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Abstract 

Employing the Q-fun ctio ll formali sm, we analyze the s(l ueezing spectrum 

and the photon number di s trihution for the s ignal mod e as well as the qlladra-

lu re f1ue t uations, t he photon rHunlwr dis tributio n arHI the spect rum of the 

intensity-difre ren ce flu ctuations for th., sig nal -i(lIer modes generated ill PM"'-

metric oscill ators operating below t hreshold . The Q-functio ll is obtained by 

so lving the per tinenl Fokker-PlarH:: k equa t io n apply ing the meth od o f evalu -

ating the pro pagator developed by Ff'sspha [IJ. The task of eval uati ng the 

propa.ga.tor by means of this metho d psst'liti a lly reduces to the pro hlem of solv -

ing the per ~ illent Euler-Lagrange equa.tio ns. 
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1. Introduction 

The nonclassical properties of light have gf'nerated a considerable interest for the 

past few years . One of these properties involves squeezing in whi ch Lhe fluctuation s in 

olle of the quad rature compone lll,s is red wed below the V(l(lIum level at the C:q}Cll li i ) 

of enlranced fluct uations in t lw otlrf' r component without violation of the Hf'i snberg 

uncertainty principle. Another nonclass ical propf'rty of light is sub-Poissonian pho-

ton statistics in which the photon num\wr dist ri bution is narrower than t lH' Poisson 

di stribution. 

One of the mai n reasons for the illterest in a squeezed light is due to its poten-

I' tial applicat ions in optica l communicat ions and gra.\"it.ational wave detect.ion , where 

signals close to or even below the quant.um limit are expected. 

Theoretical p red ict ions of the gene rat ion of li ght wi t h nonclassical features in 

va rious physical processes have been Ill ilde by different authors. It has been shown 

that squeez ing should be real izilble in paranwtric oscillation [4-131, fou r-wave mix-

ing [14 ,151. harmonic gene ration [[ 6.1 i]. resonance fluorescence [18, 19J and the frcc-

electron laser [20J. 

Because of the inherent two-photon nature of the interaction . the parametric pro-

cesses have been studied as a sou rce of a squeezed light. In parametric amplification, 

a coherent Jjf1ht of fre([uency 2w interacts with a nonlinear medium and is down COII-o _ 

ver ted in to two signal photons each of frequency W, or into signal and idler photons 

wi Lh freque ncies (.1..'] and W1 such ~h aL :2w = (.1..'] + Wz· 

-------~~=-~---
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The down conve r~ lon of a r.oherent light into a single-mode squeezed light. wa.'i 

predicted for the first t. ime in it parametric amplifier by Takahashi [4J. In order 10 

increase the gain the parametric medium is pla.·ed inside an optical cavit.y where it 

is coherentl y pumped and bccolll('S a p;mulletric oscillator [21]. 

A theoretical analysi s of quant,IIlH fhlf"tuations and photon stat istics of t il(> ra · 

di ation generated in parampt ric osc illato rs has been m ade by a number of aut.hors 

apply ing different techniquf'~. And it hi1S becn found that it. complete suppressiolJ of 

the noise at zero frequf'ncy in one of the qlladmtll rf' components of t.he output sign;d 

mode produced in a degenera t(· paramet ric oscilla.t.or i ~ po~s i blf' [:~ l . :32J. In addi­

tion. the spectrum of fluctuation .. in the illtf' ll sity-differen((' of the out.put signa l-idlf>1" 

modes produced in a nondegeneriltt' parametric oscillator ha.<; been found to show a 

com plete cancell ation of the noisf' at z(,ro frequency 149). 

Experimentally, squeezing amotlnl,ing to a noise reduct ion of 61 % below the vac­

uum level ha.'i been achieved ill a 11(',1 1" degt'nc rate parametric o::;ci!lator operating 

be!o\v threshold [22] . A quantu m noise rf'duction of 69% in the in tensity difference of 

the ~ ignal - idle r mode::; bits been observed in it NDPO operating below threshold [6:J]. 

In quantum optics, the analysis of a physical system is often carri ed out using a 

c-number formali sm. This can be donI" applying the P-function o r the Q-funrt ion. 

Fo r systems with nonclassical features. the solution of t he pert.inent Fokkcr-P lanck 

equat ion for the Glauber-Surdashan P-function is highly singula r. This is because the 

diffusion coefficient in the Fokker-Planck equat ion for such systems becomes negative. 

On the other hand , we realize that the so lution of the Fokke r-Planck equation for the 

Q-funct ion exists for sys tems with nowla!:ls ica,l feat ures . 

The main object ive of thi s thesis is to anal yze the squeez ing spectrum as well a.~ 
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the photon number di st ri bution of the signal mode produced in a OPO and also to 

study the quadrature flu ctuations. photon number distribution and t.h e spectrum of 

the intensity-differell.e f1uctltations of the signal-id ler modes gene rated in a J\' DPO 

using the Q-function formalism . 

The Q-function is cxprf'ssibk' in kr!lls of the Q-functioll propag;\tor and the iuilia'! 

Q-function. In vi ew of this, tilt-' probl\:!!l1 of determining the Q-funct ion reduces to 

the task of evaluating the Q-funct ion propagiLLor. The Q-fullctioll propagator may be 

determined using path inv'gral method [2] o r by directly solving the pertillf'nt F"okker· 

Planck eq uat ion . However. we find it to he cOllvf'nient to evaluate the Q-funrt ion 

propagator applying the mcthod dt> velop.'d by fessehtt [II. 

We would like to point out th:.t ill tilt' parametric oscillations considered in t.bis 

thesis the pump mode is treated classir·ally ilnd its amplitude is assumed to be con­

stant. This is equivalent to a paramf'Lric oscill il-tor opf'["(Iting below t hreshold. In 

addition, we would likc to stress that our analysis itSSUmes a single-cavity decay rate 

and 110 other losses such as in LraCiwity absorption of thc radiation are included. 

The organization of the thesis is as follows. I n chapte r tw01 we present <1. systematic 

derivation of general f'xpress iom: for a two-t illle cor rp!ation function and the photon 

number di st.ribution of a single-mode light in lerms of t he Q-func tion, and with 

the application of these expressions the squef'zing specl rum and the photon number 

distribution of the signal light produced in OPO are investigated. In chapter three. 

we analyze the quadra ture fluctuation s as well as the photon number dist ribution 

and the spect rum of the intensity-difft-'rence f1uctllations of the signal-idler modes 

generated in a r:OPO. Filla,II}" in chapter four we d iscuss briefly the n:~in r~ lLs of 

this thesis and make certain remilrks of in t<-'ff'st. 

:J 



2. The D egen erate Parametric Oscillator 

The realization of a squccu'd light ge llNalcd in a degenera te paramet ric oscilli\­

tor [21-24] and th e tht..'O fctical ex planation given by differf'nt authors [2.'j-29] that a 

squeezed light can be used to enhance the sensit ivity of inte rfe romet.e rs beyond the 

s hot-noi se level made th r DPO to r(-'Ct~ i\ 'e i.l cons ide rable atten t ion for till' past few 

yea rs. In a DPO a coherent light of frf'qlll'llcy 2 ..... inLerac l s wi th a nonline;u' mecliurn 

inside a cavity and is down cOllwrtcd into two signal photons each of frequcllcy ",,', 

The squeezing properties of tite signal llIodp have bPeIi studied by several author:--

a pply ing different methods pO-3·IA3.4<IJ. Milburn and \·VaIl5 {,I.lj have calculated til(' 

quadrat ure squeez ing of t he intracavity sign.d mode below and above threshold. The 

squeez ing spectrum of the output signal 1110d(' below threshold was determined by 

Collet and Gardiner [:31] and Yu rke [:12] . 011 the other hand. Colle t and vValls [:!:3J as 

well as Savage and Wall s [:34] have calculated the sq ueezing spect rum above th reshold. 

Experimeutally, a. squeezing amount ing to a noise reduction of 61 % below the vacuum 

level has been achieved in it near degenerate parametric oscillator operating below 

threshold [2 IJ. 

Severa l authors have also discllSSf'd the statist ical properties of the signal mode 

[3.j-43]. Vyas and Singh [:n,39j have considered bot h t he photon number and photon 

coun t di stributions be]o\ .... · threshold. Wolinsky [41 J has obtained a complete descrip­

tion of the intraca\·it.y statist ical properties. 

Here we seek to analyze the squeez ing spect rum and the int racavi ty photon num-
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ber d istribu t io n of the signal mode generated by a DPO operating below threshold 

for the case in wh ich the signal mode is initia lly in a vacuum state . 

2.1 The Q-function 

W ith t he pum p !llode treated d a.ssil"iLll y. t l1(' OPO is d,'scribed in Llw i li le r-anion 

picture by the Ha mil toni an (Ii = [ ) 

where It is t he annih ilat ion opt! rator for t he signa l modf'. {J (assumed to b(' real and 

cons tant ) is the ampl itude of t he pum p mode, '" is tht:' coupling constant and r is a 

11(><\t bath operator represellting cavity losses hy t he signal mode . 

