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Abstract

In this thesis, we have studied the dynamic properties of an accretion disk formed from

the inflow of plasma from a blotted out companion star. The disk extends from an inner

radius of ∼ 106m ( RA Alfeven radius) to 100RA (see figure 1.4). We have divided

the disk into three regions: an outer region dominated by gas pressure and free-free

opacity, a middle region dominated by gas pressure and electron scattering, and an inner

region dominated by radiation pressure and electron scattering. We have also derived

the radiation pressures and gas pressure in the inner region of the disk as a function of

”r” using radial dependence of the central temperature and the density. The latter was

obtained using the basic equations for thin accretion in non-relativistic case . Analyses

of the instability of the disk is made between RA and 10RA (RA < r < 10RA) based on

the instability condition (βo > 3/5). This is occurred at high temperature, at which the

opacity is dominated by electron scattering and radiation pressure is strong.
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Introduction

The stability of geometrically thin accretion disks has been studied extensively after the

construction of the standard model [1]. It has been found that the disk is thermally and

viscously unstable if it is optically thick and radiation pressure dominated [2-4]. There

is also a possible mode of pulsational stability. In this case, one looks for instabilities in

which oscillations on the orbital time scale grow in amplitude because of the effects of

viscosity [5]. Blumenthal, Yang and Lin generalized functional form for the viscosity and

the opacity. They used their model to interpret successfully the quasi-periodic oscillation

observed in dwarf novae. Okuda examined a radial oscillation model of accretion disks for

quasi-periodic light variations in cataclysmic variables [7]. Chen and Tamm pointed out

that the galactic black hole candidates may be due to the pulsational stability [8]. If the

geometrically thin disk is optically thin, it has been found also that it is viscously stable

but thermally unstable [9]. Those instabilities are believed to be relevant to some light

variation observed in many systems such as cataclysmic variables, X-ray binaries, and

active galactic nuclei. For example, the thermal instability may account for the periodic

outburst of dwarf nova [10], and the inertial acoustic instability may explain the observed

QPO phenomena in Galactic black hole candidates [8].

Since the standard thin dark model was constructed in the early 1970 [1], the stability

of disk has become an important area in the accretion disk theory in stabilities of accretion

disks permitted to explain the observed phenomena of variability and luminosity of various

astronomical objects. such as proto- plantary nebulae of dwarf novae, X-ray binaries,

active galactic nuclei and quasars.
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Lightman and Eardley found that the inner most region of an accretion disk, the disk

flow would be viscously unstable if the radiation pressure dominates [4]. subsequently,

Shakura and Sunyaev showed that these inner regions of the disk may also be thermally

unstable [2] . kato considered the evolution of infinitesimal perturbations of all three

components of the fliud velocity as well as T and S .He found that the disk had pulsational

instability in addition to viscous and thermal instabilities[11]. Blumenthal generalized

katos analysis by considering the pulsation stability criterion for a thin disk model with

different rations of gas pressure to radiation pressure, arbitrary values of α, a general

functional form for the viscosity ν and other opacity κ [6]. They used their model to

interpret successfully the quasi period oscillations observed in draw novae. There are two

kinds instabilities in an isothermal disk when α is larger than a critical value [12]. one

is the pulsational insatiability and the other is sonic-point instability, which is local to

the sonic point . The sonic point is related to the topology of the sonic point [13]. Chen

and Tamm performed a namerical study on the structure and stability of accretion disks,

taking in to consideration radial viscosity. They showed that the radical viscosity has

stabilizing influence on the viscous mode [14]. Wu Xuebing and Yu wnfei considered the

influence of radial viscosity on the Stability of a polytrophic and an isothermal magnetized

accretion disk, respectively [15,16].

Magnetic fields can play an important role in accretion disks. For example ,magnetic

fields have been invoked as a source of coronal heating [17],wind production [18] and

highly polarized radiation [19]. An accretion disk around a weakly magnetized neutron

star forms an s- shaped sequences on the M-S plane ,this model sequence is named ”slim”

disks [20]. Balbus and Hawley showed that accretion disks are dynamically unstable to an

axisymmetric shear instability whenever a weak vertical magnetic field is present [21]. Wu

xuebing examined the pulsational instability of isothermal accretion disk with viscosity

and magnetic fields [15].

In this thesis, our aim is to determine the radial location of instability in the inner
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region of the accretion disk around a magnetized star. Therefore, in the sprite of Shakura

and Sunyaev [1,3] we divide the disk into three regions, an outer region dominated by

gas pressure and free-free opacity,a middle region dominated by gas pressure and electron

scattering ,and an inner region dominated by radiation pressure and electron scattering.

The structure of this thesis is as follows,The first chapter is devoted to the discussion of

the physics of a neutron stars,in which the formation,structure, internal composition is de-

scribed. In chapter two the basic equations of thin accretions disks for non-relativistic case,

such as the equation of state,conservation of mass,angular and radial momentum,energy

and equations for the vertical structure are briefly discussed.Steady keplerian disks and

standard disks are fully dealt with in chapter three. The stability analysis of the thin

accretion disks and estimating of the radius of instability of the inner region in which ra-

diation pressure dominated region is given in chapter four. Finally we made a conclusion.



Chapter 1

The Physics of Neutron Stars

Neutron stars are some of the densest manifestation of massive objects in the

universe. In the following sections we will describe the formation , structure, internal

composition of neutron star. Observations such as mass transfer (accretion) in neutron

stars is also included with the discussion of the limit on the steady accretion rate ,Ṁ(gs−1)

, which is the Eddington limit,the reason for mass transfer as a Roche lobe overflow in

our case, formation of accretion disc and accretion column.

1.1 Neutron Star Formation

Compact objects such as neutron stars, white dwarfs and ultimately black holes

represents the final states of stellar evolution[22]. When very massive stars (up to 25M�)

,whereM� is solar mass,die, after they have finished their nuclear fuel, they spew their

outer layers into space in a violent explosion called supernova.The cores of such stars

remain as neutron stars. So, a neutron star is a type of remnant that can result from

the core collapse of a massive star during supernova event[23]. A supernova occurs when

the iron core of a giant star collapses to the density of the nucleus. At such events

high densities,protons and electrons fuse together to form neutrons[24]. Hence the name

’neutron star’. Neutron stars are very hot and are supported against further collapse

because of degenerate neutron pressure resulting from Pauli exclusion principle. This

principle states that no two neutrons can occupy the same quantum state simultaneously.

4
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In general, compact stars with mass < 1.4M� are white dwarfs.On the other

hand,a neutron star is about 20 km in diameter and has mass of about 1.4M� . This means

that a neutron star is so dense that one teaspoonful of neutron star matter would weight a

billion tons! The result is a surface gravitational field strength about 2×1011 times that of

the earth. A neutron star can also have magnetic fields a million times strongest magnetic

field produced on the earth[25]. As the core of a massive star is compressed during

supernova, and collapse into a neutron star it retains most of its angular momentum.

Since it has only a tiny fraction of its parents radius (its moment of inertia is reduced

sharply) so that a neutron star is formed with very high rotation speed.It gradually slows

down due to mostly gravitational radiation initially and then electromagnetic radiation.

