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Abstract

In this thesis, we study the quantum properties of the light generated by a coherently
driven two-level laser in which two level atoms available in a cavity coupled to a
vacuum reservoir are pumped to the upper level at a rate r.,. Applying the master
equation for our system,we obtain the quantum Langevin equations for the cavity
mode and atomic operators. With the aid of the solution of these equations,we
calculate the mean and variance of the photon number. Moreover, we determine the

power spectrum and quadrature variance for the cavity light.
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Chapter 1

Introduction

A two -level laser is a source of coherent or chaotic light emitted by two-level atoms
inside a cavity coupled to a vacuum reservoir via a single-port mirror [1]. In one model
of such a laser, two-level atoms initially in the upper level are injected at a constant
rate into a cavity and removed after they decayed due to spontaneous emission [1,2].
In another model, the two-level atoms available in a cavity are pumped to the upper
level by some convenient means such as electron bombardment [2, 3]. We seek here
to analyze the quantum properties of the light emitted by two-level atoms available
in a cavity driven by a coherent beam and coupled to vacuum reservoir via a single
port-mirror . We study the case in which the atoms as well as the cavity mode
interact with vacuum reservoir. We denote the top, bottom, and ground levels of the
two-level atom by |a;), |b;) and |c;) respectively. We also consider the case in which
a two -level atom is pumped to the upper level |a;) from the ground level |¢;) at the
rate of 7, . A two-level atom may make a transition from level |a;) to level |b;) by
emitting a photon of frequency w . Alternatively, the atom may decay from level
la;) or |b;) spontaneously to the ground level |¢;) at the rate v [4]. Employing the

master equation for the system under consideration, we derive equations of evolution



for a cavity mode and atomic operators. Applying the solutions of these equations
along with the correlation properties of the noise operators, we calculate the mean
and variance of the photon number for the cavity light. Moreover, we determine
the quadrature variance and power spectrum for the light generated by the two-level

laser.

Figure 1.1: A two-level atom.



Chapter 2

Operator Dynamics

In this chapter we seek to obtain the quantum Langevin equations for cavity mode and
atomic operators, employing the pertinent master equation. Moreover, we determine

correlation properties of cavity mode and atomic noise operators .

2.1 Equations of evolution for the expectation val-
ues of cavity mode and atomic operators

The Hamiltonian describing the interaction of a cavity mode with deriving coherent

light represented by a real c-number constant ¢ is [4]

A

H, =is(a’ — a), (2.1.1)

where @ is the annihilation operator for the cavity mode. The interaction of a two

-level atom with a cavity mode is describable at resonance by the Hamiltonian|6]
Hy = ig(a'[by){a] — |a;)(b;1a), (2.1.2)

where ¢ is the atom -cavity mode coupling constant. The total Hamiltonian describing

the interaction of a cavity mode with deriving coherent light as well as with a two-level



atom can thus be written as H = ]:h + flg
= i(e(@ — @) + g(a'b) (ay] — lay) (5;]a). (2.1.3)

The master equation describing the interaction of a two -level atom and a cavity mode

with each other and with vacuum reservoir is expressible as [4]

dp oA Kk . e v R o
pri —i[H, p| + 5(2%6” —atap — pata) + —2(2\Cj><aj|/)|aj><cj! — laj){a;p — plaj){a,|
+2[c;) (b3 plb;) (c;| — [b5)(bj1p — plb;)(bs])- (2.1.4)

Upon substituting Eq.(2.1.3) into Eq.(2.1.4) the master equation becomes

5
L = ea'p—ap— pa' + pa)
+g(a'[by)(aylp — lag) (bslap — pallbs)(ay] + play) (bsla)
K, . an A n ot A Y N N N
+ 5(2%00” —a'ap — pa'a) + 5 (2les)aglplag){eil — laj){a;|p — plaj)(ay]
+ 2[c;)(bj|plbg) (cs] — [b;)(bip — plbj) {bs])- (2.1.5)

The equation of evolution for cavity mode operator is obtained employing the master

equation (2.1.5) along with the relation

%@ _ T (%A). (2.1.6)

S

It then follows that £ (a) = Tr(%a)

<8

t
= eTr(a'pa — apa — pa'a + pa®)
+gTr(al|b;){azlpa — |ag)(bjlapa — pal|b;){azla + plas)(b;la*)
+ szaﬁam — d'apa — pa'a’)

v . . An o .
+ 5 Tr(2le;)(ajlplag){ejla — laj){aslpa — plas){ajla

+ 2[¢;)(bj|plbg) (csla — [bj) (b |pa — plbj) (bj|a). (2.1.7)



Using the cyclic property of trace operation,we have

~

—la) = eTr(paa’ — pa® — pa'a + pa?)
+ gTr(pad! b)) — pilag) (55l — pal losYagla + pla) (5;1a2)
+ gTr(%aTa? — paata — pata?)
+ 2Tr(2p1a0;) ey lales) oy — palas)(as] = las) o
+ 2p1bs){cjlale;) ;| — palb;){b;| — plb;)(bsla), (2.1.8)

it then reduces to

) = ~a) + b)) + = (219)

The equation of evolution for the expectation value of the atomic operator |b;)(a,| is

obtainable using the master equation described by Eq.(2.1.5) in the relation

d d

g bidtasl) = Tr(—plbj){as]). (2.1.10)
We thus see that

%<|bj><aj’> = e(a'plb;)(a;| — aplb;)a;| — pa'|b;)(a;| + palb;)(a;))
+ g(a'[b;)(a;|p1bs) (aj] — la;)(bslaplb;)(a;| — pa’|bs)(a;lbs) (a;] + plas) (bilalbs) (a;])
+ g(Q&ﬁ&leM%! —alaplb;)(a;| — pa‘alb;)(a;))
+ %(2|Cj><aj|ﬁ|aj>(0j’bj><aj| — laz){a;1plbj)as] — plas)(a;|b;)(a;|
+ 2|¢;) (0;10165) (cjlbs) (a| — [b5) (b;plbs) {a;| — plbs)(bilb){as]).  (2.1.11)



Applying the cyclic property of trace operation we have

%<|bj><aj|> = e(plb;)asla’ — plb;){asla — pa'|b;){a;| + palb;)(ay|)
+9(plbj)(asla’[b;) (as| — plbs)(asla;)(bsla — pat|b;)(aslbs)(as] + plas)(b;lalb;){a;])
+ g(%dwbﬁ(aﬂd — plbj)aylata — pa'albs)(as)
+ %(2ﬁ|aj><Cj|bj><aj|0j><aj| = plbj)ajla;)(a;| — plas){a;lb;){a;l

+ 2p|b;)(c;1bj) (asle;)(bi| — plbs){az1b;)(b; — plbs)(bs[b;)(ayl), (2.1.12)

it ,thus reduces to

%<|bj><ajl> = ={lbs)(a;]) + 9((las)(asla) — (|b;)(bj]a))- (2.1.13)

Following the same procedure, one readily obtains

%<|Cj><bj|> = ‘%<|Cj><bj|> + g{af|c;)a;1), (2.1.14)
%<|Ca‘><aj|> = —2lesasl) — g(ley) (bsla), (2.1.15)
o) ayl) = ) al) — a({las) by1) + (a6 a1, (2.1.16)
L) 031 = =05 B) + e B510) + (el o1
D les)esl) = 1({las) sl + 1) 1) (2.118)

The equations of evolution for the expectation values of cavity mode and atomic

operators can be rewritten as

L (a(e)) = ~(a) + olo) += 211
Uoh) (63 + ottt — afa)). 2.1.20

Loty = 2o — allated), (21.21)



%(69 = —%<AZ> — g(6}a), (2.1.22)
L) = —i) — ol(5¥a) + (al2)), (2.1.23)
%(ﬁ@ = () + g((6Va) + (a'61)), (2.1.24)

