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Notations and Basic Definitions

N, = N U {0} set of non-negative integers

N§ = f{a: aj,a;,..,a, and a; € Ny} set of multi-indices and «a is called multi-index
}) a bounded, simply connected domain; 2 € R™ and Q¢ = R\ Q

I"or S = dQ the boundary of 1, is sufficiently smooth

§$ =S, USy whereSp, and Sy, are non-empty, non-intersecting submanifold of S with infinitely

smooth boundary curve dS; = dSy

A or V? the Laplace’s operator

% the gradient operator

D,S the space of test functions

D.,s§' the space of generalized functions based on D, S
) Dirac delta function

F(f)or f  Fourier transform of f

L(x,0,) = Xi_q 3= (a(x)ddT) scalar elliptic differential equation
“1 i

supp f ={x € R"*: f(x) # 0} the support of f

L, () the Lebesgue space on

Wit the Sobolev space of order k based on L, ()
H*(2) Bessel potential space

s, restriction operator on §;

H3(S;) = {rslg : g € H5(S)}  the space of restriction on S; of functions from H¥(S)
HY(Q,L)={g € H'(R):Lg € L,(R)}
il co-normal derivative operator

14 the trace operator
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INTRO DUCTION

In this seminar, there are some concepts that should be pointed out so that the reader will
smoothly go through. The first important point is the theory of distribution. One of the most
useful aspects of the theory of distribution is that discontinuous functions can be handled as

casily as continuous functions. Another point is the concept of Sobolev spaces.

The boundary integral equation (BIE) method has been intensively developed over recent
decades both in theory and in engineering applications. Its popularity is due to the possibility of
reducing boundary value problem (BVP) for a partial differential equation in a domain to an

integral equation on the boundary of the domain.

The main ingredient necessary for reduction of BVP to a boundary integral equation (BIE) is a

fundamental solution 1o the original partial differential equation, available in an analytic form

and/or cheaply calculated. After the fundamental solution is used in the corresponding Green

formulae one can reduce the BVP to a BIE.

However, such a fundamental solution is not generally available if the coefficients of the original

partial differential cquation are not constant. One can use in this case, a parametrix (Levi

function) which is usually available, instead of the fundamental solution in the Green formulae.

This allows a reduction of a boundary value problem not to Boundary Integral Equations (BIEs)

but to Boundary-Domain Integral Equations (BDIEs).

Using explicit parametrix and the parametrix-based third Green’s identity the mixed (Drichlet-
Neumann) boundary value problem for the “heat transfer” partial differential equation with a
variable coefficient (heat conductivity) can be reduced to four versions of direct segregated

Boundary-Domain Integral Equation Systems (BDIES).
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Chapter one:  Some Preliminary Concepts on Distribution Theory and

Sobolev spaces

1.1 The space of basic functions D

Definition: Let 0 ¢ R" open. Included in the ser of basic functions D(Q) are all functions
which are finite and infinitely differentiable in (0.
Thatis, D(Q) = {@: @ € C®(Q) and ¢ € Cy(Q)}
={p: €l (D)}
M o
Example 1.2 Let ¢(x) = {e = x| <1 ggin .
0 , 1x] =21

@(x) € C*(R™) and supp (¢) = [-1,1].

Convergence in D: Given sequence {@,}n—y in D(), then ¢, — @ inD(Q) if the

following two conditions are satisfied:
(i) 3 acompact set K € , such that supp(¢,) € K vn
(ii) Ya € N? we have ||D%@, — D¢|ls — 0, that is, uniform convergence in K
for all derivatives.
A linear set D(Q) equipped with such convergence is called the space of basic functions D.

1.2 The space of Distributions D’

Definition: - A distribution or generalized function f € D’ on a non-empty open set {1 C R"

is any continuous linear functional on the space of basic functions D.
By this definition of distribution, we mean

e A distribution f is a functional on D , that is, with each ¢ € D there is associated
(complex) number (f, @).
e A distribution f € D' is a linear functional on D, that s, if ¢, € D and Au€

C, then (f,A@ + up) = Af, @) + ulf, ¥).
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e Adistribution f € D' is a continuous functional on D, that is, if ¢, — ¢

inD(Q) asn — oo, then (f, @,) — (f,@)asn — oo,

One of the most important examples of distribution is the so called Dirac delta. It is denoted

by & and defined by (8, @) = ¢(0) for any basic function ¢.
Definition: Distributions generated by locally summable functions f € L'°¢ in Q via the

formula:

(. 0) = f £ ) p()dx, 0 € D)

are called regular distributions and all others (such as Dirac delta function) are called

singular distributions..

Convergence inD': A sequence f, € D'(Q) converges to f in D'(Q) if (f,, @) — (f, o)
V¢ € D(Q), and we write f, — fasn — o inD".

This convergence is termed a weak convergence.
1.2.1 Derivatives of Distributions
Definition: A (generalized) derivative D*f of a distribution [ € D' is defined by
(Def, @) = (-D)l(f,D%9) Vo€ D, a €Ny |af =L,
To show D4f € D';since f € D' . clearly D*f is a functional.
Linearity: Let @, € D and 4, u € C. then
(Df, A + up) = (=1)“I(f, D* (A + )
= (=1)\“Uf,AD%p + uD“p)
= A(=D)l(f, D) + u(=1)!“i(f, D)
= MDf, ) + u(Df, )
Hence D*f is a linear functional on D
Continuity: Let ¢, — @ asn — o inD.

Then (D%f, @) = (~DI¥I(f, D%,) — (—1)¥I(f, D%p) = (D*f, )
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This implies that (D“f, @,) — (D*f, ) asn — oo,
Hence D¥f is continuous.
Therefore, D“f € D'.
In particular, if f = &, then (D%, @) = (=1)!%/(f,D%¢), p € D
= (=1)"“'D%p(0)
1.2:2 The convolution of Distributions
Let f and g be locally summable functions in R™. If the integral [ f(y)g(x — y)dy exists

for almost all x € R™ and defines a locally summable function in R™ , then it is called the

convolution of the functions f and g and is symbolized as f * g so that
(f *9)(x) = [ f(Ng(x — y)dy
= [gOf(x = y)dy = (g * f)(x)
The convolution f * g defines a regular functional on D(R™) via the formula
(f*g.9) =] (f * 9) ()¢ (x)dx
=[ o) [ f()g(x - y)dydx
= [ fO) ] gx—y)p(x)dydx
=[] fO) 90y +¢) didy
That is, (by virtue of Fubini’s Theorem)
(f+9.9) =] fO)g»)p(x +y)dxdy
= (F)g, 9 (x +))
Remark 1.2: The convolution of any distribution f with the delta function exists and is equal
tof.Thatis, f*d=8=«f=f

Remark 1.3: The meaning of the formula f = f * § is that any generalized function fmay

be expanded in terms of & functions, which, formally, is often written thus:

f(x) = [ f()8(x = §)dS
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1.3 The space of test functions §

Definition: The space § = S(IR™) of all functions of the class C® (R™) that decrease together
with all their derivatives, as |x| — oo, faster than any power of |x| ™! is called the space of

rapidly decreasing functions also called Schwariz space.

