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Preface 

In design, construction and maintenance of any engineering 

system, engineers have to take many technological and 

managerial decisions at several stages. The ultimate goal of 

such decisions is either minimize the effort required or 

maximize the desired benefit. The main line of our approach 

requires that all engineering characteristics be expressed 

quantitatively as generalized positive polynomials in adjustable 

parameter. This restriction enables us to make effective use of 

the geometric mean and large of geometrical concepts such as 

vectors, vector spaces, subspaces orthogonality and 

normalization, It is for this reason we call our approach 

geometric optimization. Finally the end of the proof is indicated 

by / /. 

Bekele Getaneh. 
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1. Geometric optimization 

1.1.Introduction 

Geom etric optimization I S a method for solving a class of non-linear 

programming problems. It used to minimize functions , which are in the 

form of posynomia ls . 

1.2.Posynomials. 

Definition1.2.1: Let x , YE R" . We define a partial ordering in R" in the 

following way. x~ y ifand only of Xi ~ yJoralli=1 ,2, ... n . 

Definition1.2.2: Let R~: = {x ER " I x >O}. Then we define S: = intR+ 

Let g: S --+ R , then g is said to be a posynomial if and only if 

g(t) =ul(t)+U2 [t)+ ... +uN (t) . Where 

(t) - t o" t o" t o",. u K -c k I . 2 . .. 11/ • 

With a jk ER, k=1,2 ... N, j=1 ,2 .. . m. 

. ~ 3 
Example 1.2. 1: We consider g :R + -->R defined by 

2 -I - 1/ 2 g (tl,t2, tJl=t lt 2 t 3+tl t 2+4t 2+2t 2 t 3 +5t 3 . 

Then g is a posynomial. 

Theorem1.2.1: Let a i ER +, i=1,2, ... n, then 

(1.2.1) 
n 

The sign of equality holds if and only if a I =a 2 = ... =a II 

Theorem1.2.2: Let b i ER +and 8i E R \ {O}, i= 1,2 ... N such that 

bi +b2+ ... +b II ~ (ll)"I.('2)'" J ~)"" 
0 1 02 ~ 011 

Further more equality holds if and only if 

b k=c b'k for some cER + \ {O} . 

5 

(J .2.2) 



We consider now 

(1.2.3) 

Where u k (t)=Ck tl a" t~ 2k ... +t~;"k , Ck >0 , k=1,2, ... N. 

We call equation (1,2,3) primal function. 

Then applying theorem (1.2 .2) for udt), U 2 (t), ... , u N (t) 

and OJ E R \ {O}, suchat that 01 + O2 + ... + ON = 1 (1.2.4). 

We call equation (1.2.4) Normality condition we have 

u I (t)+u 2 (t)+ ... +u N (t)~ (U 1 (I))", /' 2(1))", .... (U N (I) l" N 

01 02 ON 
(1.2 .5) 

We call the right side of equation (1.2.5) pre dual function 

We can substitute uk (t)=t~" . t~" ... t~mk in to right side of equation (1.2.5) 

to obtain a pre dual function of the form. 

N 
Where 0 j:= '[.0kajk = 0, j=1,2 ... m. 

k = 1 

If we choose the weight 0 k so that 0 j are Zero 

N 
I.e. '[. a 'ko k= 0 , j = 1,2 ... 111 

k=1 J 
(1.2.6) 

We call equation (1.2.6) orthorgonality condition. 

The function V(o,t)does not depend on variable t it becomes 

we call equation (1.2.7) dual function . 

6 



We may then write g(t) ~ V (0 ) (1.2.8) 

We know, however, that if is the minimum value exists the relation ship 

holds even when the left-hand side of equation (1.2.8) is at its minimum 

and the right h and side as its maximum (if the m aximum exists), i.e. 

min(t) ~ max V (0) 

1> 0 0 > 0 
(1.2.9) 

We consider now the following unconstrained geometric optimization 

problem. 

(P) g(t)--+min 

Corresponding to(p) we can formulate another maximization problem as 

follows . 

(D) V(O) __ Max 

j = 1,2,3 ... m} 

. Theorem 1.2.3 : Suppose the primal problem(P) has solution 

t · .Then there exists 0 * E S Such that g(t*)=V( (0 *)i.e 

max V(O) = min(l) 

0 > 0 1> 0 

Proof: Let g(t) = ul (t)+ u 2 (t)+ .. . +u N (t) where 

u dt)= ck t~1k ... t~;k , k=1,2 , ... N. and let t* be an optimal solution of (p) 

Then ag(t) = 0 
al) 

j =1,2 .. . M So we obta in 

Dividing these equations by g(t*) ~ 0 and defining 
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*._ Uk (t*) _ bk .- , k-1 ,2, ... N. (1.2.10) 
g(t*) 

N 

We get 0 = L ajk bk * =Dj , 
K-I 

j=1,2, ... m (1.2 .11) 

Thus the vector J * satisfies the orthogonality conditions more over it is 

clear from (1.2.10) tha t J* satisfies the normality condition. Hence 

>I< >I< o· ,., o· o· 
g(t ):=(g(t )) I .(g(t )) 2 •••• (g(t)) N • 

( 
. JO; ( . JO; ( . JO~ 

= UI~:) . U2~;) .... U~~ ) (1.2.12) 

• • It follows from (1.2.11) that g(t )=V(b ) this together (1.2 .9) 

We have 

ming(t) = max(J) 

t > O J>O 

>I< ,.. >I< '" 

CoroUary1.2.1: Let b = (b l,b2 , ... bN ) be solution of dual problem 

(D) . Then any vector t feasible to (p) that satisfies the system of 

• • equations uk (t) =V (b )bk , k=1,2 ... N is optimal solution of(P) . 

Theorem1.2.4: Suppose xE R", b E R~. Then x andb satisfies the 

inequality 

II II ( " ) ( " ) II ( " ) "L.5ixi - L J i In J i + LSi In LJi ~ LJiln L ex; (1. 2 .1 3 ) 
c,1 1=1 1=1 i = 1 c=1 i = 1 

Where we define J i In J i =0, when J i =0, i=1,2, ... n ; 

moreover the inequality (1. 2 .13) becomes equality 

if and only if there is some non-negative number b such tha t 

We call inequality (1. 2 .13) generalized geometric inequality. 
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II 

In particular, if 6 >0 and I6;=1,then (1.2.13) becomes 
;= 1 

(1.2.14) 

since x; is arbitrary number and <5 ; is positive number we can choose 

(1.2.15) 

Where T; , i; 1.2 ... n are fixed but arbitrary positive numbers. Then it 

results from inequality (1.2 .13) that 

Moreover equ ality holds if and only if 

6; = M;T;, i = 1,2 ... n 

Then (1. 2 .17) gives us b;Tl;T2= .... ;T II 

(1.2 .16) 

(1.2 .17) 

Since exponential function is monotone increasing we conclude from 

inequality (1.2.16) that 

II II 

TIT; ~ LAT;, i = 1,2, .. . n. (1.2.18) 
;;1 ;=1 

The inequality (1.2.18) in called the classical geometric inequality further 

more if 6; = 1/ n i;I,2, ... n for all i;I,2 ... m then the inequality (1.2 .18) be 

comes well known geometric inequality. 

