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ABSTRACT

A differential equation is the most important part of mathematics for understanding many of
the basic laws of physical sciences as well as other sciences. Some of the laws are formulated
in terms of mathematical equations involving certain known and unknown quantities and their

derivative.

In this project paper we give a brief explicit solution of boundary-value problems and Cauchy
problems for Euler operator differential equation and their reducibility are given in terms of

solutions of algebraic operator equations.



CHAPTER ONE
1. INTRODUCTION

1.1. Background of the Project

Throughout this study, H will denote a separable, complex Hilbert space and L (H) will
denote the algebra of all bounded linear operators on H. If T is L (H), then ¢(T) denotes the
spectrum of T, o,,(T) its approximate point spectrum, and os(T) denotes its defect spectrum.
We recall that o,(T) is the set of all complex numbers A such that Al — T is not bounded
below and g5(T) is the set of all complex numbers such that Al — T is not on to [7,p,,]. This
paper concerned with the resolution of boundary-value problems and Cauchy-Euler operator

for a second-order differential equations and its reducibility of the type:
E2X"(t) +AtX' (1) +AX() =0 ..o (1.1)

Where A, and A; belongs to L(H). These problems are reduced to algebraic problems and
explicit expressions for the solutions of the differential problems are given in terms of the
solution of algebraic equations. In particular we are interested with the resolution problem of
an algebraic operator equation of the
X2 4 BiXABy=0 oo (1.2)

Where B, and B, belongs to L(H). A methodology for the resolution problem (1.2) is studied
in [9], where the algebraic equation is reduced to equation C x +D = 0.

The resolution problem (1.2) is related to the linear factorization of the polynomial
operator

(1) =A%+ 1B, + B,.
If H is finite- dimensional. It is known that we can obtain a factorization:
LA =Al+ x;) (Al + x,)

When the companion operator



Of L(A) is diagonable [4].

If H is an infinite-dimensional Hilbert space, an operator A in L(H) is called biquasitriangular
if ind(Al — A) = 0 for all A € C such that Al — A is semi-Fredholm [i.e. Im(Al — A) is closed
and the semi-Fredholm index makes sense [i.e. at least one of the numbers dim ker(Al — A)

and codim Im(Al — A) is finite].

If L(A) = 22 + A B; + B, admits a linear factorization L(1) = (Al — X;) (Al — X,), then —X,
is a solution of (1.2). Otherwise equation (1.2) is insoluble if B; = 0 and the operator —B,,

has no square root, for instance, if —B, is an injective unilateral weighted shift operator

[1,p63]-

Chapter two treats the preliminaries for the topic of project and Chapter three treats Cauchy
problems and boundary-value problems with boundary conditions and its reducibility for the
equation (1.1). In chapter four we study the resolution problem of equation (1.1) with two
boundary condition. This problem is solved in terms of the existence of solutions of an

algebraic operator system.



CHAPTER TWO
2. PRELIMINARIES

2.1. Hilbert spaces

Definition: Let X be a vector space over scalar field K. A mapping (.,.) : XXX — K is said
to be inner product (or scalar product) on H if and only if for all vectors x, y, z € H and scalar

a
l.{x,x)=>0and (x,x)=0=x=0

2.{(x+y,z)={(x,z) Hy, 2z)

3. {ax,y) = alx ,y)

4. (x,¥) =(V,X) i, (Hermitan symmetry)

A vector space X with an inner product (.,.) defined on it is called inner product or a pre-
Hilbert space.

Definition: A complete inner product space is called Hilbert space; denoted by H.

Remark: A pre - Hilbert space (inner product space) H is complete if and only if every

Cauchy sequence is convergent in it, with the metric:

Dx,y)=+/(x—y,x—y) =lx—yl

2.2. Bounded Linear Operators

Definition: Let x, y, be two normed spaces. A linear operator T: x — y is called bounded if
there exists constant K > 0 such that || Tx || < k || x || for every x€X. if T is bounded, then
the number || T | = supy,;=1 Il Tx Il is called the norm of T.

2.3. Boundary-value Problems

Initial valued problems for second order linear differential equation are those in which we
specify for a solution y = y(x) the values y(a) and y ‘(a) at single point x= a. We have that
under a reasonable hypothesis such problems always have a unique solution. If instead we try

to specify the solution values y(a) and Y(b) at two different points x = a and x = b, which is a

3



boundary value problem (BVP), then variety of outcomes appear if we ask for existence of a
solution.

That is, there may be a unique solution, there may be infinitely many solution or there may be
no solution at all.

A boundary value problem where a differential is bundled with (two or more) boundary

conditions does not have the existence and uniqueness guarantee.

