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I. Summ ary of the project 

The purpose o f thi s project is generalizing the sequences of Catalan numbers Cn = _,_ ('") , 
n+1 11 

11 = 0, 1,2, ... which enumerates, among other th ings, the number of ordered trees with respect 

to number o f edges, the set o flegal sequences of It open and 11 ctose parent heses, and Ihe SCI of 

paths from the po int (0,0) to (n, n) in an n x n lattice that do not cross the li ne y = x. 

One of tile generali zati ons or the sequence o f Cata lan numbers is obtai ned by look ing at pa ths 

from ( 1,-1) 10 (k, (p - 1)k - 1» on the inlcgral lalt icc which stay below the line y = (p - l)x 
(we calt suc h paths p-good ). An algorithm for counti ng Ihe number of p-good paths is prov ided 

in this work along with further generalizat ion where we replace the start ing point (1,- 1) of the 
paths by ( I ,q - 1). 

The other generalization is obtained from enumerat ing ordered K-trecs (constructed from a 

single di sti ngui shed k-cycle by repeatedly gluing othcr k-cyclcs to existing ones along an edge 

for k E K which is any subset of {2. 3, 4, ... }). This is accomplished by find ing a functional 

relation for the generating function of the number of K -trees and Lagrange in ve rsion formula. 

We also show that the ratio of terminal edges to total number of' edges in k-trees is k~l , and use 

the K -trees as a models to enumerate planted plane cacti(a connected simple graph in which each 

edge lies in exactly one elementary cycle so that every edge is incident wi th the un bounded 

region ), by exhibting a one to one correspondence between K- trees and plan ted plane cacti. 

Finally we cllllmeratc m -gonal plane cacti , called m-my caeti (n cacllls all of whose po lygons are 

m-gons, for some fi xed m ;::: 2) onl y by considering the num ber of' vertices or, equivalent ly. o f 
polygo ns. 
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I'rcliminarics 

A graph G = (V, E) consists of a (fi ni te) set denoted by V, or by V(O) if one wishes to make 

clear which graph is under consideration, and a co ll ect ion E, or E(G), of unordered pa irs {u, v} 

of d istinct elements from V. Each element of V is call ed a ve rtex or a po in! or a node, and each 

element of E is ca lled an edge or a line or a link . Fomlall y , a graph G is an ordered pair of 

disjoint sets (V, E), where E ~ V x V. Set V is called the vertex or node sct, while set E is the 

edge set of graph O. Typically, it is assumed that self-loops (i.e. edges of the form (u, u), for 

some u E V) arc not contained in a graph. 

Di rected and undirected gra llhs: A graph G = (V, E) is directed if the edge set is composed of 

ordered ve rtex (node) pai rs. A graph is undirected if the edge sct is composed of unordered 

vertex pair 

Conneded graph: A graph G is connec ted i f there is a path in G between any given pair of 

verti ces, otherwise it is di sconnected. 

A gnIph G is plltn :lr if it can be drawn in thc plane in suc h a way that no two edges meet each 

other except at a vertex to which they arc incidellt. 

A tree is a con nected graph which has no cycles 

Genera ting functions 

I ) The ordjn~l ry generating function for the infinite sequence (ao. a l' a z •... ) is the power 

series A(x) = ao + a, x + azxz + a3x 3 + .. . 
2) Exponential generat ing function for the infinite sequence (ao. a,. a z •... ) is the power 

• X2 Xl 
senes A(X) = a o + alx + azv + a3 31 +' .. 

Formal power series fact: If the generating func tion ofa sequence (a n )n ~o IS g(z) , then the 

generating function orthe sequence (nalZ)n~O is zg'(z) 

111 
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Section One 

Introduction 

Combinatorics is a branch of mathematics that deals with the ex istence, enumerati on, 

analys is, and optimizati on of di sc rete structures and states. In short we ca l\ mathematics 

of enumerati on. The followings are major arC,IS in combinalOrics. 

Enumcntlivc combinlliorics: involves count ing the structures ora given kind size. For 

example, counting the number of ordered or planted trees on ll-cdgcs. 

Algcbnl ic combinatorics: involves study ing combinatorial structures a rising in 

a lgebraic contex t, or applyi ng algebraic techniques to combinatoria l problems. 

Geometric combinatorics: deals with geometric objects described a finite set of building 

blocks, for example, bounded polyhedral and the convex hulls o f finite sets o f points. 

An acyclic graph, one not containing any cycles, is called a forest. A connected fores t is 

callcd a tree. (Thus, a fores t is a graph whose componcnts arc trees.) The vertices of 

degree one in a tree are its leaves. Every non-trivial tree has at least two leaves. 

Mathematical trees come in a variety of form s. Therc <Ire rooted trees and unma ted ones: 

some rooted trees arc ordered, others are not; some trees come with labels. others do not. 

And there are stricted classes of trees, e.g. bi nary, fu ll binary.K -ary, complele K -ary ete . 

In sect ion 2 we concentrate on unlabe led ordered trecs with no restrictions on the degrees 

o f the nodes (verti ces) and the sct of admissible paths frolllihe point (0,0) to (n, n) in an 

n x n la ttice. There arc numerous one to one correspondences between clements oflhcse 

sets o f ordered trees and other combinatorial objec ts. Among them, the correspondences 

between the foll owing sets wi ll help in the ir enumeration. 

'/~! : the set of ordered trees with n edges. 

Ln : the set of legal sequences of n open and n close parenthescs. 

Pn: the set of admiss ible paths from the point (0,0) to (n, /1) in an 11 x /1 lattice. 

The sizes of these sets fOnll a series I, 1, 2, 5, 14, 42 ... These arc the-known Catalan 

numbers C = -'- ('"). The Cata lan numbers on non ncgati ve integers n arc a sel of 
n n+1 n 

numbers that arise in tree enumeration problems. Catalan numbers a rc commonly denoted 

by Cn. We have also included a di scllssion on the number o f ordered trees with n edges 

and exac tl y k leaves. 

In section 3 we count the number of paths from (a, b) to (e, d) where pea, b), Q(e, d) 
two po ints in the coordinate plane. We obtained the classical Ca talan numbers en by a 



method k.nown as the Andre Reflection Method. We calcu late the genera lized Catalan 

numbers pdq" to give two formulas for counting numbers of good paths from (1, q - 1) 

to (k, n - k). In section 4 we introduced a general ized binomial theorems and binomial 

coeffi cients (;) . from the function ( 1 + x)" for x" in po lynomial expansions. We also 

try 10 derive Lagrange inversion fonnula that is used in sub sequent sect ions as a tool to 

extract coefficients from functional relations. A k-trec is introduced in this section. It is 

constructed from a single disti nguished k-cycle by repeatedly gl uing other k-cycles to 

ex isting ones along an edge. More than one cycle can be gl ued to a non-terminal or 

interna l edge. If K is any non empty subset of (2, 3, 4 , ... ), then a K -trce is obtained in a 

similar way us ing k-cyc les with k E K. Here we enumerate homogenolls and mixed K­
trees. 