Us ing standard tech ni q ues to elim inate the hea t bath va riab les [:3], it can be 

ver ified t hat t he equat ion of evolution fo r t he dpllsity opera tor of t he signal modt·· is 

{}p ."( ( t t ' ) 01 = i[p . H' ) +"2 2ap'£ - (l ap - pit T a , (2,1«) 

where..., is the cavity damping rate and 

" i ,iJ (' T"') H = 2 rt - {I · . (2.1 b) 

Substi t ut ing (2.1 b) into (2.1a). we ha ve 

(2.2) 

Nex t we deri ve t he Pokke r-P lanck equa t ion fo r t he Q-fun ct ion by putting all t he 

terms in normal ordering. To t hi s end. ll sing t he relat ions 

5 
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and 

(2.3b) 

one can easily show that 

., op, ap o'p 
a" p = apa + (t-t = pa + 2- t " + -j-' (l. -Ia ) 

O,t Of! oa l 

t·, 't ap [' t" tOP a'p pa " = a1ptt +-a =rt ·p+Za -+ - (2Ab ) va art Ofl 2 ' 

t t t a'p tiJp op 2apa - a ap - pa (l = 2 + (l - + -, (l + 2p. (2.4<:) 
oatoa oat oa 

Upon substituting (2.4) into (2 .2 ). olle finds 

op "/3 ( alp o'p tap ap ) ,. (a'p t Op op . ) _, = _. ~ + __ + 2(1 -, + 2- a +1. 2-- + a - + -. (l + 2p . at 2 oa dah aa Bat 2 i.httlja fJat oa 

where the density operator is asslIllwd to Iw in normal order. Tlwrefore, til(' Fokker-

Planck equation for the Q-fuH ctioll is 

aQ "i3 (OlQ a'Q , . iJQ ,fJQ ) 'I (' a'Q . 00 oQ ') at = 2 oo"l + 00 .1 + 20 (Jet + 2 00 ' 0" +'2 2oo'0() + 0 00" + a(/~ + 2CJ . 

(2.'; ) 

Usi ng the re lations 

a " ao = 8 (a ' 0) _ 0 
oa' da ' 

(2.6a) 

I 
and 

aQ a (aQ ) 
ao o· = aa- Q (2,6b) 

and not ing that 0' and o · are independent variables. Equation (2 .. 5) can be put in 

the form 

_ = ___ + __ + ~ _o + _-0 - ~ -a ~O:!.Q.'..:( a,,-,.:::a..:" ''-1.1) [" 6 ( a' 0'1 ,) 0 . ,) D ) + 'I (" 0' + a . 
at 2 ao'l ao ·l aD ao ' 2 aO ' f)o 00 ' 

6 



It proves to be convenient to introduce Cartesian coordina.tes d('fincd by 

o = .£+i!) . 

It then follows that. 

= - - - T ,,'1 + - -x 8Q(x,y,t) [(,13 + .,) iJ" (d -') iJ' . (. ., ) i) 
at "i}j!" U!)! t "l. ax 

( "I) ;j 1 - "~ tJ -"1 fjy!J Q(.r,y,t). 

In order to solve this differt'lltialt'quatioll us ing tht' propagator method , \\'1> need 

to t r;\l1sfofm it into a Schrodingel" tYPt' equa.t ioll. This can be aehie\"cd replacing 

dIQ(t) ) , 
lit 

(.) -) _.1 

where 

(2.8,,) 

(2.Sb) 

(2.Se) 

I 
(2.8<1) 

A formal solution of (2.7) can be put ill Lilt' fOfm 

IQ(t)) = i; IQ(O)). (2.9) 

in which 

(; = ex p (-irit) (2. 1011) 

and 

(2.IOb) 

- , 



Now multiplying (2 .9) by (..t', vi from the left , we have 

Q(x .y ,l) = (".yIl'lQ(O)). (2.11 ) 

where 

Q(.,y , l) = V, YIQ(t )) · 

Using the completeness relat ion 

1 = J d/ dy' I!J' , / )( .c' ,y'l, 

equation (2. ! I) can be rewri t.t.en as 

Q(".g,l) = J d/ dy' Q(" .y.f l/·y',O ) Q, (/.y'). (2.12) 

where 

Q(",y·tk', y'·O ) = (·',yl{/ ly',/) (2.I:J«) 

and 

Qo(/, y') = (.,'. y' IQ(O)). (2. I:lb) 

According to Fesseha [I], the propagator assoc iated wil.h it quadratic Hamiltoni an 

is express ible ill t he fo rm 

I [ 
. 0' S ]1 [ . 0", ]! [ l' ] l\"(.c,y,tlx',y', 0) = 2t;raJ;I()~c 2~TfJyla: exp -! 0 [b(t') + b'(t')] de + is, 

(2.14 ) 

where Sc is the class ical act ion. ~ is a co n sli:Ult. parameterizing operator ordering. and 

a and at arc consta,nts different. frolll zero. 

\\"e wish to obtain the Q-fullct ion propagator employing this relation. \ \ "c SI?(, 

from (2. lOb) that b;:: -"\3, b' :;::: A'I and we recall that for the anti standard form of 

8 
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orderin g ~ = ~ [IJ. Thll s, the Q-flllldion propagator associated wi th the lI amilt.oni '!!l 

(2.10b) can be wr itten as 

[
. "'5' 1 \ [ . "'5 l! • I I _ (¥)t _'_~ - _, _ _ u_' _ " ' ",c 

Q(" , y. l ir, y ,O)-e .)_ ",,, .. ) " ,,, e . _" u.c u.1: _if uY oy 
(2.1 .; ) 

We now proceed to calndate t he dass ical action. To th is end. we note that the 

" Hamiltonian fun ction" associa.tN\ with the quantum Ilamiltonian (2.IOb) is 

(2.16) 

and hence the corresponding " Lagr;:\Il gi an" IS 

Us ing the Hamil ton equat ions 

. aN 
.c = -. -

all;, 

I 
and 

I 
I, 

I 
one find s 

and 

so that the Lagrangin!l takes the form 

(2.17) 

No\\' applying tlw Euler- Lagrange equations along wi t h (2.17) . one easily gets 

.. ,1 0 
J: - "':.IX = 

9 

, 
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I 

and 

The solution of these d ifferential ("quations can be wri tten as 

(2.1 80) 

a.nd 

(2.1 80) 

Subst itu t ion of (2. 18) and their time dl'rivllt.iws in to (2.1 7) gives 

so that the classical act ion 

s, = iT L(t) dt 

takes the form 

Sett ing x(T) = x", y(T) = yll, x(O) = .r;' awl y(O) ::: .1/, one easily obtains from (2. 18) 

and 

consequently 

(2.19) 

where we have replaced (.,;" , y", T) by (.c .y, l ). It tlH'1l follo\\' s that 

az Sc 4i'\ l e'\J/ 

B,t'oJ' = - .\1 (e-': '\ JI - I) 
(2.20a) 

10 



and 

(210b) 

No\\' combination of (2. 15). (2.19) and (2.20) resul ts in 

This rep resents the Q-function propagator for till" signal mode. Although Wt' ,Ire 

interest.ed in t.he case for which the signal lll od(" i:s initially in a vacuum state. we also 

need the Q-function sati sfyi ng the ini tia l ('audition 

Qo(x', y' ) = ~exp [- (/ - r o)' - (y' - Yo)']. (2.2Ib) 

Thus combining (2.12) and (:2.21), we have 

I 
and using the relat ion 

(2.22) 

one readily gets the result 

II 



This can also be expressed as 

. A(t ) [ C( I) , ] Q(a,o . t) = -;- exp -8(tJr, 0 + 2 (0 " + a' ) + O(t)" + O· (1)0 ' . (2.2:1 ) 

where 

A(t) = ) 8 '(t) _ C' (t) exp [ _ [ [8 + n e-
2

( ,-,a), + [8 - Cj ,-'( ,+,0)' ] o ' '" 
:!. 0 (} 

+ [[B(t) + C(t)je- 2[,-,oj' - [8 (t) - ( '(t)I<-'0+'8)' ] ., -'- , ] (.) ')1 ) 
<I (00 ,oJ . _. - (t 

B(t) = ~ [ " - 2"Q + ',+ 2.,3 ] (2.2 Ib) 
2 ~I _ ",p (I + e-2(~-"'d)t) 1+ ", /i (I + e-Z(?+..:I1 )t) , 

Cr t) = -.1 [ " - 2,,; • - ) + 2d • ]. , () (UIe) - ,-,/3 I +e-·,(,-,3), '1+.,3(1 +c- 2(, +,3)') 

O(t) = ~ [[B(t) + C(t)le-('-'P)' (a; - " 0) + [8 (t) - C(t)je-(i+'iI )' (,,; + 0 0)] , 