Example 1.2.2: 

(p) g(t);40tl- Iti lt3 1 + 40t2t3 + 20tlt3 + 1 Oth -~) min, t; (t l ,t2 , t3 ) >0 

U I (t);40 tl-
I 

t i l t31 
, U2 (t) = 40t2t3,u3 (t) = 20tlt3 , U4 (t) = 10tlt2 

c i = 40 , c2 = 40, c3 = 20, c4; 1 O. 

The corresponding maximizing problem is :-
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(D) _ ( 40 )01( 40 )02( 20 )03( 10 )04 v(O) - - - - - ~ max 
01 02 03 04 

o E S, 

4 4 
S:= {& 141 2: Ok = l,Dj = 2: ajkOk =O,j = 1,2, 3 } 

k=1 k=1 

01= 01+ 03+0 4=0 

0 2=-01+0 2+0 4=0 

0 3= 01+0 2+0 3=0 

The normality condition is 

To solve the above equation we use elementa ry raw operation on the 

following matrix. 

- I ° I 1 

-I 1 ° 1 
- I ° 1 1 

and we get 

There fore 

0 

0, 

0, 

0, 

° ° 
° 

v 0* = (~)2 / 5(~)1 / 5(~) 1 / 5(~)1 / 5 = 100 
() 2 / 5 115 115 115 

Hence applying theorem 1.2.3 we have 

g(t*)=100 

Using corollary 1.2.1, Uk(t)= V(O* )O ; k=1,2,3,4 . 

t*=(2, 1,1/2) is one of the solution for (p) 

Example 1.2.3: 

(p) g(t)=t2+2t+3t -3 -~) min , t >O 

Now 
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CI =1,c2=2,c3=3. 

The corresponding maximizing problem is:-

( )"I( 2 )"2( 3 )"3 (D) V( 6) = ~I -y:; y; --> max 

3 3 
S:= { 0 & R3 I L Ok = 1, Dj = L a jk Ok = 0, j = l} 

k =1 k=1 

The orthogonality condition is:-

(1.2.12) 

The Normality condition is:-

(1.2.13) 

We can not solve directly for all 6i and must therefore choose the set of 

maximizing V(x), we write the reversed objective function as 

Using equations (1.2.12) and (1.2.13) we have 

s: _ 3 - 561 
U2 -

4 
(1.2.14) 

(1.2 .15) 

When (1.2 .14) and (1.2 .15) are differentiated we obtain 

Since d[ln(v( 6)) I dol = ° at the optimum. we now differentiated (1.2 .14) with 

respect to 61 after we replace d 62 and d 63 interns of d 61 simplifying and 

the set of r esults to zero we obtain 

II 
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Since a qua ntity whose logarithm in zero equal to 1 we get 

When we replace 62 and 63 in terms of 61 we get 

1.31
/

4 
_ 61(1+6

1
) 114 

4.25/ 4 - (3 - 56
1 
) 5/ 4 . 

Numerical solution of the above yields 

01 = 0.260,02 = 0.425,03 = 0.315. 

min get) = max v(6) = 5.59 
1>0 ,5>0 

and h ence we h ave 

Log (0.266)=2 log t- log 5.59 

and fina lly t= l. 2 

Hence t=l.2 is the optimal solution. 

2. Basic concepts and techniques of geometric optimization 

Geometric optimization treats the problem of minimizing posynomial and 

maximizing the dual function . 

2.1 Primal and dual problems 

The primal problem in given by : 

(A) 
flO m a . 

go (t)= L Ck n t/ ~min 
k=1 ;= 1 

,tF; S, 
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_ III a 
S := (t E RIII =Igi (t) = I Ck [11/ ~ I , i E {1,2 , ... ,p} , I > O}. 

keJ[i ] )=1 

Where the index set J[i] ={ ni_1 + I, ... n;} I=1,2, .. p .and Ck >O,a)k Ii R 

j Ii {I, 2, .. llo } . 

Then we assign to (A) another optimization problem where we use the 

samea)k,ck andJ[i]. 

Then corresponding dual problem is given by: 

(8) lieS 

11 0 11 

rS Ii R,; I IrSi = I, IrSiaij = 0,) = 1,2, . .111 } . 

i=1 i=1 

Where 

We use the following denotation. 

Sand S are called feasib le sets. 

go (t) is called primal function. 

The variablestl ' t2 till are called primal variables . 
'""' 

The matrix (aij) is called exponent matrix . 

The objective function V is called dual function and 

61, 62 , .... 6111 are called dual variables . 

Remark 2.1.1: 

1. In evaluating V( rS) we use 

continuous in its domain. 

x - x 
X =x = 1, for x=o Hence V will be 
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2. The factors c k appearing in the dual function V(,,) are the coefficients 

of the posynomial gdt) i~1,2, ... p and ks J[i] 

~ . . d . hkfh ta j l t aj , t aj" 3. U k IS assocIate WIt term Ck I 2 .... 111 of (A) so that each term 

gi (t), i~O,1,2, .. p is associated with one and only one of dual variables 

151,152 , ... 15111 • 

4. Each factor Ai (15),"(.5) comes from constraint gi (t)~ 1 

5. The coefficient matrix (a jd appearing in the orthogonality condition is 

simply the exponent of matrix of (A) . 

Definition2. 1. 1Suppose a primal geometric optimization is given the 

number d~n-m-l,where n is the total number of terms, 

m is the number of independent variables, is called the 

degree of difficulty. 

Example2. 1. 1: 

(P) g(t)~ 40t l t ; 1 +40t2t3 + 20tlt3 + 1 Otilt2 -~) mint = (t l , t 2, t3) > 0 

we will determine degree of difficulty of those problem 

n~ total number of terms~ 4 

m~ number of independent variables~3 

Hence d~n-m-l ~ 4-3-1~O. 

