
WHY OLD PULSARS DO NOT GLITCH OFTEN

By

Kuba Girma

SUBMITTED IN PARTIAL FULFILLMENT OF THE

REQUIREMENTS FOR THE DEGREE OF

MASTER OF SCIENCE IN PHYSICS

AT

ADDIS ABABA UNIVERSITY

ADDIS ABABA, ETHIOPIA

JUNE 2014

c© Copyright by Kuba Girma, 2014



ADDIS ABABA UNIVERSITY

COLLEGE OF NATURAL SCIENCES

FACULTY OF CHEMICAL AND PHYSICAL SCIENCE

DEPARTMENT OF PHYSICS

The undersigned hereby certify that they have read and recommend

to the School of Graduate Studies for acceptance a thesis entitled

“Why Old Pulsars Do Not Glitch Often ”

by Kuba Girma in partial fulfillment of the requirements for the degree of

Master of Science in Physics.

Dated: June 2014

Supervisor:
Dr. Legese Wetro

Examiners:
Prof. A. K. Chaubay

Prof. A. V. Gholap

ii



ADDIS ABABA UNIVERSITY

Date: June 2014

Author: Kuba Girma

Title: Why Old Pulsars Do Not Glitch
Often

Department: Physics

Degree: M.Sc. Convocation: June Year: 2014

Permission is herewith granted to Addis Ababa University to circulate and

to have copied for non-commercial purposes, at its discretion, the above title upon

the request of individuals or institutions.

Signature of Author

THE AUTHOR RESERVES OTHER PUBLICATION RIGHTS, AND NEITHER
THE THESIS NOR EXTENSIVE EXTRACTS FROM IT MAY BE PRINTED OR
OTHERWISE REPRODUCED WITHOUT THE AUTHOR’S WRITTEN PERMISSION.

THE AUTHOR ATTESTS THAT PERMISSION HAS BEEN OBTAINED
FOR THE USE OF ANY COPYRIGHTED MATERIAL APPEARING IN THIS
THESIS (OTHER THAN BRIEF EXCERPTS REQUIRING ONLY PROPER
ACKNOWLEDGEMENT IN SCHOLARLY WRITING) AND THAT ALL SUCH USE
IS CLEARLY ACKNOWLEDGED.

iii



To my uncle Tesfaye Abebe

iv



Table of Contents

Table of Contents vi

List of Figures vii

Abstract ix

Acknowledgements x

Introduction 1

1 Neutron star 3

1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2 Neutron Star Formation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.3 Neutron Star Structure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4

1.4 Pulsar Discovery . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.5 Super-fluidity in Neutron Star . . . . . . . . . . . . . . . . . . . . . . . . 11

1.5.1 Basic Super-fluid Theory . . . . . . . . . . . . . . . . . . . . . . . . 11

1.5.2 Rotating Super-fluid and Quantized Vortices . . . . . . . . . . . . . 14

2 Pulsar Glitches 17

2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.2 Glitches: Vortex Pinning . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

2.2.1 Equations of Motion of Vortex Lines in the Inner Crust . . . . . . 19

2.2.2 Pinning Force . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.2.3 Magnus Force . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2.3 Post-Glitch Relaxation: Vortex Creep . . . . . . . . . . . . . . . . . . . . . 22

2.3.1 Regimes of Vortex Creep . . . . . . . . . . . . . . . . . . . . . . . . 26

3 Tidal Interaction in Neutron Star 28

3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.2 Newtonian Tidal Forces . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

3.3 Relativistic Tidal Forces . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3.4 Time for Gravitational Tidal Locking . . . . . . . . . . . . . . . . . . . . . 38

v



4 Result and Discussion 44

Conclusion 49

Bibliography 50

vi



List of Figures

1.1 It illustrates the formation neutron star with other compact objects . . . . 5

1.2 This figure illustrates the interior of neutron star with its various region

thickness and density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7

1.3 Internal composition of a neutron star. The transition from crust to core is

illustrated in the top panel. In the inner crust matter is comprised of nuclei

immersed in a neutron superfluid. As the density increases the protons

undergo electron capture into neutrons, which then drip out of nuclei into

the superfluid. In the outer core, matter is comprised of a homogeneous

mixture of protons neutrons and electrons. The neutrons form a superfluid

with lattice of vortex lines. The protons form a type II superconductor

with magnetic flux tubes. The composition of the inner core is unknown. . 8

1.4 Rotating neutron star (Pulsar). . . . . . . . . . . . . . . . . . . . . . . . . 10

2.1 Pulsar angular frequency versus time for a typical glitches. The recov-

ery typically takes days to weeks. The recovery fraction Q measures the

proportion of 4Ω which decays. . . . . . . . . . . . . . . . . . . . . . . . . 25

3.1 Used for calculation of tidal potential. . . . . . . . . . . . . . . . . . . . . 39
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Abstract

Some pulsars are stable in the universe, even though, many of them glitch i.e. their

spin frequencies increase suddenly. Young pulsars, such as the crab pulsar glitch within

short period of time i.e. they glitch within a few years. However, old pulsars do not

glitch as such. This thesis tries to analyze the causes behind these glitches and why

their frequencies decrease with the ages of pulsars. We study the gravitational tidal

force interaction between the core and the crust and employs its effect on the long term

evolution of pulsar glitches. In particular, we have shown that old pulsars show less

glitches proportional to their ages and also we derived the time at which the crust and

the core of neutron star will be tidally locked.

Key Words: star: neutron star, pulsars: general, glitch: pulsar , tidal interaction.
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Introduction

Besides the basic, smooth spin down of the neutron star due to the electromagnetic torque

mechanism, pulsar timing studies also reveal the presence of irregularities in the rotation

of the star. The timing of radio pulsars provides us with one of the most stable clocks

in the universe, even though, many pulsars exhibit a sudden increase in the spin rate,

known as glitches. For instance, the young pulsars like crab pulsar glitch within a few

years, however, the old pulsars do not. The question here to be raised is that, why do not

the old pulsars glitch so far as the young pulsars? is not yet addressed.

A recent work reported that a total of 315 glitches were observed in 102 pulsars with

fractional jumps in the spin rate (4ν
ν

) between 10−11 and 10−5 [1, 2]. Even though Ander-

son and Itoh suggested glitches are due to angular momentum being stored in a super-fluid

component of the star that is temporarily decoupled from the charged component to which

the electromagnetic emission is anchored, there is no a clear consensus on their origin yet

[3]. When two components recouple, there is a sudden transfer of angular momentum to

the crust, which gives the rise up of spin.

The main cause of the most glitch is the pinning of the vortices lines into the crustal

lattice, which allow a lag to increase between the super-fluid and the charged component

[4, 5]. A super-fluid rotates by forming a quantized array of vortices, which determines

the distribution of the rotational profile of the star [3]. These quantized vortices in the

neutron super-fluid in the inner crust can get pinned to the lattice of heavy neutron-rich

nuclei. The pinning force is related to the energy gain when vortices are pinned to the

lattice [6]. The vortices stay pinned in this manner until a stronger force unpins them

1
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from the lattice sites. These pinned vortices in the crustal nuclei are rotating slower

than the surrounding super-fluid. Due to this differential velocity, magnus forces that act

radially outwards cause sudden unpinning and migration of vortices, which results in the

transfer of angular momentum from the super-fluid to the crust [3]. This gives rise to a

sudden speed-up of the solid crust, which manifests as a glitch in the timing behaviour of

the pulsar.

In this thesis, we have shown that old pulsars show less glitches proportional to their

ages and also we derived the time at which the crust and the core of neutron star will be

tidally locked. The thesis is organized as follows: Chapter one talks about the formation

and the structure of neutron stars, through discussing and explaining the nature of super-

fluidity in neutron stars. Chapter two gives the description and explanation for the

pulsar glitches by discussing vortex pinning, pinning force, Magnus force, and vortex

creep. Chapter three discuss the effect of tidal interaction in neutron stars by deriving

tidal force and tidal torque and based on this, we derive the time for gravitational tidal

locking. Chapter four talks about the results by discussing them. Finally, we give the

summary and the conclusion based on the results obtained.



Chapter 1

Neutron star

1.1 Introduction

Neutron stars are some of the densest manifestation of massive objects in the universe,

which are formed by a core-collapse of supernova explosion. Their radii are between 10

and 20 kilometers and their masses are between 1M�(one solar mass) and 2M�. Their

average masses are about 1.4M�. The idea of a neutron star was first raised by Baade

and Zwicky in 1934 [7]. Neutron stars have a very complicated structure [8, 9]. The first

model for neutron stars structure were developed by Tolman et.al. in 1939, who applied

the general theory of relativity to an ideal non-interacting neutron gas.

In this chapter, we give a brief explanation of neutron star formation, neutron star

structure, pulsar discovery, and how the nature of super-fluidity in neutron star affects

its rotation.

