus of beams

E2 = 92E9; % transverse young modulus o f beam

b = 1le-3; % width of all beams

a =0.015; % delamination length or a = 0.2*150 = 30
tleng = 0.150; % total length of beams

leng2 = a; % length of beam 2

lengl = 0.5*(tleng-a); % length of beam 1

leng3 = leng2; % length of beam 3

leng4 = leng1,; % length of beam 4
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height = 0.0126; % height of beam 1 and bea
height2 = 0.5*height; % height of beam 2 and bea
height3 = height2; % the height of beam 3
height4 = height; % the height of beam 4

rho = 1570 ; % Laminate density,
v12 = 0.28; % Poisson'’s ratio
G12 =5e9; % the in-plane shear modul

%
% input angle of orientation Layer
%
theta = 0; % orientation Layer
v21 = (E2*v12)/EL; % Constant equations
Q11 = E1/(1-(v12*v21));
Q22 = E2/(1-(v12*v21));
Q66 = G12;
Q11bar=Q11*(cos(theta))*4+Q22*(sin(theta))*4
+2*(Q11+2*Q66)*(sin(theta)*cos(theta))"2;
%
% determine the constant for beam 2
%
fori=1; % when i is for beam 1
D11 = b/3*Q11bar*((0.5*height)*3-(0)*3+(0)"3-(-0
B11 = b/2*Q11bar*((0.5*height)*2-(-0.5*height)*
Al = b*Q11bar*((0.5*height)-(0)+(0)-(-0.5*heigh
Ell = D11-((B11)"2/Al);
fori=2; % wheniis for beam 2
D12 = b/3*Q11bar*((height2)"3);
B12 = b/2*Q11bar*((height2)"2);
Al12 = b*Q11bar*((height2));
El2 = D12-((B12)"2/A12);
for i=3; % when i is for beam 3
D13 = b/3*Q11bar*((height3)"3);
B13 = b/2*Q11bar*((height3)"2);
Al13 = b*Q11bar*((height3));
EI3 = D13-((B13)"2/A13);
for i=4; % when i is for beam 4
D14 = b/3*Q11bar*((0.5*height4)"3-(0)"3+(
B14 = b/2*Q11bar*((0.5*height4)"2-(-0.5*h
Al4 = b*Q11bar*((0.5*height4)-(0)+(0)-(-0
El4 = D14-((B14)"2/A14);
end;
end;
end;
end;
%
% compute the cross section area of All beam
%
area = b*height;
%
% input data for nodal coordinate value

% where gcoord(i,j),i-> number of node and j-> valu
%
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m 4
m 3 respectively

.5*height)"3);
2);
1);

0)"3-(-0.5*height4)"3);
eight4)"2);
.5*height4));



gcoord(1,1) = 0.0;
gcoord(2,1) = 0.05;
gcoord(3,1) = 0.10;
gcoord(4,1) = 0.150;
%
% input data for nodal connectivity of each element

% where nodes (i,j),i-> element number and j-> conn

%
nodes(1,1)= 1; nodes (1,2)= 2;
nodes(2,1)= 2; nodes (2,2)= 3;
nodes(3,1)= 3; nodes (3,2)= 4;
%
% apply constraints
%
bcdof(1)=1; % first dof (deflaction at left end)
bcval(1)=0; % whose described value is 0
bcdof(2)=6; % first dof (deflaction at right end)
bcdof(2)=0; % whose described value is 0
%
% initialization zero
%
kk=zeros(sdof,sdof); % initialization of syste
index=zeros(nel*ndof,1); % initialization of index
%
% determine the matrix function of dynamic finite e
% for single element of beam
%
for L=lengl;
all =-((2*t"3*cos(t)*sinh(t))/L"3 + (2*t"3*cosh
(2*cos(t)*cosh(t) - 2);
al2 = (2*t*sin(t)*sinh(t)*((2*t)/L - (2*t*cos(t
(L"2*(2*cos(t)*cosh(t) - 2)2);
al3 =((2*t"3*sin(t))/L"3 + (2*t"3*sinh(t))/L"3)
al4d = -(((2*t)/L - (2*t*cos(t)*cosh(t))/L)*((2*
t"2*cosh(t))/L"2))/(t*(2*cos(t)*cosh(t) -
a2l = -(2*t"2*sin(t)*sinh(t))/(L"3*(2*cos(t)*co
a22 = -(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t"
t"2*cosh(t)*sin(t))/L"2))/(t"2*(2*cos(t)*c
a23 = -((2*t"3*cos(t))/L"3-(2*t"3*cosh(t))/L"3)
a24 = -(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t"
sinh(t))/L"2))/(t"2*(2*cos(t)*cosh(t) - 2)
a3l = ((2*t"3*sin(t))/L"3 + (2*t"3*sinh(t))/L"3
a32 = (((2*t)/L - (2*t*cos(t)*cosh(t))/L)*((2*t
cosh(t))/L"2))/(t*(2*cos(t)*cosh(t) - 2)*2
a33 = -((2*t"3*cos(t)*sinh(t))/L"3 + (2*t"3*cos
(2*cos(t)*cosh(t) - 2);
a34 = -(2*t*sin(t)*sinh(t)*((2*t)/L - (2*t*cos(
(L"2*(2*cos(t)*cosh(t) - 2)72);
a4l = ((2*t"3*cos(t))/L"3-(2*t"3*cosh(t))/L"3)/
ad2 = -(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t"
sinh(t))/L"2))/(t"2*(2*cos(t)*cosh(t) - 2)
a43 = (2*xt"2*sin(t)*sinh(t))/(L"3*(2*cos(t)*cos
ad4 = -(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t"
tr2*cosh(t)*sin(t))/L"2))/(t"2*(2*cos(t)*c
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(t)* sin(t))/L3)/
Y*cosh(t)/L))/

/(2*cos(t)*cosh(t) - 2);
t"2*cos(t))/L"2 - (2*
2)"2);

sh(t) - 2));
2*cos(t)*sinh(t))/L"2-(2*
osh(t) - 2)*2);
[(t*(2*cos(t)*cosh(t)-2));
2*sin(t))/L"2 - (2*th2*
/\2);

