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Abstract

This project deals with introduction of subtraction algebra, weak subtraction algebra
and their the properties.order systems and ideals of a weak subtraction algebra and a
subtraction algebra will be introduced.the concept of fixed map in weak subtraction
algebra will be discussed. Conditions for an ideal to be irreducible will be provided.

More over, relations between ideals and order systems are given.



Notations

N,U The symbol of intersection and unions .

< The symbol of partial order.



Chapter 1
Preliminary

In this part of the project we will define some important concepts that are useful in our
subsequent discussions. Let us start by defining a meet semi lattice, semi lattice and
a lattice and then a Boolean algebra. In the last part of this chapter we will discuss

about subtraction algebra and weak subtraction algebra .

1.1 Meet Semilattice, Semilattice and Lattice

Let us start this section by defining what is meant by meet semilattice.

Definition 1.1.1. Let A be a binary operation on a non-empty set X. Then the alge-
braic structure (X, A\) is called meet semilattice if all x,y,z € X, the following condi-

tions are satisfied:
i. v Nz =x, (Idempotent law )
ii. * Ny =1y A z,(Commutative law )
iii. (x ANy)ANz=xA(yAz), (Associative law )

A semilattice is a non-empty set X together with two binary operations on which it is

a meet semilattice with each of these two operations.

Definition 1.1.2. Let V and A be two binary operations on a non-empty set X. Then
the algebraic structure (X, V, ) is called semilattice, if for all x,y,z € X | it satisfies
the following properties:

i. xVx=x and x Nz =z. (Idempotent law)
ii. tVy=yVazandx ANy =yAzx. (Commutative law)

iii. (xVy)Vz=xV(yVz)and (xAy)ANz=xA(yAz). (Associative law)



The following is the most common example for a semilattice.

Example 1.1.1. Given a set X, then the power set P(X) together with the two binary

operations: union " U” and intersection ” N of elements of P(X) is semilattice.
In this case we define V by U and A by N.

If a semilattice satisfies one more property, called the Absorption law, then it is called

a Lattice.

Definition 1.1.3. Let A\ and V be two binary operations on a non empty set X . Then
the algebraic structure (X, A, V) is called lattice if for all x,y,z € X it satisfies the

following properties :

(L) x Ne =x,xVax=ux. ---- (Idempotent)

((Lz). cANy=yANz,zVy=yVaz —----—Commutative)

(Ls) . xAN(yAz)=(xAy)ANZ,xV(yVz)=(xVy)Vz --—--(Associative)
(Ly). xAN(zVy)=zV(zAy)=x.-------- — -(Absorption)

1.2 Boolean Algebra

In this section we will give the definition of Boolean Algebra and give an example.

Definition 1.2.1. Let” V" and” A7 be two binary operations on a non-empty set X.
Then the algebraic structure (X,V, A\, ,0,1) is called a Boolean algebra, if for arbitrary
element x,y,z € X. The following conditions hold true:

1. It is Lattice on a set X with two binary operations. i.e, (X,V,A\) .

2. Distributive laws: xV (y AN z) = (xVy)A(xzV z) and
A (yV z) = (x Ay)V(x A 2).

3. Involution law: ©" = x.
4. Compliment laws: v Vy =1 and y Ny = 0.

5. Identity laws: There 1s a zero element 0 in X such that yV 0 =y, and there is a
unit element 1 in X such that y N1 =1y.

6. Bothyv1=1andy N0 =0 are satisfied
7. De’ Morgan’s laws: (xVy) =2' ANy and (x Ny) =2' V.

The two operations ” A” and ” V7 are called meet and join, respectively.



Example 1.2.1. Let X be a non-empty set. Then the algebraic structure
<P<X)7 \/7 /\7/ Y 07 ]‘)7

where P(X) is the the power set of X,V and N\ are the set operations U and N respectively,

the unary operation’ is the set compliment and the elements O for O and 1 for X, is a

Boolean algebra.

1.3 Order Relations

Definition 1.3.1. A. An order relation” <7 on a non-empty set X is called partial

ordering, if the following conditions are true:

a. Reflexive: If v < x, for allx € X
b. Antisymmetry: If x <y and y < x, then x =y for all x,y € X.

c. Transitive: If vt <y and y < z, then x < z, for all x,y,z € X .
A set X together with a partial order” <7 on X is denoted by (X, <) and
we say it is a Partially Ordered Set (Poset).

Example 1.3.1. Let 7 < 7 be a an order relation on N, the set of natural
numbers,defined by
a<b

iof and only iof a divides b.

Then” <7 is a partial ordering on N and (N, <) is a poset.

B. A partially order set is called a totally order set if for any two elements x,y € X,
either x <y ory < x.

A set X with a total ordering is called totally ordered set or a chain.

The most common examples of a totally ordered set are the different sets of numbers

with the usual ordering, as we can see in the following example.

Example 1.3.2. The set of natural numbers, the set of integers, the set of rational

numbers and real numbers with the usual ordering” <7 are all chains.



1.4 Subtraction Algebra

The most important objects of discussions in Mathematics are algebraic structures.
We are interested on one algebraic structure for our discussion in this project, which is
subtraction algebra. A subtraction algebra is a set X together with the single binary
operation, which is called subtraction that is denoted by ”—". In this chapter we will
define a subtraction algebra, study some properties of subtraction algebra and discuss

some concepts related with subtraction algebra.