3
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1.2 Neutron Star Formation

Neutron stars are the collapsed core of a massive star left behind after a supernova explo-

sion. It is obvious that, a cloud in space collapses due to gravity. In the same manner the

particles in a normal star feel a gravity but, do not collapse due to gravity. Because, they

are balanced by the radiation pressure and gas pressure. For a massive star, the radia-

tion pressure is produced by successive fusion of the elements of iron. If the temperature

is below the fusion temperature of an available element, little contraction can raise the

temperature to ignition level. A star, which has no fuel left for fusion in its core, collapses

to either a white dwarf, a neutron star or a black hole depending on its mass. In a white

dwarf, the gravity is balanced by the degenerate electron pressure which prevents further

gravitational collapse. For a massive predecessor, the degenerate electron pressure is not

sufficient to prevent a further collapse. Such a massive star will collapse to a neutron star

in which degenerate neutron pressure balances gravity. If the star is to too massive for

that, the star collapses to become a black hole. This event, the collapse of a massive star

to a neutron star produces a supernova explosion.

1.3 Neutron Star Structure

Shapiro and Teukolsky suggested, neutron stars have a very complicated structure [9].

Even though, their structures are complicated, they are divided into atmosphere, envelope,

outer crust, inner crust, outer core, and inner core.

Mass and Radius

The direct measurement of physical parameters like radius and mass of isolated neutron

stars are difficult using instruments. Even though, the direct measurement is difficult,

masses of neutron stars can be measured by binary dynamics in which the most accurate

measurements come from binary pulsars [10]. These masses are mostly clustered very
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Figure 1.1: It illustrates the formation neutron star with other compact objects
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strongly around 1.4M�. Generally, masses of neutron stars are between 1M� and 2M�

[10, 11].

Neutron stars’ radii are more difficult to determine. Lattimer and Prakash suggested

if the radius is greater than two times of mass of neutron star, then the object is neutron

star; otherwise, it would be a black hole [10]. Another method to determine the radii

and masses of neutron star is using a relevant equation of state (EOS), which relatives

pressure and density with mass and radius [12]. By taking into account general relativity,

the interior structures of neutron stars can be described by (with the convention G = C

= 1) [13]

ds2 = −e2θ(r)dt2 +
dr2

1− 2m(r)
r

+ r2dθ + r2sin2θdφ2. (1.3.1)

We can determine the metric function e2θ(r) and neutron stars properties by solving the

following hydrostatic equations.

dm

dr
= 4Πr2ρ (1.3.2)

dP

dr
= −ρm

r

2

(1 +
P

ρ
)(1 +

4πPr3

m
)(1− 2m

r
)−1 (1.3.3)

dθ

dr
= −1

ρ

dP

dr
(1 +

P

ρ
)−1, (1.3.4)

Where m, ρ, and P are mass, mass density and pressure respectively. The above equations

are famous Tolman-Oppenheimer-Volkoff (TOV) equations [12, 13].

Atmosphere and Envelope

Each neutron star is believed to be surrounded by an atmosphere with a thickness of

around 1 cm, even though, very little is known about this region [14, 15]. Below this

atmosphere, there exists a very thin region known as envelope. Gudmundsson et.al.

studied the nature and the structure of neutron star’s envelopes [16].
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Figure 1.2: This figure illustrates the interior of neutron star with its various region
thickness and density

Outer and Inner Crust

The crust of neutron star is composed by nueclei and degenerate electrons [17]. An

outer layer of outer crust is made up of 56Fe lattice and the structure changes rapidly

with decreasing of radius, as the matter density increases. With increasing pressure and

density, the electrons in this region become both degenerate and relativistic.

The inner crust contains lattices of heavier neutron-rich nuclei like 78Ni, 76Fe, and

118Kr [18, 19]. Even though, there is no clear determination on density of crust, it is

believed that density of an outer crust ranges from terrestrial densities to the neutron

drip density (ρdrip ≈ 4× 1011gcm−3) and that of an inner crust ranges from neutron drip

density to nuclear matter density (ρo ≈ 2.7 × 1014gcm−3). The region from an envelope

to neutron drip density is called the outer crust.
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Figure 1.3: Internal composition of a neutron star. The transition from crust to core is
illustrated in the top panel. In the inner crust matter is comprised of nuclei immersed in
a neutron superfluid. As the density increases the protons undergo electron capture into
neutrons, which then drip out of nuclei into the superfluid. In the outer core, matter is
comprised of a homogeneous mixture of protons neutrons and electrons. The neutrons
form a superfluid with lattice of vortex lines. The protons form a type II superconductor
with magnetic flux tubes. The composition of the inner core is unknown.
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Outer and Inner Core

The core of neutron star is composed by a relativistic degenerate plasma of electrons,

protons, and neutrons [18]. A fluidly region, from nuclear matter density to central matter

density (≈1015gcm−3) is called the core. Even though, there is no clear hypotheses on the

matters these present in the inner core, it is believed that, it contains exotic matter such

as free quarks, pion, and kaon [20].

1.4 Pulsar Discovery

Pulsars are a rotating neutron stars, which are highly magnetized and rotating with high

speed [21]. This is what makes differ from regular neutron stars. During their formation,

they have the highest energy and fastest rotational speed. But, they slow down gradually

as they release electromagnetic power through their beams.

In 1967, Jocelyn Bell, together with her supervisor, Antony Hewish, detected periodic

signals while performing a galactic surve [22, 23]. At first, the sources were called LGM,

an abbreviation for little green men, as they were thought to possibly be a result of

extra-terrestrial communication. In fact, Hewish continued timing measurements for a

few weeks to see whether there was any detectable Doppler shift due to extra-terrestrial

planetary orbital motion. However, these analyses revealed no shift other than that, due

to the motion of the earth. Also, soon afterwards, other sources were discovered which

exhibited similarly short periods and were detected at the same radio wavelength and the

idea that these radio signals were extra-terrestrial communication was abandoned [24].
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Figure 1.4: Rotating neutron star (Pulsar).
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1.5 Super-fluidity in Neutron Star

The presence of super-fluidity inside neutron star was first proposed by Migdal in 1960

[25]. The bulk of the neutron star is super-fluid and it occurs in both the outer core and

the inner crust, which strongly affects the behaviour of the neutron star. As the neutron

star cools, it eventually reaches a critical temperature(Tc) , that will mark the onset

of super-fluid formation. The value of Tc will not be constant throughout the interior

of the neutron star, but rather will vary with density, pairing channel, neutron-proton

asymmetries, and temperature among other factors [26].

A super-fluid is one of the realizations of a Bose Einstein Condensate and has both

zero viscosity and zero entropy. The first observed super-fluid was helium II(4He) [27]

and most super-fluid theory has been tested, based on experimental work performed on

4He. Experimentally has been shown [28] that only a small percentage of fluid helium

II exists in the condensed state near absolute zero. But, the rest of the fluid exists as

thermal excitations by containing the normal fluid component.

1.5.1 Basic Super-fluid Theory

A separation of a solid wall or a vortex core from the neighbour-hood causes slowly varying

of super-fluid density as a function of position. As a result, macroscopic volume elements

may be regarded as being of uniform density. This enables some super-fluid motions to

be investigated by thermodynamic methods.

Landau described the macroscopic behaviour of the super-fluid by the means of wave

function [29]. In the super-fluid, neutrons are paired together in a manner analogous to

the formation of Cooper pairs in a superconductor and the paired neutrons form a boson.

This enables the formation of Bose-Einstein Condensate in the fluid obtaining bosonic

properties. Landau postulated that the condensate can be described by a wave function
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of the following form:

Ψ(r, t) = Ψ0(r, t)eiφ(r,t), (1.5.1)

which he assumed to be a solution of the Schrodinger equation. To determine the super-

fluid velocity, the usual momentum operator is applied to this wave function,

p̂Ψ = −i~∇Ψ = pΨ. (1.5.2)

But, a momentum is given by

p = mvs, (1.5.3)

where m is the mass of Cooper pair (m = 2mn), and mn is the mass of neutron. To derive

the velocity of the super-fluid take Ψ = eiφ and combine equation (1.5.2) and (1.5.3).

i~∇eiφ = mvse
iφ (1.5.4)

vs = −i~
m
∇(iφ)

eiφ

eiφ
. (1.5.5)

From equation (1.5.5), we obtain

vs =

(
~
m

)
∇φ, (1.5.6)

where φ is the phase, and a function of position. The population density is given by

Ψ2
0(r, t) =

ρs
m
. (1.5.7)

The conservation of mass takes place in super-fluid, and described by the following con-

tinuity equation.

∂

∂t
ρs +∇.js = 0, (1.5.8)

where js and ρs are the mass current density and the density of the super-fluid respec-

tively. This equation is called the continuity equation for super-fluids, and describes the

conservation of mass in such a fluid.

Troup obtained for large particle number N, there exists the following uncertainty

relationship [30].

