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CHAPTER ONE  

   INTRODUCTION 

 
1.1 Overview 

Wireless communication has become an essential part of everyday 

communication for the last two decades. The growing acceptance and dependence on 

wireless communication has driven the need for higher data rates and stricter reliability 

requirements. To support emerging multimedia applications researchers must look for 

better ways of exploiting the limited radio spectrum while maintaining the quality of 

service required by users. For these and other requirements of the wireless 

communication systems Third generation (3G) wireless services are currently being 

deployed. While 3G networks outperform their second generation (2G) predecessors, 

they still may not be sufficient to meet the requirements for future high data rate 

applications like multimedia, video streaming, wireless teleconferencing and web 

browsing. Hence, there exists the need for a wireless network technology that improves 

3G throughput performance by one order of magnitude at least. Major requirements of 

future beyond third generation (B3G) and fourth generation (4G) wireless 

communication systems are thus higher user data rates, improved coverage and spectral 

efficiency, as well as enhanced user mobility. Low latency and improved radio link 

quality are also desired. The future trend is the convergence to all digital IP-based 

packet networks, with both voice and data capabilities. All those enhancements will 

allow bringing to mobile users Internet services and multimedia applications that 

consume lot of resources [2]. Recent developments suggest that the use of multiple 

transmit and receive antennas can significantly enhance the performance and reliability 

of a wireless communication system. Multiple input and multiple output (MIMO) 

systems take the advantage of spatial diversity obtained through spatially separated 

antennas in a dense multipath scattering environment [1]. Theoretical studies indicate 

that the capacity of MIMO systems grows linearly with the number of transmit 

antennas used. The multiple antennas configuration exploits the multipath effect to 

accomplish the additional spatial diversity. However, the multipath effect also causes 

the negative effect of frequency selectivity of the channel. Orthogonal Frequency 
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Division Multiplexing (OFDM) is a promising multi-carrier modulation scheme that 

shows high spectral efficiency and robustness to frequency selective channels. In 

OFDM, a frequency-selective channel is divided into a number of parallel frequency-

flat subchannels (narrowband channels), thereby reducing the receiver signal 

processing of the system. OFDM has been adopted in many wireless standards such as 

digital audio broadcasting (DAB) , digital video broadcasting (DVB) , HIPERLAN/2 , 

IEEE 802.11a wireless local area networks (WLAN) , IEEE 802.16a metropolitan area 

network (MAN) , and a potential candidate for fourth-generation (4G) mobile wireless 

systems. The combination of OFDM and MIMO is a promising technique to achieve 

high bandwidth efficiencies and system performance. In fact, MIMO-OFDM is being 

considered for the upcoming IEEE 802.11n standard, a developing standard for high 

data rate WLAN [2].  

 

1.2 Motivations 

MIMO-OFDM has the potential to meet the increasing high speed and reliability 

demands of the future. In order for this technology to truly succeed in commercial 

deployment there are still several technical obstacles that must be tackled A major 

impediment in MIMO-OFDM is the complicated receiver signal processing. For 

example, the complexity of a maximum likelihood detector increases exponentially 

with the number of transmit antennas. Spatial equalizers and space-time coding has 

been proposed to simplify the detection for MIMO-OFDM systems [3]. Note that 

coherent detection requires knowledge of the channel; therefore, accurate channel 

estimation is crucial in realizing the full potential of MIMO-OFDM. Channel 

estimation for OFDM has been well researched in literature. The extension of the 

results to MIMO-OFDM channel estimation is substantially more complicated. In a 

MIMO system, multiple channels have to be estimated simultaneously. The increased 

number of channel unknowns significantly increases the efficiency and computational 

complexity of the channel estimation algorithm. Previous works have investigated the 

problem of channel estimation in MIMO-OFDM [4].  The most common approach is 

training-based estimation, where a known pilot sequence is transmitted and used at the 

receiver to determine the channel. The least square (LS) approach and the minimum 
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mean square error (MMSE) approach are the usual methods for training-based 

estimation. The LS and MMSE solutions are relatively simple compared to other 

estimation techniques such as blind estimation. However, both solutions still require 

complex matrix inversions, which are undesirable in real time implementation. In [5], 

specific training sequences design and pilot placement patterns are used to obtain the 

channel frequency response (CFR) of the channel in attempt to reduce the estimation 

complexity. Note that the number of unknowns of the CFR is usually significantly 

greater than the number of unknowns in the channel impulse response (CIR), which the 

writer in the second reference (Timo Roman) also agrees. In [8], it is proven that 

computational complexity can be reduced by estimating the CIR as opposed to the 

CFR. The proposed solution reduces the number of unknowns to be solved, but the 

solution still requires a less complex, and efficient methods. In the thesis, the problem 

of tracking channel coefficients in MIMO-OFDM systems is addressed. The main 

objective of our research is to explore methods for reducing the complexity of the 

channel estimation for MIMO-OFDM and an efficient one. We propose the use of 

Kalman Filtering to solve for the channel unknowns. In using Kalman filtering we 

exploit many of its outstanding properties in dynamic systems or time-varying systems, 

which suit our system (see chapter four). Hence the channel estimation in MIMO-

OFDM system will be done in time domain.   

 

1.3 Thesis Contribution  

The main contribution of this thesis includes the following. 

• A Kalman filtering method is used for tracking of the channel and also MSE 

performance for a time domain MIMO-OFDM channel. High efficiency was 

achieved as compared to LS and MMSE estimators.  

• The Kalman filter based channel estimation was investigated for computational 

complexity and made open for researchers to work on complexity reduction with 

possible comment.  

• A less number of recursion to track the channels is also considered to be a merit for 

the thesis work. This is due to the modeling of the method with Gauss –Markov 

model and from the properties of Kalman filtering.  
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1.4 Thesis Outline 

In chapter 2, wireless communications channels will be dealt. The chapter also 

briefs about components of our system OFDM and MIMO systems. The important 

characteristics of these two systems will be emphasized which helps us to appreciate 

their capability of fulfilling the demands of wireless communication. Finally 

presentation of the complete MIMO-OFDM system model is presented. 

In chapter 3, literature survey of previous works on channel estimation for 

OFDM and MIMO-OFDM systems is presented. Estimation theories are discussed. 

Derivation of LS and MMSE estimators are also presented. These results are adapted to 

the OFDM and MIMO-OFDM channel estimation. Performance analysis will be done 

for LS and MMSE methods for estimating the CIR in the basis of MSE for MIMO-

OFDM systems and computational complexity analysis. 

In chapter 4, review of Kalman filtering is provided. The different kinds of 

Kalman filtering and their application are also presented. In addition the Gauss-Markov 

process is briefed along with the vector Kalman filtering equations. Properties of 

Kalman filtering (equations) and their applications to our system are discussed.  

In chapter 5, Kalman filtering channel estimation for MIMO-OFDM systems is 

presented. The assumptions and simulation parameters are also presented. The Kalman 

tracking of the channels in time domain are displayed. With this, we show the tracking 

capability of the Kalman filters. Comparison of the LS and MMSE estimators with 

Kalman filters in the sense of MSE is also shown computational complexity for Kalman 

filtering is also shown. 

In chapter 6, conclusion of the work is presented along with some possible 

future works suggestions to point out extensions of this research.   
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CHAPTER TWO 

BACKGROUND 

In this chapter, basic wireless channel propagation theory is provided. The impacts of 

small scale-fading, which our system will rely on, on wireless channel, are discussed.  In 

section 2.2 an introduction to MIMO system is given. In section 2.3 we discuss about 

fundamentals of OFDM modulation. Finally in section 2.4 system model for MIMO -

OFDM is described.  

   

2.1 Wireless Channel Properties 

  Signal multipath occurs when the transmitted signal arrives at the receiver via 

multiple propagation paths. Each of these paths may have a separate phase, attenuation, 

delay and Doppler frequency associated with it. This propagation paths places 

fundamental limitations on the performance of the wireless communication system 

because the transmitted signal travels through different paths and interact with objects in 

the environment. These interactions include reflection, refraction, diffraction, and 

scattering which cause attenuation and variations in the received signal power and phase 

shift of the transmitted signal.  Due to this random phase shift associated with each 

received signal, they might add up destructively, resulting a phenomenon called  

 

 

Figure 2.1: Multipath Effects in an Urban Scenario 
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fading [5]. The Doppler shift, which is the relative movement between the transmitter and 

the receiver, also impact the fading characteristics of the signal. 

  The effects of the wireless environment can be categorized as path loss or 

attenuation, large-scale (long-term fading), and small-scale (short-term) fading. 

 

2.1.1 Multipath Effect and Time Varying Nature of the Channel 

In this section we consider channels for time-variant multipath channels. Their 

characterization serves as a model for signal transmission over many radio channels. The 

time-variant impulse responses of these channels are a consequence of the constantly 

changing physical characteristics of the media. 

The multipath effect is a phenomenon that causes multiple versions of the transmitted 

signal to arrive at the receiver at different time delays. Reflecting objects and scatterers in 

the transmission environment generate multiple versions of the transmitted signal as 

shown in Figure (2.1). Each of the paths will have different characteristics, such as 

amplitude, phase, arrive time, and angle of arrival. The multiple signals may 

constructively or destructively add up at the receiver, thus creating the rapid fluctuations 

in the received signal envelope. When the signals add up constructively it will increase 

the signal power at the receiver, but destructive summation will cause fades in the 

received signal, which corresponds to the sudden drops in received power. Multipath 

does not only cause fluctuations in the received power, but it also affects the shape of the 

pulse as it is transmitted through the channel. The arrival of the multiple versions will 

broaden the transmitted signal. As illustrated in Figure (2.2), the transmitted signal 

arriving at different times will overlap with each other and lead to broadening of the 

envelope of the pulse. 

 

Figure 2.2 (a) transmitted signal (b) Multiple copies of the transmitted signals    
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The signal power and arrival times of the multipath signals are used to characterize the 

channel. If for example, we transmit an extremely short pulse, ideally an impulse, over a 

time-varying multipath channel the received signal may appear as a train of pulses, as 

shown in Figure (2.3). Hence, one characteristics of a multipath medium is the time 

spread introduced in the signal that is transmitted through the channel. 

 

 

 

Figure 2.3 Example of the response of a time-invariant multipath channel to a very 

narrow pulse. 

A second characteristic is due to the time variations in the structure of the medium. As a 

result of such time variations, the nature of the multipath varies with time [26]. That is, if 

we repeat the pulse-surrounding experiment over and over, we shall observe changes in 

the received pulse train, which will include changes in the sizes of the individual pulses, 

changes in the relative delays among the pulses, and, quite often, changes in the number 

of pulse as shown in Figure (2.3). Moreover, the time variations appear to be 

unpredictable to the user of the channel. Therefore it is reasonable to characterize the 

time-variant multipath channel statistically (see section 2.1.3).   

t=to 

(a) 
t=t1 

t=t1+τ11 

t=t1+τ12 

 

Received signal Transmitted signal 

t=t2 

t=to+α 

T=t2+τ21 

T=t2+τ22 

T=t2+τ23 

(b) 
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2.1.2 Doppler Shift  

Due to the relative motion between the transmitter and the receiver, each multipath wave 

is subjected to a shift in frequency. The frequency shift of the received signal caused by 

the relative motion is called the Doppler shift. It is proportional to the speed of the mobile 

unit. Consider a situation when only a single tone of frequency fc is transmitted and 

received signal consists of only one wave coming at an incident angle θ with respect to 

the direction of the vehicle motion as in Figure (2.4). The Doppler shift of the received 

signal, denoted by fd, is given by 

fd = θcos
c

vf c  ……………………………………….2.1 

where v is the vehicle speed and c is the speed of the light and fc is the carrier frequency. 

