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Abstract
The present research work dealt on the effect of change of contact ratio on the contact fatigue stresses
generated on meshing spur gear teeth during power transmission. In the study different cases of six
contact ratio gearing between 1.6 and 2.0 have been analyzed. For the different contact ratios

considered the rate of load sharing and angular and radial position of load were determined on the
involute profile of meshing tooth of each gearing. In addition to that the different stress conditions of this
tooth for critical position (at the instant when the generated contact stress is at the maximum state) are
determined. To come up at the result CATIA and Solid Works software involute spur gear models have
been applied for stress analysis on ANSYS Workbench (FEM). From this study it is clear that, the higher
contact ratio resulted in the higher generated tooth fatigue contact stresses life (i.e. the highest load
carrying capacity). This is because of the decrease in value, and the change in location and direction of
load applied on tooth involute in mesh to transmit power. At last the results obtained from ANSYS WB are
compared with results of the AGMA gear formula results. They are comparable to each other.
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CHAPTER ONE
1 INTRODUCTION
The motion from one shaft to another shaft may be transmitted with belts, ropes and chains. These
methods are mostly used when the two shafts are having long center distance. But if the distance
between the two shafts is very small, then gears are used to transmit motion from one shaft to another. In
case of belts and ropes, the drive is not positive. There is slip and creep that reduces velocity ratio. But
gear drive is a positive and smooth drive, which transmit velocity ratio. Gears are used in many fields and
under a wide range of conditions such as in smaller watches and instruments to the heaviest and most
powerful machineries like lifting cranes. Gears are most commonly used for power transmission in all the
modern devices. These toothed wheels are used to change the speed or power between two stages
(input and output). [B.Venkatesh et al., 2010]

Although gears have gained wide range of acceptance in all kinds of applications they have to resist the
bending and fatigue stresses produced due to the cyclic load during power transmission. However; After
the  investigation  of  shot-peening to increase the tooth bending strength in gears, surface durability, in
the form of macro and micro-pitting,  is  now  considered  the  dominant  restriction  on gear  life  and
performance. [Suzuki Y., 2004], has shown this, as it is depicted in figure 1.1.

Figure 1.1: Failure of gears with respect to contact stress and rotational speed

In addition to that, failure of tooth due to bending (breakage) tends to be catastrophic to a gear unit, so the
designer usually makes the teeth large enough so that they are definitely less appropriate to fail in
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breakage mode than in a pitting mode. This makes the design life of a gear unit primarily dependent on its
surface fatigue capacity (pitting resistance) rather than on its cantilever beam capacity (capacity to resist
tooth breakage) [Solomon T, 2011]. So, theoretical analysis has to be carried out in the design stage of
gears to prevent catastrophic failure during the power transmission period. Analyses in the past were
performed using analytical methods, which required a number of assumptions and simplifications. In
general, gear analyses are multidisciplinary, including calculations related to the tooth stresses and to
tribological failures such as like wear or scoring [Zeping Wei, 2004] and pitting, the surface fatigue failure
resulting from repetitions of high contact stress [Ali Raad H.,2009].

A majority of the heavily loaded transmissions used in military applications use gears with a contact ratio
less than 2.0. The contact ratios of these transmissions are in the range of 1.3 to 1.8. So, the number of
teeth in engagement at any instant is either one or two [M. Rameshkumar et al., 2010]. Many gear
designs use increased pressure angle for increasing the load carrying capacity of gears with fixed module
and center distance, but the contact ratio decreases. Tooth dynamic loads and noise increase due to
decreased pressure angle. Hence increasing the load carrying capacity of gears for the above conditions
can be done by the design of gears with a contact ratio greater than equal to 2.0. High contact ratio gears
having a contact ratio greater than 2.0 have load sharing between two or three teeth during engagement
and fewer loads per tooth [Elkholy,A.H., 1985].

1.1 Objective
The general objective of this thesis is to analyze effect of change of contact ratio on contact fatigue stress
of involute spur gear tooth using the finite element method. And the specific objectives are:

 Modeling of the gear teeth using CATIA and Solid Works software which are powerful in gear
teeth generation and modeling.

 The finite element analysis using ANSYS software considering different contact ratios to get the
fatigue stresses of each condition. ANSYS is finite element structured software, and powerful and
accurate in solving mechanical engineering problems.

 Finite element results are compared with analytical results.
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1.2 Outline
This thesis is organized in to six chapters. In the first chapter introduction and justification of this  thesis
work  and  the  objectives  to  be  achieved  are  discussed.  In  chapter  two,  a  review  of literature
relevant  to this  thesis  work,  which  has  been  investigated  by  different  researchers,  is given. Chapter
three is about contact mechanics, and how to use Hertz contact theory and AGMA relations in contact
fatigue stress analysis in gears. In addition mechanism of creating contact ratio and teeth load sharing of
spur gear teeth is studied.  In chapter four, analytical and numerical method is used, to develop involutes
spur gear using CATIA, and 3D finite element analysis mechanisms and steps of ANSYS workbench are
discussed. In Chapter five the results and discussion of the study are presented. The conditions of fatigue
stress and fatigue life with respect contact ratio variation is discussed. Finally, chapter six discuses
conclusion of this thesis work.
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CHAPTER TWO
2 LITERATURE REVIEW
The motion from one shaft to another shaft may be transmitted with belts, ropes and chains.

These methods are mostly used when the two shafts are having long center distance. But if the

distance between the two shafts is very small, then gears are used to transmit motion from one

shaft to another. In case of belts and ropes, the drive is not positive. There is slip and creep that

reduces velocity ratio. But gear drive is a positive and smooth drive, which transmit velocity

ratio. Gears are used in many fields and under a wide range of conditions such as in smaller

watches and instruments to the heaviest and most powerful machineries like lifting cranes.

Gears are most commonly used for power transmission in all the modern devices. These toothed

wheels are used to change the speed or power between two stages (input and output)

[B.Venkatesh et al., 2010].

Although gears have gained wide range of acceptance in all kinds of applications they have to

resist the bending and fatigue stresses produced due to the cyclic load during power

transmission to prevent catastrophic failure of teeth. So, theoretical analysis has to be carried

out in the design stage of gears to prevent catastrophic failure during the power transmission

period. Analyses in the past were performed using analytical methods, which require a number

of assumptions and simplifications. In general, gear analyses are multidisciplinary, including

calculations related to the tooth stresses and to tribological failures such as like wear or scoring

[Zeping Wei, 2004] and pitting, the surface fatigue failure resulting from repetitions of high

contact stress[Ali Raad H.,2009].  From the many gear types different researches has studied on

spur gear teeth surface contact stress.

[B.Venkatesh, 2010] has studied on helical gear which offers high contact and more friction and

avoids slippage when compared to spur gear. To estimate the bending stress, three dimensional

solid models for different number of teeth are generated by CATIA that is powerful and modern

modeling software and the numerical solution is done by ANSYS, which is a finite element

analysis package. His analytical investigation is based on Lewis stress formula. The aim of the
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study is to focus on reduction of weight and thereby reducing the unbalance forces setup in the

system.

[Ali Raad Hassan, 2009], Investigated natural frequencies and dynamic response of a spur gear

sector using a two dimensional finite element model that offers significant advantages for

dynamic gear analyses. The gear teeth are analyzed for different operating speeds. A primary

feature of this modeling is determination of mesh forces using a detailed contact analysis for

each time step as the gears roll through the mesh. ANSYS software has been used on the

proposed model to find the natural frequencies and displacements and dynamic stresses by

transient mode super position method. The effect of rotational speed of the gear on the dynamic

response of gear tooth has been studied and design limits have been discussed on this study.

[Andrew Sommer, et al.], Demonstrated the early transient dynamic loading on teeth within a

fixed-axis gear transmission arising from backlash and geometric manufacturing errors by

utilizing a non-linear multi-body dynamics software model. Selection of the non-linear contact

parameters such as the stiffness, force exponent, damping, and friction coefficients are

presented for a practical transmission. Backlash between gear teeth which is essential to provide

better lubrication on tooth surfaces and to eliminate interference is included as a defect and a

necessary part of transmission design. Tensional vibration is shown to cause teeth separation

and double-sided impacts in unloaded and lightly loaded gearing drives. Vibration and impact

force distinctions between backlash and combinations of transmission errors are demonstrated

under different initial velocities and load conditions. Additionally, the loading dynamics of a

crank-slider mechanism with two-stage gear driving train is analyzed. The backlash and

manufacturing errors in the first stage of the gear train are distinct from those of the second

stage. By analyzing the signal at a location between the two stages, the mutually affected

impact forces are observed from different gear pairs, a phenomenon not observed from single

pair of gears.

[Evgeny Podzharov, et al., 2008] Studied in high precision and heavily loaded spur gears. In

this study the effect of gear errors is negligible, so the periodic variation of tooth stiffness is the

principal cause of noise and vibration. High contact ratio spur gears could be used to exclude or
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reduce the variation of tooth stiffness. The analysis of static and dynamic transmission error of

spur gears cut with standard tools of 20° profile angle is presented in this paper. A simple

method to design spur gears with a contact ratio nearly 2.0 is used. It consists of increasing the

number of teeth on mating gears and simultaneously introducing negative profile shift in order

to provide the same center distance. Computer programs to calculate static and dynamic

transmission error of gears under load have been developed. The analysis of gears using these

programs showed that gears with high contact ratio have much less static and dynamic

transmission error than standard gears.

[M. Rameshkumar, et al., 2010] Says the gears used in vehicles should have lesser noise and

vibration. Even though helical gears will meet the requirement, they are prone for additional

axial thrust problem. In his study high contact ratio (HCR) is one such gearing concept used for

achieving high load carrying capacity with less volume and weight. Contact ratio greater than

2.0 in HCR gearing results in lower bending and contact stresses. This paper deals with finite

element analysis of HCR, normal contact ratio (NCR) gears with same module, center distance

and the comparison of bending, contact stress for both HCR, NCR gears. A two dimensional

deformable body contact model of HCR and NCR gears is analyzed in ANSYS software.

ANSYS Parametric Design language (APDL) is used for studying the bending and contact

stress variation on complete mesh cycle of the gear pair for identical load conditions. The study

involves design, modeling, meshing and post processing of HCR and NCR gears using single

window modeling concept to avoid contact convergence and related numerical problems.

[P.J.L. Fernandes, et al., 1997] referred that surface contact fatigue is the most common cause

of gear failure. It results in damage to contacting surfaces which can significantly reduce the

load-carrying of components, and may ultimately lead to complete failure of a gear. The types

of contact fatigue damage are discussed, and a number of actual examples are presented to

illustrate this failure mode in practice in his study.