(2.2 Id) 

vVe are in terested in the case for whi ch the signal mode is ini Lially in a vacuum slate 

and hence sett ing 0'0 = O'~ = 0 I'csll lLS ill 

Q(",",t ) = )8'(t) - C2(t) exp [-B(t)""" + Crt) ("," + ",)] (2.2\ ) 
rr 2 

2 .2 T he squeez ing sp ectrum o f the s ignal mode 

In this section we seek to determine t.h€' squeez ing spect. rum of t.he signal mode 

e mploying the Q-full ction obtained ill the previous section . The squeezing spectrum 

is defined by 

Sj(W) = I + 100 

d, ,-i_.(: ,,;"'(t + , ),o;"'(I.)} 
- 00 

(.) .)(. ) _.- ) 

where 

12 



= 

(0 aj"'(t + ,),a;"'(t): ) = (: a;"'(t + r)a;"'(t): ) - (aj"'(t + , ))(a;"'(t )), (2.27a) 

:: stands for normal ordering and a~ .. t represents the output quadrat.ure operators for 

the signal mode which is related to the input. mode by 

ar'(t) = v7",(t) - a;"(t) . (2.270) 

Employing (2.27b) in (2.2ia) one can easily verify that for a vacuum ilJput 

(: a;"'( 1 + r), a;"'(tJ :) = 1(: 0,(1 + r ). o,(t ) :) . (2.270) 

where a
J 

represents t.he intraci\.vity quadrature opCfil1.0rS of t.he signal mode defi ned 

by 

(., ·,0 ) ___ u IL 

and 

(2.28&) 

Then applying (2.283,), we can wri te 

(: al (I + r) , al (I) :) = (o( I + , )a( I) ) + ( I t (t + r )a(t)) + (a t (t)a (t + r )) 

Using the Q-function (2 .25), one call easily verify that. 

so that 

(a(l)) = ('It(l)) = o. 

(: a I (I + r ), (II (I) :) = (I( I + r )a( I)) + (a t (I + ,)a( I)) + (a i (I )a( I + , )) 

13 



(2.29) 

A two- t ime correlation runction is express ible in the Schrodinger picturt' as 

Upon expanding the density opcraLor ill norma1 ordering and introducing Lllf' COtn-

pleteness relation 

J ,f'o 
I ~ - lo)(a l 

rr 
(2.:!0 ) 

the above expression can be put in the form 

, J (PO [ I t] (aT (t )a(1 + .)) ~ --;;:- L (.', ... (1) 7' .. a (O)a(. )I")(" la '(0)" '"(0) , 
I ,m 

Now applying the identity 

( 0 )" lo)(o la" ~ 0 + 00' (1 0 )(01) . "1" 

I ,/1 
I , 

(2.:!l ) 

we have 

I , 

o r 

\ ,Ve note that 

T,' [a t (O)a(. )10) (01] ~ "T .. [a(. )p(Oll ~ ,,'1',' [a(O)p( T)[ , 

in which 

prO ) ~ 10)(01· 

14 



Therefore one can wri te that 

where Q('\",'\, T) reduces to 

Q( A' , A, ,) = ~ exp [- (A - ,, )'J 
" 

at t.hc initial time. Substitution of (2 .:n) into (2.:12 ) leads to 

It can also be established in a similar m<.llLllC"r that 

(a i (t + , )a( t )) = J rI'" d',\ Q (0"" + 0: ' ,,) 0 Q(A '. A. T) ,I ' 

(a t (t + , )a t (t)) = J (1'0 J' A Q ("" ,, + a:" t) ,, ' Q(A ' , ,I., ) ), ' , 

J , ,( {)) (a(t+ , )a(t))= c/o(LIQ " '. o+iJo, ,t oQ(),' .),.,)!. 

so that combination of (2.29) and ("2.:\.1) yields 

(2.3:l ) 

(2.:!lb) 

(2.:3-ld) 

(:a 1(t+,).a 1(t) :)= J d'od'),Q ( O" o+ a: , ·t ) (o+,, ' ) Q()" , )'., ) p + ,I'). 

(~.3 .j ) 

Replacing (a ,a ". a o, a;,t) by (,\,'\",O,O",T) in the Q"fullctioll (2.23 ), we have 

Q(),,!.".') = A';, ) exp [- 8'(,),'), + C'~, ) ()," + ,I') + D'( , ), + /)" (' )!. ' ] 

where A', 8', C' and D' are described by express ions (2.2-1 ) with (o o, a; , t ) replaced 

by (a,0",7). It then follows that 

d'), (!. + ), ' )QP' .),. T) = A'( T) -;;- (!. + ),' ) ex p [- 8'( , )),',1 J JIi'), 

+ cy) ()," + ,I' ) + D'(,) ,I + D"(, ),I ' ] 

15 
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II 
I ! 

or 

f d'>. (>.+>")Q(>. ' ,,\,T )= [D~' + D~"] ,t'(,) f ~>' exp l- B'('),\'>. 

+ C'~T ) (>' " + >.') + D'(T)'\ + D" (' )>" ] , 

In view of the relation 

we find that 

(,,:]6) 

[
' ["'D''''' +'{-(I)O+D'' ') ]] . A ex p B" ('" 

f ,l'>. (>. + >. ' )Q(>.',>.,,) = [~ +~] '- ' 
aD' {JD" .j 8'" e" 

Now performing the differential,ion and lIsing th(' explicit form s of A' , /3', C . D' and 

0" , one gets 

(,) ']-) _ .' I 

(; a , (t + , ). a, (I) ;) = c- ( , +'"1' f ,I'" Q (0 ' ,0 + i)~ " ') (0' + ,," + 200 ' ) , 

( L.!~ l 

\·Ve recal! that 

expanding the density operator in normal ordering and int.roducing the completeness 

relation (2.:30 ). oue can write that 

(A) = f d:O I: C'm(') T,. [la)(ola!lam A(a I a)] , 
I,m 

O n accou nt of the relat ion (2.31)1 this express ion t,lkes the form 

, f <I'D ( ' a) , (A) = -;:- Q a ,o + ao , '/ A,,(o ,0 ), (,,39) 
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where An (a ". a ) is the c-number equi valent of A (at , a ) for the normal ordering. 

Therefo re. in view of (2.39), expression (2.:38 ) can be put in the form 

(2.·10) 

so that applying the Q-fun ctioll (2 .25). we have 

l' 
(a t 2 + a' + 2(1 t a) = J B'( t ) _ e'( 1) J ' "a (,," + ,, ' + 2"" - 2) exp [- B( t)o '" 

+ C~t) (,,' + 0')] 
0 1 

. t [ iJ [) ] J'l'o (aP +a'+2aa) =2J13' (t ) -C'(t ) _[) -,,-I -exp [- B(t)o ' o C (jB T:" 

+ C;t ) (0" + 0')]' 

Upon carrying out the integration with the aid of the relat ion (2.:36) , we geL 

and using the explicit forms of B arid C frum (2.2-1), we find 

(2<11 ) 

Finally substitution of (2.41 ) into (2.40) results in 

(2.420 ) 

Following a similar procedure, onf' can readily verify that 

(2.42b) 

Now set ting T = 0 and recalling that 

(6(1,)' = 1 + (: a,(t),a ,(t ) :), 

17 



with a similar exp ression for (6.U2)21 we sec t.hat 

and 

At steady state (t _ co) Lhcsf' ex press ions takp til(' form 

( )' ---'''--t.a, = ') + 2<# 

('2.4 Iff ) 

and 
(2,,\ Ib) 

and at threshold ( ~f3 - ~). we see that 

, 

E'1uations (2.4 1), (2A-l) and (2A5) reprf' sf'nt. t.he variances of the quad raLllrt.! ope r-

ator5. \Ve note frolll these equat iull s that the flu ctuations in the first quad rature is 

below t he vacuum level with enhanced fluctuations in the second quadrature. This 

ve rifies that the signal mode is in a squeezed state. 

An war and Zubiary [-1:3] have evaluated the variances of these twO quadrature 

operators with the OPO coupled with a squeezed vacuum. When r set equal to zero, 

the results they obtained reduce to (2.0) and (2.'15). In addition. the variances 

descr ibed by (2 .43) and (2.45) are in i.l complete' agreement with the resul ts found by 

Mi!burn a nd Wall s [44] and Lugiato as well as St rini [45J. 
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• 1.1 

1'1 
I 

II 1'1 

Now combining (2.26), (2.27c) and (2.42), we put the spectrum of the quadratures 

fiuctuations as 

and 

Then applying the ~tationarity prOlwrty for the intr·gra! (2.46a ). we have 

so that. 

Similarly for the second quaJratur", operator. one finds 

At steady slate It -" 00) expressions (2.<17 ) tall" the furm 

and 

. h - 2, .. Q)' + (2w)' 
S,(_') = b + 2<.8)' + (1w)' 

and at threshold (,.;f3 -+ ~) these reduce to 

and 
" 0 

1 ~ + W· 

S,(w ) = , 
w 

19 

(2.46. ) 

(246&) 

U..Iia ) 

(2. 1<&) 

(2.4S" ) 

(H Sb) 

(2.490 ) 

(2.<19&) 



Expression (2.49) is the squeezing spect.rum of the signal mode aL steady st.ate and at 

t. hreshold. From (2.49a) we note that the squ eezing spect rum is a Lorenzian wi t h a 

width of 27. Moreover, one (a ll see that at (.1,.' = O. Lherc is a complete suppression of 

the noise in t he first quadratu re with infinitely enhanced fluctuations in the second 

quad rature. The results given ill expressions (2...1 S) ann (2.19) i)TC in a comp\p\..(, 

agreement with t he results obtained by (;o\l('t an d GardirH'r [ ;~ l l . 