The Doppler shift in a multipath propagation environment spreads the bandwidth of the 

multipath waves within the range of   fc ±   fdmax where fdmax is the maximum Doppler 

shift, given by   

fdmax=
c

vf c ……………………………………………2.2 

The maximum Doppler shift is also referred as the maximum fade rate. As a result, a 

single tone transmitted gives rise to a received signal with a spectrum of nonzero width. 

This phenomenon is called frequency dispersion of the channel [6]. 

 

 

Figure 2.4:  A receiver moving at a velocity v, thus causing a Doppler shift 

 

2.1.3 Statistical Models for Fading Channels 

Because of the multiplicity of factors involved in propagation in mobile transceiver 

environment, it is convenient to apply statistical techniques to describe signal variations.  
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 In a narrow band system, the transmitted signal usually occupy a bandwidth smaller 

than the channel’s coherence bandwidth, which is defined as the frequency range over 

which the channel fading process is correlated. That is, all spectral components of the 

transmitted signal are subject to the same fading attenuation. This type of fading is 

referred to as frequency nonselective or frequency flat. On the other hand, if the 

transmitted signal bandwidth is greater than the channel coherence bandwidth, the 

spectral components of the transmitted signal with a frequency separation larger than the 

coherence bandwidth are faded independently. The received signal spectrum becomes 

distorted, since the relationships between various spectral components are not the same as 

in the transmitted signal. This phenomenon is known as frequency selective fading. In 

wideband systems, the transmitted signals usually undergo frequency selective fading. In 

the next section we will see some points about Rayleigh Fading channel, because among 

the different models that are used in wireless fading channels, Rayleigh fading is going to 

be used by our system, for the reasons that will be discussed shortly. 

 

2.1.3.1 Rayleigh Fading  

Consider the transmission of a single tone with constant amplitude. In a typical land 

mobile radio channel for example, we may assume that the direct wave is obstructed and 

the mobile unit receives only reflected waves. When the number of reflected waves is 

large, according to the central limit theorem, two quadrature components of the received 

signal are uncorrelated Gaussian random process with zero mean and variance σs
2
. As a 

result, the envelope of the received signal at any time instant undergoes a Rayleigh 

probability distribution and its phase obeys a uniform distribution between –π and π. The 

probability density function of the Rayleigh distribution is given by  

 

    









= − 22 2/

2

0

)(
sa

s

e
aap σ

σ

                     a<0……………………....2.3 

The mean value, denoted by ma, and the variance, denoted by σa
2
, of Rayleigh distributed 

random variable are given by  
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If the probability density function in Equation (2.3) is normalized so that the average 

signal power (E[a
2
]) is unity, then the normalized Rayleigh distribution becomes  
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The mean and the variance are  
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σ
…………………………….…………………..2.6

    

 

In fading channels with a maximum Doppler shift of fdmin, the received signal experiences 

a form of frequency spreading and is band-limited between fc ± fdmin. Assuming an omni-

directional antenna with waves arriving in the horizontal plane, a large number of 

reflected waves and a uniform received power over incident angles, the power spectral 

density of the faded amplitude, denoted by | P(f)|, is given by  

     

   








−=

otherwise

fffP d

,0

2

1

)(
22

max
π             2

maxdffif ≤ ………………………...2.7 

Where f is the frequency and fdmax is the maximum fade rate. The value of fdmax Ts is the 

maximum fade rate normalized by symbol rate. It serves as a measure of channel 

memory. For correlated fading channels this parameter is in the range 0 <  fdmax <Ts <1, 

indicating a finite channel memory. And lastly the autocorrelation function of the fading 

process is given by 

     )2()(
max0 τπτ dfJR = .…………………….....…………..2.8 

where Ј 0(·)   is the zero-order Bessel function of the first kind [6]. 
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2.2 Introduction to MIMO 

A MIMO communication system uses multiple antennas at the transmitter and receiver to 

achieve various advantages. Traditionally, antenna arrays have been used at the 

transmitter and the receiver to achieve array gain, which increases the output SNR of the 

system. In the mid-1990s, adaptive antennas and smart antennas were introduced to 

describe antenna arrays that are made adaptive in a manner that it changes its 

transmission and reception characteristics when the radio environment changes. Array 

antennas have been implemented in GSM networks, fixed broadband wireless access 

(BWA) networks, and third generation (3G) CDMA networks. More recently, a way of 

using multiple antennas has been discovered to achieve diversity and multiplexing gain 

by exploiting the once negative effect of multipath. Under suitable conditions, i.e. a 

scatter rich environment, the channel paths between the different transmit and receive 

antennas can be treated as independent channels due to the multipath effects caused by 

the scatterers. Initial works in this research area, suggests that MIMO effectively takes 

advantage of the random fading and multipath delay spread to increase the transfer rate of 

the system. The exploitation of this additional ‘spatial’ degree of freedom can increase 

the throughput and improve the performance of the system. In summary, the main 

advantages of MIMO system can be categorized as array gain, diversity gain, and spatial 

multiplexing gain.  

 

2.2.1 Array Gain  

  Array gain is achieved by coherently combining the signals from the multiple 

antennas to increase the average output to signal ratio (SNR), which will improve the 

range and coverage of the system. Figure (2.5) illustrates a simple case of a system 

consisting of one transmit antenna and a set of receive antenna array. Assume the 

distance between the transmitter and the receiver is significantly larger than the antenna 

separation of the array at the receiver, and then the received signal at each antenna will 

differ in phase due to the relative delay caused by the antenna separation. To maximize 

the received signal energy, an optimum receiver will be beamforming techniques to 

adjust for different delays of the multiple antennas so that the received signal can be 

constructively combined. This will yield Mr-fold power gain, where Mr is the number of 
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receiver’s antennas. In a MIMO case where antenna arrays are used at the transmitter and 

receiver, then an MtMr –fold power gain is available; where Mt is the number of transmit 

antennas. 

 

Figure 2.5: Single transmit and multiple receive antenna system. 

 

2.2.2 Diversity Gain 

  Diversity is a technique to mitigate fading in wireless links by transmitting a 

signal over multiple independently fading paths. The main idea behind diversity is that by 

transmitting multiple copies of the signal increases the probability that at least one copy 

is recovered correctly at the receiver. Diversity can be obtained through time, frequency, 

or space. Time diversity assumes that a signal will experience independent fading at 

different times due to changes in the channel. The benefit of time diversity is that it does 

not require additional hardware. However it requires memory storage of the repeated 

signals for processing. Frequency diversity is achieved when the carrier frequencies are 

sufficiently separated such that each carrier frequency will experience independent 

fading. In frequency diversity, the same signal is transmitted on various independent 

carrier frequencies. Multiple receivers are used to detect the multiple signals at different 

frequencies, and the one with the highest energy will be selected. Alternatively, a multi-

antenna system can exploit the independent multipath channels to achieve spatial 

diversity. The diversity order is the total number of the independent fading signal paths 

between the transmitter and the receiver, and depends on the spatial separation of the 

antennas and the scatterers of the environment. The maximum spatial diversity gain of a 



 13   

MIMO system is MtMr. Joint diversity schemes such as space-time and space-frequency 

coding at the transmitter and the receiver has been developed to increase the diversity 

order of the system. In 1998, independent pioneer work by Alamouti and Tarokh et al. 

developed a breakthrough space-time diversity system that provides the diversity gain 

without sacrificing the bandwidth. 

 

2.2.3 Spatial Multiplexing Gain 

Multiplexing gain is achieved through transmitting different signals on independent 

channels in a MIMO system. The multiplexing gain order is the number of parallel 

independent spatial data pipes in the same frequency band between the transmitter and 

receiver. As shown in Figure (2.6), a signal is split into two parts and transmitted on two 

separate antennas. At each receive antenna it will detect a signal from a specific transmit 

antenna and the signals from other antennas will be seen as interference. Combining 

techniques are required at the receiver to eliminate the interference and to multiplex the 

signal back together. As demonstrated, capacity gain is achieved by reducing the 

transmission time without using additional bandwidth [1]. 

 

Figure 2.6: Multiplexing gain 2X2 MIMO system [1]. 

 

In summary, the use of MIMO has many benefits. However, it is not possible to achieve 

all the above benefits of MIMO techniques in one system as some of them are mutually 

conflicting goals. In general, a MIMO system improves 

•  Spectral efficiency: multiplexing gain 

•  Link reliability: diversity gain 

•  Coverage: Diversity gain and array gain 

• Capacity: Multiplexing gain 
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2.3 Introduction to OFDM 

  In recent years, OFDM has gained considerable attention as it shows to be a 

promising technique for high data rate transmission. In OFDM, a broadband signal is split 

into multiple parallel narrowband signals, and then modulated onto orthogonal 

subcarriers for transmission. One of the most attractive features of OFDM is its 

robustness against frequency selective channels. The OFDM operation converts a 

frequency selective channel into multiple parallel flat fading channels, which greatly 

simplifies the channel estimation and equalization tasks of the receiver. When a wideband 

signal passes through a frequency selective channel as shown in Figure (2.7a), a 

significant portion of the signal is lost due to the deep fades in the channel. However, 

when the wideband signal is OFDM modulated, the frequency spectrum will be a 

composition of overlapping narrowband signals as shown in the Figure (2.7b). Now, 

when the OFDM modulated signal passes through the frequency selective channel only 

the narrowband signal at the location of the deep fades will be affected. In addition, it can 

be observed that each of the narrow band signals experiences flat fading; therefore, the 

channel response can be obtained simply by dividing the output of the signal by the input 

signal. Moreover, OFDM is bandwidth efficient since the subchannels can overlap yet 

still be separated due to the use of orthogonal subcarriers. With the current advancements  

in digital signal processor (DSP) and integrated circuit (IC) technology OFDM can be 

efficiently implemented by using the inverse fast Fourier transform (IFFT) and fast 

Fourier transform (FFT) for modulation and demodulation, respectively. 

