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We introduce the notion of Weak idempotent ring (WIR, for short) which is a
ring of characteristic 2 and a* = a? for each a in the ring. We obtain certain
properties of this class. Further we provide examples of weak idempotent rings
to have more deeper insight in studying the structure of weak idempotent rings.
An equivalent definition for a commutative WIR with unity is given. Also we
obtain certain characterization theorems in terms of completely prime ideals and
left completely primary ideals. We introduce the concept of one sided completely
primary ideal and prove that a one sided completely primary ideal is completely
prime if the ideal contains all nilpotent elements of the ring. Also we prove that
every local weak idempotent ring with unity is primary ring and the intersection
of all primary ideals of a commutative weak idempotent ring with unity is the
zero ideal. We construct a partial synthesis of weak idempotent rings and develop
a subclass 2-Weak idempotent rings of the class of weak idempotent rings. We
investigate the structure of a weak idempotent ring with unity of 4 and 8 elements.
Further we prove that every proper ideal is nil whenever 0 and 1 are the only
idempotent elements of the weak idempotent ring with unity. We characterize the
semiprime and primary ideals of commutative weak idempotent rings with unity

and prove that the class weak idempotent rings satisfies the Kothe’s conjecture.



We study the structure of submaximal ideals in a commutative weak idempotent
ring with unity and show that every submaximal ideal of a commutative weak
idempotent ring with unity is either semiprime or primary. We prove that every
submaximal ideal of the product ring of two commutative WIRs with unity is
semiprime and the intersection of all submaximal ideals is the nilradical. We
make a study on the fraction of rings for commutative weak idempotent rings
with unity. Finally, We obtain certain properties concerning submaximal ideals

under homomorphic images.
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Introduction

The notion of Boolean rings has been generalized in many ways by different au-
thors. For instance p-rings introduced by N.H. McCoy and D. Montgomery [9],
p* rings introduced by A.L. Foster [2], associate rings studied by I. Sussman [12],
p1 and ps rings introduced by N.V. Subrahmanyam [11] and Boolean like rings
of A.L. Foster [1] are few of the ring theoretic generalizations of Boolean rings.
Among these, the Boolean like rings of A.L. Foster arise naturally from general
ring duality considerations and preserve many of the formal properties of Boolean
rings. One of the simple equivalent definitions of Boolean like rings given by A.L.
Foster is as follows: A commutative ring with unity is a Boolean like ring if it is
of characteristics two and ab(1 + a)(1 + b) = 0 holds true for all elements a, b of
the ring. Foster gave a method of construction of Boolean-like rings by abstract
synthesis of Boolean rings and zero rings (a ring of characteristic two in which
ab=0 for all elements a, b of the ring), using prime ideals of the Boolean ring.
Harary [5] generalized Foster’s method of synthesis. The methods of construc-

tion adopted by Foster and Harary gave precisely Boolean like rings with atomic
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based nilradical. Later, Swaminathan [15] gave general method of construction
for any Boolean like ring. Swaminathan further studied the structure of Boolean
like rings.

In [17] Venkateswarlu, Murthy and Amarnath introduced the notion of Boolean
like semirings by generalizing the concept of Boolean like rings. Boolean like
semiring is a special near ring. They have studied extensively on ideals of Boolean
like semirings. Yibeltal, Belayneh and Venkateswarlu [18] have contributed in
characterizing certain classes of special ideals in Boolean like semirings. Ketsela
and Venkateswarlu [4] have contributed the theory of modules over Boolean like
semiring. These different studies of special near rings are some how narrow in
pursuing many of the formal properties of Boolean like rings.

It is a natural question that whether the class of Boolean like rings can further
be generalized in terms of rings to extend the properties of Boolean like rings.
In that direction the study is made and hence we introduce the notion of weak
idempotent rings which generalizes the class of Boolean like rings. This disserta-
tion is divided into four chapters.

The first chapter is meant for preliminary which consist of the literatures con-
cerning definitions, examples and certain results of Boolean like rings.

In the second chapter, we introduce the notion of weak idempotent rings (WIRs)
and obtain certain properties of Boolean like rings extended to the class of WIRs.
We provide examples of weak idempotent rings to have more deeper insight in

studying the structure of weak idempotent rings. Further, we obtain that a local
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WIR with unity is commutative (see Theorem 2.2.17). We provide an equivalent
definition for a commutative WIR with unity (see Theorem 2.2.25) and also a
condition where a commutative WIR with unity is a Boolean like ring (see The-
orem 2.2.24). Also we obtain characterization theorems in terms of completely
prime ideals and left completely primary ideals. We prove that the quotient ring
of a completely prime ideal is isomorphic to two element field. We introduce the
concept of one sided completely primary ideal and prove that the quotient ring
of a left completely primary ideal has only two idempotents (see Theorem 2.3.5).
Further we prove that a one sided completely primary ideal is completely prime
if the ideal contains all nilpotent elements of the ring (see Theorem 2.3.7). We
establish that every local weak idempotent ring with unity is a primary ring (see
Theorem 2.3.10). We also prove that the intersection of all primary ideals of a
commutative WIR with unity is the zero ideal (see Theorem 2.3.13).

In the third chapter, we construct a partial synthesis of WIRs (see Theorem 3.1.2)
and develop a subclass 2-Weak idempotent rings (2-WIR) of WIRs. Also we in-
vestigate the structure of a WIR with unity of 4 and 8 elements (see Theorems
3.1.8 and 3.1.9). Further we prove that every proper ideal is nil whenever 0 and 1
are the only idempotent elements of the WIR with unity (see Theorem 3.2.2). We
characterize the semiprime and primary ideals of commutative WIRs with unity.
We prove that every proper semiprime ideal I of a commutative WIR R with
unity is the intersection of all maximal ideals of R containing I (see Theorem

3.2.5). Finally, we prove that the class of WIRs with unity satisfies the Kéthe'’s



conjecture (see Theorem 3.3.6).

In the last chapter, we study the structure of submaximal ideals in a commu-
tative WIR with unity. We prove that a submaximal ideal of a commutative
WIR with unity is covered by at most two maximal ideals (see Theorem 4.1.8).
We prove also that every submaximal ideal of a commutative WIR with unity
is either semiprime or primary (see Theorems 4.1.9 and 4.1.10). The product of
submaximal ideals is not submaximal ideal of the product ring but the product of
two maximal ideals form submaximal ideal (see Theorem 4.2.1). We prove that
every submaximal ideal of the product ring of two commutative WIRs with unity
is semiprime (see Theorem 4.2.3). We also prove that the intersection of all sub-
maximal ideals of the product ring of two commutative WIRs with unity is the
nilradical. We study the fraction of rings for commutative WIRs with unity and
the submaximal ideals of the ring and the corresponding fraction of ring. we have
seen that the homomorphic image of WIR is WIR (see Theorem 4.3.2) and also
the conditions that the image and pre-image of submaximal ideal is submaximal
under homomorphic mappings (see Theorem 4.3.3). In addition, we discuss the
relation between submaximal and semiprime ideals and also the relation between

submaximal ideal and primary ideal.
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Chapter 1

Preliminaries

This chapter is devoted to some basic definitions and examples concerning the

notion of Boolean like rings (BLR) of A.L. Foster[1] and V. Swaminathan[15].

1.1 Definitions and Basic Properties of BLR

Let us begin by recalling the following definition of a Boolean ring, which is a

special type of a commutative ring with unity.

Definition 1.1.1. /3] Let R be a ring.
(1) An element a € R is called idempotent if a* = a.
(ii) The ring R is called an idempotent ring if a®> = a for all a in R.

(11i) The ring R is called a Boolean ring if it is an idempotent ring with unity.



Definitions and Basic Properties of BLR Preliminaries

A natural example for a Boolean ring is the ring of integers modulo 2. One can
easily show that a Boolean ring is commutative ring. Now, let us see definition
of a ring that generalizes Boolean rings.

Definition 1.1.2. [1] Let R be a commutative ring with unity. Then R is said

to be a Boolean like ring (BLR) if

(1) ab(l —a)(1 —b) =0 for all a,b € R and

(2) a+a=0 foralla € R.
Remark 1.1.3. [1] Every Boolean ring is a Boolean like ring, but the converse
s not true.
Example 1.1.4. [1] The ring (Hy,+,*) with Hy = {0,1,p,q} and + and x are

defined by the following tables is a Boolean like ring but not Boolean ring. Observe

+]10[1|plq x1011]p|q
010[1|plq 0[0[0]0]0
1 11/0]qlp 1101 |plq
p(p|la|0]l plO|plO|p
q|lq|p|l|0 ql0lqlp]|l

that pxp =0 # p. Hence Hy is not a Boolean ring.

Remark 1.1.5. [t is known that in a Boolean ring R, for anya € R, a(1—a) =0
implies a + a = 0. If we replace the above condition by a(l — a)b(1 — b) = 0, it
can be easily seen that the new condition does not imply a +a =0 for all a € R.
Also a+a =0 for all a € R does not imply a(1 —a)b(1 —b) =0, for all a,b € R.

2



Definitions and Basic Properties of BLR Preliminaries

Consider the following.

Example 1.1.6. [1] In Z4, a(1 — a)b(1 —b) =0 for all a,b € Zy, but for a =1,
14+1=2#0.

Example 1.1.7. [1] Let Fy be a field of four elements, where the operations” +"

and x are defined by the following tables.

+10|1fal|b *[0[1]al|b
0 10|1]al|b 0]0[0]0]O0
1 ]1]0|b|a 110[1fa|b
ala|b|0|1 a|0]a|b|l
b|bla|1l]0 b|O|b|1]a

For all x € Fy, we have x + x = 0, but a(1 —a)b(1 —b) # 0.
Theorem 1.1.8. [1] Let R be a Boolean like ring. For any a € R, a* = a*.
Corollary 1.1.9. [1] For any element a of a Boolean like ring R and for any

+2

= g2,

non-negative integer n, a”

From Corollary 1.1.9, for any a in a Boolean like ring R, there are at most three
distinct powers of a; namely a, a? or a®.

Definition 1.1.10. [1] An element a of a ring is called weakly idempotent element
if a* = a®.

Remark 1.1.11. [1] The idempotency, a* = a, of each element a of a ring R

with unity characterizes the ring as a Boolean ring, but the weak idempotency

of R does not guarantee that R is a Boolean like ring, as we can see it in the

3



Definitions and Basic Properties of BLR Preliminaries

following example.

Example 1.1.12. [1] Each element of Z, is weakly idempotent but a +a = 0 is
not true for all a € Zy since 3+ 3 =2 # 0. Thus, Z4 is not a BLR.

Remark 1.1.13. [1] On the other hand a ring R need not be a Boolean like ring
even if a* = a® and a + a = 0 are both satisfied by every element a of R. For
instance, consider the following example.

Example 1.1.14. [1] Consider the Quaternion ring Q = {q1 + q2i + q3J + q4k}
where ¢ =0or 1, 2 =32=k>=1, ij=ji=k, itk=Fki=j and jk =kj = 1.
In this ring, for any a € Q, we have a +a = 0 and a* = a®>. But Q is not a
Boolean like ring, since i(1 —i)j(1—j)=1+i+j+k #0.