An ex periment demonst rati ng the generation of a scp.It 'cz('d light ill a DPO oper-

ating below threshold has been perfo rmed by \\'u eL aL [:21 ]. At a fixed frequency.).' 

they have obtained a maximum liaise fl"duction of 61 % rdati\'(' to tilt" \'anrulIl \('v€'l. 

2.3 T he photon number d is tr ib ut io n 

r.:ext we wish to calculate the phOLOI1 lIumhpr di stribution for the s i~ni\l mode 

'lPplyiug the Q function ( '2.~5 ) . To ! hi j: "11'1. t hf' photon number di stnbution for it 

I 

I sinp;le- IlluJt.: lighl is dcHncd as 

" , 
(:!.;O) 

Int. roducing the completeness relation (2.:10) twice in thi s expression one call writ!.:! 

J
alaal~ t 

P(,,) = --;;:- --;;:- (" Ia)(alp(a ,a) I;3 )(;3I" ) 

or 

I J d"'a d"'~ [ (a· a + ~· ;3) 1 t 13) P(,,) = _ _ --=- (a!1")" exp - ., (a lp(a ,0 ) . 
n! rr " -

(2.51 ) 

where we ha.ve employed the relat ions 
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and 

af3-n 

(Pin) = e- , -. 
,fo 

~ow expanding the density operator in normal ordering. W(o' haVf' 

- -, L., '''' t - -:- (aP' )" exp - (o l"t" ''' 1 i ) P(n )- 1 " C () J efa ,I'p [ (o .a+ P·B)] 
n. , ;r " .) f 

m -

so that applicat ion of the relatiou 

yields 

1 
1'( /1) = - " n! L.-'m 

Then rewritinJ!; (2.52) as 

J " J ti'a " , P(n) = -, L., C'm(t) -:-" ,, ' exp l-o ' o + ,\ ' n J 
n. I", " 

one can put the photon number distribution in the form 

am Jef f3 ]1 x:-:;;; -:-exp l-/J" !i+ c, /3+ i.;J·1 . aa " 1=\' =0 

Now performing the integration over f3 wi th the aid of (2.36) leads to 

(2.'i2 ) 

1 D'" [J (I'" 0'" ' J P(n) = _ " C'm(t) - a " cxpl-o'o + i. ·ol -a [e'" 1 
n1 f..-J a> . .'na).n ;r o -m . 1m .\=\ ' =0 
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and upon differentiating with res pect to 0 ' , one finds 

or 

I 0"[0
1 

P(n ) = - elm t ,.\"1_ 
"I L ( ) 0,\ ' ''0'\ '' O,\, 

I ... J <1'0 ] 
-;- exp [-o-O' + "\ -0 + ,\() -] .\=\ ' =0· 

Next on integrating over 0, we obLain 

,.\",_e_ 
[ 

iJl "" ] 
i) '\/ \=.\ -=o 

ilnd differentiati ng {Limes with res pect to ,\. w {' lind 

Expression (2.53) can also be put ill the form . , 
(2. ,; .\ ) 

I I 
I 

'\ :=\ ' :=0 

whe re 
II 'I 

Q(,\','\ , t ) = ~ L (", (t ),\·' ,\m. 
" I". 

(2 .. ;;) 

Employing the Q-fUllctioll (2.25) in (2 .. 54). onc C,tl1 thell write the photoll !lumber 

dis tribution for the signal mode as 

/8' - C' 0'" exp [( I - 13 )" ' ,, + ~ (,,' + ,,")l 
P(n) = n! oo'a,," 

0=0 ' = 0 

(2,56) 

Now) expanding the exponential func tions in power series . we have 

e(l-B)o ' ''';:: f ( I ~!B)I (o - o( 
1=0 

C.' ~ I (C)' 2k 
e1 

;:: ~ k! :2 0' 

k=O 

-



" 

! I I 4 

and 

00 
C n · 1 '\"" 

e'f :;:: L I (C)"O _ _ O ' "l m 

m! 2 
m =O 

so that (2.56) takes the form 

21.: +m I.;! I! Ill! 
1B' - C' 00 

P(n.) = " n! L 
/, I.:,m=O 

0 ' 

P( n) = -,-1.::.8_' ,.-c::.." ~ ( I - B)IC' +'" iJ" (01+") i)" (a·I+1", ) 
n! L 

1,1.: .... =0 
Da" 

On account of the relation 

the above expression takes the form 

C' f 
~ 

l.k ,m=O 

( I - 8 )IGk+m(l + 21.: )1 (I + 2m )! o,/+2k-" o · /+ 2m -n 

2k+mk! l! ru! (/ + 21.· - n )! (I + 2m - II )! 

We note that (2.58) is di fferellt from zero if 

l+?k - n :;:: 0 

and 

l + 2m - 7t = O. 

From these equations we see that 

m:::: k 

and 

1= 1l-'2k. 

o =a ' =O 

(2 .. ;8) 



) 

, " 

Hence, Expression (2.58) reduces to 

1l!2 ( 1 _ B )n- 1I'C2k 

21k k!2( 11 - 2k )! 

Since (n - 2k )! is defined for zero or positive integer, we Sf'C that 

so that 

n - 2k ~ 0 

n 
k < -. - 2 

Therefo re, one can pu t (2.59) ill the form 

vB' C' 1"1 
P(n) = '\' 

n! L 
k=O 

1I!2( I _ B)n-2kC2k 

22kk!"l(u - l k)! . 

(2.;;9) 

(2.60) 

where [I1J = ~ ( for even tt) and [nl = n;1 (for odd n). This equa t ion represents t he 

photon number distribution for the signal llIode. In the a.bsf'll("c of cavity dal11ping 

h = 0), one finds from (2.24b) and (2.21tr) 

B= I 

a nd 

C = - .anh«/1t). 

then, subst itu ti ng these values into (2.60), in the absence of cavity damping the 

photon number distribution takes the form 

for odd Il 
(2.6 1) 

for ('\·en Il 

T he probability of finding odd number of photons is ze ro due to the fa ct that t ill' 

signal photons are generated in pairs. 
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Next we seek to obtain the I)hoton b Ilum er d istribution in terms of til(' mean 

photon number at steady state ~ I ' . 0 t liS cnd, we express the mean photon number as 

n = J d'a ao"Q(a,a,t) - I 

so t hat ap plication of (2.25) results in 

8 
ii, = -B-'-'_'-C-'l - l. 

At steady state (2.24b) and (2.211c) take the fo rm 

(" 6" ) _. _l! 

and 

(1,62/,) 

T herefo re, a t steady state the mean photon numbe r is put. in the fo rm 

_ I ( (2<,8)' ) 
n - -
II - 2 ,'1 - (Z",{J)" . 

In terms of t he mean photon nu mber at. steady state. (2 .62) can be rewritten as 

and 

C = ,/2""(2;;,, + I) 
311u + 2 

so t hat. in view of these expressions (2.60) takes the (of m 

(2,6:3 ) 

This is the int racavity photon nu mber distribut ion of the signal mode at steady 

sta te. T he form of the int racavity photon num ber d ist ribution obtai ned by "yas and 

Singh [35], applying the positive P-function. is different from (2.6:3 ). However, both 

distri bution funct ions ha.ve identical values. 
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3. The Nondegenerate Parametric Oscil­
lator 

The non degenerate param eL ric oscillator is a qU<lnlullI op tical system which pro­

duces a t wo-mode sq ueezed ligh t. In a NOPD it pump photon of frequ f'ncy w int('l"acts 

with a non linear med ium inside a cavity and is down converted in to highly correlated 

sig nal and idler photons with frequ encies W I and W2 s1l ch that WI + Wl = w. This 

phenomenon for the first time was observed in parametric amplificilt.ion by Burnham 

and Weinberg [46J and later by Friberg et al. I<I7J · 

A theo retical analys is of quantu m fluctuations in intensity differe ll(l> and qlladra-

lu re components for signal- idler modes has been made by a numbe r of authors for 

the past few years [49 ,52,54-56,58,6 Ij. TIlt' spect rum of the intensity-diffcren('c flUf"-

tuat ions in the signal-idler modes for equal caviLY decay ra t.es has been calcillated for 

below th reshold by Reynaud et al. [119J. On t.he other hand , taking into considcra-

tion different cavity decay rates and int. racavity losses Lanc et aL [61) bave analyzed 

the spect.rum of intensity-difference fiuctuations. In add it ion , Reid and DruTl10ned 

have obtained the spectrum of quadrature component-di fference fluctuation s aho\"(' 

threshold 1521· 

Due to the st rong correlation between the signal and idler modes it. has been 

shown that the intensity-difference fluctua t ions is below the shot-noise len"1. This 

has been confi rmed experimentally by Heidmann eL al. [50] and Debuisschert et a\. 