)(2*cos(t)*cosh(t) - 2);
n2*cos(t))/LN2 - (2*th2*
);

h(t)* sin(t))/L"3)/

t)*cosh(t)/L))/

(t*(2*cos(t)*cosh(t)-2));
2*sin(t))/L"2-(2*t"2*
~2);

h(t) - 2));
2*cos(t)*sinh(t))/L"2-(2*
osh(t) - 2)*2);



kdfl = El1*[all al2 al3 al4;a21 a22 a23 a24;a31 a32
kdf4 = kdfl; % Because the length of beam1 equal
for L = leng2;
k11 =-((2*t"3*cos(t)*sinh(t))/L"3 + (2*t"3*cosh
(2*cos(t)*cosh(t) - 2);
k12 = (2*t*sin(t)*sinh(t)*((2*t)/L - (2*t*cos(t
(Lr2*(2*cos(t)*cosh(t) - 2)2);
k13 = ((2*t"3*sin(t))/L"3 + (2*t*3*sinh(t))/L"3
k14 = -(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t"
cosh(t))/L"2))/(t*(2*cos(t)*cosh(t) - 2)*2
k21 = -(2*t"2*sin(t)*sinh(t))/(L"3*(2*cos(t)*co
k22 = -(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t"
tr2*cosh(t)*sin(t))/L"2))/(t"2*(2*cos(t)*
k23 = -((2*t"3*cos(t))/L"3-(2*t*3*cosh(t))/L"3)
k24 = -(((2*t)/L - (2*t*cos(t)*cosh(t))/L)*((2*
sinh(t))/L"2))/(t"2*(2*cos(t)*cosh(t) - 2
k31 = ((2*t"3*sin(t))/L"3 + (2*t*3*sinh(t))/L"3
k32 = (((2*t)/L - (2*t*cos(t)*cosh(t))/L)*((2*t
cosh(t))/L"2))/(t*(2*cos(t)*cosh(t) - 2)»
k33 = -((2*t"3*cos(t)*sinh(t))/L"3 + (2*t"3*cos
(2*cos(t)*cosh(t) - 2);
k34 = -(2*t*sin(t)*sinh(t)*((2*t)/L-(2*t*cos(t)
(2*cos(t)*cosh(t) - 2)72);
k41 =((2*t"3*cos(t))/L"3-(2*t"3*cosh(t))/L"3)/(
k42 = -(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t"
sinh(t))/L"2))/(t"2*(2*cos(t)*cosh(t) - 2)*
k43 =(2*t"2*sin(t)*sinh(t))/(L"3*(2*cos(t)*cosh
k44 = -(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t"
tr2*cosh(t)*sin(t))/L"2))/(t"2*(2*cos(t)*c
kdf2 = EI2*[k11 k12 k13 k14;k21 k22 k23 k24;k31 k32
kdf3 = kdf2; % Because the length of beam?2 equ
end;
end;
%
% Determine the delamination stiffness matrix of la
%
% variable description
% Kd=delamination stiffness matrix
% N2=node shape 2
% wl=first derivative node shape value at left i
% w2=first derivative node shape value at right t
% A= the coefficient of delamination tip which ex
%  analytical formulation
% use equation (29) in analytical formulation
tL = tleng;
for x =leng1; % At left tip delami
wl=-((t*cos((t*x)/tL))/tL+(t*cosh((t*x)/tL))/tL-
- (t*cosh(t*(x/tL - 1))*cos(t))/tL + (t*sin(t
sinh(t*(x/tL - 1))*sin(t))/tL)/(t*(2*cos(t)*c
for x = lengl+a; % At right tip delami
w2=-((t*cos((t*x)/tL))/tL+(t*cosh((t*x)/tL))/tL-
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a33 a34;a4l a42 a43 ad4];
to the length of beam4

(t)*sin(t))/LA3)/
Y*cosh(t)/L))/

)(2*cos(t)*cosh(t) - 2);
2*cos(t))/L"2- (2*t"h2*

);

sh(t) - 2));
2*cos(t)*sinh(t))/L"2-(2*
cosh(t) - 2)2);
[(t*(2*cos(t)*cosh(t)-2));
th2*sin(t))/L"2 - (2*th2*
)"2);

)(2*cos(t)*cosh(t) - 2);
n2*cos(t))/LN2 - (2*th2*
2);

h(t)*sin(t))/L"3)/

*cosh(t))/L))/(LA2*

t*(2*cos(t)*cosh(t) - 2));
2*sin(t))/L"2- (2*tr2*

2);

(1)-2));
2*cos(t)*sinh(t))/L"2-(2*
osh(t) - 2)*2);

k33 k34;k41 k42 k43 k44,
al to the length of beam3

minated beam

p delamination when x=lengl

ip delamination when x=lengl+a

pressed in equation (15) of

nation
(t*cos(t*(x/tL-1))*cosh(t))/tL
*(x/tL-1))*sinh(t)/tL - (t*
osh(t) - 2));

nation
(t*cos(t*(x/tL-1))*cosh(t))/tL



-(t*cosh(t*(x/tL-1))*cos(t))/tL+(t*sin(t*(x/t
-(t*sinh(t*(x/tL - 1))*sin(t))/tL)/(t*(2*cos(
end;
end;
%
% From equation (15) compute the coefficient of del
%
% J is the difference first derivative node shape v
% delamination and C is the product of them
J =w2-wl;
C = (w2-wl)*(w2-w1l);
A=height"2/(4*a)*((A12*A13)/(A12+A13))*10"-3;
Kd = A*[0;J;0;0]*[0 J 0 O];
%
% Assemble each local matrix to obtain the global m
%
bl = EI1;
b2 = EI2;
b3 = EI3;
b4 = b2+b3;
KDFE=[b1*all b1*al2 b1*al3 bl*al4d 0
bl*a21 b1*a22 b1*a23 bl*a24 0
bl1*a31l b1*a32 b1*a33+b4*k11l b1l*a34+b4*k12 b
bl*a4l bl1*a42 bl1*a42+b4*k21 bl*ad4+b4*k22+C b
0 0 b4*k31 b4*k32 bl*all+b4*k33 b1*

0 O b4*k4l b4a*k42 b1*a21+b4*k43 b1*
0O 0 O 0 bl*a31l
0O 0 O 0 bl*a4l

%
% Compute Determinant of Global Dynamic Finite Elem
% which included delaminated stiffness matrix

%
G = det(KDFE)

% from determinant we obtained large (ambiguous) eq
% equation putting G = 0 because the determinant of
t = solve(G, t);

%

%%%%%% %% %% %% %% % %% %% %% %% %% %% %***//END //***9%%%%%UIYYYY0 %0 %% %% %% %% %% %% % Y0 %0

%
%%%%%%%%%%**//Continuous the programs until Ratio 0

L-1))*sinh(t))/tL
t)*cosh(t) - 2));

amination tip

alue at left and right tip

atrix

0 0 0.

0 0 O;...
4*k13 b4*k14 0 O...
4*k23 b4*k24 0 O;...
al2+b4*k34 b1*al3 bl*al4;...
a22+h4*k44+C b1*a23 bl*a24;...
bl*a32  bl*a33 bl*a34;...
bl*ad2  bl*a43 bl*ad4];

ent Stiffness matrix (KDFE)

uation so solve the obtained
KDFE equal to zero.