      

Figure 2.7: (a) a wide band signal multiplied with frequency selective channel. (b) An 

OFDM signal with a frequency selective channel. 
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  A schematic diagram of the complete structure of an OFDM system is shown in 

Figure (2.8). The blocks on the top row correspond to components in the transmitter and 

the bottom row to the receiver. The input data stream is modulated using regular 

modulation techniques such as phase shift keying (PSK) of quadrature amplitude 

modulation (QAM). The modulated signal X(n) (n = 0, 1, … , N-1, where N is the number 

of subcarriers) is converted into parallel signals and passed to IFFT block. The IFFT 

operation modulates the parallel signals onto orthogonal subcarriers as a group. The 

narrow band signals outputted are x(k) (k = 0,1, …,N-1), where  

 

    x(k) = Nknj
N

n

enX
N

/2
1

0

)(
1 π∑

−

=

  , 0≤ k ≤ N-1…………………...2.9 

When an OFDM signal passes through the channel it will experience intersymbol 

interference ISI and interchannel interference (ICI). The ISI arises from channel delay 

spread and ICI is caused by the loss of orthogonality of the subcarriers due to the 

frequency response of the channel. In order to eliminate the effects of ISI a cyclic prefix 

(CP) of length NCP, where NCP is greater than the channel order, is appended to the 

beginning of the signal. The total length of the signal becomes N+NCP. Repeating the last 

elements at the beginning converts the linear convolution of the channel into circular 

convolution thereby preserving the orthogonality of the subcarriers. This fact will be used 

in chapter five as an alternative representation of cyclic prefix insertion and removal in 

the system model equation. At the receiver the inverse operations are performed to 

recover the transmitted bits. 

 

Figure 2.8: Schematic diagram of OFDM system. 



 16   

2.4 MIMO-OFDM System Model 

  In the last two sections we have seen the two most important elements of our 

system.  It is said that OFDM is a promising physical layer technology for high data rate 

wireless communication due to its effectiveness in frequency selective fading, high 

spectral efficiency, and low computational complexity. MIMO systems have the ability to 

improve spectral efficiency, link reliability, coverage or capacity depending on how the 

system is implemented. Clearly, OFDM integrated with MIMO transceivers will further 

enhance the performance and throughput of the system. Now we shall see these two 

naturally combined systems and investigate their input-output relationship based on their 

system model.  

  A typical MIMO-OFDM system is shown in Figure (2.9). The system consists 

of Mt transmit antennas and Mr receive antennas. At time t, a block of binary input data 

stream is modulated, and then passed through the MIMO encoder to produce Mt data 

streams for transmission over the multiple antennas. The data can be space-time coded 

for diversity gain, or de-multiplexed for spatial multiplexing gain. Each of the Mt data 

streams is grouped into blocks of N symbols, and then OFDM modulated for transmission 

across the MIMO channels. The received signal at each antenna will be a summation of 

all the signals from the multiple paths plus the noise. The noise process is additive white 

Gaussian noise (AWGN) with zero mean and variance σn
2
. It is assumed that the signal 

and noise are independent of each other, which is a common assumptions made in 

literature. 

 

 

Figure 2.9: MIMO-OFDM system 
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2.4.1 Channel Model 

The channel considered in this thesis is a time domain Rayleigh fading channel. The radio 

channel can be modeled as a linear filter with a time varying impulse response. 

Characterizing the channel as an impulse response will provide the necessary information 

and analysis of the signal transmission through the channel. The complex baseband 

representation of the mobile wireless channel impulse response for a fading multipath 

channel can be modeled as 

 

              )()(),( ∑ −=
k

kk ctth ττγτ …………………….……………2.10 

Where τk is the delay of the k
th

 path, γk(t) is the corresponding complex amplitude, and 

c(t)is the shaping pulse whose frequency response is usually a square-root raised-cosine 

Nyquist filter. The value of k ranges for the length of the channel i.e. 0≤k≤L-1, where L is 

the length of the channel. Due to the motion of the vehicle, γk(t)’s are wide-sense 

stationary (WSS) narrow-band complex Gaussian processes, which are independent for 

different paths. From Equation (2.10), the frequency response at time t is 

 

   ∫
∞

∞−

−= ττ τπ
dethftH

fj2),(),(  ……………………..…………2.11 

 

In an OFDM system, the channel frequency response can be expressed as  

 

    ∑
−

=

=∆=
1

0
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K

l

kl

Kf WlnhfknTHknH ………….…………2.12 

 

Where )/2exp( KjWK π−=  , ))/(,[],[ KTsknThlnh f= , and K is the number of tones of 

the OFDM block. Tf, Ts, and ∆f in the above equations are block length, symbol duration 

and tone spacing respectively. They are related by fTs ∆= /1  and gsf TTT += , where 

gT is the duration of the cyclic extension. In general wireless communication channels are 

time-varying either due to the motion of the transmitter or receiver, or the wireless 

environment. However, in indoor environments under lower mobility scenarios the 
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channel variations are slow and can be ignored for the duration of the packet. Then the 

above equation becomes 

 

    ∑
−

=

−=
1

0

/2][][
L

l

Kklj
elhkH

π ……………………………………..2.13 

From here onwards vectors in frequency domain are represented by capital letters and 

their matrix bold and capital. The time domain representation will be done in small letters 

accordingly. 

 

 

 

 
 

Figure 2.10: Tap delay line model of MIMO channel 

 

2.4.2 Mathematical Model of the system 

Consider the MIMO-OFDM systems, diagrammed in Figure (2.9), consisting of Mt 

transmit and Mr receive antennas operating in a Rayleigh fading environment. The tap-

delay channel model of the multiple channels is shown in Figure (2.10). Let Xt
(i)

 be the 

frequency domain input block of N complex-valued symbol prior to OFDM processing at 

time t at the i
th

 transmit antenna, where Xt
(i)

 = [xt
(i)

(0),  xt
(i)

 (1), … , xt
(i)

(N+NCP-1]
T
, i = 
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1,2, … Mt and xt
(i)

 is the time domain representation after the IFFT operation. With NCP 

CP symbols inserted, where xt
(i)

 = [xt
(i)

(0), xt
(i)

(1), … , xt
(i)

( N+NCP-1)]
T
 , i = 1,2, … Mt. 

 

From the model and linear input output relationships we can have the following equations 

for the MIMO channel. 

The time domain received signal at the j
th 

antenna before OFDM demodulation as shown 

in Figure (2.7) is represented as 

)()()()( )(

1 0

),()( nvlnxlhny j

t

i

t

M

i

L

l

ijj

t

t ji

+−=∑∑
= =

, n = 0, 1, …, (N +NCP)-1 …...…2.14 

Where h
(j,i)

(l) (l = 0,1, … , Lji) is the channel response between the i
th

 transmitter and the 

j
th 

receiver, and Lji is the channel order and )()(
nv

j

t is the AWGN. By changing the 

summation order of equation (2.14) and taking its vector form we have  

 

   )()()()(
1

0

)(
nvlnxlhny tt

L

l

i

t +−=∑
−

=

, n = 0, 1, …, (N +NCP)-1………2.15 

Where TiMii lnhlhlhlh t )](),...,(),([)(
),(),2(),1( −=  is a matrix of size (Mr X Mt) and 

HM

t lnxlnxlnxlnx t )](),...,(),([)(
)()2()1( −−−=−  is (Mt X 1) vector. Finally, in matrix 

form Equation (2.15) can be expressed as  

ttt vGxy += ,     t = 0,1,2 ….……………...………...2.16 

Where T

CPtttt NNyyyy )]1(),....,1(),0([ −+=  is a vector of size (Mr (N+NCP) X 1), G is a 

block toeplitz matrix constructed by h. 

After yt is OFDM demodulated by the IFFT transformation and the CP is removed, the 

signal at the receive antenna j
th

 in the frequency domain representation is  

 

    )(

1

)(),()( j

k

M

i

i

k

ij

k

j

k VXHY
t

+=∑
=

, k = 0, 1, …, N-1………...……....2.17 

where ),( ij

kH the frequency response at the k
th

 subcarrier, )(i

kX is the transmitted signal in 

the frequency domain. The frequency response of the channel ),( ij

kH  is obtained as 

described in Equation (2.13). The )( j

kv  is defined as  
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The vector form equation for all N subcarriers can be expressed as  
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Where Tj

N

jjj
YYYY ],...,,[ )(

11

)(

0

)(

−=  is a vector of size (N X 1), 

},...,,{ ),(

1

),(

1

),(

0

),( ij

N

ijijij
XXXdiagX −=  is a diagonal matrix with dimensions (N X N), 

Tj

N

jjj
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1
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),( ij

N

ijijij
HHHH −=  is (N X 1) vector. The 

received signal vector for all received antennas can be expressed in the following form 

 

Y = XH + V….……………………...…………..……..2.20 
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CHAPTER THREE  

CHANNEL ESTIMATION 

 

In this chapter, a general overview of estimation theory is provided. The problem of 

channel estimation in communication system, while in attempting it to apply to real 

systems, is also investigated. Training based least square (LS) estimator and Bayesian 

minimum mean square (BMMSE) estimator are derived. Finally simulation results for LS 

and BMMSE estimation for a MIMO-OFDM system together with computational 

complexity analysis are shown. 

 

  In any communication system, the primary goal is to recover the signal 

transmitted at the transmitter side, at the receiver. In doing this there are a number of 

equalization /detection methods depending on the diversity or the spatial multiplexing 

system applied to the MIMO decoding techniques. Regardless of the type of the MIMO 

system, almost all of the equalization or detection methods require knowledge of the 

channel information in order to recover the transmitted signal. For an OFDM system with 

multiple transmit antennas, every tone at each receive antenna is associated with multiple 

channel parameters, which makes the channel estimation difficult. Hence, developing an 

efficient method of approximating the transmission channel between the transmitter and 

the receiver is an essential component of the receiver design. There are some studies on 

joint channel estimation and detection, and blind detection where the channel estimates 

are not required. Generally, these schemes are higher in complexity or lead to 

performance loss. In this thesis, we shall only focus on the channel estimation of the 

receiver design. While doing so we will use MMSE equalizers for some feedbacks in our 

processes. 

 

3.1 General Channel Estimation Overview 

Channel estimation can be categorized into two classes, training-based or blind channel 

estimation, each with its benefits and disadvantages. In training-based estimation a pilot 

sequence known to the receiver is embedded into the signal block and transmitted over 

the channel. At the receiver, the channel is estimated using the received signal and the 
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known training sequence. Some advantages of training based estimation are high 

accuracy, relatively lower complexity, and many existing standards such as GSM and 

IEEE 802.11a have allocated time slots for training sequence transmission. A drawback 

of training-based estimation is reduced bandwidth efficiency due to the wasteful 

transmission of training sequence. Blind estimation on the other hand does not require a 

training sequence; instead it estimates the channel based on solely the received signal. 

Through the exploitation of the statistical properties of the received signal and channel 

structure an estimate of the channel is generated. A widely studied blind estimation 

technique is the subspace method using second order statistics (SOS). In the subspace 

method, the autocorrelation matrix of the received signal is decomposed into the signal 

and noise subspace. Due to the orthogonality of the noise and signal subspace, the 

channel estimates can be calculated based on the noise subspace. There are several issues 

to be noted when using this blind technique. Firstly, the subspace method requires 

knowledge of the channel order. Some subspace methods can fail if the channel is over 

estimated. More importantly, the decomposition of the autocorrelation function via 

eigenvalue decomposition (EVD) or singular value decomposition (SVD) is highly 

complex. In real-time systems, these blind estimation techniques cannot be practically 

implemented due to their intense computational complexity. In addition, blind methods 

rely on time averaging over a constant period, thus requiring the channel to be slow 

varying over a large packet of symbols. This makes blind algorithm not suitable for fast 

varying channels. In general, blind channel estimation techniques are restrictive since it 

relies on some data or channel assumptions, and it is high in computational complexity. 