[Robert Basan, et al., 2008] Pitting of gears teeth flanks is one of the most pronounced type of

damage that occurs in gears. Although it can manifest itself in a number of different forms, it is

direct consequence of highly concentrated cyclic stresses and strains which develop in tooth
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flank material during the mesh in conditions of simultaneous rolling and sliding contact. Due to

such rather complex state of stress and strain that changes during the mesh, identification of

critical locations in regard to fatigue damage and crack initiation is difficult task and requires

detailed numerical analysis. For the determination of mentioned stresses and strains and their

evolution during the mesh, a numerical model gear pair in mesh was developed and complete

analysis procedure defined.

[Rubén D. Chacón, et al., 2005] In this paper a study of the stresses in the contact zone among a

couple of spur gears is realized using the finite elements method. The analysis is done by using

a plane model involving the contact between two teeth. The geometry is defined according to

the standards of the American Gear Manufacturers Association (AGMA). The results obtained

are compared with the value given by two others approaches. The first is the theory of Hertz

when it is applied to two curved segments in contact. The second approach is the AGMA

procedure for calculating contact stresses in spur gear. The results obtained are very similar

either using FEM and Hertz´s theory. The contact pressure obtained by FEM is lower than the

one obtained by means of Hertz´s theory, this fact reflects the influence of the geometry profile

which allows the occurrence of contact zones with greater area, and therefore lower pressures.

[Sabah M.J.Ali, et al., 2007] concentrates on the effect of contact ratio change on the stresses

generated on meshing gear teeth. Many cases of contact ratio (1.6, 1.7, 1.8, 1.9 & 2.0) have

been studied. In each case the value and location of load were determined on the involute

profile of meshing tooth. Also the angular position of this tooth for critical loading condition (at

the instant when the generated root stresses at the maximum state) is analyzed. (ANSYS)

programming using F.E.M have been applied for stress analysis on gear model. From this study

it is clear that, the highest contact ratio resulted in the lowest generated tooth stresses (i .e. the

highest load carrying capacity). This depends on the value, location and direction of load

applied on tooth involute.

[Shreyash Patel, 2010] Developing an analytical approach and modeling procedure to evaluate

stress distribution under velocity and moment would provide a useful tool to improve spur gear

design with high efficiency & low cost. The purpose of this work is to analyze and validate the
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stress distribution in spur & helical gears using contemporary commercial FEM program

ANSYS coupled with the Pro/E solid modeler. Gear profiles are created in Pro Engineer using

the Relation and Equation modeling procedure so as to make it a general model, dependant on

certain key features like number of teeth, diametral pitch, and pressure and helix angle. These

models were then analyzed for 3-D and 2-D bending stresses. Calculated results obtained when

compared to standard AGMA stresses show good agreement.

[Sorin Cănănău, 2003] Performed on non-conforming elastic bodies in contact, whose

deformation remains sufficiently small for the linear small strain theory of elasticity to be

applicable, are in 3D contact over a line (or lines), named “contact line”. Based on an exact

geometry design of the involute gear tooth, a set of profile gears is obtained in order to calculate

the 2D contact. A stress analysis was performed for CAD profiles results using the finite

element procedure. The paper investigates the 2D analysis versus 3D analysis for stress in the

root region of teeth. By this approach, is also investigated the influence of non-uniform load

along contact line to the fillet stress.

[Tuan Nguyen, 2011] has presented procedures for compact design of non-standard spur gear

sets with the objective of minimizing the gear size. The procedures are for long and short

addendum system gear pairs that have an equal but opposite amount of hob cutter offset applied

to the pinion and gear in order to maintain the standard center distance. Hob offset has shown to

be an effective way to balance the dynamic tooth stress of the pinion and the gear to increase

load capacity. The allowable tooth stress and dynamic response are incorporated in the process

to obtain a feasible design region. Various dynamic rating factors were investigated and

evaluated. The constraints of contact stress limits and involute interference combined with the

tooth bending strength provide the main criteria for this investigation. A three-dimensional

design space involving the gear size, diametral pitch, and operating speed was developed to

illustrate the optimal design of the non-standard spur gear pairs.

[Zeping Wei, 2004] investigated the characteristics of an involute gear system including contact

stresses, bending stresses, and the transmission errors of gears in mesh. To estimate

transmission error in a gear system, the characteristics of involute spur gears were analyzed by



AAiT-2013 9

using the finite element method. The contact stresses were examined using 2-D FEM models.

The bending stresses in the tooth root were examined using a 3-D FEM model. Current methods

of calculating gear contact stresses use Hertz’s equations, which were originally derived for

contact between two cylinders. To enable the investigation of contact problems with FEM, the

stiffness relationship between the two contact areas is usually established through a spring

placed between the two contacting areas. This can be achieved by inserting a contact element

placed in between the two areas where contact occurs. The results of the two dimensional FEM

analyses from ANSYS are presented. His thesis also considers the variations of the whole gear

body stiffness arising from the gear body rotation due to bending deflection, shearing

displacement and contact deformation. Many different positions within the meshing cycle were

investigated.

[Ali Raad Hassan, 2009], Analyzed contact stress between two spur gear teeth considering

different contact positions, for a represented a pair of mating gears during rotation. A

programme has been developed to plot a pair of teeth in contact. This programme was run for

each 3° of pinion rotation from the first location of contact to the last location of contact to

produce 10 cases. Each case was represented a sequence position of contact between these two

teeth. He used the programme to get graphic results for the profiles of these teeth in each

position and location of contact during rotation. Finite element models were made for these

cases and stress analysis was done. Finally the presented finite element analysis results were

compared with theoretical calculations, wherever available.

[Solomon Tekeste, 2011] Come up to the two main factors that affect the service life of gears:

surface durability and tooth bending strength. Pitting and scoring is a phenomenon in which

small particles are removed from the surface of the tooth due to the high contact stresses that

are present between mating teeth. After the investigation of shot pinning to increase the tooth

bending strength in gears, surface durability, in the form of macro and micro-pitting, was

considered as the dominant restriction on gear life and performance. The main objective of his

thesis is to develop a method for the investigation of surface fatigue in involute spur gears using

finite element analysis. In achieving this two dimensional & three dimensional equivalent
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contacting cylinders to model involute spur gear in contact and three dimensional model of

involute spur gear is used.

Modeling of involutes spur gear to study contact stress under different working conditions

using CATIA & ANSYS software is done. In addition parametric study to investigate the effect

of loading condition and material types in contact stress in gears, estimation of surface fatigue

in rolling-sliding contact condition in spur gear by finite element method using ANSYS

Workbench software, effect of initial surface roughness on surface fatigue is studied. The

results obtained are compared with analytical method.

According to [Robert B. and et al., 2008] study Pitting of gears teeth flanks is one of the most

pronounced types of damage that occurs in gears. Pitting is phenomenon in which small

particles are removed from the surface of the tooth because of the high contact forces that are

present between mating teeth. It is actually the fatigue failure of the tooth surface [J. Shigley,

2006]. Complex stresses within the contact zone cause surface and subsurface fatigue failures.

The pits seen on the teeth grow in size and depth, ultimately resulting in tooth fracture and

spalling. [Douglas Wright, 2005] Pitting occurs only after a large number of repeated loading

on the contact surfaces of the teeth. It is found to occur most frequently at the pitch circle -

where relative sliding of the teeth is zero and the hydrodynamic lubricant film tends to break

down.

Pitting commonly appears on operating surfaces of gear teeth, a fundamental cause is excessive

loading that raised contact stresses beyond critical levels. [Solomon T., 2011] has studied on the

fatigue contact stress of involute spur gear teeth. On the study in hand the effect of the contact

ratio on the contact stress has studied developing different models for the selected contact ratio

of paired gear teeth. Contact ratio can be defined as a number of teeth in contact as these teeth

pass through the contact zone [Solomon T., 2011]. The finite element method software, ANSYS

is taken as a tool for the analysis after importing the developed spur gear teeth model in CATIA

and Solid Works modeling software.
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CHAPTER THREE
3 SPUR GEAR TOOTH THEORY- SURFACE FAILURE
3.1 Surface Failure Basic Concepts
When two bodies having curved surfaces are pressed together, point or line contact changes  to area
contact,  and  the  stresses  developed  in  the  two  bodies  are  three- dimensional. [R. L. Norton, 2006]
When the two surfaces are in pure rolling contact, or are primarily rolling in combination with a small
percentage of sliding, a different surface failure mechanism comes into play, called surface fatigue. Many
applications of this condition exist in such as ball and roller bearings, cams with roller followers, nip rolls,
and spur or helical gear tooth contact.  All except the gear teeth and nip rolls typically have essentially
pure rolling with only about I% sliding.  Gear teeth have significant sliding at portions of their tooth
interface and this will change the stress state significantly compared to the pure rolling cases. Typical
failures are seen as cracks, pits, or flaking in the surface material.

The most general case of contact stress occurs when each contacting body has a double radius of
curvature; that is, when the radius in the plane of rolling is different from the radius in a perpendicular
plane, both planes are taken through the axis of the contacting force.

There are two kinds of stresses in gear teeth, root bending stresses and tooth contact stresses. These
two stresses results in the failure of gear teeth, root bending stress results in fatigue  fracture  and
contact  stresses  results  in  pitting  failure  at  the  contact  surface. So both these stresses are to be
considered when designing gears. Usually heavily loaded gears are made of ferrous materials that have
infinite life for bending loads. But it is impossible to design gears with infinite life against surface failure. In
this thesis the surface failure mode is studied based on the calculation of contact stresses.

Mating gear teeth have a combination of rolling and sliding at their interface. At the pitch point their
relative motion is pure rolling. The percentage of sliding increases with distance from the pitch point. [R. L.
Norton, 2006] an average value of 9% sliding is sometimes taken to represent the combined roll-slide
motion between the teeth. The stresses at the tooth surface are dynamic Hertzian contact stresses in
combined rolling and sliding. These stresses are three-dimensional and have peak values either at the
surface or slightly below it, depending on the amount of sliding present in combination with rolling.
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Depending on the surface velocity tooth radii of curvature and lubricant viscosity a condition of full or
partial elastohydrodynamic (EHD) lubrication or of boundary lubrication may exist in the interface. If
sufficient, clean lubricant of an appropriate type is provided in order to create at least partial EHD
lubrication (specific film thickness A > 2) and prevent surface failure by the adhesive, abrasive, or
corrosive mechanisms, then the ultimate failure mode will be pitting and spalling due to surface fatigue as
shown figure (3.1).