Definition 1.4.1. A non-empty set X together with a binary operation ” — 7 is said
to be a subtraction algebra, if it satisfies the following properties:

Si.x—(y—z)==z, foralz,ye X

Sy, v—(xr—y)=y—(y—=x), forallz,y € X

S3. (x—y)—z=(x—2)—vy, foralz,y,z€ X

Let us see some examples of algebraic structures that are subtraction algebras and then

algebraic structures that is not subtraction algebras.

Example 1.4.1. Let X = {0,a,b}. Define” —” on X by the following table.

S e D

SR (DD
S D&
S | DS

Then (X, —) is a subtraction algebra .
Verification :- Let us check all the properties of a subtraction algebra for each element
in X.

(i) Let t =0,y =a. Thenz — (y—2)=0—(a—0)=0—a=0¢€ X.
Hence 0 — (a — 0) = 0.

(ii)) Let  =0,y=0. Thenz — (y—2)=0—(b—0)=0—-b=0€ X.

Hence 0 — (b—0) = 0.

(iii) Let v =a,y=0. Thenz —(y—z)=a—(0—a)=a—-0=a € X.

Hence a — (0 — a) = a.



(iv) Let x =a,y=">b. Thenz— (y—z)=a—(b—a)=a—-b=a€ X.

Hence a — (b—a) = a.

(v) Let t =b,y=0. Thenx — (y—x)=b—(0—-b)=b—-0=0b€ X.
Hence b — (0 — b) = b.

(vi) Let x =bjy=a. Thenzx —(y—z)=b—(a—b)=b—a=0b€ X.
Hence b— (a —b) = b.

(vit) Let x =bjy=0b. Thenx —(y—z)=b—(b—b)=b—-0=be X.
Hence b— (b—0b) = b. Thus property Sy holds true.
Similarly property S and S3 hold true.

Therefore, (X, —) is subtraction algebra.

Example 1.4.2. Let X = {0, a,b,c} in which "—" is defind by the table.

-1 0lal|b|c
0100|010
ala|l0]all
bbb 0|0
clelblall

Then (X, —) is a subtraction algebra

Example 1.4.3. Let X be a set and P(X) be the power set of X. Then (P(X),—),

b

where ” — 7 is the usual subtraction (relative complement), is a subtraction algebra.

Proof. Let A,B,C € P(X). Then A— B:=ANDPB'.

1. A—(B—A) = An(B-AY
= An(BNnAY
AN (B'UA"), by De’Morgan’s law
AN (B'UA), by Involution’s law A” = A
= (AN B')U(ANA), by Distributive law
= (AnB)UA
= A, sinceANB' C A.



Thus A-(B—A)=A4A

2. A-(A-B) = An(A-DB)
= An(AnBY
AN (A"UB"), by De’Morgan’s law
AN (A"U B), by Involution’s law B” = B
= (AN A")U (AN B), by Distributive law
= OUANB
= AN B = BNA, by commutative property
= (BNB)U(BNA)

Hence A— (A—B)=B— (B—A)

3. (A-B)—-C = (A-B)nC'
= (AnB)ncC
= AN (B'NC"), by Associative property
= AN (C'NB’), by Commutative property
= (ANC")YN B, by Associative property
= (AnC')—-B
= (A-C)-B

Thus (A — B) — C = (A—C) — B.
Therefore, (P(X), —) is a subtraction algebra O

Example 1.4.4. The set of integers together with the usual subtraction, (Z,—), is not

a subtraction algebra.

Proof. Take x =1 and y = 2 from Z. Then
r—(y—x)=1-(2-1)=1-1=0.

This implies S} in the definition of a subtraction algebra, which states that z— (y—x) =

x, is not satisfied. Hence, as a result (Z, —) is not subtraction algebra. O



1.4.1

Some Properties of Subtraction Algebras

Now let us see some properties of subtraction algebra.

property 1.4.1. If (X, —) is a subtraction algebra, then the following conditions hold

true.

property(l). (zx —y) —y=z—y.

property(2). © —x =y —y.

Proof.

(z—y)—y =

Hence (z —y) — vy

property(1) For x,y € X:

(z—y)—ly—(x—y)], sincey = [y — (z —y)]
= (x_y)a by S1
=x—y.

property(2) For z,y € X.

, sincex — (y—x) =x

r—(y—a)]-[r—(y—2)
—l’), by53

r—[r—(y—2)]]—(y
y—z)—[(y—z) -] - (y—x), by S
) T

[

[

[(

[(y —2) = (y — 2)] — (y — ), by theorem 1(i)
[(y—=(y—2)) =] = (y —x), by S
(= (z—y)) —a] = (y — ), by 5
(= (z—y)) — (y—2)] — =z, by S
[(z=(y—2)) — (x—y) —=, by S
[t—(x—y)]—=x, sincex — (y—z) ==
[z—(z—y)]—=

y—(y—=)] -z



r—r = [y—(y—a)—x
= [(y—(@—-y)-[y—(r—y)—z]—=z, by S
= [(y—(r—y)—[(y—2) = (x—y)]] —2, by S
)

= [(z—(z-y) —yl - (z—y), by S
= [y=(—2) —(z-y)] -y, by 5
= [y—(—y) —(y—a) -y, by 55
= ly—(y—2)] -y}, by S
= y-vy
Therefore
rT—T=Yy—1y.