Due to these impracticalities of blind estimation, we focus our research on the more 

practical technique of training-based channel estimation. 

 

3.2 Estimation Theory 

In this section some basic background knowledge is provided on estimation theory. There 

are two approaches in the theory based on the use of random theories: 1) classical 

estimation, and 2) Bayesian estimation. In the first the parameter to be estimated is 

deterministic unknown vector. The estimation is done based on the probability density 

function (PDF). In the Bayesian estimation we use random theories of the unknown 
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vector and prior information like mean, variance, and apriori PDF are used to determine 

the estimate. Estimation problems by their nature, specially these days, are based on 

given finite data set x[0], x[1], … x[N-1] and then find estimator function that maps data 

into estimates.  Because the estimates are random variables (RV’s) they are described by 

PDF. Hence the general mathematical statement for estimation problem is that for any 

measured data x= [x[0] x[1] …x[N-1] ], we have the unknown parameter  θ = [θ1, θ2, …. 

,θp]. Here x is an N-dimensional random data and θ is not random. So what captures all 

the statistical information to the estimation problem is the N-dimensional PDF of the data 

parameterized by θ, which is p(x; θ).  

 

3.2.1 Classical Estimation 

In classical estimation, the optimal estimator is one that is unbiased with minimum 

variance. It provides no way to include apriori information about θ. Classical estimators 

include Minimum Variance (MV), Maximum Likelihood (ML), and Least Squares (LS). 
As mentioned in [7], in general the minimum variance unbiased estimator (MVUE) does 

not always exist. A popular suboptimal estimator is the maximum likelihood (ML) 

estimator which is posed as the maximization of the likelihood function parameterized by 

the unknown CIR vector. However, a closed-form solution for this problem might not 

always exit. Even though there are proposed ways to solve this problem the initial 

estimates largely affects the performance. Hence one of the drawbacks of the ML 

estimator is that the PDF of the unknown vector must have maximum or else the estimate 

might not converge. Also, this method only approaches optimally when a large set of the 

data is available. 

 

3.2.1.1 Least Square Estimation 

In the LS approach we attempt to minimize the squared difference between the given data 

x[n] and the input signal or noiseless data. In the LS estimate the focus is determining a 

good estimator that is unbiased and has minimum variance. These are the two benefits of 

using the LS estimate. In choosing the variance as our measure of goodness we implicitly 

sought to minimize the discrepancy (on the average) between our estimate and the true 
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parameter value. This is illustrated in Figure (3.1). The signal is generated by some model 

which in turn depends upon our unknown parameter θ. 

Figure 3.1:  Least square approach. 

 

 

The signal s[n] is purely deterministic as we have discussed in the previous section. The 

LS estimator of θ chooses the value that makes s[n] closest to the observed data x[n]. 

Closeness is measured by the LS error criterion  
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where the dependence of J on θ is via s[n]. The value of θ that minimizes J(θ) is LSE. 

The linear model that we are going to deal like the channel model for the input output 

relationship is as follows 

 

 Y = Hθ + W.............................................................................3.2 

where H is a known matrix of dimension NXP and is referred to as the observation 

matrix, the data Y are observed after θ is operated upon by H. Note also that, the noise 

Error = ε[n] 

x[n] 

Signal 

Model Σ 

s[n] 

θ 

θ 

Signal Model      Perturbation 

Noise Model Inaccuracies 

x[n] 
s[n] 

(a) Data Model 

(b) Least square error 
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vector has the statistical characterization W ~ N (0, σ2
I). This model in equation (3.2)   is 

termed the linear model. So the above cost function (Equation 3.1) for our linear model 

can be rewritten as follows: 

 

     )()()( θθθ HYHYJ H −−= ........................................3.3 

Where (.)
H
 is a Hermetian of a given complex valued matrix. Finding the gradient of the 

above equation and equating it to zero results the LS estimate for the linear model in 

Equation (3.2) which is written in Equation (3.4). Note in the linear model Y can be 

assumed the received signal at the output antennas, θ the input to the transmit antennas 

and H is the channel through which the input signal transmits through. (See ref. [1] and 

[7] for detailed analysis of the LS and MMSE estimators) 

 

     YHHH
HH

est )()( 1−=θ  .............................................3.4 

The LS estimation MSE bound is given by 

  

}{
1 2

θθθ −= est
P

MSE
est

.………………..…………..3.5 

Substitute the LS estimate form Equation (3.4) into Equation (3.5) and manipulating the 

result, the MSE of the LS estimator becomes 
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σ
= …………………..……3.6 

3.2.2 Bayesian Estimation 

When some prior knowledge about the unknown vector of the system is available it can 

be incorporated into the estimator to enhance the performance. If the prior knowledge is 

inaccurate, a Bayesian estimator will outperform the optimal classical estimator. This 

comes at the price of added computational complexity and dependence on additional 

information of the unknown vector. Bayesian estimators include MMSE, MAP, Wiener 

filter, and Kalman Filter. 
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3.2.2.1 Minimum Mean Square Error Estimation 

Again we begin our discussion by assuming a vector parameter θ is to be estimated based 

on the data set [x[0], x[1] , …, x[N-1] 
T
 , the unknown parameter is modeled as the 

realization of a random variable. We do not assume any specific form for the joint PDF 

p(x, θ), but only a knowledge of the first two moments. The θ may be estimated from x is 

due to the assumed statistical dependence of θ on x as summarized by the joint PDF p(x, 

θ), and in particular we rely on the correlation between θ and x. For the linear model in 

Equation (3.2) we have the Bayesian MSE given as  

 

    ])[()( 2

estestmse EB θθθ −= ……………………………...……3.7 

In Bayesian estimation, θ is a random variable, therefore the expectation operation is with 

respect to the joint PDF p(x, θ). So the estimator can be rewritten as  

 

    .),()()( 2 θθθθθ dYdYPB estestmse ∫∫ −= ………….…………..3.8 

Using the Bayes’ theorem 

     )()/(),( YPYPYP θθ = ……………………………..3.9 

The estimate becomes   

     ∫ ∫ −= dYYpdYPB estestmse )(])/()([)( 2 θθθθθ ...…..3.10 

Taking the gradient of the above equation and equating it to zero gives the Bayesian 

MMSE estimate of  

     θθθθ dYPest )/(∫= ………………………………..3.11 

or  

     ),/( YEest θθ = ……………………………………..3.12 

This is simply the mean of the posterior PDF p(x, θ). If the unknown vector and the noise 

vector are Gaussian with zero mean and are uncorrelated, then the posterior PDF p(x, θ) 

is also Gaussian with mean defined as  

))(()()()/(
1

YEYCHHCHCYEYE w

HH
−++=

−

θθθ ……...…….3.13 

YCHHCHC w

HH 1)( −+= θθ …………………..………..…3.14 
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Where Cθ and Cw are covariance matrices for the parameter vector θ and the Gaussian 

vector noise W.  Equation (3.14) is the solution of MMSE estimate of θ. 

     

3.3 Channel Estimation 

In the previous two sections we have seen LS and MMSE estimators for a general linear 

model. Now, we will discuss their application to channel estimation problems in MIMO-

OFDM systems. A literature review will take the first part of this section. Next channel 

estimation structure for OFDM systems will be developed. And finally the results will be 

extended to MIMO-OFDM systems. But before that it is imperative to brief about 

training-based channel estimation and their pilot signal structure.    

In training-based channel estimation the pilot symbols can be placed in block-typed 

structures or comb-typed structures. As shown in Figure (3.2a), for block-type 

arrangement the entire OFDM symbol is dedicated to carry pilot symbols on all the 

subcarriers. The estimate obtained with the training symbol will be used to detect the data 

symbols within the OFDM packet. This arrangement is most suitable for static or slow 

varying channels. However, in a time varying channel the comb-type structure as 

depicted in Figure (3.2b) is more suitable. In the comb-type arrangement, pilot symbols 

are sparsely spread on selected subcarriers and repeated over multiple symbols. Channel 

estimation is performed at each symbol and interpolation is required to infer the channel 

frequency values of the non-pilot subcarriers. The choice of pilot arrangement depends on 

the channel environment. In this thesis a Block-type pilot arrangement is used since no 

special arrangement for the pilot symbols is required. 

 

  

 

Figure 3.2: Pilot signal arrangement (the solid blacks are pilot signals) 
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3.3.1 Literature Review   

Channel estimation for OFDM received significant amount of attention since the mid 

1990’s. Van de Beek et al. were one of the first to look at the basic solutions of LS and 

MMSE estimation for OFDM in [8]. In his work, van de Beek used the property that 

the channel is a finite-length impulse response to develop a system model so that the LS 

and MMSE estimator can be applied. He showed the CIR can be estimated from the 

frequency domain by structuring the CFR as a linear transformation of the CIR through 

the IFFT operation. This type of estimators became known as transform-domain 

estimators. Different researchers also try to improve the works of van de Beek by 

proposing different methods. SVD is one of the methods used, but these methods are of 

high complexity [9]. In [10] channel estimation for OFDM was dealt with some pilot 

arrangements. The estimation of channel at pilot frequencies is based on LS and LMS 

while the channel interpolation is done using linear interpolation, second order 

interpolation, low-pass interpolation, spline cubic interpolation, and time domain 

interpolation.  

The works mentioned so far only take into consideration the frequency-domain 

correlations of the frequency response of the channel and were only for OFDM 

systems. These methods are all using either of the pilot arrangements shown above. It 

was also a great concern in the design of pilot signal arrangements in the development 

of efficient channel estimations for MIMO-OFDM systems. However use of well 

designed pilot signals makes the transmission system to be bandwidth inefficient, for 

the pilots needs additional bandwidth.  

In summary, there has been a handful of research in the area of channel estimation for 

MIMO-OFDM. Earlier works were only applicable to OFDM systems, but in recent 

years, the works have been extended to MIMO-OFDM due to the promising potentials 

of combining MIMO-OFDM. In much of the works reviewed, performance of the 

channel estimation scheme is the primary concern. Channel estimation in MIMO-

OFDM is a complicated problem because there are more unknowns to be determined. 

Usually the solution involves an inversion of a large matrix. The problem of complexity 

has to be addressed because ultimately the algorithm needs to be implemented in 
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hardware. In some recent works complexity problems have been addressed. There are 

different methods in complexity reductions of channel estimation. In [11] for example 

specially designed training sequences are used to avoid the large matrix inversions. 

However the need for specific training sequences reduces the robustness of the 

algorithm. The work in chapter five presents robust channel estimation with out setting 

limitations to design of training sequences. 