Convergence in §: The sequence of functions ¢4, @3, ... , belonging to § converges to a

function @ inS , @, — @.asn — o in S, if forall @ and S :
xPD%p,(x) = xFD%p(x), asn — o
1.4 Fourier transform

Since the test functions from S are locally summable, the operation of Fourier Transform

F(¢) and F~*(¢) are defined on them:

Definition: If @ € S(R™), we define the Fourier Transform and its inverse as follows:

(F)(©) = (2m)"2 f o(x)e-i%8) dx

Rl‘l

and

(F19)(§) = (2n) f o(x) ¢i%8) dx

Rl‘l

e Two important formulae can be proved
o D[Fe)(§) = (=)“IF[x“¢](§)
o F[D%](§) = (iH)*[Fel(§)

Proof: D*[Fp](§) = Df [(2m)% [ e (x) e dx
= (21)% [ @(X)Dfe ") dx
= (2n)F [ () (—ixy) @ (i) % .. (=ixy)“ne ™8 dx
= (=)19(21) % [ 0 (x) x%e 104 dx

= (—)“F[x*p](¢)
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FID%p](§) = (2n)2 Jon €D @(x)dx
= (27[)_; fmn (_ l)lal ‘P(x)Dae—“x'ﬂdx
= (27[) -g fmn ("' l)’al ‘p(x)(_if)ae_i(x'ﬂdx

= (1)) [, p()edx
= (O[FI(©)

1.5 The Space 8’ of Generalized Functions of Slow Growth (Tempered
Distributions)
Definition: A generalized function of slow growth is any continuous linear functional on the

space S of test functions. We denote by 8" = S'(R™) the set of all generalized functions of slow

growth,

| Convergence in 8" as weak convergence of a sequence of functionals: a sequence of generalized
functions f;, f,, ... taken from 8’ convergences to the generalized function f € §', fy — f,

k — wins', ifforany ¢ € S, {fi,0) = (f,@), k—

The linear set S’ equipped with convergence is termed the spaces S’ of generalized functions of

slow growth or tempered distributions.

Fourier transform of Tempered Distributions §'(R")
Definition: If f € §'(R™), then (F(f), @) = (f,F(@)). Vo € S.

In particular if f = &, then
(F(8),0) = (6,F (@) = Fp(0) = (2m)2 [, o(x)e~*Vdx
= (2n)% [, @(0)dx = (2m)73(1,9) = ((2m) 2, 9)

~F() = (ZH)"; ,p ES.



[INTEGRAL EQUATION METHODS IN DIFFERENTIAL EQUATIONS| June 1, 2010

Similarly, if f = 1, then
(F(1),9) = (1L,F(p)) = [gu Fo(x)dx
= (2m):F 1 F¢(0)
= (2n)z ¢(0)
= (2m)z (5, ¢)
= ((2m)26 , )
= F(1) = (2n)26

. Two important formulae can be proved
o D*[FfIE) = FI(-ix)*f1(5)
o F[D*fI(§) = GO[FfIE)

Il Proof:
([Ffl@) = CDNEFS,D),  fES, @ES
= (- 1), F0%) = (-1)“Ur, 0 (F)
= (- 1)@, Fo) = ()%, Fo) = (FI(=ix)*f), )
= DUFfI(E) = FI(=i0)*f1()
(FID*f],0) = (D°f,F@), f€S, Q€S
= (-1)“f.09Fp) = (-1) £, (DT (E70))
= ilel(f, F(£9)) = IUF(f),E)
= lEF (), 9) = (()“F (), )
= FIDUIE) = (O (FfIE)

10
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1.6  Sobolev spaces

The analysis of PDEs naturally involves function spaces that are not only defined in terms of the
properties of the function itself, but also in terms of the properties of its derivatives. Sobolev
spaces are useful tools in this analysis: so now we give the general definition of Sobolev space

based on L, (Q) space.
The space L,(2)

We define the Lebesgue space as follows:
X
L,(Q) = [f:f is measurable and ||f|l,, = (J,IfI? dx)” < OO] for1<p<oo,

Lo(Q) = {f: f is measurable and ||f||. = ess sup|f| < oo}

where ess sup|f|» == inf supl|f|
H(N)=0 /N

or in words the essential supremum of a measurable function f is the smallest number M

such that f < M almost everywhere. If no such number exists, then we write ess sup [ = oo,

Definition: Letk € Ny, 1 < p < o, and let Q2 be a non empty open subset of R™, the sebolev

space WK (Q) of order k based on L, (Q) is defined by

WX(Q) = {f € L,(Q) : D*f € L,(Q) for all a € N, |a| < k}

Remark 1.4: a) D%f is viewed as a distribution on Q , so the condition DYf € L,(£) means
that 3 a function g% € L,(€) such that (f,D%p) = (-1l g%, @) V¢ € D(Q) such a function
g« is defined as a weak partial derivative of f.

b) Since L,(€) is complete then Wp"(ﬂ) equipped with the norm ||f “W;f(ﬁ) —

1

(ijskllD“f]l‘lpm))p is a Banach space.
¢) Forp = 2,k =0, WK(Q) = H¥(Q) is a Helbert space with respect to the

inner product (w, v) ke = 20U, 0%V) 1) = J {Z ajsk 0“ud%v}dx
11
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The norm induced by this inner product is

1
Null k) = ((u, U)H“(n))z

Let us investigate one of the Sobolev spaces H'(£), which is a particular case of Sobolev space

of order 1, the notation W} (Q2) = W'(Q) = H'(Q) is also used.

Definition: The sobolev space of order 1 on Q denoted by H*(Q) is defined by

H'(Q) = {u € Ly(Q) : e lL,@isis n}

Remark 1 5: a) The partial derivative -;2% in the definition is in the sense of distribution. That
is, there exists g; € L, () such that, (a—“ @) = (g;, @) or (u,a—i) = —(g:,¢) Yo € D(N)

ax,- !

