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Abstract

In this thesis, we studied Coulomb blockade oscillations, tunneling and electrons
transport through a quantum dot. Coulomb blockade oscillations of the conductance
are a manifestation of single electron tunneling through a quantum dot. We focus on
the electron transport between the dot and source(drain). The model of the study is
the linear conductance capable of describing the basic Physics of electronics states in
the quantum dot. Using the master equation analytic expression for the current(I)
through the quantum dot was derived and obtain the linear conductance through the
dot which is defined as G' = limy_,o(%) in the limit of infinitely of small bias voltage.
% < KgT, the discreteness of the
charge cannot be discerned, AF < KT < %, the classical metallic Coulomb block-

We will distinguish three temperature regimes,

ade regime many levels are excited by thermal fluctuations, and KT < AF < %,
the quantum Coulomb blockade regime, a few levels participate in transport.

Finally, we have performed the numerical computation of electron transport through
the quantum dot. We present graphs of the results for using the equations that we
derive. The linear conductances are plotted as a function of the gate voltage. The
Coulomb blockade oscillations occur as the voltage on a nearby gate electrodes varied.
In the valleys, the conductance falls off exponentially as a function of the gate voltage.
Figures (4.1-4.8), are the result of the study. At some intermediate temperature, the
conductance shows one oscillation but vary for the positive and negative gate voltage.
At high temperature, no oscillation conductance and at low temperature conductance

oscillates for some appropriately chosen capacitance.

vil
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Chapter 1

Introduction

The numerical computation of electron transport through quantum dots have increas-
ingly important in the field of Physics with the development of supercomputers. From
the basic constituents of a system of particles, and their interactions, a computational
approach enables to derive the electronic structure and the properties of the system.
A system of particles currently considered with attention is the quantum dot. It is
an artificial system consisting of several interacting electrons confined to a small re-
gions between layers of metals. The aim of this thesis is to assess the appropriateness
of the numerical computation of electrons transport through quantum dots confined
by region which is weakly coupled via tunnel barriers to two electron reservoirs and
plot the graphs from the derived equations. In this section we discussing quantum
dot, Coulomb blockade and single electron tunneling, and some applications of the

quantum dot.

1.1 Quantum dots

A quantum dot is a small region typically, a metal material, where a finite number
of electrons is confined. The possibility of examining and tuning properties related
to quantum mechanical effects and charge quantization motivates the interest in fab-

ricating such small devices. The dot size is in the range of the Fermi wavelength



and its capacitance is very small. Therefore, the electrons occupy discrete quantum
levels in dots and the level spacing 0F is the distance between the adjacent levels.
A certain amount of energy, depending on the charging energy E¢, is needed to add
an electron to the dot or remove an electron from the dot. These characteristics are
very similar to those of atoms. Therefore, quantum dots are referred to as artificial
atoms. The challenging advantage of quantum dots is the properties as the spectrum.
Example are tunable by an external gate and that source and drain contacts can be
attached to it. Therefore transport through the dot can be measured. The tunability
of parameters plays an important role for the work in an electron transporting.
Attaching contacts to the dot makes tunneling of electrons from and to the dot pos-
sible. This leads to a finite life time of the electrons in the dot resulting in a level
broadening I', which in devices, we are interested in is smaller than the level spacing.
A quantum dot coupled to three terminals. Particle exchange can occur with source
and drain contact. The third terminal, coupled electrostatically only is used as a gate
electrode to shift the energy spectrum of the dot. A quantum dot attached to leads
and to a gate capacitance is the prototype device for a single electron transistor. In
the regime where temperature is much smaller than the charging energy but still much
larger than the level broadening I', transport is governed by single electron process.
The quantum dot behave like a transistor in the sense that the current through the
dot can be switched on and off by varying the gate voltage applied to the dot [1].
Quantum dots are the most functional and reproducible nanostructures available to
researchers. Different synthesis routes create different kinds of quantum dots. They
are very small by nature, the smallest objects that we can synthesis on the nano scale.
From this fact, they are assimilated to dots, through one quantum dot can be made
out of roughly thousands of atoms. All the atoms pool their electrons to ”sing with

one voice”, that is, the electrons are shared and coordinated as if there was only one



atomic nucleus setting up an attraction at the centre.

According to the web of science [2], studies of quantum dots have resulted in around
2700 publications since 1987, with increasing number of publications each year ex-
ceeding 2500 per year since 2005. Quantum dots research embraces variety of topics
in Physics, electrical, and electronic engineering, Chemistry, material science, Biol-
ogy and medicine, where according to the demand of a specific applications, different

types of quantum dots structures are employed.