]

From this, we can see that there is a unique element in X that is denoted by x — x =
y —y =: 0, which does not depend on the choice of z,y € X.

Property(3)
(x—0) =z and (0 —x) = 0.

Proof.
we need to show z —0=0and 0 —2 =0

Let x —x=0by Pothenz —0=2— (x —z) =2 by S,

therefore, . — 0 = x

Let z — 0=z«
We want to show that 0 — 2 =10

0—2=0—(x—0)=0----------- by Si
0—x2=0 ]



Property(4)
(z—y)—2=0.

Proof.

We want to show (z —y) —z =

-y —z=@-2)—y--------- bySs

(r—y)—x=

Property(5) .

(z—(z—y) <y
define < by the subtraction algebra X isz <y=z—y =0

Proof.
We want to show that (x — (x —y)) < y?

(x — (r —y)) — y = 0 by using order relation

=Wy-(y—2)—-y------ by S,

=Y -Y)-(z-y)----- by Ss

=0—-(z—-y)=0------ by P
(z—(z—y) <y

Property (6) .
(r—y)—(y—2)=z—y

Proof.

We want to show that (xr —y) — (y —x) =z — y?

-y -y-—2)=@-(y—2)—y------ by Ss

property(7).
r—(x—(r—y)=xz—vy.



Proof.

We want to show that z — (v — (x —y)) =z — y?

r—(x—(r—y)=@-y) -(z—-y)—2)----- by 2
=@@-y)—((x—2)=Y)---bys;
=(@—-y)-0-y)------ byps

=@-y)—0=z—y----by P
there fore z — (x — (z — y)) =z — y.

Property(8) .
(z—y)—(z-y)<z—=z

Proof.

We want to show that ((z —y) — (z — y)) — (x — 2) = 0 ?
(z—y)—(z—y) — (2 —2)

= ((z—y) — (@ —2) — (z —y)bySs

I
—~
8
|
—~
8
|
N
~—
~—
|
<
~—
|
—~
N
|
<
~—
S
<
&

= 0 since by P;
There fore (z —y) — (z —y) <z — 2.

Property(9) .
(x <y)if and only if z = y — w for some w € X.

Proof. (=) given x <y
Letz—y=0andy—z=w

r=rx—0=zx—(r—y)--------- by Ss
y—(y—m)
y—w

S.X=y-w (<) assume x =y - w for some w € X
We want to show that z <y
x =y - w subtracted both sides y

10



T—y=
= X Yy O

Property(10) . x < yimpliesx-z<y-zandz-y <z-x.

Proof.
If z <y then z =y — w for some w € X hence we have subtracted both sides to z.
r—z=y—w)—=z

=y—2)-w<(y—2)
>r—-—2<y—=z

next If x < y then z — y = 0 thus by P8

-y —(z-2)=(z—(2—2)—y

=(r—(r—2) -y
—(x-y)-(x-2)=0-(xX-2)=0-ccemomm- byP3

Sz—y<z-—ux. O

Property(11) . z,y < z impliessz —y =x A(z—vy) . define Aby zAy =2 — (x—y)

Proof
Ifo<zthenz—y<z—ybute—y<zandthusz —y <A (z—y)

let w=xA(z—y)thenz—y<zandsow=azAw=x—(r—w)alsoyA(z—y)=
(z=y) = ((z=y) —v)
=(z—y)—(z—y)=0hencew — (w—y)=yAw=xAyA(z—y)=0
therefore w — (x —y) = (w — 0) — (z — y)

=(w—(w=y)—(z-y)
=(w—-y)—(z-y)
=@-(@-w)-(r-y
=((z—y) - (@@ -w)-(z-y)

=((z—y) —(@@-y) - (r—-w)

=0—(r—w)=0

and thus z A (z — y) = w < z — y consequently

r—y=xAN(z—vy). O

11



Property(12) .
(xAy)—(xAy) <z Ay —2).

Proof.

Ay =(@nz)=(—(z-y)-(r-(-2)=H--2)-(-(2-y) <y—=

i(zAy)—(zAhz)<zAhy=z—(z—y)=y—(y—2)<z
thus (zAy) —(zA2)<xzA(y—=z).

Property(13) .
(x-y)-z=(x-2)-(y-2)

=(((z—2)—2)—(y—2) (@ —y)—2)----- ~ by P,
<((z-2)-y)—((z-y)—2)----- by by Ps and Py
=((z-y)—2) —((x—y)—2) by S

=0 —-by 3

and (z = 2) = (y = 2)) = (w —y) = ) = 0
S@=2)—(y=) <@y =z 1)

using S3 , Py ,and Pg we get

(@—y)—2)—((—2)—(y—2) —------- by S
<(y—z)—-y=0

then((z —y) —2) = ((x—2) = (y —2)) =0
=@-y)—z2<(@-2)-(y—2)----(2

there for from (1) and (2) (x —y) —z=(x—2)— (y — 2) .

]

Theorem 1.4.1. Let (X, —) be a subtraction algebra . Define the relation ” <" on X

bya<bsa—b=0.

Claim:- " <" is an order relation on X.

Proof.

We want to show that ' <’ is reflexive, antisymmetric and transitive .