Figure 3.1: Pitting and spalling of gear teeth

Under contact conditions, gear teeth are subjected to Hertzian contact stresses and elasto-hydrodynamic
lubrication. Excessive loading and lubrication breakdown can cause combinations of abrasion, pitting and
scoring. We can define the surface failures as follows:

1. Abrasive wear: is caused by the presence of foreign particles, in gears that are not enclosed, in
enclosed gears that were assembled with abrasive particles present, and in gears lubricated by an oil
supply with inadequate filtration.

2. Scoring: occurs at high speeds when adequate lubrication is not provided by the elasto hydrodynamic
action. Lack of lubrication causes high sliding friction. High tooth loading and high sliding velocities
that produce a high rate of heat in the localized contact region causes welding and tearing of surfaces
apart. Scoring can often be prevented by directing adequate flow of appropriate lubricant that
maintains hydrodynamic lubrication. Surface finish is also an important factor for scoring.

3. Pitting or surface fatigue failure: Pitting is phenomenon in which small particles are removed from the
surface of the tooth because of the high contact forces that are present between mating teeth. It is
actually the fatigue failure of the tooth surface [J. Shigley, 2006]. Complex stresses within the contact
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zone cause surface and subsurface fatigue failures. An example of pitch line contact fatigue is shown
in figure (3.1) [T.E. Tallian, 2009]. The pits seen on the teeth grow in size and depth, ultimately
resulting in tooth fracture and spalling. [Douglas Wright, 2005] Pitting occurs only after a large number
of repeated loading on the contact surfaces of the teeth. It is found to occur most frequently at the
pitch circle - where relative sliding of the teeth is zero and the hydrodynamic lubricant film tends to
break down.

3.2 Hertz Theory of Contact
In many engineering applications, such as rolling bearings, gears, cams, etc., machine components
whose functioning depends upon rolling and sliding motion in contact along surfaces while under load. In
this case, the contacting surfaces are non-conformal, hence the resulting contact areas are very small and
the pressures are very high. From the point of view of machine design it is essential to know the values of
stresses acting in such contacts. These stresses can be determined, from the analytical formulae, based
on the theory of elasticity, developed by Hertz in1881. [H. Hertz, et al., 1986]

The contact between two surfaces gives rise to an area of contact, and a pressure distribution over this
contact area. If the surfaces have a simple geometry, the contact theory of Hertz (1881) can be used for
calculating the contact area and the pressure distribution. The shape of the contact area depends on the
shape (curvature) of the contacting bodies. For example, point contacts occur between two balls, line
contacts occur between two parallel cylinders, and elliptical contacts, which are the most frequently found
in many practical engineering applications, occur when two cylinders are crossed, or a moving ball is in
contact with the inner ring of a bearing, or two gear teeth are in contact. To illustrate the contact between
two elastic bodies, the simpler contact of two parallel cylinders Figure (3.2) is presented based on the
Hertz theory. This type of contact is used to derive contact pressure distribution, stresses and
displacements for the spur gear teeth in contact. [Vitor Manuel, 2005]
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Figure 3.2: Ellipsoidal-prism pressure distribution in cylindrical contact: a. 3D view, b. 2D view

Where

 R1 is the radius of cylinder 1

 R2 is the radius of cylinder 2

 P(x) is the pressure distribution

 b is half of the contact width

 l is the contact length

When cylinders are in line contact, continued by a force , a flattened rectangular zone exists in which the

pressure distribution is elliptical. The pressure, in between the cylinders will be:= 2 − 3.1
Where F is the force acting over the contact length and 2b is the contact width. The maximum contact

pressure at x = 0 (or at the line the force is applied) is

= 2 3.2
= 4 1 − / + 1 − /(1/ ) + (1/ ) / 3.3

(b)(a)
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[Smith, et al., 1958] proposed analytical model for surface contact stress is used here. Taking axes , ,
and as the tangential, radial and axial directions at the contact point and assuming the plane strain case

at the contact point, the stresses at plane can be written as,

= − ( + 2 + 2 ) − 2 − 3 + (2 − − 3 ) + 2 +2 2− 2− 2 3.4
= − ( + + ) 3.5

= − 2 ( + + ) − − 2+ ( − − ) ++ ( − − ) 3.6= − + ( + 2 + 2 ) − 2 − 3 3.7
Where the maximum surface pressure, is the coefficient of friction, and is the contact width,

and and can be written as

= 1 −2 3.8
= 1 +2 3.8

And , , and are given as

= ( + ) + 3.9= ( − ) + 3.9= / 3.9
= ( + − 4 ) 3.9
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Using the above equations the principal stresses and the maximum shear stress at y=0 can be calculated
as follow. Along the axis, the orthogonal stresses are,

= − 1 + 3. 10
= − 2 − 11 + 1 + − 2 3.11

= −2 1 + − 3.12
These equations are useful for rolling contact occurred between gear teeth. The largest principal stress is
compressive and located at the center of the rectangular flat and is − in magnitude. The largest

shear stress is approximately 0.30 and is located at about 0.78 below the surface. The maximum

compressive stress is repeatedly applied in rolling cylinders. At a position of = 0.4 , = 0.915
the shear stress has a magnitude of 0.25 but is completely reversed in rolling cylinders. The peak

values of the equivalent stress using the Von Mises criterion, the maximum shear stress, and the
maximum orthogonal shear stress can be calculated from the maximum Hertz stress as follows [Zeping
Wei, 2004]: , = 0.30 3.13, = 0.57 3.14, = 0.25 3.15
3.3 Spur Gear – Buckingham Contact Stress Equation
Buckingham adapted the Hertz contact stress equation for a pair of gear teeth shown in Figure (3.3). He
treated a pair of gear teeth as two cylinders of radii equal to the radii of curvature of the mating involutes
at the pitch point. From basic involute geometry, these radii are given as equations (3.17). The way in
which tooth surfaces of properly aligned gears make contact with each other is responsible for the heavy
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loads that gears are able to carry. To obtain an expression for the surface-contact stress, the Hertz theory
is employed.

It has already noted that the first evidence of wear occurs near the pitch line. The radius of curvature of
the tooth profile has an effect on the amount of deformation and on the width of the resulting contact
bands.

As it is discussed previously, meshed spur gears can be modeled by two parallel cylinders in contact.
From equation (3.3), half of the contact width , can be rewritten as,

= 4 3.16
Where, is the equivalent radius of curvature, given by

= 11 + 1 3.17
Where and are the instantaneous values of the radii of curvature on the pinion- and gear-tooth profiles,
respectively, at the point of contact.

At the pitch point = and = and given by

= 2 = 2 3.18
Where & are the pitch diameters of Pinion and gear respectively, and is the pressure angle.

Therefore, at the pitch point becomes

= 12 1 + 1 3.19
And is the equivalent modulus of elasticity of the material,
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= 1[(1 − )/ ] + [(1 − )/ ] 3.20
Substitute the value of from equation (3.16) into (3.2), to find the maximum contact pressure, results

in = − / 3.21
For the driver pinion, and gear follower,

= = = 3.22
Where

 is the radius of the pinion at the contact point and

 is the torque on the pinion

 the normal force applied on the pinion

 tangential component of the normal force

Substitute the value of from equation (3.22) into (3.21) results

= = − / 3.23

(a)                                                                           (b)
Figure 3.3: Tooth load at the pitch surface element: (a) 2D, (b) 3D

And half-width b of gear is expressed as
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= 4 ( ) 1 − / + 1 − /(1/ ) + (1/ ) / 3.24
Where , , , and are the elastic constants and and are the radius of curvature of  the two

contacting gear teeth.

To adapt these relations to the notation used in gearing, we replaced force by / , and by the face

width . With these changes, we can substitute the value of as given by Eq. (3.24). Replacing by

, the surface compressive stress (Hertzian stress) of the meshed gear teeth is found from the equation

= (1/ ) + (1/ )1 − / + 1 − / 3.25
Where is the contact stress

Pure rolling exists only at the pitch circle contact motion of spur gear teeth pair, elsewhere the motion is a
mixture of rolling and sliding. Equation (3.23) does not account for any sliding action of contacting surfaces in

the evaluation of stress. But in the case of sliding action note that AGMA uses for Poisson’s ratio instead of

as is used here.

Note: in Eq. (3.25), that the denominator of the second group of terms contains four elastic constants, two for
the pinion and two for the gear. As a simple means of combining and tabulating the results for various

combinations of pinion and gear materials, AGMA defines an elastic coefficient by the equation below,

= / 3.26
With this simplification, and the addition of a velocity factor , Eq. (3.25) can be written as= − 1 + 1 / 3.27
Where the sign is negative because is a compressive stress.
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3.3.1 Spur Gear Tooth Contact Fatigue Analysis
Pitting is a fatigue failure where small cracks form in the tooth surface and then grow to the point where
small, round bits of metal break out of the tooth surface. Traditionally, the gear designer first determines a
pitch diameter and a face width for the pinion that are large enough for the pinion to last for the required
service  life  with a probability of failure less than  1%. This determination is based on a possible pitting
fatigue failure. It is assumed in the beginning that the surface finish, the tooth accuracy, the lubrication,
and the needed profile and helix modifications will all be carried out well enough to avoid any serious risk
of scuffing. Normally, the pinion is more appropriate to fail in pitting than the gear, so the sizing of the
pinion tends to determine the needed size of the gear.  After the pitch diameter of the pinion has been
determined, the size of the teeth is determined by calculations regarding a possible failure in tooth
breakage.

[Buckingham, 1969], conducted a number of tests relating the fatigue at 10 cycles to endurance strength

(Hertzian contact pressure).  While there is evidence of an endurance limit at about 3(10 ) cycles for

cast materials, hardened steel rollers showed no endurance limit up to 4(10 ) cycles. Subsequent

testing on hard steel shows no endurance limit. Hardened steel exhibits such high fatigue strengths that
its use in resisting surface fatigue is wide spread. [Solomon T., 2011]

To determine the surface fatigue strength of mating materials, Buckingham designed a simple machine for
testing a pair of contacting rolling surfaces, in connection with his investigation of the wear of gear teeth.
Buckingham gathered large numbers of  data  from  many  tests  so  that considerable design  information
is  now  available. To make the results useful for designers, Buckingham defined a load-stress factor, also
called a wear factor, which is derived from the Hertz equations. The maximum contact pressure, ( )
and half width of the contact zone, ( ) are defined in equations (3.2) and (3.3) respectively, for contacting

cylinders.