1.2 Coulomb blockade and single-electron tunnel-
ing

The concept of the Coulomb blockade refers to the phenomenon that tunneling
through a metallic grain with small capacitance may be inhabited at low temperatures
and small applied voltages. The reason is that the addition of a single electron to
such a system requires an electrostatic charging energy of the of order % > kgT, eV,
where C is its capacitance, T temperature, e charge of electron, kg is Boltzmann
constant and V the applied voltage [3]. Basically, this is the explanation first given
by Gorter [4] of an observed [5] anomalous increase of the resistance of thin granular
metallic films. A suitable model system to investigate the Coulomb blockade in more
detail consists of a confined region (dot) weakly coupled by tunnel barriers to left and
right.

An additional gate electrode can be used to control the charge on the dot, which
consists of two contributions. The number N of conduction electrons on the dot con-
tributes a charge , = -Ne which can change by discrete amounts e only. (Assuming
that the tunnel resistance is larger compared to the resistance quantum dot h/e?, h
is the plank constant, so that the number N of electrons on the left right may be
treated as a sharply defined classical variable). Nearby external charges, example,

those on the gate, induce a displacement charge C'®.,; is on the dot, which can be



varied continuously. ®.,; the part of the electrostatic potential difference between
dot and right and left due to the external charges.

The transition from N to N+1 electrons on the dot occurs on reaching a charge im-
balance C®,.,; — Ne = 2(%6). The additional electrons causes the charge imbalance
to reverse sign, becoming —%. Tunneling is blocked at low temperatures, except near
the points where the charge imbalance jumps from %e to —%e. Here, the electrons
can tunnel through the dot one by one. The Coulomb blockade is lifted, and the zero
bias conductance exhibits a peak. These are ” the Coulomb-blockade oscillations [6],

which is the central phenomenon studied in this study.

1.3 Some applications of quantum dots

Exceptional electrical and optical properties make quantum dots attractive compo-
nents for integration into electronic devices. One significant asset of quantum dots
over traditional optoelectronic materials is that they exist in the solid state. Solids
tend to be more compact, easily cooled, and allow for direct charge injection. Ad-
ditionally, quantum dots can interconvert light and electricity in a tunable manner
being dependent on crystal size, allowing for easily wavelength selection [7]. As a re-
sult, researchers have experimented with quantum dots in lasers, LEDS, photovoltaics
and also for new generation of transistors, logic gates with quantum computers as the
ultimate goal. Most of these applications are still in early development; however the
benefits of the quantum dot computers are evident, and could lead to a complete
revolution of the way of building electronic components at atomic scale.

Another application of quantum dots and one of the fastest moving most exciting
interfaces of a nanotechnology in the use of (colloidal) quantum dot is biology. Their
unique optical properties make them appealing as fluorophones in a variety of biolog-
ical investigations, in which traditional fluorescent labels based on organic molecules

fall short of providing long-term stability and simultaneous detections of multiple



signals [8]. The ability to make quantum dots water soluble and target them to
specific biomolecules has led to promising applications in cellular labelling, thus im-
proving diagnostic methods (example, tracking cancer cells during metastasis [9] and
in developing better drug delivery systems to improve disease therapy [10]). It is
even currently studied as neuro electronic interface for converting optical energy into
electrical signal responding to the need for prosthetic devices that can repair or re-
place nerve function [11]. To mention some of the applications, where quantum dots
are intensively used in electronic devices, medicine, optics, optical imaging, commu-
nications, quantum computations, information and etc [12]. Moreover, one of the
interesting applications of quantum dots in the area of biology is to investigate var-
ious cellular labelling mechanism (for example in cancer treatment) and developing
drug [12]. Generally, the applications of the quantum dots are diverse and all could

not be listed here in detail.

1.4 Organization of the thesis

This thesis is concerned with theory of coulomb blockade oscillations, Tunneling and
Electrons transport through the quantum dot. The understanding of the physical situ-
ations on this is essential. Thus, the arrangement of this thesis is organized as follows.
Chapter one : briefly described, introduction to quantum dots, Coulomb blockade and
single electron tunneling, and some applications of quantum dots. Chapter two: dis-
cussed electron transport through quantum dots and the model of the study, which is
weakly coupled to two electron reservoirs. We specialize to the linear-responce regime,
and obtain an expression for the conductance. Chapter three: discussed about high
and low temperature behavior. Chapter four: presented the result and plotted the

graphs of the study. Chapter five: summarized the work of the study.



Chapter 2

Electron transport through
quantum dots

This chapter has introduced the basic ideas of electron transport through the quantum
dot. Using the master equation analytic expression for the current(I) through the
quantum dot will be derived. Then, we shall obtain the linear conductance through
the dot which is defined as G = é in the limit of infinitely of small bias voltage.
Where G is the conductance, I is the current and V is the applied voltage.