[

-1, if x<0
b) u € L,(Q) need not imply% € L,(Q) . For example u(x) = [ : agr;c o

thenu € L,(2), Q=[-11];but -t%u is not an element in L, ().

Theorem 1.6:

H(Q) is a Hilbert space with respect to the inner product

du dv
(W, V)10 = (u, T-’)Lz(n) +Xh (5;,(3—%);,2(9) : (1.1)

Proof: Let u,v € H'(Q) and a, B be scalar.
Then, au + v € H'(Q) because, i(au + Bv) = ag—; + ﬁ;—;.
Hence H'(Q) is a subspace of L, () , and so it is a vector space.
To show (u, v}, o is an inner product on H(Q), letu,v,w € H'(Q)
and a be scalar.

d dv
a) (uw+w, V)= U+w v+ G (u+w), 500, @)

du dv dw dv

= (U, V), + W V)@ + 2k G @ + Zim Gxr a2 (@

= (w, V)10 + W, V)10

12
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b) (aw,v)q = al{u,v)y9

au d
¢) (ua v)l,ﬂ = (u, v)LZ(Il) + Z?:‘L a_:f'a_:_')j_,z(n] = 0and
Il + Wl oy + S0 |2 = i
ully o + Nullz, @) + 2is, % b= lullz, ) (1.2)
lI‘h- = - ll | d 1/2
is implies |[ull;21(q) = ((w,v)10) (1.3)

d) (W) =(vuhg

Hence H(Q) is an inner product space with respect to the inner product (1.1). To show that
H(£) is a Hilbert space, we have to show that the space is complete. That is, every Cauchy
sequence with respect to the norm given by (1.3) is convergent in H*(£2). By the remark 1.4b

WX(Q) is complete norm space and H'(Q) is just a particular case.

To define the Sobolev space of fractional order, we denote the Slobodesckii semi-norm by

P 1
‘uly,p,n = (qu {u{x) 1)) dx dy) % for0 < p< 1. (1.4)

07 |x—y|nton
For p = oo we get the holders semi norm. Fors = k + u, we define
Ws(Q) = {u € WE(Q): 0%l pa < o for |al = k} (1.5)

And equipped with the norm

1/p
lullwgca = (Nellygca) + Siat=l 0l 50) (1.6)

For any integerk = 1, the negative order space Wp"‘(ﬂ) is defined to be the space of
distributions u € D’'(Q) that admits a representation

U =Yk 0“fa With fo € L,() (1.7)

This space is equipped with the norm

1

/
Ml 4y = inf (Siaistllfelll ) (1.8)

13
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where the infimum is taken over all representation of the form (1.7).

Definition: For any s € R, we define H*(R™), the Sobolev space of order s on R" by
H5(R™) = {u € S'(R"): J°u € L,(R™)}
and equip this space with the inner product
(W, V)ysrny = (J°u, J°v)

and the induced norm

Nl s mmy = ’(u, Wyswny = NT°ully, wn)

where J° is a continuous linear operator J°%: S(R"™) — S(R") called the Bess/

potential of order s defined by

J5u(x) = [ gu(1+ [€[2)2 (Fu)(§)e?™*d§ for x € R™.

For any closed set F € R™, we define the associated Sobolev space of order s by
H = {u € H(R™): supp u € F}
Where as for any non empty open set € R", we define
HS(Q) = {ueD'(Q):u=ulg forsomeu€ H*(R") }.
Trace

For the application of Sobolev spaces to boundary value problems, it is necessary to restrict
functions in Sobolev spaces to the boundary of the domain in order to satisfy the assigned
boundary conditions. In this section we will introduce the trace operator which restricts a

function defined on the domain  to the boundary of Q, denoted by S or I' = 9.

We write x € R" as x = (x', %) , X' = (X1, X2, ..., Xn—1) € R""%. Consider the traces of

function on the hyper-plane x,, = 0, we define the trace operator y: D(R™) — D(R™?) by
yu(x) = u(x’,0) for x' € R**

14
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Theorem 1.7: If s > 1/2 , then y has a unique extension to a bounded linear operator

y: H¥(R™) — HS_%(IR“”) and we have |lyul| < Cllullyseany-
H

5“’%([31:-1}
The above theorem is sharp in the sense that
HS2(R1) = {yu: u € HS(RM)},  fors>1/,

Corollary: Let s > 1/2 put @ =R3? and Q=S < R?. then the trace operator
y: D(R™) — D(R™1) can be extended by continuity to the linear continuous
operator y: H5(Q) — H¥%(S)

Example 1.8: Hz(S) = {yu: u € H'(Q)}

From the trace theorem, for u € H*(Q2) ,s > 1/2 , it follows that ulg = ysiu €

1 . —— . s
H*"2(S) , where v is the trace operator on S from Q. We will use also notations u* or [u]*

. + - k %
for the traces u|g , when this will cause no confusion.

15
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Chapter two:  Fundamental Solutions and Formation of BIEs

2.1 Fundamental Solutions of Linear Differential Operator

Definition: Let L be a non-zero differential operator with constant coefficients, a,(x) = a,

such that
L(D) = ¥jaj<k @ D® (2.1)

where k € Ny, € N§ ,D* = D{*.D;* .. D", and |a| = ¥, @;. A distribution

£ € D'(R™) that satisfies the equation
L(D)E(x) = 6(x) (2.2)

in R™ is said to be a fundamental solution of the operator L(D).