.9/**% %% % %% %% %% % % %% % %% %% %%
%%%%% %% % %% %% %% %% %% %% %***//EN D//***% % % %% %0 Yo Y e eiashie %% % %% % % %% % %% % % % %0

C. For Double Delamination Composite Beam

% delm.m double without delamination beam

% Find the natural frequencies of clamped- clamped
% Euler Bernoulli composite beam under free vibrati
% mm3 dimensions

%
% Variable descriptions
%
% Kdsm = element dynamic stiffness matrix
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% kk = system of dynamic stiffness matrix
% index = a vector containing system dofs associa
%

% clear memory

%

clear all

close all

%

nel=3; % number of elements
nnel=2; % number of nodes per
ndof=2; % number of dofs per n
nnode=(nnel-1)*nel+1; % total number of node

sdof=nnode*ndof;
%

% total system dofs

% material and geometric property

%

E1l = 140E9; % longitudinal young modul
E2 = 92E9; % transverse young modulus
b =1e-3; % width of all beams

tleng = 0.150; % total length of beams

leng = tleng/3; % length of each elements
height = 0.0126; % height of beam 1 and bea
rho = 1570 ; % Laminate density,

v12 =0.28; % Poisson'’s ratio

G12 =5e9; % the in-plane shear modul

%
% input the orientation Layer
%

thetal = 90; % orientation Layer
theta2 = 0; % orientation Layer
theta3 = 90; % orientation Layer
%

% determine the constant for beam

%

v21 = (E2*v12)/E1l; % Constant equations

Q11 = E1/(1-(v12*v21));

Q22 = E2/(1-(v12*v21));

Q66 = G12;

Q11barl = Q11*(cos(thetal)).”4+Q22*(sin(thetal)).”4
(sin(thetal)*cos(thetal)).”2;

Q11bar2 = Q1l1*(cos(theta2)).”4+Q22*(sin(theta2)).”4
(sin(theta2)*cos(theta?2)).”2;

Q11bar3 = Q1l1*(cos(thetal)).”4+Q22*(sin(theta3))."4
(sin(theta3)*cos(theta3)). 2;

D11 = b/3*(Q11lbarl*((-0.2*height)"3-(-0.5*height)*3
-(-0.2*height)"3)+Q11bar3*((0.5*height)*3-(0.1

B11 = b/2*(Q11barl*((-0.2*height)"2-(-0.5*height)"2
-(-0.2*height)*2)+Q11bar3*((0.5*height)*2-(0.1*

A1l = b*(Q11barl*((-0.2*height)-(-0.5*height))+Q11b
(-0.2*height))+Q11bar3*((0.5*height)-(0.1*heigh

El = D11-((B11)"2/A11);
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)+Q11bar2*((0.1*height)*3
*height)"3));
)+Q11bar2*((0.1*height)"2
height)*2));
ar2*((0.1*height)-

1));



%
% compute the cross section area of All beam
%
area = b*height;
%
% input data for nodal coordinate value

% where gcoord(i,j),i-> number of node and j-> valu
%
gcoord(1,1) = 0.0;
gcoord(2,1) = 0.05;
gcoord(3,1) = 0.10;
gcoord(4,1) = 0.150;
%
% input data for nodal connectivity of each element

% where nodes(i,j),i-> element number and j-> conne

%
nodes(1,1)=1; nodes (1,2)= 2;
nodes(2,1)= 2; nodes (2,2)= 3;
nodes(3,1)=3; nodes (3,2)= 4;
%
% apply constraints
%
bcdof(1)=1; % first dof (deflaction at left end)
bcval(1)=0; % whose described value is 0
bcdof(2)=16; % first dof (deflaction at right end
bcdof(2)=0; % whose described value is 0
%
% initialization zero
%
kk=zeros(sdof,sdof); % initialization of syste
index=zeros(nel*ndof,1); % initialization of index
%
% determine the matrix function of dynamic finite e
% for single element of beam
%
for L=tleng/3;
all =-((2*t"3*cos(t)*sinh(t))/L"3 + (2*t"3*cosh
(2*cos(t)*cosh(t) - 2);
al2 = (2*t*sin(t)*sinh(t)*((2*t)/L - (2*t*cos(t
(L"2*(2*cos(t)*cosh(t) - 2)2);
al3 =((2*t"3*sin(t))/L"3 + (2*t"3*sinh(t))/L"3)
al4d = -(((2*t)/L - (2*t*cos(t)*cosh(t))/L)*((2*
t"2*cosh(t))/L"2))/(t*(2*cos(t)*cosh(t) -
a2l = -(2*t"2*sin(t)*sinh(t))/(L"3*(2*cos(t)*co
a22 = -(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t"
t"2*cosh(t)*sin(t))/L"2))/(t"2*(2*cos(t)*c
a23 = -((2*t"3*cos(t))/L"3-(2*t"3*cosh(t))/L"3)
a24 = -(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t"
sinh(t))/L"2))/(t"2*(2*cos(t)*cosh(t) - 2)
a3l = ((2*t"3*sin(t))/L"3 + (2*t"3*sinh(t))/L"3
a32 = (((2*t)/L - (2*t*cos(t)*cosh(t))/L)*((2*t

~ 136 ~

eofxory

is constrained

)is constrained

m DFE stiffness matrix
vector

lement stiffness matrix

(t)* sin(t))/L3)/
Y*cosh(t)/L))/

/(2*cos(t)*cosh(t) - 2);
t"2*cos(t))/L"2 - (2*
2)"2);

sh(t) - 2));
2*cos(t)*sinh(t))/L"2-(2*
osh(t) - 2)*2);
/(t*(2*cos(t)*cosh(t)-2));
2*sin(t))/L"2 - (2*th2*
/\2);

)(2*cos(t)*cosh(t) - 2);
A2*cos(t))/LN2 - (2*th2*



cosh(t))/L"2))/(t*(2*cos(t)*cosh(t) - 2)*2 );

a33 = -((2*t"3*cos(t)*sinh(t))/L"3 + (2*t"3*cos h(t)* sin(t))/L"3)/
(2*cos(t)*cosh(t) - 2);
a34 = -(2*t*sin(t)*sinh(t)*((2*t)/L - (2*t*cos( t)*cosh(t))/L))/
(L"2*(2*cos(t)*cosh(t) - 2)"2);
a4l = ((2*t"3*cos(t))/L"3-(2*t"3*cosh(t))/L"3)/ (t*(2*cos(t)*cosh(t)-2));
a42 = -(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t" 2*sin(t))/L"2-(2*t"2*
sinh(t))/L"2))/(t"2*(2*cos(t)*cosh(t) - 2) 2);
a43 = (2*t"2*sin(t)*sinh(t))/(L"3*(2*cos(t)*cos h(t) - 2));
ad4 = -(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t" 2*cos(t)*sinh(t))/L"2-(2*
tr2*cosh(t)*sin(t))/L"2))/(t"2*(2*cos(t)*c osh(t) - 2)"2);
Kdf = EI*[all al2 al3 al4;a2l a22 a23 a24;a31 a32 a 33 a34;a4l a42 a43 ad4];
end;
%
% Assemble each local matrix to obtain the global m atrix
%
KDFE=EI*[all al2 al13 ala 0 0 0 O;..
a2l a22 a23 a24 0 0 0 0.
a3l a32 a33+all a34+al2 al3 al4 0 O..
a4l a42 a42+a?l ad44+a22 a23 a24 0 0;...
0 0 a3l a32 a33+alla34+al2 al3 al4;...
0 0 a4l a42 a43+a?l ad4+a22 a23 az4;...
0 O 0 0 a3l a32 a33 a34;...
0 O 0 0 a4l a42 a43 ad4];
%
% Compute Determinant of Global Dynamic Finite Elem ent Stiffness matrix (KDFE)
% which included delaminated stiffness matrix
%
G = det(KDFE)
% from determinant we obtained large (ambiguous) eq uation so solve the obtained
% equation putting G = 0 because the determinant of KDFE equal to zero.