If we then assign the length of the cylinders as (for width of gear) instead of and remove the square

root sign, Eq. (3.24) becomes= 4 ( ) 1 − / + 1 − /(1/ ) + (1/ ) 3.28
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We can define a surface endurance strength using equation (3.2) as

= 2 3.29
which  may  also  be  called contact  strength,  the  contact  fatigue  strength,  or  the  Hertzian endurance
strength. The strength is the contacting pressure which, after a specified number of cycles, will cause
failure of the surface. Such failures are often called wear because they occur over a very long time. They

should not be confused with abrasive wear, however. By squaring Eq. (3.16), substituting b from Eq.

(3.28), and rearranging, we obtain1+ = (1 − )1 + (1 − )2 = 3.30
The left expression consists of parameters a designer may seek to control independently. The central
expression consists of material properties that come with the material and condition specification. The

third expression is the parameter , Buckingham’s load stress factor, determined by a test fixture with

values , , , and the number of cycles associated with the first tangible evidence of fatigue. In

gear studies a similar factor is used:

= 4 3.31
Where is the tooth pressure angle, and the term + is defined as 1/( ), so that

= 1 + 1 3.32
Equation (3.32) can be used in design to find an allowable surface stress by using a design factor. Since
this equation is nonlinear in its stress-load transformation, the designer must decide if loss of function
denotes inability to carry the load. If so, then to find the allowable stress, one divides the load by the

design factor :
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= 1+ = 1+ = 3.33
And = ( / ) . If the loss of function is focused on stress, then = / ,

Buckingham and others reported for 10 cycles and nothing else. This gives only one point on the

curve [J. Shigley, 2006]. For cast metals this may be sufficient, but for wrought steels, heat

treated, some idea of the slope is useful in meeting design goals of other than 10 cycles.

Experiments show that 1 versus , versus , and versus data are rectified by −
transformation. This suggests that ===
The three exponents are given by = ( / )( / )= log( / )log( / )= log( / )log( / )
For applications where little or no pitting is permissible, the American Gear Manufacturers Association( ) uses = −0.056 between 10 < < 10 if the designer has no data to the contrary
beyond 10 cycles.

Standard, [ / , 2001] suggests allowable contact-stress numbers (for 10 cycles
and 0.99 reliability for through hardened steel gears) as high as( ) = 2.22 + 200 3.34
For grade 1 ( ) = 2.41 + 237 3.35
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And for grade 2 steel

AGMA Standard 2101-D04 strength equation, for allowable contact stress, σ is given by

σ = 3.36
Where,

 is Permissible contact stress taking into account fatigue strength, [MPa]
 is Fatigue limit taking into account contact stress, [MPa]
 is stress cycle factor for pitting resistance
 is the hardness ratio factors for pitting resistance
 is the temperature factor
 is the reliability factor
 is the AGMA factor of safety, a stress ratio

3.3.2 Pitting Resistance Stress Cycle Factor Analysis
As discussed earlier the actual cylindrical gear-tooth rating formulae for pitting resistance are based on
Hertz’s results for the calculation of contact pressure between two curved surfaces. They have also been
improved with modifications in the new standards to consider load sharing between adjacent teeth, the
load increment due to external and internal dynamic loads, uneven distribution of load over the face width
due to mesh misalignment caused by inaccuracies in manufacture, and elastic deformations, etc [G. G.
Reyusing, et al., 2007].

Based on that AGMA Standard 2101-D04 provides the following rating formula and permissible stresses
applicable for calculating the pitting resistance of external cylindrical involute gear teeth operating on
parallel axes.

= . . . . . .. . ≤ σ = 3.37
Where:

 : Pitting resistance (Contact stress), [MPa]
 : Elastic coefficient, [ ]
 : Transmitted tangential load, [N]
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 : Overload factor
 : Dynamic factor
 : Load distribution factor
 : Size factor
 : Surface condition factor for pitting resistance
 : Facewidth, [mm]
 : Operating diameter of pinion, [mm]
 : Geometry factor for pitting resistance

By means of mathematical processing of formula (3.37) it is possible to determine the stress cycle factor
for pitting resistance according to equation (3.38).

= . . . . . .. . . . .. 3.38
3.3.3 Factor of Safety for Pitting Strength analysis
The ANSI/AGMA standards 2101-D04 contains a safety factor S guarding against pitting failure. The

definition of S from equation (3.37)

S = S Z /( )σ = fully corrected contact strengthcontact stress 3.39
3.3.4 Determination of the Expected Fatigue Lifetime
Knowing the interrelation of factor with the fatigue limit stress equivalent to a certain number of load

cycles, it is possible to determine the useful expected fatigue lifetime in the condition of contact stress in
the teeth with corresponding permissible stress for failure [G. G. Reyusing, et al., 2007]. Under these
conditions, the number of load cycles expected by pitting (n ) can be evaluated with the stress cycle

factor determined by the formulas (3.38) and graphical information presented on AGMA 2101-D04.

Once certain that the numbers of load cycles corresponding to calculated values of factor the hours of

expected fatigue lifetime ( ) can be known by means of the following equation.

H = n60. n. q [hours] 3.40a
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But n = . . 3.40b
Where:n : Number of load cycles expected by pitting in corresponding with stress cycle factorn: Rotational speed, (min-1)q: Number of load application by 1 turn of gear

3.3.5 Contact Fatigue Criterion
Rolling contact fatigue is based on the Lundberg-Palmgren theory [G. Lundberg, et al., 1946]. The
Lundberg-Palmgren theory postulates that the stress responsible for fatigue damage is the orthogonal
shear stress, which can be derived from the Hertzian pressure distribution in the contact surface and the
subsurface. The orthogonal shear stress amplitude reaches a maximum simultaneously in two planes,
one parallel and one perpendicular to the contact surface. Damage resulting from contact stresses starts
as a localized, inelastic cyclic deformation (localized yielding or distortion) followed by the initiation and
propagation of a crack. Inelastic deformation theories are based on material deformation occurring when
either the maximum shearing stress (Tresca's criterion) or the maximum octahedral shearing stress (von
Mises criterion) at any point in a component reaches a critical value that causes slip of the crystal along
specific crystallographic planes [A.P. Boresi, et al., 1985]. The maximum shearing stress is given by:

= 12 ( − )
Where and are the maximum and minimum values of the principal stresses at a point. The

maximum octahedral shearing stress is given by the equation:

= 13 ( − ) + ( − ) + ( − )
Where and are defined as before and is the third principal stress. If normal forces act alone that

is the friction coefficient is zero, the stresses would be [K. C. Ludema, 1983]:= − , = , = −0.5
Maximum shear stress, = 0.3
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Maximum octahedral shear stress, ( ) = 0.27
and these values of and ( ) occur on the y-axis at a certain distance below the contact

surface. This distance is a function of only contact geometry.

3.4 Contact Ratio
Contact ratio is defined as a number of teeth in contact at one time as these teeth pass through the
contact zone. In other words, contact ratio is a number which indicates the average number of pairs in
contact. It is impractical to make C.R less than unity. [Robert L. Norton, 2006] If the contact ratio is one,
then one pair of teeth leaves contact just as the next pair begins contact. This is undesirable, because
slight errors in the tooth spacing will cause oscillations in the velocity, vibration, and noise. In addition, the
load will be applied at the tip of the tooth, creating the largest possible bending moment. At larger contact
ratios than 1, there is the possibility of load sharing among the teeth. For contact ratios between 1 and 2,
which are common for spur gears, there will still be times during the mesh when one pair of teeth will be
taking the entire load. However, these will occur toward the center of the mesh region where the load is
applied at a lower position on the tooth, rather than at its tip. This point is called the highest point of
single-tooth contact or HPSTC. Gears should not generally be designed having contact ratios less than
about 1.2, because inaccuracies in mounting might reduce the contact ratio even more, increasing the
possibility of impact between the teeth as well as an increase in the noise level. Thus, even though a
contact ratio of 1.2 is acceptable, a minimum contact ratio of 1.4 is preferred, and larger is better. Most
spur gear sets will have contact ratios between 1.4 and 2. [Sabah M.J. Ali, 2007, Ali Raad, 2009] For
normal contact ratio gearing the number of meshing teeth alternates between one and two.

Figure (3.4b) shows a gear mesh with the driving pinion tooth on the left just coming into contact at point
(A) and the two teeth on the right in contact at point S. Notice that contact starts at point (A) the highest
point of contact on the gear tooth where the outside diameter of the gear crosses the line of action and
ends where the outside diameter of the pinion crosses the line of action at point (B) the lowest point of

contact on the gear tooth. in the figure is the length of contact line.
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Figure 3.4: Gear teeth action

The contact ratio, CR is calculated from: CR = 3.41
Where, AB is the length of line of action, and P is the base pitch.

In normal contact ratio gearing, the load is transmitted by single pair of teeth for part of the period of
engagement, and by two pair of teeth during rest of the period. Where as in the beginning of contact there
are two pair in contact continuing in meshing for a specified period then one of them goes out of contact,
and the other pair continues in meshing alone, until a new pair comes into action [Maitra G.M.,1997]. For
example a contact ratio of (1.6) means that in the beginning of the path of contact, there are two pairs
continuing in meshing 60% of the base circular pitch along the path of contact. Then one pair goes out of
contact and the other pair continues in meshing alone for the rest 40% of the base circular pitch, after this
a new other pair comes into contact. By this method the engagement will be repeated, as shown in figure
(3.6b).

Contact ratios for conventional gearing are generally in the range (1.4 – 1.6). The zone of action of
meshing gear teeth shown in Figure (3.5), that tooth contact begins and ends at the intersection points of
the two addendum circles with the pressure line (line of action). The distance along the line of action
between these points within the mesh is called the length of action . In Figure (3.5) initial contact

occurred at ends at . As shown in figure, the distance is called the arc of approach , and the

distance is the arc of recess . And the sum of these is the arc of action .

(b)(a)
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Figure 3.5: Approach and recess action

3.4.1 The Contact Ratio Analysis
Now, considering a situation in which the arc of action is exactly equal to the circular pitch , that is,= . This means that one tooth and its space will occupy the entire arc . In other words, when a

tooth is just beginning contact at , the previous tooth is simultaneously ending its contact at . Therefore

during the tooth action from to , there will be exactly one pair of teeth in contact. Next, considering a

situation in which the arc of action is greater, let = 1.6 . This means that when one pair of teeth is

just entering contact at , another pair, already in contact, will not yet have reached . Thus, for some

period of time, there will be two teeth in contact, one in the vicinity of and another near . As the

meshing proceeds, the pair near must cease contact, leaving only a single pair of contacting teeth, until

the procedure repeats itself. Because of the nature of this tooth action, since either one or two pairs of

teeth are in contact, it is convenient to define the term contact ratio as:

= 3.42
Where, qt is the arc of action. Note that this ratio is also equal to the length of the path of contact divided
by the base pitch. An easier way to obtain the contact ratio is to measure the line of action instead of

the arc distance . Since in Figure (3.5) is a tangent to the base circle when extended, the base

pitch must be used to calculate instead of the circular pitch [Shigley J.E., 2006], as in Equation

(3.41).