Lemma 2.1: A distribution € € §’ is said to be a fundamental solution of the operator L(D)

if and only if the Fourier transform F (€) satisfy the equation

L(i&)F(E) = (2m) "z , where L(§) = Xja|sn @al”
Proof: Let £ € ' be a fundamental solution of the operator L(D)

& L(D)E(x) =6(x)

o FIL(D)E] = F6 = (2m)
S F[Ziaten 0D E] = (2m)72
& Yiaienta FIDUE] = (2m) 2
& Ljaen A1) FIE] = 2m) 2

o L(iE)F[E] = (2n)2

16
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Example 2.2: The fundamental solution of Laplace’s operator in R? is given by

1
41|x|

E(x)=—-

Solution: Suppose AE = §. Apply the Fourier transform to both sides; i.c,

F(AE) = F(6)

3
= —|¢é|2 F(E) = (2m)"z, by the above Lemma

Since |&|~? is locally integrable in R*, we have

F(E) = —(2n) 28|

= &) = -m) 2 F [

1
|-§12

= —(zn)'g ?’[ ] , since Flp(—=&)] = F ()]

=—@miF || . since |2 = 1

1

b 7] = 5 8) = 260 = - 5 6

= — ii'_| (2_2, 2_%_ n‘”; n’%)

1 g =
2= ___2 27'[ 1
|x]

g (2.3)

am|x|

In general fundamental solutions of Laplace’s operator A = V2 is given by

= B e
—2)an|x|""
Sn(x) —. nn (24)

Zln|x|, n=2
2

where a,, is a unit volume in R™ . and using Gamma function and its properties

n

a,(r) = % , where T'(p) = fam xP-le=*dx, 0<p<1landT(p+1)=pl(p)
2

17
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; w L g _ 4 Lo, % . -

Forn = 3, the formula gives a;(r) = gmf3. which is the volume of a sphere of radius r, and
5 . 1 . .

the fundamental solution £ = S which is the above example result.

2.2 Green identities

Consider the following scalar elliptic differential equation
a du(
Lu(x®) = L(x;d)ulx) = Zi*:la—m(a(x) —gx—f—)) =f(x), =x€ (2.5)

where u is an unknown function and f is a given function in . When a = 1, the operator L

becomes the Laplace operator A.
For the operator L from (2.5), we will use the space

HY ;L) ={g e H'(2): Lg € L,(2)}
with the norm [|gll% 100,y = 191510y + ILGIE, (0)-

For §; € S, we will use the subspace H*(S,) = {g: g € H*(S),suppg c $;} of H*(S),
while H*(S,) ={rs,9: g € H*(S)} denotes the space of restriction on §; of functions from
H*(S), where 15, denotes the restriction operator on S .

Foru € H*(Q)), s > 3/2 , we can denote by T* the corresponding co-normal derivative

operator on S understood in the trace sense,

(00, 30) () = Bk im0 (22)” =ato) () (26)

where n(x) is the exterior (to Q) unit normal vector at the pointx €S .

For u € H¥(Q; L) we can correctly define the co-normal derivative

T*u € HS_%(S) with the help of Greens formula

(Ttu,v*)s = [ [vLlu + E(u,v)]dQ forallv € H'(22) (2.7)

18
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where

_ 5 () 20 2v)
E(u,v) ,:10(.7() dx;  dx;

and (.,.)s denote the duality bracket between the spaces H_%(S) and H%(S) which extend the

usual L, (S) scalar product.

Using the definition of the scalar product the weak co-normal derivative can be written as
(T*u,v)s = [v(x)T u(x)dS (2.8)

From (2.7) and (2.8) we write one operator first Green’s identity for the operator L as:

fﬂ[vLu + E(u,v)]d(x) = fsv(x)?‘ u(x)ds

& [ vlud = [w)T u(x)ds - [ ,E(u,v)dQ (2.9)

We can obtain the one-operator second Green identity by interchanging the roles of u and v in

(2.9)

f“vf,u dQ = vaTudS - J'nE(u, v)dQ
_].“uLv dQ = fSuTvdS - an(u, v)df)
Subtracting, we get
[ o(lu — ulv) dQ = [ (vTu — uTv)dS or (2.10)
J (wlu — uLv) dQ = (T*u,v*)s — (T*v,ut)s

where u,v € HYO(Q; L)

19
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Assuming u is a solution of PDE (2.5) and use the fundamental solution E(x,y) as v(x) in the
one operator second Green identity (2.10) we obtain the linear one operator third Green

identity as:

[ [ECe ) THulx) —u(x)T*E(x,y) 1dS = [ [E(x,y) Lu(x) — uLE(x,y) |dS

& [ETudx — [ uTEdx = J &f ()dx = [ u(x)8(x — y)dx

& [ ETudx — [uT€dx = [ Efdx — [ u(x)8(x — y)dx
=u(y)

& u(y) + [(ETudx — [uTEdx = [ Efdx 2.11)

2.3 Green Representation Formula

For the sake of simplicity, let us first consider as a model problem the Laplacian in two and three

dimensions. We want to find the solution u satisfying the differential equation

R 2 Y in Q 2.12)

J=1 g2
B.r;

Here € R™ is a bounded, simply connected domain, and its boundary I"is sufficiently smooth,
say twice continuously differentiable, i.e. I' € C2. As is known from classical analysis, a classical
solution v € C2(Q) N C1(Q) can be represented by boundary potentials via Green representation

formula and the fundamental solution € of (2.12). For the Laplacian £(x, y) is given by

—%loglx—yl forn =2 @.13)
£xy) = - forn=3 &
am |x-yl
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From the third Green identity the representation of the solution reads
- v - dE(x,y)
v(x) = [ r €06 Y) 5 3)dsy = [ v(y) -gn—:-dsy + [ £V f()dy (2.14)

for x € Q where n,, denotes the exterior normal to 'aty € T, ds,, the surface element or the

arc length element for n = 2 or n = 3 respectively, and the regular normal derivative

a 5 i
=)= llmf—_.g:r grad(y).n, 2.15)
y

The notation @/dn,, will be used if there could be misunderstanding due to more variables.
In the case when f Z 0 in (2.12) one may also use the decomposition in the following form:
v(x) = v, (x) + u(x) = [ &, ) f()dy + u(x) (2.16)
where u now solve the Laplacian equation

—Au=0 inl (2.17)

Here v, denotes a particular solution of (2.12) in Q or Q¢ and f has been extended from § or
Q° to the entire R™. Moreover, for the extended f we assume that the integral defined in (2.16)
exists for all x € Q (or Q°). Clearly, with this particular solution, the boundary conditions for u

are to be modified accordingly.