t = solve(G, t);
%
%%%%%%% %% %% % %% % %% % %% %% %% %% %%***//END //***%%%%%%%%%%6%6%6%%% %% %% %% %% % %0 %"

Change the delamination ratio from 0.00 to 0.10

% delm.m double with delamination
%
% Variable descriptions
%
% Kdsm = element dynamic stiffness matrix
% kk = system of dynamic stiffness matrix

% index = a vector containing system dofs associa ted with each
% element

G e
% clear memory

O m e mmememeem ) e
clear all

close all

%

nel=3; % number of elements
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nnel=2; % number of nodes per

ndof=2; % number of dofs per n
nnode=(nnel-1)*nel+1; % total number of node
sdof=nnode*ndof; % total system dofs

%

% material and geometric property

%

E1l = 140E9; % longitudinal young modul
E2 = 92E9; % transverse young modulus
b = 1le-3; % width of all beams

a =0.015; % delamination length or a
tleng = 0.150; % total length of beams
leng2 = a; % length of beam 2

lengl = 0.5*(tleng-a); % length of beam 1

leng3 = leng2; % length of beam 3

leng4 = leng3; % length of beam 4

leng5 = leng1; % length of beam 4

height = 0.0126; % height of beam 1 and bea
height2 = 0.4*height; % height of beam 2 and bea
height3 = 0.3*height; % the height of beam 3
height4 = 0.3*height; % the height of beam 4

rho = 1570 ; % Laminate density,
v12 =0.28; % Poisson’s ratio
G12 =5e9; % the in-plane shear modul

%
% input the orientation Layer
%

thetal = 90; % orientation Layer
theta2 = 0; % orientation Layer
theta3 = 90; % orientation Layer
%

% determine the constant for beam 2

%
v21 = (E2*v12)/E1; % Constant equations
Q11 = E1/(1-(v12*v21));
Q22 = E2/(1-(v12*v21));
Q66 = G12;
Q11barl1=Q11*(cos(thetal)).”4+Q22*(sin(thetal)).”4+2
cos(thetal)).”2;
Q11bar2=Q11*(cos(theta2)).”4+Q22*(sin(theta2)).”4+2
cos(theta2)).”2;
Q11bar3=Q11*(cos(thetal)).”4+Q22*(sin(theta3))."4+2
cos(theta3))."2;
for i=1,; % Constant for beam 1
D11=b/3*(Q11barl*((-0.2*height)"3-(-0.5*height)*3
(-0.2*height)*3)+Q11bar3*((0.5*height)*3-(0.1*
B11=b/2*(Q1l1lbarl*((-0.2*height)"2-(-0.5*height)"2
(-0.2*height)*2)+Q11bar3*((0.5*height)*2-(0.1*
Al1=b*(Q11lbarl*((-0.2*height)-(-0.5*height))+Q11b
(-0.2*height))+Q11bar3*((0.5*height)-(0.1*heig
El1 = D11-((B11)"2/A11),
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*(Q11+2*Q66)*(sin(thetal)*
*(Q11+2*Q66)*(sin(theta2)*

*(Q11+2*Q66)*(sin(theta3)*

)+Q11bar2*((0.1*height)"3-
height)"3));
)+Q11bar2*((0.1*height)"2-
height)*2));
ar2*((0.1*height)-

ht)));



for i=2; % Constant f
D11 = b/3*Q11bar3*((0.5*height)*3-(0.1*height)®
B11 = b/2*Q11bar3*((0.5*height)"2-(0.1*height)*
A2 = b*Q11bar3*((0.5*height)-(0.1*height));
EI2 = D11-((B11)"2/A2);
for i=3; %
D11 = b/3*Q11bar2*((0.1*height)"3-(-0.2*height)
B11 = b/2*Q11bar2*((0.1*height)*2-(-0.2*height)
A3 = b*Q11bar2*((0.1*height)-(-0.2*height));
EI3 = D11-((B11)"2/A3);
for i=4; %
D11 = b/3*(Q11barl*((-0.2*height)*3-(-0.5*heigh
B11 = b/2*(Q11barl*((-0.2*height)*2-(-0.5*heigh
A4 = b*(Q11barl*((-0.2*height)-(-0.5*height)));
El4 = D11-((B11)"2/A4);
for i=5; %
D11=b/3*(Q11barl*((-0.2*height)"3-(-0.5*height)*3
(-0.2*height)*3)+Q11bar3*((0.5*height)*3-(0.1*h
B11=b/2*(Q1l1lbarl*((-0.2*height)"2-(-0.5*height)"2
(-0.2*height)*2)+Q11bar3*((0.5*height)*2-(0.1*
A5=b*(Q11barl*((-0.2*height)-(-0.5*height))+Q11ba
(-0.2*height))+Q11bar3*((0.5*height)-(0.1*heig
EI5 = D11-((B11)"2/A5);
end;
end;
end;
end;
end;
%
% compute the cross section area of All beam
%
areal = b*height;
area2 = b*height2;
area3 = b*height3;
aread = b*height4;
areab = areal,
%
% input data for nodal coordinate value
% where gcoord(i,j),i-> number of node and j-> valu
%
gcoord(1,1) = 0.0;
gcoord(2,1) = 0.05;
gcoord(3,1) = 0.150;
%
% input data for nodal connectivity of each element
% where nodes(i,j),i-> element number and j-> conne
%
nodes(1,1)=1; nodes (1,2)= 2;
nodes(2,1)= 2; nodes (2,2)= 3;
nodes(3,1)=3; nodes (3,2)= 4;
%
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% apply constraints
%
bcdof(1)=1; % first dof (deflaction at left end)
bcval(1)=0; % whose described value is 0
bcdof(2)=6; % first dof (deflaction at right end)
bcdof(2)=0; % whose described value is 0
%
% initialization zero
%
kk=zeros(sdof,sdof); % initialization of syste
index=zeros(nel*ndof,1); % initialization of index
%
% determine the matrix function of dynamic finite e
% for single element of beam
%
for L=lengl;
all =-((2*t"3*cos(t)*sinh(t))/L"3 + (2*t"3*cosh
(2*cos(t)*cosh(t) - 2);
al2 = (2*t*sin(t)*sinh()*((2*t)/L - (2*t*cos(t
(Lr2*(2*cos(t)*cosh(t) - 2)2);
al3 =((2*t"3*sin(t))/L"3 + (2*t"3*sinh(t))/L"3)
al4d = -(((2*t)/L - (2*t*cos(t)*cosh(t))/L)*((2*
t"2*cosh(t))/L"2))/(t*(2*cos(t)*cosh(t) -
a2l = -(2*t"2*sin(t)*sinh(t))/(L"3*(2*cos(t)*co
a22 = -(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t"
tr2*cosh(t)*sin(t))/L"2))/(t"2*(2*cos(t)*c
a23 = -((2*t"3*cos(t))/L"3-(2*t"3*cosh(t))/L"3)
a24 = -(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t"
sinh(t))/L"2))/(t"2*(2*cos(t)*cosh(t) - 2)
a3l = ((2*t"3*sin(t))/L"3 + (2*t*3*sinh(t))/L"3
a32 = (((2*t)/L - (2*t*cos(t)*cosh(t))/L)*((2*t
cosh(t))/L"2))/(t*(2*cos(t)*cosh(t) - 2)*2
a33 = -((2*t"3*cos(t)*sinh(t))/L"3 + (2*t"3*cos
(2*cos(t)*cosh(t) - 2);
a34 = -(2*t*sin(t)*sinh(t)*((2*t)/L - (2*t*cos(
(L"2*(2*cos(t)*cosh(t) - 2)"2);
a4l = ((2*t"3*cos(t))/L"3-(2*t"3*cosh(t))/L"3)/
a42 = -(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t"
sinh(t))/L"2))/(t"2*(2*cos(t)*cosh(t) - 2)
a43 = (2*t"2*sin(t)*sinh(t))/(L"3*(2*cos(t)*cos
ad4 = -(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t"
t"2*cosh(t)*sin(t))/L"2))/(t"2*(2*cos(t)*c
kdfl = El1*[all al2 al3 al4;a21 a22 a23 a24;a31 a32
kdf5 = kdfl; % because the length of beam1 equa
for L = leng2;
k11 =-((2*t"3*cos(t)*sinh(t))/L"3 + (2*t"3*cosh
(2*cos(t)*cosh(t) - 2);
k12 = (2*t*sin(t)*sinh(t)*((2*t)/L - (2*t*cos(t
(Lr2*(2*cos(t)*cosh(t) - 2)2);
k13 = ((2*t"3*sin(t))/L"3 + (2*t"3*sinh(t))/L"3
k14 = -(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t"
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(t)* sin(t))/L3)/
Y*cosh(t))/L))/