2.1 The model of the problem

We consider a quantum dots, which is weakly coupled by tunnel barriers to two
electrons reservoirs. A quantum dot has single electron energy levels at E,(p = 1,2, ...)
is calculated by treating the electron-electron interaction in a mean-field (Hartee)
approximation [13]. The levels are labeled in ascending order and measured relative
to the bottom of the potential well [14]. In principle, the position of the levels may
depend on the number of electrons in the dot. Using figure 2.1, the states in the left

and right reservoirs, are occupied according to the Fermi-dirac distributions.

filbB — Ep) = ;E_
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1+ exp KBETZZT ( )
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Figure 2.1: (a) Schematic cross section of geometry studied in this paper consisting of
a confined region (quantum do) weakly coupled to two electron reservoirs via tunnel
barriers (hatched). (b) Profile of the electrostatic potential energy (solid curve) along
a line through the tunnel barriers. The Fermi levels in the left and right reservoirs,
and the discrete energy levels in the quantum dots are indicated (dashed lines).

FAE—Br) = — 5

2.1.2
14+ exp K;?f ( )

Where, EF is the Fermi-energy, f is the Fermi-Dirac distribution functions, Kp is the
Boltzmann’s constant , 7; and T, are the temperatures of left and right reservoirs
respectively. A current(I) can be passed through the dot by applying a potential
difference V between the left and right. The tunnel rate from level p to the left
and right reservoirs is denoted by I‘é and I') respectively. Assuming that both kT
and AFE are > h(I'' +T7) for all energy levels participation in the conduction. The
finite width A" = (I 4+ T) of the transmission resonance through the quantum dot
that can be disregarded. This assumption allows us to characterize the state of the
quantum dot by a set of occupation numbers, one for each energy level. The restriction
ET, AFE > hI' results in the conductance being much smaller than the resistance of

the quantum dot (e®/h), which is a necessary condition for the occurrence of the



Coulomb blockade.

Transport through the dot proceeds by tunneling its discrete electronic states, it will
be clear that for small V a net current can flow for a certain values of Er only
(ifAE > KgT). In the absence of charging effects, a conductance peak due to
resonant tunneling occurs if Fr in the left lines up with one of the energy levels in
the dot. This condition is modified by the charging energy. Because the number of
N electrons localized in the dot can take an integer values only, a charge imbalance,
and hence a potential difference can a rise between the dot and left and right, even if
V' = 0 following the ”Orthodox model” of the Coulomb blockade [15]. As indicated in
figure 2.2, we consider metallic islands coupled to two electron reservoir left and right
via tunnel junctions J; and Jy and for gate via J,. J; has tunnel junction resistance

R; and capacitance (). J, has resistance R, and capacitance C,. Then, the bias

voltage is
Vea = Vs —Va
— ViV,
=V (2.1.3)

The electrodes are connected to an outer circuit, which controls the difference between
 and p, using the bias voltage V. The electrostatic potential energy of an electron

for the left barrier is :

U= —e(Vs)

— —eVj (2.1.4)

The electrostatic potential energy of an electron for the right reservoir is:

= U +eV (2.1.5)



Therefore, if we take U= U, as the reference potential energy U, - Uy = eV. The
right electron reservoir is lifted in electrostatic energy above that of left by eV. We
can therefore take U; = 0 as the reference for potential energy. The electrostatic
energy of an electron in right is lifted up above that in the left by eV [16]. The two
electron reservoirs left and right are massive (large) metallic materials of the same
type so that they have the same Fermi-energy €. = €%, = € and temperature. The

electro chemical potentials y; = €p and p, = €p + eV

oy — = eV (2.1.6)
since we have set that
U.=U +eV (2.1.7)
Where U; =0
U.=¢eV (2.1.8)

As the electrons cross the tunnel junctions J; from quantum dot to left some voltage

is dropped across the junction resistance R;. This voltage dropped across R;
Vi=Vi—V, (2.1.9)
The energy of the left junction resistance is :
U, =U +¢eVy (2.1.10)

As the electrons cross the tunnel junctions J,. from quantum dot to right some voltage

is dropped across the junction resistance R,. This voltage dropped across R, is
Vi, =V, -V, (2.1.11)
The energy of the the right junction resistance is :

Ugr, = —eVyg +eV + U, (2.1.12)
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By substituting the value of eV,4 from Eq. (2.1.10) into the Eq. (2.1.12), we obtain
URT—i-URl =eV (2113)

The sum of the energy dropped across the left and right junctions is therefore eV. Let

|y
I I
R v R,
Y W
DoT
SOURCE i
| | | | DRRIN
11 % u— 1]
C C,
Vg_1._

Figure 2.2: Circuit diagram in which the tunnel barriers are represented as a parallel
capacitor and resistor. The different gates are represented by a single capacitor Cj.
The charging energy in this circuit is €2/(C; + C,. + C}).