Theorem 2.1.1: Let b k andb'k k~1,2, ... n be non negative number then 

Moreover equality holds true if and only if b k = yb'k for some 

y>O, kl,2, ... n . 

Theorem 2.1.2: IftsS and &S thengo(t)::::V(b'). 
14 



Proof: let t:= (t1h , ... , t/l1) c Sand 0:= (01, O2 , •.. ,0,,) E S be arbitrary. Then 

using Theorem 2.1. 1 It follows for i=O ,1, ... ,p . 

2:: 11 
k&f[;J 

( J 
1: 0, 

. IOk ' d [il 

k&f [i J 

since t E S , we have 

1 2:: g;(t) i= 1,2 ... p. 

Thus 

for all I=I,2 , .. ,p. 

Which implies 

1 2:: fI (g; (t) ),JI'/' (2. 1.2) 
;=1 

mUltiplying both sides of equations by (go (t) ),.710/ ' . 
We get 

1: 0, 

( ) 
I 0 P ( ) 'dliJ 

go(t) 'd[OJ ' ;>: IT g;(t) 
;=0 

U sing the n orma lity condition, the definition of A; a nd in equa lity (2. 1.1) it 

follows that 

15 



go (t) ~ V( 0) TI [ I1 J(fr t?O, J 
i=O k&![ij j = 1 

The factors multiplying v( 0) are just 

p 
r L a"o, 

P i=Okcl[i ] } 

IT t j 
j= 1 

Which equals 1, using the orthogonality condition and the fact that t j >0 

for j=l, ... m. Hence for all feasible t and owe have go (t)= V(O)./ / 

Note that if (A) is solvable then the above theorem asserts that 

mingo(t) :?: max(o) 

t E S OES 
(weak duality). 

2.2.Some properties of primal and dual program 

" 0 

Consider the posynomial g(t):= I ckt1
a

" t~2k .... .t,~i'" and make a change of 
k=1 

z 
variables by setting t j := e } 

m 
110 ra 'k 

g(z):= I Ck ei=1 } 

k=1 

Wh ( ) R ill 

ere Z = ZI ,Z2, ",ZIII & . 

g is convex since 

j=1,2, ... m. so we get 

f(x)=ce
x 

is convex for c>O, any positive linear combination of convex 

function is convex and hof is convex for any monotone increasing convex 

function h and convex function f. 
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Thus each posynomial can be transformed into convex function 

consequently the primal program (A) can b e transformed into the following 

convex optimization problem. 

Transformed primal problem 

(A z ) go(z)--+ mm ,Z ES, 

S: = (zERllllgi (z):o.l, i=1,2 ... P) , 

Where gi 
( ~o .,z.) 

'"' "_ I ) J (z):= L.,.cke J- , k=O,1,2 ... p. 
k&![i) 

Here J[i] is the same set as in chapter 2 .1 let m be the number of primal 

variables. Now using this formulation let us show that each primal 

problem (A) can be formulated so that its exponent matrix (a jk) will have 

rank m . we will show this . For this we use the primal program (Az) 

i.e. go (x) = L ckex
, --+ min, x := (XI' x2 , ... X,,) E S 

S: ={x&R"lgi(x):Lckex
, ::0; l,i= 1,2, ... ,p } 

let A j be the jth raw vector of the exponent matrix A:= (a jk ) IIIX" ' n=n p with 

vector XE span ((AI , A2, ... Am}) 

A l A2 Alii Let r be the rank of A.Then obviously r:o. m , If r<m, , , ... , are 

linearly dependent and can be partitioned into a basis for the raw space of 

A and a set of vectors that depend linearly on this basis vectors. 

Th ere are (m-r) vectors. In fact this partition is not unique but for a given 

partition those variables corresponding to raw vectors not in the basis can 

be assigned a rbitrary values, hence can essentially be eliminated from 

status of a variable with out affecting the optimal value of transformed 

problem (A z ). Thus with out loss of generality we can always assume that 

the exponent matrix h as rank m If such an exponent matrix is square then 

the zero vector is the only vector never satisfy the orthogonality condition 
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,but the zero never satisfy normality condition so we h ave the following 

property. 

Property2.2.1: Each non-trivial primal problem of geometric optimization 

can always be formulated so tha t its exponent matrix has rank m , 

the number of primal variables with m being 

strictly less than the total number of terms n. 

For geometric programming problem s with degree of difficulty d >O we can 

construct basis vectors b(j), j=O, 1,2, ... d so that the general solution to 

dual constra int is 

t5 := b(O) + f r)b i 
)=1 

d 
wh ere r) E R satisfies Ok := bk (0) + I r)b~)) 2: 0 

)=1 

k=1,2, ... n. Here b Y) denotes the k'h component of the vector b (j) we call 

the variable r ) basic variables. The vector b (0) which satisfies both, 

normality and orthogonality condition, is called a normality vector. The 

vector b (J), j =1,2, .. . d a re linearly independent solutions to homogenous 

counter part of the normality and orthgonality condition and are called 

nullity vectors. 

writing the dual function interns of the basic variables gives as 

Now let k ) := 
/I 

IT bk (j) . - 0 1 2 d Ck ,) - " ... 
k =1 

d . /I P 
Then V(r) = koCTIk? )(TIO;Ok)TI AiCO) A/ (O) 

)= 1 k= 1 i = 1 
/ 

18 
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we call K , j=1,2, .. d basic constraints. 
j 

Transformed dual problem 

(B,.) 

d 

Where A.iCr):= A.iCO) + L>jA.~j), i = 1,2",p 
j =1 

o(j)._ "b(i) z' - 1 2 p}' - ° 1 2 d /Li .- L..J k ' - , '" , - " ... 
K&f[j] 

,r & U , 

Note that the nullity vectorb(j) . j=1,2, ... d form a basis for the solution 

Space of the linear homogenous system 

I/O 

IYk = 0, 
k= 1 

1/ 

IajkYk = O, j = 1,2 ... m. 
k= 1 

Theorem2.2.1: Let 0> 0 and be feasible to dual problem (B).Then t5 is an 

optimal solution of the dual problem (B) if and only if 

1/ P 
k:= CD bk

b, (j) ) II A. Ct5f,!(j) , j = 1,2, .. , d (2.2 .1) 
} . 1 1 

k= 1 1= 

(2.2.2) 
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/I 

k j = II cZk(j) ,j=I,2, ... ,d. 
k=1 

When 6 is feasible for dual problem (B) and satisfies (2.2.1) we call 

equation (2.2.1) maximizing equation. These equations form a system of d 

non-linear equations in d basic variables6j . By solving this system we get 

an optimal solution for the dual problem (B) 

Definition 2.2.1: An optimization problem is said to be consistent 

if and only if the feasible set is non empty. 