δNδφ = 1 (1.5.9)
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As a result, N and ~φ can be treated as conjugate variables, in the same way as the

position and momentum of a particle. Using Hamiltonian mechanics, the equations of

motion for these quantities can be written as following.

~
∂φ

∂t
= −∂H

∂N
, (1.5.10)

and

~
∂N

∂t
=
∂N

∂φ
. (1.5.11)

The Hamiltonian H can be given by the total energy U, consisting of the sum of the total

kinetic and rest energy of the fluid.

U = Uk + U0, (1.5.12)

where Uk and U0 are total kinetic energy and rest energy of the fluid respectively. Using

mean values, the equation of motion for φ becomes

~
∂φ

∂t
= − ∂U

∂N
= −

(
µ+

1

2
mv2

s

)
, (1.5.13)

since the chemical potential µ is defined as

µ =

(
∂U0

∂N

)
entropy,volume

. (1.5.14)

By taking the gradient of equation (1.5.13) together with (1.5.6), equation of motion for

superfluid found to be

~
∂

∂t
∇φ = m

∂

∂t
vs = −∇

(
µ+

1

2
mv2

s

)
. (1.5.15)

Next, we use conventive derivative to define Euler equation for superfluid, which is defined

as

D

Dt
a =

∂

∂t
a + (v.∇)a, (1.5.16)

for an arbitrary vector a in a constant volume element traveling in a velocity field v.

The Euler equation for an ideal fluid (defined as a fluid with zero viscosity, and hence

applicable to a superfluid) is

D

Dt
vs =

∂

∂t
vs + (vs.∇)vs = −∇µ

m
. (1.5.17)
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Using the properties of the ∇ operator, we obtain

D

Dt
vs =

∂

∂t
~vs +∇

(
1

2
v2
s

)
− vs × (∇× vs) = −∇µ

m
(1.5.18)

Finally, we reach at the Landau criterion for superfluidity by comparing equation (1.5.15)

with equation (1.5.17),

∇× vs = 0, if vs 6= 0. (1.5.19)

1.5.2 Rotating Super-fluid and Quantized Vortices

Landau’s criterion has interesting implications for the rotation of the super-fluid. A

rotating super-fluid carries angular momentum by forming vortex lines and the strength

of this vortex is measured by circulation or vorticity around it, which is defined as

k =

∮
L

vs.dl, (1.5.20)

for an integration contour L entirely in the super-fluid. Applying Stokes’ theorem to the

circulation equation and considering the Landau criterion, we get the following result.

k =

∮
L

vs.dl =

∫
A

(∇× vs).dA = 0 (1.5.21)

This implies that, there is no circulation in a pure super-fluid, due to the constraints

of the Landau criterion i.e., there is no rotation. This was famously demonstrated by

the Andronikashvili experiment [31], in which an oscillating pile of disks entrained the

normal fluid component, while leaving the super-fluid component at rest. However, in

1950 Osborne rotated a cylindrical bucket containing He II, and the results indicated that

both the normal and super-fluid components were moving with the same angular velocity

[32].

The Landau criterion tries to indicate that, it could not exist macroscopic rotation

of a super-fluid and experimentally, there is no evidence for such rotation yet. However,

a closer look at the theory shows that it is possible for the circulation of the super-fluid
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and so does its rotation. This can be accomplished by allowing the region inside the

integration contour to be multiply connected. There are two ways in which this can

be accomplished. The first is to ensure that this region inside the integration contour

contains holes in the super-fluid, for which ∇ × ~vs = 0 i.e. holes of normal fluid. The

second is to ensure that there are holes inside the integration contour which are in fact,

empty of fluid. This gives rise to the concept of a vortex core. A hole in the super-fluid,

having cylindrical geometry, either empty of fluid or containing normal fluid, surrounded

by super-fluid matter experiencing irrotational flow once again with cylindrical symmetry.

Combining equation (1.5.6) and (1.5.20) yields the following expression for the circu-

lation in terms of phase

k =

∮
L

(
~
m
∇φ
)
.dl =

~
m

∮
L

∇φ.dl (1.5.22)

This becomes,

k =
~
m
∇φ. (1.5.23)

The wave function given in equation (1.5.1) is single-valued. Thus, a complete trip around

the contour should yield an unchanged value. So, due to the nature of the wave function,

the only possible values for a change in φ are multiples of 2π and zero. Obviously, a

value of zero corresponds to the Landau criterion and the multiples of 2π give non-zero

circulation, which apply to the case of vortices. In this case, the circulation is given by

k = n
~
m
, (1.5.24)

where n is an integer. Thus, the circulation is quantized.

It is from the above conceptual framework that the definition of a vortex core is

obtained; a vortex core is the non-super-fluid region found inside a vortex, i.e. the region

in which ∇× vs = 0. Although, super-fluid rotation cannot occur in a simply connected

region, it can occur macroscopically in the presence of the many multiply connected

regions formed by quantized vortex lines.
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Considering a streamline located at radius r from the center of an isolated vortex line,

the following equation applies

k =

∮
L

Vs.dl = 2πrvs(r). (1.5.25)

Hence, the velocity of the fluid at a given distance from the vortex core is

vs =
k

2πr
=
n~
m
, (1.5.26)

and the angular momentum at that point is

L = mvsr = n~. (1.5.27)

Thus, in addition to the circulation, both the velocity and angular momentum of the fluid

around a vortex line are quantized.

The first experimental evidence of quantized circulation was recorded by Vinen [33]

while the existence of quantized vortices in He II was shown by Hall and Vinen [34]. This

theory was first related to neutron stars by Ginzburg and Kirzhnits in 1964 [35] when they

stated that, should rapidly rotating neutron stars exist, then quantized vortices similar to

those observed in He II should exist in the neutron super-fluid of these compact bodies.

These predictions were made before the discovery of pulsars and their interpretation as

rapidly rotating neutron star.



Chapter 2

Pulsar Glitches

2.1 Introduction

Pulsars are characterized by the remarkable stability of their pulsation frequency. How-

ever, the pulse arrival times occasionally exhibit some striking irregularities [36]. These

irregularities fall into two categories: timing noise and glitches.

Glitches are a sudden increasing or decreasing of the rotational frequency of a pul-

sar [37]. Their origin is still debated and the giant spin-ups observed in the 20 known

vela-like glitchers could indicate the presence of bulk super-fluidity inside these stars [2].

This giant glitches would represent the natural macroscopic outcome of the interaction

between quantized neutron vortex lines, which carry the angular momentum of the rotat-

ing chargeless superfluid [38]. This interaction can pin vortices to the normal component

of the star, and freezing the super-fluid vorticity by storing its angular momentum. When

the hydrodynamical lift on a vortex (magnus force) equals with the pinning force on a

line, the angular momentum can transfer to the normal component of the star by the

action of drag force. According to Anderson and Itoh [3], giant glitches are due to the

sudden and simultaneous depinning of a large number of accumulated vortices, followed

by the rapid transfer of their angular momentum to the observable normal crust.

17
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In this chapter we give the description and explanation of the cause for glitches (vortex

pinning and vortex creeping) through the discussion of pinning force, magnus force, and

post-glitches relaxation detaily.

2.2 Glitches: Vortex Pinning

The observed glitches in the pulsation periods of neutron stars are thought to be mani-

festations of neutron super-fluidity in the inner crust of neutron stars [3]. The inner crust

is the region of the star, where bloated neutron-rich nuclei coexists with a free neutron

gas. Through out the inner crust a free neutron pair produce an isotropic super-fluid

whose interaction with the nuclei in the crust is, proposed to regulate the glitch of the

star. The super-fluid and nuclei interact predominantly via vortex lines to thread those

rotating super-fluid. The lines are either attract to or repel from nuclei depending on the

local density. In either case the energy of a vortex line is minimized if its path through

the nuclear lattice is optimally chosen and it is thereby pinned to the crust. If all the

vortex lines were pinned, the angular velocity of the super-fluid would be fixed.