Theorem 1.1.15. [1] In a Boolean like ring R, an element a is a nilpotent
element if and only if a®> = 0. Furthermore, the product of any two nilpotent
elements in R 1is zero.

Theorem 1.1.16. [I] Let R be a Boolean like ring. FEvery element h can be
expressed in one and only one way as h = b+ n, where b is an idempotent
element and n is a nilpotent element of R.

Remark 1.1.17. [1] The unique idempotent component of any element h is de-
noted by hg and nilpotent component is hy. The above theorem does not char-
acterise Boolean like rings. There exist commutative rings with unity of charac-
teristic two which are not Boolean like rings but which satisfy the above theorem.
For instance, in the Quaternion ring () considered in Fxample 1.1.14, it can be

easily shown that each element of () has a unique additive decomposition as a



Definitions and Basic Properties of BLR Preliminaries

sum of an idempotent element and a nilpotent element, but ) is not a Boolean
like ring.

Theorem 1.1.18. [1] If R is a Boolean like ring, Rp is the set of all idempotent
elements of R and N s the set of all nilpotent elements of R, then R/N is

1somorphic with Rg.

The following theorem gives an equivalent definition of the class of Boolean like
rings.
Theorem 1.1.19. [1] A ring R is a Boolean like ring if and only if the following

are satisfied:

(i) R is a commutative ring with unity;

(ii) R is a ring of characteristic 2;

(111) every element can be expressed as the sum of an idempotent element and a

nilpotent element.

(iv) ning =0 for all nilpotent elements ny,ny € R.
Corollary 1.1.20. [1] A Boolean like ring R is a Boolean ring if and only if 0
15 1ts only nilpotent element.
Theorem 1.1.21. [1] For any elements a, b of a Boolean like ring R, the fol-

lowing are satisfied:

(i) (a+b)gp =ap+bg and (a+b)y = ay + by

(11) (ab)p = agbp and (ab)y = apby+anbp



Ideals in Boolean Like Rings Preliminaries

(111) (ab)p = 0 and (ab)y = ab if b is nilpotent.

Remark 1.1.22. [1] The nilpotent ideal N of a Boolean like ring R is a zero
ring, that is, a ring of characteristic two in which ab = 0 for every elements a
and b.

Lemma 1.1.23. [1] The set of all unit element of a Boolean like ring R is pre-

cisely {1+ n:n € N}, where N is the nilradical of R.

1.2 Ideals in Boolean Like Rings

In this section, the necessary and sufficient conditions for an ideal of a Boolean
like ring (BLR) to be primary and conditions for an ideal of a BLR to be a prime
ideal are discussed. The result that the intersection of all primary ideals of a
BLR is {0} is also considered. Let start with some properties of BLRs that are
true in Boolean rings.

Theorem 1.2.1. [15] Every non-zero and non-unit element in a Boolean like
ring 1S a zero divisor.

Remark 1.2.2. [10] Let R be a ring, J(R) be the Jacobson radical of R and
Nil*(R) be the largest nil-ideal of R. Then Nil*(R) C J(R)N N C N.
Theorem 1.2.3. [15] Every prime ideal of a Boolean like ring R is maximal and
hence the nilradical and the jacobson radical of R are equal.

Corollary 1.2.4. [15] If P is any prime ideal of a Boolean like ring R, then R/ P

is isomorphic to the 2 element field.



Ideals in Boolean Like Rings Preliminaries

Remark 1.2.5. [15] In a Boolean like ring R, there is no primary ideal contained
in Rg, set of all idempotent elements in R, and there are primary ideals which
do not contain non-zero nilpotent element.

Theorem 1.2.6. [15] An ideal I of a Boolean like ring R, with I # R is a
primary ideal if and only if R/I has only two idempotent elements.

Theorem 1.2.7. [15] An ideal I of a Boolean like ring R is primary if and only

if for any idempotent element b € R, eitherbe I or 1 +b e 1.

A necessary and sufficient condition for a primary ideal of a Boolean like ring to
become a prime ideal and hence maximal ideal is given in the following theorem.
Theorem 1.2.8. [15] In a Boolean like ring R, a primary ideal I is prime if and
only if the nilradical of R is a subset of I.

Lemma 1.2.9. [15] If R is a Boolean like ring, then the intersection of all pri-
mary ideals of R is {0}.

Theorem 1.2.10. [15] In a Boolean like ring R, every primary ideal is prime

(and hence mazximal) if and only if R is a Boolean ring.

The following theorem shows that nilradical N of a Boolean like ring R is precisely
the set of all quasi-regular elements of R.
Theorem 1.2.11. [15] Let R be a Boolean like ring with unity and N be its

nilradical. Then N is the unique mazximal quasi-reqular ideal of R.
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1.3 Local and Semilocal Rings and Submaximal

Ideals of BLR

Let us start this section by recalling the following definition:

Definition 1.3.1. [7] A commutative ring R with unity is said to be
(i) a local ring if it has a unique mazimal ideal and

(11) a semilocal ring if it has a finite number of mazximal ideals.
Remark 1.3.2. [7] If a commutative ring with unity is local, then its only idem-
potents are 0 and 1. But the converse is not true in general. However in the case
of Boolean like ring, we have the following.
Theorem 1.3.3. [15] Let R be a Boolean like ring. Then the following statements

are equivalent.
(i) R is a local Boolean like ring
(i1) The nilradical N of R is prime

(11i)) Rp ={0,1}, where Rp is the set of all idempotent elements of R.
Theorem 1.3.4. [15] Let R be a Boolean like ring. Then, R is a semilocal ring
if and only if the Boolean subring Rg of all idempotents of R is finite.
Theorem 1.3.5. [15] Let R be a BLR and 0 # n € N. Then there ezists a
primary ideal P of R such that n ¢ P and for any ny € N, either ny € P or

ny+n € P (that is, R/ P is a four element BLR).
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Remark 1.3.6. [15] It can be shown that the primary ideal P of a Boolean like
ring R obtained in Theorem 1.3.5 is a maximal element in the poset of all ideals
of R not containing n.

Theorem 1.3.7. [15] Let R be a Boolean like ring and I be an ideal of R. Let

xr € R such that x ¢ I.

(i) If xp ¢ I, then there exists a maximal ideal J of R such that I C J and

r¢J.

(1) If xy ¢ I, then there exists a primary ideal P of R such that I C P and
x ¢ P and R/P is the four element BLR.
Definition 1.3.8. [7] An ideal I of a commutative ring with unity is called

semiprime (also called radical ideal) if I = r(I), where

r(I)={x € R: " €1 for some integer n > 0}.

The following theorem gives a characterization of semiprime ideals of a Boolean
like rings.
Theorem 1.3.9. [15] Let I be an ideal of a BLR R. Then the following state-

ments are equivalent.

(i) I is semiprime

(i1) The nilradical N of R is contained in I

(1i)) R/I is a Boolean ring
Remark 1.3.10. [15] Let R be a Boolean like ring.

9



Local and Semilocal Rings and Submaximal Ideals of BLR ~ Preliminaries

(i)

(i)

(iii)

A primary ideal of R need not be semiprime and a semiprime ideal need not
be primary. For instance, let B = {0, ay,a9,1} be a four element Boolean
ring and N = {0,nq,n9,1} be a four element Boolean group. Define B-
module structure on N by defining multiplication generated from the fol-
lowing: ainy = 0, aing = 0, asny = ny, asng = no. Consider the BLR
(B x N,+,-) constructed in [15], {0,a,} is primary but not semiprime and

the nilradical is semiprime but not primary.

Fvery proper semiprime ideal I of R is the intersection of all maximal ideals

of R containing I.

In a Boolean ring every ideal is semiprime and hence if an ideal is not max-
imal, then it is contained in at least two maximal ideals. But in a BLR,
every ideal which is not mazximal need not be contained in at least two maxi-
mal ideals. For instance, BLR in (i), {0, a1, n1,a;+mn1} is contained in only
one mazximal ideal and there is no non-maximal ideal properly containing

1t.

Theorem 1.3.11. [15] Let I be an ideal of a Boolean like ring R. Then I is

contained in at least two maximal ideals of R if and only if I is not primary.

Definition 1.3.12. [15] An ideal I of a BLR R is called submaximal if I is

covered by a maximal ideal of R i.e. there exists a mazimal ideal M of R such

that I M and for any ideal J of R such that I C J C M we have that J = I

or J

=M.

Remark 1.3.13. [15] Let R be a Boolean like ring.

10



Local and Semilocal Rings and Submaximal Ideals of BLR ~ Preliminaries

(i) A submazimal ideal need not be semiprime. For instance, {0} is a submaz-

imal ideal of the BLR Hy, but not semiprime.

(11) A primary ideal of a BLR need not be submaximal. For instance, in the

BLR cited in the Remark 1.3.10(i), {0, a1} is primary but not submazimal.

(111) A submazimal ideal of a BLR need not be primary. For instance, in the

BLR cited in the Remark 1.3.10(i), N is submazimal but is not primary.

(iv) The nilradical of a BLR need not be submazimal. For instance, in the four
element BLR Hj nilradical is not submaximal.
Theorem 1.3.14. [15] The intersection of any two distinct maximal ideals of
a BLR is submaximal and it is covered by both of the mazximal ideals. Further,
there exists no other maximal ideal containing it.
Theorem 1.3.15. [15] An ideal I of a BLR is submazximal if and only if R/ is

either four element Boolean ring or the four element BLR Hy.
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Chapter 2

Weak Idempotent Rings

This dissertation is mainly about Weak Idempotent Rings and in this chapter we
will discuss about these rings. We start by introducing these rings, prove some
results and then discuss about completely prime ideals and one sided completely

primary ideals of Weak Idempotent Rings.

2.1 Introduction

In this section we introduce the concept of weak idempotent rings and give dif-
ferent examples of weak idempotent rings.

We begin with the definition

Definition 2.1.1. A ring (R,+,-) is called Weak idempotent ring if R is of

characteristic 2 and a* = a® for each a € R.

12



Introduction Weak Idempotent Rings

Example 2.1.2. Every BLR is a WIR.

Note: From now on, we abbreviate weak idempotent ring by WIR and the
examples furnished hereunder are weak idempotent rings, but not Boolean like
rings.

Example 2.1.3. [6/

Let R = ,

be a subset of a set of 2 x 2 matrices over Zo with the usual addition and multi-
plication of matrices. Then R is a non-commutative WIR without unity.

Example 2.1.4.

Let R = ,

be a subset of a set of a 2 X 2 matrices over Zo with the usual addition and
multiplication of matrices. Then R is a non-commutative WIR with unity.
Example 2.1.5. Let Uy(Zy) with the usual addition and multiplication of matri-
ces be a ring of 2 X 2 upper triangular matrices over Zs.

Then a* = a? and a+a =0 for all a € Uy(Zs).

Clearly (Uy(Zs), +,+) is non-commutative WIR with unity [§9].

