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Notations and Basic Definitions 

ru o = ru u {OJ set arnon-negative integers 

ru~ = {a : a l • a2'''. ,an and a j E Mo} set ofmuhi-indices and a is cal led multi-index 

n a bounded, simply connected domain; n ~ 1IR1l and fie = III \ n. 
r or S = an the boundary of n, is suffic iently smooth 

s = So USN where So and 5N arc non-empty. non-intersecting submanifo ld of 5 with infinitely 

smooth boundary curve aSD = aSN 

fj. or 'il2 the Laplace's operator 

V the gradient operator 

'D , S the space or test functions 

V',S' the space of generalized functions based on V , S 

o Dirac delta function 

F(f) or f Fourie r transform of { 

scalar ell iptic diITerenti al equat ion 

supp { = (x E IR!n , {(x) '" OJ the support of ( 

w.' p 

W(n) 

the Lebesgue space on n 

the Soholev space of order k based on LpCfl) 

Besse l potential space 

restriction ope rator on 51 

rl S (5 )) ;;;; {rs, 9 : 9 E fP (S) } the space of restriction on 51 of funct ions from "PCS) 

co-normal de rivative operator 

y the trace operator 
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INTRO DUCTION 

In th is seminar, there are some concepts that should be pointed oul so that the reader wi ll 

smoothl y go through. The first important point is Ihe theory of disrribulion. One of the most 

useful aspects of the theory of di stribution is that discontinuous func tions can be hand led as 

easily as continuous func tions. Another point is the concept of Sobo/ev spaces. 

The boundary integral equation (BIE) method has been intensive ly developed over recent 

decades both in theory and in engineering appli cations. Its popularity is due to the possibility of 

reducing boundary value problem (BVP) fo r a partial di ffe rential equation in a domain to an 

illlegral equation on the hOllndmy of the domain. 

The main ingredient necessary for reduction of BVP to a boundary integra l equat ion (B IE) is a 

fundamenral sollllion to the ori ginal partial d ifferentia l equation, available in an analytic form 

andlor cheapl y calc ul ated. Afier the fundamental so lution is used in the corresponding Green 

fo rm ulae one ean reduce the BVP to a BlE. 

However, such a fundamenta l so lution is not generally availab le if the coefficients of the original 

partial differential equation are not constant. One can use in this case, a parametrix (Levi 

jimction) whieh is usuall y available. instead of the fundamental solution in the Green fo rmulae. 

This allows a reduction of a boundary value problem not to Boundary Integra l Equations (HI Es) 

but to l1oundary. Domain Integral Equations (BDl Es). 

Using explicit parametrix and the parametrix·based third Green's ident ity the mixed (Drichlet· 

Neumann) boundary value problem for the "heat transfer" partial diffe renti al equation with a 

variable coefficient (heal conductivity) can be reduced to four versions of direct segregated 

/Joundmy· Domain Integral Equation Sysrems (BOIES). 

3 
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Chapler one: Some Preliminary Concepts on Distribution Theory and 

Sobolev spaces 

1.1 The space of basic functions 'D 

Definition: Let n c IFR," opcn. Included in the set 0/ basic /tmelions 'Dcn) arc all functions 

which arc finite and infinitely differen tiable in fl . 

That is, D(il) = [Ip' Ip E C~(il) and Ip E C, (il)) 

= [Ip , Ip E C,' (il)) 

{ 
, -= Exa mple 1.2 Let Ip(x) = ~ ,-, Ixl < 1 is in D. 

Ix l " 1 

Ip(x) E C~(IRn) and supp (Ip) = [-1,1]. 

CO/ll'ergence in V : Given sequence (qJn}n :N in Den), then <(In ---+ qJ in 'Den ) i f the 

following two cond itions arc sati s fied: 

(i) 3 a compact set K cs: n, such that sUPP(<{Jn) c K V'n 

(ii) 'ria E ru ~ we have IID a qJn - DaqJli oo ---+ 0, that is, uniform convergence in K 

for all deri vati ves. 

A linear set V(O) equi pped with such convergence is called the space of basic fimctiolls 'D. 

1.2 The space of Distributions 'D' 

()cfinition: _ A distribution or generali zed functi on f E V' on a non-empty open set n c IIRn 

is any continuous linear runctional on the space of basic fimclions V . 

By thi s definition of distribution, we mean 

• A di stribution f is afimclional on V , that is, with each qJ E V there is associated 

(complex) number (t, Ip). 

• A di stribution f E V' is a Iinearfimcfional on D, that is, ir qJ, J./.I E D and A,/1 E 

(, then (t, Alp + ~1/!) = A(t, Ip) + ~(t,1/!)· 
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• A distribution f E Vi is a conlinuo/ls!unctional on 'D, that is, if (/In --+ (/J 

in D(n) as n -> "'. then ({. tpn) -> ({. '1') as n -> "', 

One of the most important examples of distribution is the so ca lled Dirae del ta. It is denoted 

by 8 and defined by (8. '1') ; '1'(0) for any basic function '1', 

Defin ition: Distributions generated by locall y sum mabie functions [ E LI
IO

C in n via the 

fo rmula: 

({. '1') ; f {(x) tp(x)dx. 'I' E D(n) 

are called regular distributions and all others (such as Dirac delta function) are ca lled 

singular distribution.L 

Convergence in V': A sequence [n E V'(n) converges to f in V'(fi) if ([n' (/J) --+ ([, q» 

Vq> E V(n) . and we write [n --+ f as n --+ 00 in D/. 

This convergence is termed a weak convergence. 

1.2. 1 Derivatives of Distributions 

Definition: A (generalized) derivative Da [ofa distribution r E Viis defined by 

(D a {. '1') ; (_l)la l({. Datp) 

To show Oa f E Vi ; since [E V' . clearl y OU [ is a func tionaL 

Linearity : Let qJ,!/J E V and A, 1.1. E ([. then 

(Dn {. Atp + ~tjJ) ; (_l) la l ({. Da (Atp + ~tjJ» 

= (_ l ) lal({.ADatp + ~DatjJ) 

= A( _ l )lal({. Datp) + ~(_l) la l ({. DatjJ) 

= A(Da {. '1') + ~(Da {. tjJ) 

Hence DU [ is a li near functional on 'D 

ContinuifY: Let q>n --+ q> as n --+ 00 in D. 