The number of neutron stars in the Galaxy has been estimated to be of the order 109

[26].The number of observed neutron stars is much lower, about 800 are observed as radio

pulsar[27],and about 150 as X-ray binaries.The population of neutron stars is concentrated

along the disc of the milkway although the spread perpendicular to the disc is fairly large.

The reason for this spread is that neutron stars born with high speeds (400 km/s) as a

result of an imparted momentum kick from an asymmetry during the supernova explosion.

1.2 The Structure of Neutron Star

Current understanding of the structure of neutron stars is defined by existing mathemat-

ical models, but it might be possible to infer through studies of neutron-star oscillations.

Similar to asteroseismology for ordinary stars, the inner structure might be derived by an-

alyzing observed frequency spectra of stellar oscillations. On the basis of current models,

the matter at the surface of a neutron star is composed of ordinary atomic nuclei crushed

into a solid lattice with a sea of electrons flowing through the gaps between them. It

is possible that the nuclei at the surface are iron, due to irons high binding energy per

nucleon. It is also possible that heavy element cores, such as iron, simply drown beneath
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the surface, leaving only light nuclei like helium and hydrogen cores. If the surface tem-

perature exceeds 106 kelvins (as in the case of a young pulsar), the surface should be fluid

instead of the solid phase observed in cooler neutron stars (temperature < 106 kelvins).

The atmosphere of the star is roughly one meter thick, and its dynamic is fully controlled

by the stars magnetic field. Below the atmosphere one encounters a solid “crust“. This

crust is extremely hard and very smooth (with maximum surface irregularities of 5 mm,

because of the extreme gravitational field. Proceeding inward, one encounters nuclei with

ever increasing numbers of neutrons; such nuclei would decay quickly on Earth, but are

kept stable by tremendous pressures. Proceeding deeper, one comes to a point called

neutron drip where free neutrons leak out of nuclei. In this region, there are nuclei, free

electrons, and free neutrons. The nuclei become smaller and smaller until the core is

reached, by definition the point where they disappear altogether. The exact nature of

the superdense matter in the core is still not well understood. While this theoretical

substance is referred to as neutronium in science fiction and popular literature, the term

′′neutronium′′ is rarely used in scientific publications, due to ambiguity over its meaning.

The term neutron-degenerate matter is sometimes used, though not universally as the

term incorporates assumptions about the nature of neutron star core material.

Figure 1.1: neutron star structure

Neutron star core material could be a super fluid mixture of neutrons with a
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few protons and electrons, or it could incorporate high-energy particles like pions and

kaons in addition to neutrons, or it could be composed of strange matter incorporating

quarks heavier than up and down quarks, or it could be quark matter not bound into

hadrons. (A compact star composed entirely of strange matter would be called a strange

star.) However, so far, observations have neither indicated nor ruled out such exotic states

of matter.

1.3 Accretion In Neutron Star

By accretion, we mean the accumulation of diffuse gas or matter onto some object under

the influence of gravity. The extraction of gravitational potential energy from material

which accrete onto a gravitating body is known to be the principal source of power in

several types of close binary systems (as will be treated in the following section), and is

widely believed to provide the power supply in active galactic nuclei, and quasars. Thus,

the new role for gravity arises because accretion on to compact objects is natural and

powerful mechanism for the production of high energy radiation. Some simple order of

magnitude estimate will show how this works. For a body of mass Mo and radius Ro

the gravitational potential energy released by the accretion of a mass M on its surface is

∆E = GMo∆M
Ro

. If the accreting body is neutron star with radius R0 = 10km and M0 = M ,

then the yield ∆E is about 1.3×1020 erg per accreted gram. This radiation is expected to

be released mainly in the form of electromagnetic radiation [28]. For comparison, we refer

to the energy released to the Hydrogen burning in which Hydrogen atoms fuse to produce

Helium atoms: ∆Enuc = 6 × 108ergg−1 . Therefore, we can see that ∆Enuc � ∆E. At

high luminosity, the accretion rate may itself be controlled by an outward momentum

transferred by scattering and absorption. It might seem as though we could generate

arbitrarily large luminosities by allowing material to fall at a sufficiently great rate onto

a star. However, there is a limit to this luminosity, since if the luminosity is too great,

radiation pressure will blow away the in falling matter. This limiting luminosity, which is
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known as the Eddington luminosity, is found by balancing inward force of gravity against

the outward pressure of the radiation [29].

1.3.1 Accretion Disc

The initial trajectory of matter issued from L1 would be an elliptical orbit lying in the

binary plane. The presence of the secondary causes the orbit to precess slowly. The

stream will therefore intersect itself, resulting in dissipation of energy. However since the

angular momentum is conserved, the gas will tend to the orbit of lowest energy for a

given angular moment, i.e. a circular orbit. In most cases the total mass of gas in the

disk is so small that we can neglect the self-gravity of the disk. The circular orbit is

Figure 1.2: A binary system with the secondary star filling the roche lobe and transferring
mass through L1 into the lobe of the compact primary.

then Keplerian with angular velocity ΩR = (GM1

R3
circ

)
1
2 . The radius of this circular orbit is

called the circularization radius Rcirc. It is determined from the relation (GM1

R3
circ

)
1
2 = b2

1ω.

Then Rcirc
a

= (1 + q)[0.5 − 0.227 log q]4, where ”a” is the binary separation and q =M2

M1

With in the ring of radius Rcirc , there will be dissipative processes, such as collisions,

shocks, and viscous dissipation. These will convert some of the energy of the ordered bulk

orbital motion into internal energy (heat). Eventually some of this energy is radiated and
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therefore lost from the gas. As a result the gas has to sink deeper into the gravitational

potential of the primary, orbiting it more closely. This in turn will make it lose angular

momentum. So most of the gas will spiral inwards towards the primary through a series

of approximately circular orbits. The angular momentum is transferred outwards through

the disk by viscous torques. The outer parts of the ring will gain angular momentum and

will spiral outwards. The original ring of matter at R = Rcirc will spread to both smaller

and larger radii by this process, to form an accretion disk [30].

1.3.2 Accretion Column

Column accretion occurs when the accreting star possess a magnetic field strong enough

to disrupt the inner regions of the disc channeling the accretion flow in such a way that

nearly resembles free-fall on the magnetic polar caps.

1.4 X-ray Binaries

X-ray binaries belong to the system in which a compact object and a stellar companion

orbit each other at a distance small enough to enable mass transfer from the companion

star(secondary or donor) onto the compact object(primary or accretor) [31]. X-ray bina-

ries containing a neutron star or a black hole can be divided into two classes based on the

mass of the companion star: high mass X-ray bina- ries(HMXBs) having a stellar com-

panion usually more massive than 10M� , and low mass X-ray binaries(LMXBs)having a

stellar companion with a mass around 1M� or less. In HMXBs mass transfer is caused

by the stellar wind of the compact star , while in LMXBs mass is accreted by Roche

lobe overflow from a low mass star to a neutron star(see below). Neutron stars in X-ray

binaries are relatively young and theoretically estimated to have a strong magnetic field

of the strength 1012 − 1013G [32]. The Roche model makes use of gravitational equipo-

tential surfaces. The equipotential surface through L1, the point where the gravitational

forces of the companion and the compact object and the centrifugal force cancel, consists
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of two lobes called the Roche lobes. When, due to its evolutionary phase of expansion,

the companion fills its Roche lobe, matter will stream through L1 to the compact object.