Example: Let y"' - f—cy’ + xz—zy = xcosx, x>0, then find a particular solution to the

non-homogeneous.
Solution:

Homogeneous solutions are
y1(x) = x and y,(x) = x*
Thus, their Wroskian is

W(x)=|x x2|=2x2-x2 = x2 #0,sincex> 0
1 2x ’

A2
Hence, y,(x) = XIM+ X2 fx-xcosxdx

x2 x2
= yp(x) =-xcosx.
To solve the non-homogeneous equation
y'+px)y takx) = f(x)

With general non-homogeneous boundary condition y(a) = a and y(b) = §, where a and 8 are
both not zero, we continue to assume that a and b are not conjugate points of the associated
homogeneous equation , then first solve the equation with homogeneous boundary conditions
y(a) = 0 and y(b) = 0 by the method variation coefficient.

Now the general solution of the non-homogeneous equation is
y(X) = 1 y1(X) + c2y2(X) + y(x), where y; and y, are linearly independent homogeneous

solutions and c;and ¢, are constants, since yp(a) =0, y,(b) =0, all we have to do satisfy

y(a) = a and y(b) = 8 is choose ¢; and c; so that

c1y1(a) t cy2(a) = «a
c1y1(b) + cy2(b) =B

This can be done only if a and b are not conjugate points.

4



2.4. A Second Order Cauchy-Euler Differential Equation
If we have a second order Cauchy-Euler differential equation,

ax’y" +apxy'+agy = g(x)
we can convert this equation into a linear ODE with constant coefficient by making

a substitution: x(t) = e’ .we can undo this substitution using t(x) = In x.

We start by noting that this differential equation is all in terms of x.
a2 d : : .
a,x? d—szl(x) + alxﬁ (x) + apy(x) = g(x). We want to convert our differential equation, so

that it is in terms of t rather than x. To do this let’s define a new version of a solution:
J(H)=y(t(x))=y (e*). Our new differential equation will be in terms of ¥ (t) and its derivative
(which will be with respect to t). with this new version of function we can represent our

original function: y(x)= y(t(x)) = ¥(In x)
2
We can use this new function to find out what d—y and d—Z in terms of ¥ (t) and its derivatives:

Z—z =— [ 0)]=— [ (Inx)] = ety (ThlS is application of chain Rule).

We use this first derivative to calculate the second derivatives:

1d 1.,
dx2 xd)l:] y ln(x)]
o 1d (.,
= ;[;] y 1n<x> +12 [§ In(x)]
. 1dy, 1 dZy
T xZdt x?di?

= e_Zt (d_z)? — ﬂ)
dtz  dt

For the higher order equation, we can continue to apply this same process to find the higher
derivatives.

. d _¢ d§
Summarizing d—y= e td—};
X
d?y -2t (dzf’ df’)
— T e — — —
dx? dt?  dt

Notice that these did not depend on the particular differential equation ; these work any time
that you can use this substitution.

In the abstract, we can apply this directly to the general for
d?>  dy

d? d - -t 4
o Grrangraoy g0 x=et | e (57 - et [e Glray® e



d2 d ~1/ /! 7
a,x? d_xJZI +(a, — az)a = g(et)% azy" +(a; — az)¥' +a§ = g(e)

This ODE now has constant coefficients and can thus be approached by our standard method.
Once we have a solution, §(t), we can apply the reverse substitution to get a solution for our
original ODE.

y(x) = §(In(x))
Example: solve the differential equation
2 . ’ — 2
X" y"'+10xy’ +8y = x
Solution:

Substitute into differential equation (using what we found above)

eZt[e_Zt (;—;—%)]eret [e‘t%]+8y(t) = e%t

Simplifying: §''+9§'+8§ = e*'

Alternatively, note that a,x2y"" + a;xy’ + apy = g(x) — €

Y

a,§"+ (a-ay) §'+a0y '= g(et)

So x2y" + 10xy'+8y = x? —Xzit—>§l”+9§/'+8 y=e?t,

At this, point, we can solve using the standard methods. The differential operator here is
L =D? + 9D + 8. The auxiliary equation for the homogenous case is

m*+9m+8 = (m+1) (m+8)=0

So §.(t) = cye t+c e 8t

We guess that a particular solution could have the form §,(t) = Ae?".

Applying the differential operator: Ly, = 4Ae**+18Ae**+8Ae?t = 304e?" .
This supposed to equal to e?t,s0 A = %, resulting in our particular solution
7o (1) =55 €%
§(x) = §c(x) + F(x), so our solution is §(t) = c;e " +c,e 78t + % e?t

6



1
_ezlnx

Now, reverse the substitution: y(x) = 7(Inx) + c;e~"* + c,e~ 8" ¥ 4 -~

1 1,1 o
X)=¢ =+ —=t—x
y(x) 15 2.8 30

2.4.1. Transformation to constant coefficient
Definition: The Euler equi-dimensional equation for unknown y with singular point at t, € R
is given by the equation below, where p, and g, are constants

(t = t)?y" + po(t — t)y' +qoy=0

The equation is called equi dimensional because if the variable t has any physical dimensions,
. an . : .
then the term with(t — t,)" o for any nonnegative integer n, are actually dimensionless.