 

3.3.2 OFDM channel estimation 

One of the main attractions of OFDM for frequency selective channels is its ability to 

simplify the channel estimation process. It was shown in Figure 2.7(b) that in the 

frequency domain the transmitted signal on each subcarrier is multiplied by a small 

portion of the channel frequency response, where each subcarrier only experiences flat 

fading. Referring to the schematic diagram of an OFDM system found in Figure (2.8), 

the channel estimation can be performed before or after the FFT block. If the channel 

estimation is done before the FFT block, then the estimation is said to be undergone in 

the time domain. If the estimation is done after the FFT block then the estimation is 

said to be in the frequency domain. Each has its own merits and demerits, but tracking 

in time is more robust to errors because the frequency correlations of the taps can be 

efficiently exploited. In chapter five channel tracking is done in time domain. The 

received signal can be modeled with the following equation: 

 

     Y=XH+V..………………………………………..3.15 

Where Y is the received signal vector, X is a diagonal matrix of the transmitted signal, 

H is the channel frequency response vector, and V is the noise vector in the frequency 

domain. The received signal in Equation (3.15) has the same structure as the general 

linear data model described by Equation (3.2). Using the results of the LS and MMSE 

estimator developed in Section 3.2, the LS estimator for an OFDM system is described 

as: 

 

ĤLS =(X
H
 X)

-1
 X

H
 Y  ................................................3.16 

Since X is a diagonal matrix, the estimation reduces to  
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     ĤLS =X
-1

 Y ………………………………………...3.17 

This indicates that the LS estimate of the frequency response channel is simply the 

division of the received signal by the transmitted signal. Likewise applying Equation 

(3.14) for the model in Equation (3.15), the MMSE estimator for OFDM results as 

 

    HMMSE = CHX
H
 (XCHX

H
 + CV)

-1
Y………..………………..3.18 

where CH and CV, are the covariance matrices of, the channel’s frequency response and 

noise, respectively. 

 

3.3.3 MIMO-OFDM channel estimation 

The problem of channel estimation for OFDM has been well researched; however, the 

results are not directly applicable to MIMO-OFDM systems. In MIMO systems, the 

number of channels increases by MtMr-folds, where Mt and Mr are the number of 

transmit and receive antenna, respectively. This significantly increases the number of 

unknowns to be solved. Conventional estimation techniques for single input single 

output (SISO) systems have to be modified to be applicable in MIMO systems. 

Using the MIMO-OFDM system model described in Chapter 2, we will develop the 

channel estimator for MIMO-OFDM. We will assume a 2-by-2 MIIMO system to 

illustrate the added complexity of MIMO-OFDM channel estimation. The received 

signal at the j
th

 antenna for the k
th

 subcarrier in expanded form is defined as: 

 

   Yk
(j)

 [n] = Hk
(j,1)

 Sk
(1)

[n] + Hk
(j,2)

 Sk
(2)

[n] , k= 0,1 … , N-1………3.19 

 

The above equation is under determined. There are two unknown elements Hk
(j,1)

  and 

Hk
(j,2)

 from different channels, however the unknowns cannot be solved with just one 

equation. In a 2-by-2 system, two samples of the received signal, Yk
(j)

 [n] and Yk
(j)

 

[n+1], are required to estimate Hk
(j,1)

 and Hk
(j,2)

 . For our system of 2-by–2 MIMO 

system for example the received signal at the j
th

 antenna j = 1, 2 is represented by the 

following equation 
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     Y
(j)

 = XH
(j)

 + V
(j)

…………….…………………….3.20 

 

Note, the H
(j)

 vector contains NMt unknown elements but there are only N equations 

available in a block. In general, for Mt transmit antennas we need to collect a minimum 

of Mt blocks to solve for the channel unknowns. The complexity of the estimation 

problem increases significantly since the matrix size is increased by Mt -folds. This 

problem can be reduced by looking at an alternate representation of the received signal, 

called the transform-domain estimator that was first proposed by van de Beek in [8] for 

OFDM systems. Basically we know that the CFR is a Fourier transform of the CIR, 

which is a linear transformation through IFFT operation. In other words, the CFR can 

be expressed in terms of the CIR through the Fourier transformation. Hence, the 

received signal model in Equation (3.20) can be expressed in terms of the CIR. The 

benefit of this representation is that usually the length of the CIR is much less then the 

number of subcarriers of the system. In order to model the received signal in terms of 

the CIR we first need to express the CFR as a function of the CIR. In Equation (2.12), 

the Fourier transform of a single CIR is defined. The equation can be rewritten in vector 

form as 

 

     H
(j,i)

 = Fh
(j,i)

………………………….……….….3.21 
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Where F is called the Fourier transform matrix of size (N X L), and h as given by 

Equation (2.10) is the (L X 1) channel impulse response vector. To extend the Fourier 

transformation to multiple channels we need to define the following  
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which is a block diagonal matrix of Mt F’s. Then the alternate received signal of the j
th

 

antenna in terms of the CIR can be expressed as  

 

     Y
(j)

 = XΦh
(j)

 +  V
(j)

 

             = Wh
(j)

 + V
(j)

……………………..………….3.23 

In this representation, the number of elements in h
(j)

 to be solved are MtL. If we assume 

that the number of subcarriers, N, in an OFDM block is greater than MtL, then only one 

OFDM is required to solve for h
(j)

.  

Using the received signal model in Equation (3.23) the LS estimate is expressed as: 

 

    ĥLS
(j)

 = (W
H
W)

-1
W

H
(Y)

(j)
…………………….………….3.24 

Using the same model the MMSE estimate becomes, with the assumption that the noise 

is AWGN (CV = σ2
VI) and using the matrix inversion theorem, 

 

ĥMMSE
(j)

 = ( 2

Vσ 1−

hC  + W
H
W)

-1
W

H
(Y)

(j)
 ………………….3.25 

 

3.4 Simulation Results 

The objective of this section is to show how traditionally channel estimation is 

performed and to lay a ground work for our work in chapter five. A simulation of an 

MIMO-OFDM system was developed to compare the performance of the LS and 

MMSE estimator under different circumstances. The following parameters are for 

typical urban type of scenario which we have attempted to use a realistic environment 

for the transmission and receiving process. These results are to show how channel 
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estimation performances are evaluated and in addition to compare the performances of 

LS and MMSE estimators. These two will in turn be compared with our system in 

chapter five in the sense of MSE errors. 

 

3.4.1 System Parameters and Assumptions 
 

I. Number of transmitter antennas, Mt = 2 

II. Number of receiver antennas, Mr = 2 

III. BPSK symbol modulation 

IV. Number of subcarriers, N = 256 

V. Cyclic Prefix, NCP = N/4 

VI. OFDM block size, N + NCP 

VII. Bandwidth = 1.2 MHz. 

VIII. Carrie frequency is fc = 2.4 GHz. 

IX. Wireless channels from each transmit to each receive antenna experience 

Rayleigh fading with independent propagation paths. 

X. The receiver speed, the speed for which the mobile user travels, is of 36 

Km/h. 

XI. The Doppler spectrum is Jake’s and the channel length is 16. 

XII. No correlations is considered neither at the transmitter and nor at the receiver 

side, which means the four channel impulse responses, h11,h12,h21,and h22 fade 

independently. 

XIII. Channels are considered to remain stationary during the OFDM block time. 

Some of the parameters are taken from [2] where the Author used some realistic data. 

These parameters are to be used for the work in chapter five. 

 

3.4.2 Performance Analysis 

A training symbol is placed at the beginning of the OFDM block. The channel 

estimate obtained from the training symbol will be used to estimate the channel for 

the remaining data symbols within the block. The performance of the two estimation 

techniques is measured in terms of the MSE of the channel estimates. 
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Figure (3.3) shows the normalized MSE curve of the simulated results of the LS and 

MMSE estimators as derived in Section 3.3.3. From the figure we can point out that 

at lower SNR values the MMSE outperforms than the LS estimator. But at higher 

values of SNR the two performs almost the same. This can be also explained from 

their equations derived in section 3.2. When the SNR is high, the noise power (σV
2
) is 

low; and it will reduce the effect of Ch
-1

. Therefore, when the noise power approaches 

zero, the MMSE estimator will approach the LS estimator. If we talk of complexity of 

the estimators, we can see from Equations (3.24) and Equation (3.25) that the MMSE 

estimator is more complex than the LS estimators. But in applying the two estimators 

there should always be a compromise with respect to signal power issues. The added 

complexity in MMSE is acceptable only at low SNR values (0-15dB). As we can see 

from Figure (3.3) at higher SNR values (15-50dB) both estimators perform 

equivalently. 
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Figure 3.3: comparison of MMSE and LS estimators for a MIMO-OFDM system. 
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3.4.3 Computational Complexity 

The main advantage of analyzing computational complexity of the channel estimation 

helps to visualize how much it is complex to apply it in real systems. In this section, 

we measure the computational complexity in terms of number of operations for each 

method. Our derivations are based on an Mt-by-Mr MIMO-OFDM system with N 

subcarriers and a channel length of L. The known matrix W=XФ has dimensions (N x 

Mt). For simplicity in notation we denote NMt with just M. For a consistent 

comparison, the complex operations are converted to real operation equivalents. In 

addition, each type of real operations has different levels of complexity when 

implemented in hardware. It should be emphasized that counting of the number of 

operations is only an estimate of the computational complexity of the algorithms. A 

more exact measure would be to implement the algorithm in hardware and count the 

number of instructions and processing time required. However, in computer 

simulations, operation counts can give a good indication of the relative complexity of 

different algorithms. 

 

Operation No. of 

Complex 

multiplications 

No. of 

Complex 

Add/Sub 

No. of 

Complex 

Division 

No. of square 

root 

A=(W
H
W) NM

2 
NM

2
-M

2 
0 0 

A
-1 

M
3 

M
3 

3M
2
/2 +M/2 0 

B=A
-1

W
H 

NM
2 

NM
2
-NM 0 0 

ĥ = BY NM NM-M 0 0 

 

Table 3.1 Channel Estimation Operation Count for LS  

 

Table 3.1 summarizes operation counts for LS channel estimator which is represented 

in Equation (3.24). Table 3.2 summarizes the same analysis for MMSE estimator 

represented in Equation (3.25). Let us represent B = Ch and the others remain as it 

was for the LS estimator, then we have the counts summarized as follows. 
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Operation No. of 

Complex 

multiplications 

No. of 

Complex 

Add/Sub 

No. of 

Complex 

Division 

No. of square 

root 

B = Ch 0 0 0 0 

B
-1 

M
3 

M
3 

3M
2
/2 + M/2 0 

σv
2
B

-1 
M

2 
0 0 0 

C = σv
2
B

-1
+ A NM

2 
 M

2
 
 

0 0 

C
-1 

M
3 

M
3 

3M
2
/2 + M/2 0 

D= C
-1

W
H 

NM
2 

NM
2
 - NM 0 0 

ĥ = DY NM NM-M 0 0 

 

Table 3.2 Channel Estimation Operation Count for MMSE (Equation 3.25) 

 

To have a more visualization on the computational complexity for the two estimators 

let us compare them for a channel length L=5 and 2 transmit antennas with 256 

subcarriers. 