(i) reflexivity

12



Let a € X. Thena—a =0

=a<a

. < is reflexive
ii Antisymmetric

Let a,b € X such that a < band b < a
We want to show that a = b7
a=a—(b—a)by S

=a—(a—0b)sinceb—a=0=a—>

=b— (b—a) by S
=b—(a—0b)=Dbby 5
.a=b

iii Transitivity

Leta,b,c € X such that a <band b <c.Then,a-b=0andb-c=0

We want to show that a —¢c=0=a <c¢
O=a—b=(a—(b—a))—bby S
a—>b)—(b—a)by S;
b—c)—(b—a)sincea—b=0andb—c=0
b

thus ¢ — ¢ = 0 and hence a < ¢
. < is transitivity

Therefore, < is an order relation on X.

]

Theorem 1.4.2. Let (X, —, <) be a subtraction algebra . Then 0 < x for all x € X.

Proof.

since 0 — z = 0 by ps,

we have 0 < x

13



From the above discussion , we see that a subtraction algebra (X, —) can be con-
sidered as an order set ordered by the order relation ' <’ defined above .
Now , let (X , - ) be a subtraction algebra with the order relation © <. For a € X,
define the set [0, a] ={xe€X:0<x<a} CX. . On[0,a],define A,V,/ by
TAy =z (z—y)
r=a—x
eVy=('Ny) =a—((a—z)A(a—y))

Theorem 1.4.3. We have ,
(i). ([0, a], N )isameet semi lattice.
(i) . ([0, a ] NNV )is a boolean algebra.

Proof. :-(i) . ([0, a], A ) is a meet semi lattice.

let z,y € [0, a
We want to show that ([0, a ],A) Is a meet semi lattice?
(i) Idempotent law
We went to show that z A x = x7?
tANr=zx—(r—z)=v—0=ux

ii Commutative law

We want to show x Ay =y Ax

rANy=z—(z—-y)=y—(y—r)=yAz
ST NY=yANz

iii Associative law
",'U’ y7 z 6 [0’ a]
cANyANz)=z—(x—(yAz)) by Sy

=(ynz)—((yAz)—a)----Dby S
=(y—(y—2)— ((y— (y—2)) —x) — - - by the definition of the above .
=(y—(y—2)—-(y—2)—(y—2)----- by S

=y—-(y—2)—(y—2)

14



(xANy)Nz=(xAy)— ((x ANy) — z) - - - - by the definition of the above.
=(x—(xr—1vy))— ((xr — (r —y)) — 2) - - - - by the definition of the above.
=W-(W=-2)—((y—(y—=2)) —2)----by S
=Wy-W—2)-Wy—x)------ by Ss
=y—(y—2)—(y—a)------ by Ss

=y—(y—z)—(y—2)

=WAz)—(y—2)(2)
From (1) and (2) cA(yAz)=(zAy) Az
.. A\ is associative

Therefore , [0, a] with A is a meet semi lattice .

]

Proof. :- Let x,y € [0,a] in which 0 ,1 be identity elements with the binary operation
V, A ([0,al, v, A,0,1) is boolean algebra.

1 Idempotent law (i1) a V a = a. and
(1i1) a A a = a.

We want to show that (il)aVa= (a’ANd) =a—((a—a)A(a—a))

=a — (0N 0)
=a—-0
=a

(i9) is proof on (i) .". V, A is idempotent

2 Commutative law

We want to show that (i5) a Ve =2 Va and (iix)aANx =z ANa
aVe=(dN2)=a-(a—a)AN(a—2x))=a—(0A(a—2))
=a—(a—(0—-(0—2))=a—-0=a

zVa= @' Nd) =a—(2'Nd)=a— ((a—2x) A (a—a))

15



ST ANY = yA

3. Associative law

We want to show that i3 (a Az) Ay =aA (yAy)
ii3. (aVz)Vz=aV(zVy)
i3 proof on (i)

ity aV(zVy)=aV (@ Ny) =y Ale—(a=2)A(a-y)))

4 Absorption law .

We want to show that (i4) aV (a Ax) =a and (iis) a A (aV ) =a
is aVaANz)=aV(a—(a—y))=(adN(a—(a—2x)))
=a—((a=a)A(a—(a—(a=-2z))))

=a—(0A (a—x))
=a—(0-(0—-(a—2x))=a—0=a.
soaV(aAz) =a.

ity aN(aVz)=aANz=a—(a—a)=a—0=x..aA(aVz)=a.

5 Distributive law

We want to show that (i5) (aA(zVy) = (aAx)V(aNy), (ii5) a V(zAy) = (aVz)A(aVy)
is aN(zVy) =aAN(@ ANyY) =aA(a—((a—2x)A(a—1)))

=a—(a—(a—((a—2)A(a—1))))

=a —((a—2) A (a—y))

16



(aVz)AN(aVy)=aha=a—(a—)=a—0=a.

6 Involution

We want to show that a”’ = a

d"'=(a—a)=0=a-0=a.