6 
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This implies that (Oa I, qJlI) -+ (o a I, qJ ) as n -+ 00, 

Hence Oa I is continuous, 

There fore, Oa I E V ', 

In pan icular, ir { = 6, thcn (O"6,rp) = (- I )I"I({, O"rp), rp E 'D 

~ (- I )I"IO"rp(O) 

1.2.2 T he convo lution of Distributions 

June 1. 2010 

Let f and 9 be locall y sum mabie funct ions in !mn, If the integral f I (y)g(x - y)dy ex ists 

for almost all x E IRn and de fines a locall y summable function in IRn , then it is call ed the 

convolution of the functions f and 9 and is symbolized as f * 9 so that 

({ - g)(x) = f {(y)g(x - y)dy 

= f g(y ){(x - y)d y = (g - flex) 

Thc convolution f * 9 defines a regular functional on V(lR1. n ) via the form ula 

({-g.rp)= f ({_g)(x)rp(x)dx 

= f rp(xlf { (y)g(x - y)dydx 

= f fey) f g(x - y)rp(x)dy dx 

= f f ey) f g(Orp(y + 0 d( dy 

That is, (by virt ue of Fubini 's Theorem) 

({ - g,rp) = f {(x)g(y)rp(x + y)dxdy 

= (r(x) g (y),rp(x + y» ) 

Rcmllrk 1.2: The convolution of any distribut ion f with the delta function ex ists and is equal 

to f. That is, { - 6 = 6 * { = { 
Remark 1.3: The meaning of the form ul a f ;:::: I * 8 is that any generalized function {may 

be expanded in tenns of 8 functions, which, formally, is o ften written thus: 

{(x) = f { COD(X - O d( 

7 
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1.3 The space oftest functions S 

I)cfinition: The space S = S(IRJ1 ) orall functions of the class C<XI(II{II ) that decrease together 

wit h alllhcir derivatives, as Ixl ---+ 00, faster than any power o f Ixr 1 is called the space of 

rapidly decreasingfimcliom also ca lled Schlllorlz space. 

Convergence in $: The sequence of functions qJl. <P2, ... ,belonging to S converges to a 

func tion ({J in S , ({In --+ qJ. as n --+ 00 in S, if for all a and (J : 

asn ___ 00 

1.4 Fourier transform 

Since the lest functi ons from S arc locally sum mable , the operation of Fourier Transform 

1'('1') and 1'- '('1') arc defi ned on them: 

Definition : If qJ E S(lRfI) , we dellnc the Fourie r Transfonn and its inverse as fo llows: 

(1'<p)«) ; (2rr) - ' f <p (x)e- i1x.() dx .' 
and 

(r'<p)«) ; (2 rr) ; f <p(x) eilx.() dx .' 
• Two important fo rmulae can be proved 

o D" [1'<p] «(); (-i) la l1'[xa<p]<O 

o 1'[Da<p]«(); (i{ )a [1'<p]«() 

Proof: Da[1'<pJ<O; Di' [(2rr) : fo' <p(x) e- ilx.() dX] 

; (2rr)-' f o" <p(x)Di'e - 'lx'()dx 

; (2rr)-' f., <p(x)( _ix,)a'(_ix,)a, ... (_ix")a ' e-'lx.O dx 

; (_0Ial(2rr) -' f." 'I' (x) xae- i1x.() dx 

8 
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:r[O"<p](O = (2nY' fRo e-i(x.ilO"<p(x)dx 

n la l . 
= (2rrp fR" (- I) <p(x)O"e - ,(x.ildx 

n lal . 
= (2rrp: fR" (-I) <p(x)( -iO"e - ,(x.ildx 

( )
1"1 " = - I (-iO"(2rrPf. " 

= (iO"[F<p](O 

1.5 The Space S' of Generalized Functions of Slow Growth (Tempered 

Distributions) 

Definition: A generali zed function of slow growth is any cont inuous linear functional on the 

space S of test functions. We denote by S' = 5' (IR") the sct of all genera lized funct ions of slow 

growth . 

Convergence in 5' as weak convergence of a sequence o f fun clionals: a sequence of generalized 

functi ons fl,{Z' ... taken from S' convergences to the genera li zed function f E 5' , fk -+ f. 

k ~ 00 in S', if for any 'I' E S, ({" '1') ~ ({, '1'), k~oo 

The linear scI 5' equipped with convergence is termed the splices 5' oj generalizedfimclions (~f 

slo\1l growth or tempered dislribulions. 

Fourier transform of Tempered Distributions $ '(lR1,n) 

Definition: If {E S'(Dl"), then (F(f).<p) = ({,F(<p» , '1'1' E S. 

In panicuIar if f = 0, Ihen 

(F(6),<p) = (6,F(<p» = F<p(O) = (2rr)-\' fR" <p(x)e-i(x.O)dx 

" " " = (2rrp fR" <p(x)dx = (2rrp( l , '1') = «(2rrp, '1') 

" .'. F(6) = (2rrp ,'I' E S. 

9 
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Sim ilarly, iff = 1, then 

" = (Zrr), ",(0) 

" = (Zrr)' (0,,,,) 

" = «(Zrr)' o, "') 

" => :r(1) = (Zrr)' o 

• Two important formulae can be proved 

o o"[:rflCO = :r[( -ix)" flCO 

o :r[0" flCO = (i{)" [:rfl(O 

Proof: 

{ES', ",ES 

= (_ 1)1"1({,:r(0"",) = (_ I ) lal({,(ix)"(:r",» 

= (_ 1) 1"1 «ix)a (.:r",) = «( -ix)" {,:rtp) = (:r [( -ix)" fl,,,,) 

=> 0" [:rfl(O = :r[(-ix)"fl (O 

(:r [0 " fJ,tp) = (0" { , :r",) , {E S', '" E S 

= (-I ) Ial ({, 0" (:r",) = (_ 1 )1"1 ({, (-O I"I:r({"",) 

= i l"I({,:rW",) = i l" I(J'({)'{"",) 

= i lal({":r(f),,,,) = «iO":r(f),,,,) 

=> :r[0" fl(O = (iO" I:rf] CO 

10 
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1.6 Sobolev spaces 

The analysis o f POEs naturall y involves function spaces that are not only defined in terms o f the 

properti es of the function it sct f, but also in terms of the properties of its deri vati ves. Soholev 

spaces arc useful tools in thi s analys is; so now we give the general definition of Soh ole v space 

based on Lp(fi) space. 

T he space Lp (n ) 

We define the Lebesgue space as follows: 

ip(n) ,= ([:f is measurable and IIfllp = (Jn lfI P dX)~ < 00] ,for 1 '; P < 00. 

i oo (n) ,= (f: f is measurable and IIfll oo = ess suplfl < oo) 

where ess suplfl oo ,= inf sup lfl 
j.l(N); O fI/N 

or in words the essent ial supremum of a measurable function f is the smallest number M 

such that f :5 M almost eve rywhere. If no such number ex ists, then we write ess sup f = 00 . 