Fina ll y in sect ion 5 we use basic result s o f section 4. Using generati ng funct ion we 

enumerates leaves or terminal edges o f homogenous k-trces by levct number. We use K­

trees as modcts to enumerate planted plane cacti . A cactus is a connected simple graph in 

which each edge lics in exactly one elementary cycle. It is eq ui va lent to say that all 

blocks (2-connected components) o f a cactus are edges or elementary cycles. i.c .• 

polygons. An m-gonal caclus (m-cactus for short) is a cactus all o f whose polygons are 

m-gons, for some fixed m 2: 2. By conventi on a 2-c<lclus is simply a tree. These graphs 

were previollsly ca lled " Husimi trees ". We state the main functiona l equati ons relati ng 

the species of m-ary cact i. Of particular importance is a di ssymmetry theorem whic h 

rel ates (ord inary) m-ary cacti to po inted and rooted m-ary cacti . At last we enumerate the 

number of un labeled m-ary cacti. 
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Section Two 

Enumeration of ordered trees and lattice paths 

Ordered trees (o ften referred to as rooted plane trees or simply plane trees) arc trees wi th 

a d isti nguished vertex called the root where the children of each internal vertex arc 

linearly ordered. Ordered trees are drawn so that the child ren of each interna l vertex arc 

shown in order from left 10 right. Ordered trees may be defined recu rsively as follows: 

If t"t2,···,tm areordered lrecs , m~O, lhcn If t"tz , . . . , tm arcordcrcd lrccs, 

t = 

is also an ordered tree 

m ~ 0, then 

Figure 1: A n ordered tree 

The trees t" t ·]., . . . ,tm arc sub- trees orlhe distinguished vertex -c<.lllcd the root of t 
connecting them. The roots orthe slIb-trees arc children orthe raal of the trcc. The trees 

nrc ordered in the sense that the order among sub trees (or children) is s ignificant. 

With each vertex (node) x in a tree t we associate two V<l Jucs; its degree and level. The 

degree of x is the number of children it has, and the level o f x is its di stance (the num ber 

o f edges separat ing it) from the root o f t. A vertex o f degree 0 is termed a lea f; otherwise 

it call ed an internal vertex. The root is the on ly vertex at level O. (Sec fi gure 2) 

..••••• level 0 

b 

f g ······Ievel I 

c 
d h ····· Ievel 2 

c ·····Ievel 3 
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Leaves (nodes of degree 0): c, c, f, i 

{

of degree l:d,g,h 
Internal nodes of degree 2: b 

of degree 3: a 

Level 0 (root): a 

Level I : b, r, g 

Level 2: c, d, h 

Level 3: c, i 

Figure 2: An ordered trec with 8 edges. 

Lei '/~ (n ~ 0) denote the set of ordered trees wilh 11 edges. As can be seen in figure 2, 

the sizes of these sets form a series 1. 1,2,5,14, 42 ... . These arc the Catalan num bers Crt : 

ITn I :;; Cn :;; -'- (2"). The Catal an numbers on non negative integers 11 arc a sct of n+1 n 

numbers that arise in tree enumeration problems of the type," in how many ways can a 

regular n-gan be di vided in to n - 2 triangles if different orientations are counted 

separately? " (Eu ler's po lygon di vision problem.) Cata lan numbers arc the Illost 
frequen tl y used numbers in combinalorics olher than binomial cocllicicnts. It has morc 
than 66 interpretations, (Richard P. Stanely, enumerative combinatorics vo L2). Catalan 
numbers are commonly denoted byC'I' The first few Catalan numbers for It :; 1,2, ... are 
1,2,5, 14,42,132, ... 

The explicit formulas for Cn include 

c _ 1 (211) _ (211)! 
n - n + 1 n - 7(n-':+-I=')"!-n~! 

1'0 = • implies Co = ] 

! implies C1 :; 1. 

4 
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T2 = implies C2 ;; 2. 

1', ~ implies C3 ;:: 5 

impliesC4 = 14. 

Figure 3 : Tn - {ordered trees with n edges}. 

There arc numerous one-to-one correspondences between clements of these set of 

ordered trees and other combinatorial objects. 

Among them the correspondences between the following sets will help in thei r 

enumerations: 

Tn: The set of ordered trees with n edges. 

5 



L1\: The sct of legal sequences of n open and close parentheses. A parentheti c expression 

is called " legal" if each open parenthesis has matching close parcllIhcsis. 

Pll : The set of admissible paths from the point (0,0) to (n, n) in an n X 11 laltice. 

B,, : The set o f full binary trees with n internal verli ces. An ordered tree is ··full binary" 

if all vert ices are either of degree 0 (leaves) or 2 (have a left chi ld and a ri ght ch ild). 

A ll steps in a lattice path are either up or to the right; a path is "admissible" if it docs not 
pass below the diagonaly ::; x. 

The correspondences between these four sets arc desc ribed below and illustrated in fi gure 
4 using a tree t E Ts(f'ig4.! ) 

7~ H Pn : given a tree t E Tn .traverse il in pre order (v isit the roOI , then traverse ils sub 

trees from left to right), writi ng an open parenthesis for each edge passed 011 the way 

down and a close parenthesis for each edge passed on the way IIp . 

For the tree t in fig 4. 1, this yields the legal parentheti c expression pCt) E Pa shown in 

fig (4.3). 

In general if t1 ,t z , ... , tm are the sub trees of a tree t , then 

p(t) = (p (t ,))(p(t,) ) ... (p(tm )). 

" 
• 

I 
4.1 An ordered tree t . 4.2 Its reflectiont ". 

p(t) = (O(Ol)O«Ol) 

4 .3 Alegal parenthetic expression. 

6 
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( ) 

( 

d/ 
1(1)= elY 

( ) 
) IY 

( V 
( 

) / 
(0,0) 

(V 
Figure 4.4 

An admissible lattice path correspond ing to 

pet ) 

) 1;/ 
8,8) 

1/ u 

R 

R 

Figure 4.5 

A full bi nary tree 
correspondin g 10 ICt) 

Figure 4. Correspondences between 1~, P1l1 LII and/Jn 

Pn H Lrt : Latt ice paths may be eas ily obta ined from sequences of parentheses or 

integers. Given a lega l parenthetic expression p E Pn . we start at (0,0) and go up one 

coord inate fo r eac h close parenthesis. Th is yields a path l ( t ) that remains in the upper len 

half o f the lattice and end al(n, n). 

Ln t-+ Bn : G iven an admissible lattice path l E Ln corresponding to an ordered tree t E 

Tn. a unique full binary tree lCt) E 8n is constructed in the followi ng manner: 

Build the binary trcc in the prcorder, eac h SICp up on the path corresponding to an 

interna l node and each step to the right correspond ing to a leaf. a final leaf must be added . 

See fig 4.5. 

2.1 First reflection lemma. 

The ordered trees t. t' E Tn are reflecti on o f each o ther, if and only if the full bi nary 

trees bet), bl(t' ) E Bn arc reflection of each other. 

For example the ordered tree ( t' ) is the reflection of t . 

7 
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Figure 5: An ordered tree t and its reflection t' 

Each of the above correspondence is one 10 one and can be used in the olher secti on four 
properti es follow directly from characterization formula . 

The number of leaves in a (not edge less) tree t 

=thc number of ( ) patterns in pet) 

= the num ber of corners in let) 

= the number of left leaves in bet) . 

=thc number of ri ght leaves in b' (t). 

2.2 T he cycle lemma 

A sequence p of open and closed parentheses is called a legal prefix i f it is a prefix of a 
lega l parenthetic expression, but neither p nor any initia l segment of p is itse lf a legal 
parenthet ic expression. In other words, a prefix consisting of 111 ('5 and n )' s, m > 11 15 

legal ifal any point within the prefix the number or ('s to the left is greater. For 
example ,«OO is a legal prefix, bu, )«O( and 00« arc nol. 

The fo llowing lemma has been red iscovered a number of timcs; it is a powerful tool in 
enumerati on arguments. 

Cycle lemma: for any sequence PI'PZ. ...• Pm+n orm open parenthesis and 11 close 
parenthes is, where m > n there exisl exactly m - 11 cyclic pcnnul3lions. 

That arc a legal prefixes. 