Method No. of 

Complex 

multiplications 

No. of 

Complex 

Add/Sub 

No. of 

Complex 

Division 

No. of square 

root 

LS 54,760 52100 155 0 

MMSE 55,860 53,190 310 0 

 

Table 3.3 Comparison of LS and MMSE for a two transmit antenna and for L=5 
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CHAPTER FOUR 

KALMAN FILTERS 

 

In this chapter we discuss the significance of using Kalman filters which accommodate 

vector signals and noises which additionally may be nonstationary. A thorough 

discussion of sequential MMSE, dynamical signal models, scalar and vector Kalman 

filters and their properties is presented in the subsequent sections. The applications of 

the Kalman filters to our work are also addressed. In section 4.1dynamical signal model 

is reviewed. Scalar Kalman filter is discussed to elaborate the principles of the filter 

with its equations and its block diagrams in section 4.2. The properties of Kalman 

filters which make them essential in this work is also briefed.  Section 4.3 discusses the 

vector Kalman filter and some properties that make it different from the scalar Kalman 

filter.  

 

4.1 Dynamical Signal Model 

Suppose that we have a Bayesian linear model as in Equation (3.2) which we repeat 

here with some convenient changes in variable as follows: 

 

    wHx += θ .……………………………………..…………..4.1 

Where each vector observation form has this form. Indexing the quantities by n and 

replacing θ by s, the observation model will be 

 

    ][][][][ nwnsnHnx += …………………………..………….4.2 

Where H[n] is a known M X P matrix, x[n] is an M X 1 observation vector, and w[n] is a 

MX 1 observation noise sequence. The w[n]’s are independent of each other and w[n] ~ 

N (0, C[n]). Except for the dependence of the covariance matrix on n, w[n] can be 

thought of as vector AWGN. For an array processing problems for example s[n] 

represents a vector of p transmitted signals, which are modeled as random, and H[n] 

models the linear transformation due to the medium. 
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For such a process a simple model for s[n] which allows us to specify the correlation 

between samples is the first-order Gauss-Markov process (see Figure 4.1). 

 

    ][]1[][ nBunAsns +−= ……………………………………..4.3 

Where A is a p x p nonsingular matrix (termed the state transition matrix) and B is p x 1 

vector, and s[n] is a p x 1 signal vector. Equation (4.3) is referred to as the state model. 

In the vector Gauss-Markov model of Equation (4.3) the matrices A and B are assumed 

to be known and the eigenvalues of A are less than 1 in magnitude for the reason of 

stability of the system. The deriving noise vector u[n] has dimension r x 1 and is vector 

AWGN or u[n] ~   N   (0, Q) with u[n]’s independent. 

 

 

Figure 4.1 Vector Gauss-Markov signal system model 

 

4.2 Scalar Kalman filters  

The scalar Gauss-Markov signal model form for Equation (4.3) discussed in the 

previous section is  

 

    ][]1[][ nunasns +−= ,       n≥0 ……………………………..4.4 

 

H (z) = (I-Az
-1

)
-1

 B 

u1[n] 

u2[n] 

ur[n] 

s2[n] 

s1[n] 

sp[n] 

B Σ 

Az
-1 

u[n] s[n] 

(a) Multi-input---multi-output model  

     (b) Equivalent vector model 
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Suppose that we have a sequential MMSE estimator which will allow us to estimate 

s[n] based on the data {x[0], x[1], …, x[n]} as n increases. Such an operation is referred 

to as filtering. The approach computes the estimator ŝ[n] based on the estimator for the 

previous time sample ŝ[n-1] and so is recursive in nature. This is the so called Kalman 

filter. The versatility of the Kalman filter accounts for its widespread use. It can be 

applied to estimation of the scalar Gauss-Markov signal as well as to its vector 

extension. Furthermore, the data, which previously in our discussions consists of a 

scalar sequence such as {x[0], x[1], …, x[n]}, can be extended to vector observations or 

{x[0], x[1], …, x[n]}. There different levels of generality are there for Kalman filter 

based on the state, s[n], and the data observations ,{x[0], x[1], …, x[n]}, are either 

scalar or vector 

1. Scalar state – scalar observation (s[n-1] ,x[n]) 

2. Vector state – scalar observation (s[n-1], x[n]) 

3. Vector state – vector observation (s[n-1], x[n]) 

 

The first one is treated in this section, and the third one in the next section. Refer [7] for 

the complete discussion on the three. 

Consider the scalar state equation and scalar observation equation  

 

    
][][][

][]1[][

nwnsnx

nunasns

+=

+−=
………………………………………..4.5 

Where u[n] is zero mean Gaussian noise with independent samples and 22 ])[( unuE σ= , 

w[n] is zero mean Gaussian noise with independent samples and 22 ])[( σ=nwE . Finally 

it is assumed that s[-1], u[n], and w[n] are all independent with s[-1] ~ N ),( 2

ss σµ . For 

the purpose of derivation we can assume that µs = 0 so that E(s[n]) = 0 for n<0. The 

purpose here is to estimate s[n] based on the observations {x[0], x[1], …, x[n]} or to 

filter x[n]  to produce ŝ[n]. More generally, the estimator of s[n] based on the 

observations {x[0], x[1], …, x[n]} will be denoted by ŝ[n/m]. The criterion for 

optimality will be the minimum Bayesian MSE or  
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     E[(s[n] - ŝ[n/n])
2
] 

Where the expectation is with respect to p(x[0], x[1], …, x[n], s[n]). But the MMSE 

estimator is just the mean of the posterior PDF or 

 

    ŝ[n/n] = E(s[n] / x[0], x[1], …, x[n])………………………..4.6 

Using zero means this becomes  

 

     ŝ[n/n] = xCC xxx

1−

θ ………………………………………….4.7 

Where Cxx is the covariance matrix between the observation vector and Cθx is the 

covariance matrix between the observation {x[0], x[1], …, x[n]} and the data s[n]. 

Equation (4.7) is true since θ = s[n] and x[n] = [x[0], x[1], …, x[n]]
T
 are jointly 

Gaussian. Because we are assuming Gaussian statistics for the signal and noise, the 

MMSE estimator is linear and is identical in algebraic form to the LMMSE estimator. 

The algebraic properties allow us to utilize the vector space approach to find the 

estimator. The implicit linear constraint does not detract from the generality since it is 

already known that the optimal estimator is linear. Furthermore, if the Gaussian 

assumption is not valid, then the resulting estimator is still valid but can only said to be 

the optimal LMMSE estimator. Returning to the sequential computation of (4.7) we 

note that if x[n] is uncorrelated with {x[0], x[1], …, x[n]}, then form Equation (4.6) and 

the orthogonality principle we will have  

 

    ŝ[n/n] = E(s[n] / x[0], x[1], …, x[n-1]) + E(s[n] / x[n]) 

              = ŝ[n/n-1] + E(s[n] / x[n]) 

which has the desired form. Unfortunately, the x[n]’s are correlated due to their 

dependence on s[n], which is correlated from sample to sample. From the LMMSE 

estimator, the vector space interpretation can be used to determine the correlation of the 

old estimator ŝ[n/n-1] due to the observation of x[n] [7]. Summarizing some of the 

properties of the MMSE estimator that will be used in the derivation of Kalman filter 

1. The MMSE estimator of θ based on two uncorrelated data vectors, assuming jointly 

Gaussian statistics, is  
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If θ is zero mean. 

 

2. The MMSE estimator is additive in that if θ = θ1 + θ2, then  
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With these properties the scalar state – scalar observation Kalman filter equations can 

be summarized as follows (detail derivation is shown in [7]).  Although the derivation 

is tedious, the final equations are actually quite simple and intuitive. For n≥0 

 

Prediction: 

   ŝ[n/n] = a ŝ[n-1/n-1]…………………………………………………4.8 

Minimum Prediction MSE:  

   M[n/n-1] = a
2
 M[n-1/n-1] + σ2

u ……………………………………..4.9 

Kalman Gain:  

   
]1/[

]1/[
][

2 −+

−
=

nnM

nnM
nK

uσ
...................................................................4.10 

Correction: 

   ŝ[n/n] = ŝ[n/n-1] + K[n](x[n] - ŝ[n/n-1]………………….…..……..4.11 

Minimum MSE: 

   M[n/n] = (1 - K[n]) M[n/n-1] …………………………...…………4.12 

Although derived for µs = 0 so that E(s[n]) = 0, the same equation apply for µs ≠ 0. 

Hence, to initialize the equations we use ŝ[-1/-1] = E(s[-1]) = µs and M[-1/-1] = σ2
s 

since this amounts to the estimation of s[-1] without any data. A block diagram of the 

Kalman filter is shown in Figure 4.2. It is interesting to note that the dynamical model 

for the signal is an integral part of the estimator. Furthermore, we may view the output 

of the gain block as an estimator ŭ[n] of u[n]. From (4.8) and (4.11) the signal estimate 

is  
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   ŝ[n/n] = a ŝ[n-1/n-1] + ŭ[n] 

Where ŭ[n] = K[n](x[n] - ŝ[n/n-1]. To the extent that this estimate is approximately 

u[n], we will have ŝ[n/n] ≈ s[n], as desired. 

Figure 4.2 Scalar state – scalar observation Kalman filter and relationship to dynamic 

model 

 

4.3 Important properties of Kalman Filters 

In this section some of the important properties of Kalman filters that make them a 

candidate for different applications are discussed. Because of these properties Kalman 

filters find their applications in navigation systems, rocket tracking and different other 

areas of estimations. The following are some of the important properties of the Kalman 

filters 

1. The Kalman filter extends the sequential MMSE estimator to the case where the 

unknown parameter evolves in time according to the dynamical model. Note that 

the Kalman filter will reduce to sequential MMSE estimator equations when the 

parameter to be estimated does not evolve in time.  

2. No matrix inversions are required. This should be compared to Equation (3.25). 

a z
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3. The Kalman filter is a time varying linear filter. Note from Equation (4.8) and 

(4.11) that it is a first-order recursive filter with time varying coefficients as shown 

in Figure (4.2). 

4. The Kalman filter provides its own performance measure. From Equation (4.12) the 

minimum Bayesian MSE is computed as an integral part of the estimator. Also, the 

error measure may be computed off-line, i.e., before any data are collected. This is 

because M[n/n] depends only on Equation (4.9) and (4.10), which are independent 

of the data. 

5. The prediction stage increases the error, while the correction stage decreases it. 

There is an interesting interplay between the minimum prediction MSE and the 

minimum MSE. If n → ∞ a steady state condition is achieved, then M[n/n] and 

M[n/n-1] each become constant with M[n/n-1] > M[n-1/n-1]. Hence, the error will 

increase after the prediction stage. When the new data sample is obtained, the 

estimate is corrected, which decreases the MSE according to Equation (4.12) (since 

K[n] < 1).  

6. Prediction is the integral part of the Kalman filter. It is seen from (4.8) that to 

determine the best filtered estimate of s[n] prediction is employed. So it is possible 

to find the best one-step prediction of s[n] based on {x[0], x[1], … , x[n-1] }from 

(4.8).  

7. The Kalman filter is optimal in that it minimizes the Bayesian MSE for each 

estimator ŝ[n]. If the Gaussian assumption is not valid, then it is still the optimal 

linear MMSE estimator. 

 

4.5 Vector Kalman filter 

The scalar state – scalar observation Kalman filter is easily generalized. All the 

properties of the Kalman filter carry over to the vector state case except for property (2) 

, if the observations are vector, i.e., there is matrix inversion in vector Kalman filter. 