Theorem 1: ( Transformation to constant constant)
The function y is solution of the Euler equi dimensional equation

t2y" +p,ty’ +q,y = 0, t > 0
If and only if the function u (z) = y(t(z)), where t(z) = e?, satisfies the constant coefficient
equation.
Uu+p,-Hu+qou = 0, z€R

. d . d
Where,yZd—J; and uzd—SZ/

Remark:
The solution of the constant coefficient equation i + (p, - 1)t + qou = 0 are
u(z) = e, where r; are the roots of the characteristics polynomial of the equation.
1%+ (@o-1)1 TG0 =0
That is, 7; must a root of the indicial polynomial t2y" +p,ty’ + g,y =0,t > 0
a) Consider the case that 7, # r_. Recalling that y(t) = u(z(t)) and
Z(t) = Int,we get
Y. (t) = u(z(t) = eT+@(®) — preInt — eln(tri)
=y ()=t
b) Consider the case that 71, = r_ = ry. Recalling that y(t) = u(z(t)) and
z(t) = In(t) we get that y ;)=rr0 While second solution is
y_(t) = u(z(®)) = z(t)e™?® =In(t)e™n® = In(t)em™)
=y_) = In(t) t.

Proof: Given t > 0, introduce t(z) = e#. Given a function y, let u(z) = y(t(z)) =
u(z) = y(e?).



Then, the derivatives of u and y are related by chain rule:

1 () =2 (2) = 2 (t(2) % (2) =y (12" = y'(t(2))e”

So, we obtain u(z) = ty'(t)

Were we have denoted U = 3— The relation for second derivatives is

ii(z= 4 (ty' (D) £ (2) = (" (©) +y' () %2 = (£ (©) + ' ()
We obtain, ii(z) = (t) + ty'(t) combining the equations for u and i we get
t?y" =i -uforty’ =u
The function y is a solution of Euler equation t%y"'+p,ty’+q,y = 0, if and only if holds:
L-u+pott+qou =0 = iit(py — 1)u +qoy = 0. This establishes the Theorem



CHAPTER-3

CAUCHY-EULER OPERATOR DIFFERENTIAL EQUATION

3.1. On the Euler Operator Differential Equations
X" +HAX' + 4, X = 0

We begin this section considering the Cauchy problem
X" () HA X' (t) + AgX(t) =0,
X@)=Co, X' (@)=Ci1,t>0, .ceeiiiiiiiinannn. (3.1)
Where Ci and A; are bounded linear operators in L(H) for i=0,1.

Theorem 1: let us consider the Cauchy problem (3.1). If X, is a solution of the polynomial
equation

X2+ (A -DX+Ag = 0......... (3.2)
Then the problem (3.1) is solvable in t > 0, and a solution of this problem is given by
X(t) = exp[Xo (t — a)] C, +f0: exp[X,(t —u)] exp[X;(u — a )] Ddu,... (3.3)
Where D = C; - XoCy and X; = -(Xg tA41 1)
Proof: let us consider the change of variable t = e*, where u lies in the real line.

If we denote X = &,
du
X ==, the differential operator operation (1,1) is equivalent to the differential equation
with varlable u,
X+, —DX+A4,X=0, —o<u<+oo .(3.4)

We will prove that the expression (3.3) satisfies (3.4) for convenience we denote B; = A4 - L.
making X =Y; and X =Y,, the resolution problem (3.4) is reduced to a linear differential
operator system on H @ H of the type.

l 1;12((u)) l [_A Bl] [ 11//12((11?) .......................................... (3.5)



Thus the problem (3.1) can be expressed
Co
YW = Gy Y@ =[]
1
Where C;, is given by (1.3) with B =4, -1
. _ I 0 | *0 I
Now, the operator matrices J = [ X, I] s W= [ 0 xl]

Satisfy J71C;J = W, considering the transformation Y (u) =JZ(u)

It follows that ¥ (a) = JZ(a) , Z(e<) =] ¥ (@) [, _C‘;CO . |- %0] --------------- (3.6)
From (3.6) one gets

21 (W) = %2, (W) + 25 (W) , 74(@) = Co

25(W) = X123(1) ) 3 Zp(@) = Do (3.7)