Definition 2.2.2: (A) is said to be super consistent if there is at least one 

t* which is in the int S. 

Remark 2.2.1:_Primal problem (A) can consistent with out being super 

Consistent but each super consistent problem is consistent. 

Theorem 2.2.2: (First duality theorem of geometric optimization) 

suppose (A) is super consistent and let t* be a solution of (A). 

Then 

i) There are non-negative Lagrange multipliersf.Lk ' k=I,2 ... P 

such 

p 

that the Lagrange function L (t, f.L ):= go (t) + I f.Lk (gk (t) -1) 
K=I 

has the property 

* * L(t*,f.L)~L(t*,f.L )=go(t )~L(t,f.L *) (2.2.3) 

for arbitrary t>O, f.L >0. 

ii) (B) is consistent. 

iii) go (t)=V( 6 *), where 

20 



(2.2.4) k=1,2, ... ,p. 

fu 

(iv) If (i * is a solution of (8) then each solution t* of (A) satisfies 

the following system of equations. 

• Wherek E{1,2 , ... P}suchthat Ak ((i »0. 

,id[O] 

,id[k} 

Proof :To proof this theorem we use transformed primal program (A z ) 

(i) From chapter 2 .2 (A z ) is a convex optimization problem. Now we 

suppose that (A) is super consistent and t* be a solution of (A). Then 

trivially (A z ) is super consistent and z*= lnt* is a solution of (A z ) 

k=O , 
(2.2 .6) 

, k = 1,2, .. , P 

• and applying the Kuhn- Tucker theorem there are ;Uk~ 0 k=1,2, ... P the 

Lagrange function with regard to the primal variable t is written as 

, 
L (z,;u)= 

Has property 

p 

go (t) + I;UK (gK(z)-l) 
k =1 

I , * * , * 
L (z,;U )::;L(z, ;U ) =gk(z)::;L(z,;U) (2.2.8) 

for arbitrary z &R Ii1 and;u ~ 0 .We have 
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gk(t):=g(Z) k=I,2, .. p,then the lagrange function with regard to primal 

variable t is written as 

P , 
L(t, J.I.) =go (t)+ :L J.l.k (gk (t) - 1) = L (z, J.I.). 

k=1 

* * Hence L(t, J.I.) ~ L(t*, J.I. )= go (t*)~ L(t, J.I. *), for arbitary t >O and J.I. ~O 

ii) From (2.2 .8) we h ave that 

L(z*, J.I. *)~ L(z, J.I. *) 

Clearly z* is un constrained minimizing point for L (z, J.I. *) from basic 

concepts of calculus we have 

m • 

aL(z, J.I.*) I :LII j~,a ijz 
• = a,iic,·e a Z=Z " 

z) c= 1 

divide the above equation (2.2.9)JJ:t..?:o (z*) then we get 

i = 1 go(z*) 

~ 

m • 
E a··z· 

j= 1 U I 
II a .. c.e L lj I 

;=1 go (z*) 

,i& J[i] 

,i&![k],k = 1,2, ... p. 

=0 

(2 .2.1 0) 

Thus, 5 * satisfies the orthognality condition of (E), more over 

1= L (2.2.11) 
iEJ[o] 

22 
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• Thus <5 * satisfies the normality condition of (B) Since Jlk 2:: 0 it is clear that 

<5 * satisfies the positively condition of (B) there fore (B) is consistent. 

(iii) Let k; 1,2 ... P. Then from (2 .2 .10) we have 

• • 
But Jlk(g(z ) - 1)=0 

This implies that 

Therefore from (2.2.12) if follows that 

* Ak(5*) = Jl 
go (z* ) 

(2.2.13) 

Z Now put t*;e ,then (2.2.10) be comes 

• u j (t ) 
• go(t ) 

, i&![0] 

• • 
JlkUj (t ) 

• go(t ) 
, id[ k], k = 1,2, ... p. 

Furthermore from (2 .2 .13) if follows that 

* A (5*) = Jl when t* = e Z
' 

k g o(t*) 

By substituting Ak(5*)in to (2 .2.14) we get 

Then by theorem (2.1.1) it follows that 

go (t*);V( <5 *) 

(2.2.12) 

(2.2.14) 

.. -
Since V( 5) ::; go (t ) = V(5 ) for all <5 c S ,we have that 
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• V(o) s V(o) for all &S 

Therefore, 5 * is a solution of (B). 

(Vi) Let 5 * be a solution of (B) and suppose that t* is a solution of (A) Then 

by (iii) we h ave go (t*) ~ V(5*). By theorem (2.1.1) t* and 5* satisfy the 

relation (2. 1.1) . Therefore, when -idok *) >0 , t* satisfies the equation 

given by (2.2 .5 .)/ / 

Theorem 2.2.3: (Second duality theorem of geometric programming) 

Suppose (A) is consistent. If there is 5 *>0 in S, then t* is a 

solution of (A) . 

Proof: 

Suppose (A) is consistent and 5 *>0 be in S for simplicity we work with 

(A z ). In doing so we con sider the column space of exponent matrix 

A:~(aij ) ' i~ 1,2,3 .. . n, j ~ 1 ,2,3 ... m. 

III 

let xi ~ I aijzj' 
j ~ 1 

Then we have 

i = 1,,2, ... n (2.2. 15) 

(2.2.16 

Since (A)is consistent (A z ) is consistent. Thus there IS a sequence 

(Z q) ;=1 of vectors with the properties 

gk(Zq ) s 1,k = 1,2, .. p ,q = 1,2, ... (2.2. 17) 

and lim go(zq) = M, (2.2.18) 
q--+oo 

Where M is the constrained infimum of go' From (2.2. 15) we h ave a 

sequence (x q);= 1 ~ 1 of vectors in the column space of the exponent matrix 
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A. we claim x q is bounded from above as q a pproaches infinity. other 

wise (2 .2.16) shows that at least one of the sequence(gk(zq));~l' 

k~O, 1,2, ... P is unbounded from above. This contradicts (2.2.17) and 

(2.2.18) Using (2.2.15) we observe that 

11* mJl* I bi x? = I (I bi aij )zJ = 0, q = 0,1,2, ... (2.2.19) 
i~ l j~ l i ~ l 

Since x q is bounded from above as q approaches infinity and 5 *>0 then 

(2.2. 19) implies that x q is bounded from below. Therefore, x q is bounded 

since the rank of the exponent matrix is finite the boundnes of zq follows 

as q a pproaches infinity. Hence the sequence(zq);~l has a limit z*. By the 

continuity ofgk (z) ,k=O, 1,2, ... P we have gk (z*) = lim gkC z q
) S I ,k=I,2 ... P. 

q-7 00 

Thus z* is a solution of (A z ) 

z~ 
Letting t j *=e } , we conclude that t* is a solution of (A) ) / 

Now we solve a given geometric optimization problem. 