7 Compliments

We want to show that
(i7) ' V = a and
(ll7> AN =0

i’ V= (a-2)Va=((a-z) AY)

8 Identities.

17



We want to show that
(is)x V0 =2 and

(iig) tANa=x

(i8)x V0= (' AN0) =a—((a—x) A (a—0))

(i)yNa = x—(x—a)
(

92A0=0andzxzVvl1=1

r—(r—0)=xz—x=0and
zV1i=1Vvze=1

10 Demorgan’s law

We want to show that

i (aVzx) =dAz and

i (anz) =aVva

i(ave)=d=a—-a=0
dN'"N=(a—a)AN(a—z)=0—-(0—(a—2))=0
=(aVz)=d N

i (anz)=a—(a—(a—y)=a—x=2a
dvr=a—aV(a—z)=(0A(a—2x))
={(a—0)ANa—(a—2a))

x))))

=(a—(a—(a—(a—

z))

=a—(a—(a

18



1.5 weak subtraction algebra

Definition 1.5.1. By a weak subtraction algebra (WS-algebra), we mean a triplet
(W, —,0) where W is a nonempty set, '—' is a binary operation on W and 0 € W is a

nullary operation, called zero element, such that

(w1) (Va,y,z € W)((x —y) =2 = (- 2) —y)
(wy (Vx e W)(z —0=x,2 —x=0)

(w3) (Vo,y,z€e W)((x —y) —2= (v —2) = (y — 2))

Example 1.5.1. Let W = {0,a,b,c} be a set with the following table.

-1 0lal|b|c
010000
alal|l0]0]|0
blb|l0|0]|0
cle|0l0]0

(W, - )is a WS-algebra

Remark 1.5.1. Every subtraction algebra is a WS-algebra. The converse may not be

true .

Example 1.5.2. Let X = {0,a,b,c,d} be a set with the following table

-l 0|lal|b|c|d
ol 0] 0]0]0]0
ala|0|0]|0]|Db
bbb 0O|0]|Db
clec|lclc|O0]c
did|d|d|d]| 0
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Then ( X, - ) is a WS-algebra which is not subtraction algebra
because b - (¢-b)=b-c=0#b

Definition 1.5.2. Let (X, - ) be a subtraction algebra if there exist xog € X : z < x,

for all x in X we call X a bounded subtraction algebra .

Remark 1.5.2. If there exists such an vy € X , then it is unique

Proof. :- Suppose there exist z,,y, € X such that x < zyV x€ X and x < yo Vo € X .

Then , 29 < yo since yo € X and yy < zg since 79 € X

Thereforex, = y, because < is antisymmetric .

Notation we denote the unique element satisfying the above condition by 1 .

Remark 1.5.3. If the subtraction algebra ( X , - ) is bounded then X = [0, 1]
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Chapter 2

ORDER SYSTEMS AND IDEALS
OF WEAK SUBTRACTION
ALGEBRAS

In what follows , let X denote a WS- algebra unless otherwise specified .

2.1 Ideals

Definition 2.1.1. A nonempty subset A of X is an ideal of X if it satisfies:
(b)) 0 A
(b)) (Vxe X)Vye A)(x—ye A=z e A)

Notation 1. The set of all ideals in X will be denoted by Id(X).

Lemma 2.1.1. An ideal A of a subtraction algebra X has the following property:
Vee X)(Vye A)(x <y=x€A)

Theorem 2.1.1. Let A be a nonempty subset of X . Then the set

K={zeX:(.((rt—a1)—ay)—...) —a, =0 for some ay,as, ...a, € A} is a minimal

tdeal of X containing A.
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Proof. :- K is non empty since 0 € K
Let r€ X ye€ K such that x —y € K

= (...((y —a1) —ag) —...) —a, =0, for some ay,as, ...,a, € A and

(.(((z —y) = by) = b)) — ...) = by, = 0forsomeby, by, ..., b,, € A

= (.((x=0b)—by) —...) = b, <y

=(.((..((z=by) =bg) —..) =bp) —a1) —...) —ap, < (..((y —a1) —az) —...) —a, =0
and so(...(((-..((x = by) = by) —...) = bp) —a1) —...) —a, =0

It follow that x € K so that K is an ideal of X .

Let G be an ideal of X such that A C G

We need to show that k C G .

Let x € K. Then , there exist aq, as...a, € A such that,

(..((x—a1)—ag) —...) —a, =0€ G

since a,, € G by the second condition in the definition of an ideal we have ,

(((z—a1)—az)—...) —an,_1 € G

By a similar argument ,we have :

(..((x—a1) —ag) —...) —ap,2€ G .
= (.((z—a1) —az) —...) —an—3 € G.

=rx—a €G
=>xeG

Therefore, K is a minimal ideal of X containing A . O

Notation 2. The ideal K described in the above theorem is called the ideal generated
by A and denoted by (A).
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2.2 Irreducible Ideal

Definition 2.2.1. An ideal A of X is said to be irreducible if for any ideals C and D
of X ,A=CnND implies A= CorA=D.

Theorem 2.2.1. [f A € 1d(X) satisfies the following assertion .
(Ve,ye X\A)(Fze X\A)(z-z2€A,z-ye A)---(1)
then A is an irreducible ideal of X.

Proof. - Assume that A € 1d(X) satisfies (1) and let C , D € Id(X) such that A = C
NnD,

We want to show that either A = C or A = D.

Suppose A # Cand A # D . ThendIxe C\ACX\Aandye D\ACX\A.
It follows from (1) , that 3z € X \ A such that z-x € A and z-y € A.

sincex € Candz—2x€ A=CnND C C we have z € C because of C is an ideal of X.
Moreover , y € Dand z-y € D impliesz € D . Hencez e CN D= A

which is a contradiction . Then, A = C or A = D . Hence A is an irreducible ideal of
X.
O

Corollary 2.2.1. Let A € Id(X). Assume that for any z , y € X \ A there exist
z € X\A such that z <z and z < y then A is an irreducible ideal of X.