1631 · 
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Se veral groups have also analyzed the photon stati stics of the signal -idler modi.'s. 

The mean and t he variance of the photons have been calculated by Collet and Laudon 

[5:3j and photon counting sta tis tics has been analyzpd by Vyas '.59]. 

In this chapter we wish to analyze the intracavity flu ctuatioll s in the quadra-

tu re components as well as the photon numher di stribution and the spectrum of 

the intensity-difference flu ctuations for the signal-id ler modes gl'llcrated in a NDPO 

operating below threshold. 

3 .1 The Q-function 

With t he pump mode treated classically. t he NDPO in the interaction picture is 

described by the Hamiltonian (Ii = I) 

(:1.1 ) 

where K is the coupling constant. a(b) is the ann ihilation operator for tht' signal (idler ) 

mode and f a, rb are beat bath operators and "'(0 is the amplitude of the pump mode. 

' " 
Using standard techniques to eliminate the heat-bath variables [:.3J we fi nd equat ion 

of evolution for the density operator to be 

whe re 

(3.3) 

Apply ing (3.3) expression (3.2) can be put in the form 

(:3.4 ) 
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To obtain the Fokker-Plall k ' . r c equation or the Q-f' lnct.ion oue should put all Lenns ill 

ex pression (3.4) in normal ordcrin" T I ' I o. 0 t 115 ell(, we nol(' that a and bare inr\f'p('uot'1l1 

operato rs and p = pta b t bt t) I . , , a , , 50 t }at applymg the relations (2.:3 ). we hav(' 

t a P(t = (I tp + .!'­an 

It then follows that 

Similarly 

a a a' 
abp = pub + --'!!"t a + --'!-t b + p .. 

ab aa DbT 0" T 

III view of expression (2.4c), one can writf' 

so that substitution of (3.5 ) along with (2.4.) into (:\.11) leads to 

&p [8'P &'p op fJp tOp t ap] [Olp 
_ = ",0. ~ + + -. a + -b + a -. + b -, + "(0 2-.-
ilt BaOb Oa t 8b t &b T 0" t Ob Oa iJa i 0" 

t 8p {jp ] [O'P t &p iJp ] + a _. + -a + 2p + 1~ 2-- + b - + -, b + 2p . aaT 8a BbtOb Obt ab 
(:J.6 ) 

All terms in this expression are in normal ordering (assuming that p is al so in normal 

ordering). Now upon replacing each operator by its c-number f'qui\"aif'nt. the FoHer-

Planck equation takes the form 

OQ [ o'Q a'Q OQ iJQ -OQ .OQ] [_ ii'Q 
Dt = "'Yo iloD(3 + &0' 0(3 - + Op-0 + aD · '! + 0 OJ +,i Dc; + 1" lao-Do 

28 



(3.7) 

where a(fJ) is the c-number equivalent for a(b). Recalling th iLt 0' . 0 ' , f3 and p' are 

independent variables and applying the relations (1.6). we can put (:1. 7) in the form 

OQ =. [a'Q a'Q -'- a(oQ) a((3Q) O(o' Q) a(fI 'Q)] ,. [') O'Q 
Of ,. a"o,8 + 00' 0(3" 0(3 ' + 00' + 0f3 + 00 + ,. - OO ' i)o 

o(o'Q) 0(00)] [0'0 O(fI ' O) 0(,30)] 
+ OQ' +""{k;" +"/b 2 f!{3"Ofi + Op' + DJ"" 

or 

::.:fJO",(c:."'-,-, ,,"C,c:-(3.2.' , ::.:8 ,.:.!.t) [ (0' fJ' 0 0 " i) ' + i) J') 
fJt = ... -00-0-/1 + 00'0(3 ' + -0,3- ' " + -{]o- , P + -Otl° -aD 

(
fJ' 0 fJ) ( i)' 

+ ,II. 2 acx'ocr + oa' o" + 00 n + ~(b 2 (){3 'od 

+ O~J3"+ :(3(3)] Q(o" ",(3' ,B, t ) (:18) 

In troduc ing Cartesian coordinates defined by 

(:1.9,,) 

and 

f3 = Xl + iy1., (:3.9b ) 

the above Fokker-Planck equation can be put in the form 
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I 

lit , 

-

CU I ) 

In order to obtain the solution of this differential equation applying the propagator 

method, we introduce the transformation de fi ned by 

Xl = ,I' + IL , 

X Z =X- IL , 

!It = v + y , 

yz = V - !J 

so that with the aid of the relation 

one readily obtains 

It then follows that 

a ax i! au a -- --+--. ax, - ax! ax OIl au 

_-- _+ _+ 2_ . a' I[a' a' . a'] 
aLi - 4 ax'! aIL'! a.dJu 

___ + __ 2 __ . a' l [a' a' . a'] 
a.x~ - 4 o.x2 a u'! O.lOU 

a' I[a' a' . a' ] _ _ _ _ + - + 2,-- , 
By; - 4 au'! ay'! duoy 

30 
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(:l .lla ) 

(:1.l lb) 

(3.14<) 

(:1.1 Id) 

(:3.15&) 



I 
I, '" 

a' I[f), a' a'l ~=- -+--?--
oY'l 4 ou'l By'! - ouoy , 

Then combining (3.11), (3 .12). (:1.1<1) and (:3. 15), we find 

f)Q(x,y,u,v,l) [1(iJ' fJ' iJ' iJ') "" ,(iJ' f)' = - -+-+-+- +- -+-m 4 h' ~ 8~ a~ 8 ~'~' 

o r 

(:J.I .\d) 

(1.I .\r) 

(3.1.;f) 

DQ(x.y,u, v, l) = [('1' + 21) (~ + ~) _ ( " '' - 2,) (a' +~) 
at 8 OI'l oy'l 8 Dul a u'! 

IQ(t))), Equation (3.16) ca.n be pu~ in the forlll 

dIQ(I )) [,\ , ("' "'l .I., ( "' "'l '.1 (" . "") i dt ;:: 'i -8 1).r; + Py + 8" p~ + p" + l 3 pL.l + fJy!J 

- ;.I, (p, ,; + 1',v)iIQ(t)) . (3.17) 

where 

'\ 1 = "-10 + t,. el.18a ) 

'\2;:: f>.",(" - 2~(, (3.1 8b) 

..\3::: "''''(0 + ~/, (3.18c) 

'\'1 = "'10 - "/. (3 .1 8d) 
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The solution of (3. 17) is ex pressible as 

IQ( t)) = if IQ(O)) . (:1.1 9 ) 

in which 

if = exp( - i ilt ) ( ~ . 20 ) 

and 

(:). 21 ) 

i\iuitiplying (3 .19) by (x,y ,u,vl from the tefL , we bavc 

Q(E, y. u, v, t) = (E, y . U. v, l(i IQ( o)) 

and introducing the four dimensional complet(~ness relat ion for the position eigf'n -

s ta.tes 

(:3.12) 

we obtain 

where 

Q,(l , y' . u' , v') = (x', y ', u' , v'IQ( 0)) (:J.21 ) 

and 

Q(x ,y. u, v, t lx' , y'.It' , v' , 0) ;:: (x, y , It. vliilv' . It ' . y' . .r' ). 

Next we wish to find the Q-function propagato r (3.2.5) apply ing t he method \\'f' 

employed in section 2.1. The propagator for a quadrati c Hamiltoni an of t he form 
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1/111 

" 

+ <.(I)i:' + c,( I )y' + <;.(1),,' + <;.(1), ' 

is expressible as [lJ 

/{ (x,y .'U,v , t lx,y , 'U ,v ,t ) = _---{-!- _' _v _ _ , _' _v_"_ ' _' _ "_ ,_ , , " [i a' ~ ]1 [ . "'5 ]1 [. "'5' ]1 [ . a's' ]1 
2r. ax OJ: 2;; oy' ay 2rr au/au 21i au' au 

x exp [-( l [b,(t') +b, (t') +b"(t') + b"(I') ] dt' + is,]. 
Since from (3 .21) b" = by = - A3, bu = b~ = A'L and reca.lIing tbat ~ 

Q-function propagator associated with tlw Hami ltonian (3.21 ) call be wriL t(,1I as 

n ( . II' , , '0) - ,.I,-'.i' [i a's, ]1 [i a's, ]1 [, a's, ]1 
~"t X. y,U,U, x,y,u,v, - e --.-,-.- --,-.- ----c-2;r OJ: ax 2" ay ay "2jj ail/au 

[
iU'S] I" X ____ c f":>c 

2r. au'au . CU i) 

We now proceed to get the class ical action. To th is end. we note that tb{' "lI amil -

tun idll fun ction" associated with the quantulH I lamiitonian (:3 .21 ) is 

and hence the corresponding "Lagrangian" is 

L = xp,:: + ilPIi + u.p" + up" - fl. 