Example: 

(P) 

S:= \tER3Ig1(t) :=lISt l- lt2-1I2+3ISt - lt:;2/3S I,t > O} (I) 

(P) is primal problem with 

J[o]= {1,2} J[I]=[3,4] 

~ (5)= 53+54 

The exponent ma trix is given by 
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I I 0 

0 I I 

- I -11 2 0 

0 - I - 2 / 3 

The corresponding dual problem is given by 

(D) V(0):=(~~r ( ~~ rC;35rr;45r\"3+03 )03+04 ~ max , OES, 

Now we have 

01+ 0 2=1 

01-03=0 

o 1 + 0 2· 1 / 203- 0 4=0 

02-2/304=0 

o i ~O, i E {1,2,3,4}. 

Now we have 

o 

o 

- I 

- 112 

o 
o 

o 
- I 

-2/ 3 

o 

01 

02 
03 
04 

= 

Using elementary raw operation weight 

o 
o 
o 

It is clear from the formula for g 1 (t) that the hypothesis for both first and 

second duality theorems are satisfied hence their conclusions are 

applicable. 

The value of the dual function at 0 • =(1/2, 1/2 , 1/2,3/4) is V(O *)=40 

We conclude from duality theorem that go (t*)=40 

Now we d etermine t*=(tl *,t 2 *,t3 *) 
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According (iv) of first duality theorem the number 0 I * and 0 2 * when 

multiplied by go (t) give first and second terms, respectively of go (t) , i. e . 

• • 20t2t3 =1/2 .40 (3) 

According to the third conclusion of the first duality theorem the fact that 

o 3 * a nd 0 4 * are not zero, implies that forced constrains (1) is active , that 

is g I (t*)= 1, It then follows from conclusion 4 , th a t the firs t and second 

>I< >I< >I< *... >I< 

terms of gdt*) are given by 03/ (03 +04 ) and 04/ (0 3+04 ) respectively 

that is 

. -1 .- 1/ 2 

1/5t l .t2 = 2/5 (4) 

a nd 
.-1 12 .-213 

3/5t 2 '/3 =3/5 (5) 

• • • To obtain the values t l ,t2 ,t3 we take the logarithm of both sides of (2),(3) 

(4) and (5) 

• • log tl +logt2 =-log2 

• • logt 2 + logt 3 =0 

• • -logt l -1/2 Iogt 2 =log2 

• • -logt 2 -2/3Iogt3 =0 

• Solving this we get t =(-log2,0,0) and t . is one of the solution of (P)./ / 
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2.3. Application of Geometric optimization. 

2.3.l.Engineering principle Example in electrical Engineering 

transformers. 

The function of a transformer is to convert power of one voltage and 

current into power at second voltage and current we denote. 

Primary voltage (V p) as the voltage input 

Secondary voltage (V s) as the voltage out put 

Primary current (J p) as the current input s 

Secondary current (J s) as the current out put. 

Relation between V p, V s, J p' Js 

Faraday's law of induction is f Eds =10.8 BA Fe (2.3.1) 

Where E=Volt per centimeter 

B= gauss, length in centimeter 

A Fe = cross sectional area of allege of iron core. 

The line integral is taken around this leg. 

Because, 

v p = N p pEds ,and V p = N s pEds s = N s 

v V 
we obtain ~ = _s_ 

Np Ns 

Where N p = Number of turns of primary . 

N s = Number of turns of secondary . 

Amperes law for the Electric current is 1H.ds = O.4ITJ total 

(H is oersteds, Jin amperes) 
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Where this line is taken around both primary and secondary coils. Since a 

very law J lolal is required to bring the iron to near saturation compared to 

the total J in the primary or secondary coil, taken separately, J lolal is 

essentially zero compared to its two component parts, and hence 

(2.3.4) 

The two relation (3) and (4) are consistent III that their product gives. 

J pVp o= J sVs 

Hence primary power 0= secondary power 

We wish, of course, to perform the desired power transformation by using 

as little material as possible . The cross-sectional area of the iron core, A Fe' 

must be large enough to produce with a fixed flux density, the required 

V p,hence 

- 8 
10 B .ApeN p~V p 

Simila rly, the cross-sectional area of the copper coil Aell must be la rge 

enough so that for a fixed current density i the primary wire carries that 

required current; that is, 

In writing this inequality, we have implicitly assumed that half the copper 

coil forms the primary and half forms the secondary. The question of the 

appropriate number of turns N p can be, at least temporarily, circumvented 

by multiplying these two inequalities together to obtain. 

-3 / 2 -8 A 2 10 a.> B i A Fe ell ~ power ( in watts) (2.3.5) 

where a.> is the circular frequency. 

For multiple phase transformers the right side of (5) to be interpreted as 

1 
power per phase. The factor has ----:s72 arisen from the convention of letting 

2 
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B refer to the magnetic flux amplitude, where as i refer to a root mean 

square time average and power, to a time average. The power constraint 

(2.3.5) prevents the designer from making A Fe and AC!I' Hence the volume 

of iron and the volume of copper as low as he wishes, The constraint 

however is less sever, the higher the magnetic flux density B and the 

higher t he electric current density i. Other constraints prevent u s from 

raising Band i arbitrarily high. Thus B can not be raised above the 

saturaturtion limit of about 20,000 gauss, and i can not be so high that it 

causes an excessive rise in temperature with an attendant rapid insulation 

deferioration. Before these natural limits are reached we could be 

constrained from raising Band i simply by loss limitations. The magnetic 

loss can be expressed interns of B and the iron volume V Fe' by. 

/Iv loss mag/l =Aw B Fe (Ironloss) (2.3.6) 

The exponent n increases with increasing B, having the value of 3.5 for B 

in the range of 16,000 gauss. Similarly the ohms loss can be expressed 

interns of i , thc resistivity p and the copper volume Veu by 

.2V loss ohmic = P 1 elf (Copper loss) -(2,3.7) 

The actual constraints that a designer must adhere to will in practice, 

conform to the sales strategy of the manufacturer. In the following we 

assume a rbitrarily that this strategy is such that the iron and copper 

losses limit Band i. 