Example 2.1.6. Let R = Z, and define * on R = Rx R by (a,b)*(c,d) = (bc, bd)

and '+' is the usual one. Then (R,+,%) is a WIR with (a,1) as a left unity but

13
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Certain Results of WIR Weak Idempotent Rings

has no right unity.

Further the ring R is non-commutative since (1,0) x (a,1) = (0,0) # (1,0) =
(a,1) % (1,0). Also ab(a + b+ ab) # ab for a = (0,1) and b= (1,1).

Thus (R, +, %) is a non-commutative WIR without unity.

Example 2.1.7. Let R = Zy and define x on R = Rx R by (a,b)x(c,d) = (ac, ad)
Then (R, +,*) is a non-commutative WIR with right unity (1,a) and has no left
unity

Example 2.1.8. Let R = {0,1} and the operations addition '+’ and multiplica-

tion "' are defined below.

+]0]1 x| 0]1
001 0/0]0
11110 11010

Clearly R is a commutative WIR without unity.
Example 2.1.9. [1] Quaternion ring Q over the field of Zs is a commutative
ring with unity satisfying a* = a®> and a +a = 0 for all a € Q. Hence Q is a

commutative WIR with unity.

2.2 Certain Results of WIR

In this section, we will discuss some of the results that hold for Boolean like rings

and that are preserved by WIRs.

14
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Definition 2.2.1. Let R be a WIR. a € R is called quadratic residue if a = x*
for some x € R.
Lemma 2.2.2. Let R be a WIR. Then a € R is idempotent if and only if it is a

quadratic residue.

Proof. Let a € R be a quadratic residue. Then a = 22 for some x € R.

Thus, a* = (2?)? = 2* = 2? = a. Hence a is idempotent. Converse is obvious. [

Lemma 2.2.3. Let R be a WIR. Then for alla € R

(1) a" = a, a* or a® for any positive integer n.

(ii) If 0 # a is a nilpotent element, then a® = 0.

(i) a = a® + (a® + a), where a® is idempotent and a* + a is nilpotent.

Proof. Let R be a WIR. Clearly, a? is an idempotent element of R for each a € R.

(i) If a is idempotent element of R, then a™ = a for any positive integer n.

2k

Otherwise, a? is idempotent. Hence a" = a**a or a" = a** for some positive

integer k.

Thus, a" = a® or a" = a? since a®* = (a?)* = a°.

(ii) Let 0 # a be a nilpotent element. Then a™ = 0 for some positive integer n.

Hence by (i), a” = a? or a®.

If a" = a® = 0, then a®>a = 0 which implies a? = 0.

(iii) Consider (a+ a?)? = a® +a® + a® + a* = 0 since R is of characteristic 2 and

15
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a* = a’.

Thus, a + a? is nilpotent element of R for every element a in R. Hence,

a = a®+ (a* + a), where a? is idempotent and a? + a is nilpotent.

]

Remark 2.2.4. (i) In the representation of an element a of a WIR R as the
sum of an idempotent element and a nilpotent element, the idempotent ele-

ment is denoted by ag and the nilpotent element is denoted by ay .

(11) In any Boolean like ring the representation of every element as a sum of
an idempotent and a nilpotent is unique. But this is not true in the case of
WIRs. We illustrate this in the following

Example 2.2.5. Let a = [} §] € Us(Zs). It can be easily seen that [§3], [§ 4]
are idempotent elements and [J4], [39] are nilpotent elements. Further a =

[30] + [84]=188] + [39] which shows that the representation of an element

o

as the sum of an idempotent and a nilpotent element is not unique.
Lemma 2.2.6. Let R be a WIR with unity. Then a € R is a unit if and only if

a?=1.

Proof. Let a be a unit with inverse a!. Since a*(1+a?) = a®> +a* = a*+a* =0,
then multiplying by a=2 on the left we get 1 4+ a? = 0 and hence a? = 1.

The converse is obvious. O

Corollary 2.2.7. Every non-zero non-unit element in a WIR with unity is a

zero-divisor.

16
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Proof. Let R be a WIR and a be non-zero non-unit in R. Then a* = a? implies
a(a®+a) =0. If a® + a = 0, then a(a® + 1) = 0. Since a is non-unit, a* + 1 # 0.

Hence, a is a zero-divisor. 0

Notation.

Let R be a WIR. We denote the set of all idempotent elements of R by Rp and
the set of all nilpotent elements of R by N.

Theorem 2.2.8. The set of all unit elements of a WIR R with unity is precisely

{1+n:neN}.

Proof. Let a be a unit element of R. Then (1 +a)? =1+ a+ a + a* = 0 since
a’+1 = 0. Hence, 1 + a is nilpotent and a = 1 + (1 + a). On the other hand,
for any nilpotent element n € R, (1+n)? =1+ n+n+n*=1. Hence, 1 + n is

a unit. O

Lemma 2.2.9. [7] Let R be a WIR with unity. If R is local, then the only

idempotents of R are 0 and 1.

Proof. Suppose R is local and M is the unique maximal ideal.

Let a be an idempotent element of R. Then take b = 1 — a. If @ and b are non-
units, then a,b € M. Thus a+b =1 € M which is a contradiction. Hence either
a or bis a unit. ab = 0 implies a = 0 or b = 0. Therefore, the only idempotents

in Rare(0 and 1. O]

Remark 2.2.10. Let R be a WIR.

17
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(i) If R is a non-commutative, then the set of all idempotent elements Rp need

not be a subring of R. (see Example 2.1.5).

Rp=A{[506], [o0], (671, [6%], (o0l (011}
ool +To0] & Rs.

Hence Rp is not a subring of R.

(11) Commutativity is sufficient condition for the ring R to have a subring Rp
(the set of all idempotent elements of R) and an ideal N of R (set of all
nilpotent elements of R). In addition to that if a+b € Rp for anya, b € Rp,
then Rp is the subring of R. Let a+b € Rp for all a, b € Rg. Then
(a+0b)* = a+b which implies a* + ab+ ba + b* = a +b. Hence ab = ba for
all a, b € Rp. Consider (ab)?> = abab = a?b* = ab. Thus ab € Ry for all
a, b€ Rg.

Theorem 2.2.11. Let I be an ideal of a WIR R. Then R/I is a WIR.

Proof. 1t is obvious that R/I is a ring.

Let a+1 € R/I. Then (a+ 1)+ (a+I) =a+a+1 =0+1 =1 and
(a+D*=ad'+T=a>+1=(a+1)>

Hence, R/I is a WIR. O
Remark 2.2.12. Let I be an ideal of a ring R. The ring R/I is a WIR does not
imply that R is a WIR. This can be clarified in the following

Example 2.2.13. Consider R = Z,, the set of integers modulo 4, and I = {0, 2}.

Then R/I is a WIR but R is not a WIR since a+ a =0 fails in R for a = 3.

18
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Lemma 2.2.14. If R is a commutative WIR, then the map 7 : R — R, defined

2

by T(x) = x*, is an endomorphism of R.

Proof. Tt is obvious that 7 is well defined. Let a,b € R. Then 7(a+b) = (a+b)* =
a’?+b* = 71(a) + 7(b) and 7(ab) = (ab)? = a®v* = 7(a)7(D).

Hence, 7 is an endomorphism of R. O]

Theorem 2.2.15. Let R be a commutative WIR and T be an endomorphism

defined above. Then
(i) N is the kernel of T
(11) Rp is the image of T
(iii) R/N = Ry
Proof. (i) a is an element of the kernel of 7 < 7(a) = 0 & > =0 & ais a

nilpotent element of R.

(ii) Let b be the image of 7. Then there exists a € R such that 7(a) = b. Thus
a* = b. Hence b € Rp. Clearly, every element of Rp is its own pre-image.

Therefore, Rp is the image of 7.

(iii) By first isomorphism theorem, R/N = Rp.
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Definition 2.2.16. The ideal P of a commutative WIR R is called prime if and
only if ab € P implies a € P or b € P.

Proposition 2.2.1. Let R be a commutative WIR with unity.

(i) An ideal is mazximal iff it is prime.

(11) Every mazimal ideal of R contains the ideal N of nilpotents of R.

(11i) The ideal N is the intersection of all maximal ideals of R.

Proof. (i) Let P be a prime ideal. Then R/P is an integral domain. By
Corollary 2.2.7, R/P is a field. Hence P is a maximal ideal. The converse

is trivial.

(ii) By (i) and by Lemma 2.2.3.

(iii) In a commutative ring, N is the intersection of all prime ideals of R. Then,

by (i), the ideal N is the intersection of all maximal ideals of R.

Theorem 2.2.17. Let R be a local WIR with unity. Then we have:

(i) N is the unique mazimal ideal of R;

(1i) R is a commutative ring.

Proof. (i) Suppose M is the unique maximal ideal of R. By Lemma 2.2.9,

Rp ={0,1}.
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Let a ¢ N. Then a = ax + 1. This implies a’ = a?\,—i—a]v#—aN—l— 1=1.
Hence a is a unit element. That is, a ¢ M. Hence M C N.
Suppose a € N. Then a is a non-unit. Thus, a € M since M contains all

non-unit elements of R and hence M = N.

(ii) Since an ideal is closed under addition, for all a,b € N, a +b € N. This
implies that (a + b)? = 0. Thus, a® + ab + ba + b* = 0. Hence ab + ba = 0
since a® = 0 and b* = 0.

Therefore, ab = ba . Now take any two elements a,b € R, then ab = (ap +
an)(bp+bn) = agbp+apby+anbp+anby = bpap+byap+bpay+byay =
(b +by)(ap + an) = ba since Rp = {0, 1} is in the center of the ring.

Hence, R is a commutative ring.

O

Definition 2.2.18. An ideal P of a WIR R is called a prime ideal if and only if
AB C P implies A C P or B C P, prouvided that A and B are ideals in R.
Definition 2.2.19. The ideal P of a WIR R s called completely prime if and
only if ab € P implies a € P or b € P.

Theorem 2.2.20. Every completely prime ideal of a WIR with unity is maximal

1deal.

Proof. Assume P is a completely prime ideal of R and J is an ideal of R such that
PCJCR. Leta¢ P and a € J. Then a®> ¢ P because of P is a completely

prime ideal of R. Now a* = a? implies a*(a* +1) =0 € P. Then a®* +1 € P
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because of P is a completely prime ideal of R. Thus, a®> +1 € J. Since a® € J,
a’?+ a®> + 1 € J which implies 1 € J. Thus, J = R. Hence, P is a maximal ideal

of R. OJ

Note. We do not prove the converse of the above theorem and also we do not
have a counter example that shows the converse fails.

Theorem 2.2.21. Let R be a WIR with unity. Then the following statements

are equivalent.

(i) R is local.

(ii) N is prime ideal of R.

(iii) Ry = {0,1}.

Proof. (i) = (ii) Suppose R is local. By Theorem 2.2.17, R is commutative and
N is maximal ideal of R. Therefore, N is prime ideal of R.