Referring to Figure (3.4b), the positions of the end points of the path of contact are then as follows
[Colbourne J.R. (1987)]:
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= − + ( ) − ( ) 3.43
= − ( ) − ( ) 3.44

Where, and are the base radii of pinion and gear and and are the outer radii of pinion and

gear respectively. Another useful equation to obtain the value of working pressure angle is:

cos( ) = + 3.45
Where, is the center distance

So, = − 3.46
= ( ) − ( ) + ( ) − ( ) − ( + )

or = ( ) − ( ) + ( ) − ( ) − ( + )
By substituting in equation (3.34), CR can be written as:

= 1 ( ) − ( ) + ( ) − ( ) − ( + ) 3.47
But substituting = 2 ∗ / , = + , = , equation (3.47) will become:

= ( + ) − ( )cos ( ) + ( + ) − ( ) − ( + ) ( )cos ( )
Where

and : are the operating pitch radius of the pinion and gear respectively,

: is the operating pressure angle;

: is the module and is the addendum (based on the operating pitch radius) which is equal to one

module for standard gears.
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From above equations the value of contact ratio must be greater than (1.0) provided the length of path of

contact is greater than base pitch ( ). The operation of the gears is impossible unless the value of ( )

is at least (1.0) and in general the higher value of makes the gear pair runs smoothly. However, for

spur gears a contact ratio of at least (1.4) is generally recommended. Referring to Figure (3.5) the angle

corresponding to the arc of action or to the length of path of contact can be found by calculating the angle
of approach and the angle of recess. Where the angle of approach is given by [Colbourne J.R., (1987)]:

= − 3.48
The angle of recess is: = 3.49
So, the rolls angle (the angle corresponding to the arc of action or to the length of path of contact) from

the first point of contact to the last point of contact of one pair of teeth at contact operation is:= + 3.50

(a) (b)
Figure 3.6: Loading along the path of contact for contact ratio of 1.6

3.4.2 Design for Variable Contact Ratio Gear Pair
As it is defined above, contact ratio of a gear pair is the average number of teeth in contact during the
course of engagement. [M. Rameshkumar, et al, and 2010] the contact ratio of the gear pair plays an
important role in increasing the load carrying capacity of gears.
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The contact ratio ( ) for any gear pair is given by equation (3.51)

= ( ) ( )( ) + ( ) ( ) ( ) ( )( ) 3.51
Where

, and : is the operating pitch radius of the pinion and gear respectively

: is the operating pressure angle;

: is the module and is the addendum (based on the operating pitch radius) which is equal to one

module for standard gears.

High contact ratio can be achieved by different ways namely: [M. Rameshkumar, 2010]

 Increasing the number of teeth;

 Lowering the pressure angle;

 Increasing the addendum factor.

Increasing contact ratio is possible with respect to above parameters. [Durmus Gunay, 1996] Modifying
the pressure angle and number of teeth can increase the contact ratio of the gear pair; but, they have
disadvantage during production need for special cutting tools. In this study in order to achieve variable
contact ratio for a gear pair with identical module, center distance, gear ratio and pressure angle the
addendum factor of the gear pairs is increased from a standard 0.95 to 1.2. The contact ratios versus
addendum factor of gear pair are calculated using a Matlab code and tabulated in figure (3.7) and table
(3.1).

Figure 3.7: Contact ratio versus addendum factor
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Table 3.1: Contact ratio
No Addendum factor,  Ya

Addendum, a=m*Ya,
for m=2.5 is module Contact ratio, CR

1 0.95 2.375 1.614
2 1.00 2.500 1.6985
3 1.05 2.625 1.7829
4 1.10 2.750 1.8673
5 1.15 2.875 1.9516
6 1.20 3.000 2.0359

3.5 Teeth Pair Load Sharing
The pinion tooth diagram shown in figure (3.6a) is marked in to 7 different alphabetical points on the right

side to show how the teeth pairs come in to contact when they pass the meshing zone. This was taken
from [Sabah M.J, 2007] experience. In figure (3.6b) the points are located along the line of action within
the interval of length of action, .  Considering contact ration 1.4 and above, the initial contact point for

a pinion tooth with the gear tooth is point ‘ ’, and simultaneously for the second tooth of the same pinion,

which is already in mesh will be at point ‘ ’. In other words, the first point of action ‘ ’ which is located on

the first meshing tooth is associated with point ‘ ’ which is located on the second meshing tooth of the

same pinion. Therefore the load will be shared between these two points, similarly points ‘ ’ and ‘ ’, also‘ ’ and ‘ ’ will have simultaneous action. Then point ‘ ’ will goes out of contact, therefore the full load will

be applied starting from point ‘ ’, through point ‘ ’ until the contact being at point ‘ ’, then a new meshing

tooth comes in to contact.

In normal contact ratio gearing, and when a single pair of teeth is engaged, this pair transmits the full load
or the full load is then applied on the one meshing tooth only. Almost, critical conditions (for maximum
generated contact stresses) occur in the one pair contact zone. When double pairs of teeth are engaged,
the transmitted load will be divided between two meshing teeth. Practically the load is not divided fairly;
load sharing depends on contact ratio value and stiffness of meshing tooth at point of application of load
[Elkholy A.H., 1985]. In figure 3.8, the load sharing is drawn against the path of contact for normal contact
ratio sharing.
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Figure 3.8: Teeth pair load sharing

3.5.1 Transmitted Load
Gears are used to transmit mechanical power and this requires applying mechanical torque that can be
calculated as following

= 3.52
Then the normal load applied on meshing teeth can be found as following

= cos(ϕ) 3.53
The stress analysis problem in this study is assumed as a plane elastic problem, since the applied
transmitted load is assumed to be distributed uniformly across the width, of the meshing tooth.
Therefore the load had been depended per unit width of tooth as following:

= 3.54
Thus the radial component ( ) of the normal load will be= cos(ϕ) = (ϕ) 3.55
As explained earlier, when the contact ratio changes, the path of contact and the load sharing will be
changed too. To explain how to determine the location of the critical load and the angular position of the
meshing tooth for each case of contact ratio, see figure (3.8). As mentioned previously, the highest stress
which leads to pitting occurs at the critical loading position. Therefore meshing from point ‘ ’ to point ‘ ’
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causes full applied loading on the tooth face in contact that leads to a maximum generated stresses near
to and at the pitch circle area. Hence, the load applied on between these points is the critical load. That
means either of these points is called the highest point of single tooth contact (HPSTC) since meshing at
the point creates the largest possible fatigue contact stress with single tooth contact whenever contact
ratio of the paired gearing is below 2.

However, when the contact ratio is being 2 the load sharing of the paired gear teeth will be different from
what is discussed above. For this reason the load sharing at point ‘ ’, which is critical position for this

case, will be less than the full load of the total transmitted load but when we go far from it the sharing may

not be the same. Hence normal force will be less than of its value in eq. (3.53).

3.6 Involute Spur Gear Geometry
The definition of an involute is the spiraling curve traced by the end of an imaginary taut string unwinding
itself from a stationary circle called base circle. The majority of spur gears used in industrial machinery are
gears with involute tooth profile. The popularity of the involute tooth profiles derived from many of its
advantages, such as simplicity of design and ease of use [R.S. Khurmi, et al., 2005]. In connection with
toothed wheels, the circle at which the involute curve generated is the base circle. To generate the profile
is required to provide the diametral pitch, pitch diameter, pressure angle and number of divisions that are
desired in the profile. This allows convenient control of the tooth geometry.

3.6.1 Involute and Evolute (Spur Gear Teeth Profile)
Consider that a planar curve is given Figure (3.9a). Segments ( = 1, 2, . . . , ) represent the

curvature radii of curve at points , where is the curvature center. The locus of curvature centers

is the evolute to curve . The main features of , evolute to curve , are as follows:

 The normal at point of curve is the tangent to the evolute .

 The evolute to a regular curve is the envelope to the family of normals to .

Considering as given, we may determine the involute for as the result of development of . Let us

imagine an inextensible thread that is wrapped on curve . Point of the thread will trace out the

involute while the thread is wound on and off.
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Consider the particular case when the evolute is a circle. The involute for such a case is the tooth

profile for a spur gear. The evolute, the circle of radius Figure (3.9b) is called the base circle. Two

branches of an involute curve are shown in Figure (3.9b). They are generated by point of the straight

line that rolls over the base circle clockwise and counterclockwise, respectively. Each branch represents
its respective side of the tooth figure (3.10).

Figure 3.9: Geometry of Involute curves: (a) involute and evolute, (b) for derivation of the equation of involute
curves

The analytical representation of an involute curve is based on the following considerations Figure (3.9b).

(i)  A current point of the involute curve is determined by the vector equation= + 3.56
Where = [ ] 3.57= [− ] 3.57

(ii) Due to rolling without sliding, we have = = 3.58
Here, is the angle of rotation in rolling motion.

(iii) Equations (3.56) to (3.59) yield = ( − ) 3.59

(a) (b)
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= ( + ) 3.59

Figure 3.10: Two branches of an involute curves

3.6.2 Theoretical (AGMA) Results
Six different contact ratio gearing has obtained in section (3.4.2) for the model shown in figure (4.2).
According the AGMA gear formulas, equation (3.37) to (3.40) the results of critical point (discussed in
chapter 5) of the six different contact ratio gearing are tabulated in the tables below for the spur gear with
parameters described in table (4.1). In table (3.2) pitting resistance and in table (3.3) stress cycle factor
number of load cycles and safety factor for pitting results are tabulated.