The constraints we h ave encountered contain the geometrical dimension of 

the transformer, either a cross-sectional area AFe or AC!I or through 

a volume, VFe or VC!I ' These are not, however independent geom etrical 

parameters. The independent geometrical parameters are the height and 

width of the iron core window, a and b, the height and width of copper coil 

window a' and b '· The two cross sectional area are given by 

AFe=a 'b' (2 .3 .8) 
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The two volumes are most conveniently expressed through the 

introduction of the "mean Iron length" and the "m ean copper length " 

defined by the equa tion. 

V Fe= L FeAFe (2.3.9) 

These two m ean lengths are linear functions of the four basic geometrical 
, 

parameters a, b, a , b'. The coefficients of the linear function depend on 

whether the transformer is single phase (1<1» or three phase (3<1» and 

whether it is a simple interlocking core and coil, "Copper type" 

construction or "shell type" construction. The coefficients also deepened on 

whether the coil corners are square or rounded. In a ll cases the linear 

functions can be written as 

LFe = aa + fJb = ya' + ,0., 

Leu = a'a' + 13 'b' + y'a +,0.. 

(2.3. 10) 

Th e six coefficients a, 13, a', 13', y ' h ave fixed values depending on the 

type of transformer .The clearances ,0. and,0.' would be zero if the cores and 

coils fitted tightly around one another. The n eed for electrical insulation 

requires that these clearance be non vanishing, their precise value 

depending on the voltage class of the transformer. 

Mathematical Modeling 

In any engineering design problem we must first decide which are the most 

important engineering elements to be considered. Here we take the "Iron 

volume" "Copper volume," "Iron loss", "copper loss" and l / power as basic 

engineering elements and we denote the by E1, E2 , E3 , E4 and E5 . Using 

these basic engineering elements we may formulate different design 

objectives we m entioned some of these below 

(Dol) E s ~min 

31 



Subject to 

Where E I , E2 and E3 are constrained not to be exceed the fixed values 

X I ' X 2 , x3and X 4 , respectively instead of maximizing power we may wish to 

minimize the total cost, defined as malarial cost plus the present worth of 

future power losses, subject to power constraints, we formulate it as 

follows. 

(002) 

Such that E s::; YI 

Where YI fixed positive number 

Because each objective result in different design, in spite of the same 

engineering elements being considered for each objective, it is important 

that the most appropriate objective be chosen In the choice of design 

objectives, the Engineer who is not imposition to choose to objective of 

course aquatint the sales department with the various possible choice and 

consequences there of. 

Application of Geometric programming and General 

conclusions derived there from. 

The above optimization problems are geometric optimization 

problems with five terms and six variables a, b, a', b' i, B. The first four 

engineering quantities normally £1>£2'£3,£4 contain a volume as a factor 

hence from (2.3.9) and (2.3.10) they contain four terms each these together 

with the fifth engineering elements E 5' constitute 17 terms and in all. So 

the primal problem in both cases has 17 terms and 6 variables (primal 

variable). Thus our degree of difficulty is d=17-6-1=10. But this degree of 

difficulty can be radically reduced by a subterfuge commonly used. 
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Used in geometric optimization. To do this we consider the mean length 

L Fe and Leu themselves as variables that must satisfy the constraints. 

6 thterm 7th term 8 th term 12th term 

6th therm 7th term 8th term 12th term ,..........., ,..........., ,..........., ,..........., 
ax fia rat f, 

::; 1, + + + 
LFe LFe LFe LFe 

11th term 
9lh term 1 Dth term ,..---A----., 13th term 

,..--"---, ,..--"---, r-"---, 

ala' fi'b' rIa '" f,' 
+ + - + - <1 

Lell Leu Lell Lell 

Now each engineering element is a single term. Specifically 

El~LFea'b' 

E2 = Leuab 

(2.3.11) 

The five terms, together with four terms in each of our new constraints, 

give a total of thirteen terms. In the process of reducing the number of 

terms, we have also introduced two new variables L Fe and L eu' therefore 

raising the number of primal variable from six to eight. Our new degree of 

difficulty is four. Our engineering elements already numbered 1 to 5. The 

terms in our new constraints are appropriately numbered in (2 .3.11) 

Now the dual function V: R13 ~R and the dual vector that 

maximizes V is of the form 
4 

6 = b(O) + "rb(J) where b (0) 
L., J ' 

is the normality 
j~1 

vector and b (j) ,j=1,2,3,4 are the nullity vector. Obviously this 
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representation is not unique. So we obtain a representation of .5 that will 

yield maximum information by more inspection. For this we start by 

solving the simplest problem, for which the dual vector is a single point. 

Then in each succeeding step we add at most one more dimension to the 

hyper plane containing .5 by considering one additiona l term. Now 

assuming the cores and coils fitted flightily a nd neglecting the term 

corresponding the copper corner we get the following optimization problem 

y'a 
( ~ = ~' = 0 and -- vanishes ) 

Leu 

(P) 

Such that 

g3(t):=C 3AmB" LFea' b ':,:l 

g4 (t)=C 4 P i2Lcuab:,:1 

aa' Bb ra' 
gs (t) := - + - +-:s:l 

LFe LFe LFe 

Exponent matrix of (P) is given by 

- 100,,000000 

A:= 

- 1000200000 

- 1010101000 

- 1010101000 

- 11 0 1000001 

- 1101000001 

010101 - 1- 1- 10 

00101000 - 1 - 1 

, (B ,I ,a, b, aI, b' ,Lpe,Lcu»O 

The corresponding dual function V is a function 

V: R 10 --+R 
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Any feasible solution t5 of dual problem has to satisfy the system 

<>1=1 

At5 T =O 

Where t5: = (0 I' t52, ... , 0IO)~0 

Moreover the degree of difficulty of this problem is 1 so 0 is of the form 

0: = b eD) + r b (l) 

Where b ioi is the n ormality vector and b ( I) is the multi vector u sin g simplex 

a lgorithm or some other standard techniques of linear algebra the 

representa tion of the feasible point t5 of the dual problem is obtained to be 

t5 = blol+r bill where 

blOI= (I 2/ =-!. ~ ~ ~ ~ ~ 0 ~ ~) 
, / 3 ' II ' 6' n' 2 ' 3 ' 3' '3' 3 

b lll=(O, -1,1,0 ,0 ,0 ,- 1, -1,1,0,1) 

r~O 

( I ) 

By an inspection of the components of b we conclude the following at 

optimum design 

i) The iron corners make no ch ange in the relative valu es of the 

iron and copper losses 

ii) The iron corners make no change in the relative value of a and 

b. 

iii) The iron corner increases b with respect to a and therefore 

change the iron section from squares to rectangles with : : < I . 

iv) The iron corner increa ses the ratio of copper volume to iron 

volume. 
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2.3.2.Example in determination of optimum machining conditions 

Geometric programming has been applied for the determination of 

optimum cutting speed and feed which minimize the unit cost of a 

turning operation 

I) FORMULATON AS A ZERO DEGREE OF DIFFICULTY PROBLEM. 