Now, without loss of generality, we restrict our consideration to the solution u of the Laplacian

(2.17) which now can be represented in the form:

aE(x,y)
u(x) = fyerE(x,y)g—:(y)dsy —nyru(y) bl ds, (2.18)

any

FFor given boundary data u|r and gﬁl , the representation formula (2.18) define the solution of
) alp

(2.17) everywhere in Q. Therefore, the pair of boundary functions belonging to a solution u of

(

(A

17) is called the Cauchy data, namely

Cauchy data of u := (;ﬂr) (2.19)

anlp
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2.4 Boundary potential and Calderon’s projector

The representation (2.18) contains two boundary potentials, the simple layer potential
| Vo(x) = fyeré'(x, y)o(y)ds, XEQUQOorx ¢TI (2.20)

' and the double layer potential

E(x,
We(x) = fyer(P(}’) a(:yy) ds, XEQUQorx ¢ T (2.21)

Here o and @ are referred to as the densities of the corresponding potentials. In (2.18), for the
solution of (2.17), these are the Cauchy data which are not both given for the BVPs. For their
complete determination we consider the Cauchy data of the left-and right-hand sides of (2.18) on
I'; this requires the limits of the potentials for x approaching I' and their normal derivatives. This

leads us to the following definitions of boundary integral operators, provided the corresponding

limits exist.
Vao(x) = lim Va(2) forx€r (2.22)
z-xelr
Ko(x) = _{HJ{}ngrp(z) + %(p(x) forxerl (2.23)
Z€N
K'o(x) = zlilrprérgradz Va(z).n, — é-a(x) forx €Tl (2.24)
ZEf
De(x) = —zu?érgradzwm.z).nx forx €T (2.25)
ZEN
More explicitly, these limits can be expressed by:
5
Vo(x) = [ yer € ¥)o()ds, forx €T (2.26)
- E(x,y) 2.27
Ko(x) = [ erg -—a-y—qo(y)dsy forx€T (2.27)
; A IE(x,y) 798
K'o(x) = fyer\{x]‘a_mc‘U(J’)dSy forx €T (2.28)
2 (de orn=2
Dp(x) =4 9% d (“5) ) 4 (2.29)
—(ny X Vy).V(ny, x Vy0)(x) forn=3
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Now, let us discuss the relation between the Cauchy data on I' by taking the limit x - I" and the

normal derivative of the left-and right-hand sides in the representation formula (2.18). For any

solution of (2.17). this leads to the following relations between the Cauchy data:
() = (%; - K) u(x) + V%E(x) (2.30)
and

du 1 .\ du
Eg(x):Du(x)+(-2-!+K)a—n(x) 2.31)

) T
Consequently. for any solution of (2.17), the Cauchy data (u,%:‘-l) on I are reproduced by the

operators on the right-hand side of (2.30) and (2.31), namely by

cq = 2.32
o D SI+K' Ll

This operator is called the Calderon projector (with respect to Q).

2.5 Boundary Integral Equation

As we have seen from (2.30) and (2.31), the Cauchy data of a solution of the differential operator
in () are related to each other by these two equations. As is well known, for regular elliptic
BVPs, only half of the Cauchy data on I is given. For the remaining part, the equations (2.30),
(2.31) define an over determined system of boundary integral equations which may be used for
determining the complete Cauchy data. In general, any combination of (2.30) and (2.31) can

serve as a boundary integral equation for the missing part of the Cauchy data.

Hence, the BIEs associated with one particular condition are by no means uniquely determined.
The *direct” approach for formulating BIEs becomes particularly simple if we consider the

Dirichlet problem or the Neumann problem.
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2.5.1 The Dirichlet problem

In the Dirichlet problem for (2.17), i.e. =Au=0 inQ the boundary values

ulf':(P onl (233)

are given. Hence

__du
an

r (2.34)

is the missing Cauchy datum required to satisfy (2.30) and (2.31) for any solution u of (2.17). In
the direct formulation, if we take the first equation (2.30) of the Calderon projection then ¢ is to

be determined by the BIE

Va(x) = %w(x) + Ko(x), x€T (2.35)
Explicitly, we have

[ yer€(xy)a()dsy = f(x) x€T (2.36)

where f is given by the right-hand side of (2.35) and € is given by (2.13), a weakly singular

kernel. Hence, (2.36) is a Fredholm integral equation of the first kind.
Alternatively to (2.36), if we take the second equation (2.31) of the Calderon projector, we arrive

at  -o(x)-K'o(x) =De(x), forx€Tl (2.37)

The explicit form of (23) reads

o(x) — nyer\{x}&%(:;—”a(y)dsy =g(x), forx€rl (2.38)

Where % is weakly singular, provided I" is smooth. g = 2D¢ is defined by the right-
hand side of (2.37)
Therefore. in contrast to (2.36), this is a Fredholm integrate equation of the second kind.

This simple example shows that for the same problem may employ different BIEs.
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252 The Neumann Problem

n the Neumann Problem for (2.17). i.e. =Au =0 inQ the boundary condition reads as

du : i
5l = Y onTl with given . (2.39)

For the interior problem (2.17) in , the normal derivative i needs to satisfy the necessary

compatibility condition
Jobds =0 S
for any solution of (2.17). (2.39) to exist.

Here u/r is the missing Cauchy datum required to satisfy (2.30), (2.31) for any solution u of the
Neumann Problem (2.17). (2.39). If we take the first equation (2.30) of the Calderon projector,

then u|p is determined by the solution of BIE
“u(x) - Ku(x) =y(x)  ,x€r (2.41)
This is the classical Fredholm integral equation of the second kind on T, namely:
u(x) + 2 S uy)dsy = 2 f o g EC WOy = £ () (242)

yET\(x} an,

Alternatively if we take the second equation (2.31) of the Calderon projector, we arrive at the

equation
Du(x) =s(x) = K'p(x)  ,forx€T (243)

This is a hyper singular boundary integral equation of the first kind for ulr, it is not one of the

standard types.
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Chapter three: Parametrix, potential type operators and Formation of
BDIEs

3.1 Parametrix

A function P(x,y) of two variables x,y € Q is called a parametrix for the operator L(x,d,)
LR o
in R? if
L(x,d,)P(x,y) = 6(x —y) + R(x,y) 3.1)
where 8(.) is the Dirac distribution and R(x,y) aremainder possesses a weak(integrable)
singularity at x = y .
That is. we can verifv that for the operator L(x,d,) = b A i (a(x)ax) the function

s A e 3
P(x,y) = st x,y€ER", (3.2)

is a parametrix (Levi function) , while the remainder R is:

R(x,y) = £ A xyeR (3.3)

’ Lana(y)|x=y|3 ox; '

Now let us show that the function P(x,y) given by (3.2)isa parametrix for the operatorL(x, d),

e

L(x,d,)P(x,y) = 8(x —y) + R(x,¥)

L(x,0,)P(x,y) = Xi. ;Ji ( (x )M”))

_ w3 |da(x) aP(x.y) 32P(X.J’}]
i ’_1‘[{)x, ax; +a(x) ax?