Defin ition: Let kENo, 1 :5 P < 00, and let n be a non cmpty open subset of Ill", the soholev 

Jpace Wpk (ll) of order k based on Lp(ll) is defined by 

Rcmllrk 1.4: a) oaf is viewed as a distribution on ll , so the condition Oa f E Lp(ll) means 

that 3 a function gO E i p(n) such that (f,Daip) = (_1)l al(9 a,ip) "ip E v(n) such a function 

ga is defined as a weak partial deriV(l/ive of f. 

b) Since i p(n ) is complete then w:(n ) equipped with the norm II f ll wt (n) = 

, 
(Llalsk lloa fl1~p(n)y is a Banach space. 

c) Forp = 2,k ~ 0, W2
k(ll ) = Hk(ll) is a !-!clbert space with respecttothe 

inner product (u, v}H" (n) = L(aaU, Gav) L2(n) = J n{Llalsk aauaav}dx 

11 
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The norm induced by this inner product is 

, 
lIu Il H'(n) = (u, V)H'(n) l' 

Let us investigate onc of the Sobolev spaces H i en), which is a particul ar case of Sobolev space 

of order I. the notation WZ
1 en) ;:; WI (n) ;:; /-1 1 cn) is also used. 

Ocfini t ion: The sobolev space of order 1 on n denoted by /-l Ien) is defined by 

ff '(O) = (u E L,(n) , ~ E L,(O) ,1 '; i '; n) 
i'lX j 

Remark t 5: a) The parti al derivative ~ in the de fin iti on is in the sense of d istribution. That 
iJX) 

is, there exists 9, E L,(O) such that, (~, ip) = (9" ip) or (u, ~.) = -(9" ip) '<l ip E 'D(O) 
OXj ux/ 

•. (-I b) u E L,(O) need not imply ox, E L,(O) . For example u(x) = 0: 

then u E L,(O), 

T heorem 1.6: 

!l :: [- 1,1] ; but ~ is not an element in LzCfl). 
iJXj 

HI (n ) is a J-lil bcrt space with respect to the inner product 

Proof: Let u, v E /J 1(fl) and a,p be scalar. 

iJ au iJv 
Then, au + pv E ff '(O) because, ~(au + pv) = a~ + p~. 

UXj uXI "Xi 

1.lence H I (D) is a subspace of L2(D) , and so it is a vector space . 

To show (u, V)I ,n is an inner product on HI(D), let u, V,W E HI(D) 

and a be scalar. 

= (u , V)"n + (w, V)"n 

if x < ° 
i f x" O' 

( 1.1 ) 

12 



' . 

, 

, , 

[INTEGRAL EQUATION METHODS IN OlffERENTlAL EQUATIONS1 lune I. 2010 

b) (au, v)"n = a(u, v)"n 

c) (u, V)I,f} = (u, V)L2{n) + L~= I <::1' ::/)1.2(0 ) ;::: a and 

(L2) 

This implies lI uIlH'(n) = ((u, v)"n) 'I, (1,) 

d) (u, v)"n = (v, u)"n 

Hence HI en) is an inner product space with respect to the inner product ( I . J). To show that 

IP en) is a Hilbert space, we have 10 show thalthc space is complelc. That is, every Cauchy 

sequence with respect to the noml given by ( 1.3) is convergent in H I en ). By the remark l Ab 

Wpk en) is com pi etc norm space and HI (n) is just a particul ar case. 

To de fine the Sobo/ev space of fraclional order, we denote the Siobodcsck ii scmi ~norm by 

(J J I*)- " (Y)I ' )'Ip 
lulll.p,n = n n Ix- yl'I+PII dxdy for 0:5 11 :5 1 . 

For p = 00 we get the holde rs semi norm. For s = k + /1. we define 

W,,'Cn) = (u E W:Cn): lii"ulp,p,n < 00 for lal = k} 

And equi pped with the nonn 

For any inregerk ~ 1, rhe negarive order space Wp-k(fl ) is defined to be the spaee of 

distributions u E n'(fl) that admits a representati on 

This spaee is equipped with the norm 

( I A) 

(1.5) 

( 1.6) 

(1.7) 

( 1.8) 

13 
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where the infimum is taken over all representat ion of the form (1.7). 

OcfiHition: For any S Elm , we define fl s(lIi,n). the Soholev space of order s on 1lR" by 

H'(R") = (u E o'eR"): J ' u E L, (R") } 

and equip this space wi lh the inner product 

(u, v)/I '(O") = (J ' u,J' v) 

and the induced norm 

where J S is a cont inuous linear ope rator J S: S()R") --+ S{lRlI) call ed the /Jessi 

po/ential of order!J' defi ned by 

J ' u(x) = f ." (1 + II I')' (1'u)(Oei'"(~dl for x E R", 

For any closed set F E IRfl, we define the associated Soholev space of order s by 

Ht = (u E H'(R"): supp u £; F} 

Where as for any non empty open set n. E lR,". we define 

H'(n) = (u E V' (n): u = uln for some u E H'(R") }, 

Trace 

For the application of Sob ole v spaces to boundary value problems, it is necessary 10 restrict 

fu nctions in Sobolev spaces 10 the boundary of the domain in order to satisfy the assigned 

boundary condi tions. In this section we will introduce the trace operator which restricts a 

funct ion defined on the domain IT to the boundary of n, denoted by S or r ::;: an. 

We write x E IRn as x ::;: (x', xn) ) x' ;::; (Xl. x2 , ... , Xn - l) E lRn- l . Consider the traces of 

f llnction on the hype r-plane xn ;::; 0, we define the trace operator y: 'V( lRn) -+ 'D(lRn- l
) by 

yu(x) = u(x',O) for x' E Rn
-

1 
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Theorem 1.7: Irs> l / Z ' then y has a unique extension to a bounded linear operator 

y: II' (~") -> Ii'-l(~"- ') and we have lIyu li ,-,( " ') $ Cllull""o")' 
fI 2 R -

The above theorem is sharp in the sense that 

Corolhlry : Let s > l/Z pu t fl = IRJ and an;:: 5 !;; 1R2. then the trace operator 

y: V(lRn) ---+ V( n:R.n- 1) can be ex tended by continuity to the linear continuous 
, 

operator y: lI' (n ) -> lI'-i(S) 

, 
Examplc 1.8: Hi (S) ; [yu: U E H'(n)} 

From the trace theorem, for u E HS(n) ,5> l iz, it follows that ul~ :;:: yl u E 

Hs-t(S) , where Ys± is the trace operator on S from n ±, We will usc also notations u± or {u] ± 

for the traces ul ~ ,when thi s will cause no confusion. 

15 
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Chapler fWa: Funda menta l Solutions and Formation of BIEs 

2. 1 Fund amenta l Solutions of Linear Differentia l Operator 

Definition: Let L be a non-zero diffe rential operator with constan t coeffic ients, aaCx) :;; aa 

s lIch thai 

L(D) = I:lal" aaDa 

where kENo, a E ru~ . Drr ::; D~ I . D:z ... D:n, and lal = Er=l ai- A distribution 

E E 'l)'(lR/,n) that satis fies the equation 

L(D)E(x) = 8(x) 

in ~n is sa id to be a fundamental solution of the operator LCD). 