Solving (3.7) ,we obtain Z,(u) = exp[(u — a)X;|D and substituting in the first equation of
(3.7) and solving ,

it result that

Z;(w) = exp[Xo(u — )] Co + [ exp[X,(u — 5)] exp[X;(s — @)D ds....... (3.8)
From (3.7) and (3.8) and Y(u) =JX(u), it results that

X) = z1(w), X(a) =z ()= G,

X (@) = Xozy(a) + Z,(a) = XoCo + D =C;

From here the result is proved. -

Theorem .2. Consider the boundary -value problem

t2X"(t) +tA X' () + A X(t) = 0,

FX'(B) - X(a)G=E B>a>0,t>0 ..., (3.9)

Where E, F and G belong to L(H). Suppose that C,, is a solution of algebraic equation (3.2)
and

05(FXoexp((B—a))X, Na(G) = Duevvrineiiiiiiiieeieeeie (3.10)

Then the problem (3.9) is solvable, and a solution is given by

10



X(t) = exp[X,(t — a)X].

Proof: let X, be a solution of (3.2). From Theorem1 it follows that a solution of the problem
(3.1) has expression (3.3). Taking C; = X,Cp, it results D =0 and

Xt)=exp[(t —a)Xol Cor @ St < B (3.11)
Where Cy = X(a). From (3.11) it follows that
X'(t)=Xoexp[(t — )Xol Co= XoX (1) ouinininiiiiiiiiiieeeeeeeeeae (3.12)

There for, the boundary — value problem (3. 9) is solvable if there exist solutions C;, for the
algebraic operator equation

FXoexp [(B = )Xol U-UG=E ..ottt (3.13)

From the hypothesis (3.10) and theorem 5 of [2], the equation (3.13) is solvable. Thus, if C,is

a solution of (3.13), the expression (3.11) give us a solution of the boundary- value problem

(3.9).
Corollary 1. Let us consider the boundary —value problem
t2x"(t) + tA;(t) + AX(t) =0

FX(B) = X(@)G =E @< ES B, (3.14)

If X, is a solution of the algebraic operator equation (3.2) and F , G and E are operators in
L(H) which satisfy the condition

os(Fexp[(B—a)X,) Nog(G)=¢ .oviniiiiiiiiiiiiiiiieen (3.15)
Then the problem (2.14) is solvable and the operator function

X(t)= {exp [(t — @)X,]}Cy ,a <t < B, where C, is a solution of the algebraic operator
equation

{Fexp[(B—a)X,JU—=UG=E ..o, (3.16)
PROOF: taking C; = X,C, , from Theorem 1, the expression
X(t) =exp [(t — @)X,]C, defines a solution of equation (1.1) in the interval « < t < .

The boundary condition in (3.14) is equivalent to the existence of an operator C, which
satisfies

FX(B) — x(a) = Fexp [(B — a)X,]C, - CoG =E

11



From the hypothesis (3.15) and Theorem 5 of [2], such operator C;, exists. Thus X(t) is a
solution of (2.14)

Definition: The general form of linear homogeneous operators
L=D"+ a,_1(x)D" ' + a,_,(x)D™" 2 + -+ a;(x)D + ay(x)

dk

Where each a;(x) are rational function of x and D* = —

L is reducible if there exists an operator M, also with rational coefficients of order less than
the order of L, such that Ly(x) =M y(x) = 0 for some function y(x) # 0.

x2

Example Let L; = D? —x? —1 and M; = D — x operateony(X)=ez

X

2 x2
Hence L(ez) =M (eT) = 0, L is reducible. Furthermore L; can be factored into two first

order operators, namely (D + x) (D — x).

3.2 Reducibility of Cauchy-Euler Operators with Rational Coefficients

Theorem 3: Cauchy —Euler operators are reducible to first order operators with rational
coefficients. Furthermore, there are at least two factorization with rational coefficients if the
operator has two distinct roots to its indicial equation and there exist a unique factorization

with rational coefficients when the indicial equation has one real repeated root.

Cauchy —Euler operators are of the form D? + 5D + 2 with c1,,C € C.

X x2
Since p, q are constant functions in such operators, our indicial equation
r (r-1) +p(Xp)r + q(x,) = 0 becomes r(r-1) +Cir+C, = 0 ............... 3.17

In the following example, we will demonstrate the use of indicial equation to find
solutions and factorizations for Cauchy —Euler operators.
Example: consider D? + SD + x% solving

r(r-1)+6r+6=0
We see our roots are ;= -2 and r,= -3 we know that thus two roots ensure two
solutions of the form y;= C;x~2 and y, = C,x~3 thus

V1= C19C_2

Iny = In(c;) +In(x~?)
% _ —-2dx
Y1 X

12



dy1 -2

dx _Tyl
d 2
4N +ﬂ:0
dx X

(D+2) ) =0

Similarly, we could show that ¥, = C,X 3 leads to the factor D +;3 hence our factors are D + %
and D + % Our second factor can now be found by subtracting the coefficients of our first
order operators

From a(x) S-% = %

Therefore, our two factored forms are
(p+3)(0+3)
(p+3)(0+3)

Theorem3 is the first theorem to provide necessary and sufficient conditions for the
reducibility of operators. It is important to notice theorem 3 relates the idea of
reducibility to the roots of the indicial equation. This relations ship will also be seen
later in theorem 4 the following is proof of Theorem 3.