/(2*cos(t)*cosh(t) - 2);
th2*cos(t))/L"2 - (2*
2)"2);

sh(t) - 2));
2*cos(t)*sinh(t))/L"2-(2*
osh(t) - 2)*2);
/(t*(2*cos(t)*cosh(t)-2));
2*sin(t))/L"2 - (2*tr2*
~2);

)(2*cos(t)*cosh(t) - 2);
N2*cos(t))/LN2 - (2*th2*
);

h(t)* sin(t))/L"3)/

t)*cosh(t))/L))/

(t*(2*cos(t)*cosh(t)-2));
2*sin(t))/L"2-(2*t"2*

/\2);

h(t) - 2));
2*cos(t)*sinh(t))/L"2-(2*
osh(t) - 2)*2);

a33 a34;a4l a42 a43 ad4];
| to the length of beam4

(t)*sin(D))/LA3)/
Y*cosh(t)/L))/

)(2*cos(t)*cosh(t) - 2);
2*cos(t))/L"2- (2*t"h2*



cosh(t))/L"2))/(t*(2*cos(t)*cosh(t) - 2)*2
k21 = -(2*t"2*sin(t)*sinh(t))/(L"3*(2*cos(t)*co
k22 = -(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t"
tr2*cosh(t)*sin(t))/L"2))/(t"2*(2*cos(t)*
k23 = -((2*t"3*cos(t))/L"3-(2*t"3*cosh(t))/L"3)
k24 = -(((2*t)/L - (2*t*cos(t)*cosh(t))/L)*((2*
sinh(t))/L"2))/(t"2*(2*cos(t)*cosh(t) - 2
k31 = ((2*t"3*sin(t))/L"3 + (2*t*3*sinh(t))/L"3
k32 = (((2*t)/L - (2*t*cos(t)*cosh(t))/L)*((2*t
cosh(t))/L"2))/(t*(2*cos(t)*cosh(t) - 2)*
k33 = -((2*t"3*cos(t)*sinh(t))/L"3 + (2*t"3*cos
(2*cos(t)*cosh(t) - 2);
k34 = -(2*t*sin(t)*sinh(t)*((2*t)/L-(2*t*cos(t)
(2*cos(t)*cosh(t) - 2)72);
k41 =((2*t"3*cos(t))/L"3-(2*t"3*cosh(t))/L 3)/(
k42 = -(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t"
sinh(t))/L"2))/(t"2*(2*cos(t)*cosh(t) - 2)*
k43 =(2*t"2*sin(t)*sinh(t))/(L"3*(2*cos(t)*cosh
k44 = -(((2*t)/L-(2*t*cos(t)*cosh(t))/L)*((2*t"
th"2*cosh(t)*sin(t))/L"2))/(t"2*(2*cos(t)*c
kdf2 = EI2*[k11 k12 k13 k14;k21 k22 k23 k24;k31 k32
kdf3 = EI3*[k11 k12 k13 k14;k21 k22 k23 k24;k31 k32
Kdf4 = El4*[k11 k12 k13 k14;k21 k22 k23 k24;k31 k32
end;
end;
%
% Determine the delamination stiffness matrix of la
%
% variable description
% Kd=delamination stiffness matrix
% N2=node shape 2
% wl=first derivative node shape value at left i
% w2=first derivative node shape value at right t
% A= the coefficient of delamination tip which ex
%  analytical formulation
% use equation (29) in analytical formulation
tL = tleng;
for x =leng1; % At left tip delami
wl=-((t*cos((t*x)/tL))/tL+(t*cosh((t*x)/tL))/tL-
- (t*cosh(t*(x/tL - 1))*cos(t))/tL + (t*sin(t
sinh(t*(x/tL - 1))*sin(t))/tL)/(t*(2*cos(t)*c
for x = lengl+a; % At right tip delami
w2=-((t*cos((t*x)/tL))/tL+(t*cosh((t*x)/tL))/tL-
-(t*cosh(t*(x/tL-1))*cos(t))/tL+(t*sin(t*(x/t
-(t*sinh(t*(x/tL - 1))*sin(t))/tL)/(t*(2*cos(
end;
end;
%
% From equation (3.15) compute the coefficient of d
%
% J is the difference first derivative node shape v
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sh(t) - 2));
2*cos(t)*sinh(t))/L"2-(2*
cosh(t) - 2)"2);
/(t*(2*cos(t)*cosh(t)-2));
t"2*sin(t))/LN2 - (2*t"2*
"2);