(1) = (i) Suppose N is a prime ideal of R. Then by Theorem 2.2.20, N is a
maximal ideal. Let J(R) be the Jacobson radical of R and Nil*(R) be the largest
nil-ideal of R. Then we have Nil*(R) C J(R)NN C N [10]. Since N is a maximal
ideal of R, Nil*(R) = N and hence N C JN N C N. Thus, J = N. Therefore,
N is the unique maximal ideal of R. Hence, R is local.

(i) = (i73) is shown in Lemma 2.2.9.

(#4i) = (i) Suppose Rp = {0,1}. Let a, b € N and ab ¢ N. Then ab =1+ n for

some n € N. Then (ab)? = 1.
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Now multiplying both sides by a on the left gives a = 0 which is a contradiction.
Thus, ab € N.

Now (a +0)? = (a +b)* = (ab+ba)®> = 0. Thus,a+b € N. (a+b)?=0=
a? + ab +ba +b*> = 0 = ab + ba = 0 which implies ab = ba for each a, b € N.
Since Rp is in the center of the ring R, R is commutative. By Theorem 2.2.15(iii),
R/N = Rp. So, R/N is a two element field and hence N is a maximal ideal.

Therefore, R is local. n

Theorem 2.2.22. Let R be a commutative WIR with unity. Then R is a semilo-

cal ring if and only if the Boolean subring Rg of all idempotents of R is finite.

Proof. (=) Suppose R is semilocal. Then R has a finite number of maximal
ideals. Thus R has a finite number of prime ideals. Hence Rp has a finite
number of prime ideals since Rg C R. Therefore Rp is finite.

(<) Suppose Rp is finite. Then Rp has a finite number of prime ideals. By
Theorem 2.2.15(iii), R/N = Rp implies that R/N has a finite number of prime
ideals. Thus, R has a finite number of prime ideals since N is contained in all
prime ideals of R. Hence R has finite number of maximal ideals. Therefore, R is

semilocal. O

Remark 2.2.23. The product of any two nilpotent elements of a Boolean like ring
is zero however this is not true in the case of WIR. For instance, consider the
Ezxample 2.1.9. Clearly 14+i and 1+ j are nilpotent elements but (1+4)(1+7) # 0.

Theorem 2.2.24. If R is a commutative WIR with unity and the product of any
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two elements of N is zero, then R is a Boolean like ring.

Proof. Suppose R is a commutative WIR with unity and the product of any two

elements of NV is zero.

Let a, b € R.

Then (a + a?) and (b + b*) are nilpotent elements of R.

So, (a + a®)(b+ b*) = 0 which can be written as a(1 + a)b(1 + b) = 0.

Hence, R is a Boolean like ring. O]

Note. We have the following equivalent definition for a commutative WIR

Theorem 2.2.25. A commutative ring R is a WIR if and only if

(i) It is of characteristic 2.

(ii) Fach element can be expressed as the sum of an idempotent and a nilpotent

element.

(iii) n* =0 for alln € N.

Proof. Let R be a ring.

(<) Suppose a commutative ring R that satisfies the three given conditions.
Let a € R. Then a = ag+ay, for ag € Rg and ay € N. Now a? = aQB+aBaN+
ayap + a3 = ag. Thus a* = a4 = ap = a*. Hence R is a WIR.

(=) This is clear. O

Remark 2.2.26. If R is a commutative WIR, then every element a € R can be
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expressed uniquely as the sum of an idempotent and a nilpotent element.
Theorem 2.2.27. For any element a, b of a commutative WIR R with unity,

the following are satisfied

(i) (a+b)g =ap+bp and (a +b)y = an + bx

(ii) (CLb)B = aBbB and (ab)N = CleN + aNbB + CLNbN

(11i) (ab)p =0 and (ab)y = ab if b is nilpotent.

Proof. (i) (a+0b)p = (a+0b)* = a*+ ab+ ba+ b* = a* + b* since ab + ba = 0.
Therefore, (a + b)p = ap + bp.
(a+b)y=(a+b)+(a+b?*=a+b+a*+b* = (a+a*)+ (b+V?).

Therefore, (a + b)y = ay + by.

(i) (ab)p = (ab)* = a®b? because R is commutative.
Therefore, (ab)p = apbg.
(ab)y = ab+ (ab)? = ab+a?b? = ab+a?b* + a*b* + a*b* + a*b+ a*b+ ab® + ab?
since the ring is characteristic 2.

Then by factoring, we get (ab)y = agby + anbp + anby.

(iii) (ab)p = (ab)? = a*b? = a0 = 0 since b* = 0.

(ab)y = ab+ (ab)? = ab+ 0 = ab since b? = 0.
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2.3 Completely Prime and One Sided

Completely Primary Ideals

We begin this section with the following example.
Example 2.3.1. Let R = {0,1,2,3,4,5,6,7} and define the operations '+’ and

'’ by the following tables. Then (R, +, %) is non-commutative ring with unity and

satisfies a +a =0 and a* = a®.
+1011(2]3[4|5|6|7 10[112(3]4|5]6]|7
0(0]1]2[3]4|5]6]7 0(0[0]0]0O|010[0]O
1 11(0[4|7]2(6|5]|3 110[1]23[4]5|6]|7
2 (2410|513 |7]6 2/1012(2(0(0]5|3|5
3137506241 3/0(3]0[0|3/0([3]3
4 14121160735 410(4(0]014(0(4]4
51516327014 500151233502
6 [6]5]|7[4]3[1]0]2 6/0[6]0[0|6|0[|6]6
77136154210 7101712136541

Observations.

(i) Clearly P, = {0,2,3,5} and P, = {0, 3,4,6} are completely prime ideals of

the above WIR with unity.

(ii) {0} is a prime ideal but not completely prime ideal of R since 4 % 5 = 0.
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(iii) @ = {0,3} is not a prime ideal.

If R is a Boolean like ring, then R/P is isomorphic to the two element field for
every prime ideal P of R. The same can be extended to the class of WIR.
Theorem 2.3.2. Let P be a completely prime ideal of a WIR R with unity. Then

R/ P is isomorphic to the 2- element field.

Proof. Suppose P is a completely prime ideal of a WIR R with unity. Let a+ P be
an idempotent element of R/P. Then (a+P)? = a+ P implies that a(a+1) € P.
Since P is completely prime, either a € Pora+1 € P. Then a4+ P = P or
a+ P =1+ P. Thus, P and 1+ P are the only idempotent elements of R/P.

Suppose a+ P be a nilpotent element of R/P. Then (a+ P)* = P. Thus, a®> € P.
Since P is completely prime, a € P. Hence P is the only nilpotent element of
R/P. Since every element of R/P is a sum of an idempotent and a nilpotent
element of R/P , R/P = {P,1+ P}. Hence R/P is isomorphic to the 2- element

field. O]

Example 2.3.3. In Example 2.1.9,

R = {0,1,4,5,k, 1 +i, 1+ 1+ki+ji+k,j+k14+i+51+j+k1+i+
ki+j4+k1+i4j+k},

Rg = {0,1} and N = {0,1+i,1+j,1+k,i+ji+k,j+k1+i+7+k}
Thus R = RpE@ N.

Clearly N 1is prime and R 1is local.

Furthermore Q1 = {0,144, j+k, 1+i+j+k}, Q2 = {0,1+j,i+k, 1+i+j+k}
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and Q3 = {0,1+k,i+j,1+i+j+k} are primary ideals but not prime.
Definition 2.3.4. Let S be an arbitrary ring and Q) be an ideal of a ring S. Then

Q@ s said to be:

(i) left completely primary ideal of S if, for a,b € S, ab € Q implies a € Q or

b" € Q for somen € N.

(11) right completely primary ideal of S if, for a,b € S, ab € Q implies a™ € Q

orb e Q for somen € N.

Now we have the following
Theorem 2.3.5. An ideal I # R of a WIR with unity is left completely primary

ideal if and only if R/I has only two idempotents.

Proof. Let I be a left completely primary ideal and x + I be a right zero-divisor.
Then (y + I)(x + 1) = I for some y ¢ I. Thus, yx € I. Since y ¢ [ and [
is left completely primary ideal of R, we have 2™ € [ for some n € N. Thus,
(x+ I)" = I. Hence, x + I is nilpotent.

Suppose a + I is an idempotent element of R/I. Then a® + a + [ = I and hence
(a+1+1)(a+1)=1.

Ifa+1+1 +# I, then a+ I is a right zero-divisor. Hence a + I is nilpotent. Thus,
a + I is both idempotent and nilpotent element that implies a + I = I.
Ifa4+14+1=1,thena+1 =141 and hence [ and 1+ I are the only idempotents
of R/I.

Conversely, suppose [ and 1+ [ are the only idempotents of R/I. Assume a+ 1/ is
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not nilpotent. By Remark 2.2.10(3), R is a WIR implies that R/I is also a WIR.
Hence a+ I = (ag+ 1) + (ay + I) where ap + I is the idempotent component of
a+ I and ay + I is the nilpotent component of a+ I. Since a+ I is not nilpotent,
ag+ 1 +# 1. Hence, ap+1 =1+ 1.

Thus a +1 = 1+ ay + I that implies a> +1 = 1 + 1. Thus a + I is a unit
which means a + I is not a zero-divisor. Therefore, every zero-divisor is nilpotent
element.

Let ab e I. Then ab+ I = I whichis (a+I)(b+1) = 1I.
Ifa+I=ITorb+I=1thenaelorbel.

Ifa+1+# 1 and b+ 1 # I, then b+ [ is a right zero-divisor. Thus, b+ I is
nilpotent.

That is (b+ I)? = I and hence b? € I. Therefore, I is a left completely primary

ideal of R. O

Theorem 2.3.6. An ideal I of a WIR R with unity is left completely primary if

and only if eitherb € I or 14+be I for any b € Rp.

Proof. Suppose R is a WIR with unity and [ is an ideal of R. Let a + I € R/I.
Then a+ 1 = (ag+ 1)+ (ay+1I). fay € I, then a+ [ = ap + I. Thus, a + [
is an idempotent.

Ifagp € I, then a+ 1 =ay + I. Thus, a + I is nilpotent.

Now, let I be a left completely primary ideal of R and b € Rg. Then b* = b
implies b(b+1) = 0 € I. Since [ is a left completely primary ideal, we have b € I

or (14+0b)" €I for somen € N. But (1+b0)*>=1+b+b+b*>=1+0b. Hence,
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belor(l+b)el.

Conversely, suppose [ is an ideal of R and for any b € Rp, eitherb € [ or 1+b € I.
Consider an idempotent element a+ I of R/I. Then (a+1)?> =a+1 = a*+1 =
a+1 = a*>+a+I1=1 = ay €l

Thus, ap +ay € L or 1 +ag + ay € I which impliesa € I or 1 +a € I.

Hence, a4+ 1 =1 or a+ 1 =1+ I. Thus the only idempotents of R/I are I and

1+ I. Therefore, by Theorem 2.3.5, I is a left completely primary ideal. n

Theorem 2.3.7. In a WIR R with unity, a left completely primary ideal I is

completely prime if and only if all the nilpotent elements of R are contained in I.