(2.1) 

(22) 

Lemma 2.1 : A di st ribution E E $' is said to be a fundamental solution o f the operator LCD) 

ifand only i f the Fourier transform 'FCE) sat isfy the equation 

" L(iO:F(E) = (2rr)-' ,where L(O = Llals" aa(a 

I'roof: Let E E $' be a fundamental so lution of the operator LCD) 

<=> L(D)E(x) = 8(x) 

" <=> :F[L(D)E] = :F8 = (2rr)-' 

" <=> :F[I:lals" aaDaEJ = (2rr)-' 

" <=> Llals" aa :F [D a E] = (2rr)-' 

" <=> Llals" aaCiOa :F[EJ = (2rr)-' 

" <=> LCiO:F[E] = (2rrp 

16 
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Example 2.2: The fundamental so lution of Laplace's operator in [R3 is given by 

Solution: 

, 
E(x) =--

4rr lxl 

Suppose fj,E = O. Apply the Fourier transform to both sides; i.e , 

1'(t1E) = 1'(8) 

, 
=> _ 1(1' 1'(E) = (2rr)-' , by the above Lemma 

Since 1(1-2 is locally integrable in 1lR3 , we have 

3 
1'(E) = -(2rrPIW' 

=> E(x) = -(2rr) -i 1'- 1 [Iii'] 

= -(2rr)-i l' [ I_~I' ] since 1'[",(-0] = r'[",(OJ 

= -(2rr) -i l' til'] since 1_(1 ' = 1(1' 

, , 
l' [Iii,] = I~ I GY => E(x) = -(2rr)-i I~I GY 

1 2-2 -1 = -- IT 
Ixl 

, 
4rr lxl 

In general fu ndamental solutions of Laplace's operator fj, = V2 is given by 

n=2 

where an is a unit vo lume in [Rn , and using Gamma function and its properties 

" 

(2.3) 

(2.4) 

() ", ." here rep) = f.ooo xP-'e - x dx, 0 < p < 1 and rep + 1) = P rep) an r = rG+ l) , W 

17 



, 

' . 

[INTEGRAl EQUATION METHODS IN DIFfERENTIAl EQUATIONS1 
, 

June 1, 2010 

For n =: 3. the formu la gives Q3(r) :;; ~rrr 3. which is the volume ora sphere of radius r , and 

the fundamental solution E :;; - -'- which is the above example resul t 41l'Jxl . 

2.2 G reen id entities 

Consider the fo llowing scalar el liptic different ial equat ion 

xEll (2.5) 

where u is an unknown function and f is a given func tion in n. When a = 1 , the operator L 

becomes the Laplace operator !:J. 

For the operator L from (2.5), we will use the space 

H' ·O(ll;L) ,= (g E H'(n) , Lg E L,(n)) 

with the norm IIglli" "cn,L) ,= IIgll i"cn) + IIL9II Lcn)' 

For 5, c 5, we will usc the subspace H'(S,) = (g , 9 E fI'(S).suPP 9 c s,) or W(S). 

while HS(Sl) = {rst 9 : 9 E HS(S») denotes the space of restriction on S1 of functions from 

,-peS), where rSI denotes the restriction operator on S1 . 

For U E 1-pen), S > 3/2 , we can denote by r ± the corresponding co-normal derivative 

operator on 5 understood in the trace sense, 

(2.6) 

where nCx) is the exterior (to ll) un it normal vector at the point xES. 

For U E H1,O(ll; L) we can correctly define the co-normal derivative 

, 
r ±u E HS-z(S) with the help of Greens formula 

('r±u. v+>S ,= f n[vLu + feu. v)Jdil fOT all v E H' (n) (2.7) 

18 
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f( ) _ '" () ".(xl "*l u V- £.. " a x ---­
, 1=1 aXI i)xl 
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and (".)s denote the duality bracket between the spaces H-i(S) and HieS) which extend the 

usual L2 (5) scalar product. 

Using the definition of the scalar product the weak co-normal derivati ve can be written as 

(2.8) 

From (2.7) and (2.8) we write one operator fi rs t Green's identi ty for the operator Las: 

I n[vLu + feu. v)]dll(x) = I sv(x)l' u(x)dS 

.. I nvLu dll = I sv(x)T u (x) dS - I nf(u, v)dll (2.9) 

We can obtain the one-operator second Green identi ty by interchanging the roles ofu and v in 

(2.9) 

I nuL v dll = I suTvdS - I nf(u, v)dll 

Subtracting, we gct 

I n(vLu - uLv) dll = I s(vTu - uTv)dS or (2 .10) 

where u, v E Hl.oen; L) 

19 
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Assuming u is a solution of PDE (2.5) and use the fundamental so lut ion E(x,y) as vex) in the 

onc operator second Green identity (2.10) we obta in the linear one opcnltor third Green 

identity as: 

f s[E(x, y) ru(x) - u(x)T+E(x,y) ]dS = f n[E(x,y) Lu(x) - uLE(x,y) ]dS 

= f sETudx - f suTEdx = f nEf(x)dx - f nU(x)o(x - y)dx 

= f sETudx - f suTEdx = f nEfdx - f nU(x)o(x - y)dx 
_u(y) 

= u(y) + f sETudx - f suTEdx = f nEfdx 

2.3 Green Representation Formula 

(2. 11 ) 

For the sake of simplic ity. let us first consider as a model problem the Laplac ian in two and three 

dimensions. We: want to fi nd the solution u satisfy ing the differential equation 

a', 
-L\v := -l.J=l cJx2 = f 

I 

in n (2.1 2) 

llere n ~ ~n is a bounded, s imply connected domain, and its boundary r is suffic ient ly smooth, 

say twice continuollsly difTeren tiable, i.e. r E C2 • As is known from classical analysis, a classical 

solution v E C2 (n) n C1 (n) can be represented by boundary potentials via Green representation 

fo rmu la and the fundamen tal solution £ of (2.12). For the Laplacian £(x, y) is given by 

{

- -"- loglx - yl 
E(x,y) = ;" I ---

4 11' Ix- yl 

for n = 2 

for n = 3 
(2.13) 
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From the third Green identity the representat ion of the solution reads 

(2. 14) 

for x E n where ny denotes the exterior normal to r at y E r , dsy the surface clement or the 

arc length clement for n == 2 or n == 3 respectively, and the regular normal derivati ve 

:: (y) ,= IimY~YEr grad(y) , ny 
yen 

(215) 

The notation a/any wi ll be used if there could be misunderstanding due to more variables. 