) =) + {ad)) (2.2
where
= lag)ayl, (2.1.26)
m, = 1b;) (b1, (2.1.27)
m = lej) e, (2.1.28)
ol = |b;)(ayl, (2.1.29)
oy = le;) byl (2.1.30)
ol = |ej){ayl, (2.1.31)

are atomic operators. On the basis of Eq.(2.1.9), we can write
d . K. .
Ea: _§a+€+g|bj><aj| +ga(t)7 (2132)

where g, is noise operator associated with the cavity mode. The conjugate of this
equation is

d
it = —gaf+s+g|aj><bj| + i), (2.1.33)

Now taking the expectation values to both sides of Eq.(2.1.32), we find

Ca) =~ @) + e+ glIb)al) + (@ul0). (2.1.34

Comparing this equation with (2.1.9), we see that

(9a(t)) = 0. (2.1.35)



We see that Eqs.(2.1.20) - (2.1.24) are coupled non-linear differential equations.It is
thus not possible to obtain their exact time-dependent solutions [7]. We thus apply

the large-time approximation scheme to Eqs.(2.1.33) and (2.1.34) and obtain

. 2 2¢ 2
a(t) = = + o)y + a0 (2.1.36)
and
2 2 2
at(t) = = + Za )b + =al (). 2.1.37
al() = =+ Zay) (o] + L0 (2.1.37)

Upon substituting Eq.(2.1.36) into (2.1.13) ,we have

Sl = =0+ 3 al) + 2 (asdlasly — (b eiD)

+ %((éalag’(t»(ay(tﬂ) — (16 (£)) (b5 ()19a(2)))- (2.1.38)

Furthermore substituting Eqs .(2.1.36) and (2.1.37) into Eqgs.(2.1.14) -(2.1.17),we ar-

rive at

2ge 2

Clletealy = = 24ed ) + 2 e a) + 22Ol )0, (2139

K

d Y, Ve
£<\Cj><aj|> = —(5 + 5)(|Cj><aj|>

- 2%<ch><bj|> - %(lcj(t)xbj(t)lga(t)% (2.1.40)
a 2eg
7l {agl) = =0y + el agl) — == (lag(bsl) + (1b;){ay)
_ %((‘Gj(t»(bj(tﬂf]a(t)) + (a5 ()b (0)) (a; (D)), (2.1.41)

(1) (051) = =v(165) bs1) + vellag) (ay]) + 287“6/(<|@j><bj|> +(165)(a51))

+ %((I%(ﬂ)(bj(ﬂléa(t» + (GO ()) (a; (1)), (2.1.42)

4
dt



5 tleirlesl) = v(ag)asl) + (1bs) (bs1)), (2.1.43)
where |

2
F (G0 — 030, (2.1.45)
Sty = Lo + 2000 + g5, (2.1.46)
St =+ By - 2006 - Disign ), (214

— (60 (1)3a5 (1)) + (9L (B)aa (1)), (2.1.48)

S0 =~ + i) + 2 (o) + {o2)
+ 2906 0y (1)) + (0L, (D520)), (2149
) =) + (i) (2.1.50)

In order to include the contribution of all the atoms to the dynamics of the two-level

laser,we sum Eqs.(2.1.45) - (2.1.50) over N-two level atoms.We thus obtain

L ey = (v + 20ma) + IR — ()
+ 2GR (0) — (R0 (2.1.51)
i) =~ Lom) + 22 ) + 22 gaeyme(1), (2.152)



10

ne) = (v + 7)) — i) — 22 iy (1)3ul0), (2.1.53)
SN = (2 ) — 2 ((nd) + ()
= 2l ()30 + (GL(Ena(1)), (2.1.54)
d . ¢ 2eg ~ A
() = ) 7V + 2L () + ()
+ 2 Gk (090 + (gl (ma(0), (2.5
SR = (K + (), (2.1.56)
where N N
My = Z 1b;)(a;| = Z&g, (2.1.57)
Ty, = Z lc;) (b;| = Z&g’, (2.1.58)
ﬁ%::E:k%xaH::E:&a; (2.1.59)
are atomic operators and
No= Y laasl = S, (2.1.60)
Ny = Z [b){bj] = ZTI (2.1.61)
Ne= Y lelesl = (2.1.62)

represent number of two -level atoms in the upper, lower and ground states . In the

presence of N two-level atoms, we can rewrite Eq.(2.1.32) as

L= —ga+g+xma+ﬁ§a(t), (2.1.63)



11

ga(t) is noise operator associated with Langevin equation for cavity mode operator.
We now proceed to determine the value of the constant A and 5 . On the basis of

Eqgs.(2.1.36) and (2.1.37), we see that

[a,a'] = aa’ — a'a, (2.1.64)
42 459 4e | deg
= B B )+ a0 + e
449 4g .
+ ?|bj>(aj|aj><bj| + §|bj><aj|gl(t)
4e | 4q . 4 .
22 00(0) 2300l | + ()30
4e?  4deg 4e deg
-3 ?!bﬂ(%\ - gga(t) — —5|a;){b;]
2
g 4g . 4e
—’aj><bj\bj><aj! - gfaﬁ(bj\ga(t) - ggl(t)
4g 4 . .
- —292( )bj)(as] — ?gl(t)ga(t% (2.1.65)
it then reduces to
o 49 o o4 o
[a,a'] = g(ﬁi — ) + ;(ga(t)gl(t) — 35 ()da(t)). (2.1.66)

Now summing over N two-level atoms,we obtain

4¢

a1 = 22 (8, — ) + SN @u(0L(0) — 3L(03u(1). (2167

On the other hand, applying the large -time approximation scheme to Eq.(2.1.63),

we obtain

2 2\ 2
) (2.1.68)
KR KR K

Employing Eq.(2.1.68) and its conjugate, we see that

[a,a'] = aal — a'a, (2.1.69)



4e? 4e)* v, Aepr e\ 4N ot
=3 + 2 + e Ga(t) + —5 1, + 5 Maliy
4ING* 4eB* dhe . 4p%

+ /‘€2 ma(t)gl(t> + /iQ ga(t> + Fma + ?ga(t)gl(t)

4e? de) | 4ef3 | 4ef3* AN 3 .
T3 e ?ga(t) - i) — 7”’02@)9{1(@
AN 4eF* | 4NG* . ) 432 )
ey frg — 2 a5t) — 792@)”% - ?gl(t)gl(t),
we have
me = N|b){al
We therefore observe that
el = NNy,
in which
N, = N|b)(b).

Following the same procedure, one can also establish that

/\T A~ _ ;
mimg = NNg,

with
N, = Nl|a){al.
Then Eq.(2.1.70) leads to
2l = Y e e et — et
a,a] = “5 NN, = M)+ - (0u(03L0) — 303k 0)

Now comparing Eqgs .(2.1.67) and (2.1.76) ,we obtain

A=+
N
3=+N.

12

(2.1.70)

(2.1.71)

(2.1.72)

(2.1.73)

(2.1.74)

(2.1.75)

(2.1.76)

(2.1.77)

(2.1.78)
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On account of these results Eq.(2.1.63) can be written as

d K g
LS 9 e+ VNG (), 2.1.79
i 2a—|—5+ \/Nm + Ga(1) ( )
or
4 e et L+ G (2.1.80)
— a4 = ——Q ma s 1.
dt 2 /N

where G (t) = VNG,(t) is cavity mode noise operator when the cavity is interacting

with N two-level atoms.