)(2*cos(t)*cosh(t) - 2);
n2*cos(t))/LN2 - (2*th2*
2);

h(t)*sin(t))/L"3)/

*cosh(t))/L))/(L 2*

t*(2*cos(t)*cosh(t) - 2));
2*sin(t))/L"2- (2*th2*

2);

(1)-2));
2*cos(t)*sinh(t))/L"2-(2*
osh(t) - 2)*2);

k33 k34;k41 k42 k43 k44];
k33 k34;k41 k42 k43 k44];
k33 k34;k41 k42 k43 k44];

minated beam

p delamination when x=lengl
ip delamination when x=lengl+a

pressed in equation (15) of

nation
(t*cos(t*(x/tL-1))*cosh(t))/tL
*(x/tL-1))*sinh(t)/tL - (t*
osh(t) - 2));

nation
(t*cos(t*(x/tL-1))*cosh(t))/tL
L-1))*sinh(t))/tL

t)*cosh(t) - 2));

elamination tip

alue at left and right tip



% delamination and C is the product of them

J =w2-wl;

C = (w2-wl)*(w2-w1l);

A=((height+0.3*height)*2*A2*A4+(0.4*height+0.3*heig ht)*"2*A2*A3+(0.3*height+
0.3*height)"2*A3*A4)/(A2+A3+A4);

Kd = A*[0;J;0;0]*[0 J 0 O];

%

% compute global Dynamic Finite Element

%

b1=EI1;

b2=EI2;

b3=EI3;

b4=El4;

b6=b2+b3+b4

KDFE=[b1*all b1*al2 b1*al3 bl*al4 0 0 0 0.
b1*a21 b1*a22 b1*a23 b1*a24 0 0 0 0.
b1*a31 b1*a32 b1*a33+b6*k11l bl*a34+b6*k12 b6* k13 b6*k14 0 0;...
bl*a4l b1*a42 bl*a42+b6*k21 bl*ad44+b6*k22+C b 6*k23  b6*k24 0 0;...
0 O b6*k31 b6*k32 bl*all+b6*k33 bl*al2 +b6*k34 bl*al3 bl*ald;...
0 O b6*k41 b6*k42 bl*a21+b6*k43 bl*a22 +b6*k44+C b1*a23 bl*a24;...
0 00 O bl*¥a31 b1*a32 b1*a33 b1*a34;...
0 00 O bl%a4l b1*a42 b1*a43 bl*ad4];

%

% Compute Determinant of Global Dynamic Finite Elem ent Stiffness matrix (KDFE)

% which included delaminated stiffness matrix
%
G = det(KDFE)

% from determinant we obtained large (ambiguous) eq uation so solve the obtained
% equation putting G = 0 because the determinant of KDFE equal to zero.
t = solve(G, t); % t is modal frequency

%
%%%%%% %% %% %% %% % %% %% %% %% %% %% %***//END //***9%%%%%UIY6%YY0 %0 %% %% %% %% %% %% %0 Y0 %0
%
%%%%%%%%%%**//Continuous the programs until Ratio 0 .6//**%%% %% % %% %% %% % %% %% %% %%

%%%%% %% %% %% %% % % %% %% %% %% %% ***//EN D//*** %% % Y et % % %% %% % %% %% % % % %0 %0
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Appendix B ANSYS File Programming

ANSYS MACRO FOR THE 2D SINGLE CENTERED DELAMINATIONODELING
! 2D
'INPUT TO THIS MACRO:

I ARGL1 - L length of the beam

I ARG2 - H1 height of the bottom beam

I ARG3 - E1 young modulus of the bottom beam

I ARG4 - DENSL1 density of the bottom beam

I ARG5 - H2 height of the top beam

I ARG6 - E2 young modulus of the top beam

I ARG7 - DENS2 density of the top beam

I ARG9 - Al length of the delamination

I ARG10 - PREC element size
oo oo oo mmm S m oo e e e e mm

KEYW,PR_STRUC,1

! DEFINITION OF PARAMETERS---------------mnmmmme oo
*SET,L,ARG1

*SET,H1,ARG2

*SET,H2,ARG5

*SET,H,H1+H2

*SET,DENS1,ARG4

*SET,DENS2,ARG7

*SET,I1,H1**3/12

*SET,I12,H2**3/12

*SET,E1,ARG3

*SET,E2,ARG6

*SET,D1,0

*SET,A1,ARG9

*SET,PREC,AR10

*ASK,MOD,'1 - cantilever beam 2 - clamped-clampedin’

! DEFINITION OF ELEMENT S-------m-mmmmmmmmmem oo oo
/IPREP7

ET,1,PLANE182

KEYOPT,1,3,3
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! DEFINITION OF REAL CONSTANT S---nnemmemmmemmemmemmcammem e
R,1,1,

! DEFINITION OF MATERIAL PROPRETIES------rnncemmemmemmcnmeammenncnca
MPTEMP,......,

MPTEMP,1,0

MPDATA,EX,1, E1

MPDATA,PRXY, 1,0

MPDATA,DENS, 1, DENS1

MPTEMP,......,

MPTEMP,1,0

MPDATA,EX,2, E2

MPDATA,PRXY, 2,0

MPDATA,DENS,2, DENS2

! B Y o] o) =N —
IPREP7

RECTNG,-L/2,L/2,H1/2-H2/2,-H/2

RECTNG,-L/2,L/2,H1/2-H2/2,H/2

! B o 1 —
TYPE,1

MAT,1

REAL,1

ESYS,0

SECNUM,

ESIZE,PREC,0,

MSHAPE,0,2D

MSHKEY,0

AMESH, 1

TYPE,1

MAT,2

REAL,1

ESYS,0

SECNUM,

ESIZE,PREC,0,

MSHAPE,0,2D

MSHKEY,0
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AMESH,2

! CONSTRAIN NODES----------nnmmmmmmmmmmmemeeeeo
*DO,i,-L/2+PREC,L/2-PREC,PREC
*|IF,i,LT,D1-A1/2,0R,i,GT,D1+A1/2, THEN
NSEL,S,LOC,X,i-0.0001,i+0.0001
NSEL,R,LOC,Y,H1/2-H2/2-0.0001,H1/2-H2/2+0.0001
CP,NEXT,UX,ALL