Proof. Let R be a WIR with unity.

(<) Suppose [ is a left completely primary ideal of R such that all the nilpotent
elements of R are contained in I.

Let ab € I and a ¢ I. Then b™ € I for some n € N because [ is a left completely
primary ideal of R. That is, b€ I or b*> € I or b3 € I.

If b2 € I, then b = by + by = b%> 4+ by € I since I contains all nilpotent elements.
If b® € I, then b® = b?b = bg(bg + by) = bpbg + bbby = bp + bby € I.

This implies that bg € I, that is, > € I. Thus, b € 1.

Hence, I is a completely prime ideal.

(=) Suppose an ideal I of R is completely prime. Then for any a € N, a* =0 € [

implies that a € I. Hence, all nilpotent elements of R are contained in I. O

Corollary 2.3.8. An ideal of a WIR R with unity is completely prime (and hence
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maximal) if and only if all nilpotent elements of R are contained in I and b € Rp

impliesb e I or1+bel.

Proof. (=) Suppose an ideal I of R is left completely prime.

Every completely prime ideal is left completely primary and so [ is left completely
Primary.

Then by Theorems 2.3.6 and 2.3.7, all nilpotent elements of R are contained in
I and b € R impliesthat be T or 1 +b € I.

(<) Suppose that all the nilpotent elements of R are contained in I and b € Rp
impliesb € [ or 1+b € I. By Theorem 2.3.6, I is left completely primary. Hence,

By Theorem 2.3.7, I is completely prime. O

Corollary 2.3.9. An ideal I of a WIR R with unity is left completely primary
if and only if I N Rp is a completely prime ideal of Rp provided that Rp is the

subring of R.

Proof. Let Rp be a subring of a WIR R with unity.

(=) Suppose [ is a left completely primary ideal of R.

The set of all nilpotent elements of Rp is N = {0} C I N Rp. By Theorem 2.3.6,
be Rgimpliesbe I or1+be . Hence,be INRgorl+béelNRp since
be R and 14+ b € Rg. Hence, by Corollary 2.3.8, I N Rp is a completely prime
ideal of Rp.

(<) Suppose I N Rp is a completely prime ideal of Rp.

Let be Rg. Thenbe INRgor1+be INRg. Thus,be I or1+be€ I. Hence,
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1 is a left completely primary. O

Note.

(i) The theory of right completely primary ideals are analogues to that of left
completely primary ideals. If the weak idempotent ring is commutative,
then the notions of left completely primary ideal , right completely primary

ideal and primary ideal coincide.

(ii) Primary ring is a commutative ring with unity in which {0} is primary
ideal. Equivalently, the ring is primary if and only if every zero divisor
is nilpotent. In a primary ring, the intersection of all primary ideals is
obviously {0}. .

Theorem 2.3.10. If a WIR R with unity s local, then it is a primary ring.

Proof. Let R be a WIR with unity. Suppose R is local. Then by Lemma 2.2.9,
Rp = {0,1} and by Theorem 2.2.17, R is commutative. Let a € R be neither
idempotent nor nilpotent. Then a = 1+n, where n is non-zero nilpotent element.
By Theorem 2.2.8, a is a unit.

Let z € R be a zero divisor. Then z ¢ Rp and x is not a unit. Thus, = is a

nilpotent. Therefore, R is a primary ring. O

Theorem 2.3.11. Let R be a commutative WIR with unity. If Rg has no zero

divisor, then R is a primary ring.

Proof. Let a € R be a zero divisor. Then ab = 0 for some b(# 0) € R.
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Suppose ag # 0. Then ab = (ap + ay)b = 0 implies (ap + ax)*h = 0. Since
(ap + aN)2 = ap, we have agb = 0. That is, ap is a zero divisor which is a
contradiction. Thus ag = 0. Hence a is a nilpotent. Therefore, R is a primary

ring. [

Remark 2.3.12. In the following discussion, we need to show that there exists a
commutative WIR with unity which is not primary ring. We substantiate this by

the following example.

Consider Example 2.1.9, R is a commutative WIR with unity. Define R = Rx R
with the usual cross product. Then R is a commutative WIR with unity but not
primary since for (1,0) and (0,1) in R, (1,0)(0,1) = (0,0) but (1,0) is not
nilpotent.

Theorem 2.3.13. In a commutative WIR with unity, the intersection of all

primary ideals is {0}.

Proof. Let R be a commutative WIR with unity and n be non-zero nilpotent
element of R. Now we claim that there exists a primary ideal of R not containing
n.

Let M be the set of all ideals of R which do not contain n. Clearly M is non-
empty since {0} € M. By Zorn’s lemma, M ordered by inclusion, has a maximal
element. Let I be the maximal element of M.

Let zy € I and « ¢ I. Clearly, n ¢ I. Since x ¢ I, I + Rx ¢ M and hence

n€l+ Rx. Thenn =i+ rx fori €l and r € R. Hence ny =iy +rzy € 1.
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Assume no positive power of y belongs to I, that is, y® ¢ I. Hence, n € I + Ry?>.
Let n = j + sy® = j + sy? + sy® + sy* where j € I and s € R which implies
n = j+sygp(1+yy). Multiplying both sides by 1+ yy, we get n+nyy = k+ syp
where k € I. Then n = j +sy> = ny = jy+ syg. Hence , n + nyy + ny =
k+jyel. But ny el and nyy € 1.

Therefore, n € I which is a contradiction. Thus, y™ € I for some positive integer
m. Hence, [ is primary and also n ¢ I.

Thus, the intersection of all primary ideals is {0}. O

Theorem 2.3.14. In a commutative WIR R with unity, every primary ideal s

prime if and only if R is a Boolean ring.

Proof. (=) Assume that every primary ideal is prime.

Then, the intersection of all prime ideals = N(nilradical of R) = {0} =The
intersection of all primary ideals = {0} (by Theorem 2.3.13). Hence, R is a
Boolean ring.

(<) Let R be a Boolean ring and I be an ideal of R.

Suppose [ is primary ideal of R. Let xy € I and x ¢ I. Then y™ € I for some

n € N. Then , y" =y € [ since R is a Boolean ring. Hence, [ is prime. O]
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Chapter 3

Structure of Weak Idempotent

Rings

3.1 2-Weak Idempotent Rings

We introduce a partial synthesis of WIRs in Theorem 3.1.2 and construct the
subclass of the class of WIRs.

Definition 3.1.1. Let R be a WIR. Then

(i) Fora € R, ifab="0 (ba =) for every b € R, then a is said to be left(right)

unity of R.

(i) For any a,b,c € R, if abc = bac (abc = acb), then R is said to be left(right)

weak-commutative.
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Theorem 3.1.2. Let R be a Boolean like ring, Rp be the set of all idempotent ele-
ments of R and N be the set of all nilpotent elements of R. Define R = Rgx N =
{(b,n) : b € Rg and n € N} and the operations addition and multiplication by
(b1,n1) + (ba,n2) = (b1 + b2, nq1 + no) and (by,ny) * (ba, ) = (byba, bing), respec-
tively. Then (R,+,%) is a left weak-commutative WIR and has a left identity

element(s) of the form (1,n) for alln € N.

Proof. 1t is obvious that (R, +) is an abelian group.

Let (bl,nl), (bg,ng), (bg,ng) € R Then

(i) (by,m1) * [(ba,na) * (b3, m3)] = (b1, n1) * (babs, bang) = (by[babs], by[bans]) =
([blbg]bg, [blbz]ng) = (blbg, blnz)*(bg,ng) = [(bl, nl)*(bg, ng)]*(bg,ng). Hence

" is associative.

(ii) (bl,nl)*[(bQ,n2)+(b3,n3)] = (bl,nl)*(b2+b3,n2—l—ng) = (bl(b2+b3),b1(n2+
ng) = (b1ba+b1bs, bing+bing = (byba, bing)+(b1bs, byng) = (by, n1)*(be, na)+

" n
*

(b1, n1) * (b3, m3). Hence is left distributive over addition and similarly

"+ is right distributive over addition. Therefore (R, 4+, *) is a ring.

(iii) Now we have (by,ny)+ (b1, n1) = (b1+b1,n1+ny) = (0,0) and also (by,n;)* =

((bl,n1)2)2 = (b17b1n1>2 = (bl, blnl) = (b17n1)2. Thus (R, —|—, *) is a WIR.

(iv) For each element (by,n1) € R, (1,n) * (by,n1) = (b1, n1) and hence it has a

left identity element(s) of the form (1,n) for all n € N.

(V) (51, n1)*(b2, nz)*(b:a, ”3) = (51, n1)*(52b3, 52713) = (blbzbs, b1b2n3) = (525153, b2b1n3)
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= (bob1,n1) * (b3, |Ing) = |(b2,ng) * (b1, 1) * (b3, ng). Hence "x" 1s a left wea
(b2b1, 1) * (b3, [n3) = [(b2, n2) (b, m1) * (b3, n3). Hence "«" is a left weak

commutative.

]

Remark 3.1.3. (i) (R, +,*) is a right weak-commutative WIR with right iden-
tity and the right identity element(s) of the form (1,n) if the operation of
multiplication is defined by (b1, ny) * (be, na) = (bab1, bany) and the operation

addition is defined as in Theorem 3.1.2.
(11) It can be seen that one sided unity is not necessarily be unique.

(1ii) In both cases the nilpotent elements having the form (0,n) and hence the
product of any two nilpotent elements is zero.

Theorem 3.1.4. Let R be a left weak-commutative WIR of Theorem 3.1.2. De-

fine R = R X Zy = {(r,b) : 7 € R and b € Zy} and operations addition and

multiplication by (ri,b1) + (re,ba) = (r1 + ro,b1 + ba) and (r1,b1) * (re,by) =

(7179 + birg + bory, bibo). Then (R, +, %) is a non-commutative WIR with unity

(0,1).

Proof. Tt is known that R is embedded in a ring with unity (0, 1), that is, R since
R is of characteristic 2. We claim that R is a WIR.

Let (r,b) € R. Then (r,b) + (r,b) = (r +r,b+b) = (0,0) and

(r,b)> = (r? + br + br),v?) = (r?,b). This implies (r,b)* = (r2,b)?

= (r* + b + br2, b%) = (r%,b). Thus, (r,b)* = (r,b)2. Hence R is a WIR with
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unity (0, 1).
Suppose (r, b) is a nilpotent element of R. Then (r,b)2 = (r2,b) = 0 which implies
that b = 0 and r is nilpotent element of R. Hence the nilpotent element of R is

of the form (n,0) where n is the nilpotent element of R. O

Note. If we replace the ring R in Theorem 3.1.4 by the right weak-commutative
WIR, we obtain a non-commutative WIR with unity.
Definition 3.1.5. The ring R is called 2-Weak idempotent ring (2-WIR, for

short) if the following are satisfied

(i) There exists a ring R such that R 2 R x Zy, where operations addition and
multiplication on R x Zy are defined by (r1,by) + (ra, by) = (11 + 72, b1 + by)

and (r1,by) * (12, by) = (1179 4+ b1y + bory, bibe), respectively.