The two generalizations are to replace s[n] by s[n], where s[n] obeys the Gauss-Markov 

model, and to replace the scalar observation x[n] by the vector observation x[n].  The 

first generalization will produce the vector state – scalar observation Kalman filter, 
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while the second leads to the most general form, the vector state – vector observation 

Kalman filter. In either case the state model is  

 

    s[n] = As[n-1] + Bu[n]  n≥0 ……………………………4.13 

Where A, B are known p x p and p x r matrices, u[n] is vector AWGN with u[n] ~ 

N(0,Q), s[-1] ~ N (µs, Cs), and s[-1] is independent of the u[n]’s.  

Let us generalize the Kalman filter for the case of vector observation, which is quite 

common in practice and the work in chapter five, is also based. Then the observations 

are modeled using the Bayesian linear model for vector observation. 

 

     x = Hθ + w………………………………………..4.14 

where each vector observation has the form in equation (4.14). Indexing the quantities 

by n and replacing θ by s, the observation model becomes 

 

     x[n] = H[n]s[n] + w[n]…………….………………4.15 

where H[n] is a known M x P matrix, x[n] is M x 1 observation vector, and w[n] is a M 

x 1 observation noise sequence. The w[n]’s are independent of each other and of u[n] 

and s[-1], and w[n] ~ N (0, C[n]). Except the dependence of the covariance matrix on 

n, w[n] can be thought of as vector AWGN. For the problem in chapter five s[n] 

represents a vector of p transmitted signals, which are modeled as random, and H[n] 

models the linear transformation due to the medium. The medium may be modeled as 

time varying since H[n] depends on n. Hence, H[n] s[n] is the signal output at the Mt 

antennas. Also the antennas output are corrupted by noise w[n]. The statistical 

assumptions on w[n] indicate the noise is corrupted from antenna to antenna at the same 

time instant with covariance C[n], and this correlation varies with time. From time to 

time instant, however, the noise samples are independent since E(w[i] w[j]) = 0 for i ≠ 

j. With this data model the vector state – vector observation Kalman filter can be 

summarized with the above assumptions for the data and the noise, together with 

Equations (4.13) and (4.15). This is the MMSE estimator of s[n] based on {x[0], x[1], 

… , x[n]} or  

     ŝ[n/n] =E(s[n]/ x[0], x[1], … , x[n]}                       
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This can be computed sequentially in time using the following recursion. 

 

Prediction: 

    ŝ[n/n-1] = A ŝ[n-1/n-1]……………………………………..4.16 

Minimum Prediction MSE Matrix (p x p): 

    M[n/n-1] = AM[n-1/n-1]A
T
 + BQB

T 
……………………...4.17 

Kalman Gain Matrix (p x p):  

   K[n] = M[n/n-1]H
T
[n](C[n] + H[n]M[n/n-1]H

T
[n])

-1
……………4.18 

Correction: 

    ŝ[n/n] = ŝ[n/n-1] + K[n](x[n] – H[n] ŝ[n/n-1]) ……………4.19 

Minimum MSE Matrix (p x p): 

    M[n/n] = (I – K[n]H[n])M[n/n-1] ……………...…………4.20 

  

The recursion is initialized by ŝ[-1/-1] = µs, and M[-1/-1] = Cs. All the comments of the 

scalar state – scalar observation Kalman filter apply here as well, with the exception of 

the need for matrix inversions. In here inversion of the M x M matrix is needed to find 

the Kalman gain.  
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CHAPTER FIVE 

KALMAN FILTERING CHANNEL ESTIMATION 

 

So far we have been laying the ground, for our final objective; familiarizing ourselves 

with channel estimation, MIMO-OFDM systems and its model, and Kalman filtering. 

The scalar and vector Kalman filtering and the Gauss-Markov model (dynamical 

model) of the system was also discussed in detail. It is time to combine all this 

materials to achieve our final goal, which is Kalman filtering channel estimation for 

MIMO-OFDM systems.  

Section 5.1 discusses the alternative mathematical representation for our system model 

in chapter 2. In section 5.2 MMSE equalizer is introduced for this model. In 5.3 the 

working principle of our channel estimation algorithm is discussed. Section 5.4 displays 

the simulation result for channel tracking. The MSE simulation result for Kalman 

filtering is also displayed with comparison to the LS and MMSE estimators together 

with their computational analysis. 

 

5.1 Mathematical Model of the System 

In chapter two we have seen the system model for MIMO-OFDM systems and their 

mathematical representations. The vector received signal for all antennas is expressed 

in Equation (2.20). It is also discussed that the cyclic prefix (CP) is also inserted after 

the IFFT operation for mitigating ICI. In this section an alternative representation for 

these equations is discussed. In Equation (3.21) we have the Fourier transform matrix 

used for CIR. In this section the input signal is multiplied by this matrix and the cyclic 

prefix addition is done in a different way, which is revealed in the channel matrix H. 

For the simulations and analysis in the following sections we now put the model 

equations considering 2-transmit and 2- receive antenna. This helps us to visualize the 

channels to be estimated, but the generalization to Mt transmit and Mr receive antenna is 

straight forward as discussed in chapter two. 

Let the k
th

 modulated OFDM block at transmit antenna i is written as xi = F ai (k), 

where F is the N X N  Fourier transform matrix, as described in section 3.3.3, N being 
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the number of subcarriers, and ai(k) is the N x 1 complex symbol vector sent from 

antenna i. The received 2N x 1 signal block after cyclic prefix removal is expressed as: 
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or in compact form : 

 

    r(k) = H(k) x(k) + w(k)……………………………………....5.2 

where rj(k) is the received block of size N x 1 at antenna j and Hij is the N x N channel 

convolution matrix, modeling the wireless environment between the i
th

 transmit and the 

j
th

 receive antenna. Due to the cyclic prefix insertion and removal operations, Hij 

matrices are circulant. This is the alternate representation rather than insertion of the CP 

at the transmitter and removal of it at the receiver mentioned above. Equation 5.2 can 

also be rewritten as: 
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Where Xi(k) is a N x L circulant matrix formed with the modulated block xi(k) and h = [ 

h11, h21, h12, h22]
T
 is the 4L x 1 state vector obtained by stacking the individual channel 

vectors hij(k) = [hi,j,0(k),  hi,j,0(k), … , hi,j,L-1 ]
T
, i,j = 1,2 and L is the channel length. The 

maximum channel length L is assumed to be the length of the cyclic prefix, in order to 

avoid inter-block interference. Equation (5.2) is suitable for the MMSE equalizer to be 

discussed in the next section, whereas Equation (5.3) is formed by making Xi’s circulant 

rather than Hij, which is again the effect of insertion and removal of cyclic prefix. 

Equation (5.3) is one of our model equations, which is still in the Bayesian linear 

model. The other one is the time evolution of the channel taps which is the Gauss-

Markov model stated in Equation (4.13). 
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     h(k) = Ah(k-1) + v(k)……………………………….5.4 

where A is the state transition matrix and v is the state noise and they behave as 

described in chapter four.  

 

5.2 MMSE Equalizer 

In this section MMSE equalization is done for our system in section 5.1. In Equation 

(5.2) the Hij’s are circulant matrices, hence they implement circular convolutions. 

Because of this they are diaganolized by DFT (FTM) and IDFT (IFTM) operations 

which are multiplication operations with F
H
 and F [1,11]. After having performed the 

discrete Fourier transform on rj(k) (after the FFT block on the OFDM block diagram) 

we obtain: 
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Contain the frequency response of the channel hij(k), evaluated at the subcarrier 

frequencies. Equation (5.5) for j = 1, 2 can be merged into a single one: 
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This can be written in more compact form as: 

 

)()()()( knkakDkr += ……………………………………..5.8 

The equalization stage, when operating in frequency plane is  

    )()()( krkGks =  

     )()()()(( knkakDkG += )………………………….5.9 
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G(k) is the 2N x 2 N equalizer matrix, at OFDM block time k. with the linear model 

given in Equation (5.8), the Zero Forcing  equalizer is easily derived as: 

 

    )()( 1 kDkGZF

−= …………………………………………...5.10 

whereas MMSE equalization is performed using: 
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aσ  being 

the average symbol energy. A closer look at the GZF and GMMSE matrices shows that a 

structure similar to  
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defined in Equation (5.8), each of the blocks D11, D21, D12 and D22 being diagonal. 

Exploiting this special matrix structure, significantly lower complexity can be achieved 

in the equalization stage since direct matrix inversion in Equation (5.11) is avoided. 

Furthermore, this highlights an important property of OFDM types of transmission: the 

initial frequency selective channel has been turned into a set of N frequency flat 

channels. The equalizer is needed here to compensate the flat fading experienced on 

each subcarrier and also to de-multiplex the two transmitted streams a1 and a2.  

 

5.3 Time Domain Channel Tracking  

In mobile MIMO wireless communications, the channels are time-varying, and the 

channels needs to be tracked and equalizer coefficients updated periodically. With the 

two Equations (5.3) and (5.4), which form the state-space model for our transmission 

system, we now discuss the algorithm for the channel tracking. In Equation (5.4) there 

are MrMtL channel taps in the state vector of dimension MrMtL matrix. The state 

transition matrix is of size MrMtL x MrMtL. In this thesis A is considered to have a value 

close to one (A = 0.999IMtMrL) for the reason discussed in chapter four. The state 

transition matrix describes the dynamics of the state vector, i.e., its time auto-
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correlation properties. Low order auto-regressive (AR) are widely and practically used 

in literature [11, 13]. The covariance matrix for the channel taps is Qh = LMMh tr
I

2σ  with 

2

hσ is the variance of the state noise associated with channel coefficients. Since now we 

have the linear model in Equations (5.3) and (5.4) and the noise is Gaussian, Kalman 

filtering discussed in the previous chapter can be applied to estimate the state vector h. 

We start with the covariance matrix of the measurement noise which has a value equal 

to R = σ2
 I, which is assumed to be uncorrelated. Let M(k/k-1) is the covariance matrix 

of the prediction error, then it is updated as  

 

    h

H
QAkkAMkkM +−−=− )1/1()1/( …………….……..5.12 

Qh being the covariance matrix of the state noise. M (-1/-1) is originally obtained from 

the covariance matrix of the channel vectors and is a matrix of size  MtMrL X MtMrL 

(see also section 4.5). The updated equation for M (k/k), the covariance matrix of the 

estimated error, is  

 

    )1/()()()1/()/( −−−= kkMkXkKkkMkkM ………….5.13 

Where K (k) is known us the Kalman gain with matrix size of Mr X MrM where M=MtL 

and is given as 
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The estimated channel at time k with information and predictions at time k-1 and k 

respectively is given as 

 

    ĥ(k/k) = ĥ(k/k-1) +K(k)[r(k) – X(k) ĥ(k/k-1)]……………..5.15 

Where ĥ(k/k-1) = A ĥ(k-1/k-1) ,and with r(k) being MrN X 1 and ĥ(k/k-1) being  MrM X 

1 vectors. Equations (5.12) to (5.15) are the vector Kalman equations discussed in the 

previous chapter except for some changes in the terms used. The channel tracking 

algorithm is illustrated is Figure (5.1) and it works as follows: 

1. The received vector at time k, r(k), is used to obtain the symbol estimate â(k). This 

is done using the MMSE equalizer and the channel estimate at time k-1; ĥ(k-1/k-1). 
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Note that to start with the channel estimate at time k-1, ĥ(k-1/k-1) is initialized with 

the facts discussed in chapter four, i.e., ĥ(-1/-1) = µh, or even with reasonable guess. 