Proof. z<x=z-x=0andz<y=z-y=0
= z—1x,2—y €A . A isirreducible. m

2.3 Order Systems

Definition 2.3.1. Let X be a poset . A non empty subset I of X is called an Order
system of X if it satisfies .

(bs)ze X, yel:z<y=uxz€cl

by)x,yelFzel:z<z,y<z.
Remark 2.3.1. The set of all order systems of a poset X will be denoted by Oy (X).
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If X is a poset with the bottom element 1 then every order system of X contains the

bottom element .

Proof.
Let I be an order system of X.
since I is non empty, there exist y € X.

Then L is bottom element implies L < y.
By(bs), Le 1.
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Example 2.3.1. Let X = {0,a,b,c,d} be a poset with the above Hasse diagram.

then (I;) = {0,a} € Os(X)

(I3) ={0,a,b,c} € Os(X)

(I3) = {0,b,c} note element of Os(X) since a is not in I3

(1y) = {0, a,d}is not in Os(X) since a , d is not in the system

Theorem 2.3.1. For every WS-algebra X ,we have Os(X) C Id(X).

Proof.
Let X be a WS-algebra , and let I € Os(X).

since 0 is a bottom element of the WS-algebra X , by remark(3.2.1) 0 € I ( because for
anyx € X ,0-x=0=0<x)
Now let x € X,y € I such that x -y € L.

Since I is an order system and y and x - y € I 4z € I such that ,
x-y<zandy < z.

Thus ,x-z=(x-2)-0=(x-2z)-(y-2)

=(x-y)-z
=0

Sox <z

By (b3) ,since z € 1 | we have
xel.
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Hence , I is an ideal of X .

Example 2.3.2. the following example show that an ideal is not an order system .

LetX = {0,a,b,c,d} be a set with the following table.

- 0|lal|b|c|d
0|0|0|0]0]0
alal0|a|0|a
biblbl0O|0|Db
cleclblall]|c
did|d|d|d]|O0

Then (X,-) is a subtraction algebra and hence a WS-algebra . It is easy to verify
that .
I, ={0,a,d }is and ideal of X but not an order system because a , d € I; but there
isno z € I; such that a < zand d < z.

Example 2.3.3. Let X ={ 0, a, b, ¢, d} be a set with the following cayley table}.

- 0|la|b|c|d
0000|000
alal0|alall
bbbl O|b|D
clelclc|O0]c
did|d|d|d]|O0

Then (X, -) is a WS-algebra which is not subtraction algebra it is easy see that (1) =
{0,a,c} in 1d(X) but not in Os(X).
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2.4 Complicated Subtraction Algebra

Definition 2.4.1. A subtraction algebra X is sid to be complicated if for any a,b € X

the set
S(a,b) ={x € X : x —a < b} has a greatest element. The greatest element of S( a , b

) is denoted by a + b.
Notation 3. The set S(a,b) is non empty since0 € S(a,b)

Example 2.4.1. LetX{0,a,b,c}tbe a subtraction algebra with the following table.

-1 0falb]|ec
o|lo0(0|0]|0
ala|l0]al0
blb|b|0|0
clelblall

then S(0,0) = {0},5(0,a) = {0,a} = S(a,a), S(0,b) = {0,b} = S(b,b)
S(0,¢) = X = S(a,b) = S(a,c) = S(b,c) = S(c,c)

In fact , ( X, - )is a a complicated subtraction algebra ,with .

0+ 0=0.
0+ a = a.
0+ 0b=0.
0+ c=c.
a+a=a.
b+b=c
a+c=c
b+b=b
b+c=c
c+ c=c.
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Lemma 2.4.1. If X is a complicated subtraction algebra then,for any a , b € X,
a<a+bandb<a+b

Proof. :- since X a complicated subtraction algebra, the set
S(a,b) = {xr € X : x —a < b} has a greatest element denoted by a + b.

Sincea-a=0<b,wehavea € S(a,b) .Similarly, (b—a)—b= (b—b)—a=0—a=0
implies b € S(a,b) .
Therefore ,a <a+b,b<a+b.

[

Theorem 2.4.1. In a complicated subtraction algebra X, every ideal is an order system.

Proof. :-let Q be an ideal of complicated subtraction algebra X.
(i) Let x € X and y € Q such that x <.

Then , x <y impliessx-y =0 € Q

=x-y€Q

= x € Q- - - because Q is an ideal .

(ii) Let x , y € Q . consider S(x,y).

Then , x +y € S(x,y)

Now , let z = x + y . We need to show that x + y is in Q.
Since x + y € S(x,y), we have

(x+y)-x<y

Sincey € Q, we have (x +y)-x€ Q

= x+y € Q---because x € Q

Therefore , 3z = x + y € Q such that

x <zandy <z
Hence , Q is an order system .
O

Corollary 2.4.1. Let Q) be a non empty subset of a complicated subtraction algebra X.
Then, @ is an ideal of X if and only if Q) is an order system of X .
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Theorem 2.4.2. Let Q € Os(X) . If Q is irreducible as an ideal of X , then
(2)(Vabe X\ Q)Fce X\ Q)c<a c<bh)

Proof. Assume that

(Ja,be X\ Q)(Vee X)(c<a,c<b=c€Q).