For example. of the six cyclic permutations of the sequence )«0(, onl y Iwo legal 

prefixes «00 and (00(· 

We can lISC thi s lemma 10 dClcnninc the number [(i,j) of admissible lattice paths from 

(O,O)to (i,j) the obvious recurrence for the [unction f is : 

8 
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1 
fC i, }) = 0 

fO,} - 1) + f Ci - 1,j) 

if i = 0 
if} < i 

otherwise 

Each admissi ble path corresponds to a legal pre fi x of j + 1 open parenthesis and i close 

parentheses: j ust construct the correspond ing parenthetic express ion and prefix it with an 

extra open parenthesis the tota l number o f ways to arrange the i + j + 1 parentheses on a 

I' , (l+i+ 1) b h 1 1 } - 1+1 f 1 1 me IS , ; Y t e eye c emma, exactly -- 0 these arrangements a rc ega . 
}+1+1 

I-Iellec, the Iota I number of legal pre fi xes is 

fCi) = I-i+l ( i+I+I ) _/- i+l ('~/) = (i~/) _ (i+/) 
, j } +I+1 ! j+1! ! i - I 

(2i) 
If i = j , then we get the Catalan numbers i Y(t + 1) . (Sec fig 6) 

J 
132 13/ i=j 1 6 20 48 90 

1 14 28 42 42 I/o 
1 4 9 1 14 Va 0 

1 3 5 5Vo 0 0 

1 2 2Vo 0 0 0 

1 1 I/o 0 0 0 ( 

I~ 0 0 0 0 
CO,O) 

Figure 6: The lanice function [(i,n 

]-Ienec we have proven the following theorem. 

T heorem (cl:l ss ica l result) I : The number of paths from (0,0) to (n, 11) wi th e ither fin up 

SICp or a right step and never go below the diagonal is the nth Catalan numbers 

2.3 Counti ng ordered trees with n edges and k lell\'es 

Let tn (k) be the number of ordered tree with n edges and exoctly k leaves. 

Theorem 2 : The number o f ordered trees with n edges and k leaves is 

9 



t (k) = ~ (n)( n ) = 0 (n -l)( n ) = _1 (n-l)(n+ l) 
11. 11. Ie Ie-I k Ie-I Ie-I "+1 k-I Ie 

Example . OCthe 14 orde red trees with 4 edges, t4 (2):;:;; 6 have 2 leaves and t 4 (3) = 6 

have 3 leaves (see figJ) 

1. Proof (combinatorically). The nlllll bcr of trees in tn with k leaves is equal to the 

num ber of legal parenthetic expression in Pn with k occurrences of O. 
(Characterization Lemma) which in turn equa l the num ber oflega! prefi xes 

with n + l ('s, n)'s, and kO's. By the Cycle Lemma orlhc k possible 
arrangements of a parenthetic expression beginning wi th {, ending wi th ),and 
havi ng n + 1 ('5, n)' 5, and kO's ,exact ly one is lega l prcfi xc. lhc total number of 

of such expression (legal or not) is (k~JG= :) (the number of ways to partiti ons 

both the ('5 and the )' si n to k non empty runs); thus 

tn(k) = ;(,:JG=:) 
2. An alternati ve lall ice- path proof. 

We first prove that the num ber of inadmissible paths from (i ,j)to(n, 11 ), with k 

corners, where 0 :5 i :5 j :5 n, is equal to the number of p~tllS from (j + 1, i -
l )to(n, n), with k corners. 

Note that the point U + 1, i-I) is symmctric to the point (i, j) with respect 10 the 

line y = x- I . The proof is by induction on the number of corners. k. 

Consider the inadmissible paths from (i, n to (n, n) with k ;;:: 0 corners begin wi th 

(t,j) -+ (i',j) -+ (t ', j + 1), where i' > j . They are one to one correspondence 

with the paths beginning with U + 1, i- I ) ..... (i', i- I ) ..... (i', i + 1) and 

continuing with the same k corners to (n, /1) (sec the diagram 7). (Th is serves as 

the base case of the induct ion.) 

,-------- -A (n,n) 

i'j 1) 

(ij!o-----7"'----1(i'j 

0+ I ,i-1) (i', i-1 ) 

Diagram 7 
Now consider the inadmissible path from (i,nto (n, n) with k>O corners that 

beg in with (l,j) -+ (i ' -1,j) -+ (i ' - 1'/) ..... (i'.j') , whcrc i ' - 1 :5 j < j' . 

10 



They are one to one correspondence with the pathsCi + 1, i - l )to (11, n) with k 

corners beginning with Ci + 1, i - 1) -+ Ci', i - 1) -+ (j', i - 1) -+ Ci' + 1, i' -
1) since, by the induction hypot hes is, the number of inadmissible path from 

(i',j') to (n,n) with the remaining k- I corners is equals to the number of paths 
from Ci' + 1, i' - 1) to (n, n) wi th k-I corners. 

The number o f lattice paths (admissib le or not) from (0,0) to (m, 11 ) with exactly 

k corners is (~)(~) . To see th is, choose k XIS such Ih<ll 0 :5 XI :5 Xz :s; ... < 

x" < m and k yI s such Ihat ° < YI :5 yz :s ... < y" :s 11 ; the k corners are at the 
po int (Xj,Yi) .thus the total number of paths from (O,O)to (n, n) with k corncrs is 

(~)G) , while the tota l number ofpilths li'olll (1, - l )to ( l1,n) wit h k co rners is 

(n;' )(n;l) it fo llows that 

tn(k) = C) C) -(" ~ 1) ("; 1) = ~G) (k: 1) 
These sequences of numbers are called Narayana numbers since the above 

c1osed-fonn expression fo r t n(k) was given by arayana . 
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Section Th rcc 

A Generalization of a Ca talan numbers 

Let p(a, b) , Q(c, d) be two lattice points of the integral lattice in the coordinate plane. 

Then a path from p to Q is a sequence of lattice points Po. Pl • .... Pm. such thai 

Po = P. Pm ::;: Q and Pi+l is obtained from Pi by a unit move cast or nonh. Clearl y the 
existence of such a path requires that a :=; c, b :s; d . 

We will ca ll such a path p - good, where p is an integer slIch thaI p ~ 2 ,if it lies entirely 
below the line y = (p - l )x; the classic case is given by p ::;: 2 .the problem of cQunting 

the number of2-good paths from p to Q was much studied in the latc 19th cen tu ry. A 
solution was given by the French mathemat ician Bcrtland; bu t a very beautifu l so lut ion 
was later given by Desire Andre; Ihis so lution, whi ch we now describe, gave ri se 10 a 
method known as the Andre Renection Method. 

Thus wc wanl lO counllhc number ofpalh from (a, b)W(c, d) slay ing below the linc 

y = x; the existence of such paths furthcr rcquires Ihat a>b, C>d. the number Tr of paths 
from (a, b) to(c, d) is plainly the binomial coeflicicilt 

IT = ( c+d-a-b) 
<-0 (3. 1 ) 

We wan t to count the number Try of good (2-good) paths. InstcHd wc count the number 

Trb of bad paths, that is, paths which arc not good. 