Table 3.2: Pitting resistance
Contact Ratio Critical loading operating

diameter of pinion [mm]
Transmitted
tangential load, [N]

Pitting resistance
(Contact Stress) [MPa]

2.0 57.50 588.7N 5.57037E+08
1.9516 57.50 817.39N 6.56374E+08
1.8673 57.33 872.14N 6.79005E+08
1.7829 57.12 875.35N 6.81503E+08
1.6985 56.92 878.43N 6.83899E+08
1.614 56.73 881.37 6.86189E+08

Table 3.3: Stress cycle factor and Safety factor for pitting
Contact Ratio Stress cycle factor

for pitting resistance
No of load cycles
expected by pitting

Hours of expected
fatigue life time

Safety factor
for pitting

2.00 0.813475441 3.98904E+08 110806.6491 37.94748257
1.9516 0.958544078 2.12928E+07 5914.654131 2.025566483
1.8673 0.991593069 1.16238E+07 3228.845883 1.105769138
1.7829 0.99524068 1.08861E+07 3023.929482 1.035592288
1.6985 0.998740094 1.02248E+07 2840.212604 0.972675549
1.614 1.002083914 9.63234E+06 2675.650045 0.916318509
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CHAPTER FOUR
4 FINITE ELEMENT ANALYSES
A new method, Finite Element Analysis (FEA) is used extensively nowadays for calculations of the
strength and deflections of mechanical engineering components including gear teeth. Once these
techniques were only used by big companies due to their complexity and price, but with the development
of computer technology they have become more and more accessible to small gear companies, which are
the majority of participants in the market [Vanyo Kirov, 2011].

[Faydor L. et al., 2004] discussed that the finite element analysis allows us to perform; stress analysis,
investigation of formation of gear contact, detection of severe areas of contact stresses inside the cycle of
meshing. The contact conditions are sensitive to the geometry of the contacting surfaces, which means
that the finite element mesh near the contact zone needs to be highly refined. Finer meshing generally
leads to a more accurate solution, but requires more time and system resources [P. Kumar, 2009]. It is
recommended not to have a fine mesh everywhere in the model to reduce the computational
requirements.

To perform this application, developing of finite element mesh of the gear drive, defining the contact
surfaces of the teeth pair and establishing the boundary conditions of the loading of the gear drive are
carried out before the analysis is performed in ANSYS 14. This procedure is deployed to generate the
finite element model as seen in figure (4.1) after the 3D model generated in CATIA V5R16 and assembled
in Solid Works 10 is imported to ANSYS 14.0.

Figure 4.1: Meshed spur gear teeth pair
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A free and mapped meshing capability of ANSYS Workbench is employed to generate the finite element
mesh. Refinement in the contact region is performed using contact sizing option. Then, the meshing
performed to generate the finite elements. The finite element mesh is generated in such a way that to
decrease element size at the contact region (maximum stress region), increase the size of the elements
when moving away from the contact region, so that there will be, More number of small size elements in
the contact region and less number of elements in low stress regions respectively to reduce the
computation time and computer memory requirement, within reasonable accuracy.

4.1 Generation of Spur Gear
The spur gear pair with the properties given in table (4.1) is chosen to model the problem at hand. Using
these parameters and the involute curve equations (3.59a, and 3.59b), the solid models created in CATIA
V5R16. In order to generate involute profile in CATIA, five key points are created in the range of
Dedendum and Addendum circle radii representing the involute profile using equation (3.59a, and 3.59b).
These points represent radii values in the range of Dedendum and Addendum circle. All these radii values
are connected with spline, in generative shape design modeler. Once the involute shape is generated, by
using extrapolation, reflection, and array command the 3D model is developed. Then the 3D model is
imported to Solid Works 10 for assembling, and after that it is imported to ANSYS workbench for the
purpose of finite element analysis. However, to minimize computation time, only a three pairs of meshed
teeth model is imported to ANSYS Workbench 14.0 to carry out the analysis.

Table 4.1: Spur Gear Parameters
Parameters pinion gear
Module, m [mm] 2.5 2.5
Pressure angle, [deg] 20 20
Number of teeth, z 23 45
Face width, b [mm] 10 10
Pitch circle diameter, D [mm] 57.5 112.5
Materiality Chromium-molybdenum

alloy steel (SCM 420)
Chromium-molybdenum

alloy steel (SCM 420)
Modules of elastic [GPa] 206 206
Poisson’s ratio 0.3 0.3
Applied torque [Nm] 25
Center distance [mm] 85
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Figure 4.2: Meshed Spur Gear

4.2 ANSYS Contact Models
ANSYS supports five contact models: node-to-node, node-to-surface, surface-to-surface, line-to-line, and
line-to-surface. But in general, there are three basic types of contact modeling application as far as
ANSYS use is concerned [ANSYS V14.0, 2011]. Each type of model uses a different set of ANSYS
contact elements and is appropriate for specific types of problems.

1) Point-to-point contact: the exact location of contact should be known beforehand. These types of
contact problems usually only allow small amounts of relative sliding deformation between contact
surfaces.

2) Point-to-surface contact: the exact location of the contacting area may not be known beforehand.
These types of contact problems allow large amounts of deformation and relative sliding. Also,
opposing meshes do not have to have the same discretisation or a compatible mesh.3) Surface-to-surface contact is typically used to model surface-to-surface contact applications. The
finite element model recognizes possible contact pairs by the presence of specific contact elements.
These contact elements are overlaid on the parts of the model that are being analyzed for interaction.
In this study two faces of the contacted teeth pairs are taken to employee the surface-to-surface

contact.
4.2.1 Surface-to-Surface Contact Elements
There are many types of contact problems that may be encountered, including contact stress, dynamic
impacts, metal forming, bolted joints, crash dynamics, assemblies of components with interference fits,
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etc. All of these contact problems, as well as other types of contact analysis, can be split into two general
classes (ANSYS),

1. Rigid - to - flexible bodies in contact,
2. Flexible - to - flexible bodies in contact

In rigid - to - flexible contact problems, one or more of the contacting surfaces are treated as being rigid
material, which has a much higher stiffness relative to the deformable body it contacts. Many metal
forming problems fall into this category. Flexible-to-flexible is where both contacting bodies are
deformable. Examples of a flexible-to-flexible analysis include gears in mesh, bolted joints, and
interference fits.

ANSYS supports both rigid-to-flexible and flexible-to-flexible surface-to-surface contact elements. These
contact elements use a "target surface" and a "contact surface" to form a contact pair.

In problems involving contact between two boundaries, one of the boundaries is conventionally
established as the "target" surface, and the other as the "contact" surface. For rigid-flexible contact, the
target surface is always the rigid surface, and the contact surface is the deformable surface. For flexible-
to-flexible contact, both contact and target surfaces are associated with the deformable bodies. These two
surfaces together comprise the "contact pair." For 3-D contact pairs, TARGE170 with CONTA174 are
used for the surfaces in contact. Each contact pair is identified via the same real constant number. To
create a contact pair, the same real constant number to both the target and contact elements is assigned
as per the software command permits.

Contact elements are constrained against penetrating the target surface. However, target elements can
penetrate through the contact surface. For rigid-to-flexible contact, the designation is obvious: the target
surface is always the rigid surface and the contact surface is always the deformable surface. For flexible-
to-flexible contact, the choice of which surface is designated contact or target can cause a different
amount of penetration and thus affect the solution accuracy. To maintain the accuracy of solution the
following guidelines are considered when designating the surfaces:
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 If a convex surface is expected to come into contact with a flat or concave surface, the
flat/concave surface should be the target surface.

 If one surface has a fine surface mesh and, in comparison, the other has a coarse mesh, the fine
mesh should be the contact surface and the coarse mesh should be the target surface.

 If one surface is stiffer than the other, the softer surface should be the contact surface and the
stiffer surface should be the target surface.

 If higher-order elements underlie one of the external surfaces and lower-order elements underlie
the other surface, the surface with the underlying higher-order elements should be the contact
surface and the other surface should be the target. However, for 3-D node-to-surface contact, the
lower-order elements should be the contact surface. The higher-order elements should be the
target surface.

 If one surface is markedly larger than the other surface, such as in the instance where one
surface surrounds the other surface, the larger surface should be the target surface.

4.2.2 ANSYS Contact Algorism
Various algorithmic procedures have been proposed to solve contact problems in finite element analysis.
Most of these procedures are based on penalty and Lagrange multiplier techniques, for enforcing the
contact constraints. ANSYS uses four different contact algorithms: pure penalty method, Augmented
Lagrangian method, Pure Lagrangian multiplier method and Lagrangian multiplier on contact normal and
penalty on frictional direction and for the study in hand the Augmented Lagrangian method is applied.

The augmented Lagrangian method is an iterative series of penalty updates to find the Lagrange
multipliers (i.e., contact tractions). Compared to the penalty method, the augmented Lagrangian method
usually leads to better conditioning and is less sensitive to the magnitude of the contact stiffness
coefficient. However, in some analyses, the augmented Lagrangian method may require additional
iterations, especially if the deformed mesh becomes excessively distorted. The contact pressure is
defined by:

= 0 > 0+ ≤ 0
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Where = + | | >+ | | ≤
= compatibility tolerance (input as FTOLN)

 FTOLN is a factor based on the thickness of the element which is used to calculate allowable
penetration.

= Lagrange multiplier component at iteration

The Lagrange multiplier component is computed locally (for each element) and iteratively.

4.2.3 The Employed ANSYS Analysis Steps
To come up the final result different steps are used, starting from modeling the spur gear in CATIA to
stress analysis of the model in ANSYS workbench. Although the steps used are many, to make general
summary they are classified into five as discussed below. [Solomon, 2011] has utilized similar steps in his
study.

a. The model is generated using the equations of involute profile for spur gear tooth, (for both the pinion
and the gear), in CATIA V5R16. Then, after assembling the model in Solid Works 10, three pairs of
gear teeth is imported in to ANSYS Workbench 14.0 as working model. As discussed earlier the
involute curve is generated using equations (3.59a and 3.59b), so as the loss of accuracy associated
with development of solid models using computer aided design programs is minimized.

b. Modules for automatic generation of finite element models are integrated into the model in ANSYS
Workbench version 14.0, static structural analysis system. Then, the generation of finite element
models is accomplished for the cycle of meshing.

c. Define material properties which are necessary to solve the problem. Here the gear material is
16MnCr5 and the required material properties for this analysis are only Modulus of elasticity, Poison's
Ratio and Density. The Modulus of elasticity of 16MnCr5 is 206 GPa. The Poison's Ratio of 16MnCr5
is 0.3. The Density of 16MnCr5 is 7850 kg/m3.d. To get the contact stresses the contact wizard is used in ANSYS Workbench. The contact algorithm in
ANSYS Workbench computer program requires definition of contacting surface. To define a contact
pair completely, contact and target element are referred to same characteristic parameters as
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CONTA174 and target170. Then, augmented Lagrangian method contact algorithm, with frictionless
contact is used.

Figure 4.3: The Boundary Conditions of the Paired Spur Gear Teeth: (a) Gear, (b) Pinion

e. The boundary conditions for gear and pinion is performed as follows: Nodes on the sides and bottom
part of the rim portion of the gear are considered as fixed support Figure (4.2a). Nodes on the two
sides and bottom part of the rim portion of the pinion built as rigid remote displacement Figure (4.2b).