Let Q(a) and Q(b) be the ideal of X generated by Q U{a} and Q U{b} respectively .
Then Q C Q(a) NQ(b) . Then x € Q(a)and x € Q(b) . thus

(..(((x—a)—c)—c)—..) —cmn=0

and

(.(((x=b)—dy)—dy)—...) —d, =0

for some ¢y, o, ...,y dy, da, ..., d, € Q is an ideal of X it follows from (b;) and (bs)
that x —a € @Q and z — b € @ so from (by) that there exists z € Q such that x —a < z
and x — b < z. Hence

(x—2)—a=(r—a)—z=0and (v —2)—b=(r—b)—z=0,andsoz—z € Q
by(2). but Q € Id(x) and z € Q and thus x € Q by (b2) . thus Q(a) N Q(b) C Q , and

consequently Q = Q(a) N Q(b) which is a contradiction.
[
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Chapter 3

RIGHT FIXED MAPS OF WEAK
SUBTRACTION ALGEBRAS

Definition 3.0.2. Aright fire map o of X defined to be self map o : X — X satisfying
alr —y) =a(x) —y forVe,y e X

Example 3.0.2. Letx = {o0,a,b} be a set with the following cayley table.

ol S IS
S| e 1SS

then (X, —) is a subtraction algebra ,and hence a WS-algebra . It can be easily verified
that the self map o of X defined by o (0) =0, a (a) =0 and « (b) = b is a right fived

map . because ,

al0—a)=a(0)=0=0—a=a(0) —a
a(0—=b)=a(0)=0=0—-b=a(0)—b
ala—0)=a(a)=0=0—-0=a(a) — 0
a(a—a)=a(0)=0—-a=ala) —a.

ala—b)=ala)=0=0—b=ala) —b
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Example 3.0.3. Consider the subtraction algebra and hence a weak subtraction algebra

X :{0,a,b,c} with the following cayley table.

o

S| D
S|
=)

<
Q
S D&
<
Q

<
<
S

Let B : X — X be defined by 5(0) =0 ,8(a) =0
B(b) = ¢ and (c) = ¢ then B is not right fixzed map since B(b — ¢) = B(b) = ¢ and
Bb)—c=c-c=0andc# 0.

Example 3.0.4. Let X ={0,a,b,c,d} be a set with the following table.

- 0|la|b|c|d
0|l0|0|0]0]0
ala|l0]|0|0]|0
bbbl O|b|D
clec|lclc|O0]c
dld|d|d|d]| 0

then(X, —) is a WS-algebra.which is not a subtraction algebra, because using S
a-(b-a)=a-b=0% atherefor Sy is not satisfied .
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Leat 8 be a self map of X defined by B(0) = B(a) = F(b) =0, B(c) = cand  (d) =
d then

B is aright fixed map.

Example 3.0.5. letX = {0,a,b,c,d} be a set with the following cayley table .

- 0|lal|b|c|d
0|0|0|0]0]0
alal 00|00
biblbl0O|0|Db
cleclclc|O0]c
did|d|d|d]|O0

then (X, —) is a WS- algebra,which is not a subtraction algebra because Sy is failed,
sincea-(b-a)=a-b=0%#a.

let B be a self map of X defined by
8@ = { 0, ifr€{0,a}

. then « is a right fived map of X
z, {otherwise}

Proposition 3.0.1. If « is aright fixred map of X then
(i) a(0) =0
(ii)) Ve e X :a(0 —2) =0

(i) Ve € X :az) <z

(v) Ve,y e Xtz <y < alx) <y

Proof.

(i) We have

a(0) = a(0 — a(0)) = a(0) — a(0) =0
Therefore, «(0) = 0.

(ii) For every € X, we have
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a(0 —z) = a(0) = 0 by P3 and (i) above .

(iii) For anyz € X, we get
0=0a0)=a(r—z)=a(z)—=

(iv) Let x , y € X such that x <'y.

then , x-y =0

= ax-y)=a(0)=0
= a(x)-y=0
= a(x) <y
O
Definition 3.0.3. For a right fired map o of X ,the kernel of o denoted by ker(a)is
defined to be the set .
ker(a) = {z € X/a(z) = 0}.
Clearly ker(a) # 0 since 0 € ker (a) .

Theorem 3.0.3. Let « be a right fized map of X then « is one to one if and only if
ker(a) = {0}.

Proof.

( =) Assume that « is one to one and let x € ker («) then a(z) = 0 = «(0) and thus
r=0.

i.e ker(a) = {0}
( <) Suppose that ker(a) = {0}

Let x,y € X such that , a(x) = a(y).
We want to show that « is one to one ji.e , x =y

since a(y) <y, it follows from (Pjo) that
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alx-y)=ax) -y <ax)-aly)=0.

so that a( x-y ) =0thenx -y € ker(a) and so x - y = 0. Thus x < y similarly y-x
=0 and hence y < x .

=xX=y

Therefore, « is one to one O

Theorem 3.0.4. Let « be a right fized map of X . Then « is one - to - one if and only
iof a is the identity map.

Proof.
= Suppose that « is one to one. For every x in X we have
a( x-ax) = ax) - a(x)=0 .

x - a(x) € ker(a) and hence x - a(x) =0 .

But, from proposition (2)(iii), a(x) < z.

. a(x) = x and thus ,« is identity .

< suppose « is identity .
Then , ker(a) = {0}
= o 1-1.