Of course, 

(3.2) 

Now let p be a bad path from P to Q, Hnd let R be the fi rst point on P where P meets the 

line y = x(some times refer to this as 'dunger' line). Let Po be the portion PI? of p, and 

PI be the porlion- RQ reneet Po in the line y = x 10 obtain the path Po from p (b, a)to R, 
and sci p to be the composite path Po * Pl' Thus we have associated a path from p to Q. 
but. conversely, every path from p to Q must cross the danger line y = x(s incep is 

above the liney = x) so, converse ly, by renccling the portion of such a path from p to 

the firsl point where it meets the line y = x, wc set up H onc - to-one correspondcnce 

between the set ofa paths from p to Q and the set of bad paths from P to Q. This prove 

that 

_ (<+d-O-b) 
Trb - c-b 

(3.3) 

Whence 
= ( c+d- a- b) _ ( c+d - a- b) 

try c-a c- b 
(3.4) 
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The classical Catalan numbers en arc given by 

Co = 1 

Ck = The number of paths from (0,0) to (k , k) wi th either an up step or a 
right step and never go below the diagonal 

However, it is we ll known that Ck , k ~ 1 , may also be characterized as the number of 

good paths from (1, -1) to (k, k - 1) formu la (3.4) show us that thi s is 

( " - ') _ ( " - ' ) = ( " - ') _ ( " - ') 
k - 1 k+1 k - l k - Z 

( 
" ) k+ 1 k - 1 

= k - 1 (Z"k - Z"k) 

, ( " ) = k k-1 (3.5) 

Now the classical Cata lan numbers have been general ized to allow for the rep lacement of 

2 by p in designating the line y = (p - l)x thus we int roduce the ordinary Cata lan 

numbers pCk by the definiti on 

pCo = 1 

pCk = the number of ways of sub div iding a ((p -l)k + 2) - gon 

in to k distinct (p + 1) -gons by means o f (k - 1) non· intersecting diagonals, 

k ;0, 1. 

A gain , pCk , k ~ 1 may also be charactcri zed as the number of p·good paths from 

(1, - 1) to (k, (p - l )k - 1). However, we see no way to explo it somc vari ant of the 

Andre Reflect ion Mcthod to calcu late this number; 

The inapp licabi lity of some variant of the Andrc Refl ection Method to the calculation of 

pCk , k > 2, is the morc surprising, given that the formu la for pCk is SO natural a 

general ization o f that for Ck . In fact 

C_'(Vk) P k - k k - 1 
(3.6) 

The standard way of proving (3 .6) uses the ori ginal geomctric in tcrpretation ofpCk , 

which leads to a recurrence relation whi ch, in tum, allows pCkto be obtained by invoking 

the Lagrange Inversion FomlUla. 

Our object in this section is to ca lculate certain numbers pdqk • depending on a further 

paramclerq. Such that 

13 



(3 .7) 

and then to show that , by means of the numbers pdqk . olle may calculate the num ber of 

p-good paths from Ca, b) to (e, d) in complete generality. In fact our formula for this 
number only requires us to use the values of pdqk for q = b - (p - 1)(1 + p . We 

desc ribe a s imple slid ing procedure which reduces the general prob lem to one in standard 
fOfm, that is, with a == 1 

3. 1 The slid ing procedure 

Suppose we wish 10 count the number IJ of p-good paths frorn (a, b) to Ce, d ). It is clear 
that IJ is una ltered if we slide (a, b) and Ce, d) the same distance, up or down, along lines 
parallel to the danger line y = (p - l )x. 

We choose to sl ide (a, b) so that, in its new posit ion (a', b') , we have (I' == 1. We call 
this the sliding procedure. Then b' = b - (p - 1)(a - 1) (2 . 1) 

Moreover, if (e, d) is slide the same di stance, in the same direction, to occupy the 
pos ition (e', d') , then 

c' = c - Ca - 1), d' = d - (p - l)(a - 1) (2.2) 

The standard form we seek involves paths from (l ,q - 1) to (k,n- k). 

Thus q = b' + 1 = b + 1- Cp -1)(a - 1) 

k = c - (a - 1) 

n = c' + d' = c + d - pea - 1) 

Note Ihat , since (k, n - k) is below the line y = (p -l)x, we have 

n ,;; pk 

Note al so Ihal, since (1. q - 1) is below the line y = (p - l )x , wc have 

q<p 

For an example of this sliding procedure sec figure 8. 
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y ><"" 
yo2, 

xiy9 
y , , 

, 
Q, 

, , , Q. . (8, 10) , , , 
, 3 

yo, , , 
------ Q; ---- ' - (4,}) 

, (4,5) QI 

0 

, (1,, 1) 

(a) Counling Ihe 3-good palhs from (4,5) 10 (B, IO) , 

(b) Afte r slidi ng, counling Ihe 3-good palhs from (1, - I ) 10 (4,5), 

Figure 8 

3.2 Clilcu lating the generalized Callilan Numbers 

We wi ll write d qk for pdqk to make the nolation less cum bersome. Thus 

Defin ition 3.1 we define dqk to be the nllmber of p·good paths from (1, q - 1) to 

(k, (p - I )k - 1), k ~ 1. Ifnceded we de line dqo ~ 1. 

We call dqk the kth (generali zed) Catalan number of type (p, q). 

Now OUf objeci is to calculate dqk . To do so we exploi t the foll owing fundame ntal 

formula. 

Theorem 3.2 : Let k ;;?: 1. Then, if q < p, 

, . 

(n - q) ~ '\ d (n -PI) 
k-l L ql k-i 

(3,1) 

i=l 

Proof It is plain from Definition 3.1 that dqk ;;; I if k ;;; 1. Thus C3. 1} is certainly true if 

k ~ 1, 

so we assume hence forth that k ~ 2. 
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We now assume that the point N(k, 11 - k) is above oron the danger line y = (p - l )x, 
so every path from (1, q - 1) to N must meet the danger linc. Illainly the /J/S or(3. 1) 

counts Ihe number of paths from (1, q - 1) 10 N and we pnrlil ion this SCI of paths 
acco rdin g to where the path meets the dange r linc. The num ber orp.Hhs fi rst mee ting the 
danger linc at Qi(i, (p - 1)i) 

is easil y seen to be dqiC:-!;i). so, since 1 :5 j :5 k, formula (3. 1) is proved if N lies above 

or on the danger line, that is, i f n ~ pk. 

We may now regard (3. 1) as ex pressing equali ty bctwccn lwo polynomial s in Qfn] of 

degree (k - 1); and we have proved thai this equality holds for infin itely many va lues 

o[ n , namely, for all integers n ;;:: pk . Thus (3. 1) is an iden tity. Note Iha t in this argument , 

we inlerpretthe binomial coeffici ent (~), fo r any real It and non negati ve integer r , to be 

given by 

{ 

1, 
(~) = n(n-I )(n-2) ... (n-r+ l) 

" 
(The details for Ihi s see sect ion 4) 

r=O 

,r ~ 1 (3.2) 

We have now provcd (3.1) 10 hold provided k ~ 1 and q < p. We now use(3. I) to 

calculate dqk , k ~ 1; but we reca ilihat we know dql = 1. so it suffices to cons ider k ~ 
2. Our conclusion is 

Proof once aga in, our conclusion is obvious if k = 1, so we assume ~ 2 . We first 

substitute n = pk - 1 in to (3. 1), to obtain , si nce (~ ) = 1 for al l 11 , 

( pk - O-I ) _ " k- I d .(pk - pf-I) + d k > 2 
k-I - ""1':1 ql k-i qk,- (3.3) 

We next substitute n = pk - 1, but replace k by k - 1 (it is here that we need the 

restrict io n k ~ 2 in the formula for dqk we arc trying to prove .it is al ready proved 

for k = 1); we obtai n 

( " k-q-I ) ~ "k - I d .(pk-pl-l) k ;;, 2 
/( -2 ,,"1= 1 ql /(- / -1 ' 

(3.4) 

We now invoke the e lementary identity 

(") ~ "-"I ( " ) T;;' 1 
r r r-l' 

(3.5) 

To infer that 
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( Pk - pi - I) = (11-1 )(/(-1) (P k- Pi- l) . 
k-j k - i k - i - I ' I :5: k - 1 

= (p - 1) ("k-PH ) i < k - 1 
k - I-1 ' -

Hence, from (3.3) and (3.4) we obtain, for k ~ 2, 

d = (Pk-q-1) _ (p _ 1)(Pk-pi-1) 
qk k-1 1< - 1- 1 ' 

= ~(Pk-q) k > 2 
pk -q /( - 1 ' - . 