In the case when f ~ 0 in (2.12) one may also use the decomposition in the following form: 

vex) = vp(x) + u(x) ,= f . "E(x,y)f(y)dy + u(x) (2.16) 

where u now solve the Laplacian equation 

-/lu = 0 inn (2. 17) 

Ilcre vp denotes a particu lar so lution of (2.12) in n or ne nnd f has been cxtem.lcd from n or 
DC to the entire IIln. Moreover, for the extended f we assume that the integral defined in (2. 16) 

exists for all x E TI (o r TIC). Clearly, with this particular so lution, the boundary conditions for u 

arc 10 be modified accordingly , 

Now. without loss of genera li ty, we restrict our considerati on to the solUlion u of the Laplacian 

(2.17) which now can be represented in the form: 

(2. 18) 

For given boundary data ulr and aUI , the representation fonnula (2. J 8) define the solution of 
0" r 

(2 . J 7) everywhere in n. Therefore, the pair of boundary functions belonging to a solution u of 

(2.17) is ca lled the Callchy data , namely 

( UIC ) Cauchy data ofu:= :~Ir 
(2.19) 

21 



" , 

[INTEGRAL EQUATION METHODS IN DiffERENTIAL EQUATIONSI June I, 2010 

2.4 Boundary potential a nd Calderon's projector 

The representation (2. 18) contains two boundary potentials, the simple layer potent ial 

x E nunC or x E r (2.20) 

and the double layer potential 

() f ( a£(x.y) 
W", x ,= Er'" Y)-a-- dsy 

y ny x E n u ne or x e r (2.2 1 ) 

I-I ere tj and cp are referred to as the densities of the corresponding potentials. In (2.18), lor the 

so lution of (2.17), these arc the Cauchy data which are not both given for the BVPs. For their 

comple te determinat ion we consider the Cauchy data or the left-and right-hand sides of (2. 18) on 

f ; thi s requires the limits of the potentials for x approaching r and their nannal deri vatives. This 

leads us to the following definitions of boundary integral operators, provided the corresponding 

limits exist. 

Va (x) ,= lim Va(z) 
z ...... xer 

Krp(x) ,= lim W",(z) + !.rp(x) 
" ... xer 2 
, en 

K'a(x) ,= lim arad,Va(z). nx - !.a(x) 
z .... xer'"' 2 

.en 

Drp(x) ,= - lim grad,Wrp(z).nx z ..... xer 
.en 

More explicitly, these limits can be expressed by: 

K' () f a,(x.y) ( )d 
(J x = yer\{xl---a;;;- (J Y Sy 

! d (dO) ) --V - (x 
Dcp(x) = dsx ds 

-(nx x V,). V(ny x Vy<p)(x) 

forx E r 

fOT X E r 

for x E r 

for x E r 

for x E r 

for x E r 

for x E r 

for n ~ 2 

far n ~ 3 

(2.22) 

(2.23) 

(2 .24) 

(2.25) 

(2.26) 

(2.27) 

(2.28) 

(229) 
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Now let us d iscuss the relation between the Cauchy data on r by tak·,ng th I·· r d , e lmltx-+ an the 

normal deri vati ve of the left-and right-hand sides in the representation fonnu la (2.18). For any 

solution of (2.17). thi s leads to the following relations between the Cauchy data: 

u(x) = ('-I - K) u(x) + V au (x) 
2 an (2.30) 

and 

au ( ) ( ' ) au -a x) = Du (x + - I + K' -(x) n Z an (2 .3 1 ) 

Consequentl y. fo r any solution o f (2. 17). the Cauchy data ( u, :~) T on r are reproduced by the 

operators on the right -hand side of(2.30) and (2.3 1), namely by 

(

'- I-K 
cn :;;;: 2 

o 
(2.32) 

This operator is called the Calderon projector (with respect to Q). 

2.5 Boundary Integral Equation 

As we have seen from (2.30) and (2.31), the Cauchy data of a solution of the differential operator 

in n are related to each other by these two equations. As is well known, for regular ell iptic 

BVPs, only hal f of the Cauchy data on r is given. For the remaining part, the equations (2.30), 

(2.3 1) define an over determined system of boundary integral equations which may be used fo r 

determining the complete Cauchy data. In general , any combination of (2.30) and (23 I) can 

serve as a boundary integral equation for the missing part of the Cauchy data. 

Hence, the BI Es associated with one particular condition are by no means uniquely determined. 

The 'direct' approach for formulating BIEs becomes particu larly simple if we consider the 

Dirichlet problem or the Neumann prob lem. 

23 
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2.5. 1 The Dirichlet problem 

In the Dirichlet problem for (2.17), I.e. -au == 0 in n the boundary values 

uJr = '" on r (2.33) 

arc given. Hence 

(2.34) 

is the missing Cauchy datum required to satisfy (2.30) and (2.31) for any so lution u of (2.17). In 

the direct formu lation, if we take the first equation (2.30) of the Calderon projection then a is to 

be determined by the BI E 

1 
V,,(x) = ,,,,(x) + K",(x), XEr (2.35) 

Explicitl y, we have 

x E r (2.36) 

where f is given by the right-hand side of(2.35) and S is given by (2.13), a weakly si ngu lar 

kemel. Hence, (2 .36) is a Fredholm integral equation oJrhefirsr kind. 

Alternati vely to (2.36), if we take the second equation (2.31) of the Calderon projector, we arri ve 

at 
1 
, ,,(x) - K',,(x) = O",(x), for x E r (2 .37) 

The expl icit form of(23) reads 

( f aE(x.y) (y ( ) 
(J x) - 2 yer\ {x} ~(J )dsy = 9 x , for x E r (2.38) 

WI aE(x .y) . kl· I ·d d r · h lc re -- IS wea y smgu ar, prov i e IS smoot . 9 = 
aox 

2Dcp is defined by thc right-

hand side 01 (2.3 7) 

Therefore, in contrast to (2.36), this is a Fredholm integrate equation of the second kind. 

This simple example shows that for the same problem may employ different BIEs. 
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In the eumann Problem for (2.17). i.e. -Llu::; 0 in n the boundary condition reads as 

on r aUI = 1/J 
an r with given 1/J. 

(2.39) 

For thc interior problem (2.17) in fl, thc normal derivati ve 1/1 needs to satisfy the necessary 

compatibility condition 

(2.40) 

for any so lution 01'(2. 17). (2.39) to exist. 

Here ulr is the missing Cauchy datum requi red to satisfy (2.30), (2.31) for any solution U of the 

Neumann Problem (2.17). (2.39). If we take thc first equation (2.30) of the Calderon projector, 

then ulr is determined by the solution of BIE 

1 2 u(x) - Ku(x) = 1/J(x) ,x E r (2.41) 

This is the classical Fredholm integral equation of the second kind on r, namely: 

u(x) + 2 fyEe, {, ) a~~:) u(y)dsy = 2 fye r,{,)c(X,Y)1/J(y)dSy =:f(x) (2.42) 

Alternatively if \\e lake the second eq uation (2.3 1) of the Calderon projector, we arrive allhe 

equation 

1 
DIl(X) = -1/J(x) - K'1/J(X) .[or x E r (2.43) 

2 

Th is is a h)'lJer Singular boundary integral equ(l{ion o/the first kind for ulr , it is not one of the 

standard types. 
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Chapter three: Parametrix, potential type operators and F . ormatIon of 

BDIEs 

3.1 Paramct rix 

A function p(x, y) of two variables x, y En is called a parametrix forthe operator L(x, ax) 

in $3 if 

L(xA)P(x,y) = 8(x - y) + R(x,y) (11) 

where 8(. ) is the Dirac distribution and R(x, y) a remainder possesses a weak(integrable) 

singularit y at x ;:: y. 