Rigid  surfaces  are  three-dimensional  geometric  structures  that  cannot  be  deformed  but  can
perform  translation  or  rotation  as  rigid  bodies.  The rigid body reference node is located on the pinion
axis of rotation with all degrees of freedom fixed to zero, except the rotation around the axis of rotation of
the pinion. The torque is applied directly to the remaining degree of freedom of the rigid body reference
node, see figure (5.1a).

Fixes
suppor
t

Remote
displacement
(Rotation)

Target Contact

a b
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CHAPTER FIVE
5 RESULT AND DISCUSSION
5.1 Estimation of Percentage Load SharingEach Gear is meshed at center distance of 85 mm, where the pitch diameter of pinion andgear become tangent to each other. Six models which have different contact ratio aretaken for analysis. Each gear is rotated as a rigid body according to the gear ratio to obtainthe different properties of the meshed spur gear teeth pair during the powertransmission. The solution is repeated for each contact ratios of the spur gears rotatedwith same amount of angular increment according to the gear ratios. The six models arewith the same gear ratio for they are with the same pitch diameter, number of teeth butdifferent contact ratio due to different addendum factor (contact ratio is directlyproportional with addendum factor).Approximately 15 angular increments with 1.5 degree steps are used for this analysis andthe analysis is carried out with the help of the ANSYS Workbench. Load sharing ratio, thecontact stress and other properties are obtained for all the gear mesh positions. The nodalforces at each node of the contact element are obtained from the ANSYS workbench postprocessing for each individual meshed gear tooth of the pinion during application of load.By this methodology, the percentages of load sharing between a pair of teeth areestimated for all the gear pairs throughout the path of contact.Accordingly, the maximum percentages of load shared by the individual teeth for thenormal contact ratio gears are estimated for the entire path of contact. The individualtooth loads have been determined by comparing the total normal load to the sum of thenormal loads contributed by each pair of contact equally. For each contact ratios the loadsharing percentage of the pinion spur gear tooth versus to radial rotation angle is shownon the figures (5.2) to (5.7).
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5.2 Load Sharing ComparisonIt is observed from the section (3.7.1) that for the Normal Contact Ratio, < 2 gearingthe maximum load of 100% is taken by the single tooth at the HPSTC point (Highest pointof single tooth contact) and at the tip of teeth only 40.2% load is shared for the contactratio of 1.614 gear pair. In this case there is double teeth and single tooth engagementinterchange during the course of power transition. Therefore the maximum load isapplied during the single tooth contact which leads for maximum pitting nearby and at thepitch circle. However, for the High Contact Ratio (contact ratio of 2) gearing the maximumload of 67.7% load is taken at the FLPDTC (First lowest point of double tooth contact)which is right at the pitch circle and only 33.7% load is shared at the tip of the teethduring the course of engagement. In the study in hand for the contact ratio below two themaximum load (100% of full load) is applied near and at the pitch circle, and for thecontact ratio of two the maximum load applied is about 67.7% of the full load.Load sharing ratios in terms of percentage load shared from root to tip of a particulartooth of normal contact ratio gearing 23/45 are shown in the Figures listed from figure(5.2) to (5.7). The load sharing ratio is plotted with respect to rotation angle for a singletooth of the 23 gear tooth from root to tip which corresponds to a radial rotation angle ofthe pinion gear.In the contact ratio of 1.614 gearing as shown in figure (5.2) for percentage load sharingthe corresponding rotation angle is between 2.25 deg (tip) and 20.43 deg (root).As it is shown in figure (5.2) the double tooth contact range is from 2.25 deg to 9.05 degand from 14.25 deg to 20.43 deg while the single tooth contact band starts from 9.05 degand ends at 14.25 deg. The maximum and minimum percentage of load shared in thedouble tooth contact bands are 59.98% and 40.2% respectively, which is gradual rate ofincrease. In the entire range of the single tooth contact, 100% load is carried by the singletooth despite the load between the rotations 9.05 deg and 9.75 deg suddenly increasesfrom 59.98 to 100% during the change over from double tooth to single tooth. Similarly
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between the rotations 13.55 deg and 14.25 deg the sharing suddenly decreases from100% to 60% of the full load in view of single to two teeth contact and the load sharingratio decreases gradually towards root. This phenomenon is common to any tooth of the23 teeth gear which is in contact.

(a) (b)
Figure 5.1: Applied Torque and Reaction force: (a) Torque applied on pinion, (b) Reaction force applied on pinion

tooth from gear tooth

Figure 5.2: load sharing of 23/45 Teeth of Contact Ratio 1.614In the case of 1.6985 contact ratio gearing the corresponding rotation angle for loadsharing is between 1.76 deg (tip) and 20.92 deg (root).As it is shown figure (5.3) the double tooth contact range is from 1.76 deg to 9.55 deg andfrom 13.76 deg to 20.92 deg while the single tooth contact range starts from 9.55 deg andends at 13.76 deg. The maximum and minimum percentage of load shared in the double
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tooth contact bands are 61.35% and 38.77% respectively. In the entire range of the singletooth contact, 100% load is taken by the single tooth except at the margins, 9.55 deg and13.76 deg in which the load suddenly increase and decrease respectively.

Figure 5.3: load sharing of 23/45 Teeth of Contact Ratio 1.6985In the case of 1.7829 contact ratio gearing the corresponding rotation angle for loadsharing is between 1.27 deg (tip) and 21.42 deg (root).As it is shown figure (5.4) the double tooth contact group is from 1.27 deg to 10.04 degand from 13.27 deg to 21.42 deg while the single tooth contact range starts from 10.04deg and ends at 13.27 deg. The maximum and minimum percentage of load shared in thedouble tooth contact bands are 62.88% and 37.33% respectively. In the entire range ofthe single tooth contact, 100% load is taken by the single tooth.

Figure 5.4: load sharing of 23/45 Teeth of Contact Ratio 1.7829

AAiT-2013 47

tooth contact bands are 61.35% and 38.77% respectively. In the entire range of the singletooth contact, 100% load is taken by the single tooth except at the margins, 9.55 deg and13.76 deg in which the load suddenly increase and decrease respectively.

Figure 5.3: load sharing of 23/45 Teeth of Contact Ratio 1.6985In the case of 1.7829 contact ratio gearing the corresponding rotation angle for loadsharing is between 1.27 deg (tip) and 21.42 deg (root).As it is shown figure (5.4) the double tooth contact group is from 1.27 deg to 10.04 degand from 13.27 deg to 21.42 deg while the single tooth contact range starts from 10.04deg and ends at 13.27 deg. The maximum and minimum percentage of load shared in thedouble tooth contact bands are 62.88% and 37.33% respectively. In the entire range ofthe single tooth contact, 100% load is taken by the single tooth.

Figure 5.4: load sharing of 23/45 Teeth of Contact Ratio 1.7829

AAiT-2013 47

tooth contact bands are 61.35% and 38.77% respectively. In the entire range of the singletooth contact, 100% load is taken by the single tooth except at the margins, 9.55 deg and13.76 deg in which the load suddenly increase and decrease respectively.

Figure 5.3: load sharing of 23/45 Teeth of Contact Ratio 1.6985In the case of 1.7829 contact ratio gearing the corresponding rotation angle for loadsharing is between 1.27 deg (tip) and 21.42 deg (root).As it is shown figure (5.4) the double tooth contact group is from 1.27 deg to 10.04 degand from 13.27 deg to 21.42 deg while the single tooth contact range starts from 10.04deg and ends at 13.27 deg. The maximum and minimum percentage of load shared in thedouble tooth contact bands are 62.88% and 37.33% respectively. In the entire range ofthe single tooth contact, 100% load is taken by the single tooth.

Figure 5.4: load sharing of 23/45 Teeth of Contact Ratio 1.7829



AAiT-2013 48

When the 1.8673 contact ratio gearing is considered the corresponding rotation angle forload sharing becomes between 0.77 deg (tip) and 21.91 deg (root).For this case as shown figure (5.5) the double tooth contact group is from 0.77 deg to10.53 deg and from 12.78 deg to 21.91 deg while the single tooth contact range startsfrom 10.53 deg and ends at 12.78 deg. The maximum and minimum percentage of loadshared in the double tooth contact bands are 64.32% and 35.89% respectively. Where asin the entire range of the single tooth contact, 100% load is taken by the single tooth.

Figure 5.5: load sharing of 23/45 Teeth of Contact Ratio 1.8673When the 1.9561 contact ratio gearing is considered the corresponding rotation angle forload sharing becomes between 0.28 deg (tip) and 22.40 deg (root).For this case as shown figure (5.6), the double tooth contact group is from 0.28 deg to11.02 deg and from 12.29 deg to 22.40 deg while the single tooth contact range startsfrom 11.02 deg and ends at 12.29 deg. The maximum and minimum percentage of loadshared in the double tooth contact bands are 65.75% and 34.46% respectively. Where asin the entire range of the single tooth contact, in the range between the rotation 11.02 degto 11.65 deg shows sudden increase from 65.75% to 94%, similarly between 11.65 deg to12.29 deg shows sudden decrease from 94% to 65.75% of the full load.
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Figure 5.6: load sharing of 23/45 Teeth of Contact Ratio 1.9561When the 2.00 contact ratio gearing is considered the corresponding rotation angle forload sharing becomes between 0.0 deg (tip) and 22.68 deg (root).It can be seen from the graph (fig. 5.7) that the double tooth contact band is throughoutthe entire engagement, which is from 0.00 deg to 22.68 deg. The maximum and minimumpercentage loads shared in the entire double tooth contact range are 67.66% and 33.74%respectively.

Figure 5.7: load sharing of 23/45 Teeth of Contact Ratio 2.00

5.3 Comparison of Vonmises StressAs described in section (5.1) the maximum load which causes the higher stress on thetooth in mesh of the different gearing is on the regions, at which the single tooth carries100% of the full load during power transmission. In this study, the Vonmises stress at themeshes was calculated based on the tooth load distributed on a unit contact area of thetooth surface. A reduction in the load sharing happens due to the increase of theaddendum factor and the number of double teeth contact region, resulting in a lesser Von
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Mises stress. The variation of VonMises stress on the 23 tooth normal contact ratio gear asshown in figures (5.9) resemble the load sharing behavior.For instance if we take the 1.614 contact ratio gearing figure (5.9a), the stress varies from227.59 MPa at the tip to 288.94 MPa at the start of single tooth contact, corresponding to9.05 degrees, then after sudden increase to 374.75 MPa at the 9.75 degree rotation, thestress maintains to increase to 382.79 MPa till the rotation comes to 13.55 degree, thenthe stress goes to sudden decrease at the end of single pair teeth contact  to 297.23 MPa at14.25 degrees rotation and gradually decreases to 246.72 MPa at the root part of theteeth, in a manner similar to the load sharing pattern.When the contact ratio comes to 2.00 gearing figure (5.9f) the maximum stress on theteeth is 311.80 MPa corresponding to 11.65 deg which is at the pitch circle. At the tip androot part of teeth the stress goes decreasing to 207.58 MPa and 229.79 MPa respectively.In general, the load carrying capacity of the teeth increases with increasing the contactratio of the gear. As a result the Von-mises stress is lower for the higher contact ratiogearing. However When the contact ratio is changed from (1.9) to (2.0), the decrease of

stresses was more than the decrease of stresses when the contact ratio is changed between

any two other successive cases.