Magnetic braking at the surface of the star slows the rotation of stellar crust. But,

cannot alter the angular velocity of the super-fluid unless the vortex lines are displaced

or new ones are created. Since pinning prevents the lines from moving and nucleation, it

requires either high temperatures or large velocity gradient. The super-fluid velocity does

not decrease as rapid as that of the crust, and it develops a velocity difference between the

super-fluid and the crust. This a velocity difference causes as a source of pulsar glitches.
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2.2.1 Equations of Motion of Vortex Lines in the Inner Crust

We consider the motion of vortex lines in an inner crust, where the lattice nuclei are

embedded in a super-fluid of neutron sea. We adopt the cartesian coordinates fixed in the

rest frame of the lattice nuclei. The z − axis is chosen to be parallel to one of the major

axes of a body-centered cubic lattice. we can describe their motion and configurations by

the two-dimensional position vectors, u = (x, y), of vortex lines in the x-y plane which

depend on the coordinate z. The equation of motion of vortex lines is written as

Fp + ρk× (
∂u

∂t
− vs) + T

∂2u

∂z2
= 0 (2.2.1)

where ρ is the superfluid density, Fp the pinning force perunit length of a vortex line, k

the circulation of a vortex, vs the locally uniform superfluid velocity, and T the tension

of the vortex line. Vortices in the superfluid are quantized. Each vortex line carries one

quantum k = h
m

of circulation, where h is the Planck’s constant and m is the mass of a

Cooper pair, which is twice of a neutron mass mn . Since we consider the vortex lines

aligned or almost aligned with the z-axis, we approximate the circulation vector by

k =
h

m
ẑ (2.2.2)

where ẑ is the unit vector along the z-axis. In the vortex unpinning model the difference in

angular velocity between the inner crust superfluid and the crust is reduced significantly

just after the glitches, decoupling the inner crust superfluid from the crust. As the crust

is slowed down by the external braking torque, the angular velocity difference 4Ω builds

up between the local superfluid and the lattice nuclei. Using the glitch interval tg and

the angular deceleration rate Ω̇, the angular velocity difference just before the glitch is

estimated as

4Ω ≈ |Ω̇|tg. (2.2.3)

The third term in equation (2.2.1) comes out from the tension of vortices when vortices

are distorted from the straight lines. The energy of vortex lines is equal to the kinetic
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energy of the velocity eld induced by them. The tension is given by the energy per unit

length

T = ρkck, (2.2.4)

where the parameter ck is only logarithmically dependent on the wave number and the

neutron superfluid coherence length [39]. The vortex-nucleus interaction has an attractive

component arising from the change in the condensation energy and a repulsive compo-

nent arising from the change in kinetic energy of circulating superfluid. The interaction

potential is given by

V = −Epe
− u2

2ξ2 , (2.2.5)

where Ep is the pinning energy (or the interaction energy) per nucleus, ξ is the vortex

core radius or the coherence length of the neutron superfluid, and u is the distance in the

x-y plane between the nucleus and the vortex line, u2 = x2 + y2. The coherence length of

the neutron superfluid is written as

ξ =
2EF
πkF4

, (2.2.6)

where 4 is the energy gap for the superfluid neutrons, EF their Fermi energy, and kF

the Fermi surface wave number. We can obtain the lattice-vortex interaction potential by

summing the above potential in equation (2.2.5), which is contributed from each nucleus

over the entire nuclei of a single large crystal.

2.2.2 Pinning Force

Although vortex pinning in the crust has been suggested as the main mechanism behind

pulsar glitches more than 20 years ago by Anderson and Itoh [3], until recently very little

work has been devoted to obtaining realistic estimates of the pinning force. The main

difficulty lies in the fact that, although there have been several estimates of the pinning

energy and thus of the force per pinning site [40], it is in fact the pinning force per unit
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length acting on a vortex that is the relevant quantity to compare with the magnus force

if one is to understand when a vortex line can unpin [41].

In fact it has been argued by Jones [42] that if one considers an infinitely long vortex

line and averages over the various orientations with respect to the lattice, the pinning

force will be negligible. Recent calculations by Grill [43] have shown that for realistic

configurations in which one considers a vortex to be rigid over length-scales of 100-1000

Wigner-Seitz radii, the averaging process over microscopic length-scales and different ori-

entations of the lattice does indeed reduce the strength of the pinning force with respect

to previous estimates based on the pinning force per pinning site. However, the values

obtained in these calculations, which are in fact the first realistic estimate of the pinning

force per unit length, are still large enough to explain pulsar glitches [44]. The pinning

force, which acts to pin the vortex line to nuclei, per site is approximately given by

Fp =
Ep
ξ

(2.2.7)

where Ep is the pinning energy (or the interaction energy) per nucleus, ξ is the vortex

core radius or the coherence length of the neutron superfluid.

2.2.3 Magnus Force

A vortex line would tend to move with the ambient superfluid, unless there is some force

in the system which acts to prevent this. This ambient superfluid moves with its own

angular velocity Ωs. However, the vortex lines pinned to the crustal nuclei and move with

the solid crust, which generally moves at a lower angular velocity Ωcr. This happens due

to the electromagnetic torques, which slow down a rotation of pulsar by acting directly

on the crust. Thus, it is Ωcr that is to be identified with the observed angular velocity of

the star, since pulsar emission processes are believed to be related to the external surface

of the solid crust, and the magnetic field threading through it. Ωs always lags behind it.
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Because of this difference of velocities between a vortex line and its ambient superfluid,

the former is acted upon by a force which is called the magnus force. This would neutralize

the difference of velocity between the crust and the super-fluid. In equation (2.5.1) the

second term represents the magnus force, which arises when the relative motion exists

between the local superfluid and the vortex. The magnus force acting on a unit length of

a vortex line is given by

Fm = ρk× (vv − vs), (2.2.8)

where vv is the vortex’s velocity.

2.3 Post-Glitch Relaxation: Vortex Creep

Between glitches, the vortex lines are believed to undergo a slow, thermally activated

process called vortex creep, which is a quantum tunneling between adjacent sites and

geometrically suitable for pinning. In this condition, the creeping process approaches to

a steady state when it left to itself, but a glitch perturbs it away from this steady state.

This process of recoupling of the vortex creep to another steady state is called post-glitch

relaxation.

The superfluid dynamics must be considered when analysing the post-glitch recovery

described by the two-component model. In the steady state the superfluid lags the crust.

Vortices in the superfluid component steadily creep outwards, in a similar fashion to

dislocate hopping through a crystal lattice. The steady-state lag depends on the limiting

creep rate, which in turn depends on the pinning strength of vortices in the crust and so

does the temperature of the star [45]. The lag never disappears, i.e., there is a superfluid

angular momentum reservoir. Pulsar glitches never deplete this reservoir; only small

fractions of it build up and relax away, hence there is no observed correlation between

glitch sizes and waiting times [1].

Alpar et.al., attempted to explain the recovery of the first eight glitches in the vela
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pulsar in terms of vortex creep [46]. They divided the star into multiple components,

representing regions of the star with different pinning strengths. Where the temperature

is large compared with the pinning strength, the dynamical response Ω(t) is exponential

decay(linear); elsewhere, the response is more complicated (non− linear). By fitting the

model to observations, the moments of inertia corresponding to the regions of different

pinning strengths are identified, where the shorter two time-scales follow a linear response,

while the longer is nonlinear. The initial angular velocity of each region of the star is also

extracted.

Sedrakian and Hairapetian reconsidered the vortex creep picture by modelling the

motion of vortices in the superfluid during glitch relaxation [47]. The vortices migrate

at a rate which depends on the time-scales for pinning and unpinning. By fitting the

model to the observed relaxation in the first eight glitches of the vela pulsar, the general

features of the vortex distribution immediately after a glitch are determined. It is found

that the short relaxation time-scale observed (∼ 10h) arises from the motion of vortices

initially contained within large radii (9.57km for a star of total radius 9.61km), while

the longer time-scales (3.2d and 32d) are confined to smaller radii ( 9.53km and 9.47km

respectively). The region of the star responsible for steady-state relaxation is confined

within a radius 9.36km, while vortices at smaller radii result in unobservable relaxation

times.

The vortex creep model developed for vela cannot account for the overshoot observed

in the post-glitch relaxation of the crab pulsar. Alpar et.al., proposed that the glitches

in the crab arise from starquake-driven vortex unpinning, as opposed to magnus force

driven unpinning in Vela [46]. The overshoot arises from vortex migration inwards into

newly formed vortex traps created during the quake, while the long-term response is

due to vortex migration similar to that expected in Vela [46]. The dynamical response

then comprises two linear components (the short time-scales) and the non-linear response

(long-term recovery) with time-scales ∼ 0.8h, 12d and 200d.
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Vortex creep theory models the dynamical behaviour of the neutron star in terms of

perturbations and relaxation of the thermal flow of quantized vortex lines, whose dis-

tribution determines the dynamics of a pinnned superfluid in the neutron star’s crust.

The origin of the glitches themselves is attributed to a sudden unpinning of vortex lines

resulting in a decrease δΩs in the rotation rate of the superfluid a corresponding increase

4Ωcr in the rotation rate of the star’s crust. By angular momentum conservation,

4Ωcr =
Ip
Icr
δΩs, (2.3.1)

where Ip is the moment of inertia of the pinned superfluid involved in the glitch and Icr is

the effective moment of inertia of the crust. Icr is effectively the total moment of inertia,

I of the neutron star as the bulk of the star rotates rigidly with the crust on time-scales

of interest [48].