That is, we can \erify that for the operator L(x, ax) ;:: L~=l (I~I (a (x)(I!J ' the function 

-1 
P(x y) = , 

, 4/Ta (y)l x - YI 
x,y E R' (J.2) 

is a parametrix (Levi funct ion) . while the remainder R is: 

x,y E R' (J.3) 

Now let us show that the func tion P(x, y) given by (3 .2) is a parametrix for the operatorL(x,ax), 

I.e. 

L(x, ax) p (x , y) = 8(x - y) + R(x,y) 

L(x, ax )P (x, y) ;:: r. ~= I iJ~1 ( a (x)iJ~(;;Y)) 

_ ~3 [ iJa(x) iJ P(x ,y ) () iJ
2

P(X,Y)] 
- l... .- - - - +ax 2 

I-I iJXi i}xl aXi 

L(x a ) -1 _ ,a' ( - 1 ) L' ~~ ( -1 ) 
, x 4Ila(Y) lx - YI - a(x) L i= l iJ xf 4Ila(Y)lx-YI + 1= 1 OXj aXj 4na(y )IX- y l 
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a(x) " , a' ( _I ) (-I) ( = -£. .- - + _ 3 aa x) a 1 
a(y) 1-1axt 41flx-YI 41ta(y) L i >:: l -a -a (_ ) 

XI XI Ix-yl 

) ( -I ) E' aa(x) [(' , 
= A(x,y)8(x - y + .aa(y) '= 1 ~ X"y,) + (x"y,)' + (x"y,)'P (-D 2(x"y,) 

) ( 
-I ) '\' 3 Ja(x) (- l )(XI-Y/) 

== A(x,y)8(x - y + 41fa(y) "- i=l a;;- /X_yI3 

) ( 
- I ) '\' 3 Ja(x) (-l)(X/-YI) , 

= A(x,x)8(x - y + .aa(y) £. '= 1 ~ Ix-yl' ,smcea(x)8(x) = a(0)8(x) 

a(x ) ( ) '\' 3 xl-Y/ Ja(x) 
== a(x) ·8 x - y + "- i=1 41fa(Y)lx_yP aXj 

=J. 8(x - y)+ R(x,y) 

= 8(x - y ) + R(x,y) 

We evidcnt h' have that the parametrix P(x, y ) given by (3.2) is a fundamental solution to the 

operator L(y, ax) ,= a(y)ll(ax) wit" ·'frozen" coeffi cient a(x) = aCYl, that is, 

L(yA)P (x,y) = 8(x - y) . 

To show this L(y, ax )P(x, y) ,= a(y )ll(ax)p(x, y) 

, a' ( - I ) 
= a(y) Li=1 Jxl 41fa(Y)lx-YI 

aCyl 3 J2 ( - I ) 

= 'ICy) L /= 1 axt 4nlx-yl 

= 1. 8(x - y) 

= o(X - Y) 
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3.2 Surface potentia l 

L I us introduce the single and the double layer Slilface pOtential 0 . 

e '{}era/ors, correspondmg to the parametrix (3 .2) 

Vg(y) ,= - Is P(x,y)g(x) dSx 
(J A) 

Wg (y) ,= - Is [T(x, n(x), ilx) P(x,y)lg (x) dS
x ,yE S 

(3.5) 
where 9 is some scalar densi ty function. 

Lei us in troduce also the lo llowi ng bOlllldmy integral (pseudo.dijJerential) operators: 

Vg (y) ,= - Is P(X,y)g (x) dSx, 

W g (y ) ,= - Is [T (x ,n(x), ilx)P(x,Y) lg(X) dS
x
, 

W'g (y) ,= - Is IT (Y, Il (Y), ily) P(x,y) j9(X)dSx, 

£±g (y) ,= F Wg(y) . 

where YE S. 

(3.6) 

(3.7) 

(3.8) 

(3.9) 

From defini tions (3.2). (3. -1 ) • (3. 9). one can obtain representations of the parametrix based 

surface potent ial operators in terms of the ir counterpart fo r a = 1, i.e., associated with the 
Laplace operator fJ. , 

a) 1 

(3. 10) 
Vg = -V"g, 

a 

b) 1 

(3. 11 ) Wg = -W"(ag), 
a 

C) 1 

(3. 12) Vg = ~ V"g, 

d) 1 

(3. 1 J) Wg = ~ W"(ag), 

0) 
W 'g = W~g + la:,W /v"g, (3.14) 

0 £ ±g = £"(ag) + la:,W IWl(ag) (3.15) 

where the subscripl fJ. means Ihat the corresponding surface potentials are constructed by 

means Orthe harmonic fundamental solution P
ll 

= 
411" JX y ) . 

28 • 



• 

[INTEGRAL EQUATION METHODS IN DIffERENTIAL EQUATIONS] 

Proof: From (3.2) we have 

-1 _ 1 -1 P4!.(X,Y) 
P(X,y);::: 411a {Y)Ix-yll - a{y) 4111x-yP ;:: ~, where P.o, (x, y) ::::-~ 

411'jx-YI 

Then , 

0) Vg(y ) ,= - Is P(X,y)g(x)dSx 

= - f p. (X,Y ) (x) dS 
S aCyl 9 x 

1 
=> Vg = -Vog 

a 

b) Wg (y) ,= - Is [T(x,n(x),ax)p(x,y)]g(x) dSx 

1 
= aCyl W.(ag)(y) 

1 
=> Wg= -W.(ag) 

a 

c) Vg (y) ,= - Isp(x,y)g(x)dSx 

= -f p. (x,Y) ( )dS 
S a{y) 9 X x 

1 
= - V.g(y) aCyl 

1 
:; Vg = -V 9 

a • 
29 
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d) W g(y) ,= - Is [r (x , n (x),Or )P(x,Y)]g(x)dS
r 

= - Is [It=1 a (x)n,(x),~'p(x'Y)] 9(x)dSr 

= - Is [It=1 a(x)n,(x)!- p, (r.y)] g(x) dS 
XI aCy) x 

1 
= a(y) W.(ag)(y) , YES 

1 = W g = - W.(ag ) 
a 

e) W 'g(y) ,= - Is [r(y, n(Y),Oy)P(x,y) j9(X)dS
r 

= - Is [r(y, n(y), oy)':~:)] g(x) dS
r 

r [N ( ) (y) ' p,(r.y)] ) = -)S L.. i=l a y n j ~YI ~ O(x dSx 

= - Is [I t= 1 [ O ~)I' [[a(y)]'n'(y)P.(x, y)]] g(x) dSr + 

+ Is [I t= 1 [O(; JF [a(y )P. (x, y) a:, a(y) JJ g(x) dSr , yES 

= :: Is [I t=1 11 , (y) P. (x,y)]g (x) dSr + I t=1 ~f;;a(y) fs p.(x,y)g(x) dS,-
_ 1V,'g(y) , D , ) __ V,g(y) 