Applying Ha.milton's equat ion 

one readily gets 

Jh = 

. aH 
q,= " up; 

4i(1i + ,13Y) 
I'll = 

(3.28) 

CU9 ) 



1·lenee, employing these expressions along with (:1.2S) in (:J. 29). olle geLs 

L = ~i [( x + -" x)' + (y + ,I,y) ' 1 _ 2; [(u _ -" u)' + (v - -I"v)'I, 
Al Al 

eUO) 

Upon using (:3 .30) and the Euler·Lagrange equations. we obtain 

it - A~U = 0, 

The solut ions for these equations can be written 

eU I" ) 

I )I! I 
" I (:I,3Ie) 

(3,:!Jd) 

, 'Tl b tOt tOo 1 of these expressions along wi t.h thei r Linw deri\·ati\·es 
respectively. len su Si ll I I 

into (3,30) leads to 

L = SiA5 (A' + G2)e"l ·\3 1 _ 8:~ (D2 + F"l) e-2
.\t

l
. 

,\ I I 

(3,32) 

Now employing (3.32) in the relation 
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I 'I I. 
'I , 

and carr"'inO' out the' t . hi' . J 0 111 egratloll, t ee asslcaJ actIOn takes the form 

4;,13 4',1 
S, ~ T (,,,,T -!) (A' + G') + :," V"·T - I) (D' + 1"). (:J.:J:l ) 

Setting 

[X(O), y(O), ufO). v(O)[ ~ [L'. y' , u',"1 

and 

Ix(T),y(1'), u(1'),"(T )[ ~ IL" . y" , ,," . • "1 

from (3.31) , one easily finds 

I'~- . [
V _v",-.,.rj 

e-V.,T - 1 

On account of tbese expressions the classical action (:3.:J:1) ran then be \vrittcn as 

(33-1 ) 

where we replaced (x" , y", ttl!, u" 1 T ) by (x, y, ti, v, t) . Now applying (3.:34 ). we have 

and 
81. Sc fP.ric -Si '\ '1 e-'\' : 

au'Bu ::;: au'f)u = ..\1. e-2 .'1 . t - 1 
(3 .:J.;b) 
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so t hat combination of (3.27), (:3. :34 ) and (3.3.5) leads to 

(1.16) 

Equat ion (3 .36) is the Q-fulldion propagator for thesiguil.l-idlc r modes. Although we 

a re interes ted in t he case for which the signal-idle r modes arc initi ally in a V;H: UlIrn 

state, we also need the Q-fullction satisfy ing the itl itial condition 

" I [ I' I' I' I'] QI)(a ,{3) :::: jjZexp - (I -00 - fJ - /30 

or, ill terms of the Cartes ian variables C~·9 ) 

Th is can also be expressed in terms of .r' , y', «' and v' such t hat 

where 

Qa(x',y', u', Vi} = IJ lexp [-2{x' - xo)2 - 2(/ - y,Sl - 2{u' - !l o)l) - 2{c' - !Jon 
(1.3( ) 

and J is the Jacobian of the transformation given by 

J~ 

:)6 



so that using (3.12) one fin ds IJI = 4. Consequentl y, we see that 

Now substituting (:3.36) along with (3.38) into (3.23 ). we have 

and ca.rrying out the integrations with the aid of the relation (2.22), we find 

, ' 
16.\,.\" 

Q(x, y, n, u, t) = rr' ['\1 + (2.\, _ .\ 1 ).-',I,lj j.\, + (2'\ '1 - .\,)e ' ,I" j 

[

-4,\, [(x - xoe-", I)' + (y - yoe-",I)' ] 

X exp '(2" ) -2> , Al + "'3 - AI e 3 

-4.\'1 [[u - "oe'I' I) ' + (u - uoe'I' I)'] ] 
+ A2 + (2.-\.4 - .\2 )e'l A, ! . 

Applying the inverse of the transformation descri bed by (3.12) one can put the Q-

function in the fOfm 

16'\' .\'1 

I 
Q'(xI,x"YI ,y"t ) = "'['\1 + (2,\, '\ d .-',I, IIi'\, + (2.\'1 ,\,)e"" j 

(X lo + .t20)e-'\lt )2 + (YI - Yl - (VI" - YlO)e-'\JI) 2] 

x exp '\1 + (2,\, 
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It can be eas ily ver ified that the Jacobian of the inverse transformation is J =:: t. We 

can then write 

where 

(:l.40 ) 

I'ow taking into account (3.9 ), (3.39) and (3.110 ), we get 

Q( a, (3, I) = A(:) exl' 1-8 ( I)(a ' " + f3 ' (3 ) + C( t)( " ,8 + ,,"(3" ) + D( 1)0 + E(l),1 
rr 

+ D' (I),, ' + E'UWI, (:l.4 l ) 

where 

A(t) = [8 '(t) - C'(t)] exp [- (be"" + ae-""') (a;". + ,8;,30 ) 

(3, ,12" 1 

8(t)=b+a, (3.42 b) 

Cr t) = b - a, (3. 12c) 

(3.42<1) 

(3.42e) 

with 

(:l.43a) 

I and 
,\" (3,.i:Jb) 

b = \ + ('J,\ _,\ )e""" "' "2 - 0\ "2 
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.. ,, ~. 

Since we are interested in tbe CO" r I " I I " I "dl . . . . <..,e or w llC 1 t lC sIgna -I er modt's iif(' JOltlall\' JO a 

vacuum state, setti ng 0'0 :::: a; == Po == P; == 0 in (3.41 ), yields 

[
B'(t) - C'(t) ] 

Q(",{3,t) = .' exp[-8(t)(o 'o+ {3' {3) + C(t )(o!i+ o ' /l"l ] 

Applying (3.44) the Q-function for the signal modt! only is expressible as 

Q(a,c(,t) = [B' (t) - C'(t)] , -81'lio ' .1 J (f{3 exp [- 8 (t){J 'V + ('(1)0 ,3 
K r. 

+ C(t)o ' {3 ' ] 

with the aid of the relation (2.36), one then finds 

Q(o 0 ' t ) =.!. [8
1
(t) - C'(t) ] [_ (131

(t ) - (,1(t)) , ] 
" rr 8 (t ) exp l3(t)"" " 

3,2 Quadrature squeezing of t he s igna l-id le r m odes 

In this section we wi sh to study the quadratme fluctuations of the signal-idll.!r 

modes. To this end, we define the intracavity quadratu re operators for the signal-

idler modes as 

and 

1 
c, = ",(a, + b,) 

v2 

1 
c, = ",(a, + b,), 

v2 
(:lA6b) 

where (a l,a2) and (bl , b2) are the quadratu re operators for the signal and idler modes 

defined according to (2.28b), respectively. Then one ca.n easily verify that the vari -

ances of these quadrature operators are expressible in the form 



and 

(3.I;b) 

in which 

(:JAS" ) 

O·-ISb) 

("1 , b1) = ("lb1 ) - ('I I)(b1) (:H Sr) 

Applying the Q-function for the signal mode only (3.45 ), \\'~ Cilll write 

( ) _ [8'(t)-C'(t )] ! ",,, . [_ (8' (t )-C'(t») .] 
a - 8 (t) 7r "exp 8 (t ) 0 " -

I 1 

(a') = [8'(t) - C'(t)] ! ,('a a' exp [_ (8'( t) - C'(t ») 0'0] 
8(t),. 8 (t ) 

and 

so that on account of the relation (2.36), we filld 

(a) = (,,') = 0 (3.49(1) 

and 

t 8 (t) 
(a a) = 8'(t ) _ C'(t) - 1 (:JA9b) 

Similarly, one finds 

(3.49c) 

In view of the above results. express ions (:3.4Sa) and (:3 .48b) t.ake the form 

, , 28(t ) 
("ad = ("a,) = 8' (t) - C'( t ) 

- I. (3 .. 50) 
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Since the Q-funct ion for the id ler mode is ident ical to that of the signal mode, we sec 

that 

(ilbJ)' = (ilb )' = 28(1) _ I. 
, 8'(t) - C' (t) 

(3,,;\) 

Employing (2.28a.) in (3.48c) and taking into account the resu lts (:1 .4 9a) ,1nd (:J.4~k ) . 

we ha.ve 

and using the Q-function (3.44), we call then wri te that 

Re placing Co: by C I in the exponential part , we can pu t th is integral in the form 

so t hat integration over {3 using (2.36) yields 

Differentiating with respect to CI
, Clo and replacing (C . CI

. ) by (C Ct , Co' ). one then 

finds 

( b ) _ [C(B' - C
2

) ] J J'a(a'+2e, a+e, ' )exp [- (8' ~ C') o-a]. 
a" I - BZ r. 