7 be the fraction of eV dropped across left junction U(R;) = neV and by substituting
into the Eq. (2.1.13), we obtain

U(R,) =¢€eV(l—n) (2.1.14)
From
U(Rl) = —6‘/2 + BVQd (2.1.15)
neV = Ul + 6‘/qd (2116)
Since U;= 0,
eVya =neV (2.1.17)

Therefore, the component of the potential energy of eV on quantum dot is neV.
Moreover, the gate voltage also generate a potential in quantum dot due to high

junction resistance between the quantum dot and gate are coupled capacitively ( no
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charge transfer between quantum dot and gate electrode ). Let « be fraction dropped
across junction between quantum dot and gate electrode. If AE > Kpgr, discreteness
of the energy levels must be taken into account. The total energy is equal to kinetic

energy plus potential energy.

E({n:},V,V,) = > niE; + U(N) (2.1.18)
=1
Where,
N 2
U(N) = % — NenV — NeV, (2.1.19)

Where, V is externally applied gate voltage and Eq. (2.1.19) is the total energy of
N electrons in the quantum dot. The total capacitance C' = C; + C, + C; consists of
capacitances across the barriers, C;, C,, and a capacitance between the dot and gate

Cy. The potential energy of the quantum dot

P(N) = Q—l—enV—aeVg

+ Doy (2.1.20)

Where, n = %, and a = %, s = Source(left) , g = gate, d = drain(right) and quantum

dot is considered as a transistor. The total number of electrons in the quantum dot
is:

N = in (2.1.21)

E({nytn,=0)=E(N+1,n,=1) (2.1.22)
1 2
BE(N+1,n,=1)— E(N,n, =0) = E, + (N + 5)% Vi eV (2.1.23)

Eq. (2.1.23) shows the amount of transition energy of an electron in the left reservoir

so as to tunnel to energy level £,.

. 1. e?
E't=FE,+(N+ 5)% — eVegr +meV

=E,+UN+1)—U(N)+neV (2.1.24)
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Where U(N +1)-U(N) = (N + %)% -eVepr and B = E(N, N + 1) is the transition
energy.
€p =€ep + eV (2.1.25)

Each one e, = pu(l) or €} = u(r), crosses the transition energy, the current I(r) in

the quantum dot shows as step. For an electron in the left bath with energy £, N
electrons in the quantum dot having potential energy U(N) and E, empty(n, = 0).
By using Eq. (2.1.22) we obtain

Ne)? (N — 1)
B =g, N N — e
P + 2C + env + e‘/;aa:t 20 €
— (N =1enV — (N —1)eVew
=E,+UN)—-U(N —1)+neV (2.1.26)

Where V,,; does not depend on source (external due to gate and donors). Where Eit
and B/ are energies of the initial and final states in the left reservoir. For tunneling

from E* to E7%¢ E* must be occupied with the probability that

P! = f(E*Y(N) — Ep) (2.1.27)

occupied

For tunneling from an initial state E£% in the left reservoir to a final state P in the
quantum dot £/9? must be empty so that occupation number n, = 0. For tunneling

from E*? to E/!(unoccupied probability for the left barrier) is given by

P! =1— f(EMY(N) - Ep) (2.1.28)

unoccupied ~

But for tunneling from E*" to E/% E* must occupied with the probability that

. f(E"(N) — Ep) (2.1.29)

occupied

Unoccupied probability for the right reservoir is given by

P =1— f(EF"(N) - Ep) (2.1.30)

unoccupied
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The initial energy of the right reservoir is given by
B — By — eV 4+ (N 4+ 5%
T=FK,—¢
2°C
=E,+UN+1)—-UN)—(1—n)eV (2.1.31)

+ 77€V + e‘/;xt

Similarly, the final energy of the right reservoir is given by
fr 1. e?
E» :Ep—eV+neV+(N—§)C

—E,+UN)=U(N —1)— (1 —n)eV (2.1.32)

+ 6‘/ext

If a potential U is applied between the source and drain reservoir, current flows
through quantum dot. This current changes the distribution of electrons in the quan-
tum dot. The equilibrium distribution of electrons among the energy levels is changed
from its equilibrium distribution. The applied potential difference can now be con-
sidered as a perturbation that changes the equilibrium distribution. At T = 0 the
position of the conductance peaks as a function of gate voltage can be determined
from a consideration of the equilibrium properties of the system only [17]. The tem-
perature dependence of the amplitude and width of the Coulomb-blockade oscillations
requires solution of the none equilibrium probability distribution P({n;}) from kinetic
equation 22 = 0. Beenakker [18] has derived an analytical expression for P in the

resonant tunneling regime, which generalizes earlier results by Kulic and Shekhter

[19] in the classical regime.

2.2 Linear response conductance

In linear response theory, the response as a linear function of the perturbation.

P({ni}) = Feg({ni})[1 + —‘P({m})] (2.2.33)

W({n;}) is the correction term due to the application of the perturbation. The equilib-
rium distribution is shifted by the factor ¥({n;}). The none equilibrium probability
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evolves in time according to the master equation. The master equation has gain
terms and lose terms. The none equilibrium probability distribution P is a stationary
solution of the kinetic equation.