But theorem 3.3 holds for k = 1, 50 it holds fo r k 2:: 1 

3.3 Clllculating the number of p-Good a nd p-Blld Pll lhs 

In thi s subsecti on we use theorems 3.2 and 3.3 to calcula te the number of p -good and p­

bad paths fram(l , q - 1) to N(k, n - k). Of course, we assume here Ihal N is below the 

dange r line y = (p - l)x so thaI n < pk. We denole by Trb . (7rg ) the number of p-bad 

(p-good) paths, and suppress the p. 

Now a bad path from (1, q - 1) to N(k. n - k) first meets the danger line at Qi(i, (p -

1)0, where i satisfies (p - l )i :5 n - k. Lei lJ be a rcal number and Ict l ll i be the Imgcst 

integer:s v . Then v vari es over the range 1 :$; i :$; l = l"-kJ. It fo ll ows that 
V- I 

So that 

Or 

_ 'OJ d (" -Pi) 
ITb - i..o i ::: l qi k - i 

_ _ ("-q) 'OJ d ("-Pi) 
ITg - IT - ITb - k - l - L. i: 1 qi k - i 

k (" -pi) 
ITg = L i:I+1 dqi k - i 

(3. 1 ) 

(3.2) 

(3.3) 

However, we can improve on formula (4.3). For C) = 0 if 1 :$; rt < r , and this forces 

( n- Pi) = 0 for l + 1 < i < m where m = l~J ; note that l :$; 111. Thus we finall y 
k - i - - , P 

conc lude that 

Trg = L r:m+l dqi (nk-~i) (3. 4 ) 

Thus, to calculate IT
9

; we ex ploit (3.2), involving (l + 1) calculations; or (3.4), involving 

(k - m) calculations.(see figure 9) 
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1 

Note, however, that whereas (4. 1) is a sum of positi ve coeffi cient s, resulting from an 

actua l part itioning, (4.4) is a sum of coefficients C) with 11 negative, ond thus involves 
an alternating sum terminating with a positive coeffi cient. 

, 

x+y=n 

y 

, , 
, , , 

L 

',_ Om+2 ,.--
-, - F (p- I )x 

',(;\n+1 , , 
Q, }", ..... , - - M , , , , 

'\. 
, , , , 

--- O~- - - - -------- " N(k.n.k) 

• (1.q. l ) 

A 

Figure 9 

7rg (k. n) represents the number ofp-good paths from (1 , q - 1) to the point N(k , 11 - k) 

Thus Jr9 (k, n + 1) = rrgCk - 1, n) 
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r (p-l)x 

(k-l.l1-k+ I ) · --... . (k,n.k+l ) 

i 
• (k,n-k) 

• ( l .q-J) 

Figure 10 

3.4 A s~lmplc ca lcu lat ion 

In th is final subsection, we calcu late the number of palhs from (2, - 3) 10 (6, -6) which 

stays below the line y = 2x .by applying sliding procedure, we sec Iha llhi s is Ihe !kITllC 

as the number of from ( 1. -5) to (5.4) which stay below the line y = x. Thus p = 3, q = 
- 4, k = 5, n = 9, so,by the work of subsection 3.4 

I = l:=:J = 2, m = l;J = J 

So Tr9 ' the number we seek, is given by 

- "" d (9-") _ (\3) "" d (9-3; ) Try - L... i= 4 - 4,i 5-/ - 4 - £. /:: \ - 4,1 S-j (4.1 ) 

Now d . = _ ,1+4. 7 3' ) 
- 4,1 31+4 (, -1 . 

7 
1·lence d_41 = 1, d_42 = - (10) = 7 

, ' 10 

So 7T9 = 715 - 15 - 7 = 693,by the second equal ity 01'(4.1) 
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Section four 

Enumeration of K - Trees. 

4.1 Genera lized binomial expansion 

For each a E R. 

(1 + x)a = 'r'oo_ (a) = 1 + ax + «(a - I) X + a (a - I)(a -2) 2 + 
L..r_O r 2! 3! X 

Example l : _,- = (1 - X) - I = (1 + (- X))- I 
I -x 

= 1 + (-l)(-x) + H)(-2)(-x)' + (- I)H)(-3)(-x)' + 
2! 3! 

Example2:( I_'
X
)' = (1 - X) -2 = (1 + (-x)r 2 

In general 

= 1 + (-2)(-x ) + (- 2)(-3)(-X)' + H)(-3)(-')(-x)' + 
2! 3! 

= 1 + 2x + 3x 2 + 4x3 + ... 

_,- = (l-xr n = (1 + (- xWn 
( I_x)" 

(-n)( -x) (-n)( -n-I)( _X)2 (- 11)( - 11 - t )( - n- 2)( - x )] 
= 1 + + + + .. . 

I! 2! 3! 

n(n+ t )x2 n(n+I)( n+2 )x l + 
= 1 + nx + 2! + 3! .. . 

. f k· I . (Hn-I) Note: The coefficient 0 X In (I_X)" IS k 

[Xk ]_'- = (k+n-I ) 
( I - X)" k 
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4.2 The mullinomial coefficienl 

Proof: (x + y + z)" = (x + y + z)(x + y + z) ... (x + y + z) (n - factors ) 

The term in the above expansion is of the form xi yi Zk, i,j ,k ~ 0, i,j, k E Z 

and i + j + k = n. We choose i x's from n in (~) ways, then j y's from the remaining 

(n - i ) factors in (nii ) ways and fina lly k z's from the remaining (n - i - j) fac tors in 

(II -~-j) ways ,where n = i + j + k.so,the number of limes the number xlylzkappcars in 

the expansion (x + y + Z)II is (7) (nil) C-~-j). 

.. . (") ( " -i ) ("-i-I ) _ n! (n- i)! (n-I-j)! 
Ihat ls i " k - ' I( _ 1)1 "I( - ' ')' " '( . I , ), Ln. J. n 1 J . . II I . 

n! 
- -- ,since i + j + k = n 

I!j!k! 

( ) II_~ II! i j.k 
!-Ience x + y + Z - £.i+jH= n-:-;-:-;-" X Y z 

I.J . . 

) 11 ~ n! :r i' :r. 12 :r I" Simi larl y (XI + X2 + ... + Xk = £. i , +i~+ ··+i""", · I ' I . 1'1 • Z ••.• k 
~ '1 ' ' 2 .••• '" . 

i z + ... + ik = n 

is ca lled a multinomial coeflicient . 

4.3 Lagrangc Irn'crsion Formuhl (L. I.F) 

(Combimlloria l approach) 

Consider a formal power series fCt) = fit + f2 t 2 + h t3 + (fo = OJ, * 0) 

Bui ld an infinite lower triangular matrix from the coefficients of f( t ) in the followi ng 
way. Column k contains the coefficients of f(t)k in their proper order (k = 0,1,2,3, ... ) 

1 0 0 0 
0 f, 0 0 
0 fz f', 0 

0 f3 2f.r, f ' , 
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1 

This matrix is denoted by ( 1. f~t » ). 

We arc interested in finding oul how the matri ces (1, r~t ») and( 1, g~t») nrc composed or 

mult ipli ed together when(f) ,91 *" 0). 