This process is called Roche lobe overflow. Because both binary components orbit each

other, and because of conservation of angular momentum, the transferred mass is not

able to fall straight to the compact object and and therefore forms a disk from which

matter spirals inwards following the magnetic field lines. The gas in the accretion disk

also transports angular momentum outwards by friction and viscosity. The flow from the

companion star causes a ”hot spot” at the point where it reaches the accretion disk. Due

to the large amounts of gravitational energy(up to several 1038erg/s) that are released

by this accretion,matter is heated up to ∼ 107K which is high enough for thermal X-ray

emission. X-ray binaries are the brightest X-ray sources in the sky (after the sun).In the

case of neutron stars, the X-ray emission originates from both the accretion disk and the

neutron star surface, whereas in black holes the X- ray emission only comes from the

accretion disk because black holes do not have a solid surface.

Figure 1.3: Binary system of a compact object and a companion star.Accreting gas forms
a disk around the compact object.
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Figure 1.4: a LMXB system and its typical length length scales.



Chapter 2

Basic Equations for thin Accretion
Disks (Non-Relativistic theory)

2.1 Introduction

Under many circumstances the matter accreting on to a compact object will have signif-

icant angular moment and will there fore form a disk. The gas elements in the disk lose

angular momentum, due to friction between adjacent layers . The released gravitational

energy either increases the kinetic energy of rotation or converted into thermal energy

which is radiated from the disk surface. Thus, viscosity converts gravitational potential

energy in an efficient manner in to radiation. The behavior of rotating gas masses and

the formation of disks have been studied already long ago- before the interest in accretion

driven x-ray sources- in connection with the evolution of the early solar nebula. An im-

portant example is Von Weizsackers paper [33], entitled the rotation of cosmic gas masses

, in which he derived some of the basic equations which will be important in this section.

He suggested also that turbulent viscosity should be the dominant dissipation process.

Later , in 1952, this problem was taken up again by Lust [34].

Fairly direct evidence for the presence of disk accretion is available in many cataclysmic

variables . We have also seen that there is good evidence for disk accretion in x-ray busters.

In this chapter we set up the basic equations which deliver the structure of thin

accretion disks . We use non relativistic hydrodynamics. In view of the uncertainties as

12
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to the nature and magnitude of the viscosity, for the stability analysis of disk models it

is necessary to keep the time dependence in the equations.

Notations and the basic equations of the hydrodynamics are summarized in the Ap-

pendix.

2.2 Equation Of State

Since we are concerned with fully ionized disk plasmas, the pressure is the sum of the gas

and radiation pressures,

P = Pg + Pr =
k

µmH

%T +
a

3
T 4. (2.2.1)

The internal specific energy is

ε = cνT +
aT 4

%

Let γ = cp/cν , Pg = βP . Using cp = cν + k/µmH We get

ε = 3Pr
%

+ cν
Pg

%(cp−cν)
= P

%

[
β

γ−1+3(1−β)

]
Thus

ε = A
P

%
,A =

β

γ − 1
+ 3(1− β). (2.2.2)

To describe the axisysmmetric structure of an accretion disk, we employ cylindrical

coordinates (r,ϕ, z)with the z-axis chosen as the axis of rotation ( z=0 is the central plane

of the disk ). The mean velocity field υ is a small perturbation of the keplerian circular

motion ( 0,(GM/r)1/2, 0 ).



14

2.3 Mass Conservation

The continuity equation is (dropping the ϕ-derivatives)

∂t%+
1

r
∂r(r%υr) + ∂z(%υz) = 0. (2.3.1)

Let us integrate this equation over the z-direction

∂t

∫
%dz +

1

r
∂r(

∫
r%υrdz) = 0. (2.3.2)

A useful variable is the surface density

S(r, t) =

∫
%dz (2.3.3)

For thin disks (height much smaller than radial variable), we can neglect the vertical

variation of υr in the second integral of Eq.(2.3.2) and thus obtain

∂tS +
1

r
∂r(rSυr) = 0 (2.3.4)

or, introducing the accretion rate

Ṁ(r, t) = −2πrυrS (2.3.5)

We also have

∂rS =
1

2πr
∂rṀ (2.3.6)

Equation (2.3.4) can also be obtained by applying the mass conservation to an annulus of

gas with inner radius r and with radial extent δr. similarly, the consequences of energy

and angular momentum conservation can be deduced.

2.4 Angular Momentum Conservation

Next we consider the ϕ−component of the momentum equation (A.11) of the appendix .

we find
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%

(
Dtνϕ +

νrνϕ
r

)
=

1

r
∂r(rtϕr) + ∂ztϕz +

1

r
trϕ. (2.4.1)

If we multiply this equation with r and use

Dt = ∂t + νr∂r + νz∂z. (2.4.2)

For ϕ-independent functions, we obtain

%Dt(rνϕ) =
1

r
∂r(r

2trϕ) + ∂z(rtzϕ). (2.4.3)

Now we multiply the continuity equation (2.3.1) with rυϕ and add the resulting equation

to Eq.(2.4.3). This gives

∂t(%rνϕ) +
1

r
∂r(rνr%rνϕ) + ∂z(νz%rνϕ) =

1

r
∂r(r

2trϕ) + ∂z(rtzϕ). (2.4.4)

Integrating over z gives the exact equation

∂t

∫
%rνϕdz +

1

r
∂r

∫
νr%r

2νϕdz =
1

r
∂r(Wrϕr

2). (2.4.5)

Where

Wrϕ =

∫
trϕdz. (2.4.6)

Equation( 2.4.5) follows also from angular momentum conservation.

For thin disks Eq.(2.4.5) is approximately

∂t(Srνϕ) +
1

r
∂r(νrSr

2νϕ) =
1

r
∂r(r

2Wrϕ) (2.4.7)

With the aid of Eq.(2.3.4) this can also be written as

S[∂t(rνϕ) + νr∂r(rνϕ)] =
1

r
∂r(r

2Wrϕ). (2.4.8)

Note that rυϕ is the specific angular momentum. Eq.(2.4.4) has the form of a conser-

vation equation for angular momentum.

The component trϕ has the form

trϕ = ηr∂r

(
υϕ
r

)
, (2.4.9)

Where η the dynamic viscosity coefficient
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2.5 Radial Momentum Conservation

The radial component of the momentum equation is

%

(
Dtνr −

ν2
ϕ

r

)
= −%∂rφ− ∂rP +

1

r
∂r(rtrr) + ∂ztrz −

1

r
tϕϕ. (2.5.1)

Except for trϕ , all viscous stresses can be neglected . Neglecting also the z-component of

ν, we have to sufficient accuracy

%(∂tνr + νr∂rνr) = %

(
ν2
ϕ

r
− ∂rφ

)
− ∂rP (2.5.2)

and after integrating over z

S(∂tνr + νr∂rνr) = S

(
ν2
ϕ

r
− GM

r2

)
− ∂rW, (2.5.3)

Where

W =

∫
Pdz. (2.5.4)

2.6 Energy Conservation

Our stating point is Eq.(A.25) of the Appendix. The dominant part of ţ · ν is the radial

component of magnitude trϕνϕ and thus

div(ţ · ν) ' 1

r
∂r(rtrϕνϕ).