% ==Y P({ni})bn, [T, f(E"(N) = Ep) + T} f(E""(N) — Ep)|—

> P({ni})o,,, [Ty (1 = f(ETH(N)) = Er) + (1 = f(E(N)) — Ep)]
+ ) P, eyt L npa, ey )00, X [Dh(1 = f(EPH(N + 1)) = Ep)+

I7(1 = f(EM(N +1)) = Ep)] 4+ Y P(na, e ye1, 0,11, o ), X

p

TLF(EY(N —1) = Ep) + I f(E"" (N — 1) — Ep)] =0 (2.2.34)

This kinetic equation for the stationary is equivalent to the set of detailed balance
equations ( one for each P = 1, 2,...). The two transition rates from N to N + 1 and

from N + 1 to N are equal when detailed balance holds.

Pry(nt, ooy, Ly, )[TH (L = F(EP(N 4 1)) = Ep) + Tj(1 = f(E*(N +1)) - Ey)]

= Peg(n1, osnp-1,0,111, ..., )[TLf(E"(N) — Ep) + T, f(E""(N) — Ep)]

(2.2.35)
During tunneling energy must be conserved
E""(N)=E,+U(N +1) = U(N) — (1 —n)eV
= E"(N) — eV (2.2.36)
Similarly
E'"(N)=E,+U(N)—U(N —1) — (1 —n)eV
= BH(N) — eV (2.2.37)

The (two-terminal) linear response conductance G of the quantum dot is defined as

G = 3 in the limit V' — 0. To solve the linear response problem we substitute Eq.

L
v



15

(2.2.35) into the Eq. (2.2.33), we obtain

P.y(nyyeynp_1, Linge, oo )[L+ ==Y (N1, ooy mp1, L, npya, -0y )]
x[0,(1 = f(EPY(N +1)) = Bp) + T} (1 = f(EY"(N +1) — Ep))]
= P.y(n1y .oy np—1,0,mp11, . )[1 + Ie(—‘;\ll(nl, s M1, 0,141, 0y )]
(TLF(E(N) = Be) + TR f (B (N) = Ep)] (2:2:38)
By rearranging Eq. (2.2.38), it becomes

eV
Peq<n1, cey Np—1, 1,7’Lp+1, PN )[]_ + ﬁllf(nl, cey Np—1, 1,7’Lp+1, )]
[T+ 10 — (TLf(EM(N +1) = Ep)) + T4 f(EY"(N + 1) — Ep)]
e
= Peq(nl, ceey np_l, O,?’Lp+1, cevy )[1 + —‘I/(nl, ceey TLp_l, 077’Lp+1, )]

KT
[5f(EY(N) = Er) + T, f(E"(N) - Er)] (2.2.39)

Upon equating zeroth order terms on both sides of applied voltage from Eq. (2.2.39)

, we have

Peg(n,ocynp_1, 1m0, . )[TL(1 = f(EPH(N + 1) — Ep))+
[h(1 = f(ET(N +1) — Ep))]

= Peg(n1, s np-1,0, 141, ., [T, f(EY(N) — Ep) + T, f(E""(N) = Ep)]  (2.2.40)

Similarly, equating first order terms of V from Eq. (2.2.39), we obtain

eV
P€q<n1, cey Np—1, 1, Npt1, ey )ﬁ\lf(nl, cey Np—1, 1, Np+1, )
x[[L(1 = f(BM(N +1) = Ep)) + T, (1 = f(EM(N +1) - Er))]
eV
= ﬁPeq(nl, vy Np—1, 077’Lp+1, ceny )\IJ(nl, cey Np—1, O, Np+1, 7)

x[TLf(EY(N) — Ep) + Th f(E""(N) — Ep)] (2.2.41)
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But,
f(EPY(N+1)— Ep) = f(E, +U(N +1) — U(N) +neV — Ep)
= f(e +neV) (2.2.42)
Where ¢ = E, + U(N + 1) - U(N)-Ep and N = 3. n;(i # p). Similarly:
f(EM(N +1) = Ep) = f(E, + UN +1) = U(N) = (L = n)eV) — Er
= fle = (1 —n)eV) (2.2.43)

Similarly; f(E*(N) — Er) = f(e + neV) and f(E""(N) — Er) = f(e — (1 —n)eV).
By inserting Eqs. (2.2.42) and (2.2.43) into the Eq. (2.2.41), we obtain

€
Peq(nl, sy Np—1, 1,Tlp+1, ceey )[]_ + —\I/(nl, cey Np—1, 1,Tlp+1, ceey )]

KT
[T, (1= fle+neV)) +TH(1 = f(e = (L = m)eV))]
= P.y(niy ooy np—1,0,mp11, ..., )[1 + ;{—‘;\D(nl, s 1,0, M1, ey )]
[CLf(e+neV) + T} f(e — (1 —mn)eV)] (2.2.44)