CP,NEXT,UY,ALL

ALLSEL,ALL

*ENDIF

*ENDDO

*IF,MOD,EQ,1,THEN
NSEL,S,LOC,X,-L/2-0.0001,-L/2+0.0001
D,ALL,,,,,,ALL,,,,,

ALLSEL,ALL

*ENDIF

*IF,MOD,EQ,2,THEN
NSEL,S,LOC,X,-L/2-0.0001,-L/2+0.0001
D,ALL,,,,,,ALL,,,,,

ALLSEL,ALL
NSEL,S,LOC,X,L/2-0.0001,L/2+0.0001
D,ALL,,,,,,ALL,,,,,

ALLSEL,ALL

*ENDIF

! ~SOLUTION-=-===m e oo
ANTYPE,2

MODOPT,LANB,10

EQSLV,SPAR

MXPAND, 10, , ,0

LUMPM,0

PSTRES,0

MODOPT,LANB,10,0,0, ,OFF

llaunching the solver

/SOLU

/ISTATUS,SOLU
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SOLVE

FINISH

ANSYS MACRO FOR THE 2D SINGLE OFF-CENTERED DELAMINBAON MODELING
e e e

KEYW,PR_STRUC,1

! DEFINITION OF PARAMETERS--------=-====mmmmmmmmem e

*SET,L,ARG1

*SET,H1,ARG2

*SET,H2,ARG5

*SET,H,H1+H2

*SET,DENS1,ARG4

*SET,DENS2,ARG7

*SET,I1,H1**3/12

*SET,12,H2**3/12

*SET,E1,ARG3

*SET,E2,ARG6

*SET,D1,ARGS

*SET,A1,ARG9

*SET,PREC,AR10

*ASK,MOD,'1 - cantilever beam 2 - clamped-clampedin’

! DEFINITION OF ELEMENTS
/IPREP7

ET,1,PLANE182

KEYOPT,1,3,3

! DEFINITION OF REAL CONSTANTS
R,1,1,

! DEFINITION OF MATERIAL PROPRIETIES-------------------
MPTEMP,,,,,,,,

MPTEMP,1,0

MPDATAEX,1,,E1

MPDATA,PRXY,1,,0

MPDATA,DENS,1,,DENS1

MPTEMP,,,,,,,,

MPTEMP,1,0

MPDATAEX,2,,E2
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MPDATA,PRXY,2,,0

MPDATA,DENS,2,,DENS2

! MODELING--=-===-====m=m=rmemememmo e e e oo oo
/IPREP7

RECTNG,-L/2,L/12,H1/2-H2/2,-H/2
RECTNG,-L/2,L/2,H1/2-H2/2,H/2

! MESHING--------==-mmmmmm oo oo
TYPE,1

MAT,1

REAL,1

ESYS,0

SECNUM,

ESIZE,PREC,0,

MSHAPE,0,2D

MSHKEY,0

AMESH,1

TYPE,1

MAT,2

REAL,1

ESYS,0

SECNUM,

ESIZE,PREC,0,

MSHAPE,0,2D

MSHKEY,0

AMESH,2

! CONSTRAIN NODES-------====-=n==mmmmmmmmmommeae
*DO,i,-L/2+PREC,L/2-PREC,PREC
*IF,i,LT,D1-A1/2,0R,i,GT,D1+A1/2, THEN
NSEL,S,LOC,X,i-0.0001,i+0.0001
NSEL,R,LOC,Y,H1/2-H2/2-0.0001,H1/2-H2/2+0.0001
CP,NEXT,UX,ALL

CP,NEXT,UY,ALL

ALLSEL,ALL

*ENDIF

*ENDDO
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*IF,MOD,EQ,1,THEN

NSEL,S,LOC,X,-L/2-0.0001,-L/2+0.0001

D,ALL,,,,,,ALL,,,,,

ALLSEL,ALL

*ENDIF

*IF,MOD,EQ,2,THEN

NSEL,S,LOC,X,-L/2-0.0001,-L/2+0.0001

D,ALL,,,,,,ALL,,,,,

ALLSEL,ALL

NSEL,S,LOC,X,L/2-0.0001,L/2+0.0001

D,ALL,,,,,,ALL,,,,,

ALLSEL,ALL

*ENDIF

! SOLUTION--===mmm e oo
ANTYPE,2

MODOPT,LANB,10

EQSLV,SPAR

MXPAND,10,,,0

LUMPM,0

PSTRES,0

MODOPT,LANB,10,0,0, ,OFF

llaunching the solver

/SOLU

/ISTATUS,SOLU

SOLVE

FINISH

e e
ANSYS CODE FOR 2D DOUBLE ENVELOPED DELAMINATION MOELING
H3=0.3, H4=0.3 and H5=0.4, E3=E4=E5, D1=D2=0,a1266a

! DEFINITION OF PARAMETERS--------=-====mmmmmmmmemeeen
*SET,L,60

*SET,H1,0.3

*SET,H2,0.3

*SET,H3,0.4

H=H1+H2
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*SET,DENS1,1570

*SET,DENS2,1570

*SET,DENS3,1570

*SET,I1,H1**3/12

*SET,12,H2**3/12

*SET,I3,H3**3/12

*SET,E1,10000000000

*SET,E2,10000000000

*SET,E3,10000000000

Idefinition of the delamination

*SET,D1,0

*SET,AL,6

*SET,D2,0

*SET,A2,6

*SET,PREC,0.1

*ASK,MOD,'1 - cantilever beam 2 - clamped-clamped'
! DEFINITION OF ELEMENTS
/IPREP7

ET,1,PLANE182

KEYOPT,1,3,3

! DEFINITION OF REAL CONSTANTS
R,1,1,

! DEFINITION OF MATERIAL PROPRIETIES-------------------
MPTEMP,,,,,,,,

MPTEMP,1,0

MPDATAEX,1,,E1

MPDATA,PRXY,1,,0

MPDATA,DENS,1,,DENS1

MPTEMP,,,,,,,,

MPTEMP,1,0

MPDATAEX,2,,E2

MPDATA,PRXY,2,,0

MPDATA,DENS,2, DENS2

MPTEMP,,,,,,,,

MPTEMP,1,0
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MPDATAEX,3,,E3
MPDATA,PRXY,3,,0
MPDATA,DENS,3, DENS3

! MODELING-----------=--m oo oo
IPREP7
RECTNG,-L/2,L/2,H1/2-H2/2,-H/2
RECTNG,-L/2,L/2,H1/2-H2/2,H/2
RECTNG,-L/2,L/2,(H1/2-H2/2)+H2,(H/2)+H3
! MESHING--------=-=mnmmmmmmmm oo
TYPE,1

MAT,1

REAL,1

ESYS,0

SECNUM,

ESIZE,PREC,0,

MSHAPE,0,2D

MSHKEY,0

AMESH,1

TYPE,1

MAT,2

REAL,1

ESYS,0

SECNUM,

ESIZE,PREC,0,

MSHAPE,0,2D

MSHKEY,0

AMESH,2

llayer 3

TYPE,1

MAT,3

REAL,1

ESYS,0

SECNUM,

ESIZE,PREC,0,

MSHAPE,0,2D
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MSHKEY,0
AMESH,3