Ignoring again the z- component of the velocity and in addition the radial component of

the energy flux vector, we have

%(∂t + νr∂r)(
1

2
ν2
r +

1

2
ν2
ϕ + h+ φ) = ∂tP +

1

r
(rtrϕνϕ)− ∂zF, (2.6.1)

Where F is the vertical energy flux density (F = qz). we use Eq.(2.2.2) and integrate

over z, In the thin disk approximation we obtain

S(∂t + νr∂r)

[
1

2
ν2
r +

1

2
ν2
ϕ + (A+ 1)

W

S
+ φ

]
= ∂tW +

1

r
∂r(rWrϕνϕ)−Q−, (2.6.2)
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Where Q− is the energy flux per unit area emitted at the disk surface: Q− = 2F (surface).

We also note that the dissipation function Eq.(A.20) is

Υ = 2trϕθrϕ = trϕr∂r

(
νϕ
r

)
(2.6.3)

and thus

Q+ =

∫
Υdz = Wrϕr∂r

(
νϕ
r

)
(2.6.4)

is the energy produced per unit area.

2.7 Equations for the vertical structure

The z-component of the momentum equation contains only the small components of the

viscosity tensor. Ignoring these we have

%Dtνz = −%∂zφ− ∂zP. (2.7.1)

we assume that motions in the z-direction are subsonic. then, as we show later, the

left hand side is of order (z/r)2 . Neglecting such terms for thin disks, we obtain

∂zP = −%GM
r2

z

r
, (2.7.2)

i.e ,we have hydrostatic equilibrium in the z-direction. (this is not surprising since

there is no net motion in the vertical direction) From Eq.(2.7.2) we see that the disk

half-thickness z0 is roughly given by z0/r ≈ cs/νϕ, where cs is the speed of sound . The

thin disk requirement thus says that the circular flow velocity is highly supersonic. This

poses restrictions on the disk interior temperature, which are only satisfied if the gas cools

sufficiently fast.

We also see that the time it takes for a sound wave to travel the distance z0 is z0/cs ∼

Ω−1 ,where Ω is the keplerian angular velocity.

Usually it is assumed that the energy dissipated in to heat is radiated on the spot in

the vertical direction. Then we have [(see Eq.(2.6.3)]
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∂zF = Υ = trϕr∂r

(
νϕ
r

)
. (2.7.3)

In addition, we need an energy transport equation in the z- direction , which will be

written down later.

Some of the equations are simplified if one approximates by the circular keplerian

velocity,

νϕ ' Ωr, where Ω =

(
GM

r3

)1/2

. (2.7.4)

Then ∂tνϕ = 0 and we obtain from Eq.(2.4.8)

ṀΩr

2
= −2π∂r(Wrϕr

2) (2.7.5)

with

Wrϕ = r
dΩ

dr

∫
ηdz (2.7.6)

and thus

ṀΩr2 + 2πr3dΩ

dr

∫
ηdz = İ , (2.7.7)

Where İ is independent of r. The keplerian approximation follows from Eq.(2.5.3) if

inertia and pressure gradient terms are neglected. Corrections are of order (zo/r)
2 (see

later).

For Eq.(2.7.3) we find

∂zF =
9

4
η
GM

r3
(2.7.8)

and Eq.(2.6.4) becomes

Q+ =
9

4
η
GM

r3

∫
ηdz. (2.7.9)



Chapter 3

Steady keplerian Disks and Standard
Disks

3.1 Steady keplerian Disks

We summarize first the basic equations for steady disks in the keplerian approximation

Ω = (GM/r3)1/2.

3.1.1 Radial structure Equations

The continuity equation gives

Ṁ = −2πrSνr = const. (3.1.1)

The angular momentum conservation Eq.(2.7.5) implies

Ṁr2Ω = −2πr2Wrϕ + İ . (3.1.2)

Here the constant İ is the net in ward flux of angular momentum, whose value is

usually assumed to be of order Ṁr2
oΩ(ro) ( ro is the inner edge of the disk). Then we

have for the specific angular momentum l(r) = r2Ω(r):

Ṁ [l(r)− l(ro)] = −2πr2Wrϕ. (3.1.3)

The torque 2πr2Wrϕ, is on the other hand, determined by Eq.(2.7.6) i.e.,

Wrϕ = −3

2
Ω

∫
ηdz. (3.1.4)

19
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In the energy equation (2.6.7) we neglect derivatives of W,S and νr:

d

dr

[
Ṁ

(
1

2
ν2
ϕ −

GM

r

)
+ 2πr2WrϕΩ

]
= 2πrQ−.

With Eq.(3.1.3) this becomes

Q− =
3

4π
Ṁ
GM

r3
[1− (

r0

r
)1/2] (3.1.5)

Note that Q− is independent of η!.

This equation also follows from Q− = Q+,Eq.(23), and Eq.(36).

3.1.2 Vertical structure Equations

For the vertical structure, we have the following equations

dP

dz
= −%GM

r2

z

r
(3.1.6)

dF

dz
=

9

4

GM

r3
η (3.1.7)

P =
k

µmH

%T +
a

3
T 4 (3.1.8)

dT

dz
=


−3κ%F
4acT 3 for ∇rad ≤ ∇ad

%GM
r2

z
r
T
P
∇conv for ∇rad>∇ad

(3.1.9)

The last equation is the energy transport equation, which is well- known from the

theory of stellar structure. The upper line has to be used if radiation transport is domi-

nates and the disk is optically thick .The lower line of Eq.(3.1.9) gives roughly the energy

transport if convection dominates,

The opacity is dominated by electron scattering and free- free transitions. These

contributions to the total opacity κ are

1

κ
' 1

κes
+

1

κff
,
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with

κes = 0.04m2/Kg

κff = (0.645× 1023cm2/g)
Z2

A
Ḡ

(
%o

g/cm3

)
T
−7/2
K (3.1.10)

If the disk is optically thin , the energy in the disk is mainly lost by free- free emission .

Thus

Q− =

∫
εffdz (τ < 1) (3.1.11)

εff = (1.4 ∗ 10−27ergs−1cm−3)T 1/2neniZ
2Ḡ(T ). (3.1.12)

3.2 Standard Disks

3.2.1 Viscosity

Detailed disk models can only be constructed if we know the magnitude of the viscosity.

Unfortunately, we can at best make order of magnitude estimates, since we are dealing

with a highly supersonic strongly shearing fluid that is radiative, and has a large Reynolds

number.

The sources of viscosity might be small- scale turbulence and transfer of angular

momentum by magnetic stresses. Random magnetic fields are amplified by the differential

rotation and turbulence of the disk . At the interface between adjacent cells of the resulting

chaotic field , the gradient become so strong that magnetic field line reconnection occurs

.

Clearly, we are not able to handle these complicated phenomena in a quantitative

manner. A reasonable parametrization has, however, been given by shakura and sunyaev

[1] which we discuss next.

The contribution of the turbulent part of the term η∆ν to the pressure in the Navier-

stokes equation will be of the order ηνturb/lturb where νturb is the speed of the turbulent

motions relative to the average motion, and lturb is the characteristic size of the (largest
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) turbulent cells. For fully developed turbulence, this viscous force will be comparable to

the inertial force %ν2
turb . and thus

(3.2.1)

The turbulent speed νturb will be less than the sound speed cs; otherwise shocks would

develop and quickly convert the turbulent energy in to heat , furthermore, we must require

lturb . zo.