We can expand the Fermi functions using Taylor series and we take linear terms.

fle+neV) = f(e) + neV% (2.2.45)
fle=(0=n)eV)=f(e)— (1 - n)eV% (2.2.46)

From Eq. (2.2.44) TL[1— f(e4neV)|+T5[1— f(e = (1—n)eV)] = (CL+T7)(1— f(e)) +
eV%[(l -}, — nFé And Féf(é +neV) + T f(e = (1 —n)eV) = (Fi, +1I7)f(e) +
eVg—J;[nI’;J — (1 =n)I7]. Therefore, Eq. (2.2.44) becomes

eV
Peq(nl, ey Np—1, 1,np+1, ceey )[1 + ﬁ\lf(nl, vy Np—1, 1,np+1, vy )]
r of .
{15+ T = f(2) + eV o= (1 = )T} = nly)}
e
— Peq(nh ...7np—1707np+1; ey )[1 -+ ﬁ\lf(nl, ...,np_l,O,an, ceny )]
af

(TL+170)f(e) + eva(nrg —(1—n)I7}) (2.2.47)



Then, Eq. (2.2.47) can be written as:

17

P.(ny,ccoynp_1, 1,npq, ., )(F; + )1 = f(e) +eV[Pey(ni, ...;np1, L, np41, 00 )

(B
(V) (1 )Ty — T

KT
3 v
PKT

= P.y(ny,...;np-1,0,1p41, ..., )(Fi) +T0)f(€) +eV[Peg(na,...,np1,0,mp11, .

%[nf’; - (1- W)F;](Fé + F;)f(e)i(nl, s M1, 0, M1, oy )] + (€V)

KT

0 v
(L= —nlh) + (TL + o) (1 = f(€)) == (n1, ooy np—1, 1, 1, ..

ks

_(nla ey Mp—1, 17 Npt1s ey )P6q<n1> ey Mp—1, 17 Npt1y .-y )

)
20
Oe

\J
[nF; — (=)= (n1, s p1, 0,111, oy ) Peg(na, oo mp1,0,mp 41, 0,

KT

Equating zeroth order terms of V from Eq. (2.2.48), we obtain

Peq(nl, vy Mp—1,4 1, Mpt1y ey )(Pi) + F;)(l — f(é‘))

= Peq(nla -~-7np71707np+17 7) (F;in + F;)f(&')

By simplifying Eq. (2.2.49), we obtain

P.y(ny, . onp1,1,npp1, 0 ) (L= f(€) = Peg(nay ooy np—1,0,mp11, ..., ) f(€)

As can be seen from the above equation

1
1— =1-

= f(e)e’™

On inserting Eq. (2.2.51) into the Eq. (2.2.50), we obtain:
Poy(ny, sy 1, 1, npit, s ) f(8)€5 = Pog(na, ooosmp—1,0,0p11, -0, ) f(€)
By simplifying Eq. (2.2.52), we get

_ —Be
P.y(ny,...onp1, 1,041, ...,) = Peg(na, ... ,np—1,0, 1541, ..., )e

(2.2.48)

(2.2.49)

(2.2.50)

(2.2.51)

(2.2.52)

(2.2.53)
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Similarly, equating first order terms of V from Eq. (2.2.48), we obtain

of .
P.,(ny, . onp1,1,np41, .0, %Kl — I — ]+

() T0)(L = £()) s W (1, o s Lt )}

KT
of " .
= Peq(nla vy Tp—1,4 Oanp+l> B3 ){E[UF;ID - (1 - U)Fp] + (Fiy + Fp)f(g)
1
ﬁ\IJ(nl, ...,np_l,O,np+1,...,)} (2254)

By simplifying Eq. (2.2.54) and rearranging we obtain

0 1
6_56{@_‘5[(1 - n)F; - nrlp] + (Fi) + F;)f(€>eﬁe_\lj(n17 ceey Mp—1,4 17 Np4i1y ey )}

KT
of . ., 1
- E[UF; - (1 - T])Fp] + (Fi) + Fp>f<€) ﬁ\:[j(nla ey Np—1, 07np+17 7)

(2.2.55)

In View of Eq. (2.2.55)
1
ﬁ(T; + ) fEN (N1, oy np1, L, npg1, o) = V(01,0 11,0, 1415 0, )]
of

- E[nr; — (1 =n)3] [1+e 7] (2.2.56)

By arranging Eq. (2.2.56), we obtain

\If(nl, ey Np—1, 1,np+1, ,) = \I](Tll, ...,np,l,(),npﬂ, ceey )+

KT Fl + Fr o Fr
—g(l + 6—66)[77( p p) P
f Oe L +T7

] (2.2.57)
By simplifying eq. (2.2.57), we get

U(ng,...,np—1, 1, np41, 000y ) = U(Ng, oo, np—1, 0, Mpyn, oy )+

KT of T
1 —fBe - p
f 85< +e ) L+ 1Ty

] (2.2.58)