G, C -
Proof: first, let our Cauchy —Euler operator, D+ ;1 + ;2 , have two distinct roots to the

indicial equation. Then our solutions are of the form

—_ T- — T
V1=C3X' 1, Yr=CyX'?

By manipulating the first solution, we obtain
In(y,) =In(czx™)

W1 Ty
Y1 X
1 _ Ny
dx x
T1 _
(D—;)yl—o .......................................................... 3.18

13



.
Similarly, y, gives [D ——2]y2 =0
X

Hence, there are two linear operators with rational coefficients which share solutions with our
second order operator. There are two factorization with rational coefficients for our second

order operator:

D+t p i) fpe&th|pl
X X /) X X

Now assume our Cauchy-Euler operator has one real repeated root to its indicial equation.

Then, its solutions are:
y, =¢,x",y, =c, ln(x)x"

From the previous case, we know our first solution gives:

(D+uJLD—£J .................................. (3.19)
X X

Once again, manipulating our second solution gives the following:

in(y,)=nc, n(x)x")
dy, rin(x)+1
v, xin(x)

This would provide a factor of the form

nin(x)+1)
[D—T(X)jyz =0, (320)

Which does not have rational coefficients? Now, we must consider linear combinations of our
two solutions. Thus consider

y =C,x" +c, In(x)x"
Using the same manipulations as above, we see

y =CX" +¢, In(x)x"

14



In( y)=In(c,x" +c, In(x)x")

dy ¢, +c, In(x)r dy cr+c, (X

T ) N TR )%

(D— c,r +c, n(x)r, jy o

(c; +c,n(x)x"

Once again, our operator’s coefficient is not rational function of x. since we take natural
logarithm of our solution; the coefficient of our factor does not depend upon the constant in
our first solution. Therefore, we have a unique factorization with rational coefficients given by
(3.20).

From the above result, we see that reducibility of Cauchy-Euler operators depend up on the
indicial equations.

X+
Theorem 4: let )" + CXTCp, GX¥ C42
X=X, (X_Xo)

the equatlon I‘(I‘-l) + (01X0+C2)I‘ +(C3X0+C4) = O ................................... (3 .21)

, with ¢, ¢2, ¢3,¢4 € € have a solution .11, to

The following two implication hold:

(i). If ryisasolutionto r(r-1)+t cor+cs=0....ccoiiiiriiiiiiiiiiiiinnn. (3.22)

X+ X X+C.+r
Then, D2 + C**C, D+ C,*TC, >, factors into [D + G *C, JLD T Jand there
X (X=xo) X=X,

is a solution y =(x — x,)" to the homogeneous equation

(1) If ry isasolution to r(r-1) +(cor+cixp+cs = 0 ovvvvviiiiiiiin.n. (3.23)

then, factor into

(D + 1_r1) (D + M), And there is a solution y = (x — x,)~(C1¥otcz+mi-1)e™2% ¢

C)1(X+C2 D + C}X-’_C42

Since p(x) = ¢1x + ¢, and q(X) = c3, + ¢4, we see that equation (3.22) in case i

the homogeneous equation D2 + (y)=0.

15



Is equivalent to r(r-1)+ p(o)r +q(o) = 0, then indicial equation if x =0 was a singular point.
Equation (3.23) in case (ii) equivalent to the modified indicial equation of r(r-1) + p(0)r +
p(xo)r + p(xo) — p(0) +q(0) = 0

The addition of p (xy ) — p(0) to equation (3.22) in order to get (3.23) is believed to occur
since the derivative of our first factor’s coefficient is not identically zero.