! [010] NS 127NN o] o) = —

*DO,i,-L/2+PREC,L/2-PREC,PREC
*|IF,i,LT,D1-A1/2,0R,i,GT,D1+A1/2, THEN
NSEL,S,LOC,X,i-0.0001,i+0.0001
NSEL,R,LOC,Y,H1/2-H2/2-0.0001,H1/2-H2/2+0.0001
CP,NEXT,UX,ALL

CP,NEXT,UY,ALL

ALLSEL,ALL

*ENDIF

*ENDDO
*DO,j,-L/2+PREC,L/2-PREC,PREC
*IF,j,LT,D2-A2/2,0R,j,GT,D2+A2/2, THEN
NSEL,S,LOC,X,j-0.0001,j+0.0001
NSEL,R,LOC,Y,(H1/2-H2/2)+H2-0.0001,(H1/2-H2/2)+H26001
CP,NEXT,UX,ALL

CP,NEXT,UY,ALL

ALLSEL,ALL

*ENDIF

*ENDDO

Ichoice of a cantilever beam study then only oreierblocked
*IF,MOD,EQ,1,THEN
NSEL,S,LOC,X,-L/2-0.0001,-L/2+0.0001
D,ALL,,,,,,ALL,,,,,

ALLSEL,ALL

*ENDIF

Ichoice of a clamped-clamped beam study
Ithen the two ends are blocked
*IF,MOD,EQ,2,THEN
NSEL,S,LOC,X,-L/2-0.0001,-L/2+0.0001
D,ALL,,,,,,ALL,,,,,

ALLSEL,ALL
NSEL,S,LOC,X,L/2-0.0001,L/2+0.0001
D,ALL,,,,,,ALL,,,,,
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ALLSEL,ALL
*ENDIF

! SOLUTION--—-=-==m=smemememmmmmem e oo
ANTYPE,2

MODOPT,LANB,10

EQSLV,SPAR

MXPAND,10,,,0

LUMPM,0

PSTRES,0

MODOPT,LANB,10,0,0, ,OFF

/SOLU

ISTATUS,SOLU

SOLVE

FINISH

ANSYS CODE FOR 2D DOUBLE NON-ENVELPOED DELAMINATION
MODELING

H3=0.3, H4=0.3 and H5=0.4, E3=E4=E5,D1=3 D2=-3,a42866

! DEFINITION OF PARAMETERS

*SET,L,60
*SET,H1,0.3
*SET,H2,0.3
*SET,H3,0.4
H=H1+H2
*SET,DENS1,10000
*SET,DENS2,10000
*SET,DENS3,10000
*SET,I1,H1**3/12
*SET,12,H2**3/12
*SET,I3,H3**3/12
*SET,E1,10000000000
*SET,E2,10000000000
*SET,E3,10000000000
*SET,D1,3

*SET,AL,6

*SET,D2,-3
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*SET,A2,6

*SET,PREC,0.1

*ASK,MOD,'1 - cantilever beam 2 - clamped-clamped'

! DEFINITION OF BLEMENT S-----------=nmmmmmmm oo
/IPREP7

ET,1,PLANE182

KEYOPT,1,3,3

! DEFINITION OF REAL CONSTANTS--------=======mmmmmm-
R,1,1,

! DEFINITION OF MATERIAL PROPRIETIES-------------------
MPTEMP,,,,,,,,

MPTEMP,1,0

MPDATAEX,1,,E1

MPDATA,PRXY,1,,0

MPDATA,DENS,1,, DENS1

MPTEMP,,,,,,,,

MPTEMP,1,0

MPDATAEX,2,,E2

MPDATA,PRXY,2,,0

MPDATA,DENS,2, DENS2

MPTEMP,,,,,,,,

MPTEMP,1,0

MPDATAEX,3,,E3

MPDATA,PRXY,3,,0

MPDATA,DENS,3,,DENS3

! MODELING-----====mmmmmm oo
/IPREP7

RECTNG,-L/2,L/2,H1/2-H2/2,-H/2

RECTNG,-L/2,L/2,H1/2-H2/2,H/2
RECTNG,-L/2,L/2,(H1/2-H2/2)+H2,(H/2)+H3

! MESHING------=-=====mm e oo
TYPE,1

MAT,1

REAL,1

ESYS,0
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SECNUM,

ESIZE,PREC,0,

MSHAPE,0,2D

MSHKEY,0

AMESH,1

TYPE,1

MAT,2

REAL,1

ESYS,0

SECNUM,

ESIZE,PREC,0,

MSHAPE,0,2D

MSHKEY,0

AMESH,2

llayer 3

TYPE,1

MAT,3

REAL,1

ESYS,0

SECNUM,

ESIZE,PREC,0,

MSHAPE,0,2D

MSHKEY,0

AMESH,3

! CONSTRAN NODES--------=======mnmmmmmmmmemmae
*DO,i,-L/2+PREC,L/2-PREC,PREC
*IF,i,LT,D1-A1/2,0R,i,GT,D1+A1/2, THEN
NSEL,S,LOC,X,i-0.0001,i+0.0001
NSEL,R,LOC,Y,H1/2-H2/2-0.0001,H1/2-H2/2+0.0001
CP,NEXT,UX,ALL
CP,NEXT,UY,ALL

ALLSEL,ALL

*ENDIF

*ENDDO
*DO,j,-L/2+PREC,L/2-PREC,PREC
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*|IF,j,LT,D2-A2/2,0R,j,GT,D2+A2/2, THEN
NSEL,S,LOC,X,j-0.0001,j+0.0001
NSEL,R,LOC,Y,(H1/2-H2/2)+H2-0.0001,(H1/2-H2/2)+H26001
CP,NEXT,UX,ALL

CP,NEXT,UY,ALL

ALLSEL,ALL

*ENDIF

*ENDDO

Ichoice of a cantilever beam study !then only one is blocked
*IF,MOD,EQ,1,THEN
NSEL,S,LOC,X,-L/2-0.0001,-L/2+0.0001

D,ALL,,,,,,ALL,,,,,

ALLSEL,ALL

*ENDIF

Ichoice of a clamped-clamped beam study !thenwloeeinds are blocked
*IF,MOD,EQ,2,THEN
NSEL,S,LOC,X,-L/2-0.0001,-L/2+0.0001

D,ALL,,,,,,ALL,,,,,

ALLSEL,ALL

NSEL,S,LOC,X,L/2-0.0001,L/2+0.0001

D,ALL,,,,,,ALL,,,,,

ALLSEL,ALL

*ENDIF

! Y U ) N ——

ANTYPE,2
MODOPT,LANB,10
EQSLV,SPAR
MXPAND,10,,,0
LUMPM,0
PSTRES,0
MODOPT,LANB,10,0,0, ,OFF
/SOLU
ISTATUS,SOLU
SOLVE

FINISH
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Appendix C

Dynamic shape functions for different non-dimensioal frequencies.
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