Note: • if (fn,k) n, kEN = ( 1, r~t »), then by Ihe definition of ( I , f~t ») we have 

tn "~ ~ [tn] ret)', 

And hence the generic element d n,k of the product ( 1, g~t») . ( 1, f~t)) is given by 

dn" ~ r. j , og,.i fj" ~ r. j, o[t n] g(1)1 [t i l [( t )' 

~ [t n] r.i=o([yIJ [(t)') g(t )1 

~ [t n][(g(t ))' (From convol ution rule) 

In other words, co lumn k of ( 1, 9~t ») (1, f~t ») is the kth_powcr of the compositi on 

[(g( t )) and we see that 

The identity matri x t E Fl . corresponds to the matrix (1.D = (1 .1) 

Q uestion! G iven an infinite lower tr iangu lar array or the fOfm (1. r~t)) withf(t) E PI' 

how do we find its inverse matrix (1, g~t») ? 

If ( 1, g~l») is the inverse matrix, then (1, g~t)) (1, r~t») = (1,1) 

iff [(g(t)) ~ t 

Hence, the inverse matrix ( 1, g~t ») is just the matrix corresponding to the compositional 

inverse of Jet}, 

Let 0 ~ (dn,,) n, kEN be defined by 

d '[ n-'] ( I )n 
n,k =;; t r ( t ) 
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. ( f(t» ) Cla ll11 : D. 1, - ,- = (1.1) 

The generic element Vn ,k of the row - by - column product D. ( l .'~f ») is given by 

By differenti ation rule j[ynlf(y )k = [yn-'J ~ f(y)k 
dy 

= k[yi] Y [,(y)f(y)k-l 

Vnk = ~ [tnJ t (-,-»)n ['( t )f(t)k-l 
'n f(t 

Now consider the following two cases 

I) Case 1: n= k 

Vn ,n = fey)' t n t ret) - 'f'(t) 

= [toJ (-' )f' (t) 
f(f) 

Vn ,n = 1. 

ret) 
Note that the constant term of-,-:;; i1 '* O. 

2) Case2: n '" k 

v = ~ [t n) t nt f(t) k-n- , ['(t) 
n,k n 

= ~ (0), Residue of the Laurent series; O. 
n 

Hence v = . 1
1, if k = n 

n,k 0, othenVLse 

This proves the claim! 

If f(t) E F, i.e. (f( t ) = f,t + f,t' + [,t 3 + ... with 
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and gCt) is the compositional invcrse of f(t).i.e , f(g(t)) ; gU(t )) ; t . 

thcn 9n ; [t"]g(t) ; ~ [tn- ,] (_'_)n 
n ret ) 

We also have [t n]g(t)' ; dn k ; ~ [t n- k] (_'_)n 
'n f(t ) 

Question: we want to apply L.I. F to func ti onal equations such asC(z) = 1 + ZC (Z)k . 

How do we accomplish thi s? 

Suppose we have a functional equat ion wet) ; t ip(w(t)) ,where ip(t ) E 1'o ([t O]ip (t); 

ipo '" 0) 

We want to find the formal power series wet) = L Wn t n sati sfying thi s functional 

equat ion. Clearl y, wet) E Fl (WI = <Po "* O).we sct fey) = rp~)'we also have f Cy) E Fl -

However, the functional equation wet) = t /fI(t) can be written as {(wet)) = t and this 
shows that w(t)is the compositional inverse of {(t). i-fence 

wn ; [tn] wet) ; ~ [t n- ,] (_'_)n ; C [tn- ,] (ip(t))" 
n f(t ) n 

Also, [tn ]w(t)k ; ~ [t n- k] ip(t)n 

4.4 Enumeration of Homogeneous ordered k-trccs 

A k- tree is constructed from a single disti nguished k-cyclc, an elementary k-sidcd 

cycle, by repeatedl y gluing other k-cyclcs to ex ist ing ones along an edge. More than one 
cycle can be glued to anon-terminal or internal edge. If K is any nonempty subset of 

(2,3,4, ... ), then a k-tree is obtained in a similar way using k-cycles with k E K. 

An edge of the dist inguished k-cycle is designated as a root and child ren of the internal 
edges are shown in order in the plane contain ing the distinguished k-cyclc. lf an internal 
edge has more than one child, we gl ue the cycles to the internal edge with diminishing 
size.2-cyc1es are glued to the midpo int of an edge ofa k-cycle as shown in figure I. [fall 
cycles of a K -tree have the same number of sides, sayk, we refer to it as a homogeneous 
k-tree. For the sake of simplicity and convenience, regular ordered trees arc considered 

homogeneous 2- lrees . 
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Figure II : An example of a {2, 3, 4}-tree 

Let the generating function of k-trees be C(z) :: L~:z o Ck.I!Zn where 

Ck.1! :: The number of k-trees with exactly n k-cycles 

Consider n ::2 and k :: 3 

Figure 12 : The three 3-trees consisting of two 3-cycles. 

I-Ience the number of 3-trees wi th exactl y 2 3-cyclc is 3. i.c , c3,2 :: 3 

Take again n :: 3 and k :: 3 

/LS:l V S l 

\21\ \ZV / S<! \?\ 

/ \/\ 
Figure 13 : The twelve 3-trees on three cycles. 

Thus the number of 3-trecs with exactly 3 3-cycles is 12, i.e .. c3,3 :: 12. Similarl y the 

number of 3-trccs with exact ly 4 3-cycles is 55 and so on. 
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Qucstion: how do we find an explic it formula that generates these sequences of numbers? 

Ifwe begin with a distinguished k·cycle and construct an ordered k·lrce recursively by 
attaching another k-cycle to one of the kedges of the distinguished k-cycle as shown in 
fi gure 14, 

We obtain a functiona l relation 

C(z) = 1 + zeez)' ( I ) 

Where the I counts the tree consisting of only the distinguished edge. Rewriting (I) [IS 

C(z) - 1 = z(C(z) - 1 + 1)' 

C(z) 
C(z) 

Distinguished 
k-cycle 

C(z) 

C (Z) 

Figurcl4: Recursive conslruction of k·lrccs. 

and lell ing V(z) = C(z) -l,we obtain 

V(z) = 1 + z(V(z) + 1)' 

Let ",(z) = (z + 1)' 

By Lagrange Inversion Fonnula, we see that 

u" = [z" ]U(z) = ~ [Z"-I ]", (Z)" 

= ~ [Z"-I ]«Z + 1) ')" 
n 

1 
= - [Z" -I ]«Z + 1)'" 

n 
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= ~ [zn-1 ] L (~) zm ,Generalized Binomial theorem 
m=O 

n(k 1 (nk) 
1) + 1 n 

/-I ence we have proven the fo llowing theorem. 

Theorem 5: The generating function C(z) = L~",o '/{,I,ZIl sat isfi es the recurrence relation 

C(z) = 1 + zC(z)' 

and [z"J C(z) = I ('"J 
n (k 1)+1 n . 

4.5 Enumeration of mixed trees or K-trccs 

The idea used to prove theorem 5 can be modified to obtain an enumeration fOnlw la fo r 

mixed trees or K -trees. 