Example: consider the following operation:
2x+1 8X+16

3 (es)

We will begin tasting with Forbenius’s original indicial equation. Since

D2

P(x) = 2x+1,
g(x) = -(8x + 16) and our singular point is x = 3 , our indicial equation becomes:
r(r-1)+7r — 40 =0

The roots of the original indicial equation are r; = 4 and r, = -10. Next we see the indicial
equation we would obtain if x = 0 were a singular point,

r(r-1) + cor + ¢4 = 0, takes on the form r(r-1)+r+16 = 0

Notice ;=4 is a solution to our second indicial equation. By theorem4

D2 + 2x+1 D - 8x+16 Factors into (D + 2x+5) (D — i)
X — 3 (X—3 )Z x—3 x—3
And D% 4 Ztlp  Bx+ie (y) = 0, has a solution y = (x — 3)*. for verification,

x-3 - (x-3)2

2x+5 _ i _ 2 4 2x+5 _ 8x+20
(D + x-3 ) (D x—3) D* + (x—3)2+ x—3 D (x—3)2 Also

(DZ n 2x+1D 8x+16) ((x _ 3)4)

x—3 - (x-3)2

2x+1
x—-3

8x+16

(40x = 3)%) — 258 (x — 3)*

—12(x — 3)2 +

=12(x —3)2 + 4(2x + 1)(x — 3)2-(8x+16)(x — 3)?
=8x(x — 3)%- 8x(x —3)?+ 16(x — 3)%-16(x —3)> = 0

16



So, we see that y = (x — 3)* is solution to(D2 4 2ty Bxtid
x-3 (x—3)2

) =0
Proof: of therom4:

CX*Cpy . CXFC,
XX, (X_Xo)2

has a solution, rl. For case (i) assume r1 is also a root of r(r-1)+cor+cs =0 . Thus,

Let D2 + , with¢;, c2, c3,c4 € C and suppose the indicial equation

r1(r1-1)+(c1xotc2) r1+(csXptcs) — (r1(r-1) +corp+cq) =0
c1Xoritesxg =0

CiXol1 = -C3Xo

C3 =-CiI

Solving (3.22) for ¢4, we see —11(r1+ ¢, - 1) = c4. Now, we can substitute these two values
into our operator for ¢; and ¢4 and obtain

X+ —ciryx—14(r 1
D2+ C1 Cz D+ 171 1( 1+Ccp— )

. For here we separate our coefficients into two
X — X (x—x0)?
(0]

fractions and perform the following factoring to achieve our factorization:

-r
D2+( T + C1x+c2+r1) D+ 1(C1x+c2+r1) 1

X—xq X=X (x—x0)? (x—x¢)2
"1 )
DZ + T1 _ T1 D+C1X+C2 _ 1+C2+T1
(x=x0)2 x—x¢ X=X (x—x¢)?

. i _ 1 ) — T _ T (d_y) .
Since — (( (y)) x” ) we can factor our above operator into

X—Xo X—Xo

D(D— 1 )+C1x+C2+r1 (D— T1 )
X=X X—Xq X—Xo

Ciy+C, + 71 T
(D+ 1x 2 1><D— 1 )
x_.xo x_xo

Thus we have our factorization. Furthermore, our first factor always provides a solution to
second order operator. Hence, we will consider the equation

(D S——_ ) (y) = 0 Solving this first order equation, we obtain

X—Xo

17



dy 71 O
dx xX—Xg

dy 1

dx X—Xg

dy 1

dx X—Xg
Iny = rln(x — xy) + cg

y= c6(x = xo)"

CX+C, C:X*+Cy
X=X, D +(X_X0)2

Now, we must consider our second case. Let r; also solution

Then, y = (x — x,)™ is a solution to ( D2 + y=0

rr—=1)+cr+cixg+c, =0.

Once again subtracting our modified indicial equation from the original indicial equation
(3.21), we see

T1(r1 1)+ (c1xo+ca)r +(C3xo+Ca)—(r (11— 1) +Cary +C1X0+Ca) = O
C1XoThy + €3X9 — €19 =0
c3xg = (€4 — €1711) %
3 =0 — (1
Also solving equation (3.23) for cg, yieldsc, = —(12(c, — 1)1y + ¢1x0).

In the above equations, we will substitute our values for c; and c, into our differential
operator.

D2 +c1x+c2 D + (c1—cir)x—rE=(c;—1r1—c1%g
X=X (x—x0)2

Cix +C, C1Xg+ Cix —Cex — 18 — oy + 1
1 21 ™1
+—= D+ -

DZ
X — X (x — xp)?

Wenowadd ¢, —c,+1r,—1r;+1—1=0 toour second order coefficient in order to
establish a form that is separable into a function multiplied by a constant and its derivative:

18



+C1X+C2D 4 C1Xg—Cp-m+1l+tcx+ce+rn—1—cnmx—12—cr+n

D? + ——=
X — Xg (x — x0)?

We can now manipulate this form to obtain a factorization just as we did in the first case.
Thus,

D2+(c1x+c2+r1—1+1—r1)D_clx0+c2+r1—1

X — Xo X — Xo (x — x0)?
cx+tce+rn—1—crnx—cn—-r2+n
(x — x0)?
, CXtc—1 cx+e+n—-1 1-—n
- _ D+ D
(x — x0) X — X X — X
x+tce+rn—1—rcox—cn—-ri+n
(x — x0)?