In applications of vortex creep theory, the pinned superfluid does not recouple to the

slow down of the star for an off set time t0 following the glitch:

t0 =
δΩs

|Ω̇|
or t′0 =

4Ωcr

|Ω̇|
, (2.3.2)

where the former expression refers to the regions of superfluid through which vortex moved

during the glitch and the latter to regions through which no vortex motion took place.
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Figure 2.1: Pulsar angular frequency versus time for a typical glitches. The recovery
typically takes days to weeks. The recovery fraction Q measures the proportion of 4Ω
which decays.
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2.3.1 Regimes of Vortex Creep

The equation of motion for the rotation rate Ωs of any uniformly rotating superfluid can

be written as

Ω̇s = −2Ω0
vv
r
, (2.3.3)

where Ω0 is a constant reference value of Ωs and vv is the mean velocity of the vortex

lines in the radially outward direction. The superfluid in the inner crust of the neutron

star coexists with a lattice, which pins the vortex lines with typical pinning energies Ep

at each pinning site. Hence, the motion of the vortex lines and the rotation rate of the

superfluid are constrained as a result of pinning. A lag ω ≡ Ωs−Ωcr ensues between the

superfluid’s rotation rate and the neutron star’s crust. A given pinning energy Ep can

support at most a critical lag ωcr, at which vortices will unpin. At a finite temperature

T , there will be a mean thermal creep of vortices in the radially outward direction as the

star is spun down by external torques. This vortex creep makes the superfluid couple to

the spin down of the crust and with simple considerations leads to [49]

vv = 2v0exp

(
−Ep
kT

)
sinh

(
Ep
kT

ω

ωcr

)
. (2.3.4)

Here v0 is a typical microscopic velocity of the vortex lines, which is the order of 107cm

s−1 and k is the Boltzmann constant. Equations (2.3.3) and (2.3.4) are supplemented by

an equation of motion for the rotation rate Ωcr of the crust:

IcrΩ̇cr = Next − IpΩ̇s ≡ (Ip + Icr)Ω̇∞ − IpΩ̇s ≡ IΩ̇∞ − IpΩ̇s, (2.3.5)

where Next is the external torque and Ω̇∞ denotes the steady- state value of both Ω̇cr and

Ω̇s and we have included a single superfluid component in the above.

We note that vortex creep will have a linear or non-linear depending on the lag ω,

according to the value of

sinh

(
Ep
kT

ω

ωcr

)
∼=
|Ω̇cr|
4Ω0

r

v0

exp

(
Ep
kT

)
=

r

8tsdv0

exp

(
Ep
kT

)
(2.3.6)
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If the pulsar’s spin down age tsd = Ω/(2|Ω̇cr|) is short enough or the pinning strong

enough compared to kT , one can take

sinh

(
Ep
kT

ω

ωcr

)
∼=

1

2
exp

(
Ep
kT

)
, (2.3.7)

while in the opposite limit of weak enough pinning or long enough spin down age, the

dependence on ω is linear. The exponential dependence of creep on perturbations of the

lag ω lead to almost complete stop of vortex creep. Regions of the superfluid those are in

the non-linear regime will experience a complete decoupling from the crust until a time

t0 or t′0, when creep stars again.

In contrast, if the region of vortex creep is warranted, a very simple dynamical model

ensues:

Ω̇s = −2Ω0v0

r
exp

(
−Ep
kT

)
Ep
kT

ω

ωcrit
≡ −ω

τ
= −(Ωs − Ωcr)

τ
, (2.3.8)

where

τ =
rωcrit
2Ω0v0

kT

Ep
exp

(
Ep
kT

)
. (2.3.9)

An important difference between the two creep regimes lies in the steady-state value ω∞

of the lag. In the exponential regime [49],

ω∞ = ωcrit

[
1− kT

Ep
ln

(
2v0tsd
r

)]
∼= ωcrit. (2.3.10)

ωcrit is estimated to be the order of 10−1, with an observational upper limit ω̄cr . 0.7 for

its average value [50]. By contrast, the lag in the linear regime is much smaller,

ω∞ = |Ω̇|∞τ (2.3.11)



Chapter 3

Tidal Interaction in Neutron Star

3.1 Introduction

An exciting prospect for gravitational waves detection, is provided by the chance to extract

information about the neutron star equation of state from the inspiral part of the signal.

As the binary spirals inward, the neutron star experience ever increasing tidal forces from

the gravitational field of the companion object. In many cases the strong tidal interaction

may cause the star disruption, before it begins the final plunge into the black holes horizon

or the merger with another neutron star.

In this chapter, we discuss the effect of tidal interaction in neutron stars by deriving

tidal force and tidal torque and also based on this, we derive the time for gravitational

tidal locking.

3.2 Newtonian Tidal Forces

The Newtonian tidal tensor is a useful tool for the study of tidal fields. To deal with tidal

fields, first let us derive the tidal force tensor. We consider a cartesian coordinate system

that is in free-fall in a gravitational field. Define Φ such that the function of potential

energy V, which has a value V = mΦ, where m is the gravitational mass of the test

28
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particle. The gravitational force Fg is given as

Fg = −∇V = −∇(mΦ) =
dP

dt

−m(∇Φ) =
d

dt
(mv) = mg

g = −∇Φ, (3.2.1)

where g is the acceleration of the particle due to gravity. We can write equation (3.2.1)

in another form as

g = −∇Φ = −
3∑

k=1

∂Φ

∂xk
êk, (3.2.2)

where êk is a unit vector and k = 1, 2, 3.

The difference in gravitational acceleration of a test particle dg relative to a reference

point in free-fall is given by

dg = −d

(∑
k

∂Φ

∂xk
êk

)

dg = −d

(∑
j

(
∂xj

∂xj

)∑
k

∂Φ

∂xk
êk

)

dg = −
∑
j

∂

∂xj

(∑
k

∂Φ

∂xk

)
dxj êk

dg = −
∑
j,k

∂

∂xj

(
∂Φ

∂xk

)
xj êk

dg = −
∑
j,k

∂2Φ

∂xj∂xk
xj êk. (3.2.3)

Using equation (3.2.3), the tidal force tensor Ft is written as

Ft = mdg = −m
∑
j,k

∂2Φ

∂xj∂xk
xj êk

Ft = −m
∑
j,k

Tjkx
j êk, (3.2.4)
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where the quantity Tjk (j, k = 1, 2, 3) is the component of the tidal force tensor and has

a value of

Tjk =
∂2Φ

∂xj∂xk
. (3.2.5)

The tidal force tensor is a cartesian, hence the term Tjk is a cartesian tensor and let see

how it transforms under an orthogonal transformation. We start by taking the derivative

of the scalar Φ and using the chain rule.

∂Φ

∂xk
=
∂xn

∂xk
∂Φ

∂xn
= δnk

∂Φ

∂xn
, (3.2.6)

where δnk = ∂xn

∂xk
= constant. By taking the derivative of equation (3.2.6) with respect to

xj
′
, we get

∂

∂xj′

(
∂φ

∂xk

)
=

∂

∂xj′

(
δnk
∂Φ

∂xn

)
∂2Φ

∂xj′∂xk′
=
∂xm

∂xj
∂

∂xm

(
δnk
∂Φ

∂xn

)
T ′jk = δmj δ

n
k

(
δnk
∂Φ

∂xn

)
T ′jk = δmj δ

n
kTmn. (3.2.7)

Thus, the quantities Tjk is the covariant components of a cartesian tensor. The differ-

ential component of the tidal force has the following forms, using Einstein’s summation

convention.

dFtxj =
∂Fgj
∂xk

dxk = −m ∂2Φ

∂xj∂xk
dxk

dFtxj = −mTjkdxk (3.2.8)

In the next sections it is useful to discuss the main concepts associated with the most

typical tidal perturbation that induced by the spherical potential of a point mass Φαβ(r) =

GM
r

[51]. Since, it is a real symmetric matrix, there must be a frame of reference for which

Tαβ is diagonal. If we choose a frame of reference where the z-axis passes through the

particles position corresponding to the radial spherical coordinate, that is (x1 = x =
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0, x2 = y = 0, x3 = z = r), then Tjk is diagonal and becomes

Tαβjk =


GM
r3

0 0

0 GM
r3

0

0 0 −2GM
r3

 =
GM

r3


1 0 0

0 1 0

0 0 −2

 (3.2.9)

From equation (3.2.8), each components of tidal force can be written as

dFαβ
tx = −mTαβxx dx = −GMm

r3
dx (3.2.10)

dFαβ
ty = −mTαβyy dy = −GMm

r3
dy (3.2.11)

dFαβ
tz = −mTαβzz dz =

2GMm

r3
dz, (3.2.12)

where

Tαβxx = Tαβyy =
GM

r3
and Tαβzz = −2GM

r3
. (3.2.13)

The tidal force given by equation (3.2.10), (3.2.11) and (3.2.12) satisfies the identity

∂Ftx
∂x

+
∂Fty
∂y

+
∂Ftz
∂z

= −GMm

r3
− GMm

r3
+

2GMm

r3
= 0, (3.2.14)

that is the tidal force has zero divergence. This result hold in general for gravitational

field in empty region of space and we can prove it as

∂

∂xk
F k
t = − ∂

∂xk

(
m

∂2Φ

∂xj∂xk
xj
)

∂

∂xk
F k
t = −m∂xj

∂xk
∂2Φ

∂xj∂xk

∂

∂xk
F k
t = −mδjk

∂2Φ

∂xj∂xk

∂

∂xk
F k
t = −mδjj

∂2Φ

∂xk∂xk

∂

∂xk
F k
t = 0, (3.2.15)

where

δjj = 1 and
∂2Φ

∂xj∂xj
= 0, (3.2.16)
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because Φ is a constant. Equation (3.2.15) hold true because in empty space the gravi-

tational potential satisfies the laplace equation. But in the presence of a mass density ρ,

the divergence of the tidal force is given by

∂

∂xk
F k
t = −4πmGρ (3.2.17)

3.3 Relativistic Tidal Forces

Relativistic tidal force is force acted on the motion of free particles due to gravitational

waves. Let consider the relative motion of two nearby test particles in free fall to under-

stand the effect of gravitational waves. To do this, let first calculate the first and second

derivative of a vector field(call it Aµ) along geodesic curve, since the free test particles

obey the geodesic equation.