Let C(z; Xk"Xk z ,Xk3, ... ) be the generat ing function that enumerates K-Irccs by tota l 

num ber of cycles where we use the Xk
j 

s to keep trac k of the number of ki cycles in the 

mixed tree. Depending on whether the distinguished cycle is a 2-cycJc, a 3-eyclc, a 4-

cycle, etc. we obtain a functional relati on that C(z; Xk"Xk 2,Xk
J

' ••• ) sati sfies to be 

Once again \etl ingU :;:::: C(z; Xk],Xk
2
,Xk

3
, ... ) -1, we can rewrite the functional relation 

u = z(x" (U + 1)" + x,,(U + 1)" + ... ) (3) 

Applyi ng the Lagrange Inversion Formula to (3) we get 

[z"]V = ~ [U"-IJ(X',(U + 1)" + x,, (U + 1)" + ... )" 

27 



= 

We ded uce from these that we have proven the following theorem 

Thcorcm6. The number o f K -trees consisting o f n j kj -cyc!cs, i = 1,2,3, ' .. , m is 

1 (nlkt + 
n1k1 + ... nmkm + 1 

Where n = nl + n2 + '" + nm 

For example, the number of {3,4}-trces wilh two 3-cyclcs and one 4-cyclcs is 

, ( 2X3 + l X4+1) ( 3 ) = 45. 
2x3+ tX4+1 3 2,1 

Remark: I f we let k = 2 in theoremS, we obtain sequences of numbers given by 

1 (kn) 
c',n = n(k _ 1) + 1 n 

1 (2n) 
c',n = n(2 1) + 1 n 

1 (2") c - --
2.11- n +1 n 

(4) 

As we have seen in chapteT three Ihis is the nth Catalan number and these sequence of 

numbers count the number of ordered trees cons isting of n edges. Thus we can say Iha\ 

k-trees are a generalization of regu lar ordered trees. In other words regular ordered Irees 

are a specia l case of k-trees in whi ch k ;:::: 2. 
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Section Five 

Application of k-trees 

LOll Shapiro [lO]noted that the total number of leaves among all ordered tree is half the 
total number of vertices and asked fo r a combinatorial proof of his observation. That is, 
there arc fi ve different ordered trees on four vertices and among twenty vertices len arc 

leaves. These fi ve trees are shown in figure 15. Note that the root is never counted as IC<I[ 
even though its degree may be one. An immediate proof is given by Robert G. Ricpcr and 
Mclkamu leleke using generating functions (sec l5] lor bijective proof of Ihis 
observat ion). In this section, we generali ze Shapiro's observat ion and show thalthc ratio 
o f total number o f terminal edges to total number of edges in homogeneous k·lrccs is 

~,and then K-trces as model s to enumerate planted plane cacti . 
k 

Figure 15: The fi ve ordered trees on four vcrtiecs 

5. 1 Counting leaves in homogeneous k· trecs 

Lct TI (z) be a generating function which enumeratcs leavcs or terminal edges o f 

homogeneous k· trees by level number. Let Tl,n be the number of leaves of k·trccs on k· 

cycles at leve l!. Then 

T1(z ) = E:=o Ten zTl 

There is a unique path of k-cycJes from the distinguished edge to cvery tenni nal cycle al 

certain level in a k-tree. Along the path of k.cycles, al every level , we can attach k-trecs 

to anyone of the k s ides, and there arc (k - 1)/ path to a tcrminal edge at levell . Hence 

'1'/ sati s fies the fo llowing equation: 
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Figure 16: the unique path of 3-cyclcs to a terminal cycle at level 5. 

T,(z) = (k - l) I(Z)'(C)"(Z), 

Where ecz) is the generating function of k-trccs, and 

T"n = [zn] T,(z) = [zn](k _l )I(Z)I(C)"(Z) 

= [zn -I ](k - l )'(C)"(Z) 

= (k _ 1)1_"_ (,(n-O+kl) 
K(n-I) n-/ 

= (k _ l)I~('n) 
11 n-I 

Thus, the tota l number of leaves in k-trees consisting ofn k-cyclcs is 

'Cn_ (k _l)I~('n) 
L../_l n n-l (5) 

Using Gosper - Zeilberger's[11J method of creative telescoping and Zeilbcrger' s Maple 
package Ekhad [4], we see thaI the summand in (5) satisfies the equation 

(- k)F(n, I) = G(n, 1+ 1) - G(n, I) (6) 

Where F(n, I) = (k - 1)' ~ ('n,) and G(n, I) = 'n-n+1 F(n, I). 
n n- I 

Taking the sum of both sides 0[(6) over I, we obtain 

L". (k _l)I~('n) = ~('n) 
I 1 n n-/ k n 

(7) 

On the other hand, since every k-tree on n k-cycJe has (k - 1)n + 1 edges. we see thai 

the lOla I number of edges in k-trees is en"). 

In order to show this the number of k-trees on n k-cyclcs is , 

1 (nk) 
c',n = n(k _ 1) + 1 n 
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and every k-trce on n k-cycle has (k - l )n + 1 edges. Thus the total number oredges 

in k-trecs is the product oCthe two, i.e. ccnn) . Therefore 

'-'("') total number of terminal edges _ T n 

towl number of sides of k trees - (nn") 

'-1 
;-

k 

Thus we have shown that the ratio of terminal edges to total number of edges in k-Irccs 

is k~l. I-l cnce \,ve can say that the edges in k-Irecs almost all arc leaves and thi s is a 

genera li zation of Lou Shapiro's observation on the total number of leaves among all 
ordered tfees since his observation is a special case of k-trccs when k = 2. 

5.2 Enumenltion of planted plane cacti 

A cact lls is a connected simple graph in which each edge lies in exactly one elementary 
cycle . A planted plane cactus is an embedding of a cactus pointed at a vertex in to the 
plane so that every edge is incident with the unbounded region. 

Figure 17: The three planted plane cacti on IwO 3-cycles. 

These combinatorial objects arise in cluster integral s of condensation theory and 
topo logical class ification of complex polynomials with critical values. They werc first 
enumerated by !-!arary and Uhlenbeck using dis-similarity characteri stic 
theorem .Recently, Bona, Bousquet, and Labelle rev isited the problem and enumerated 
various classes of cyclically colored m-gonal plane cacti or commonly known as m-ary 
cacti[8j. In sub section, we give a general formula that enumerates planted plane cac ti by 
the number and types of cycles using K -trees by Mahendra Jani, Robert G.Ricper, and 

Melkamu Zeleke [I]. 

The K -trees introduced and planted plane cacti are dual concepts of each other in the 
sense that edges of one are the vertices of the other and vice versa. Suppose we are given 
a (k1 • k 2• "" knl -tree. For each k i -cycles in the tree, construct a kj"sided polygon by 
connecting the mid of the adjacent edges of the cycle. ![two or more cycles in the tree 
have a common edge, then we let the newly constructed polygons to intersect at lhe 
midpoint of the common edge in the ori ginal tree. The midpoint of the distinguished edge 

is considered as the root of the newly constructed plane cactus. 
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Figure 18: A bijection between mixed trees and cacti. 

Si milarly, we can construct K -trees from planted plane cact i by replac ing vertices with 
edges and edges with vertices, and identifying the rOOI vertex of a cactus with a 
distinguished edge. If two or more polygons of a plane cactus have a common vertex, 
then we let the corresponding cycles in the K -tree intersect at a common edge. 

I-Ience there is a one to one correspondence between K -trees and planted plane cacti 
and using (4) one can see that the number of planted plane cacti consisting orn l hi" 

cycles, nz k z, .. " nm km -cycles is 

In particular, the number a ffocted K-ary cacti consisting orn k-cycJcs is 

1 (kn + 1) 1 (kn + 1)! 
kn + 1 n = kn + 1 n! (n(k - 1) + 1)! 

1 (k") 
= (k-l)n+l " 
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5.3 Enumeration of m-ary cacti 

An m-gonal cactus (m- cactus for short) is a cactus all of whose polygons arc m-gons, 
for some fi xed m ;:::: 2. By convention, a 2-caclus is simply a tree. A plane m-caClus is an 
embedding of m -cactus in 10 the plane so that every edge is incident with the unbounded 
region. An m-ary cactus is a plane m -cactus whose vertices arc cycl ically m-colorcd I, 
2, ... ,m counterclockwise within each m-gon.A quatcmary em :;:: 4) cactus is shown on 
figure 19. We define the degree of a vertex in m-ary cactus to be the number of m-gons 
adjacent to that vertex. Note that it is twice the number orm-gons adjacent to the given 
vertex fo r m ~ 3. 