2.2 Correlation properties of noise operators

Here we determine the correlation properties of cavity mode and atomic noise oper-

ators. Employing the master equation along with the relation

%@ _ TT(%A% (2.2.1)
it can be verified that
d, B A
E(a ) = —k(a”) + 2¢(a) + 2g(aal), (2.2.2)
< atay = —n(ala) + (@) + (@) +g(loFa) +{alod)),  (223)
< aat) = —n(aat) + =({a) + (@) + gl(as}) + {ao) + . (22.4)
Employing the relation
< aa) = (Say + (40, (225)
along with Eq.(2.1.19 ), we obtain
d (@%) = —r(a®) + 2¢(a) + 29(a67) + (a(t)ga(t)) + (Ga(t)al(t)). (2.2.6)

dt
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Upon comparing Eqs.(2.2.6) and (2.2.2), we note that

(@(t)ga(t)) + (ga(t)a(t)) = 0. (2.2.7)

t t
a(t) = a(0)e™ 2! + ge 3t / e2!dt’ + ge~ 2! / e2' 57 (t)dt!
0 0
K t K 4!
+e_2t/ ez’ g (t)dt'. (2.2.8)
0

Multiplying Eq.(2.2.8) by g.(t) on the left and taking the expectation value of the

resulting expression we obtain

t
+e§t/0 2" (o (t)Ga(t))dt’ (2.2.9)

Since noise operator at time t should not affect cavity mode operators at earlier times

we can write
(Ga(1)a(0)) = (ga(t))(a(0)) =0 (2:2.10)
(Ga(t)as () =0 (2.2.11)

In view of Eqs.(2.1.35), (2.2.10) and (2.2.11) one can write Eq. (2.2.9) as

(Gat)a(t)) = e 5 / 57 (Gu(D)ga(t)) (22.12)

Multiplying Eq.(2.2.8) by g.(t) from right and taking the expectation value of the
resulting expression and applying the fact that a noise operator at some time t has

no effect on cavity mode operators at earlier time, we obtain

(@a(t)galt)) = 5" / 57 (G t))da (1))t (2.2.13)



Introduction of Egs.(2.2.12) and (2.2.13) into Eq.(2.2.7) leads to

t

t
/ 5 (ga(t)gu(£))dE + & 5" / 5 (3a(#)ga (1)) = 0.
0

0

Now assuming

or
(9a(t)ga(t')) = 0.
Moreover, employing Eq.(2.1.32) along with its conjugate in the relation

d daf da
Zlata) = (224 ot ——
T (0'a) = (—-a) + {a'—)

we see that

15

(2.2.14)

(2.2.15)

(2.2.16)

(2.2.17)

(2.2.18)

(2.2.19)

(2.2.20)

Now multiplying Eq.(2.2.8) by gi(¢) from left and taking the expectation value of the

resulting expression and applying the fact that a noise operator at some time t should

not affect cavity mode operators at earlier times, we obtain

(2.2.21)
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Furthermore multiplying the conjugate of Eq.(2.2.8) by g,(¢) from right and taking
the expectation value of the resulting expression and applying the fact that a noise
operator at some time t has no effect on cavity mode operators at earlier times, we

obtain

@ oaen = (G () (1) (2.2.2)

¢ t
8 [ A gl + e [ gl =0 (2:2.23)
0 0

Now on assuming

(G ()3a(t)) = (gh(t)a(t)) (2.2.24)
We can put Eq(2.2.23) as
K t K4/
e—zt/ e 2" (gl (1) ga(t))at' = 0. (2.2.25)
0
It then follows that
(9h(1)ga(t)) = 0. (2.2.26)

Moreover, again employing Eq.(2.1.32) along with its conjugate in the relation

d da adat
—(aaly = { —a' — 2.2.2
g () <dta>+< dt > (22.27)

we see that

T (aa") = —rlaal) +e((a) + (")) + g((alb;)(a;])

+ {lag) (bsla") + (a(t)gl (1)) + (gaa' (t)). (2.2.28)
Now, comparing Eqs.(2.2.4) and (2.2.28), we obtain

(@®)al(t) + (ga(t)a' (1)) = . (2.2.29)
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Furthermore multiplying Eq.(2.2.8) by ¢! (¢) from right and taking the expectation
value of the resulting expression and applying the fact that a noise operator at some

time t has no effect on cavity mode operators at earlier times, we obtain

(a(t)gi(t)) = e 2" /0 et (Ga(t") gl ()Yt (2.2.30)

Similarly, multiplying the conjugate of Eq.(2.2.8) by g!(¢) from left and taking the
expectation value of the resulting expression and applying the fact that a noise op-
erator at some time t has no effect on cavity mode operators at earlier times, we
obtain
@03 0) = 3 [ gl nar. 2:231)
0
Now, substituting Eqs. (2.2.30) and (2.2.31) into Eq.(2.2.29), we find

K

t t
€2t/ e*%t’ <ga<t/)g2(t)>dt/ —+ €;t/ e*gt’ (ga(t)gl(tl>>dtl = K, (2232)
0 0

assuming that

(9a(t)35(8)) = (ga(t)gl (") (2.2.33)
Then, Eq.(2.2.32) becomes
er 1 ey s 1
o5l /0 2 fau(t)l ()t = L (2.2.34)
On the basis of the relation
/t A (f(1)g(t))dt = D, (2.2.35)
0
(F(H)§(t)) = 2Dt —t'), (2.2.36)

where a is a constant or a function of time , we see that

(Ga(D3L (1)) = rb(t — 1. (2.2.37)
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Following a similar procedure one can verify that for N two- level atoms, Eq.(2.2.37)

becomes

(GG ()Y = kNGS(t —t'). (2.2.38)

We now proceed to obtain the expectation values of the product of cavity mode noise
operator and atomic operator appearing in Eqs.(2.1.45) - (2.1.49). On the basis of

Eq.(2.1.20 ),we can write

d . L i R ~
1= 00 + g0k — 1a) + fuy(1), (2:2.39)

where, faj (t) is the atomic noise operator. Now employing relation

d ; do? da . .
—(a67) = (a—2) + (=6 2.2.4
S lavd) = @2) + (Sl60) (2:2.40)

along with Eqgs.(2.1.32) and (2.2.39), we find that

—a6%) = g((@*ng) — (Ra”)) — ~(a63) — 5 (a6%) +&(67)

+(a(t)3 (1)) + {alt) fo; (1) (2.2.41)

Further more using the master equation described by Eq.( 2.1.5 )along with the

relation
d - dp . . .
LI ap . .
dt(aaa) Tr(dtaaa), (2.2.42)
one finds
d P ~j NPy A2 Aj R A A
5ta0a) = e{oa) + 9({aa”) — (@) — 5 {ads) — v(ady) (2.2.43)

Upon comparing Eq.(2.2.41) and (2.2.43), we see that

(9a(t)a (1)) + (alt) fo;(t)) = 0 (2.2.44)
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The solution of Eq.(2.2.39) can be written as

Ga(t)

a

t
FO 4 ge [ O - i)
0
t
+e / & fo(tdt' (2.2.45)
0

Multiplying Eq.(2.2.8) by faj(t) from right and taking the expectation value of the
resulting expression and applying the fact that the noise operator at some time has

no effect on the cavity mode and atomic operators at earlier time,we obtain

(a(t) fus (1)) = eft/o eF (Galt) fus (1))t (2.2.46)

Similarly multiplying Eq.(2.2.45) by g,(t) from left and applying the fact that the
noise operator at some time has no effect on the cavity mode and atomic operators

at earlier time,we arrive at

t
(Ga(t)ol(t)) = / e (Ga(t) fu; (1))t (2.2.47)
0
Now substituting Eqgs.(2.2.46) and (2.2.47) into (2.2.44), we obtain
/ ~ t , N
e / €T (G (t) foy (1))t + ¢ / (G (t) foi ()}t = 0 (2.2.48)
0 0
Assuming that
(Ga(t') fa3 () = (Ga(t) fus (£)), (2.2.49)
we can write Eq(2.2.48) as
t
/ (eF ) 4 ) (G () fus () = 0 (2.2.50)
0

It then follows that

(§a(0) fug(#)) = 0 (2.251)
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Now in view of this relation Eq.(2.2.47) becomes

(9a(t)Ea (1)) = 0, (2.2.52)
so that summing over the N two-level atoms results in

(G(t)ing(t)) = 0. (2.2.53)
In a similar procedure, it can be established that

(i ()G(1)) = 0, (2.2.54)

and

(me(t)G(t)) = 0. (2.2.55)
We now seek to determine the expectation value (gq(t)N,(t)) . On the basis of
Eq.(2.1.16), one can write

%|aj><aj\ = —7la;){a;| — g(la;) (b;la + al|b;){a;]) + Foj(2), (2.2.56)

where Faj(t) is atomic noise operator. Employing the relation

d,. . dlaj)(a;], da
Sptala)agl) = (a—=77==) + (= la;){a;]) (2.2.57)

along with Eqs .(2.1.32) and (2.2.56), we arrive at

K

i) = —g(@o V) + (alaod)) — (i) — 5 (@)
e} + A Eug (1)) + (g (D) (2:2.58)