But,
f'(e) = =B f*(e)e™ (2.2.59)
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KTf'(e) = —f*()e’ (2.2.60)
KTf'(e)(1+e7%) = —f2(e)(1 +€¥)
= —f(e) (2.2.61)

By substituting Eq. (2.2.61) into the Eq. (2.2.58) and simplifying yields
L

U(ng,.ynp_1, 1, p41, oy ) = U(ng, ooy np1,0, 1041, o0y ) + RS -n  (2.2.62)
The solution is the total sum over each occupation number.
U({n;}) Z i ( Fl + o — 1) + constant (2.2.63)

Now if I‘l = I', then for identical tunnel barriers), and if n= %, the first

rl+rv = %7 (

order non-equilibrium correction ¥ to P, is zero.

P({n;}) = P.,({n: ) {1 + K‘; [constant + Z ni([‘l I—EF” — )]} (2.2.64)

The stationary current through the left barrier equals the right barrier, and is given

by:

L= eSS TP} By FEH(N) — Be) 6 [L— (BT (N)— E)]} (2265)

p=1 {n;}
The first term gives the probability to find an electron with energy E on the left side
and a corresponding empty state on the right side. The second summation is over
all realization of occupation numbers {ni,ns,...} = {n;} of the energy levels in the

quantum dot each with stationary probability P({n;}).

—e Y Y T P({n;}) {0n,,f(e +neV) = b, (L= fle+7meV))}  (2.2.66)
P {ni}

Linearizing f , f(e + neV)= f(e) + nevg—g and Eq. (2.2.66) becomes
of

=—e> > T P {(Bnyp + 0,0 ) f + neV == (Bny o+ Onypa) = On,n} (2:2:67)
P {ni}
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Then, we obtain the expression for the current as follows.
= —ez ZFl {n HIf + ne\/g — O 4 (2.2.68)
de s
P {n}
The current(I) through the quantum dot for first order in V is obtained by linearizing
after substitution P({n;}).

I= e 30 S TP () [+ W (D) 5y o0V 02—, (1= eV 2L))

p {n;}

(2.2.69)

By arranging Eq. (2.2.69), we get
L= S S T R (B + 8 KT P + W( 1), ()
U({n:})ds,.. f(e)e”}
(2.2.70)

In view of Eq. (2.2.51) e/* = %; KTf'(e) = f(1— f) so that Eq. (2.2.70) becomes

_ev SN TLP({ni)e™, F(e){(Bnyo + Ony ) f — 1+ T({ni})6, 06—
T

p {TLZ}

V({ni})on,,}
(2.2.71)

Whete, (Pey({1:})80, 0 + Pea{015))80, KT ()} = Peg{ni})30, 0 (€). In views of
Eq. (2.2.53) we have:

—Be
P.y(ny, . onp1, 1m0, )Y (g, o, np1, L npg, .y e

= Peq({ni})%p,o\ll(nl, ey Np—1, ]., Np4+1y -1y ) (2272)

By substituting Eq. (2.2.72) into Eq. (2.2.71) and after rearrangement we get:

eV
— SN TLP({nid)dn, o fE M+ U(n, npr, L nper, ) —
P {n:}

U(ng,...,np—1,0,np41,...,)]  (2.2.73)
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In view of Eq. (2.2.62) :

r

n—+ \I/(nl, cy Mp—1, ]_, Npt1y-oey ) - \I/(nl, vy NMp—1, 0, Npt1y -0y ) = Fé :P; (2274)
Inserting Eq. (2.2.74) into the Eq. (2.2.73), we obtain

p {n;} P
Now, we are ready to calculate the conductance through the quantum dot. The

conductance is defined as:

G- lim(é) (2.2.76)

By substituting Eq. (2.2.76) into the Eq. (2.2.75), we get

KTZZFZ +rr eq({ni})0n, o f(€) (2.2.77)

p {n} P

Using Eq. (2.2.53), P(n1,...;np-1,0,1p11, .0y ) = P(ng,.cynp 1, 1,np01, ..., )e%, s0
that Eq. (2.2.77) can be written as:

1) E N+1)—UN)=-E
KT;{;}FHPT o({ni})0n, o f(Ep + UN +1) = U(N) — Ef)
rire N
ZZFJ +rr eq(M1, s M1, 1, g, ) f(€)e (2.2.78)

p {n;} P

In view of Eq. (2.2.51), 1 — f = f(¢)e”, the conductance becomes:

o FlFr
KTZZ L+ Peg(N)Feg(Ep|N)[1 = f(Ep + UN) = U(N — 1)) — E¥]

p N=0

(2.2.79)
The probability to find N electrons in the quantum dot in equilibrium with the reser-

voirs (at T'= T, = T,)is given by the Grand Canonical distribution function.