(a) (b)
Figure 5.8: Von Mises stress distribution: (a) Single pair teeth contact, (b) Double pair teeth contact
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(a)                                                                                             (b)

(c) (d)

(e) (f)
Figure 5.9: Von Mises stress of 23/45 teeth of different contact ratio gearing: (a) CR=1.614, (b) CR=1.6985, (c)

CR=1.7829, (d) CR=1.8673, (e) CR=1.9561, (f) CR=2.00
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5.4 Critical Point Contact Stress
When the contact ratio changes, the path of contact and the load sharing will be changed too.

As explained earlier the load sharing which leads to critical loading is with in the higher load

sharing region. To explain how to determine the location of the critical stress and the angular

position of the meshing tooth for each case of contact ratio, see figure (3.6).

For comparison the contact stress variasion at the two ranges at which single tooth loading begines and
ends ( line “c” and “e” respectively) for the different contact ratio gearing is shown in figure (5.11). The
contact stress at line “c” for the least contact ratio gearing (CR= 1.614) is 666.904 MPa and at line “e” is
686.189 MPa, in addition if we observe for the rest contact ratio gearing the maximum stress is at line “e”,
untill the CR becomes greater and equal to 1.9561. It is clear that the meshing at line “e” with full applied
load on meshing tooth, leads to a maximum generated  stresses  in  contact  area,  hence  the  load
applied  on  point  “e”  is  the  critical load. Meshing at point “e” creates the largest possible contact stress
with single pair of teeth contact; so that point “e” is called the highest point of single tooth contact.

The space between the two points (“c” and “e”) becomes smaller as the contact ratio of the gears goes
larger untill contact ratio of 1.95, figure (3.6). Beyond contact ratio 1.95 gearing the two points are merged
with point “d” (pitch circle). This means single pair of teeth mesh is eliminated and every contact will be
between two pairs of teeth as result the load will be shared between them.

Figure 5.10: Contact Pressure distribution
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Figure 5.11: Contact stress versus Contact Ratio at line “e” and “c”

To determine location of line “e”  on  the  path  of  contact,  (S)  must  be  calculated, so that
the  angular  position  of meshing tooth can be measured by angle, as shown in table (5.1).

Table 5.1: Rotation angle
Case no Contact ratio S of line e from line g rotation angle from

S= (CR-1)*Pb [mm] tooth tip [deg]
1 1.614 4.53 13.55
2 1.6985 5.16 13.06
3 1.7829 5.78 12.57
4 1.8673 6.40 12.08
5 1.9561 7.06 11.65
6 2.0 7.38 11.65

5.5 Comparison of Theoretical (AGMA) and ANSYS (FEA) results
The theoretical (AGMA) and ANSYS Contact stress (pitting resistance) results difference for the

different contact ratio gearing is shown in figure (5.12). Eventhough FEA is superior to AGMA

and can be used extensively to solve different mechanical problem, it is necessary to

remember that FEA has its inherent errors, and the AGMA calculations are based on empirical

and proven by field experiments [Vanyo Kirov, 2011]. The results calculated from AGMA

(equation) and solved in ANSYS Workbench at the critical line of contact of the pinion tooth

(line “e”) show a difference between 1.57% and 2.38% in contact stress, the AGMA result is

higher than the ANSYS one.
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Table 5.2: Contact stress between AGMA and ANSYS

Contact operating
diameter of
pinion, [mm]

ANSYS Workbench
(FEA) result 0f contact
stress, [MPa]

Analytical (AGMA)
result of contact
stress, [MPa]

Contact
Ratio, CR

Error in
percent, [%]

2.0 57.50 545.342 557.037 1.57
1.9516 57.50 642.594 656.374 1.95
1.8673 57.33 664.749 679.005 2.1
1.7829 57.12 667.195 681.503 2.19
1.6985 56.92 669.541 683.899 2.27
1.614 56.73 671.782 686.189 2.38

Figure 5.12: Pitting resistance (contact stress) versus contact ratio

Based on the contact stress results of ANSYS and AGMA equations the relations discussed below are
analyzed. In figure (5.13a) the relation between stress cycle factor and contact ratio, then in figure (5.13b)
the relation between number of load cycles and stress cycle factor. On figure (5.14) and figure (5.15)
relation of safety factor and number of load cycles respectively with contact ratio are plotted.

(a) (b)
Figure 5.13: Stress cycle factor for pitting resistance and number of load cycles: (a) Stress cycle factor versus

contact ratio, (b) number of load cycles expected by pitting versus stress cycle factor for pitting
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The stress cycle factor is calculated from equation (3.38). As the contact ratio increases the

stress cycle factor value decreases as shown in figure (5.15). On the other hand the lower the

stress cycle factor the higher fatigue life of the gear teeth will have. This shows that stress

cycle factor is inversely proportional with the number of load cycles and safety factor, figure

(5.13b).

Figure 5.14: Safety factor for pitting resistance versus contact ratio

The relation of safety factor with the contact ratio is shown on the figure (5.14). The safety

factor is directely proportional with the contact ratio. When the CR increases, the safety factor

of the pinion tooth under mesh increases, for the same applied torque.

Figure 5.15: Number of load cycles expected by pitting versus contact ratio

The number of load cycles is determined from equation(3.40b). The number of cycles expected by the

pitting resistance shows slight increase for the single pair of teeth contact, until the contact ratio comes to
1.90, on the other hand for contact ratio above 1.90 it shows large increase. This is because of the load
sharing which is carried on the pair of teeth in mesh is similar at the higher point of single teeth contact
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(HPSTC) for the ranges available until CR=1.90. however; since load sharing of the tooth under mesh becomes
lower for the other conditions, (for the contact ratios above 1.90) the load cycle graph shows large increase, for
instance for CR of 2.00 it reaches above 108 cycles while for those below 1.9 is not more than 2(10^7) cylcle.

5.6 Fatigue Sensitivity and Fatigue Life
This  plot  shows  how  the  fatigue life results  change  as  a  function  of  the  loading  at  the  critical contact point
for the six contact ratio gearing models. The result on figure (5.16) and (5.17) show the fatigue life for non constant
loading (from 50% to 150% of the 25Nm applied torque). The graphs in figure (5.16) are directly obtained from
ANSYS workbench analysis results where as the one in figure (5.17) is obtained from exel word (to show how they
vary from each other) after extructing the results of ANSYS workbench (figures (5.16)).

(a) (b)

(c)                                                                                           (d)
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(e)                                                                                          (f)
Figure 5.16: fatigue sensitivity (available life cycles versus loading history): (a) for contact ratio = 1.614, (b) for

contact ratio = 1.6985, (c) for CR = 1.7829, (d) for CR= 1.8673, (e) for CR = 1.9516, (f) for CR = 2.0

The contact sensitivity (the available fatigue life cycle for different loading (other than 25Nm))

of the six different gearing is plotted in figure (5.17).

Figure 5.17: Path of Life cycle for six contact ratio gearing between 1.6 and 2.00 due to variable loading history

On the other hand, the contour plot represents the number of cycles at the critical contact

point until the part will fail due to fatigue. Figure (5.18) shows contour plot of the fatigue life

for each of the contact ratio gearing along the critical contact point. From the FEA

requirement in a constant amplitude analysis, if the alternating stress is lower than the lowest

alternating stress defined in the S-N curve, the life at that point is acceptable. Since the

loading is proportional, the critical fatigue location can be determined by looking on the set of

FEM results, figure (5.18).
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(a) (b)

(c)                                                                                           (d)

(e) (f)
Figure 5.17: Number of fatigue life: (a) for contact ratio = 1.614, (b) for contact ratio = 1.6985, (c) for contact ratio =

1.7829, (d) for contact ratio= 1.8673, (e) for CR = 1.9516, (f) for CR = 2.0
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In the present case, the higher the contact ratio will have the higher fatigue life before it

comes to fail in contact stress. The fatigue life for each of the considered models is shown in

the table (5.3) for the same applied torque, 25Nm.

Table 5.3: Number of fatigue life

Case No Contact ratio
Stress cycle factor for
pitting resistance, ZN

No of fatigue life, nLH

[106cycles]
1 2.0 0.7964 102.81

2 1.9516 0.9384 31.695

3 1.8673 0.9708 16.809

4 1.7829 0.9743 15.958

5 1.6985 0.9778 15.017

6 1.614 0.9811 14.099
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CHAPTER SIX

6 CONCLUSION AND RECOMMENDATION
In this thesis work, in order to make FEA analysis, 3D gear teeth modeling using CATIA is

developed then to create the different contact positions Solid Works software is used, finaly to

make the FEA analysis ANSYS Workbench is taken as a tool. Comparison of FEA result with

analytical method is done. The AGMA and FEA calculations give comparable results for the

contact stress (pitting resistance).

The stresses generated on spur gear teeth change with changing the contact ratio of gear. This

is because of the change in value, location and direction of load applied on involute tooth in

mesh to transmit power. The maximum percentage of load sharing occurs at the HPSTC line in

the case of a normal contact ratio gearing, CR < 2. The maximum contact stresses generated

at the critical load sharing position decreases with increasing the contact ratio. When the

contact ratio is changed from (1.9) to (2.0), the decrease of stresses was more than the

decrease of stresses when the contact ratio is changed between any two other successive

cases. This is because that the critical load is 68% of the transmitted load when (C.R=2.0). As a

result, failure in pitting of gear teeth is higher for lower contact ratio gearing. In other words,

The higher the contact ratio of the spur gear is the higher the resistance for pitting. Higher

contact ratio gearing is gained by modifying the addendum of spur gear teeth.

Finally, the obvious criteria for comparison among FEA and Analytical methods (AGMA) and

experimental techniques, are accuracy, cost and time. Therefore since the result obtained

from the FEA is comparable with the traditional one it is preferable to use FEA due to the vast

capability in solving mechanical problems where ever AGMA does not have similar methods.
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