FE P(xy) da(x) 3P(xy)

"(I(X)E +Et =1 ax axt

" =] 3 aﬂ{x) d (_____.__‘.1—--—)
Lx.0 Oe) T 4ﬂﬂ(}’)|l vl a(X}Z‘ 10x (4rra(y]1x—3’|)+ = 6x oxi 4maQy)lx-)!
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a(x) o3 8?2 ( -1 ) -1
=B My (S M 3 Oa(x) 3
a() ==t oxt \anix-y| * (4"“10')) Zi‘ﬂ dx; ax-(a‘_}_}:l-)
i \Jx=

a(x) 3 aa(x} a
R a(y) (4:1!:( 3|) («ma(y)) =1 3x; ax; o L1, 71)? t+ (xz, J’2)2+(x3,y3)2] z

:=A(X-J’)

) 3 da(x)

=A(x,y)8(x — y)+( =175, L1, 31)? + (¥2,¥,)% + (xs, ¥3)?] (--:-)Z(x,-,yf)

4ma(y)

) 3 aa(x)( D(xi~y;)

"A(x y)5(X y) ( i=1 ax [x—y|3

4ra(y)

3 aa(x){ 1 (xi-y)

=A(x,x)6(x —y) + (4“(})) =150 yp  Sincea(x)8(x) = a(0)8(x)

a(xj . —-¥; da(x)
~ alx) 0(x V)"'El I-kfra(y}lr Y3 ax

=1.8(x—y)+ R(x,y)
= 5(,‘{ — y) + R{-,\',}’)

We evidently have that the parametrix P(x,y) given by (3.2) is a fundamental solution to the
operator L(y, d,) := a(y)A(d,) with “frozen’’ coefficient a(x) = a(y), that is,
L(y,0:)P(x,y) = 6(x — y).

To show this L(y, d,)P(x,y) = a(y)A(d,)P(x,y)
=a(y)2; 13y zP(xy)
=1
=a(y) Z‘ 1ax, (4rra(y)|x—yl)
_a(y) a* -1
- n(})z' lax (4rr|x—yl)

=1.6(x-y)

=6(x—y)
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32 Surface potential

Let us introduce the single and the double lay

the paramctrix (3.2)

Vg(y) =~ [; P(x,y)g(x)ds,

S

ION METHODS IN DIFFERENT)A EQUATIONS] %

er s /
surface potentiql Operaors, corresponding to

Wg(y) = — js [T(x,n(x), )P (x,y)]9(x) das, yes (3.5)
where g is some scalar density function,
Let us introduce also the following boundary integral (pseudo-difﬁzrenﬁal) operators:
Vg(y) = — fb P(x,y)g(x)ds,, (3.6)
WgW) =~ [ [T(x,n(x),0,)P(x,y)]g(x) ds,, G.7)
W) = — [ [T(y.n(3),8,)P(x,)]g(x) ds,, (3.8)
Lrg(y)= T% Wg(y). (3.9)
wherc y € S.

From definitions (3.2, (3.4) - (3.
surface potential operators in terms of their co

Laplace operator A,
) Vg =Llvg,

b) wg = fil-"afag),

i

c) VQ:

7
‘aY,

d) Wg = il-}ﬂj(ag),

a
dn

) W9 =Wig +[al(})]Vag,

: (5)]Wf(ag)

dn

f) LEg = La(ag) + [a

9), one can obtain representations of the parametrix based

unterpart for a = 1, i.e., associated with the

(3.10)
(3.11)
(3.12)

3.13)
(3.14)
(3.15)

here the gy bscript A means that the corresponding surface potentials are constructed by

€ans of the

armonic fundamental solution Py =~

1
anlx-y| "
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proof: From (3.2) we have

N N . S\ ")
P(x,y) = ama)x-yIP  a(y) 4mlx—yP 'j;(-y-— where Pa(x,y) = — 1

4m|x-y|

Then,
a) Vg) = — [ P(x,y)g(x) dS,
= — [, 25 50) ds,

a(y)

= -, P& y)g(x)ds,

= —Vgg(y)

1
= Vg =~Vsg
b) Wg(y) =~ J; [T(x,n(x),8,)P(x,y)]g(x) ds,
== J [213:1 a(x)nf(I)%P(X.y)]g(x) dS,

== [23 pa(mn(x) P“”] (x) dS,

55 [ZhmeoL Py y)] (ag) () ds,

a(y)

= Walag)®)

= Wg = ~H 2(ag)
) Vg(y) = —fSP(x,y)g(x) ds,

— Pa(x.y)
= J a9 (x) dS;

= umf Pa(x,y)g(x) dSy

1
a(y) Vdg(}’)

=Vg= 5 Va9
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d W) = [T(x,n(x),8,)P(x, Ylg(x)ds,
S f_g [E?‘-—I a(x)ni(x)-f-P(x,y)] g(x) dSX

=i [Z, 1a(X)n(x).2 P“{”)] (x) ds,

=—Ltf [z?ﬂnf(x)-a%ﬁ(x.y)] (ag)(x)

a(y)

Walag)(y), yes

- L
= Wy = %Wa(ag)
e W) =~[ [T(y.n().8,)P(x,9)]g(x) ds,
= =I5 [102n),3,) 852 g gs,
= =I5 [ZL1a0m ) L2 o) s,
== [Ziamnon {2, oA -patea])] g (x) ds,
== I |2 o eI P 0)Pa )] 9 ) s, +
U 25 |a0dPs ) a0 g s, v e s

== J; [ZL ()P (x,»)]g(x) dS, +2,3 1’;(‘;’}’&‘; a(y)f Pa(x,y)g(x) dS,
=-Vag(y)

“Wie0) e ()

a2 ()] vag»)

=Wy = wig + o2 ()]

=W,g(y) +

 Lig(y) = T*(y,n(y),d,) Wg(y)

=Y, a(y)n(y) (aiw(wg(y)))i
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= a0 (555(wg )’

B
= a(y) (671867) (E%V_J Walag) (y)))

=a(y) (@%Wa(aw(}’) + Wa(ﬂg)(}')f@(a_:;j))_

ad

anG) Wi (ag)(y) + [a::y) (:(1;)-)] Wit(ag)(y)

= L3090 + [a 5 (o) Wit ag))

= L*g = Ly(ag) + [aZ ()| Wi (ag)

Theorem 3.1: Lt g, € H‘%(S),and g; € H%(S). Then the following jump relations hold on S:
Va:()]* = Vg, (y)
[Wa. M = F39.() + We, ()
T2(x,n(3),,)V9:() = £30:(0) + W'g, ()
where y € §.