: - ailn\ar;1 

:;:) W' 9 = W~g + [a aiJn G)] Vll9 

o £ ±g (y ) ,= T ±(y , n(y), Oy) Wg(y ) 

= I !=I a (y )n,(y) (,~.cwg(y») r 
30 
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= aCyl (,,~y) (wg(y») r 
= aCyl (, ,~) (a~) W. (ag) (y) ) r 
= aCyl (a(~),,~y)w.(ag)(y) + w.(ag)(y)~(_'_))± 

dn(y) aCy) 

= a,~y) Wo'(ag)(y) + [a,~) ('(~»)l Wl(ag)(y) 

= L~(ag)(y) + [a a,~) ('~)l Wl(ag)(y) 

= L i g = L.(ag) + [a:, W1Wl(ag) 

• • 
Theo rem 3.1 : Let g, E H-'(S), and g, E H>(S). Then (he following jump rela(ions hold on 5: 

[Vg,(y)J± = Vg,(y) 

[Wg,(y)J± = +ig,(y) + Wg,(y) 

T±(x, n(y), Oy)V g, (y) = fig, (y) + W 'g, (y) 

where y ES. 

3.3 Volume potential 

Let us in troduce the parametrix-based Newtonian remainder vo lume potent ial operations, 

1'g(y) := f nP(x,y)g(x)dx, 

Jlg(y) := f nR(x,y)g(x)dx 

Using equations (3.2) and (3.3) one can obtain: 

i) 
, 

1'g = -1'.g 
a 

ii) Jig = - ~ LJ=, OJ [1'.(goja)] , 

where 

(3. 16) 

(3.17) 

(3 . 18) 

(3. 19) 

31 



• 

IINTEGRAL £QUATION METHODS IN DIFFERENTIAL 'QUA 
llONSI 

P,h(y): ~ --'- f n --'--h(x)dx 
4rr Ix-yl (3.20) 

is the Newtonian potential corresponding to th ~ d . e un amenlai solution of the Laplace 

operator 6. 

Proof: 

i) P g(y) :~ f nP(x,y)g(x)dx 

_ f Pt. (X,Y ) 1 
- n --;;(y) g(x)dx ~ aCy) f nP,(x,y) g(x)dx ~ -'-P,g(y) 

aCy) 

ii) Jlg (y) :~ f nR(x,y)g(x )dx 

- f [L' r ,-YI 
- n i= 1 41ta(Y)lx-y I3 

aa(x)] Tx;'" g(x)dx , by (3.3) 

__ ,_ "" f Xj-Yi (aa(x) 
- aCy) Lo i= 1 0 4nlx-Yll 9 x) a;;- dx 

_ __ ,_"" f ' [ '] 'a(r ) 
- a(y) £. i=l n OYI - 4rrlx-yl g(x)a;;- dx 

, "" f '( 'a(r) = - a(y) L.. i= l n ay/ll x,y) g(x) a;;- dx 

~ - a~) L)., OJ [p, (g (y)oja(y) l] 

=> JIg ~ - ~ LJ., OJ [p,(goja)] 

3.4 Mixed (Dirichlet-Neumann) BVP 

We will derive and in ves tigate boundary.domain integral equation systems for the following 

Mixed BYP. 

Find a functi on u E HI (n ) satisfying the conditions 

Lu ~ f in n, 

where if!o E H~(SD ) , .po E W~(SN) and f E L,(n). 

(3.21) 

(3.22) 

(3.23) 
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Equat ion (3.2 1) is understood in the distribution sense; condition (3.22) is understood in the trace 

sense, whi le equality (3.23) is understood in the functional sense. 

In the above if SN = 111 the problem becomes Dirichlet and if SD = 0 then the problem becomes 
Neumann. 

T heorem 3.2: The homogeneous version of BVP (3 .2 1) _ (3.23), 

i.e. with f = 0, ({Jo = 0, 1/Jo = ° has only the trivial solution. 

Proor: The proof irnmedialely follows from Green 's formula (2.9) with II = vas a solution o r 

the homogeneous mixed boundary value problem. 

Clearly, non-homogeneous problem (3.2 1) - (3.23) may possess at most one solution due to the 

problem linearity. 

Assuming u is a so lution of PDE (3.2 1) and usc the pararnctrix P(x, y) as v(x) in the one 

operator second Green identity (2. 10) we obta in the linear one ope rator third Green ide ntity 
as: 

f s [P(x, y)r+u(x) - u(x)r+ P(x,y)]dS = f n[P(x,y)Lu(x) - uLP(x,y) ]dS 

<=> f s PTudx - f suTPdx = f nPf(x)dx - f nu (x)[6(x - y) + lI(x,y)Jdx 

<=> f sPTudx - f suTPdx = f nPfdx - ! nu(x)6(x - y)dx - f nu(x)R(x,y)dx 

"'u(y) 

<=> u(y) + fsPTudx - fsuTPdx+fnu(x)R(x,y)dx = f nPfdx (3.24) 

Using surface and volume potentials (3.4), (3 .5) and (3. 16), (3. 17) the one operator third Green 

identity (3 .24) can be written as: 

u + 1(u - VT+u + Wu + = J> Lu in n . (3 .25) 

If u E Hl(fl) is a so lution of equation (3.21). i.e. Lu = f with f E LzCfl) , then the equation 

(3 .25) gives 
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Gu , u + Ru - VT'u + WU + = l' f 

Applying trace operator on the equation (3.26), we have the following 

u+ + [Jlu ]+ - [VT+ u]+ + [Wu+]+ = [:Pfl+ 

Using Theorem (3 . 1) we have the following equation 

inn (3.26) 

on S 

(3.27) 

Again applyi ng co-normal derivative on (3.26) and then using Theorem (3. I) and £ ±u(y ) from 
(3.9) 

onS 

onS 

onS (3.28) 

For some functions I.If and cD, let us consider a more general "indirect" integral relation. 

associated with equation (3.26), Now replace lfJ and 4> in the place of T+u and u+ respecti vely. 

u + Jlu - V'I' + We!> = 1'{ inn (3.29) 

Lemma 3.3 , Let u E H' (n) , ( E L,(fl), 'I' E WitS), e!> E Hi (S) satisfy equati on (3.29). 