4 

Figure 19: A quaternary cactus 

We consider the class k afm-aTY cacti as an m-sort species. This means that an m­
ary cactus is seen as a structure constructed on an m-tup le of sets (UI, uz, .. . , urn), the 

elements of ui being the (labels for) vertices of color i. 

Note that the plane embedding of m-ary cactus k is completely characterized by the 
specification, for each vertex v of k, ofa circular permutation on the polygons adjacent 

to v. 

We now present functional equations related to the m-sort species Aj, of m-ary cacti. 

planted at a vertex of color i , k· i , of m-ary cacti, pointed at a vertex of color i. k' , of 

rooted m-ary cacti. 

1'1 .. h . f ·ngletons of sort (or color) 
lC followmg notations are used: Xi denotes t e species 0 Sl . 

i , C denotes the species of (non-empty) circular permutations, L denotes the species of 

lists (li near orders) and Ai = n j*i Aj denotes the product of all Aj exccpt Ai· 

Ilroposition 7: we have the following isomorphisms of species, for i = I, .. . m: 
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A, = x, L(A,) 

k " = x,( l + C(A,)) , 

Figure 20: A planted ternary cactus 

( I) 

(2) 

(3) 

co lors: 

• • 
• 

:1 
:2 

:3 

Proof: The plane embedding of a planted m·ary cactus determines a linear order on 
the neighboring polygons of the pointed vertex. If this vertex, say color I, is removed, 
each of these adjacent polygons can be simply decomposed in to the product of 111 - 1 
planted m-ary cacti with roots of color 2,3, ... , m. Since data completely specifics the 
planted cactus, we equation ( I). Equation (2) is simi lar to (1) except that for pointed cacti 
the polygons adjacent to the pointed vertex can free ly rotate around il. Eq uation (3) is 
immediate. 

v 

Figure 21 : A ternary cactus pointed at a vertex V 

Recall that in a connected graph g, a vertex x belongs to the center of 9 if lhe ~a~imal 
d' , 1 'r 's a cactus then It IS Istance from x to any other vertex is minimal. In partlcu ar, I 9 I , 
easy to see that the center of 9 is either a single vertex or a po lygon. Now let k be. an /11-

ary cactus. In this case we define the center in a slightly different way: if the prevIous 
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defin ition yie lds a vertex as the center of k then we leave thl'S d ' .. h . . . . ' Cll nJtlon une anged. If 
the prevIOus defimtlon Yields a polygon p as the center of k the ' I k I • n \\c a C co or-I vertex 
of p to be the center of k. So now the center of an m-ary caClus I'S al ' ways a vertex. 

Figure 22 : A rooted ternary cactus 

ThcorcmS DISSYMMETRY THEOREM FOR m-ARY CACTI 

There is an isomorphism of species 

k·' + k ·2 + .. , + k ·m = K + (m - 1) k ' (4) 

, 
~-'0<~--j'::::: center -

I"'" Y , 
y 

Figure 23: k ·' + k ·2 + k ·' = K + 2k' (m = 3) 

Proof: for clarity, we prove the theorem for m = 3, that is we establish an isomorphism 

k'l + k '2 + k ' 3 = K + 2k' , the proof for general m being analogous. The left hand 

side corresponds (Q cact i which have been pointed at a vertex, 1, 2, or 3. The first teml of 
the ri ght hand side corresponds to cacti wh ich have been pointed in a canonical way. al 

their center. So what remains to construct is a natural bijection from triangular cacti 

pointed not in their center on to two cases of At Az A3-structures. 

Suppose that a ternary cactus k has been pointed at a vertex X of color I which is 
difTerent from the center c of k . Let the shortest path from x to c start with the edge 
e :::;;: {x, y} and let t be the unique triangle containing e. Then we cut the three edges of r 
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and thus separate the cactus in to three smaller cacti which are planted in a vertex of color 
1,2 and 3 respectively. We thus obtain an Al Az Arstructure. It is easy to see that we 
could have obtained this structure in another way. Indeed, if the vertices of l are x, y 
and Z, then point ing the cactus at z would have given the same decomposition. So this 
operat ion does define a map in to 2Al Az A3. 

To see that the algorithm is reversible, take any 3-tuple of cacti which are planted in 

vert ices x, y and zof color 1, 2, and 3 respectively. Join x, y and z by a triangle to gel a 
cactus, and look for its center c. If c comes from the component of x then we can point 

ei ther y or z in the cactus, if c comes from the component ofy, then we can point either 
x or z and fina ll y, if c comes from the component of z, then we can point either x or y. It 

is a simple matter to number each of these cases in order to make the correspondence 
bijective, completing the proof. 

One-sort m-ary caeti 

If neither the vertex-color nor the vertex-degree distribution are desired, but only the 
number of vertices or, equi valently, of polygons, then the enumeration is easier to carry 
out since one dimensional Lagrange inversion will suffice. We us the same letters 

k, k ,j, k", Aj to denote these one-sort species. Equations (2) - (4) are still valid in this 

context, with the following simplifications: First, all singleton species Xi should be 

replaced by x ; second, the addition of I modulo m to colors induces isomorphisms of 

species Al == Az == ... == Am ,and we write A for this common species. and also k' l 

== k '2 == ... ;; k ' rn. 

(5) 

Which implies A = x + Am. Moreover, equation (3) reduces 10 

(6) 

Whi le (2) reduces 10 k " = x( l + C(Am-!)) (7) 

Finall y, the dissymmetry theorem for m-ary cacti takes the fonn 

k = k ' - (m - l)k' 

= mX(l + C(A m-!) ) - (m - l )(A - x), (8) 

Where k' denotes the one-sort species of pointed at (any color) m-ary cacti 

W . . , h . 1 ce of an m-ary cactus. 
e now state necessary and sufficient condItIOns lor t e eXIs en 

O . . b f rt · es and the number of ne concerns the relatIOnshIp between the nurn er 0 ve IC 

po lygons. It is easily proved by induction on p. 
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Lemma. There exists an m -ary cactus having nand p po lygons if and only if 

n; p(m - 1) + 1 

Proo f: The condition is clearl y necessary. Suffi ciency is proved by an induction on p. If 

p:;:: O,then n :;:: 1, and we have a I-vertex cactus. 

Rooted or labe led m-ary cacti 

As observed earlie r, the species kO of rooted m-ary cacti asymmetric. It follows that 

labeled m-ary cacti and rooted m-ary cacti are closely related. For example, in the one­

sort case, we have 

(10) 

Where k11 and k ' 11 denote the number of m-ary cacti and rooted m-ary cacti n labeled 

vertices, and k ° 11 denotes the number of unlabe led m-ary cacti with n vertices, and where 

p is the number of polygons. 

T heorem 9 Let p be a positive integer and set n :;:: p(m - 1) + 1 . Then the numbers 

F n, of rooted (unlabeled) m-ary eacti ,and kn , of labeled m-ary cacti,having n vertices 

(and p polygons),are given by 

k' ;': (mp) 
n n P 

(I I ) 

and k ; (n- l )' (mp) 
n p p 

(12) 

Proof: It follows from (5) and (6) that one-sort species A and kO of planted and rooted 

m-nry cacti respectively satisfy A(x) j (1- Am-l(x)) and k' n(x) ; k'(x ) ; A(x) - x. 

The resu lt fo llows easil y from Lagrange inversion since 

k ' n(x) ; [xn] (A (x) - x) 

and kn fo llows from ( J 0). 

This is the same as the one obtai ned using k-trees i.c. the number of k_trees(wherek :;:: m) 

with exactl y p k-cycles. 
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