(ii) There exists a BLR R such that R = R x N, where operation addition
on Rp x N is defined by (by,n1) + (ba,ne) = (by + ba,ny + n2) and multi-
plication on Rp x N is defined by either (by,ny) * (be, ng) = (b1bg, byny) or
(b1,m1) * (ba, m2) = (baby, bamy).

Theorem 3.1.6. Let R be a 2-WIR. Then the product of any two nilpotent ele-

ments of R is zero.

Proof. Suppose R is a 2WIR. Let (n1,0) and (n2,0) be two distinct nilpotent
clements of R. Then (ny,0)(ns,0) = (nin2,0) = (0,0) since the product of any

two nilpotent elements of R is zero. O
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Theorem 3.1.7. Let R be a 2-WIR and N be the set of all nilpotent elements of

R. Then N is an ideal of R.

Proof. We recall from the definition that R~ Rx Z, where R is a left weak-
commutative WIR which is shown in Theorem 3.1.2.

Let ny, ng € N. Then (n1 + n2)? = nyny + nany=0 since the product of any two
nilpotent elements of R is zero. Thus, ny +ny € N.

Forr € Randny € N, r = (s,b) and ny = (n,0), s € R and b € Zy and n is
nilpotent element of R.

We have rn; = (s,b)(n,0) = (sn + bn,0) and (rni)? = ((sn + bn)?,0) = (0,0)
since R is a left weak-commutative. Hence N is a left ideal of R.

By similar way we can obtain Nisa right ideal of R. Therefore, N is an ideal of
R. O
Theorem 3.1.8. Let R be a WIR with unity of four elements. Then up to

1somorphism either R 1s a Boolean like ring Hy or a Boolean ring.

Proof. Let R ={0,1,a,b} be a WIR and 1 is the unity element. Clearly (R,+)
is a Boolean group with a + b = 1. Suppose a and b are both nilpotent elements.
Then ab = a(l +a) =a+a®> =aand ab= (1+bb=0b+b* =0 Thusa =10
which is a contradiction. Hence R has no two non-zero nilpotent elements.
Suppose a is the only non-zero nilpotent element of R. Then ab = a(1l + a) =
a+a?>=(1+a)a=ba. Thus R is commutative. Hence, R is the BLR Hj.

If N = {0}, then R, which is isomorphic to R/N = Rp, is a Boolean ring. H
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Theorem 3.1.9. A non-commutative WIR with unity of eight elements has only

one non-zero nilpotent element.

Proof. Let R = {0,1,a,b,¢,d,e, f} be a non-commutative WIR with unity of
eight elements.

If 0 is the only nilpotent, then R is a Boolean ring which is commutative and
hence a contradiction.

Suppose a and b are two distinct nilpotent elements. Then 1+ a and 1 + b are
two distinct units.

Let 1 +a=cand 1+ b=d. Then c and d are not idempotent.

Let e be idempotent. Then (1 + ¢)? = 1 + ¢ and hence 1 + e is an idempotent.
Thus, f=1+e.

Suppose a + b is a unit. Thena+b =1, a+b=1+a, ora+b=1+b.
In all these cases, we obtain a contradiction. Thus, a + b is a non-unit. Since
a+b#a, a+b+#banda+# b, the only possibility of a + b is an idempotent. If
a + b is an idempotent, then (a + b)? = a + b implies that ab = ba.

Thus, (a + b)? = 0 that is a + b is nilpotent which is again a contradiction.
Hence R does not have two distinct non-zero nilpotent elements.

Suppose R has three distinct non-zero nilpotent elements, namely a, b, c. Then
14 a, 14+ b and 1+ c are distinct units. Hence , 0 and 1 are the only idempotent
elements and thus R is commutative which is a contradiction. Thus R has no
three distinct non-zero nilpotent elements.

If R has more than three distinct non-zero nilpotent elements, then the number
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of elements of R is strictly greater than eight and it is a contradiction.

Hence, R has only one non-zero nilpotent element. O

Here we have the partial synthesis of the commutative WIR with unity
Theorem 3.1.10. Let R be a ring and () be a quaternion ring over R. @ is a

commutative WIR with unity if R is a Boolean like ring.

Proof. Suppose R is a Boolean like ring and @) is a quaternion ring over R.

Let ¢ = a+bi+cj+dk € Q where a,b,¢,d € R. Then g+q = (a+a)+ (b+b)i+
(c+e)j+(d+d)k =0and ¢* = (¢°)% = [(a® + b* + 2+ d*) + (ab+ba + cd + dc)i +
(ac+ca+bd+db)j+ (ad+da+bc+chb)k)? = (a> + 0>+ 2 +d?)? = a* +b* +c* + d*
= a2+ b+ + d? = ¢* Hence Q is a WIR.

Let ¢ = a1 + bii + c1j + dik, g2 = as + boi + o + dok € . Then ¢1qo =
(a1ag + biby + c1e0 + dids) + (a1by + bras + c1ds + dica)i + (ayca + cras + bids +
d1b9)j + (a1dy + dyas + bico + c1b2)k = (asay + beby + cocy + dody) + (boay + agby +
dacr + codr)i + (c2a1 + ager + daby + badh)j + (daar + aady + c2by + bact)k = qaqi.

Hence @) is a commutative WIR with unity. O]

Now we have the following case for commutativity
Theorem 3.1.11. A commutative WIR with unity of eight elements is Boolean

like Ting.

Proof. Let R = {0,1,a,b,¢,d, e, f} be a commutative WIR with unity of eight

elements.
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If 0 is the only nilpotent, then R is a Boolean ring and hence BLR.

Suppose a is the only non-zero nilpotent element of R. Then the product of any
two nilpotent element is zero since a? is zero. Thus, by Theorem 2.2.24, R is a
Boolean like ring.

Suppose a and b are two distinct nilpotent elements. Then 14 a and 1 + b are
two distinct units.

Let 1+ a = cand 14+ b = d. Then ¢ and d are not idempotents. Let e be
idempotent. Then clearly 1 + e is an idempotent. So, f =1+ e.
Suppose a + b is a unit. Thena+b=1, a+b=1+a, ora+b=1+0b and in
all cases we obtain a contradiction.

Thus, a + b is non-unit.

Since a +b # a, a+b# b and a # b, the only possibility of a + b is idempotent.
If a+ b is idempotent element, then (a+0)? = 0. Hence a+ b is a nilpotent which
is a contradiction. Thus R has no two distinct non-zero nilpotent elements.
Suppose R has three distinct non-zero nilpotent elements, namely a, b, ¢. Then
14+ a, 14+ b and 1+ c are three distinct units. Hence 0 and 1 are the only
idempotent elements.

Suppose a+b # 0. Then (a+b)* = 0 and hence a+b = c. Since (ab)? = 0, either
ab=a, ab=">b or ab = c.

If ab = a, then a(1+b) = a+ab = a+a = 0. Thus, a = 0 which is a contradiction.
Hence ab # a and similarly, ab # b and ab # c. Thus, the product of any two

nilpotent element is 0. Thus by Theorem 2.2.24, R is Boolean like ring.
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If R has more than three distinct non-zero nilpotent elements, then the number
of elements of R is strictly greater than eight and it is a contradiction. Therefore,

R is a Boolean like ring. O

3.2 Semiprime and Maximal ideals

We study certain properties of maximal ideals of WIR and semiprime ideals of a
commutative WIR with unity.

Definition 3.2.1. An ideal of a WIR is said to be nil if every elements of the
ideal is nilpotent.

Theorem 3.2.2. If R is a WIR with unity and the only idempotents in R are 0

and 1, then every proper ideal of R is nil.

Proof. Suppose Rp = {0,1}. For every z(# 0, 1), since x? is idempotent, either
2?2 = 0 or 22 = 1. Thus z is nilpotent or a unit. Suppose M is a maximal ideal
of R. If x € M, then = # 1.

Suppose x # 0. Then x is nilpotent or a unit. But M does not contain a unit
element. Thus x is nilpotent and hence M C N. Hence, M is nil. Thus every

proper ideal of R is nil. O

Theorem 3.2.3. Let R be a commutative WIR with unity and I be an ideal of

R. Let x € R be such that x ¢ I.
(i) If xp ¢ I, then there exists a maximal ideal J of R such that I C J and
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r ¢ J.

(ii) If xy ¢ I, then there exists a primary ideal P of R such that I C P and

r ¢ P.

Proof. (i) Let X ={J:Jisanidealof R, I C J and xp ¢ J}.
Then by Zorn’s lemma , ¥ has a maximal element say .J. Clearly zp ¢ J.
Let a, b € R such that a ¢ J and b ¢ J. Then zp € J + Ra. Thus,
rp = J1 + ria = jo + rob where j1, jo € J and ry, ro € R. In other words ,
TR = % = j3 + rireab with j3 € J and hence ab ¢ J.

Therefore, J is prime and hence maximal such that I C J and x ¢ J.

(ii) Let zn be non-zero nilpotent element of R such that xy ¢ I. We claim
that there exists a primary ideal P of R such that I C P and xzy ¢ P.
Let ¥ ={J:Jisanideal of R, I C J and xy ¢ J}.
3} is non-empty since [ € X..
By Zorn’s lemma, ¥ ordered by inclusion, has a maximal element. Let P
be the maximal element of ¥. The claim is that P is primary. Suppose
zy € P and x ¢ P. Clearly, zy ¢ P. Since x ¢ P, P+ Rx ¢ 3 and hence
rny € P+ Rx. Hence , xy = i+ rx for i € P and r € R which implies
TNy =1y +ray € P.
Assume that no positive power of y belongs to P. That is, y° ¢ P.
Hence, zy € P + Ry® since P C P + Ry® and hence P + Ry® ¢ Y. Let

ry = j+sy® = j + sy? + sy® + sy* where j € P and s € R which implies
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ey = j+sys(l+yn).

Multiplying both sides by 14 yy, we get zx +zyyny = j(1 +yn) + syp(l +
yn)? = j(1+yn)+ sys = k+ syp where j(1+yy) = k € P. In addition to
that xy = j + sy® implies zyy = jy + syp.

Using the above argument, we obtain xy + znyyny +2nvy = k+ jy € P, but
rny € P and xyyy € P. Thus, xy € P which is a contradiction. Hence,
y™ € P for some positive integer m. Thus, P is primary. Since xy ¢ P € X,

xr ¢ P.

The following two theorems give characterizations of semiprime ideals of a com-
mutative WIR with unity.
Theorem 3.2.4. Let I be an ideal of a commutative WIR R with unity. Then

the following statements are equivalent.

(i) I is semiprime

(11) The nilradical N of R is contained in I

(15i) R/I is a Boolean ring

Proof. (i = i) Let I be semiprime and a € N. Then a*> = 0 € I and hence
a € r(I) = I. Thus, the nilradical N of R is contained in I.
(7 = ii) Suppose the nilradical N of R is contained in I. For any x +1 € R/I,

r+1=xp+1,since zy € I. Hence, R/I is a Boolean ring.
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(t4i = i) Let R/I be a Boolean ring and = € r(I). This implies that 2" € I for
some positive integer n and hence 2" +1 =1 € R/I. Thus, I = (x+1)" =z + 1.