Then u belongs 10 HI,OeD; L) and is a so lution of POE (3 .21) in n, and 

V( 'I' - T+u)(y) - W(e!> - u+)(y) = 0, yEn 

I~roof' First of all , let us proof that Ii E Hl ,oen; L). Since u E HI en) , we have to 

show thaI Lu E L2 (fl). Indeed, since 

Lu = <l (au) - L a,(ua,a) 

and the last tcnn belongs to Lz(fl) , we need only 10 show that 

<l(au) E L,(fl) 

(3.30) 
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To see Lu = L\(au) - E o,(uo,a) firsl , 

L\ (au) = E .' -. (au) x, 

· ( . .) -. u(x) -. a(x) + a(x) - u(x) 
x/ x/ O)(i 

= E .:, (U (X) .:, a(x)) + E .:, (a (x) .:, U(X) ) 

L\(au) = E o,(uo,a) + Lu 

Therefore Lu = L\ (au) - E o,(uo,a) 

Further, from (3.29) due 10 (3. 10) and (3. 18) we ha ve, 

au = aPt - a1?u + aV1fI - aWe,) 

= 1'.[ - a1lu + V. 'I' - W.(a<l» 

Note that the last two terms in the right hand side arc harmonic function s. That is, ll ( Vtr, tV) = 

o and Ll(W. (a<l») = O. Also 1Iu E H2 (n) for u E H' (n ) and Ll(1'.fl = [ E L, (n). There fore , 

ll(au) E L2 (fl) and then Lu E L2 (fl). So, u E H1 ,O(fl; L) and we can write the third Green 

identi ty (3.25) for the so lution u. 

Subtracting (3 .29) from identity (3.25), that is 

-[u + 1Iu - V'P + W<I> = 1'f) in n 

we obtain 

-V'P ' + W<I>' = 1'(Lu - f). ill n (3.3 1 ) 

where lI":= T+u - lI' and ¢' := u+ - ¢ 
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Muhiplying equa lity (3.3 1) by arYl , we get 

-V.'V' + W.(a<l>') ~ J'.(Lu - f). 
in n (3 .32) 

Applyi ng the Laplace operator !!J to the last equation and taking into considerat ion that both 

functi ons in the left-hand side are harmonic surface potentials, wh ile the ri ght-hand side function 

is the classical Newtonian volume potential, we arri ve at the equation 

Lu - f ~ 0 
inn (3 .33) 

This shows that u solves differential equation (3.2 1) i.c. Lu ::;: f in n 

Now substituting (3.33) into (3.3 1) we obtain (3.30) 

yEn. 

Lemma 3.4: 

, 
i) Let 'V' E W'(S). l f 

V'V'(y) ~ 0, yEn, (3.34) 

then 4" ::;: O. 

, 
ii) Let <1>' E mrS). if 

W<I> ' (y) ~ 0, yEn, (3.35) 

then <1>' ~ O. 

ii i) Let 5 == 51 U 52' where 51 and 52 non intersecting simply connected sub 

manifolds of 5 with infinitely smooth boundaries and S is noncmpty. 

V'V'(y) - W<I>'(y) ~ 0, yEn, (3.36) 

then 4" = Oand¢!' == 00n5. 
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3.5 Boundary-domain integral equation 

Let ¢lo E H
I12

eS) be a fixed extension of the given function qJo from Ihe sub manifold 5
0

10 

Ihe whole of 5 (see the Dirichlet condition (3.22». An arbitrary extension 4> E H L/2(5) 

preserving the function space can then be represenled as 4> = 4>0 + <P where <p E 

F[I /2 (s.), 

Analogous ly, let 1f'0 E H-112(5) be a fi xed extension of the given function lfJ o from the sub 

manifold 5N to the whole of 5 (see the Neumann condition (3.23». An arbitrary ex tension 

'+' E H 1/2 (5) preserving the function space can then be represented as ltJ = 410 + lfJ 

where ljJ E ii -ll'(SD)' 

If tlJo E H- I/2 (5N) or <Po E HI /2 (50) admi ts the canonical extension, i.e . can be ex tended 

onto the whole boundary S by zero preserving spaces, then evident ly one may choose 

'flo E ii-l l' (S.) Dr "'0 E ii' I '(SD)' respectively, 

A way of reducing BYP (3.21) - (3.23) to Boundary-domain integral equation is to substi tu tl.! 

the 'eumann and Dirichlet boundary condit ions (3.22) and (3.23) into (3 .26) and either 

into its trace (3.27) or into its co-normal derivative (3.28) on So and SN ' To wurk with 

the boundary functions defined on the whole boundary 5, we will al so replace the 

boundary trace u+ and the canonical derivative r +u by new functions <I> = <1)0 + lfJ 

and '+' = If'o + 1.J.I respect ively. forma lly segregated from u. Here (1) 0 E Hln (s) and 

lfJ
o 

E H- 1/ 2 (S) are some of the above mentioned extensions of the given func tions lfJo 

, h'l ,-, ' I '(S ) ,I. E ii- l /'(S ) from SD to 5 and 1.J.I o from SN to S, respectively, W Ie qJ E . N • 't' 0 . 

BDIES (!JT) 

1. Assume $0 E Hl /2 (S) and lfJo E H- I/2 (S) arc fixed extension of the given function s 

r{Jo E J-/ I!Z (SD) and ~o E J-/ - l !Z (SN) respectively. 

II. Substitute u+ by <Po + <p and r+u by If'o + 1.J.I. with r{J E F/1 /2 (SN)' and 1.J.I E 

ii - l l '(SD)' 
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Applying the above assumptions I and II, and 

A) Us ing equation (3.26) in n we get 

u + Jlu - V('I'o + 1jI) + W(<I>o + 19) = 1'[ in n 

u + Jlu - VIjI + Wq> = 1'[ + V'I'o - W<I>o in n 

u+Jlu-V"'+WI9 = Fo inn 

where Fo = 1'[ + V'I'o - W<I>o 

B) Taking the restri ction of equation (3.27) on SD we obtain 

rSD Gu+ + J?+u - VT +u + Wu+] :; rsD {Pf) + 
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::::::) TSVJ?+U - TSO V~ + TSO WfP ;;:: TSO FO + - fPo 

=> '-SO J?+U - TSO V~ + TSV WfP ;;:: rSOFo + - fPo 

= '5D [R +u - VIji + W",J = rsD[F: - "'oj, 

= J<+ U - VIjI + W<p = FO + - <PO, 

since TSDtfJO ;;:: tfJo 

on So 

C) Taking the restrict ion of equation (3.28) on SN wc gCI 

TSN [~T+U + T+'Ru - W 1T+U+L+U+ ] ;;:: TsN[T+Pf) 

, 2:SN [T+uJ + rsN[T+RuJ - rSN[W'r+uJ + rSN[C+u+J = rsN[r+1'f] 
-~o 

1 1 = rsN[r+RuJ - rSN W'1ji + rSN C+", = rsN [T +FoJ - 2"'0 - 2"'0 

= rsN [T +Ru - W'1ji + C+",J = rsN [T+Fo - "'oj, since rsN"'o = "'0 
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The above th ree resul ts give the fo llowing BOIES with respect to the unknowns u, lJl and qJ. 

(1 - J/ ) u - VIjJ + Wq> = Fo 

1SDR+u - TSD VtjJ + TSD W cp :; TSDFO + - CPo 

TSN T+ J?u - TSN W'tjJ + TSN £+((J :; TSN T +Fo - t/Jo 

We can observe that the second and the thi rd equation of the system are assoc iated with the 

operator q on SD and with the operator T on SN respectively. It is from th is that the name of thi s 
BDiE sys tem qT ari ses. 
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