Consequently the turbulent part of Eq.(2.4.9) will be bounded by

−tturbϕr w ηturbΩ . %cszoΩ w %c2
s. (3.2.2)

We expect the same inequality for the magnetic shear stress, because

−tmagϕr < Pmag

(
=
B2

8π

)
. P therm w %c2

s. (3.2.3)

Hence shakura and sunyaev propose

trϕ = −αP, (3.2.4)

Where α is a free parameter, satisfying α . 1. Models which are based on this

parametrization are called ”α − disks” .They are clearly too primitive to be more than

of qualitative value.

comparison of Eq.(3.2.4) with Eq.(2.4.9) gives

η =
2

3
α

(
GM

r3

)−1/2

. (3.2.5)

3.2.2 vertical structure

Once a formula for the viscosity is given, we can determine with Eqs.(3.1.6 - 3.1.9) the

local structure of the disk. We assume, following [35], a polytropic equation of state for

fixed r,

P (z) = K%(z)1+1/N . (3.2.6)
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Equation (3.1.6) can then immediately be solved with the result

K(1 +N)%1/N =
1

2

GM

r

[(
zo
r

)2

−
(
z

r

)2]
. (3.2.7)

For the values in the central plane (indexed by c) we obtained

Pc/%c =
1

1 +N

1

2

GM

r

(
zo
r

)2

. (3.2.8)

Forthermore

S = 2%czoI(N)

W = 2PczoI(N + 1), (3.2.9)

where

I(N) =
(2NN !)2

(2N + 1)!
. (3.2.10)

From Eq.(3.2.4) we have generally

Wrϕ = −αW. (3.2.11)

Next we calculate Q−. In the optically thin case, we can use Eq.(3.1.11). If we write

Eq.(3.1.12) as εff = ε0%
2T 1/2,then

Q− = 2εo%
2
cT

1/2
c

∫ zo

0

(
%

%c

)2(
T

Tc

)2

dz.

With the aid of Eq.(3.2.7) ,the equation of state (without the radiation term in the

optically thin case). And Eq.( 3.2.6) we find

Q− = 2εoJ(2N)%2
cT

1/2
c zo (optically thin), (3.2.12)

Where

J(N) =
(2N + 2)!

22N+2[(N + 1)!]2
. (3.2.13)

For optically thick parts of the disk, we use the first equation of Eq.(3.1.9)(ignoring

convection),

Q− = −2

(
4acT 3

3κ%

dT

dz

)
surface

. (3.2.14)
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Let us evaluate this under the assumption that either Pr , or Pg dominates in the central

disk.

If the radiation pressure dominates, we obtain from the equation of state and the

hydrostatic equilibrium in the z-direction immediately dT/dz and then

Q− = 2
c

κ

GM

r2

zo
r

(optically thick, Prc > Pgc). (3.2.15)

For the opposite case (Pgc > Prc). we use an opacity law of the form

κ = κo%
nT−s. (3.2.16)

The equation of state and Eq.(3.2.6)imply

T = Tc

[
1−

(
z

zo

)2]
.

Together with Eq.(3.2.7) We find

Q− =

(
16acT 4

3κ%

)
c

1

zo

[
1−

(
z

zo

)2]3+s+−N(1+n)

z→zo
.

the limit z → zo exists only if N = (3 + s)/(1 + n) and then

Q− =

(
16acT 4

3κ%

)
c

1

zo
(optically thick, Pgc > Prc). (3.2.17)

If κ is dominated by electron scattering, then [see Eq.(3.1.10)] N = 3.

3.2.3 Radial structure

The vertical structure described in the previous paragraph depends on the parameters zo

and %c which are function of the radius. The radial equations in sect.3.1.1, together with

the ”α− laws” Eq..(3.2.11) allow us to determine these functions (for given M, Ṁ).

From Eq.(3.1.3) and Eq.(3.2.11)we have

W (r) =
Ṁ

2πr2α
[l(r)− l(ro)] (3.2.18)

with l(r) =
√
GMr.
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On the left hand side, we insert Eq.(3.2.9) to obtain

Pc(r) =
1

I(N + 1)

Ṁ

4πr2α

(
zo
r

)−1(
GM

r

)1/2[
1−

(
ro
r

)1/2]
. (3.2.19)

This equation contains still the parameter zo. Using the relation Eq.(3.2.8) between

%c and Pc gives

%c(r) =
2(N + 1)

I(N + 1)

Ṁ

4πr2α

(
GM

r

)−1/2(
zo
r

)−3

[1− (ro/r)
1/2]. (3.2.20)

The equation of state allows us now to express Tc as a function of r and zo :

Tc =


1

2(N+1)
µmH
k

GM
r

(
zo
r

)2

forPg > Pr[
3
a
Pc(r)

]1/4

forPr > Pg.

(3.2.21)

Next we use the continuity equation Eq.(3.1.1),Eq.(3.2.9) and Eq.(3.2.20) to determine

also νr as a function of r and zo :

−νr = α
I(N + 1)

2(N + 1)I(N)

(
GM

r

)1/2(
zo
r

)2

[1− (ro/r)
1/2]−1. (3.2.22)

This equation shows that indeed νr/νϕ = o(( zo
r

))2. The previous relation imply also

that dW
dr
/GMS

r2
= o(( zo

r
))2. A posteriori,this justifies that we have neglected such terms at

several occasions.

Finally, if we use the expression (3.1.5) for Q− and compare it with those of the

previous paragraph[Eqs.(3.2.15), (3.2.17) and (3.2.12)] the half thickness zo of the disk

is also determined . For the optically thick case we have:

3

4π
Ṁ
GM

r3
[1− (ro/r)

1/2] =


(

16acT 4

3κ%

)
c

1
zo

forPgc > Prc

2

(
c
κ
GM
r2

)
zo
r

forPrc > Pgc.
(3.2.23)

If the disk is optically thin, the relation is

3

4π
Ṁ
GM

r3
[1− (ro/r)

1/2] = 2εoJ(2N)%2
cT

1/2
c zo. (3.2.24)
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The five algebraic algebraic equations Eqs.(3.2.19-3.2.24),together with the opacity

law Eq.(3.1.10),can easily be solved in terms of r,M, and Ṁ.

We distinguish three different regions of the disk, whose properties are given in Tables

(3.1-3.3 )(From[3])

we use the notation:

Ĩ =
3

2
I(N + 1), (3.2.25)

and

Table 3.1: outer region :Pg > Pr,κ ≈ κff
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Table 3.2: Middle region :Pg > Pr,κ ≈ κes
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Table 3.3: Inerr region :Pr > Pg,κ ≈ κes

(i). For r → ro the solution for the inner region becomes unphysical: νr → 0, %c →∞.

(ii). Tc is independent of Ṁ in the inner region.

(iii). From our solution, we can determine the viscosity as a function of r,α ,M and

Ṁ.for instance , in the inner zone , we find From Q+ = Q− and expressions Eq.(3.1.1)

for Q+ and Eq.(3.2.15) for Q− :

9

4

GM

r3

∫
ηdz = 2

c

κ

GM

r2

zo
r

and thus

η =
4

9

cmp

σT
= 3.5× 1010erg s cm−3. (3.2.26)

Surprisingly, this value is independent of all parameters of the accretion. It is Instruc-

tive to compare it with the radiative viscosity

ηrad =
4

15

aT 4

σTnec
, (3.2.27)

For a derivation see,e.g [36],this shows that the maximum value of radiative viscosity

Eq.(3.2.27) in the inner region is always much smaller than Eq.(3.2.26).