Applying the master equation along with the relation

o) asl) = Tr(5 pilay) ay), (2:2.50)
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it can readily verified that

d A . A A
7 07a) = e(ig) — g((a*al) + (afasl)) — g<dﬁé> — y{an;) (2.2.60)

Now comparison of Egs .(2.2.58) and (2.2.60) yields
(@(t) Foy (1) + (9a(£)i5(1)) = 0. (2.2.61)
The solution of Eq.(2.2.56) can be written as
. . t ’ . .
) = O — g [ @) +al ()
0
¢
+ e / OV E,(t)dt . (2.2.62)
0

Upon multiplying Eq.(2.2.8) by Faj(t) from the left and taking the expectation value
of the resulting expression and applying the fact that a noise operator at some time

t has no effect on cavity mode operators at earlier time,we arrive at

m@mﬁnze?ﬁé%%wmmmw. (2.2.63)

Similarly multiplying Eq.(2.2.62) by g,(t) on the left and taking the expectation value
of the resulting expression and applying the fact that a noise operator at some time

t has no effect on cavity mode and atomic operators at earlier time, we obtain
. t / A
@mmwnsz/éw@@ﬂﬁww. (2.2.64)
0
Upon substituting Eqs.(2.2.63) and (2.2.64) into Eq.(2.2.61) we find
K t Kyl ~ t / A~
e‘?t/ e2" (ga (V') Fi(t))dt' + e‘”t/ " (Ga(t) Foy (1))t = 0. (2.2.65)
0 0

Now on assuming

(Ga(t) Fag (£)) = (Ga(t) Eas (1)), (2.2.66)
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we can write Eq.(2.2.65) as

t
/ (20 4 D) (G (1) Fiy () = . (2.2.67)
0

It then follows that

(Ga(t)Fuj () = 0. (2.2.68)
In view of this, Eq.(2.2.64) becomes
(Ga () () = 0, (2.2.69)

which for N two-level atoms becomes

A~

(G(t)N,(t)) = 0. (2.2.70)
Following a similar procedure, it can be established that
(G()N, (1)) = 0, (2.2.71)

and

(G(t)N(t)) = 0. (2.2.72)

Taking into account Eqs.(2.2.53)-(2.2.55)and (2.2.70) -(2.2.72),we can write Egs.(2.1.51)

~(2.1.55) as
D ey =+ L)) + 295 () — (), (22.73)
%@m) = —2 () + 2—i%ﬁc), (22.74)
9 tine) = (i) — 2 (i), (22.75)
L) =~ + 30 (5 — 2wl + (), (2.2.76)
() = ) eV + 2 (0t + (1)), (2.2.77)



23

TARY) = 7((N) + (). 2279

The pumping process must certainly affect the time evolution of the expectation value

A A

of (N,) and (N.).Hence, we take into account the effect of the pumping process on the

time evolution of the operators (N,) and (N,) by rewriting Egs.(2.2.76) and (2.2.78)in

the form
L8 =~ 49 (52— 2l + () + 7V (2.2.79)
SN = YR + () — real ¥ (2.250)

where 1, is the rate at which a single atom is pumped to the upper level. Using the

relation

N = (N,) + (Ny) + (), (2.2.81)

one can put Eq.(2.2.80) in the form

(Ne) = YN = (7 + 7ea) (Vo) (2.2.82)

Sl

The steady-state solution of Eq.(2.2.82) is

~ ny
N.) = 2.2.83
() = 5 2283)
Moreover, Eq.(2.2.77)reduces,at steady state,to
- N 2g9e ,, . .
) — el ) = 22 () + () (22.8)
Upon introducing Eq.(2.2.84) into Eq.(2.2.79) we find
A
= —v({Ny) + (Np)) + rea{Ne) (2.2.85)

dt
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Taking into account Eq.(2.2.81), the steady-state solution of Eq.(2.2.85) is expressible

as

Tea N N

(N,) = o (N) (2.2.86)

Dropping the expectation values in Eqs.(2.2.73) and (2.2.74), we notice that

d . Yer . 2ge , « . .
Ly = —(y+ Lo IEN, — N 2.9.
7" (v + 2)ma+ - (No = Np) + falt), (2.2.87)
d . .. 2ge | A
iy = —%mb + %mc + (), (2.2.88)

in which f,(¢) and f,(t) are atomic noise operators. We next wish to determine the cor-
relation properties of the noise operators f,(t) and f,(t). Employing Eq.(2.2.87)along
with its conjugate in the relation

d, .. dii, i,

@ iy = (D) 1 g Ty (22.80)
and taking into account Eq.(2.1.58), we obtain
D8 = @y + 7 (82— 2 (ol + )
(@ 0) + (0 1) (22.90)
Upon comparing Eq.(2.2.79) with (2.2.90) we arrive at
(FEOmal0)) + {0 ) = YN (N + e () (22.91)

The solution of Eq.(2.2.87) can be written as

A~

t
ma(t) — ma(o)e—(v+%c)t + %6—(%?)15/ €(v+%°)t’(]{7a(t/) _ Nb(t’))dt’
Y 0

t
n e—(7+éc)t/ e(7+%)t/fa(t/)dt/ (2.2.92)
0
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Multiplying Eq.(2.2.92) by fI(¢) from left and taking the expectation value of the
resulting expressions and applying the fact that a noise operator at some time t has

no effect on atomic operators at earlier time, we arrive at
A ol t ot / o “
(Fleia() =0 [ g ene @29)
0

Furthermore, multiplying the conjugate of Eq.(2.2.92) by f,(t) from right and taking
the expectation value of the resulting expressions and applying the fact that a noise

operator at some time t has no effect on atomic operators at earlier time,we obtain

(Ml (1) fa(t)) = e”OF ! /0 () fat))at! (2.2.94)

substitution Eqgs.(2.2.93) and (2.2.94) into (2.2.91) ,we leads to

t t
00 [+ [0 o)
0 0

~

= YN(No) + racN (V) (2.2.95)

Assuming that
(i@ fat)) = (FHE) fa(®) (2.2.96)

we can express Eq.(2.2.95) in the form
[ OO RN = LGNS V). (2207
0
So that with the aid of the relation described in Eq.(2.2.36), (2.2.95)becomes
(IO falt)) = (YN(Na) + raeN (N))3(t = ). (2.2.98)
Following the same procedure, one can also establish that

(fa(B)falt)) =0, (2.2.99)
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—
:h>
—
~
S——
T
—~
~
R
S—
=
Il

7 + 7AC(J,
(Fo) folt)) =
IO FE)) = 7N NSt — 1),
£ Moy e + Tea
(fo(t) fi () = .
(fa(t) () =0,
(fiefia)) =
(fa ) Fi () =

’7N5(t - t,)7

(ereaNT RNt — £,
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(2.2.100)
(2.2.101)
(2.2.102)
(2.2.103)
(2.2.104)
(2.2.105)

(2.2.106)

We now proceed to obtain the solution of Eq.(2.1.79). Employing Eq.(2.1.79) and its

conjugate, we see that

where,

%/Lr(t) = %KA+(t) + \/Lﬁﬂu( ) 4 26 + G4 (1),
d -, —K 5 g . A
ZAL () = A+ \/_Nm_(t) +G-(1),

The solution of Eqs.(2.2.107) and (2.2.108) are expressible as

~

A (0)e

¢
Kt+—e /e?t,er tdt' + 2ee” 2t/ extdt’
0

t
+e"5t/ e2U G (t)dt,
0

(2.2.107)

(2.2.108)

(2.2.109)
(2.2.110)

(2.2.111)

(2.2.112)
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t
+e_2t/ 2UG_(t)dt. (2.2.113)
0

a(t) = a(0)B(t) + Co(t) — C(8) + 1y (1) + B () + 2;‘5(1 Ces), (22.114)
a(t) = Cu(t) — C_(t) + %(1 —e 2N + D(t), (2.2.115)
where ,
B(t) = e 21, (2.2.116)
¢, = % /0 tB(t — )iy (¢)dt (2.2.117)
Falt) = % / Bt — )G (1)t (2.2.118)
D(t) = a(0)B(t) + F.(t) — F_(2). (2.2.119)

It can be seen from Eq.(2.2.119) that for a cavity mode assumed to be initially in a

vacuum state,

(D(t)) = 0. (2.2.120)



Chapter 3

Photon Statistics

In this Chapter we study the statistical properties of a light produced by coherently
driven two-level laser. To this end, we seek to determine the mean of the photon
number with the aid of the solution of the quantum Langevin equations for the cavity
mode operator. Moreover, we calculate the variance of the photon number employing

the Q function .