3.3 Volume potential

Let us introduce the parametrix-based Newtonian remainder volume potential operations,

3.16
Pg(y) = [ P(x,y)g(x)dx, (3.16)
3.17)
Rg(y) = [ R(x,y)g(x)dx (
Using equations (3.2) and (3.3) one can obtain:
i . (3.18)
1) :pg = ;_‘PAQ
(3.19)

i) Rg=-133,0[Pa(990)).

where
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Pph(y):=— T;%fn[;i_ﬁh(x)dx

(3.20)

is the Newtonian potential corresponding to the fundamental solution of the Laplace

operator A.

Proof:

y  Pg(y) =[P y)g(x)dx

Pa(x,y) 4
=Ja=eg) 9 = 75 oPa(x) g(x)dx = 5 Pag(y)

= Pg = i?;xg

iy Rg(y) = [ R(x,y)g(x)dx

a
- In [E‘ 141mx‘ - ;J(:J] g(x)dx,

Ox-yI3
P _Xi~Yi Ba(x)
Ci a(}] l.rn 4ml|x- 3’13 ) dx

A
uu) 1‘[9 3y 4rr]x yl]

1

a(y)

R LACIOL)]

1

= Rg = — ﬁZfﬂ 0; [Pa (99;a)]

34 Mixed (Dirichlet-Neumann) BVP

()=

da(x)
TEa S R Ey—fPA(x,)O 9=

We will derive and investigate boundary-domain integral equation systems for the following

Mixed BVP.
Find a function u € H'(1) satisfying the conditions
Lu=f in g,
rs,ut =@o onSp

rSNT*u =y NSy

where ¢, € H%(SD) LYo € H'%(SN) and f € L(12).

(3.21)

(3.22)
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Equation (3.21) is understood in the distribution sense; condition (3.22) is understood in the trace

sense, while equality (3.23) is understood in the functional sense.

In the above if Sy = g the problem becomes Dirichlet and if Sp = @ then the problem becomes

Neumann.
Theorem 3.2: The homogeneous version of BVP (3.21)-(3.23),
i.e. with f =0, ®o =0, Yy = 0 has only the trivial solution.

Proof: The proof immediately follows from Green’s formula (2.9) withu = v as a solution of

the homogeneous mixed boundary value problem.

Clearly, non-homogeneous problem (3.21) - (3.23) may possess at most one solution due to the

problem linearity.

Assuming u is a solution of PDE (3.21) and use the parametrix P(x,y) as v(x) in the one
operator second Green identity (2.10) we obtain the linear one operator third Green identity

as;

Js[PCo)THu(x) — u(x)T*P(x, y)]dS = Jo[PCx, y)Lu(x) — uLP(x,y))dS
& [ PTudx - JuTPdx = J (Pf(x)dx — Ju)[8Cx = y) + R(x, y)]dx

< [¢PTudx — [ uTPdx = S Pfdx - !nu(x)ﬁ(x = y)dx — [ u(x)R(x,y)dx
=u(y)

< u(y) + [ PTudx — JsuTPdx+ [ u(x)R(x,y)dx = J Pfdx (3.24)

Using surface and volume potentials (3.4), (3.5) and (3.16). (3.17) the one operator third Green

identity (3.24) can be written as:
u+Ru—-VT* u+Wu* =P Lu inf. (3.25)

If u € H'(R2) is a solution of equation (3.21), i.c. Lu = f with f € L,(02). then the equation

(3.25) gives
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Gu: u+Ru—VTu+ wyt = Pf inQ (3.26)
Applying trace operator on the equation (3.26), we have the following
W [Rul* = VT *u]* 4 Wty = [Pf1* ons
Using Theorem (3.1) we have the following equation
+
i +R+u—VT+u+[-§—u++Wu+] =[PflI*  ons
Gu = %u++fk+u-—VT+u+Wu* = [Pf]* ons (3.27)

Again applying co-normal derivative on (3.26) and then using Theorem (3.1) and L*u(y) from
(3.9)

T u+T Ru—THVT*u] + T*Wut = T*Pf onS
Thu+ T+ Ru— [21+u 4 W'T*u| +L4ut = T+pf ons
19
Tu = T*u+T*Ru - WT u+Lu* = T+ Pf ons (3.28)
Z

' al “indirect” integral relation,
For some functions f,¥ and @, let us consider a more general “indirect” integra

1 ~F > + + - ‘\1' "]_\".
associated with equation (3.26). Now replace ¥ and & in the place of T*u and u respective

' (3.29)
u+Ru—-VY +Wo = Pf inQ

Lemma 3.3: Letu € H'(), f € L,(?), ¥ € H™%(S), ® € H2(S) satisfy equation (3.29).
Then u belongs to H0(; L) and is a solution of PDE (3.2 1) in Q, and ﬁ
VY -T*"u) () -WwW(@-u*)(y) =0, yEQ (3.30)
Proof: First of all, let us proof that u € H*0(£2; L). Since u € H'(R2), we have to
show that Lu € L,(02). Indeed, since
Lu = A(au) - ¥ 0;(ud;a)
and the last term belongs to L, (£2), we need only to show that
Alau) € Ly(2)
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To see Lu = A(au) - Y 0;(ud;a) first,

Maw) =% 2 (au)
=X ﬁ;(%(au))
= d d a
=) g;(u(x)aga(xﬂa(x}auw)

=3 %(u(x)%a(ﬁ)+2 %(a(x)%u(x))

Alau) =¥ 0;(uda) + Lu

Therefore Lu = A(au) - Y 9;(ud;a)

Further, from (3.29) due to (3.10) and (3.18) we have.
au = aPf —aRu + aV¥ — aWd
=Paf — aRu + V¥ — W, (ad)
Note that the last two terms in the right hand side are harmonic functions. That is. A(Vp¥) =
0 and A(Wa(a®)) = 0. Also Ru € H2(Q) foru € H'(2) and A(Pyf) = f € L,(2). Therefore.
A(au) € L,(2) and then Lu € L,(2). So, u € H°(£2; L) and we can write the third Green

identity (3.25) for the solution w.