(.J -.J ) . . ,') -

TI It f . out this integrat ion taking in to account (:3.49). leads to 
l e resu 0 car rylllg , 

2C(t) (3 .. ;3 ) 

[ 
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Similarly one readily verify that 

(a" b,) = 
2C(t ) (:J.\ I) 

B'( I ) - C'(I)· 

Finally, combining (3.4i), (3.50), (3.51) , (3.53) and (:I.5,1), we have 

~ ., 2 
(, e,)- = B(I) - C(I) - I 

and 
2 

(<1e,)' = B(I) + C(I ) - I 

so t.hat. using the explicit. forms of B(t) and C( t) from (3.42b) and (3.421' ) along wit.h 

(:3.43), we arrive at 

(:J .. ; .;a) 

and 
(J.55b) 

I 
At. st.eady state (3.55) takes the form 

(<1e )' - ' 
I - 'Y + "-'Yo 

and 
(3 .. 56b) 

V.fhen the amplit.ude of the pump mode 'Y() - ~, we find 

I 
(<1cd' = 'I 

(3.5io) 

and 

(<1e,), -
(:l .. 5ib) 
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Equations (3.55), (3.56) and (3.5i) show that for t > 0 the fluctuation s in the 

fir st. quadrature is below the vacuum level wi t h enhanced fl uctuations in the sec-

ond quadratu re. This indicates the signal -idler modt:'s in a. :-.1DPO arc in a squeezed 

state. Furthermore. from these results we al so note that the l lei snberg un certa inty 

principle is not violated. 

3.3 The photon number d istrib ut ion of t he s igna l-id ler modes 

Next we seek t o obta.in the photon number di stribll tion for tbl' signal -idler modes 

applying the Q-fun ction obtained in sect ion :1.1. To thi s ent!. we gt'lLl'raliz(' Expression 

(2.54) for a two-mode light as 

so that in view of (:1.44) the photon number di stribution for signal-idler modes call 

be put in the form 

[
8 2(t) - e'(t) ] 

P(" .n); n!' 

8 4>L e(1I(C)(O oo +J3 ' O).C( tJ(oP+0 ' a · )11 

8oo"oo ... al3·"opn 0 ' =0=11' ::: 0:::0. 

in which 

R(t ) ; I - 8 (t ). 
(3.·;9) 

Upon expanding the exponential fun ctions invol ved in expression (:3.58) in a power 

series, we ha.ve 

[

8 2(t) _ Cl (t) ] 00 Rk+I(t )C+'"( t) 
P(n, n) :::;: n!! L i! J..~ I! m ~ 

I.k,Lm:::O 



so that performing the differentiat ion using the relat ion (2.57) leads to 

P(n,n) = [8'(1) - C'(I)] ~ [ R'+I(I)C1+m(l)(k + m)' (I + no )' 
nil L "k' I' ' ( ' . i,k,l,m=O l. ' .. m. ,,: + In - n )! (l + III - n )! 

(i+k)! (i+I) ' . ]1 x(' k )' (. a" H-"ak+m-"{3 ,,+I-"al+m-" 
1 + - n. ~ + l- n)! F . 

0 ' =,-,=0' =11",0 

(:l.60) 

This expression is different from zero provided that 

k+m -Il= O , 

1+ In - It = 0, 

i + k - 1l = 0, 

i + 1- Il = O. 

It then follows that 

(HI,, ) 

k = 11- Ill , (:J .6 Ib) 

1 = 11 - m. (1.61c) 

,. , Subst itution of (3.61) into (3.60) yield, 

00 [ , ]' P(n, n) = [8'(1) _ C'(I)) " n. R'I"- ml( I)C"m(l) ,S m! (n - m)! 

Finally, noting that (n - m)! is defined for In $ n and usi ng (:3 .. 59). thi s r-xpress ion 

can be put in the form 

P(n n) = [8'(1 ) - C'(I)) <2-- [ '( n! ),]' [I - 8(1 )j'1"- mlc ' m( l ) (3.62) 
, ~ m.ll-m. 

11'1=0 

This is the photon number di stribu t ion for the signal-idler modes generated In it 

NDPO. In the absence of cav ity damping , (3.41a) and (J.43b ) reduces to 
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and 

so on account of these relation)) (3.42a) and (:1.420) take the rorm 

8 (1) = \ 

and 

C(t) = -tanh(q .t). 

Therefore the photon number distrihul.ioll (:1.62) turn )) ouL to 1)(-' 

PIn. n) = [,anh"(q. t)]' 
cosh(t.:""'Iot) 

(:\.63) 

This expre))sion is ident ical to the photon number di))tribut ion of it. two-mode squeezed 

vacuum [60] 

3.4 The spectrum of t he intensity-differ ence flnctuations 

Here we wi sh to calcu late the slwctrulll of the intensity-difference fluctuations of 

the signal-idler modes. To this end . the spectrum of intensity-difference fl uctuations 

is defined as 

S,(w) = 1: d, e-;"' (ld"' (t + , ). Id"'( t) ). (:l.6·\ ) 

where 

(ld"'(1 + , ), I t'(I)) = (1;"'(1 + , ) /;"'(1)) - (I;"'(t + 7))(1,"'(1)) (3.6.;a) 

and 

1,I"'(t) = a)",(I)".",(I) - &;",(t)&.",(I). (3.6;b) 
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in which aout (boutl is the operator describing the output signal (idler ) mode and i ~ 

related to the input mode according to 

a,., = J'i7{/(t) - (/ ;.( t). 1'1.6.; .. ) 

Combining (3 .65) and the relation 

[a(t+7),a t (t)] =8(7 ), 

it can be easily shown that the output intensity-difference fluctua tions for a. ViWlIU !l1 

input is expressible as 

(ld"'(t +, ), (d" (t )) = 4,' [(lIt (t )at(t + 7)a(t + 7)a(t )) - (a t(t)6t (t + , )6(1 + 7),,(/ )) 

+(bi(t )bt( t + 71b(t + 7)b(t )) - (bt( t)lI i (t + 7)11(1. + ,)b(l))] 

+218(, ) [(at(t)a(t+ 7)) + (bt(t)b(t + , ))]- 41' [(ai(t + , ),, (t + , )) 

-(bt(t+7)b(t+7)) ] [(lIt(t )a(t )) - (bt (t) b(l. ))] . 

so that in view of the fact that 

the above equat ion reduces to 

(ld"' (I+ , ), (d"(t )) = 41" [(at(t)at(t + 7)a(t + , )a(t )) - (at (t )bt(t + , )b(t + 7)a(t )) 

+(bt (t)bt(t + , )b(t + 7)b(t)) - (bt (t) at (t + 7)a(t + , )b( t ))] 

(:1.66) 

Now making use of (3 .66) one can express p.64 } as 

'16 



in which 

j(t + T) = (at (t )at(t + T)a(t + , )a(t )) - (at(t )bt(t + T)b(t + T)a(t)) 

Applying a similar method we IIsed ill section 2.2. one call easily verify that tilt' 

two- time correlation functions involved ill (:3.68) are expressiblf' as 

(3.69/1) 

and 

X ~ · f3( '\"'\ - I ) Q(,\· " ,- , \".T ) . (3.69d) 

I . Q( \ . . ). n T) is the Q-function for the signal- id ler modes which takes the w l e I e .... I r] I I·" 

form 

Q,( .\ ' " ,- , .\ ," ) = exl' [-1 .\ - a i' -Iq - ~I'l 

at , = O. Thus combination of (:3.68) and (:3.69) yields 
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(UO) 

Replacing (0 · ,0.,13*, {J, a;, 0 0, f3;, /10' t ) by {-\ . ,A, Ii" . 'I , 0 '- , cr, r3 " ,fJ, T) in expression 

(3.41 ), we have 

(3.; J ) 

where A' , B', C', D' and £' are given by ex pressions (3.42) and (:U :J) with (o~. 0 0 _ J3; . do· t) 

replaced by (a *, o:,{3",{3,T). It ~he!l follows that 

Expressing this equation in the form 

[ a' a·' ] J J'>. J'~ p ' >' -~'~) QP ' ,>'·,( , 'p) = aD'ao" - DE'DE" 

x [A' J :>. exp(- /3'>, ' >. + D'>. + D'T ) 

x J :" exp(- /3'~ " , + (C' >' + E')" + (C'>. ' + E" ),( )] 

and integra.ting over 7J applying (2.:16 ), we get 

[ 
D' D' ] A' exl' IE' E' ) /3'J J d' >. d'~ (,n - ~ ' ~ ) QP' , >',~ ' , 'I, 7) = a D'D D" - D E'D E" /3' 

J a'), [(/3" - C" )," ), + (D' + c' E") ,\ + (D" + c' E') ,\,] 
x - exp - B' 8' B' 

" 
so that performing the integration over ,,\ leads to 

[ 
D' fI,] J d'.\ J"I P' ), - ~' ~) QP' ,)' , ,,.,~, 7) = flD'flD" - flE'flE" "'/3:<C"-_""c""'" 

A' 

[ 
8' (D"D'+ E"E' ) + .,C' ,,( D'E'+ /)'"E'· )]. 

x exp 8,2 _ en 8" - C -
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After carrying out the differentiation , one then finds 

J J',\ d'~ (,\ . ,\ - ~ . ~) Q(,I. ,\ ~ . ~ T) = [D' . D' - E' · E' ] eX I' [ B' (D" D' 
, . " 8 '2 G'2 /3'1 _ Cr'J 

+E" E') + C' (D' E' + D" E")] " 8 '2 _ G'2 

i\'"ow employing the explicit forms of 8 ', C', 0' , E' along with their complex conjugate 

in this express ion , we obtain 

and substitution of (3.7:3 ) into (:3.70 ) yields 

(3.7<1) 