3.1 The Q function

The Q function for a single -mode light is expressible in terms of antinormally ordered

characteristic function [4]
a2, 2,t) =Tr (ﬁ(O)e_z*d(t)ezaT(t)> : (3.1.1)

as
1 * *
Qo™ a,t) = — /dQ,qua(z*,z,t)ew e (3.1.2)
™
Now applying the Baker-Hausdorff identity

GAB €A+B+$[AB]7 (3.1.3)

28
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which holds for

[A,[A, B]] = [B,[A, B] =0, (3.1.4)
we can write
e~ a0 a0 — pmza()+zal () =g (3.1.5)
where
@4 = (3.1.6)

Employing Eq.(3.1.6), it can be established that [4]
aln)y = +/nln — 1), (3.1.7)

a'ln) = vVn+7in+7), (3.1.8)
af"0) = Vnlr3|n7). (3.1.9)

Moreover, using the Baker-Hausdorff identity and Eq.(3.1.6), one can verify that [4]

o) = bt 3 (Oi;%)"\m, (3.1.10)

[= %/d2a|a)(a|, (3.1.11)
ala) = Tala). (3.1.12)

Applying the completeness relation described by Eq.(3.1.11), the antinormally ordered

characteristic function is expressible as

da(2*, 2,) = Tr (,a(O)e—z*MerdT(ﬂ) (3.1.13)
= %/dQOzTr (ﬁ(O)e’z*&(t)\&)<a\ezwt)> (3.1.14)
T

_T / Pae o (| pla). (3.1.15)

™
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Now expanding the density operator in the normal order, as

p=>_ Cpala™, (3.1.16)
Ilm
we see that
(alpla) =Y Cln(a*) (@)™ (ala), (3.1.17)
lm
= Cppaamrtm (3.1.18)
lzmwQ(oe*r, ar). (3.1.19)

Upon combining Eq.(3.1.19) and (3.1.15), we find
ba(25,2,1) = T/dzae_z*erw*TQ(a*T, ar). (3.1.20)

Introducing A = a7, the antinormally ordered characteristic function can be put in

the form

1 .
Ga(2*,2,t) = = /d%—z AT, N). (3.1.21)

T

We note that the Q function is the inverse Fourier transform of the antinormally

ordered characteristic function. It then follows from Eq.(3.1.21) that

OO N = = | d26, (2", 2, 1) N 3.1.22
2
T

We now seek to obtain the antinormally ordered characteristic function. To this end,

substitution of Eq.(3.1.5) into (3.1.1) leads to
¢a(Z*; 2, t) — 6—%z*zq—TT (ﬁ(o)efz*d(t)Jrsz(t)) 7 (312?))

or

bul2 2 1) = =35 <e—z*a<t>+za*<t>> , (3.1.24)
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With the aid of Eq.(2.2.115), we note that

<€fz*&(t)+z€ﬁ(t)> _ <€7z*(é+(t)fé_(t)+2f(1fe*%t))+z(él(t)féi(t)+2—;(176*%f))ez*b(t)+zfjf(t)>

(3.1.25)
o= (Cr0)~(Co()+2 (1-e™ TN +2((CL )~ (CT () +2 (1-e~ 31)) <ez*f><t)+zf7*<t>> . (3.1.26)

Now,combining Eqgs.(3.1.24) and (3.1.26), we see that

2e g

ba(2", 2,1) = exp(—5 2727 — 27 (CL (1) — C_(t) + —(1-e7¥)
+2(CL() - O () + 2—,:(1 ) <eZ*f’<t>“f9*<t>> . (3.1.27)

We now proceed to verify that D(t) is a Gaussian variable. With the aid of Eqs.(2.2.116)

and (2.2.118) we can write Eq.(2.2.119), in the form

dﬁ(t)_ A VL tﬁt“ NN, Ky _ry tﬁt“ NN,
o ——2a(0)e 2 +§(—§)e 2 /062 G4 (t)dt ——(—5)6 2 /062 G_(t')dt
1_§td tﬁt/'\ ’ 1 _Ed tﬁ/’\
—e 2t — 2 t)dt' — —Ne 2'— PG ()t 1.
+26 dt/oe G (t) Ve dt/oe G_(t) (3.1.29)
Employing the relation
4 [ (z,2")dz' = f(z,x) — f(z,a) +/f’f if(:c z')dx' (3.1.30)
de u Y ) Y “ d(L‘ ) ) M
we see that
K d t Kyl X K K ~ ~
6_5'5% €2t +(t/)dt, = e 5t(65tG+(t) — G+(O)) == G+(t) — € 2tG+(0))7 (3131)
0
K d t Kyl X K K ~ ~
e 2t — [ e G_(t)dt' = e 2" (e2'G (1) — G4(0)) = G_(t) — e 2'G_(0)), (3.1.32)
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Now using Eqs.(3.1.31) and (3.1.32)along with (2.2.111), we obtain
1 _ Ky d ¢ Byl A 1 _ﬁt d t Byl A ~ EUDN
—e 2 — 2 dt' — —e72'— [ ez dt’ N(ga(t) — e 2°Ga
T G(t)dl' — 5em2' - CG(t)dt = VN(Ga(t) — ¢72'3a(0))

(3.1.33)
Combining Eqgs.(3.1.33) and (3.1.29), we readily find that
dD k.

— = =5 D)+ VNG(t) = VNG, (0)e 5. (3.1.34)

On the basis of Eqs.(2.2.120) and (3.1.34), we observe that D(t) is a Gaussian variable

with a vanishing mean. Now D(¢) is a Gaussian variable with zero mean, we can write

<ez*15<t>+zf>+<t>> el3{(z"D(t)+2D1(1))*)] (3.1.35)
Then,

~

<(Z*D(t) + 2D (#)(>* D) + zf)*(t))> = 22D2(H)) — 22

D(t)D'(1))
— 2 2(DY)D(t)) + 22(D2(t)).  (3.1.36)
Employing Eq.(2.2.119)along with Eq.(2.2.116), we have
(D(1)) = (@*(0))e™ 2" + (@(0) 4 (1)e™ 5" — (a(0)F-(¢))e 2"
+ (Fy()a(0))e (Fe ()i () = (B (D)F-(1))
(a0 B — (F () F (1) + (F-(O)F_ (1) (3.1.37)
On account of Eqs.(2.2.116) and (2.2.118), we have

(Fy(t / / s (G (G (), (3.1.38)
popm =1 [ [ oGy e

(1) = § / / e B G (1) C (1) (3.1.40)
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In view of Eq.(2.2.111), we note that

()G (1) = N({(31t) + () (@) + 3a("))))

= N{(ga(t)gh(t") + (a2 (t")ga(t")) + (3a(t)gh(t")) + (3a(t)ga(t"))),

so that using Eqs.(2.2.17), (2.2.26) and (2.2.27), we obtain
(G4 ()G (") = KNS(H' —1").

Following the same procedure, one can readily establish that
(G4 (tG-(t") = KNS(t' —1"),

(G_(thG_(t")) = —kNs(t' —t"),

(G_(t"G_(t")) = =Nt —t").