Hence, r(I) = I, that is, I is semiprime. O

Theorem 3.2.5. Every proper semiprime ideal I of a commutative WIR R with

unity s the intersection of all mazimal ideals of R containing I.

Proof. Let I be a proper semiprime ideal of R. For each x ¢ I implies 2 ¢ [
since I is semiprime. Hence, by Theorem 3.2.3(1), there exists a maximal ideal
M such that I C M and x ¢ M. Hence the intersection of all maximal ideals of

R containing I is the ideal [I. O]

Theorem 3.2.6. Let I be an ideal of a commutative WIR R with unity. Then I

s contained in at least two maximal ideals of R if and only if I is not primary.

Proof. I is contained in only one maximal ideal of R < the quotient ring R/I is

a local ring < R/I has only two idempotent elements < [ is primary. O]

3.3 Quasi-regular Ideals

Definition 3.3.1. Let R be a WIR.

(i) An element a € R is said to be quasi-reqular if and only if there exists b € R

such that a +b — ab =0 and we call b quasi inverse of a.
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(1) An ideal I of R is said to be quasi-regular if every element of I is quasi-
reqular.
Lemma 3.3.2. If R is a WIR with unity, then a is quasi-reqular if and only if

1—a is a unit.

Proof. (=) Suppose a is quasi-regular and b is quasi-inverse of a. Then (1 —
a)l—b)=1—a—-b+ab=1—(a+b—ab) =1. Hence 1 — a is a unit.

(<) Suppose 1 —a is a unit. Then (1 —a)b =1 for some b € R. Hence b—ab =1
impliesb—ab—1=0. Thena—a+b—ab—1=0. Thusa+(b—1)—a(b—1) = 0.

Hence a is quasi-regular O]

Remark 3.3.3. [16]

(i) For any ring R with unity, the Jacobson radical of R is the largest quasi-
reqular ideal of R and denoted by J(R). The set of all nilpotent elements
in R denoted by N. Every nilpotent element is quasi-reqular, so N C Q(R)

where Q(R) is the set of all quasi-reqular elements of the ring R.

(1) The upper nilradical of R is the largest nil ideal of R and denoted by

Nil*(R).

(111) If R is commutative, then Nil*(R) = N. For any ring R, Nil*(R) C J(R).

The following theorem shows that the set of all nilpotent elements of a WIR R
with unity is precisely the set of all quasi-regular elements of R.

Theorem 3.3.4. Let R be a WIR with unity. Then N is the set of all quasi-
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reqular elements of R.

Proof. a is quasi-regular < 1 4 a is a unit < a is nilpotent. O]

In an arbitrary WIR R, N need not be an ideal of R. But we have the following

Corollary 3.3.5. If R is a WIR with unity, then J(R) = Nil*(R).

Note. [7] K6the’s Conjecture: If Nil*(R) = 0, then R has no non-zero nil one
sided ideals. An equivalent formulation of the same conjecture is: Every nil left
or right ideal of a ring R is contained in Nil*(R).

Theorem 3.3.6. Let R be a WIR with unity. Then R satisfies the Kothe’s

conjecture.

Proof. By Corollary 3.3.5, Nil*(R) = J(R) for a ring R, then R satisfies the

Kothe’s conjecture since J(R) contains every nil one-sided ideal. O

Theorem 3.3.7. Fvery 2-weak idempotent ring R has at least one idempotent

element which is neither 0 nor 1.

Proof. Let R be a 2-weak idempotent ring and N be the set of all nilpotent
elements of R. By Theorem 3.1.7, N is an ideal of R. Thus, Nil*(R) = N.
By Corollary 3.3.5, J(R) = Nil*R = N. So, N C M for every maximal ideal
M. Suppose 0 and 1 are the only idempotents of R. By Theorem 3.2.2, every
maximal ideal is nil. So M = N, that is, R is local. By Theorem 2.2.17, R is

commutative which is a contradiction. Hence the theorem holds. O
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Chapter 4

Submaximal Ideals

The theory of submaximal ideals have been introduced by V. Swaminathan over
BLR and obtained many properties. In this section, we obtain further properties

of submaximal ideals in the class of commutative WIRs with unity:.

4.1 Submaximal Ideals of a Commutative WIR

with Unity

Definition 4.1.1. An ideal I of a WIR R is called submazimal if I is covered by
a mazximal ideal of R i.e. there exists a mazimal ideal M of R such that I C M
and for any ideal J of R such that [ C J C M we have that J =1 or J =M.

Remark 4.1.2. The notion of submazimal ideal and mazimal ideal are distinct.
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We clarify this in the following example

Example 4.1.3. Consider Ezample 2.5.3. The ideals Q)1, Q2 and Q)3 are sub-
maximal ideals but not mazximal ideals. Further N is the unique maximal ideal of
the ring but not submazimal ideal.

Theorem 4.1.4. The intersection of any two distinct maximal ideals of a com-
mutative WIR R with unity is submazimal and it is covered by both of the mazximal

wdeals. Further, there exists no other mazximal ideal containing it.

Proof. Let I, Iy be two distinct maximal ideals of a commutative WIR R with
unity. Suppose I; NIy, C J C I; for some ideal J of R. Then there exists y € I
such that y ¢ J. Since I, I, are maximal ideals, N C I NI, C J. By Theorem
3.2.3(1), y ¢ J implies that there exists a maximal ideal M of R such that y ¢ M
and J C M. Hence I; NIy C M. Since M is maximal, either Iy C M or I, C M.
But y € I and y ¢ M and hence I Q M. Therefore I, C M, that is, I, = M.
Therefore, J C I; N I, and hence I; N Iy = J. This shows that I; N I, is covered
by maximal ideal I; and hence I1 N I3 is submaximal. Similarly I; N I is covered
by Is. Thus N C I; NI, and by Theorem 3.2.4, I; N I5 is semiprime. By Theorem
3.2.5, I; N I, is the intersection of all maximal ideals containing Iy N I. If M is
any maximal ideal containing I, N I3, then I; C M or I, C M and hence I, = M

or Iy = M. Hence the theorem holds. O

Theorem 4.1.5. If an ideal I of a commutative WIR R with unity is submazimal,
then R/1 is either four element Boolean ring or the four element Boolean like ring
Hy.
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Proof. Let I be a submaximal ideal of a commutative WIR R with unity.

Case 1 . Let I be a subset of two distinct maximal ideals of R. [ is submaximal
implies that there exists a maximal ideal J of R such that [ is covered by J.
By the assumption, there exists a maximal ideal J; of R such that J; # J
and I C Jythatis I € J1NJ C J. As I is covered by J, either J1NJ =1
or JiNJ=J If JjNJ =J, then we get J = J; since both ideals are
maximal. Thus J; NJ # J and hence J; N J = I. By Theorem 4.1.4, I is
covered by J; and J and they are the only maximal ideals of R containing
I. Since I contains all nilpotent elements of R, by Theorem 3.2.4, R/I is
a Boolean ring. As [ = J; N J and [ is covered only by J; and J, R/I
has only two maximal ideals covering {0}. This shows that R/I is a finite

Boolean ring with only four elements.

Case 2 . Let I be contained in a unique maximal ideal of R say J. Since [ is
submaximal, I is covered by J. Thus, R/I is a local WIR and so [ is
primary. In this case N ¢ I since N C [ implies that I is maximal.
Further, as I is covered by J and J is the only maximal ideal containing
I, R/I has a unique maximal ideal covering {0}. Since R/I is local, the
only idempotents of R/I are 0 and 1. If there exists no non-zero nilpotent
element in R/I, then I is maximal which is a contradiction. Hence R/I has
at least one non-zero nilpotent element. If R/I has two non-zero nilpotent
elements say ny, ng, then {0, ny} and {0, ny} are two distinct ideals of R/I

containing {0} which is a contradiction. Thus, R/I has only one non-zero
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nilpotent element. Hence, R/I is isomorphic with the four element Boolean

like ring Hy.

]

Remark 4.1.6. There are different examples that shows a submazimal ideal need
not be semiprime, a primary ideal need not be submazximal, a submaximal ideal
need not be primary, the nilradical of BLR need not be submaximal, primary ideal
need not be semiprime and also semiprime ideal need not be primary. Since WIR

is the generalization of BLR, the examples of Swaminathan can serve here for

WIR.

Note. In the following theorem we will show that every maximal ideal that
contains a submaximal ideal I is a cover of I.
Theorem 4.1.7. Let R be a commutative WIR R with unity. Every maximal

ideal that contains a submaximal ideal I of R is a cover of I.

Proof. Let I be a submaximal ideal of a commutative WIR R with unity. Then
there exists a maximal ideal J that covers I. Suppose J' is a maximal ideal that
contains I. If J = J’, nothing we need to show. Suppose J # J'. Then, by
Theorem 4.1.4 , JNJ' is a submaximal ideal of R and covered by only J and J'.
Since [ is contained by both J and J', I € JNJ'. Thus I = J N J'. Therefore,

J' covers I. O

Theorem 4.1.8. Let R be a commutative WIR with unity. Then every submazx-

imal ideal I of R is covered by at most two maximal ideals.
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Proof. Let I be a submaximal ideal of a commutative WIR R with unity. Let
I be a subset of two distinct maximal ideals of R. [ is submaximal implies
that there exists a maximal ideal J of R such that I is covered by J. By our
assumption, there exists a maximal ideal J; of R such that J; # J and I C J;
thatis I € J1NJ C J. As I is covered by J, either JsNJ=Tor JiNJ=J. If
JiNJ =J, then we get J = J; since both ideals are maximal. Thus J; N J # J
and hence J; N J = I. By Theorem 4.1.4, I is covered by J; and J and they are

the only maximal ideals of R containing I. O]

Theorem 4.1.9. Let R be a commutative WIR R with unity. Then a submaximal

ideal I is semiprime < [ is covered by two distinct mazimal ideals.

Proof. Let a submaximal ideal I of a commutative WIR R with unity be semiprime.
Assume [ is covered by only one maximal ideal J. Thus, R/I is a local WIR and
so I is primary. In this case N ¢ I since N C I implies that [ is maximal by
Theorem 2.3.7 and R is commutative. By Theorem 3.2.4 , I is not semiprime
that contradicts the assumption. Hence, [ is covered by two distinct maximal
ideals. Conversely, suppose [ is covered by two distinct maximal ideals. Then [
is the intersection of the two maximal ideals. Since the ring R is commutative,

the nilradical N of R is contained by I. By Theorem 3.2.4, I is semiprime. O
Theorem 4.1.10. Every submaximal ideal covered by a unique mazimal ideal is
primary.