DAµ

Dτ
=
dxν

dτ

dAµ

dxν
= Aµ;ν

dxν

dτ

=
dAµ

dτ
+ ΓµαβA

αdx
β

dτ
. (3.3.1)

Now we can calculate the second derivative of Aµ using equation (3.3.1)

D2Aµ

Dτ 2
=

d

dτ

DAµ

Dτ
+ Γµαβ

DAα

Dτ

dxβ

dτ
. (3.3.2)

By substituting equation (3.3.1) into equation (3.3.2), we obtain

D2Aµ

Dτ 2
=

d

dτ

(
dAµ

dτ
+ ΓµαβA

αdx
β

dτ

)
+ Γµαβ

DAα

Dτ

dxβ

dτ
. (3.3.3)

Expanding equation (3.3.3) gives

D2Aµ

Dτ 2
=
d2Aµ

dτ 2
+

d

dτ

(
ΓµαβA

αdx
β

dτ

)
+ Γµαβ

(
dAα

dτ
+ ΓαkλA

k dx
λ

dτ

)
dxβ

dτ
. (3.3.4)

Further more expanding equation (3.3.4) results

D2Aµ

Dτ 2
=
d2Aµ

dτ 2
+

(
d

dτ
Γµαβ

)
Aα

dxβ

dτ
+ Γµαβ

(
dAα

dτ

)
dxβ

dτ
+ ΓµαβA

α d

dτ

(
dxβ

dτ

)
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+Γµαβ
dAα

dτ

dxβ

dτ
+ ΓµαβΓαkλA

k dx
λ

dτ

dxβ

dτ
. (3.3.5)

Rearranging equation (3.3.5) gives

D2Aµ

Dτ 2
=
d2Aµ

dτ 2
+

d

dxν
Γµαβ

dxν

dτ
Aα

dxβ

dτ
+ Γµαβ

dAα

dτ

dxβ

dτ
+ ΓµαβA

αd
2xβ

dτ 2

+Γµαβ
dAα

dτ

dxβ

dτ
+ ΓµαβΓαkλA

k dx
λ

dτ

dxβ

dτ
. (3.3.6)

Equation (3.3.6) reduced to

D2Aµ

Dτ 2
=
d2Aµ

dτ 2
+ Γµαβ,ν

dxν

dτ
Aα

dxβ

dτ
+ 2Γµαβ

dAα

dτ

dxβ

dτ

+ΓµαβA
αd

2xβ

dτ 2
+ ΓµαβΓαkλA

k dx
λ

dτ

dxβ

dτ
. (3.3.7)

But, from geodesic equation, we have

d2xβ

dτ 2
+ Γβkλ

dxk

dτ

dxλ

dτ
= 0. (3.3.8)

Hence,

d2xβ

dτ 2
= −Γβkλ

dxk

dτ

dxλ

dτ
. (3.3.9)

Substituting equation (3.3.9) into equation (3.3.7), we get

D2Aµ

Dτ 2
=
d2Aµ

dτ 2
+ Γµαβ,ν

dxν

dτ
Aα

dxβ

dτ
+ 2Γµαβ

dAα

dτ

dxβ

dτ

−ΓµαβΓβkλA
αdx

k

dτ

dxλ

dτ
+ ΓµαβΓαkλA

k dx
λ

dτ

dxβ

dτ
. (3.3.10)

This is the second derivative of a vector Aµ along a geodesic curve. Now we can begin

to calculate the relative acceleration of two particles moving on neighboring geodesics by

writing down the equation of motion of each particles. If for a given value of τ(the same

τ for both), the coordinates of the particles are χµ(τ) and χµ(τ) + ξµ(τ) then,

d2xµ

dτ 2
+ Γµαβ(χ)

dxα

dτ

dxβ

dτ
= 0, (3.3.11)

is the equation of motion for the first particle and the following is the equation of motion

for the second particle.

d2

dτ 2
(χµ + ξµ) + Γµαβ(χ+ ξ)

(
dxα

dτ
+
dξα

dτ

)(
dxβ

dτ
+
dξβ

dτ

)
= 0. (3.3.12)
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By considering that ξµ and d
dτ
ξµ are infinitesimal i.e., the particles are near to each other

and remain near each other for a fairly long time; let approximate the term Γµαβ(χ+ ξ) as

following:

Γµαβ(χ+ ξ) ≈ Γµαβ(χ) + Γµαβ,δξ
δ. (3.3.13)

And keeping only the first terms in ξ, let calculate the difference between equation (3.3.11)

and (3.3.12).

d2xµ

dτ 2
+ Γµαβ(χ)

dxα

dτ

dxβ

dτ
=

d2

dτ 2
(χµ + ξµ) + Γµαβ(χ+ ξ)(

dxα

dτ
+
dξα

dτ

)(
dxβ

dτ
+
dξβ

dτ

)
. (3.3.14)

By collecting on one side, we obtain

dµ

dτ 2
xµ + Γµαβ(χ)

dxα

dτ

dxβ

dτ
− d2

dτ 2
xµ − d2

dτ 2
ξµ − Γµαβ(χ)

(
dxα

dτ
+
dξα

dτ

)
(
dxβ

dτ
+
dξβ

dτ

)
− Γµαβ(ξ)

(
dxα

dτ
+
dξα

dτ

)(
dxβ

dτ
+
dξβ

dτ

)
= 0. (3.3.15)

Canceling like terms in equation (3.3.15) results

Γµαβ(χ)
dxα

dτ

dxβ

dτ
− d2

dτ 2
ξµ − (Γµαβ(χ)

dxα

dτ
+ Γµαβ(χ)

dξα

dτ
)(

dxβ

dτ
+
dξβ

dτ

)
− (Γµαβ(ξ)

dxα

dτ
+ Γµαβ(ξ)

dξα

dτ
)

(
dxβ

dτ
+
dξβ

dτ

)
= 0. (3.3.16)

Expanding equation (3.3.16) gives

Γµαβ(χ)
dxα

dτ

dxβ

dτ
− d2

dτ 2
ξµ − Γµαβ(χ)

dxα

dτ

dxβ

dτ
− Γµαβ(χ)

dxα

dτ

dxβ

dτ

−Γµαβ(χ)
dξα

dτ

dxβ

dτ
− Γµαβ(χ)

dξα

dτ

dξβ

dτ
− Γµαβ(ξ)

dxα

dτ

dxβ

dτ

−Γµαβ(ξ)
dxα

dτ

dξβ

dτ
− Γµαβ(ξ)

dξα

dτ

dxβ

dτ
− Γµαβ(ξ)

dξα

dτ

dxβ

dτ
= 0. (3.3.17)

Equation (3.3.17) reduced to

− d2

dτ 2
ξµ − 2Γµαβ(χ)

dxα

dτ

dξβ

dτ
− Γµαβ(χ)

dξα

dτ

dxβ

dτ

−Γµαβ(ξ)

(
dxα

dτ
+
dξα

dτ

)(
dxβ

dτ
+
dξβ

dτ

)
= 0. (3.3.18)
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Finally, we get

d2

dτ 2
ξµ = −Γµαβ,δξ

δ dx
α

dτ

dxβ

dτ
− 2Γµαβ

dξα

dτ

dxβ

dτ
(3.3.19)

Now consider equation (3.3.10) to derive the second derivative of ξµ along the geodesic

curve by substituting ξµ in place of Aµ.

D2

Dτ 2
ξµ =

d2

dτ 2
ξµ + Γµαβ,νξ

αdx
ν

dτ

dxβ

dτ
+ 2Γµαβ

dξα

dτ

dxβ

dτ

−ΓµαβΓβkλξ
αdx

k

dτ

dxλ

dτ
+ ΓµαβΓαkλξ

k dx
λ

dτ

dxβ

dτ
(3.3.20)

But, we derived the term d2

dτ2
ξµ in equation (3.3.19) and substitute it into (3.3.20).