In view of Eqs.(3.1.44)- (3.1.47), we can express (3.1.38)-(3.1.41) in the form

(FL(F (1) = N1 - ™),
(FL(DF-(0) =~ V(L= ),
(EL()F (1) = N (1 - ™),

(F_()F_(t)) = —iN(l — e,
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(3.1.41)

(3.1.42)

(3.1.43)

(3.1.44)

(3.1.45)

(3.1.46)

(3.1.47)

(3.1.48)

(3.1.49)
(3.1.50)

(3.1.51)

Employing Eqs.(3.1.48) - (3.1.51) along with (a(0)) = 0, (a(0)E,(t)) = 0, (F,(t)a(0)),

(F_(t)a(0)) = 0, Bq.(3.1.37) becomes

(1) = TN(1—e ™) -

4 4

1 1 1
“N(l—e ™) +-N(1—e")— ZN(l —e ")

=0 (3.1.52)
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On introducing Eq.(2.2.116) in Eq.(2.2.119), we find

— (FL(0)al(0))e™ 5" — (F_ () FL() + (FL () FL(1)). (3.1.53)
For a cavity mode assumed initially to be in a vacuum state, we note that
(a(0)a'(0))e ™™ = Tr(aa'|0)(0)e ™ = (0]aa’|0)e " = e~ (3.1.54)

Noting that (a(0)F(t)) = (a(0)EFT (t)) = (Fy(t)af(0)) = (F.(t)a(0)) = 0 and taking

Eq.(3.1.54) into account, Eq.(3.1.53) reduces to

() 4+ (F_(t)FT (1)), (3.1.55)

With the aid of Eq.(2.2.117), we see that

(B (1 EL (1) = —N / / S G (NG () dt e (3.1.56)
(FL(O)EFT () = —N / / FCECIG L ()GE (Y ar (3.1.57)
(POl (0) = N / / SSECU G ()G () dE e, (3.1.58)
(F_()EFT () = —N/ / G ()G ()Y at (3.1.59)

With aid of Eqs. (2.2.17), (2.2.26), (2.2.27) and (2.2.111), one readily establish that
(G ()G (")) = kNGS(t' —t"), (3.1.60)

(G (t)GI)y = kNSt — 1), (3.1.61)
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(G_(t)GI)y = kNSt — 1), (3.1.62)
(G_(t)GT)y = kNS — 1"). (3.1.63)

Using Egs.(3.1.60)- (3.1.63), we can reduce Eqs.(3.1.56)-(3.1.59) to

(B (FL0) = N1 - e, (3160
(FL(OF (1)) = —N(1— ™), (3.1.65)
(FL(OF) (1) =~ N(1 - ), (3.1.66)

(1) ET () = %Nu _ e, (3.1.67)

Upon combining Eqgs.(3.1.64)- (3.1.67)and Eq.(3.1.55) and also using steady-state

solution, we find

(D)DI(t)) = e + %N(l —e "+ }lz\m —e "+ iN“ — ")

+ N1 —e) = N. (3.1.68)

= o

Following a similar procedure, one can also readily obtain

A

(D' (t)D(t)) =0 (3.1.69)

(D(t)) = 0. (3.1.70)

Finally, substituting Eqgs.(3.1.52), (3.1.68), (3.1.69) and (3.1.70) into Eq.(3.1.35), we

see that
<ez*ﬁ(t)+zﬁT(t)> _ o3 (@ DW+2DT0)?) _ —327N (3.1.71)

Substituting Eq.(3.1.71) into (3.1.27), we obtain

Ga(", 2, 8) = e B HVAD = (G =(C N —CIN 4= 2078 (31 79
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We note that Eq.(2.2.116) can be written as

A 1
Cy(t) = 5(&’T(zt) +a'(t)), (3.1.73)
A 1
C_(t)= §(d’T(t) —a'(t)), (3.1.74)
where
it / #)dt. (3.1.75)
Employing the relation described by Eq.(3.1.30), we can write
id’ ———e / t)dt' + I % Heztrng (t) — 1hq(0))
dt JN
d K 4!
+/ _€2t ma< )dt/ (3176)
o dt
= L3 + L (t) — ha(0)e 5 (3.1.77)
2 VN

Applying the large -time approximation scheme to Eq.(3.1.77), we obtain

" 29 .
t) = 3.1.78
a'(t) = il a(t) ( )
In view of Eq.(3.1.78), we can express Eqgs.(3.1.73) and (3.1.74) in the form
Co(t) — C_(t) = d'(t) (3.1.79)
Clt) = CL(t)y = C(t) + C_(t) = a't(b). (3.1.80)

Substituting Eqs.(3.1.79) and (3.1.80) into (3.1.72), we find
Ga(2", 2,t) = e 32 24T+ 2 (" —2) (1™ 82"/ (1) 420/ (1), (3.1.81)
Upon combining Eqs.(3.1.81) and (3.1.22), the Q function for the cavity mode is

expressible as

QO ) = %/dzze—;(N+r)z*z+z(a'f(t)+2§(1—e—gf—x*)—z*(a'(t)#j(1—e—§f—A) (3.1.82)
m
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Carrying out the integration employing the relation

/dQOze“O‘*a*ba““* = ge%, (3.1.83)
we readily obtain
" 2T 2 . . al 2e _ny
QN A1) = — e AN N (@ (0) + (1= e E)
FA@0) + 21— e 5) = 25 (- e
—(a"(t)a'(t)) — 2—5(1 — e E) (@) + @'®))). (3.1.84)

3.2 The mean of the photon number

Here we want to determine the mean of the photon number of a light produced by

two-level laser.The solutions of Eq.(2.1.79) and its conjugate can be written as

t
a(t) = a(0)e~ 2 +ge—§t/ estdt’
0

t t
495 / 5 g ()dt + v/ Ne~ 5t / 5 g (). (3.2.1)
0 0
and

t
at(t) = af(0)e 3! + eegt/ et dt"+
0

t ¢
g _Ht/ ﬁt”AT 1 Vi _ k¢ ﬁt//AT ]
——e 2 e2" m! (t")dt" + vV Ne 2 /62 gl(t)dt". (3.2.2)
VN o 0
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Now with the aid of Egs.(3.2.1) and (3.2.2), the mean photon number of the cavity
mode is expressible as . = {(af(¢)a(t))

Zaho)e i - Zal o)

¢
p— AT OV (4N 4 —rt B At A (4N 4
+ —=e¢ e2"(a'(0)m,(t"))dt' + vV Ne / e2"(a'(0)g,(t"))dt'+
Lo [ B ar + VA [ )

2 . e, 4e? 4e? .
—(a(0)eH + — — e
26wy P owy . g, 26 s /t s 2 . _ 4e?
2 2 (e (t))dt + —+/ Ne 2! > dt' — —(a(0))e ™ — —e 2
=Eent [ B e+ VNS [ g ar - = a)e - e

4% . 29 . " ey oy
+ —e " — e " e2 t ——\/_e_”t/ 214G, ()t
et = Bt [ 1)) e gt
t
e < Nt//
t

t
[ s i eyar”

2eg
\/_ 0 ¢
. 259 e—nt 6;t”< A T(t”))dt” + _6—mf /t eg(t’+t”)<mf (t”) ( )>dt”dt
KV N 0 M N 0 ¢

t
+—\/_ et / / 2 (it (1) g () dt" dt + v/ Ne ™" / e2"" (gl (t")a(0))dt"
0
2 K 1! L
+— “VNe 2t/ ez (gh(t")dt" — \/_e‘”t/ 2 (gh"))at”
0

+—\/_ —nt / / S (GF (g (¢))dt" dt!
+ Ne —“t/ / 2D G o (1)) dt" dt (3.2.3)

"

2l (8)a(0))

g —Kt
+ —=e€
VN o

2

For a cavity mode initially assumed to be in a vacuum state, we see that
(a(0)) = 0. (3.2.4)

Assuming that the cavity mode and atomic operators are not initially correlated ,we

can write

(@ (O)ria (1)) = ( (H)a(0)) = 0 (3.2.5)
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Moreover, in view of the fact that a noise operator at some time has no effect on

atomic and cavity mode operators at earlier times, one can write

(@ (0)ga(1)) = (gi(t)a(0)) =0, (3.2.6)