Theorem 3.0.5. Let a be a right fized map of X ,if a is idempotent .
i.e afa(x)) = a(x) ¥V ve X then,

())VzeX:alx)=z< e Im(a)

(i) ker(a) N Im(a) ={0} , where Im(a) is the image of o .

Proof.

(i) If x € Im(c) , then there exist for some y € X such that o (y) = x .Then
a(z) = ala(y)) = a(y) = x . If a(x) = x, then x € Im(a).

(i) If x€ ker(a) N Im(a) , then a(x) = 0 and a(y) = x for some yeX it follows that

0=a(x) = a(ay)) = aly) =x
so that ker(a) N Im(a) = {0}. O

Theorem 3.0.6. Let o be aright fixed map of a subtraction algebra X . Then
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(i) . V x € X there exist y € ker(a), there exist z € Im(a) : (z =2 —y)

(ii) . « is idempotent, i.e, every right fixed map of a subtraction algebra is idempotent .

Proof.

(i) since a(x)< x for ¥V xe X .it follows from (P9) that there exist w € X such that

(X) =x-w.
so from (P7) that x - (x- a(x)) =x- (x(x-w)) =x-w = a(x)

Noticing that x -a(x) € ker(a) (because a(z — a(x)) = a(z) — a(x) = 0 )and a(z) €
Im(«) , we have the result in (i) because ,
a(x) =x - (x- a(x)). a(x) €lm(a) and (x - a(x)) € ker(a)

(ii) From P; we get
ala(z) =a(x-w)=aXx)-w=(x-w)-w=x-w=ax)

..« is idempotent . O

Notation 4. By RF(X) we denote the set of all right fized maps of X .

Let © be a binary operation on RF(X) defined by (a © B) (z) = a(z) - B(zx) , for all
a,f € RF(X) and x € X .

Lemma 3.0.2. If ( X, - )is a WS-algebra , then (RF(X), © ) is a WS-algebra .

Proof. Let «, 5,7 € RF(X),and let x € X . Then,
(i) [(@©8)07] (x) = (aOf)(x) - ¥(x)

Henc, (a©85)0v = (a©7)Op (ii) Let 0 be the zero map on X , i.e, 0(x) = 0.
Then , (a©0)(z) = a(x) — 0(z) = a(x) — 0 = a(x)
.. a©0 = o Moreover (aOa)(z) = a(z) — a(z) =0 = 0(z)
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coaBa = 0.
(iii) [(a©B)07](x) = (a(z) — B(z)) — 7(z)
= (afz) —v(z)) — (B(x) — 7(2))

= (a©7)(x) — (BO7)()
= [(«07)0(867)](x

- ~—

- (a©B)07 = (a07)0(8 — 7)
Hence , (RF(x), ©) is a WS-algebra . O

Let IRF(X) denote the set of all idempotent right fized maps of X.

Theorem 3.0.7.
For every a,, B € IRF(X) ,if« © 8 = 0in RF(X) then Im(a) C Im(5)

Proof.

Let o, p € IRF(X) satisfy a©p =0 . If y € Im(a) ,then a(y) = y by theorem (3.0.4)
and hence

0= (aOB)(y) = aly) — By) =y — By)

i.e y < B(y) combining this with preposition (3.0.1)(iii) we get

y = 6(y) € Im(pB)

then Im(a)) C Im(p). O

Theorem 3.0.8. Let o, € IRF(X). Then

(1) a©f € RF(X)

(i1) If a(B(x)) = B(a(x)) for all x € X ,then a©Op € IRF(X)

(111) If Im(a) C Im(B) and a(B(z)) = f(a(z)) for all z € X then a©®F =0 in RF(X)
(iv) Im(a) Nker(8) € Im(a©p)
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Proof.
(i) For every z,y € X |, we want to show that (a« © f)(z — y) = (aOp)(z) — y.
But (a©f)(z —y) = a(r —y) - Sz —y)

= (a(z) —y) — (B(z) —y) — — — —byde finition
= (04(95) - 5(95)) —Yy—-——-—- by(P13)
= (a©p)(z) —y

.. a0p € RF(X)

(i) Assume that a(f(x)) = B(a(z))Ve € X . By (i),(@©f) €RF .So it remains to to
show that a©pf is idempotent .

Let x€ X. Then (a©p)((a®f)(x)) = (aOp)(a(x) — S(z)).

)
= (ala(z) - B(x)) = (Bla(x)) — B(z))
= (a(a(z) = B(2)) = (Ble()) — B(x))
= (a(x) = p(x) — (a(B(z)) - B(x))
= (a(z) = B(2)) = (a(B(x)) = B(z)
= (a(z) = B(z) —a(0)
= a(z) - px)
= (aBf)(z)

that isa©f is idempotent. Hence a©f €IRF(X)

(iii) Suppose that Im(«) CIm(B) and a(5))5 = S(a(x)) for xe X

since a(x) € Im(a) C Im(S)

37



For all x € X it follows from theorem (3.0.7) that (a©f) (x)

= afz) = B(z) = fla(z)) — B(x)
= a(f(z)) - B(z)

= a(f(z) - B(x)

= a(0)=0

For all x € X there for a©p = 0.

(iv) . If y € Im(a) N ker() then

B(y) =0 and a(z) = y for some z € X

It follows from (P3) that

y = a(x)=alaz) -0
= aly) - B(y)
= (a®f) € Im(a©f)

There fore Im(a) N ker(B) C Im(a©p).
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