Chapter 4

Stability Analysis Of Thin Accretion
Disks

We investigate now, following the work of shakura and sunyaev [3] The stability of the

stead disks described in sect. 3.2. only stable models have a chance to be physically

relevant. It will turn out that possible instabilities depends strongly on the assumed

viscosity.

We consider only axially symmetric perturbations of wavelength Λ , satisfying zo �

Λ � r ,and which change little on the dynamic time scale Ω−1. ( Remember that Ω−1

is also roughly the time it takes for a sound wave to cross the disk in the transverse

direction.)

The basic time-dependent equations have been derived in sect 2. For a linear stability

analysis, We have to linearize these equation around the equilibrium solutions.

For the type of perturbations, which we want to consider, we can still use in the vertical

direction the hydrostatic equation (neglecting terms of order (zo/r)
2. Further more, νϕ

is still keplerian, up to terms of order (zo/r)
2, z2

o/rΛ.

4.1 Dynamic Equation

In the Keplerian approximation for νϕ we get from Eq.(2.4.8), since νϕ is time independent,

rSνr =
∂r(r

2Wrϕ)

∂r(rνϕ)
. (4.1.1)

29
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According to Eq.(2.7.6) we have, if ν = η/% denotes the kinematic viscosity,

Wrϕ = r
dΩ

dr

∫
ν%dz.

= r
dΩ

dr
νS (4.1.2)

Hence, we obtain from Eq.(4.1.1)

rνrS = − 3

rΩ
∂r[νr

2ΩS]. (4.1.3)

Applying on this equation the operator r−1∂r and using the continuity equation (2.3.4)

gives the following interesting diffusion type equation for S:

∂tS =
3

r
∂r

{
1

rΩ
∂r[νSr

2Ω]

}
. (4.1.4)

4.2 Thermal Equation

Instead of Eq.(2.6.2) we use another form of energy from the energy equation, which we

derive now.

The starting point is Eq.(A.21), Which we write as as follows

Dt(ε%)− (ε%+ P )
Dt%

%
= Υ− divq

or, using the continuity equation

∂t(%ε) + div[(ε%+ P )ν]−∇νP = Υ− divq.

Thus

∂t(%ε) +
1

r
∂r[rνr(ε%+ P )] + ∂z[νz(ε%+ P )]− νr∂rP − νz∂zP = Υ− divq.

Integrating over z gives

∂t

∫
%εdz +

1

r
∂r(

∫
rνr(ε%+ P )dz)−

∫
νr∂rPdz −

∫
νz∂zPdz = Q+ −Q−. (4.2.1)
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This equation is so far exact. Now by Eq.(2.2.2)

%ε = AP, A =
β

γ − 1
+ 3(1− β).

In the thin disk approximation and using the hydrostatic equation for ∂zP , we obtain

∂t(AW ) +
1

r
∂r[rνr(A+ 1)W ]− νr∂rW + Ω2

∫
%νzzdz = Q+ −Q−. (4.2.2)

From Eq.(2.7.9) we have also

Q+ =
9

4
νSΩ2. (4.2.3)

For the α−model, Eq.(3.2.5) gives

ν =
2α

3

W

S

1

Ω
. (4.2.4)

The expression (3.2.14) for Q−is also valid in the perturbed situation. we write this

equation as [see also Eq.(3.2.17)] :

Q− = es
8

3

(
acT 4

κ

)
c

1

S
, (4.2.5)

Where es is a structure factor, which depends on the detailed vertical structure of the

disk.

From now on, we choose for simplicity (as in [3] ) a constant density in the z-direction

and assume that the perturbations in the z- direction preserve this property.

Then the hydrostatic equation in the z-direction gives

P (z) = Pc

[
1−

(
z

zo

)2]
, Pc =

1

4
SΩ2zo (4.2.6)

and thus the average pressure is

P =
1

6
SΩ2zo. (4.2.7)

We also have

W =
4

3
Pczo =

1

3
SΩ2z2

o (4.2.8)
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and thus from Eq.(4.2.4) for the α−models

ν =
2

9
αΩ2z2

o , (4.2.9)

Furthermore, since νz = z
zo
∂tzo, ∫

%νzzdz =
1

3
Szo∂tzo.

Inserting these expressions into Eq.(4.2.2) gives

1

3
∂t[ASΩ2z2

o ] +
1

3

1

r
∂r[rνr(A+ 1)SΩ2z2

o ]

−1

3
νr∂r(SΩ2z2

o) +
1

3
SΩ2zo∂tzo = Q+ −Q−. (4.2.10)

In the second term on the left we use Eq.(4.1.3) to get the basic equation :

1

3
∂t[ASΩ2z2

o ]−
1

r
∂r

{
(A+ 1)

Ωz2
o

r
∂r[νΩr2S]

}
−1

3
νr∂r(SΩ2z2

o) +
1

3
SΩ2zo∂tzo = Q+ −Q−. (4.2.11)

4.3 Linearization

Equations Eq.(4.1.4) and Eq.(4.2.11) have to be linearized now around the equilibrium.

Let us introduce the following notations for the changes of S and z0 from their equi-

librium values

δS

S
= u,

δzo
zo

= h, |u|, |h| � 1. (4.3.1)

We set

δν

ν
= nu+mh+ ..... (4.3.2)

If we use the α− law Eq.(4.2.9),then

n = 0, m = 2. (4.3.3)

Inserting Eq.(4.3.1) and Eq.(4.3.2) gives for the linearization of Eq.(4.1.4)

S∂tu = 3νS∂2
r [(n+ 1)u+mh]. (4.3.4)
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The linearization of Eq.(4.2.11) is a bit more complicated.

Let

δQ−

Q−
= lu+ kh+ ..., (4.3.5)

where the expansion coefficients depend on the opacity κ. one must also include variations

of A . For definiteness we choose γ = 5
3
. Then

A =
3

2
(1 + βo), βo ≡ 1− β. (4.3.6)

(Note that β in [3] is our βo. ) First-order changes of βo. are obtained from equation of

state,

P = βoP +
k

µmH

S

2zo

(
3βoP

a

)1/4

and from the expression (4.2.7) for P . Computing the variations of these two equations

gives

δβo
βo

=
1− βo
1 + 3βo

(7h− u). (4.3.7)

Now the linearization of Eq.(4.2.11) is straight forward. Using the equilibrium condi-

tions (in particular Q+ = Q−), one finds for the α −model, if only the dominant terms

of order (zo/Λ)2 are kept:

3(1 + 3βo + 4β2
o)∂tu+ (8 + 51βo

−3β2
o)∂th− 3(1 + 3βo)αΩ[(n+ 1− l)u+ (m− k)h]

=
2

3
αΩz2

o(5 + 18βo + 9β2
o)∂

2
r [(n+ 1)u+mh]. (4.3.8)

If κ ≈ κes we have from Eq.(4.2.5) and Eq.(4.2.6)

Q− = es
8mpc

σT

βoPc
S

= 2es
mpc

σT
βozoΩ

2. (4.3.9)

Thus

δQ−

Q−
=
δβo
βo

+ h.
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Using Eq.(4.3.7)this gives

k =
8− 4βo
1 + 3βo

, l =
βo − 1

1 + 3βo
, (4.3.10)

All perturbations are fully described by Eq.(4.3.4) and Eq.(4.3.8), since all quantities

of interest, in particular Ṁ , can be expressed in terms of u and h .