The total cost of turning per piece is given by 

fo (x)= machining cost + tooling cost+handling cost 

(2.3.12) 

Km =cost of operating time (Rs/minute) 

K/ =tool cost (R s I cutting edge) 

tm =Machining time per piece (minutes) = 11" DLjl2VF 

T=toollife (minutes (cutting edge)= [a/ (VF b J I\e 

te=tool changing time (minutes I cutting edge) 

th =handling time (minutes/work piece) 

D=diameter of the work piece (inches) 

L=axiallength of cut( inches) 

V=cutting speed (ft/minute) 

F=feed (inch I revolution) 

a,b,c=constants in tool life equation and 

Since the constants term will not affect the minimization, the objective 

function can be taken as 

(P) f(X)-C V-IF- I + C V(1 / e- l) F(b l e-I) -'0. min X - 01 02 ---,., (2 .3. 13) 

subject to 

- I < 1 F max- (2.3.14) 
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Where 

KIIlTIDL d TIDL(Kn,tc + K,) c - an c -
01 - 12 02 - 12al1c 

F max =maximum feed allowable on the lathe 

Since the total number of terms is 3 and the number of variables is 2,the 

degree of difficulty d=3-2-1 =0. 

By using method so far we used the solution of this problem we obtain 

V· = 323ft / min , F* = 0.05inch / rev f(V *, F*) = Rs 1.03per piece. 

The data used in obtaining this result is: 

Kill = 0.10, K, = 0.50, tc = 2.0, D = 6.0, L = 8.0, a = 140.0, b = 0.29, c = 0.25, 

Fmax = 0.005. 

II.Formulation as a one degree of difficulty problem. 

If the horse power on the la the is given by P max ,the power required for 

machining should be less than P max .Since the power required for 

h · . b d al Vb, F C
' <_1 h b mac mlng can e expresse as were ai' I' c i are 

constants, this constraints can be stated as follows: 

(2.3.15) 
Where 

P -I 
C21 = a max 

If the problem is to minimize f given by Equ ation (2.3.12) subject to 

constraint (2.3.14) and (2.3.16) it will have one degree of difficulty. By 

taking P max =1.0 and the values of ai' b l and c l , as 3.58,0.91 and 0.78 

respectively, in addition to the previous data, the following result can be 

obtained 

V*=290ft/min F*=0.005 inch/rev 

f(V*,F*)=R s 1.05 per piece 
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III Formulation as a two degree of difficulty problem. 

If constraints on the surface finish obtained is included as 

Where a2 , b 2 and c 2 are constant and 8 max is the maximum permissible 

surface roughness in Micro inch, we can restate this restriction as 

C Vb2 Fe, < 1 
31 -

(2.3.18) 

(2.3.19) 

If the constraint (2.3.18) is also included , the problem will have a degree of 

difficulty of two. By taking a2= 1.36xl08 , b 2=- 1. 52x, c2= 1.004, 8 = lOO 
max 

micro inch F =0.01 , and Pmax = 2 .0 (not 1.0) in addition to previous data 
max. 

we obtain the following. 

V*=3 11 it/min, F*=0.0046 inch/rev 

f(V* ,F*)=Rs1.11 per piece. 
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3. FURHTER ON DUALITY THEORY 

In this section we will consider the concepts, infimum and supremum. 

3.1. The strong Duality 

The primal problem is given by: 

no 111 a jk 

(E) ga(t):= LCk TIlj --+inf ,IES 
k= 1 j=1 

S:= f & R~'lgi(I) = L Ckn l?.<=I,iE{I,2, ... p}} 
kt:![i ] i = 1 

Where the index set J[i] := {ni_l+1 , ... ni}' i=1 ,2, ... p and Ck>O, a j,Ei R, 

P 

jEi (1,2, ... m}.kEi UJ[i]with J[O]:= {1,2, ... ,na} 
i=O 

Then we assign to (E) another optimization problem where we use 

lhe same a jk' ck and J[i]. The corresponding dual problem can be 

formulated as follows. 

(F) 

S =: 
{

I/O ° E R/' I i~1 0i = I, 
1/ 

L 0iaij = 0 
i = ] 

,j = 1,2""m} 

Where Ai(5)= I5k ,i= 1,2, ... p . 
ks J[i ] 

We use the following denotation: 

g a (t) is called primal function. 

S and S is called feasible set. 

The variable t ,t 2 '''' til/are called primal variables. , 
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The matrix (a j' ) us called exponent matrix 

The objective function V is called dual function and 

61,62 , .... 6m are called dual variables. 

Definition3.1.1: An optimization problem is said to be consistent if and 

only if the feasible set is non-empty. 

Definition3.1.2: If an optimization problem (E)is consistent, then we 

denote inf(E):; go(t) . 
loS 

Definition3.1.3: (E)is said to be sub consistent if and only if 

gi (t)~ l /x, i& {1,2 , ... p} for a ll x& (0 ,1), t&R:' . 

WedenoteME (x):; infxgo(t) , x&(O,l). 

Definition3.1.4: The sub infimum of (E) is defined as 

M E ; limM E (x). If the limit does not exist the 
xii 

subinfimum is said to be infinite. 

{ 

m 

LetP:; X E JR" I Xi = '[.aijzj' 
j= 1 

wherez
j 

; Logtj,j& {1,2 ... m} 

i E {1,2 ... n i E} j e{1,2, .. m}} 

Using the same Ck as in (E) we can transform using P as follows 

Transformed problem 

"0 

g (x):= '[.Ckex, --+ inf,x E S' 
o k=1 

, { " 0 } S; X E P i g I (x):= '[.ckex
, ::;l,i E {1,2, ... p} 

K EJ [i ] 

Let p .L = D 
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Lemma3.1. l:Let X=R" P,DcX x, p-L=D,X=(X1,xZ' .. X,,) con sider 

rp = {i IXi =0 for each xED, x~ O} , 

andr D . ={th ere is ayE D, y~O, Y i >O} , 

then rp. = r D == r, where r is the irreducible integer set for (E) and , , 

(F) 

More over there is x* E P with 

Furthermore there is a vector y* E D with 

*{> 0 i i10 r 
Yi 0 . r = I E. 