On account of the relation (2.39), this can be expressed as 

Noting that 

d II" tl t the Q function for the sio:rnal and idler modes arc identical. the an reca 109 1a - - 0 

above expression can be put in the form 

Next applying the Q-functions (:3.44 ) and (3.45). one can write thal 

, t, i) _ [B '(I) - C' (t) ] J d'"[(,,,;, )' - 20" lex p(- F,, 'o) 
(a a - 2a a - B(t) IT 
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and 

or 

and 

(0 aib bl ) = [B(t) - C(t) ]] ~a aG ' exp[-B(t)a 'a ] j'{! fliJ ' 

x exp [-B(t )fl ' fl + C(t)" i1 + C(t),, ' ;3 ' ] 

(0' ob_ 20a l = [B' (t )-C'(t)l [.!!... . al ] "'''. . ) B(t) {)F,+2 DF --;;-exp (- Fa a) 

(0 alb bl ) = - [B'(t) - C'( t)) ] J'a " "" exp[-B(t )a ' ,,] .!!.... 
rr {) /J 

x] "'! exp[-B(tWi1+ C(t)"i1+ C(t ),,'W] 

= [B'(t)-C'(t )l ] ",a [[ Crt) 'l' ~l . [_[B' (t )-C'(t )l ' l 
B(t ) "B(t)aa + B(t ) exp B(t) 0 a 

where 

_ [B' (t ) - C' (t) ] [C' D' I D] ] d}a • 
- B(t ) B'8P- B aF --;;-ex p(- Foa ) . 

.13_:-.' -,-,.:C~' 
F = - B . 

(U7 ) 

AfLer carrying out the integration alld then the differentiat.ion involved in ( 3.76) and 

(3.77), we get 

and 

2B(t ) , i' I 2B' (t ) 
(a ' a - 20 a ) = [B'(t) _ C'(t )]' B'(t ) - C'( t ) 

t t _ 13'(t ) + C'(t ) 
(a a b b ) - [13' (t ) _ C' (t)]' 

Now combining (3. (5 ) and (3. is). we have 

• .) (.\.-).3)T - 1 
[ 

I -? B(t) 1 
(f(t + T)) = . e 13' (1) _ e ' (t ) + 

50 
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I 

so that in view of this resu lt , expression (3.67) takes the fo rm 

2-, [(al (t)"(I)) + (bl(t)b(lll] . 

0·80) 

Noting that 

and using (3.49b), one can write 

(3.81) 

Employing the stationarity property fo r the integral , we put (:1.81) in tilt· form 

[ 
B 

+4, B'- C' (:3.82) 

so that integration over T resu lts in 

[ 
B 1 [I -213 1 :J2,' 

Sd(~'l = 4, 13' _ C' - I + B' _ C' + I w' + (2,),' (38:3) 

where we have replaced'\3 and A.j by their explicit forms. Combining (:j.42b), (3.4 2c) 

and (3.43), one finds at steady state 

and 

so that the express ion for tht' spectrum reduces 

(3.8·la) 
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• 

where 

So = 2{1I:70)2')' 
12 - ("'70P 

is the frequency independent t erm represent ing the cont ri bution of tile shot-nois(' 

fro m each mode. Thus to qu tO f 'I d 0 an I Y ~ Ie egree of reductIOn below the shot-noise It'\"cJ 

we define the ' norm r d" I • 10 1' a. lze tn~enslty-( I ,crence fluctua t ions spectr uill 

5- ( ) _ S'd(W) 
,jW --0-0 

0', 

Then combining (3.84) and (3.85). we obtain 

(:)085 ) 

(:$86) 

This is a simple inverted Lorenzian wi th a width of -II'- We observe that ell zero 

frequency there is a. perfect noise suppression in the in tensity difference for the signal 

a.nd idler modes . 

OUf result assumes no additional cavity losses beyond those corres ponding to the 

equal transmitivities at the output mir ror . Th is is ill complete agret'ment with the 

result obtained by Reynaud et at. [49J. Fot' the case ill which addition itl losses are 

included, Lane et al. [61] have indicated that perfect sup pl'essioll of the noise is no 

longe r possible as one of the pair of photons lIlay be lost other than through the 

output mirror. 

The prediction of noise suppress ion in t he intensity difference has been confirmed 

experimentally by Haidmann et al [50J for a NOPO operating abo\'e threshold. In 

this experiment a maximum noise reduction of 30%±5% is observed at a frequency of 

8M Hz. The noi se reduction is limited due to other losses inside the ca\'ity and various 

detector inefficiencies. In refinem ent of t hi s experiment Debu issechert cl <11 [63) It,we 

reported an improved quantum noise reduction of 69% in the intensity difference. 
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• 

4. Conclusion 

We have analyzed the statisti cal and squ ce'".G ing propert ies of the signal and t.he 

signal-idler modes produced in paramet ri c osci llators. In addit ion, we have studi ed 

the spect rum of the intensity- difference flu ctuations for t. he sig nal -idl{'1' modes. Ou r 

analys is has been carried out using the Q-fullction ob taineJ applying the method of 

eva luating the propagator developed by F'esscha [I]. 

We have calculated the quadrature flU Ct.tl<ltiolls and the squeezing spectrum for 

the signal mode produced in a OPO operat ing below threshold. Exp ression (2A.j) 

shows that at. steady state 50% squeez ing of the signal mode inside the cav ity can 

be achieved when operat ing near threshold. However, the result desc ribed by (2.49) 

indicates that it is poss ible to obtain 100% steady-state squeezing in tht! ou tput signal 

mode at zero frequency and at threshold. 

vVe have al so obtained the photon num ber dist ribution of the signal mode. The 

ti me dependent as well as the steady state fo rms of the photon number di str ibutions 

described by expressions (2.60) and (2.63) indicate that there is a finite probability 

of findin"" odd number of photolls ill side the cav ity. T his is due to the fact that. 
o 

although the signa! photons are generated in pairs, there is a possibility for all odd 

number of photons to pass through the output mirror. However, in the absence of 

ca\.ity damping, the probability of fi nd ing odd nu mber of photons is zero as can be 

easily seen from express ion (2.61 ). 

On the other haud , our analys is shows tha t the intraca\·ity mixed radi ation of 
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the signal-idler modes i . d 
5 In a squeeze state. ~ l or(.'Over, expression (3.57) shows that 

50% suppression of th . b 1 h e nOise e ow t e vacuum level can be achieved in the first. 

quadrature at steady stale d ' ' h 1 Id . . . an a~ ~ res 10 wi t h IIlfilll tely enhanced fluctuations ill 

the second quadrature. These results are valid for equal cavity decay rates and in 

the absence of other losses. 

We have also determined the photon number di stribu t ion of t he signal -id ler radi ­

a t ion inside t he cav ity. In t he absence of cavity damping, th is res ul t is fOlJ lld to have 

t he same form as the photon number di stribu tion of a two-mod\:' squeezed vacuum 

(60] . unlike the case of the signa l mode produ ced in a oro. we s('e from ('xpres-

sians (3.62) and (3.63) t hat there is a fi ni te probability of fi nding n-signa l and II -idler 

photons. where n can be an even or an odd num ber. T his is i\ COIl!'iequellce of pair 

generation of signal and idler photons and the assum ption of equa l cavity decay rates . 

The other interesting nonclassical property that we found ill the signal- id le r ra-

diation is a 100% reduction of t he noise below t he sho t- noise level exh ibited in Lhe 

out pu t spectrum of the intensity-diffe rence fluctua tions of these llIodf's. The sca led 

steady-state spect rum of t he intensity- d ifference flu ctuat ions (:1 .86) is foun d to be it 

simple inverted Lorenzian wit h a wid t h of 41 . We have a lso seen that there is a 

perfect cancellation of the noise in the ou tpu t in tensity d ifference at zero frequency. 

However these results a re not realisti c since the analysis ass umes no addit ional cavity , 

losses beyond t hose correspond ing to t he equa l t ransmi tivit ies at the output mi rror. 

When add itional losses arc included , t he correl ation between t he sign.l.l and idler is 

no longer perfect since one of the pair of photolls may be lost other than through 

the out put, mirror. In that case the re is no com plete sup pression of the noi se a t zero 

frequency [6 1,62). 



c 

• 

Finally, we woulcllike to point out that one major task in this thesis has been to 

determine the solution of the pertinent Fokker- Planck equation for the Q-function. 

And th is has been done by transforming such equation into a Schrodinger-typc equa­

tion a.nd then evaluating the associated Q-funct ion propagato r applying the method 

de,'e loped by Fesseha ill, 

This method can be used to evaluate the propagator associated with a quadratic 

Hamiltonian of arb itrary form. The task of evaluat ing the propagator using thi s 

method essentially reduces to the problem of solving the pert inent Euler-LagralLgf' 

equations. We therefore maintain the standpoint that thi s met.hod pro\' idcs a conv<!­

nient means of solving second order partial differenLial equations. 
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