Now, we must add c¢;x — c;x = 0 to the second term in the above operator in order to

continue with our derivation.

—cix+cixg+cix+ce,+rn—1 cix+c,+r—1 1-—r
1 1%X0 1 2 1 +1 2 1 D+ 1D

D? —
(x — x0)? X — X X — X
Cix+c,+cy—1—rox—cn—ri+n
(x — x9)?
D2+c1(x—x0)—(clx+cz+r1—1)+clx+cz+r1—1D+1—r1D
(x — xp)? X — X X — X
cx+tc+rn—1—-rcox—cn—-ri+n
(x — x0)?

Once again, we notice

d [ cix+cy+ri—1 c1(x—x¢)—(c1x+c+1r1—1) c1x+c+r1—1 (d
S (BT () | = A AT R AT (2Y) thus we can factor our
dx x—xq (x—x¢)2 X=X dx

above operator into the following

Cix+Co+7r1—1 1-71¢ Ci1x+Cy+11—1
+ D+
X—Xo X—Xg

D(D +

(D + 1—r1) (D +M)

X—Xo X—Xo

X—Xo

As in the proof of case I, we use our first factor to find a solution to our second order

operator.
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Thus, we will consider the equation (D + %};ﬁ_l)(y) =0

d_y clx+cz+r1—1y ~0
dx X—Xg
dy Cix +C+mry—1
pviaie ( — ) )
X X — Xp

dy Cix +C+ry—1
—( )dx
x_xo

Iny =(c;x+c, +r—1)In(x —x,) — c;x + c5
lny = ln(x — XO)_(C1x0+Cz+T—1) —epx + ¢
y=celx — xo)‘(01x0+c2+r_1)e—c1x.

— — —C1x . .
Therefore, y = (x — x)~(€1¥o+ca+7=De™ ¥ j5 5 solution to our second order operator and we

are done .
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CHAPTER 4

4. BOUNDARY-VALUE PROBLEM FOR THE EULER OPERATOR
DIFFERENTIAL EQUATION WITH TWO BOUNDARY CONDITIONS.
IN ALGEBRAIC APPROXIMATION

This section is concerned with the resolution of an Euler operator differential equation of
type(1.1) with two boundary conditions will reduce this problem to an algebraic operator

system of type

AT-TB =C,
DT-TE=F 4.1)

Where all operators coefficients belong to L(H). By application of annihilating analytic
function of certain coefficient operator, the system (4.1) is reduced to an easier operator
system of type

TG=H,
MT =F (4.2)
We recall that an operator T in L(H) is algebraic if there exists a polynomial P(A) is algebraic.

In[s], P.R. Halmos observed that if f is an entire function and if f(T)=0 then there is a
polynomial p such that P(T) = 0, and thus T is algebraic. Let D denote the open unit disc in the
complex plane and let H” denote the Banach algebra of all such that P(T)=0. It is well known
[3,p.569] that an algebraic operator has a finite spectrum, and it is clear that for the finite-
dimension case, every operator in L(H) bounded, analytic functions on D.

If T is any completely non unitary contraction (||T||§1) on H, on has the SZ.-Nagy-Foias
functional calculus @ defined, ®: H® — L(H) and any operator T in class Cy is annihilated
by a function fin H* [10,P.123].

THEOREM 5 consider the boundary value problem
t2x"(t) + tAx'(t) + Agx(t) =0
Fix'(B1) — x(@)Gy = Ey,

Fox'(B2) — x(a)G, = E.
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By < By ASES Py e (4.3)

If x, is a solution of the operator equation (3.2) and Cy is a solution of the operator system
(4.1) where

X1 =—(xg+A4;—1), A=Fxgexp[(B;— a)x,l,

B =Gy, C =E; — Fyexp[(f; — @)x4]

E=G, ,D=Fxyexp[(f;—a)xy], F =E,—F,expl(B,—a)xq],
Then the problem (4.3) is solvable and a solution is given by the expression

x(t) = exp[xo(t —x)]Cy A=t< Py i, (4.4)

Proof: Given X, from the theorem (1) it follows that taking C; = Xy Co, D = 0, the function
defined by (4.4) with Cy = X(x) satisfies the operator differential equation (1.1). By
differentiating the function X(t) given by (4.4), it follows that

X'(t) = exp[(t — x)xo] x0Co = %0 exp[(t — a)x,] Co = xox(1).

From this, the boundary conditions of (4.3) are equivalent to the existence of a solution of the
operator system

Fixo exp[(fy — a)xo]U — UG, =E;
F2X0 exp[(ﬁz - a)xO]U - UGZ = EZ (45)
Thus the result is proved.