(9a(1)) = (b)) = 0, (3.2.7)
(95 (1)3a(t")) =0, (3.2.8)
(9a(t)ga(t')) =0 (3.2.9)

4e? 42 . 2 " t 42 .
n=g e et [ ) - e
K 0
452 + 259 n t Kyt /
+ —e " — e " e2t (g, (t))dt
e e [ e ()
29 s [ o by — 2L e [ o3 (e
H\/N 0 KZ\/N 0
2 t t
p e / / B+ (it (1Y (#)) b d (3.2.10)
0 0

And also with aids of Eq.(3.1.75), we write Eq.(3.2.10) in the form

4e*  8e? _n, 4e* ., 2, 26 n, .
= et e L) - T )
2e A1t 2e —Et Al A1 Al
—l—;(a (t))—;e 21a"(t)) + (@' (t)a'(t)). (3.2.11)

In view of Eq.(3.1.78) and its conjugate, we find

(@ (0 (1) = ol = (). (3212

The steady -state solution of Eq.(2.2.87) is expressible as

deg - - 2 .
——— (N,— N, + alt 3.2.13
k(27 + %)( 2 27 + %f ) ( )

Ma(t)
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Upon substituting Eq.(3.2.13) into Eq.(3.1.78) and taking the expectation value of

the resulting expression, we obtain

R 27.€ SR,
@) = 5y g7 ) = () (3.2.14)

Finally, employing Eqs.(3.2.12) and (3.2.14)along with its conjugate into Eq.(3.2.11),

we find

4 8 _,, 4e? Ary,e? . .
e (W) - (W)
s 20 RN+ )
4y 2 o -

dye” ((Na) = (Ny))em 2" + K2V N (29 + 7.)

VN2 + )
_ 4,7662 \ (N efgt k
/12\/N(2'Y+7c)<<Na> <Nb>> + P <Na> (3215>

At the steady-state the mean photon number reduces to

o de? 8ce” Sy Ry o dex
n= 7t e oy () = () ) (3.2.16)

Taking account Eq.(2.2.86)into Eq.(3.2.16) we obtain

4e? 27, - calN
%(1 e (2N,) — —
k W@’Y""%)

We note from Eq.(3.2.17) that in the absence of deriving coherent light (¢ = 0) the

+ LN, (3.2.17)

n= —
Y+ Tea Kk

~

mean photon number reduces to 7 = 22(N, ), which is identical to the result obtained

K

in Ref.[6]. Moreover, making use of Egs.(3.2.1) and (3.2.2)and following a similar

procedure, one finds

4e? 8v.* . . Ve, o
aal) = — c No) — (I\Vy)) + =(N,) + N, 3.2.18
2t 29 .
a :—+ ma, 3219
(@) = S+ — ) (3.2.19)
2 2
(@h == + =L (d), (3.2.20)

R H\/N
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. 4e? 8eg ..

<Cl2> — ? -+ m<ma>, (3221)
. 4e? 8eqg ..
(af?) = —+ f;?\/N(mD' (3.2.22)

Based on Eq.(3.2.19) and (3.2.20), one can verify that

o 4 8eg . Ye , .
(@) =—+ m(wm + (1), (3.2.23)
. 4e  8eg . Ye ;.
(@) = 3 At + R ), (3:2.24)
AN /A _452 8eg . Ye ) \o
(@) = — + KQ\/N(mJ + 7 ()", (3.2.25)

3.3 Variance of the photon number

The variance of the photon number for a cavity light can be described as

(An)? = (A?) — (n)® (3.3.1)
or
(An)? = (aTaa'a) — (ata)? (3.3.2)
The expectation value of an operator A is expressible as [4]
(A) — % / EAQON A) A, (A, \), (3.3.3)

where A,4(A\*,\) is c-number function corresponding to A in the antinormal order. It

then follows that

(ataata) = % / EAQ(N, AN — 3 / EAQN, NN + 7 / EAQ(N,\) (3.3.4)

so that on introducing Eq.(3.1.84) into (3.3.4), we find

(aTaa’a)

_ 27 P[l / d2/\61+%(7/\*)\+m)\+n)\*))\*2)\2 -3 / d2)\61+%(7)\*/\+m)\+n)\*)A*>\
m(l14+7) 7

—|—T/d2A€1‘|2’T(/\*)\+m/\+n)\*)]7 (335)
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where,
P o [_%;(1_5%t>2_afm_%(1—6*%%(&'%)}7 (3.3.6)
1t 2e By
RPN S +_(1_€ 5 )’ (337)
K
N 2e _ Ky
n=d + 51— e 5. (3.3.8)
K

We can put Eq.(3.3.5) in the form

2 2
<ﬁwm%:(il)PﬁJZXz/fmﬁA4WmHMﬂ
™ T T an m
_3didi PAeTi AN 4 7 / A A (33 )
nam

On carrying out the integration separately, employing the relation

/d2/\€aA*A+bA+CA* _ Ee%, (3310)

a

we readily obtain

2 2
ld_d_/dQ/\eNi_T(_)\*)\—&-m)\—i—nA*) _ Me(%)m”(2+2nm+n2m2), (3311)

T dn? dm? 27
d d 2y 2 (Aatmatny) _ SN +T)T ey
T / Prents (Xatmamany _ (N4 7)7m +27)T”6<N2+*>m”. (3.3.13)

Substituting Eqs.(3.3.11) - (3.3.13) into Eq. (3.3.9), we arrive at

(a'aata) =

8 [ dmn 2m?2n? } 67 [1 2mn

2
3 - 3.3.14
(N +7)? +N+r+(N+r)2 N+r7 +N+r]+T ( )

Employing Eqs.(3.3.14) along with Eqgs.(3.3.7) and (3.3.8), we can express the variance

of photon number for e = 0 and 7 = 1 in the form

(An)? =n —n?. (3.3.15)



Chapter 4

Quadrature Variance

In this section we wish to determine quadrature variance for the plus and minus
operators. Moreover, the power spectrum of a light generated by two-level laser in

any frequency interval will be determined.

4.1 The plus and minus quadrature
The plus and minus quadrature operators are defined by [4]
a, =a' +a (4.1.1)

and

a_ =i(a' —a). (4.1.2)

The operators a, and a_ represent physical quantities called the plus and minus
quadratures. Taking into account Eqs. (4.1.1) and (4.1.2), it can be readily estab-
lished that
[ay,a_] = 2i[a,al]. (4.1.3)
On the basis of Eq.(4.1.3), the uncertainty relation for a, and a_ as
AaiAa- > 5| ([a,a']) |, (4.1.4)

43
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and for minimum uncertainty, we have

AQ+A(1_ =

=| (aa’) — (a'a) | (4.1.5)
With aid of Egs.(3.2.16) and (3.2.18), we see that

([ a-)) =20 (Z((M) = (Vo) + ). (4.1.6)

Now taking into account Eqs.(3.2.16) and (3.2.18), we can rewrite Eq.(4.1.5) in the

form

AasAa_ = 7;(<Nb> —(N)+ N | (4.1.7)
The quadrature variance for a light beam is expressible as
(Aag)® = (a3) — (ax)? (4.1.8)
On account of Eq.(4.1.1), the variance of the plus quadrature can be written as

(Ady)? = (%) — (a.)? (4.1.9)

= (a?) + (a'a) + (') + (aa') — ((a)? + 2(a")(a) + (a")?). (4.1.10)
In view of Eqs. (3.2.21) - (3.2.22) and (3.2.23)- (3.2.5) Eq.(4.1.11) reduces to
= 2(a?) + (a'a) + (aa') — 4(a)*. (4.1.11)

Upon employing Eqs. (3.2.16), (3.2.18), (3.2.21) and (3.2.23) into(4.1.10) into Eq.(4.1.16),

we arrive at

(8 = Do) + () + N = et (41.12)
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Following the same procedure,one can also readily find that

(Ad )2 = Z((N,) + (V) + N (4.1.13)

R

Hence, we observe from Eqs.(4.1.17) and (4.1.18 ) that the plus and minus quadrature
variances of the cavity light produced by the two-level laser are not equal due to the

presence of deriving coherent light.