We consider harmonic perturbations

u(r, t) = u(r)ewt, h(r, t) = h(r)ewt

and write a single equation for the combination

Ψ = (n+ 1)u+mh. (4.3.11)

This amplitude describes the viscous perturbations, as can be seen from Eq.(4.2.3),Eq.(4.3.1)and

Eq.(4.3.2).

From Eq.(4.3.4) we get for the α− law

u =
2

3
α

Ω

ω
z2
o∂

2
rΨ. (4.3.12)

Using Eq.(4.3.11),Eq.(4.3.12) in Eq.(4.3.8) gives

ω
Aω − 3(1 + 3βo)αΩ(m− k)

Bω − 3(1 + 3βo)αΩ[ml − k(n+ 1)]
Ψ =

2

3
αΩz2

o∂
2
rΨ, (4.3.13)

where

A(βo) = 8 + 51βo − 3β2
o

B(βo) = (n+ 1)A(βo) +m(2 + 9βo − 3β2
o). (4.3.14)

For solutions proportional to sin(r/Λ) we obtain the dispersion relation

A

(
ω

3αΩ

)2

+

[
2B

(
zo
3Λ

)2

− (1 + 3βo)(m− k)

]
ω

3αΩ

−2

(
zo
3Λ

)2

(1 + 3βo)[ml − (n+ 1)k] = 0. (4.3.15)
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This agrees with Eq.(4.14) of [3] for the special values Eq.(4.3.3) and Eq.(4.3.10).For

these we obtain

ω

αΩ
=

3

A

{
−
[
B

(
zo
3Λ

)2

+ (3− 5βo)

]
±
[(
B

(
zo
3Λ

)2

+ (3− 5βo)

)2

− 4A(5− 3βo)

(
zo
3Λ

)2]1/2}
(4.3.16)

with

A(βo) = 8 + 51βo − 3β2
o > 0, B(βo) = 3(4 + 23βo − 3β2

o > 0. (4.3.17)

Obviously, Re{ω} < 0, if 3 - 5βo > 0. We thus have stability for βo <
3
5
, Which is the

case if the plasma pressure dominates.

And Re{ω} > 0, if 3 - 5βo < 0, which is the case if the radiation pressure dominates.

When the radiation pressure dominates(βo >
3
5
) there is an unstable mode for Λ/zo

larger than some value which depends on βo .

Figure 4.1: Instability growth rate when radiation pressure dominates (βo >
3
5
) as a

function of wavelength Λ. Broken lines denote traveling waves,continuous lines denotes
standing waves. Upper branches corespond to thermal instabilities and lower branches to
dynamic instabilities.(from[3]).
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For (βo = 1)this minimum value is equal to 2 .This unstable mode bifurcates at higher

value of Λ/zo, as shown in fig.4.1.

The two branches correspond to physically quite distinct instabilities. For the lower

branch the perturbed viscosity becomes for long wavelengths very small ( Q+ ≈ Q− ).on

the other branch, the perturbation of the surface density becomes small compared to the

viscous forces, disk thickness and other quantities. the growth of these perturbations is

due to a thermal instability ( Q+ 6= Q− ). For a detailed discussion, we refer to [3].

If one uses a modified α-law for which the viscosity is taken proportional to the gas

pressure, instead of the total pressure , then one finds a dispersion relation which shows

no instability. This illustrates that it is dangerous to draw definite conclusions from the

previous analysis.

4.4 Estimating The Radius of Instability Of The In-

ner Region Of The Disk

To estimate the radius of instability of the inner region of the disk in which radiation

pressure and electron scattering opacity dominates, first let us express its instability con-

dition in terms of β, where β is the ratio of gas pressure to the total pressure of the disk.

i.e

β =
Pg

Pg + Pr
<

2

5
since βo = 1− β (4.4.1)

where Pg and Pr are gas pressure and radiation pressure respectively, which are given by

Pg =
%ckBTc
µ̄mH

Pr =
1

3
aT 4

c (4.4.2)

where µ̄(= 0.62) the mean molecular weight for a fully ionized hydrogen gas,mH is mass

of hydrogen atom which is equivalent to the mass of a proton (mp).

And a is radiation constant related to the total energy radiated by a blackbody (i.e.,
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the Stefan-Boltzmann law), and defined as

a ≡ 4σ

c

=
8π5k4

B

15c3h3
, (4.4.3)

where σ is the Stefan-Boltzmann constant, c is the speed of light, kB is Boltzmann’s

constant, and h is Planck’s constant. Numerically,

kB = 1.3807× 10−23J.K−1

c = 3× 108m/s

σ = 5.6704× 10−8W.m−2K−4

h = 6.6261× 10−34J.s

a = 7.5657× 10−16Jm−3K−4

Now using Eq.(4.4.1) we can write the instability condition in the inner region in terms

of radiation pressure and gas pressure.i.e

2Pr − 3Pg > 0 (4.4.4)

putting in the expansions for pr and pg, this gives

2

3
aT 4

c −
3%ckBTc
µmp

> 0 (4.4.5)

But to express equation (4.4.5) as a function of radius ”r” , it is necessary to write Tc

and %c as a function ”r”.

The central temperature of the inner region of the disk is given in table(3).

i.e

Tc = (2.5× 107K)Ĩ−14α−1/4

(
3rg
ro

)3/8(
M

M�

)−1/4(
r

ro

)−3/8

(4.4.6)



38

where

Ĩ =
3

2
I(N + 1)

I(N) =
(2NN !)2

(2N + 1)!

Ĩ ≈ 0.61 (4.4.7)

since N = 3 for a region dominated by electron scattering opacity ( κ ≈ κes ).

The gravitational radius is defined by,

rg =
2GM

c2
(4.4.8)

Using the fudicial model, we take a neutron star of M = 1.4M�, and the dimensionless

parameter α = 0.01 to rewrite Tc as

Tc = 3.47M
3/8
� r−3/8 (4.4.9)

where M� is Solar mass ( M� = 1.989× 1030K.g).

The central density ( %c) of the inner region as a function of ”r”, can be driven using

the radiative energy transport equation.i.e

dT (r)

dr
=
−3

16πac

κes%c(r)L

r2T 3
c (r)

(4.4.10)

where κes = 0.04m2K.g−1 and L is the luminosity due to radiation, which is given by,

L =
2π5k4

BT
4
c

15h3c2
(4.4.11)

Now using Eq.(4.4.1),Eq.(4.4.10) and Eq.(4.4.11),we obtain

%c =
8π

κes
r (4.4.12)

By substituting Eq.(4.4.9) and Eq.(4.4.12) into Eq.(4.4.3),we then find the equation

for the critical radius at which instability occurs as:(
1.16× 102M

9/8
� aκesµ̄mp

πkB
− r17/8

)
r−3/2 > 0 (4.4.13)
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This implies,

0 < r <

(
1.16× 102M

9/8
� aκesµ̄mp

πkB

)8/17

. (4.4.14)

But (
1.16× 102M

9/8
� aκesµ̄mp

πkB

)8/17

≈ 10RA (4.4.15)

where RA is an Alfven radius , the radius at which the pressure due to the pulsar’s

magnetic field equals the ram pressure of in falling material. Numerically, RA ≈ 106m

There fore, the radius of instability of the inner region of the disk is less than 10RA

and greater than the inner radius (ro) of the disk. Because the disk extends from an inner

radius of ∼ 106m to an outer radius of ∼ 108m[3].