Subtracting (3.29) from identity (3.25), that is

u+Ru—-VT* u+Wut =2 Lu in Q)
—[u+Ru—-VY¥ + wo = pf] in 0
we obtain
V¥ + Wo* = P(Lu - f), inf) (3.31)

where W' i=T*u— Yand d* ==yt - ¢
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Multiplying equality (3.3 1) by a(y), we get

_Vﬂ“p‘ + WA(QCD‘) = ?A(Lu - f), in0 [‘132}

i = =10 inQ (3.33)
This shows that u solves differential equation (3.21) i.e, Ly = f inQ
Now substituting (3.33) into (3.31) we obtain (3.30)

V(W~T+u)(31)—W(¢—u*)(y) = (), YEQ.

Lemma 3.4:
i) LetW* € H%(S). If
V¥*(y) =0, yEQ, (3.34)

then ¥* = (.

ii) Let ®* € H3(S). if
Wo'(y) =0, yeaq, (3.35)

then ®* = .

ii) LetS = 8§, US,, where Sy and S, nonintersecting simply connected sub

manifolds of § with infinitely smooth boundaries and S is nonempty.

1 1 .
Let W* € H™a(S)), ®* € Hi(S,). If

V¥ (y) =wo'(y) =0, yeQq, (3.36)

then W =0and®* =0ons.
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3.5 Boundary-domain integral equation

1/2 ;
Let @y € H'*(S) be a fixed extension of the given function @, from the sub manifold Spto
the whole of S (see the Dirichlet condition (3.22)). An arbitrary extension ® € H'*(S)

preserving the function space can then be represented as ® = dy + @ where @ €
HY2(Sy).

Analogously, let Wy € H™"/2(S) be a fixed extension of the given function s, from the sub
manifold Syto the whole of § (see the Neumann condition (3.23)). An arbitrary extension
Y € HY*(S) preserving the function space can then be represented as W = W, +
where Y € H~Y2(S)).

- -_ /2 . . - .
If Yo € H™Y2(Sy) or @q € HY*(Sp) admits the canonical extension, i.e. can be extended
onto the whole boundary S by zero preserving spaces, then evidently one may choose

Y, € HY/2(Sy) or ®, € H/%(S}), respectively.

A way of reducing BVP (3.21) - (3.23) to Boundary-domain integral equation is to substitute
the Neumann and Dirichlet boundary conditions (3.22) and (3.23) into (3.26) and either
into its trace (3.27) or into its co-normal derivative (3.28) on Sp and Sy.  To work with
the boundary functions defined on the whole boundary S, we will also replace the
boundary trace u* and the canonical derivative T*u by new functions ® = & + ¢
and W = W, + respectively, formally segregated from u. Here ®, € H'*(S) and
W, € H™Y/*(S) are some of the above mentioned extensions of the given functions ¢,

from Sy to S and g from Sy to S, respectively, while ¢ € HY2(Sy). b € HY2(Sp).
BDIES (GT)
L. Assume @, € H*(S) and ¥, € H='/3(S) are fixed extension of the given functions

@y € H*(Sp) and Yy € H~Y%(Sy) respectively.
I1. Substitute u* by ®g+¢ and T*u by ¥+, with @ € HY%(Sy), and | €

H=172(Sp).
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Applying the above assumptions I and 1, and
A) Using equation (3.26) in Q we get

u+Ru—V(‘PO+¢)+W(¢D+¢)) =Pf

nQ
u+Ru—-Vy+Wwe =Sr‘1’}'+V‘1P0—WCD{J inQ
u+.‘Ru-—-Vl|J+Wa;o =F, inQ

where Fy = Pf + V¥, —wa,
B) Taking the restriction of equation (3.27) on Sp we obtain

1
TS, [—2—u+ +RYu-Vrty + Wu*] =15, [Pf]*

Tput s, Ru— Tsp (VT u) + 15, (Wut) = rs, [Pf1*
———
=@oby(3.22)

> P0 + 15, R u— 15, (V(W, + V) +75,(W(®g + 9)) = 15, [Pf]*

%% + 15y RYU = 15, VW — 15, VU + 15, Wb + 15, W = s [Pf1*

%% + 15, R U = 15,V + 15, Wo = 15, [PfI* + 15, V¥ — 15, Wb,
=15, [PfI* + 15, [VW]* =15, [(W¢’0)+ +%¢0]

1
= rsD[?’fP + rsD[Vq"o]+ = rso(W¢o)+ -3 s, Po

1
= 15, [Pf + V¥ — Wdo]* =200
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1 1
E‘Po = Efﬂn

=15, R u — s, VY + Ts, Wo = Tsp[Pf + V¥ - Wog* -
= T RTu— 15V + Tsp W =15, Fo* — o,
= ?'5952+u — TSDVIP + rsDqu = rSDF0+ ~ @

= 15, [RTu—-vy + We] = Tsp [Ft = ®ol, since rs, @, = ¢,

=>R+H*V‘IJ+W¢=F0+"‘P0. onS,

C) Taking the restriction of equation (3.28) on Sy we get
1 :
Ty [5 T*u+T*Ru - W'T+u+£+u+] = 15, [T Pf]

rs [T u] + 75, [T*Ru] — s [(W'THu] + el ut]= sy [T*Pf]
=Yg

1
2

%L‘”tl + 15, [T Ru] - Ty (W' (Yo + )] + Ty [ L (P + @)] = sy [T Pf]
_; Yo + LAY [T+Ru] L TSNW’LIJ s rsN £+§0 = Tsy [T+?fJ + ?‘stflpo — TSk £+q)(]
=15, [T*Pf] 415, [TV = 2] - g [T W)

= rSN [T+Pf] + rSNT+Vq"{) i %rle‘P(} - rSN [T+W¢UJ
=g

= 15, [T*Pf + T*V ¥ = T* W] — 1y,
1

= 15, [T*(Pf + V¥ — WPo)] =Sy

= 15, [T*Fol = 30

1 1
= 15, [TYRu] — 15, W' + 15, LY@ =15, [T Fy] - E‘Po = E’Jio
= 75, [T*Ru— W'Y + L] =15, [T*Fy =), since rs, 3o = g

Si
=T'Ru-Wy+ L'@=T"F—o, N
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The above three results give the following BDIES with respect to the unknowns u, | and ¢

(I =Ru~-Vvy+we =F,

rs, R u — s, VY + s, Wo = rspFn+ -

5% T*Ru - Tsy WP + rs, Lt = rsNT+Fu _—°

We can observe that the second and the third equation of the system are

associated with the
operator §

on Sp and with the operator 7" on Sy, respectively. It is from this that the
BDIE system GT arises.

name of this
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