Definition3.1.5: (E) and (F) a re said to be canonical if r={1,2, ... n} 

otherwise (E) and (F) are said to be degenerate. 

Definition3.1.6: degenerate problem (E) and (F) are said to be totally 

degenera te if and only if r n {1 ,2, . "n }= ¢ 
o 

Definition3.1. 7: Suppose is (E) not totally degenerate. (E*) is said to be 

the reduced form of (E) if a nd only if 

(E*) g~ (t)= 2:: CkTIt?, ~inf tER 
r nJ[O] 

R :=¥E R~'lg;= 2:: ckTIt?:sl , i E L } 
kefnJ[i] 

wh ere 

L i = { i > 0 I r n J[ k 1 ;to ¢ } and 
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r is the irreducible integer set for (E) 

Definition3. 1.8: Suppose (F) is not totally degenerate (F*) is said to be the 

reduced form of (F) if and only if 

(F*) V*(O) : = [I!( ~)'5i ][I~P; (0)'li (O)] ~SQP,OET 

T: ={O ER+ I L 0; = 1, LOiQij =0, J=1,2 ... m,iEr} 
rnJ[o] 11 

• Where Ai:= '[,Ok = 1 , kE L 
f n J[O] 

L . : ={ i>O I r n J[ k I'" ¢ } alld r is irreducible in! eger set for (F) . , 

3 .2 STRONG DUALITY THEOREM 

THEOREM3.2.1: If (E) is totally degenerate and consistent, then its 

infimum is zero. 

Proof: Since (E) is consistent, we have (E x) is consistent, Thus there is 

a vector X
O 

E P such that gk(xOh 1, k=1,2 ... p . (3.2.1 )According 

to theorem 3 .1.1 and definition (3.1.5) there is x*E P for 

which 

x* i <0, is J[O] (3.2.2) 

p 

i E UJ[k] • x i *~O, (3.2.3) 
k=O 

Now we consider {x q };=O = ° defined by q_O • -0 12 x -x + qx ,q- " , ... 

Since g (x q )= '[, c eXiO+qx; , k = 0,12 .. p 
k J[k] , 

(3.2.5) 
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It follows from equations (3.2.1) and (3.2.2) that the vector x q ES', 

q=I,2 . .. a lso xqEP because xO and X*EP. Thus XqES, for q=O,1. .. 

moreover from equations (3 .2.2) and (3.2 .5) it follows that 

Iimg (xq)=O. 
q~oo 0 

Hence Me:: ° which implies that Me =0 since g (x) of (E) IS always o 

positive. / / 

Theorem 3.2.2.If (E) is totally degenerate and sub consistent then its sub 

Infimum Me is zero. 

Proof: 

we consider the problem 

o go (x) ~min x, xEW 

W:= {xE P I 0 go(t)::I, k=I,2 ... p} 

which is consistent for eachO E (0, 1) because (E) is sub consistent. It 

follows from theorem 3.2.1 that infMe(O) of (E(e)) is zero because (E), 

hence (E(O)) is totally degenerate. SinceMe = lim Me (0) it follows that 
atl 

Theorem 3.2.3: If (F) is totally degenerate, then (F) is inconsistent. 

Proof: From theorem 3.1.1 and definition 3.1.6 it follows that 

y . =O,iE J[O] for each yE D. Here there is no vector satisfies the , 

normality condition .Therefore (F) is inconsistent. / / 

Theorem 3.2.4: If (E) and (F) are not totally degenerate, then the reduced 
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• • forms (E ) and (F ) are canonical problems. 

Proof: Let y* be a vector whose existence and properties are given in 

theorem 3.1.1 It follows from definition 3 .1.8 that y* S. Hence (E*) and 

(F*) are canonical'; / 

Theorem3.2.5: If (E) is not totally degenerate and consistent, then (E*) is 

• consistent and infimum M E of (E*) is equal to infimum ME of E). 

Theorem3.2.6: If (E) is not totally degenerate, then (E*) is consistent if 

a ny only if (E) is sub consistent and has a finite positive 

subinfimum .. Moreover, the sub infimum of (E) in equal to the 

infimum ME* . 

Theorem3.2.7: If (F) is not totally degerate, then (F) and (F*) are 

consistent. Furthermore (F) has a finite positive Supremum M F 

• • if and only if (F*) has a fmite Supremes M F moreover Mp=Mp 

Theorem3.2.8: Suppose (E) and (F) are canonical, then (F) is always 

consistent, and (F) has a finite positive Supremum if and only if 

(E) is consistent. 

Proof: By definition the irreducible set r for canonical problem is the set 

{1,2, . .. n} then fo llows from theorem 3.1.1 that there is a vector y*E D, 

y;>O, i=I,2, .. . ,m . Dividing y* by positive scala r Ly;*,we obtain 
J[O] 

0* E S . Hence (F) is consistent. since v( 0*) >0, it follows that (F) has 

a finite positive Supremum because theorem 3.1.1 shows that v( 0) IS 

bounded away from +00'; / 

Theorem3.2.9: Suppose (E) and (F) are canonical. Then (E) is consistent if 
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(F) has a finite positive Suprem es. Moreover, then infimum ME 

Of (E) is equa l to Supremes M F of (F) and M E is attained at a 

finite point t' E S. 

Theorem3.2.10: If (E) is sub consistent and has a finite positive 

Sub infimum ME, then (F) is consistent and has a finite positive 

Supremes MF. Moreover M E = M F 

Proof: By Theorem 3.2 .2 we h ave (E) and (F) are not totally degenerate 

from theorem 3.2.6 if follows tha t (E*) of (E) is consistent and that 

M E=ME* . According to theorem 3.2 .4 (E*) and (F*) are canonical and 

• • according theorem 3.2 .9 M E = M F ' It then fo llows from theorem 3 .2 .7 

that (F) is consistent and h as a finite positive supreme M F with 

Theorem 3.2.11: If (F) is consistent and h as a finite positive suprem e MF, 

then (E) is sub consistent and has a finite positive subinfimum 

M E. 

Proof: By theorem 3.2.3 we have (E) and (F) are not totally degenerate. It 

then follows from theorem 3 .2 .7 that (F*) is consistent and that 

By theorem 3.2.4 (E*) and (F*) are canonical and according to 

theorem 3.2.8 (E*) is consistent and ME*=MF* from theorem 3.2.6 it 

follows that (E) 1S sub consistent and has affinity positive 

subinfimumM E withM E=ME* .j j 
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