Proof. Suppose a submaximal ideal I is covered by the unique maximal ideal M.
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Then R/I is local. Hence I is primary by Theorem 2.3.10. O

In view of the above theorems, it is observed that every submaximal ideal is
either semiprime or primary. But in general every semiprime ideal need not be
submaximal since every maximal ideal is semiprime but not submaximal. In [15],
there exists a primary ideal P of Boolean like ring R which is a maximal ideal in
the poset of all ideals of R not containing a particular nilpotent element n and for
every other nilpotent ny ¢ P, n 4+ n; € P and hence it is a submaximal ideal of
R. In the proof of Theorem 2.3.13, there exists a primary ideal of a commutative
WIR R with unity which is a maximal ideal in the poset of all ideals of R not
containing a particular nilpotent element. The existence of the primary ideal
holds for WIR but not the consequence. See the following example.

Example 4.1.11. Quaternion ring R over the field of Zy is a commutative ring
with unity satisfies a* = a* and a + a = 0 for all a € R. However, ab(a + b +
ab) # ab fora =1, b=j. That is R is not BLR but it is weak idempotent ring.
R = {0,1,4,j,k,14+i,1+j,1+ki+ji+kj+k1+i+j1+7+k1+
i+ki+j+k1+i+j+k}, Rg = {0,1} and N = {0,1+i,1+ 7,1+
kyi+j,i+kj+k1+i+4+ 5+ k}. Clearly N is prime and R is local. Further
Q = {0}, Q1 = {0,14+i+j5+k}, Q2 = {0,144, j+k1+i+7+k},
Qs = {014+ i+k1+i+j+k}, Qu = {0,1+ki+j1+i+j+Fk} and N
are all possible proper ideals of R and also they are primary. So, Q) is the existed
maximal primary ideal that does not contain a nilpotent element 1 +1+ j + k but

it is not submazimal ideal of R.
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Theorem 4.1.12. Let R be a commutative WIR R with unity. If every submax-

imal ideal of R is not semiprime, then R is local.

Proof. Let every submaximal ideal of a commutative WIR R with unity is not
semiprime. Assume that R is not local. Thus R has at least two distinct maximal
ideals say J; and J,. So, J; N J, is a submaximal ideal of R. By Theorem 4.1.9
J1 N Jy is semiprime which is a contradiction to every submaximal ideal of a

commutative WIR R with unity is not semiprime. Hence, R is local. O

Theorem 4.1.13. Let R be a commutative WIR R with unity. If a submaximal

ideal J of R is not semiprime, then its radical is a maximal ideal.

Proof. Let J be a submaximal ideal of R which is not semiprime. Then there
exists only one maximal ideal M that covers J. Let a € R. Assume that a" €
J for some n € N. Then a € r(J) and @™ € M. Since every maximal ideal of a
commutative WIR with unity is prime, a € M. Thus, J C r(J) C M. Since J is

not semiprime and J is submaximal, r(J) = M. O

Corollary 4.1.14. The nilradical N of a commutative WIR R with unity s

submaximal if and only if R has exactly four idempotent elements.

Proof. Suppose R has exactly four idempotent elements. We know that R/N =
Rp. Since four elements Boolean ring has exactly two maximal ideals, N is
contained by exactly two maximal ideals. Thus N is the intersection of two

maximal ideals. Hence, N is a submaximal ideal of R. Conversely, suppose
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N is a submaximal ideal of R. Since N is semiprime, by Theorem 4.1.9, N is
covered by two distinct maximal ideals. Thus, R/N is four element Boolean ring.

Therefore, R has exactly four idempotent elements. O

Theorem 4.1.15. Let R be a commutative WIR R with unity. Then every proper

ideal I of R s the intersection of all primary ideals which contains the ideal I.

Proof. Suppose I is a proper ideal of R. We need to claim that for all = ¢ I,
there exists a primary ideal P such that [ C P and z ¢ P. If 2> ¢ I, then by
Theorem 3.2.3(i), there exists maximal (primary) ideal P such that I C P and
x ¢ P. If 22 € I, then zy ¢ I. By Theorem 3.2.3(ii), there exists primary ideal
P such that I C P and = ¢ P. Hence [ is the intersection of all primary ideals

which contains /. ]

4.2 Submaximal Ideals on Product

Throughout this section, R and R’ are commutative WIRs with unity.
Theorem 4.2.1. (i) If S and S’ are submazimal ideals of R and R, respec-

tively, then S x S" is not submaximal ideal of R x R'.

(11) If M and M’ are maximal ideals of R and R, respectively, then M x M’ is

a submazximal ideal of R X R’.

Proof. (i) Let S be a submaximal ideal of R and S’ be a submaximal ideal of
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R’ . Then there exist maximal ideals M and M’ of R and R’ that cover S
and S’ respectively. Since S x " C M x M C M xR CRx R, S xS

is not a submaximal ideal of R x R'.

(i) M x M C MxR C Rx R and M x R is maximal ideal of R x R'. If
Jx J isanideal of Rx R and M x M' Cc J x J C M x R, then J is
an ideal of R and J' is an ideal of R and M C J C M and M’ C J' C R'.
Thus, M = J and M’ = J or (J' = R'). Hence M x M' = J x J or

J x J' =M x R'. Therefore, M x M’ is a submaximal ideal of R x R'.

[
Theorem 4.2.2. If J is a submazimal ideal of R x R', then Pi(J) = {a €
R/(a,d’) € J for some a’ € R'} and Py(J) = {d’ € R'/(a,d’) € J for some a €

R} are mazximal ideals of R and R', respectively.

Proof. Let M be an ideal of R such that P,(J) C M C R. Suppose P(J) # M
and M # R. Then Py(J) x Py(J) € M x Py(J) € R x Py(J) € R x R'. But
J C Pi(J) x Py(J) and this contradicts the submaximality of J. Thus either
P (J) =M or M = R. Hence P;(J) is a maximal ideal of R and similarly P»(J)

is a maximal ideal of R'. ]

Theorem 4.2.3. Every submazimal ideal of R X R’ is semiprime.

Proof. Let J be a submaximal ideal of R x R'. By Theorem 4.2.2, P;(J) and

Py(J) are maximal ideals of R and R/, respectively. Thus J C R x P»(J) and
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J C Pi(J) x R that is J is covered by two distinct maximal ideals of R x R'. By

Theorem 4.1.9, J is semiprime. O

Theorem 4.2.4. The intersection of all submazimal ideals of R x R is the nil-

radical.

Proof. Let {J;} be the set of all submaximal ideals, {M;} be the set of all maximal
ideals and K be the nilradical of R x R’ . By Proposition 2.2.1, every prime ideal
of R x R’ is maximal and hence NM; is the nilradical of R x R’. By Theorem
4.2.3, {J;} is semiprime for all j. Hence K C J; for all j by Theorem 3.2.4. Thus

NM; = K C NJ; C NM;. Hence, K = NJ;. ]

4.3 Further Results on Submaximal Ideals

Let us consider the ring Z,. Clearly it is not WIR but it has a subring namely
S = {0,2} having the property that a* = a* and a + a = 0 for every a € S. This
leads us to define weak idempotent subring in any arbitrary ring .

Definition 4.3.1. A subring S of an arbitrary ring R is called a weak idempotent
subring if S is of characteristic 2 and satisfies a* = a® for every a € S.
Theorem 4.3.2. Let R be a commutative WIR with unity, R' be any arbitrary
ring (not necessarily be WIR) and f : R — R’ be a homomorphism. Then f(R)

is a weak idempotent subring of R’.

Proof. Clearly f(R) is a subring. ker(f) is an ideal of R. Thus R/ker(R) is
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WIR. R/ker(f) = f(R). Hence f(R) is a weak idempotent subring of R'. O

Theorem 4.3.3. Let R and R’ be commutative WIRs with unity and f : R — R/

be an epimorphism. Then

(i) If J is a submazimal ideal of R and ker(f) C J, then f(J) is a submazimal

ideal of R'.

(ii) If J' is a submazimal ideal of R', then f~*(J') is a submazimal ideal of R.

Proof. (i) Let J be a submaximal ideal of R and ker(f) C J. Then there

exists a maximal ideal M such that J C M C R. Let a € M \ J. Then
f(a) € f(M). Suppose f(a) € f(J). This implies that 3b € J such that
f(a) = f(b). Thus, f(a—b) =0and a —b € J. Since b € J, a € J which
is a contradiction. Hence f(a) ¢ f(J) that is f(J) € f(M) and similarly
f(M) € R. Let S be an ideal of R and f(J) C S C f(M). Assume
f(J) # Sand S # f(M). Let s € S\ f(J). This implies that there exists
r € R such that f(z) = s. Thus z € f~!(S)\ J and hence J C f~1(9).
Similarly, f='(S) € M which is a contradiction to the submaximality of .J.

Thus f(J) =S or S = f(M).

It is clear that f~'(J') and f~'(M’) are ideals of R. Suppose f~}(M’) C
S C R IfS # Rand f7Y(M') # S, by the above discussion M’ #
f(S) # R’ which is a contradiction. Thus, f~!(M’) is a maximal ideal of R.

Similarly there exists no proper ideal between f~1(J) and f~(M’). Hence,
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f7Y(J") is a submaximal ideal of R.

]

Remark 4.3.4. In a WIR R, the multiplicative subset S of R consists of elements
which are not zero-divisors has only unit elements (Corollary 2.2.7). Thus any
non-trivial ideal I of R does not have common element with the multiplicative
subset S that is S™'I # STIR.

Theorem 4.3.5. Let R be any arbitrary commutative ring with unity and S be
the multiplicative subset of R consists of elements which are not zero-divisors

including the unity 1. Then the ring R is a WIR if and only if S™'R is a WIR.

Proof. Suppose R is a WIR. For every ¢ € 5~ IR, @ S+ 2= (ata) _ g = 0 and

s

(9)* = ‘;—i = z—i = (2)%. Hence, S7'R is a WIR. Conversely, suppose S™'R is

a WIR. For every a € R, ¢ € ST'R. Thus, ¢ + ¢ = 0 which implies that

S
s18(a + a) = 0 for some s; € S. Since S consists of not zero-divisors, a + a = 0.

Let ¢ € S™'R for some a € R and s € S. By the assumption, (¢)* = (£)* which

at a? 4 2

implies % = %. Thus, s;s 2(a* — a®s*) = 0 for some s; € S. Since s;5°

1s not a

zero-divisor, a* — a*s* = 0. £ is not a zero-divisor in SR since s € S. Thus

(f) = 1 and hence a* = a®. Therefore, R is a WIR. [l

Theorem 4.3.6. Let S be a multiplicative subset of a commutative WIR R with
unity consisting of elements which are not zero-divisors. Then I is submazimal

ideal of R if and only if S~'I is submazimal ideal of S™'R.
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Proof. Since S consists of elements which are not zero-divisors implies it consists

of units, it is known that ¢, is an isomorphism. Thus the theorem holds. O

Corollary 4.3.7. S7'R is a field if and only if R = Zs,.

Proof. Suppose S™'R is a field. For every (0 #)a € R, ¢ is a unit. Thus (%)* =1
which implies a? = 1. Hence 0 is the only nilpotent element of R. Hence R is a
Boolean ring with all non-zero elements are unit. Thus R =2 Z,. The proof of the

converse is obvious. O
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