2. The estimate at time k, â(k) is re-modulated with IFTM so that the estimate is  in 

time domain for use in the Kalman filter, )(kaFx
∧∧

= . 

3. Now 
∧

x (k) is used to build the estimate 
∧

X (k) as in Equation (5.3). 

4. And finally the Kalman filter is run to obtain ĥ(k/k) using Equation (5.3) and (5.4) 

as our transmission model. 

5. Step 1 to 4 is repeated for the next OFDM block. 

 

 

 

Figure 5.1 Channel estimation followed by frequency domain equalization. 

At this point the estimates can be refined by re-decoding the symbol 
∧

a (k) using the 

filtered estimate ĥ(k/k). Substantial performance is obtained as is shown in the next 

section. Except for the first OFDM block, which will be used as a training signal, the 
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∧
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algorithm works in a decision directed mode. In the blocks in Figure (5.1) the Kalman 

filter equations and channel estimation procedures are integrated.  

 

5.4 Simulation Results 

In this section simulation results are displayed. The performance measure is 

performed in the normalized mean square error (NMSE). But, before that, channel 

tracking is done in time domain for MIMO-OFDM systems. The simulation 

parameters used in chapter three are also used in here. Once again they are displayed 

here with additional parameters because of the state model used in Kalman filtering. 

 

5.4.1 Simulation parameters and assumptions 

I. Number of transmitter, Mt = 2 

II. Number of receiver, Mr = 2 

III. BPSK symbol modulation 

IV. Number of subcarriers, N = 256 

V. Cyclic Prefix, NCP = N/4 

VI. OFDM block size, N + NCP 

VII. Bandwidth = 1.5MHz. 

VIII. Carrie frequency is fc = 2.4 GHz. 

IX. Wireless channels from each transmit to each receive antenna experience 

Rayleigh fading with independent propagation paths. 

X. The receiver speed is of 36 Km/h. 

XI. The Doppler spectrum is Jake’s and the channel length is 16. 

XII. No correlations is considered neither at the transmitter and nor at the receiver 

side, which means the four channel impulse responses, h11,h12,h21,and h22 fade 

independently. 

XIII. Channels are considered to remain stationary during the OFDM block time. 

The MMSE equalizer discussed in section 5.2 is chosen, as it does not suffer from 

noise enhancements as the zero forcing does. Tracking capabilities of the method is 

illustrated with time. Figure (5.2) shows the true and estimated channels at a given 

OFDM block time. In the figure the real and imaginary part for each of the four paths 
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are shown. Note also that as many literatures claim tracking in time is turned out to be 

more robust to estimation errors because the frequency correlation of the taps can be 

efficiently exploited [1, 11, 12, and 13]. Frequency domain tracking, without any 

autoregressive (AR) modeling, suffers from decision errors: each subcarrier being 

tracked separately, a single decision error includes an erroneous feedback, provoking 

a permanent loss of both the channel track and the data stream on the corresponding 

subcarrier. 
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Figure 5.2 Channel tracking for the h11, h21, h12, and h22 with equal delay time (L=16). 

 

To have a clear observation for the tracking capability of our system the channel 

tracking is displayed for h11 in Figure 5.3. As it seen from these two figures superior 

tracking capability is achieved.  

      Actual channels 

         Estimated channels 
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Figure 5.3 Real and Imaginary parts of h11; actual and estimated value, L=16. 

 

The NMSE for the Kalman filter is also displayed in Figure (5.4) for a channel length 

L = 16. As we can see from the figure the performance of our system is increased 

tremendously. At this point the simulation parameters, as described in chapter three, 

are for typical urban area scenario. Note also from Figure (5.4) that the NMSE at low 

SNR values are even smaller than that of the LS and MMSE estimators. This is 

because of the time domain tracking, appropriate model of the transmission system 

and proper initialization for the Kalman filtering equations. 
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Figure 5.4 NMSE for Kalman filtering and LS, MMSE estimators 
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The performance of NMSE for different channel lengths are also investigated and 

displayed in Figure (5.5). The figure shows the results of Kalman filter for channel 

lengths of 21, 16, and 8. The accuracy of the estimates increased as the number of 

channel lengths decreased. Mathematically, a larger L implies that there are more 

unknown to be solved for a given set of equations, hence the accuracy will decrease. 

 

0 5 10 15 20 25 30
10

-5

10
-4

10
-3

10
-2

10
-1

SNR

N
M

S
E

L=16

L=8

L=21

 

Figure 5.5 NMSE curves for Kalman filter estimator for different channel lengths. 

 

There is also one thing remains to be discussed as long as we are dealing with mobile 

wireless systems. This is the performance of the filter at different mobile speed users. 

Figure (5.6) shows the MSE performance of Kalman filter for different mobile speed 

users. As expected for slower changing channels, such as the 5 km/hr case, the 

performance is better. Conversely, in a relatively fast changing channel of 36 km/hr 

the performance degrades. 
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Figure 5.6 NMSE of Kalman Filter for different mobile speed users. 

 

5.4.2 Computational complexity 

The main advantage of using Kalman Filtering in the thesis is actually to improve the 

efficiency of channel tracking in mobile wireless MIMO-OFDM systems. In addition, 

the channel is time-varying and it is tracked with superior capability because of 

appropriate modeling of the system and the properties of Kalman filter. Still it is 

worth mentioning for the computational complexity of using Kalman filtering to clue 

researchers for reducing this complexity. As in the case of section (3.4.3) the 

derivations are based on an Mt - by - Mr MIMO-OFDM system with N subcarriers and 

a channel length of L. Equation (5.15) will be used for the analysis with the obvious 

introduction of Equation (5.14) which takes the major part of the complexity in vector 

Kalman filtering. It is a Kalman gain with its operation of matrix inversion. In 

Equation (5.3) the matrix X has a size of MrNXMrM, where M = MtL. Table 5.1 

summarizes the operational analysis in terms of operational counts for a receive 

antenna 1, that is Mr = 1.  In the table the operational counts are done for each steps in 

the estimation for equation (5.15).  
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Operation No. of 

Complex 

multiplications 

No. of 

Complex 

Add/Sub 

No. of 

Complex 

Division 

No. of square 

root 

A=XM(k/k-

1)X
H 

MN
2
+ M

2
N NM

2
-NM 0 0 

B = A+R 0 N
2 

0 0 

B
-1

  N
3 

N
3 

3N
2
/2+N/2 0 

C=M(k/K-

1)X
H
B 

NM
2
+MN

2 
NM

2
-NM

 
0 0 

D=X ĥ(k/k-1) NM
2 

NM-N
 

0 0 

E = r-D 0 N 0 0 

F=K(k)E N
2 

N
2
-N

 
0 0 

G= ĥ(k/k-1)-F 0 N 0 0 

 

Table 5.1 Channel Estimation Operation for Operation Count 

 

Using the values L=5 and Mt=2 let us summarize the complexity analysis for the 

three channel estimators. Refer section 3.4.3 for the LS and MMSE estimators 

operation count. 

 

Method No. of 

Complex 

multiplications 

No. of 

Complex 

Add/Sub 

No. of 

Complex 

Division 

No. of square 

root 

LS 54,760 52100 155 0 

MMSE 55,860 53,190 310 0 

Kalman Filter 21,823,488 17,430,384 98,432 0 

 

Table 5.2 Comparison for operation count in LS, MMSE and Kalman Filter 
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As can be seen from table (4.2) Kalman filtering has the highest computational 

complexity. If we see carefully on the operations all of operations contribute much of 

the computational complexity. However, the operations other than the division 

operations are computationally easy to implement in real time system. Hence as 

compared to the efficiency obtained in the channel tracking capability for wireless 

mobile users it can be said that we are still achieving a great deal of performance 

improvement in channel estimation for MIMO-OFDM systems and assuring major 

requirements of B3G wireless communication systems. The computational 

complexity can be a great deal to decrease, especially the inversion of the large 

matrix. QR decomposition is one possible solution to avoid so much complexity 

because of the inversions. In this thesis the performance is meant to be improved, 

which makes it complete if computational complexity reduction was included.   
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CHAPTER SIX 

CONCLUSION AND FUTURE WORK 

6.1 Thesis Summary and Conclusions 

MIMO-OFDM has the potential to sufficiently increase the capacity and reliability of 

the system due to the added spatial degree of freedom from multiple independent 

paths. Moreover, the use of OFDM techniques makes the system robust to frequency 

selective channels. However, these promising features of MIMO-OFDM system have 

been difficult to deploy because of the complicated receiver structure due to the 

additional unknown parameters. This leads to the extremely complicated channel 

estimation schemes for MIMO-OFDM system. The main objective of this thesis was 

to develop an efficient channel estimation technique for these systems. For this we 

choose the Kalman filtering for many of its outstanding features in applications like 

tracking, navigation and estimations of time-varying systems. 

It was claimed that training based channel estimation to be more applicable and less 

complex than the blind ones. To illustrate what channel estimation is meant in 

MIMO-OFDM systems, LS and MMSE channel estimators were discussed and their 

results were displayed for MSE operations. There performance was shown to be not 

satisfactory in the basis of some realistic parameters. Apart from their complexity in 

their applications they are found to be less effective in an urban type scenario. Also 

the analysis made showed that MMSE outperforms the LS estimation at the expense 

of increased complexity. However, the results also showed that at high SNR values 

the performance of MMSE estimator approaches that of the LS estimator. 

Kalman filtering channel estimation was investigated for time domain channels. The 

vector Kalman filtering equations, discussed in chapter four were applied to the 

MIMO-OFDM systems. The models for the transmission systems were developed 

based on Gauss-Markov channel model and the Bayesian linear model. Incorporating 

these two concepts together with general channel estimation schemes the algorithm in 

Figure (5.2) was developed. MMSE equalizer as opposed to ZF equalizer contributes 

to the system efficiency, as the later suffers from noise enhancement. Due to these 

reasons, superior channel tracking capabilities was achieved. As per the results from 

the NMSE curves, it was able to observe that, for a typical urban type scenario, the 
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Kalman filtering performs very well for our system than the LS and MMSE 

estimators. In the case of computational complexity, it was shown that Kalman 

filtering receives the highest computational complexity which is not required in the 

real time applications.    

 

6.2 Future Works 

Due to limited time frame of this research, there are still some important issues that 

have not been dealt. The following includes list of suggested future works that can be 

investigated. 

• The computational complexity in the Kalman filtering channel estimation can 

be improved by using QR decomposition in the Kalman gain equation, since 

matrix inversion is computationally inefficient to be implemented in 

hardware.  

• The other one is there are still impediments in the channel estimations 

procedure among which effects of frequency offsets are the major one. If 

Extended Kalman Filtering can be used frequency offsets can be tracked along 

with channel estimation for MIMO-OFDM systems. In this thesis perfect 

synchronization of frequency is assumed. 
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