For solving the boundary problem (4.3) we need to solve the polynomial equation (3.2) and
the operator system (4.1). We know conditions for resolution problem of equation (3.2) and in
the following we study the resolution problem of the operator system (4.1). It is clear that
there is no loss of generally if we suppose that operators A, B, D and E are contraction,
because the system (4.1)is equivalent to the system obtained from (4.1) after multiplying both
its equations by a sufficient small number.

THEOREM: 6 Let us consider the operator system (3.1) where A, B, D and E are contraction
in L(H), and C and F are in L(H). If f(2) = Y.;.50 a,2™ and

9(2) = Yuso bnz™ are analytic function in the unit disc such that
1. anolanln <o »ano|b| < o,

i. fA)=0,g(E)=0
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z a,CB"E

nz1

Considering the expression for the operators AH and HB, it Then any solution T of the
operator system (4.1) satisfies the operator system (4.2) where

n
G = f(B)E H=- Z a, A" *CB¥~1E
nz1k=1
n
M = Ag(D) N = z b, AD*XFE"k .. .......(4.6)
21 k=1

Proof: Let T be any solution of (1.3) pre multiplying successively the second equation (4.1)
by the operator A, it follow that

A"DT — A"TE = A"F ,n=>1 4.7)
From the first equation of the system (4.1), AT-TB=C, it follow that
ATE=TBE+CE

A’TE=ATBE + ACE = (TB+C)BE + ACE = TB’E + ACE + CBE,

n
A"TE = TB"E + Z AVKCBR1E, n=21 i (4.8)
k=1

Substituting (4.8) into (4.7), we have

DT-TE =F,

n
A"DT — TB™E = A"F + z AVkCBRIE, = SR C: X))
k=1

By multiplying the first equation of (4.9) by a, and second equation by a,, for n > 1 and
adding the resultant expression, it follows that

F(A)DT —Tf(B)E = f(A)F + Z Z anA"KCB¥E .o (4.10)

n=1k=1
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Hence by hypothesis (i) and the equality (4.9) deduces the convergence of the operator series
which appear in the second term and the operator series which defines f(B). As f(4) = 0, it
is concluded that satisfies the unilateral equation TG=H, where H and G are given by (4.6).

Successively post multiplying the first equation of the system (4.1) by E and making similar
substitution in the expression (4.8), it follows that T satisfies the unilateral equation TG = H,
where H and G have the expression given in (4.6) and convergence of the operator series
which appear are proved analogously from the hypothesis.

Remark: If the system (4.1) is compatible, then there is a solution T of the system, and from
Theorem 6, T satisfies the system (4.2). Thus it follows that

MTG = MG = NG. The following result is a converse of Theorem 6.

THEOREM 7 Under the hypothesis of Theorem 4 and under the additional hypothesis (i).
AD=DA, BE=EB,

(i1). G and M are inveritable and

(iii). MH = NG, it follows that the only solution of (4.2), given by T = HG™! =
M™IN is the solution of the operator system (4.2) with coefficient operators given by the
expression included in the statement of Theorem 6.

Proof: From the compatibility condition MH = NG and from the inevitability of the operators
G and M it follows that M"*MHG™! = MINGG ! thus

T = HG™! = M™IN Is the only solution of (4.2) and T satisfies TG = H. Pre multiplying by
A the expression TG = H and consider the hypothesis BE = EB, it results from the expression
of G given (4.6)

That G = f(B)E = Ef(B); thus
ATG—TBG=AH—-HB............. (4.11)

From the expression for H given in (4.6) one gets

n
AB = — z Z a,A"t1"kCB*-1E

nz1k=1

n

_— z(anA"CE + z a, A"~ k-DCBk-1[)
=2

n=1 k
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n

=— Z(anA"CE + Z a,AVSCBSE)

nz1 s=1
n—-1
— Z a, AMCE — Z 2 a, A"SCBSE

n=1 n22 s=1

From the hypothesis BE = EB it follows analogously that
n n-1

AB = — Z Z a, A" *CB*E = — Z(Z a, A" *CB*E + a,CB"E)

n=1k=1 nz1 k=2

= Y2 Lk=1 anA"_kCBkE —follows that

AH — HB = Z a,A"CE + Z a,CB"E
nz1 nz1
By the hypothesis f(A4) = Y51 a,A™ = 0 it follows that ayl = ), ,,51 a, A"
AH — HB = q,CE + ZanCB”E =C f(B)E =CG
nz1

Substituting in 4.11, it follows that (AT — TB)G = CG, AT —TB = C.

It is proved that T = HG™! = M~IN satisfies the second equation of the operator system
4.1).
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