4.2 The power spectrum

In this section we seek to calculate the power spectrum of the light produced by the
two-level laser. The power spectrum of a single-mode light with central frequency wy

is expressible as [6]

P(w) = L he / h dre’ @GN () a(t + 7)), (4.2.1)

™

where the subscript ”ss” stands for the steady-state.
Upon integrating both sides of Eq.(4.2.1) over w, we readily get

/ P(w)dw = n, (4.2.2)
in which n is the steady-state mean photon number. On the basis of this result, we
assert that P(w)dw is the steady-state mean photon number in the frequency interval
between w and w + dw [6]. We now proceed to calculate the two-time correlation
function that appears in Eq.(4.2.1) for the cavity light.To this end, we realize that

the solution of Eq.(2.1.78) can be written as
at+7)=at)e > + 5637/ ez dr!
0

g _= Toe ’ ’ _K Tk ’
+ —e 27/ e2"mu(t+7)dr’" +e 27/ e2" gu(t +1)dr (4.2.3)
vV IN 0 0
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On the other hand, the solution of Eq.(2.2.87) is expressible as

/

(& / 2 (& ! T (& 1" o .
gt + 1) = (e EOT 4 ST / e TFI (Nl +7) — Niy(t +77))dr”
K 0

’

T / e T (b + ) dr (4.2.4)
0

Now using Eq.(4.2.4), we can write the third term in Eq.(4.2.3) as

et )(L)e—%f(e(%—u)r —1)

g —k i Bl A / !
——e 27 e2” my(t+ 7)dr =
e e+ ) —

9
VN \/N
Y€ _wg T (E—p)7’ /T/ —ur" g 1R " \J " /
e 2 e'2 [ e dr"(Ny(t+7")— Nyt +7"))]dr
2\/ 0 0

-’ [/ e P ot 4+ 7Y dr"dr!
0
(4.2.5)

+
ﬂ\b
QI
(N
\]
o\\]
Q)
L
v

in which
Ye
p=y—-—=. (4.2.6)
Now multiplying Eq.(4.2.3) on the left by af(¢) and taking the expectation value of

the resulting equation, we have

T+ ) - et
(Gt

() (t + 7'))dr’ (4.2.7)

N\z

(Bt + 7)) = (@ (a(t))e
KW /

Again multiplying Eq.(4.2.5) on the left by af(¢) and taking the expectation value of

the resulting expression, we can write the last term in Eq.(4.2.7)as

e [t o

_ I m 2 e hT _ 6—%7- Y€ _ﬁT Te(%—H)T'
_\/N< ()i (1)) ( ) ) +

K — 24 2N 0
o / dr"e " (@ ()Nt + 7)) — (6" () Ny(t +77)))]dr

L i ")) dr"|dr’ 2
L9, / [/Oe a0 falt + 7)) dr"dr (4.2.8)



Employing Eq.(2.2.78) along with Eq. (2.2.82), we obtain

d - - 2eqg Tea VIV
—(N,) = — N — == (il +n .
dt< a) (7 + 7e) {(Na) . (g, + 1ha) + Y+ Teg
The steady-state solution of Eq.(4.2.9) is
~ 296 “ N TcafYN
(Na) = ———=— (i) + (1a)) + :
K7+ ) (7 +7ea) (7 + %)
so that using Eq.(4.2.10) in (2.2.83), we obtain
- 2eg . . TeaYelN
Ny = ——2—({(ml) + (1)) + )
W) = g el ) e G0

Employing Egs. (4.2.10) and (4.2.11), we find

() = () =~

ThT m Tca(/y_/YC)N
((g) + (ma)) + CETICETaE

In view of Eq.(3.2.13), we note that

and hence Eq.(4.2.12) becomes

) \ 869 ~ Tca (7 B 70>N
Ny — (Ny) = ———(m,) + .
W = ) = =y e 7
Substituting Eq.(3.2.13) into (4.2.14), we find

e K(27 +7) (Y = Ye)reaN
Wl = (N = (355300 = 70 + 87 + )

Applying the quantum regression theorem to Eq.(4.2.15), we can write

(@ ()Nt +7")) — (@T ()N (t + 7)) =

K(27 4 7e) (7 — Ye)reaN (a1 (2))
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(4.2.9)

(4.2.10)

(4.2.11)

(4.2.12)

(4.2.13)

(4.2.14)

(4.2.15)

(K27 +7) (v = 7e) +827e) (v + Tea))
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Upon substituting Eq.(4.2.16) into (4.2.8) and carrying out the integration, we arrive
at

29 af (t)m e hT —e 27
Ve CUOLXO )
6703 2 —uT %T . 2 —2ur 737'
B2 -t - (e et (219

in which

K(27 +96) (7 — 1e)reaN (@1 (1))
d . (4.2.17)
(R(27 +7) (v = 7e) +82%7) (7 + Tea))
In view of Eq.(2.1.79), we can put Eq.(4.2.17) in the form

g T/T LAt o / /
——e 2 e2"(a"(t)ymg(t + 7"))dr
VN 0 )

_ L ™ KT .
_<’<0</f—2/i)\/ﬁ< “(t)>+n—2u)( )
Br.e 2 —uT _ =57y 2 o _ kT
U l(ﬁ—zu)(e )= G )}, (4.2.18)

Substituting Eq.(4.2.19) into (4.2.7), we find that

(@f(t)a(t + 7)) = n(e2" + - 2M(em —e )+ %(AT(WQ —e27)
Br.e 2 —HT _ =57y 2 e 2T _ o 5T
#2212 ] )
deg . ot
+ m(ﬁla(t»(e ) (4219)
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Finally, on combining Eq.(4.2.20) with Eq.(4.2.1) and carrying out the integration,we

readily obtain

o K p/m . 2p K/2m
Pw) _n[(/{—Qu),uz—k(w—wo)z K—QM)(K/2)2+(w—wo)2
@ ) - (k/2)? Z/ZT ~ )’
ey W kpem

" KV N(k — Q;L)< a(tm,u2 +(w—wp)?  (K/2)2+ (w— wo)2]

v.eB 2 ) w/m B K/2m

2uV/N k=2 2 + (W —wo)?  K/2)? + (w — wp)?
_ =B (—2 2p/m i/ 2m ] (4.2.20)

/N k=4’ 12 + (W —wo)®  #/2)2 + (w — wp)?
Now for ¢ = 0 , the power spectrum reduces to

Pw) =2 (o S

) K/2
Tk =2 2+ (w—wo)? K—2u

(£/2)? + (W = wo)?

. (4.2.21)

We realize from Eq.(4.2.2) that the mean photon number in the interval between

w' = =X and ' = X is expressible as

A
oy = / P, (4.2.22)
-
in which &' = w — wy . Therefore, upon substituting Eq.(4.2.22) into (4.2.23) and

carrying out the integration, applying the relation

A od 1
/ —:)3 = — arctan(f)’ (4223)
a

\r24+a?  a

we arrive at

Ny = ﬁZ()\), (4224)

where z()\) is given by

_E arctan(—) (4.2.25)
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For the values of k = 14,4 = 1.2,7 = 3.14,. From Figure 2, the value of z(\)
described by Eq.(4.2.25) approaches 1 for a relatively small values of A\. This indi-
cates that the total mean photon number is confined in a relatively small frequency

interval near the central frequency.



Chapter 5

Conclusion

In this thesis we have studied the statistical properties of the light produced two-
level laser driving by coherent light and coupled to vacuum reservoir via a single
port-mirror. We considered a two-level laser in which two-level atoms available in the
cavity are pumped from the bottom to the top level at a rate r.,. Moreover we consider
the case in which the two-level atom interact with the vacuum reservoir. Employing
the master equation for the system under consideration, we obtained the Langevin
equations for the cavity mode and atomic operators.Applying the solutions of these
equations, we have calculated the mean photon number and the quadrature variance
as well as the power spectrum for the cavity mode. Employing the Q function, we
calculated the variance of the photon number and the photon statistics of the cavity
light is found to be sub-Poissonian. We have found that the deriving coherent light

increases the mean photon number.
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