Chapter 5

conclusion

When the ratio of radiation pressure to the total pressure is greater than the ratio three

to five (βo > 3/5), then mechanical instability is set up. Because the real part of the

frequency of Eq.(4.3.16) is less than zero. This causes the loosely attached particles are

removed away from the surface of the disk.

This occurred in the inner region of the disk in between the radius RA and 10RA, in

which radiation pressure and electron scattering opacity is dominated.

40
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Appendix

Non Relativistic Hydrodynamics of Viscous Fluids

We develop here briefly the principal equations of fluid dynamics

from a phenomenological (continuum) viewpoint. For a detailed

treatment we refer to [3].

Let ν(x, t) be the velocity field and %(x, t) the matter density.

The material (or substantial) derivative of a function f is defined

by

Dtf = ∂tf + Lνf (A.1)

We decompose the velocity-gradient tensor (in Euclidean coordi-

nates) as

νi,k = θik + ωik, (A.2)

where

θik =
1

2
(νi,k + νk,i) (A.3)

is the rate -of- deformation tensor and

ωik =
1

2
(νi,k − νk,i) (A.4)

is the spine-tensor.

Denote by φt(x) = φ(x, t) the trajectory of a fluid particle that

is at position x at time t = 0.

The conservation of mass says that for nice domain D ⊂ R3∫
φt(D)

%η =

∫
D

%η, (A.5)

where η is the volume of R3 (as a three-dimensional Riemannian

manifold).
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using the change-of-variable formula and the definition of the

Lie Derivative,(A.5)for any D is equivalent to

∂%

∂t
η + Lν(%η) = 0.

But

Lν(%η) = (Lν%)η + %Lνη = (Lν% + %div nu)η

and thus we have the continuity equation

Dt%+ %divν = 0 (A.6)

or equivalently,

∂t%+div(%ν) = 0 (A.6′)

As a corollary, we obtain the transport theorem :

d

dt

∫
φt(D)

%fdV =

∫
φt(D)

%DtfdV. (A.7)

Indeed, as before we first get

d

dt

∫
φt(D)

%fdV =

∫
φt(D)

[∂t(%f ) + Lν(%f ) + %fdivν]dV.

But the bracket is, with (A.6),equals to %Dtf .

Next we formulate the balance of momentum in integral form.

we consider again a comoving fluid element in φt(D). The forces

which act on it are of two types. The first kind are external,

or body forces, such as gravity or magnetic field which exert a

force per unit volume on the continuum. The second kind of force

consists of a surface force, which represents the action of the rest of

the continuum through the surface of a fluid element. These stress
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forces are represented by the last term of the following momentum

balance equation (G is the body force density):

d

dt

∫
φt(D)

%νdV =

∫
φt(D)

%GdV +

∫
∂φt(D)

T (n)dS, (A.8)

where n is the out ward unit normal. one can show that the Cauchy

traction vector T(n) depends linearly on n (Cauchy Lemma):

Ti(n) = Tiknk. (A.9)

with the transport theorem (A.7) and Gauss’ theorem we find from

(A.8)

%Dtνi = %Gi + Tik,k. (A.10)

This holds in Cartesian coordinate, for which Lννi = (∇νν)i .Thus

the invariant form of (A.10) reads

∂tν +∇νν = G +
1

%
divT. (A.11)

one can show easily that these equations of motion are compati-

ble with angular momentum conservation for the fluid element in

φt(D) If and only if Tik is symmetric.( we exclude strongly polar

media.)

We decompose Tik into an isotropic pressure term and a viscous

part tik which is due to velocity gradients

Tik = −Pδik + tik. (A.12)

since ωik represents a rigid rotation, the viscous-tenser tik will be

a linear function of φik. If We consider only isotropic media, we

have the following decomposition into irreducible parts :

tik = 2ησik + ζθδik, (A.13)
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where

σik = θik −
2

3
δikθ (A.14)

is trace-free and

θ = θkk = divν. (A.15)

In the stress law (A.13) η is the shear viscosity and ζ the bulk

viscosity.

Finally we consider various equivalent formulations of energy

conservation.

The rate of energy increase for a material volume φt(D) is equal

to the rate at which is energy is transfered to the volume via work

and heat :
d

dt

∫
φt(D)

%(ε +
1

2
ν2)dV =

∫
φt(D)

%G · νdV +

∫
φt(D)

%T (n) · νdS

−
∫
φt(D)

%q · ndS. (A.16)

Here, ε is the specific internal energy and q in the last term is the

heat flux.

Using again the transport theorem, the differential formulation

of (A.16) reads,with Gauss’ theorem,

%Dt(
1

2
ν2 +ε) = %G ·ν+div(T ·ν)−divq. (A.17)

For another form of this energy equation we write the second

term on the right-hand side with the help of the equation of motion

(A.10) as follows

div(T · ν) = ∂k(νiTik) = νi,kTik + νiTik,k

= νi,kTik + %νiDtνi − %Giνi

=
1

2
%Dtν

2 + νi,kTik − %Giνi.
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Using this in (A.17) gives

%Dtε = Tikθik−divq (A.18)

or,with the decomposition (A.12)

%Dtε = −Pdivν−divq+Υ, (A.19)

where the dissipation function Υ is given by

Υ = Tr(tθ) = 2ηTrσ2 + ζθ2 = 0. (A.20)

This represents the part of the viscous work going into the defor-

mation of a fluid particle.

With Eq.(A.6) we can also write Eq.(A.19) in the form

%

[
Dtε + PDt

1

%

]
= −divq + Υ. (A.21)

We now introduce the Gibbs equation

Tds = dε+Pd(1/%), (A.22)

Which allows us to write (A.21) as

T%Dts = −divq+Υ. (A.23)

We next derive still another alternative form of the energy equa-

tion. we start from (A.17) and write this time

div(T.ν) = −(Pνk), k + (tikνk), i.

= −νiP,i +
P

%
Dt

(
1

%

)
+ (tikνk),k.

After a few manipulations we obtain from (A.17)

%DtS

(
ε+
P

%
+

1

2
ν2

)
= ∂tP+(tikνik),i+%G·ν−divq. (A.24)
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If furthermore, G = −gradφ,and φ is stationary, then

%DtS(
1

2
ν2 +h+φ) = ∂tP +(tikνik),i−divq. (A.25)

Here ,h = ε + P/% is the specific enthalpy. Equation (A.25) con-

tains all the various equations which are called Bernoulli’s equation

. For example,if the follow is steady and inviscid (t=o,q=0)then

(A.25) implies that 1
2ν

2 +h+φ is constant on any given streamline.

Finally we write down the constitutive relation between heat

flux and temperature gradient,

q = χgradT, (A.26)

which is known as the Fourier heat conduction law.
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