D2

Dτ 2
ξµ = −Γµαβ,δξ

δ dx
α

dτ

dxβ

dτ
− 2Γµαβ

dξα

dτ

dxβ

dτ
+ Γµαβ,νξ

αdx
ν

dτ

dxβ

dτ

+2Γµαβ
dξα

dτ

dxβ

dτ
− ΓµαβΓβkλξ

αdx
k

dτ

dxλ

dτ
+ ΓµαβΓαkλξ

k dx
λ

dτ

dxβ

dτ
. (3.3.21)

Canceling the second and the fourth terms in equation (3.3.21) and multiplying both sides

by minus gives

− D2

Dτ 2
ξµ = Γµαβ,δξ

δ dx
α

dτ

dxβ

dτ
− Γµαβ,νξ

αdx
ν

dτ

dxβ

dτ

+ΓµαβΓβkλξ
αdx

k

dτ

dxλ

dτ
− ΓµαβΓαkλξ

k dx
λ

dτ

dxβ

dτ
. (3.3.22)

Rearranging the indices in equation (3.3.22) results

D2

Dτ 2
ξµ = −dx

α

dτ

dxβ

dτ
ξδ{Γµαδ,β − Γµαβ,δ + ΓεαδΓ

µ
βε − ΓεαβΓµδε}. (3.3.23)

But, the term in the bracket in equation (3.3.23) is equal to the Riemann-Christoffel

curvature tensor, Rµ
αδβ.

Rµ
αδβ = Γµαδ,β − Γµαβ,δ + ΓεαδΓ

µ
βε − ΓεαβΓµδε. (3.3.24)

Substituting equation (3.3.24) into (3.3.23) gives,

D2

Dτ 2
ξµ = −Rµ

αδβξ
δ dx

α

dτ

dxβ

dτ
. (3.3.25)
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This is the equation of geodesic deviation, which gives the relativistic generalization of

our Newtonian result for the tidal force. If space-time is flat then

Rµ
αδβ = 0, (3.3.26)

i.e., all components of the Riemann-Christoffel tensor are identically zero. This implies

that the acceleration of the geodesic deviation is identically zero. However, if the space-

time is curved then the geodesic separation changes along the world-line of neighboring

particles.

For a comparison of the relativistic and Newtonian equation for the tidal force, assume

that the particles under consideration are moving slowly with

dxα

dτ
' (1, 0, 0, 0) and ξ0 = 0, (3.3.27)

i.e., the particles’ acceleration are compared at equal times and then equation (3.3.25)

reduce to

d2

dτ 2
ξk = −Rk

0l0ξ
l. (3.3.28)

Hence, the tidal force can be written as

F k
t = −mRk

0l0ξ
l, (3.3.29)

wherem is the mass of the particle and ξl its displacement from the origin. This equation is

valid only if the displacement and the velocity are small. To agree this equation with that

of the Newtonian expression in equation (3.2.15), we have to make a linear approximation

by omitting the two terms in Γαβµ in equation (3.3.24). This approximation becomes

Γαβµ =
k

2
ηαδ(hδβ,µ + hµδ,β − hβµ,δ). (3.3.30)

Substituting equation (3.3.30) into (3.3.24) and rearranging indices results

Rµ
βµν ' −

k

2
ηαδ(hµδ,β,ν − hβµ,δ,ν − hνδ,β,µ + hβν,δ,µ). (3.3.31)
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From equation (3.3.31), Rk
0l0 can be written as

Rk
0l0 ' −

k

2
(hlk,0,0 − h0l,k,0 − h0k,0,l + h00,k,l). (3.3.32)

In the Newtonian limit all the terms containing time derivative can be omitted and in the

absence of matter (Tµν = 0), the equation for statical Newtonian potential is given by

Φ =
1

2
kh00. (3.3.33)

Using equation (3.3.33), we find

Rk
0l0 =

∂2Φ

∂xk∂xl
, (3.3.34)

which is the same result with equation (3.2.5). The tidal force we obtained in equation

(3.3.29) satisfy

∂F k
t

∂ξk
= 0, (3.3.35)

this means, the tidal force field can be represented graphically by field line .

∂F k
t

∂ξk
=

∂

∂ξk
(−mRk

0l0ξ
l)

∂F k
t

∂ξk
= − ∂

∂ξk

(
m

∂2Φ

∂xk∂xl
ξl
)

∂F k
t

∂ξk
= −m∂ξl

∂ξk
∂2Φ

∂xk∂xl

∂F k
t

∂ξk
= −mδlk

∂2Φ

∂xk∂xl

∂F k
t

∂ξk
= −mδll

∂2Φ

∂xk∂xk

∂F k
t

∂ξk
= 0, (3.3.36)

where

δll = 1 and
∂2Φ

∂xk∂xk
= 0, (3.3.37)

because Φ is a constant.
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3.4 Time for Gravitational Tidal Locking

We consider two point masses, mco at point B(mass of the core) and mcr at point A (mass

of the crust) of neutron star executing circular orbits about their common center mass with

angular velocity of crust Ωcr as in fig.(3.1), to calculate the centrifugal and gravitational

potential at some point D in the vicinity of point B. It is convenient to adopt spherical

coordinates centered at the point B. We assume that the mass distribution of mco is

around the center of mass C, but it is not rotating about an axis passing through its

center of mass. Each constituent point of mco executes circular motion of angular velocity

Ωcr and radius b (the distance between the center of mass and the core of neutron star).



39

Figure 3.1: Used for calculation of tidal potential.

Hence, each point experiences the same centrifugal acceleration, which is given by

ac = −Ω2
crbẑ = −∇φc, (3.4.1)

where Φc is the centrifugal potential and written as

Φc = Ω2
crbrcosθ. (3.4.2)

Here r is the distance between the point D and the core of neutron star and θ is an angle

of rotation. But, from Kepler’s 3rd law we can write the term Ω2
cr as following.

Ω2
cra

3 = G(mco +mcr)

Ω2
cr =

G

a3
(mco +mcr), (3.4.3)

and the term b as

b = a

(
mcr

mco +mcr

)
. (3.4.4)

Here G is gravitational constant and a is the distance between the core and the crust of

neutron star. By substituting equation (3.4.3) and (3.4.4) into (3.4.2), we get

Φc =
Gmcra

a3

(
mco +mcr

mco +mcr

)
rcosθ

Φc =
Gmcr

a2
rcosθ =

Gmcr

a

r

a
cosθ

Φc =
Gmcr

a

[
1 +

r

a
p1(cosθ)

]
, (3.4.5)
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which has a Legendre polynomial from.

The gravitational acceleration at point D due to the mass mcr is given by

ag = −∇Φg. (3.4.6)

Where Φg is gravitational potential and it is given by

Φg = −Gmcr

a′
, (3.4.7)

where a′ is the distance between the point D and the crust of the neutron star and let

derive it using cosine law.

a′.a′ = a.a + r.r− 2a.r

a′2 = a2 + r2 − 2arcosθ

a′ = (a2 + r2 − 2arcosθ)
1
2 . (3.4.8)

By taking the inverse of equation (3.4.8) and expanding it , we obtain

a′−1 = (a2 + r2 − 2arcosθ)−
1
2

a′−1 = a−1

∞∑
n=0

(r
a

)n
Pn(cosθ), (3.4.9)

where Pn is Legendre polynomial. Substituting equation (3.4.9) into (3.4.7) gives

Φg = −Gmcr

a′
= −Gmcra

′−1

Φg = −Gmcra
−1

∞∑
n=0

(r
a

)n
Pn(cosθ)

Φg = −Gmcr

a

∞∑
n=0

(r
a

)n
Pn(cosθ). (3.4.10)

By expanding equation (3.4.10) to the second order in r
a

gives

Φg ' −
Gmcr

a

[
1 +

r

a
p1(cosθ) +

r2

a2
P2(cosθ) + ...

]
. (3.4.11)

Now, we can calculate the tidal potential using equation (3.4.5) and (3.4.11) as

Φt '
Gmcr

a

[
1 +

r

a
p1(cosθ)

]
−
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Gmcr

a

[
1 +

r

a
p1(cosθ) +

r2

a2
P2(cosθ)

]
Φt '

Gmcr

a
+
Gmcr

a

r

a
p1(cosθ)− Gmcr

a

−Gmcr

a

r

a
p1(cosθ)− Gmcr

a

r2

a2
P2(cosθ)

Φt ' −
Gmcr

a

r2

a2
P2(cosθ). (3.4.12)

By considering the spherical coordinate, the total external gravitational potential is given

as

Φ = −Gmco

r
−Gmcoξ

R2

r3
P2(cosθ),

where ξ = mcr
mco+mcr

(R
r
)3 is a dimensionless parameter , but mcr is very small as compared

with mco and we can write as mco +mcr ' mco,

Φ = −Gmco

r
−Gmco

R2

r3

[
mcr

mco

(
R

a

)3
]

1

2
(3cos2θ − 1)

Φ = −Gmco

r
− 1

2
Gmcr

R2

r3

(
R

a

)3

(3cos2θ − 1). (3.4.13)

The tidal torque about the center of the core, that gravitational field exerts on the crust

is given as

τt = −mcr
∂Φ

∂θ
|r=a

τt = −mcr
∂

∂θ

[
−Gmco

r
− 1

2
Gmcr

R2

r3

(
R

a

)3

(3cos2θ − 1)

]

τt = −mcr

[
−1

2
Gmcr

R2

r3

(
R

a

)3
∂

∂θ
(3cos2θ − 1)

]

τt = −mcr

[
−3

2
Gmcr

R2

r3

(
R

a

)3

(−2cosθsinθ)

]

τt = −3

2
Gm2

cr

R2

r3

(
R

a

)3

sin2θ|r=a

τt ' −
3

2

Gm2
cr

R

(
R

a

)6

sin2θ. (3.4.14)
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The tidal torque due the rotation of the core is equal with that of the tidal torque exerted

on the crust due to gravitational field, but opposite in direction and given as

τt = Iα =
2

5
MR2Ω̇co =

2

5
(mco +mcr)R

2Ω̇co. (3.4.15)

By equating equation (3.4.14) and (3.4.15), we obtain

Ω̇co = −15

4

G

R3

(
m2
cr

mco +mcr

)(
R

a

)6

sin2θ

Ω̇co = −15

4

G

a3

(
m2
cr

mco +mcr

)(
R

a

)3

sin2θ

Ω̇co = −15

4

G

a3
(mco +mcr)

(
mcr

mco +mcr

)2(
R

a

)3

sin2θ

Ω̇co = −15

4
Ω2
cr

(
mcr

mco +mcr

)2(
R

a

)3

sin2θ,

where Ω2
cr = G

a3
(mco +mcr) and mco +mcr ' mco.

Ω̇co = −15

4
Ω2
cr

(
mcr

mco

)2(
R

a

)3

sin2θ. (3.4.16)

This an angular acceleration and the minus sign shows the retardation of angular accel-

eration. To obtain the angular frequency, we divided both sides of equation (3.4.16) by

Ωco.

Ω̇co

Ωco

= −15

4

(
Ω2
cr

Ωco

)(
mcr

mco

)2(
R

a

)3

sin2θ. (3.4.17)

The timescale for the tidal torque to reduce significantly, the rotational angular velocity

of the core is given as

T ' Ωco

|Ω̇co|

T ' 4Ωco

15Ω2
cr

(
mcr

mco

)2 ( a
R

)3 1

sin2θ
. (3.4.18)

As observation shows, an angle θ is very small, so for very small angle θ, sinθ can be

written as sinθ ' θ. Hence, equation (3.4.18) becomes

T ' 4Ωco

15Ω2
cr

(
mcr

mco

)2 ( a
R

)3 1

2θ
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Tsyc '
2Ωcok

15Ω2
crθ

( a
R

)3

, (3.4.19)

where

k =

(
mcr

mco

)2

. (3.4.20)

Here a is the distance between the core and the crust of the neutron star (or radius of the

crust) and R is the radius of the core of the neutron star. The equation we obtained in

(3.4.19) is the equation that used to calculate the time-scale at which the crust and the

core of neutron star to be tidally locked. This time is called synchronous time and at this

time there is no phase lag, because tidal torque will be zero.
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Result and Discussion

From all pulsars, PSR B1821-24 has a typically small glitch amplitude, with the smallest

glitch of amount MΩ
Ω

= 8× 10−12 [52], while PSR J164710.2-455216 has the largest glitch

amount of MΩ
Ω

= 6× 10−5 [53]. The time-scale for the spin up is currently unresolved by

observations, although it is constrained to less than ∼ 30 s in the Vela pulsar [54], while

the recovery lasts from days to weeks.

In 102 pulsars 315 glitch events have been observed [1, 2]. Some pulsars have experi-

enced glitches many times, some only once, and others never. Of the 102 known glitching

pulsars, 54 have glitched only once, while 6 have glitched more than 10 times [1, 2]. Five

pulsars have glitched more than ten times: the Crab 27 times [55], PSR J1740-3015 23

times [56], PSR J0537-6910 20 times [57], Vela 17 times [54] and PSR J1341-6220 12 times

[58].

Figure 4.1 presents the glitch rate (Ṅg , number of glitches per year) versus charac-

teristic age τc.

The glitch rate is determined by dividing the number of observed glitches by the total

observation time for all pulsars that have glitched at least once, and have been observed

for at least three years. The most frequent glitchers are labelled on the plot. The plot

demonstrates a decrease in glitch activity with increasing characteristic age, supporting

the findings of previous studies [59, 60].

44



45

Figure 4.1: Number of glitches per year Ṅg for individual pulsars versus the characteristic
age for all pulsars observed for at least 3 years and with one or more glitch detected. The
straight line is a linear fit to the maximum value of Ṅg in each half decade of characteristic
age. Taken from Espinoza et al. (2011).
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Figure 4.2: Cumulative distribution of glitch waiting times 4t (measured in yr) for the
nine pulsars that have glitched more than five times. The observational data (histograms)
are plotted together with the best Poisson fits (solid curves).Taken from Melatos et al.
(2008).
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Glitch activity peaks for pulsars with characteristic age τc ∼ 10kyr and decreases for

larger τc, disappearing for objects with τc > 20Myr [2]. However, there are exceptions,

such as PSR B1509-58 (with τc ∼ 1.5kyr) which has not glitched once in over 21 years

of observations [61]. The glitch activity is smaller in the very young pulsars (τc < 1kyr).

Figure 4.2 shows the plot of the waiting-time distribution versus characteristic age for

nine most glitchers pulsars. The value of the mean glitching rate λ is between 0.35yr−1

and 2.6yr−1, because the study shows its value between these numbers.

As we see in figure 4.1, the number of glitches decreases as characteristic age of pulsars

increase. There is something behind this to be happened. This is electromagnetic braking

torque and gravitational tidal torque, which make the rigid crust cannot adjust to the new

balance of centrifugal and gravitational forces, during the star spins down. These forces

produce centrifugal and gravitational potential respectively. The produced potential cause

for creation of tidal torque between the crust and the core of neutron stars. This tidal

torque is the mean cause for the decreasing of a number of glitches with the increasing

ages of the pulsars. As the pulsars get old in ages, the effect of this tidal torque will more

increases and causes for the tidal locking of the crust and the core of the neutron stars.

From point view of their observational data, Espinoza et.al., suggested that if the

ages of the pulsars are greater than 20Myr, the glitches activity will disappear [2]. This

supports our model, because if the crust and the core of the neutron star tidally locked,

the perturbation would not occur in the neutron star. This leads to the disappearance of

the glitches activity.

We derived in equation (3.73), the time at which the crust and the core of the neutron

star will be tidally locked and after this time there will no be glitches activity, because

the tidal torque will be zero. This equation is,

Tsyc '
2Ωcok

15Ω2
crθ

( a
R

)3

, (4.0.1)
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where

k =

(
mcr

mco

)2

. (4.0.2)

For instance, for the crab pulsar with the following data: Ωco = 1001rads−1, Ωcr =

2001rads−1, and θ = 10−14rad [62]; mco = 1.2M�, mcr = 1.23× 10−3M�, R = 9km, and

a = 10km [17]; the time for gravitational tidal locking (synchronous time) will be

Tsyc '
2Ωcok

15Ω2
crθ

( a
R

)3

' 1.38× 108yr. (4.0.3)

After this time the crust and the core will have a comman angular velocity and the glitches

activity will not occur.



Conclusion

In this thesis, we attempted to address the causes for the decrement of glitches with the

increment of the ages of the pulsars.

• We derived an equation for tidal force and tidal torque, which govern rotation of

neutron stars.

• Based on, the equation of tidal torque, we derived the time at which the crust and

the core of neutron star will be tidally locked. After the crust and the core of

neutron star tidally locked, the tidal torque will be zero. If the tidal torque is zero,

then nothing can perturb the rotation of neutron star. Hence, spinning down and

spinning up of angular frequency cannot occur. This results, the phase lag to be

zero, which causes for the decrement of glitches, even for disappearance of glitches

with the increment of pulsars’ ages.

• Vortex pinning between the inner crust and the super-fluid component decreases as

the pulsars get old in ages more and more. This may be one factor for the decrement

of the glitches activity.

• The tidal interaction (tidal force and tidal torque) between the crust and the core

of neutron star plays a great role for the decrement of the glitches at old ages of the

pulsars.
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