Poy({ni}) = Cexp{—B[> _niF; + U(N) — NEp|} (2.2.80)
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The distribution of electrons among the discrete energy levels is:

Z-Peq {nz 5Nznz

{ni}
_CZ —B>; niBi+U(N)— NEF(S an
{ni}
= Ce PWININER N " o= fainibig N, Zn (2.2.81)

{n:}

Where, F(N) = —KgTinZ(N) = -KgTIn[}_,, e PRimBigN 3 n] = e PEW),
Then, Eq. (2.2.81) becomes

P (N) = Ce AEWNHFUWN)-NEF) (2.2.82)

Where, C = >, e #™ The free energy of the internal dot of the quantum dot is
defined as

=Y nE; — TS(N) (2.2.83)
The Landau or grand potential is

Q(N) = F(N)+U(N) — NEp
= ZnE TS(N)+U(N)— NEp (2.2.84)

Q(N) = F(N)+U(N) — NEF, Q is the thermodynamics potential of the quantum
dot. If % > kT, the effect of the charging energy must also be taken into account.

For a given N

o7 2 3 g Pl O BN (B, + D) ~ V(N 1) = By)

(2.2.85)
This distribution functions expresses the tunneling of an electron from an initial state

P in the dot to a final state in the reservoir requires an occupied initial state and
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empty final state. In this classical limit, one may approximate;

—B(F(N)+U(N)-NEFR)

Peq(N) = ° 7
_ eg;{—oiglﬁ(é\(%} (2.2.86)

The conditional probability that the quantum dot energy level E, is occupied given

that the quantum dot contains N electrons is :

eq(E |N ZPGQ {nl ”pl(SN Zn’
eq {nz}
. ZN e PN ] —B[>; niE;+U(N)—NEFp]
= —e—BQ(N) E Z (& v e 5np,17 6N7 Z n;
{ni}
— G'BF(N) ZG_BZiniEi(;Np,l(sN’Zni (2287)
{ni}

Where Z = Yy e W) and U(N) — NEp = Q(N) — F(N) Now, from Eq. (2.2.85),
we can check that 3y Peg(N)Feg(Ep|N) = 320,y Peg({ni})dn,

Z{n} ZN e BAUN) g=B2 2 niEi oBF(N)
Z PR = Yo e PN
- Sy €N

{n:}
> iniEBi+U(N)— NEF)5

_Z e Pa) =

{n:}

=" Py({ni})sn,, (2.2.88)
{ni}

Then, the conductance becomes:

> Flrr
KBTZZFl—i—FT eq(N) Feg(Ep|N)(1 — f(E, + U(N) = U(N — 1) — Ep))

p=1 N=1"P
(2.2.89)




Chapter 3

High and low temperature
behavoir

3.1 High temperature behavior

We will now discuss some limiting cases of the general result Eq. (2.2.89). We consider
the quantum dot in the high temperature limit Kg7T > AFE. The high temperature

limit of interest for comparision with the low temperature. Classically:
E=TS—PV+uN+U(N) (3.1.1)

The internal energy (E) can be a function of entropy S, Volume, V and the number

of particles N: if P = 0, negligible,
E=U(N)+) nE;
=TS +MNZ—|— U(N) (3.1.2)
The free energy is
F=> nE TS

= N (3.1.3)

24
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Now, the thermodynamics potential of the quantum dot is:

Q= F(N)+U(N) - NEp
= U(N)+ N(i — Ep) (3.1.4)

Therefore, P,,(N) takes its classical form
Peq(N) - Pclassical(N)
o—BUN)+N (i~Epr))

- Sy e PUMN+N(E=Er) (3.1.5)

it is the chemical potential of the quantum dot in equilibrium. The summation over
P in Eq. (2.2.89) may be replaced by integration over E, multiplied by the density of
states p(E) in the quantum dot. If KT < fi, Er, we disregard the energy dependence

of density of states and of the tunnel rates. The conductance becomes

2 | Oy E = )0 = I 4 ) P 1
(3.1.6)
Where, we have used A = U(N) —U(N — 1)+ g — Er and f(E — p)(1 — f(E +
UN)=UN =1) = Ep)) = f(E = p)1 = f(E—p+A). 3, = [p(E)dE. Only
states near E ~ i contribute to conduction as KT < fi, Er and then, p(E) — p(i1),
IY(E) — T'(), and T7(E) — I (ji). We can write Eq. (3.1.6) as follows;

G = 6[/()-(7-,) Fl /_Eﬁj /z Z Pclasszcal / f f(E_ﬁ+A))dE (317)

In the classical form one may approximate Fi,(£,|N) by the Fermi-Dirac distribution
Feg(EpIN) = f(Ep — u(N)) (3.1.8)

If KT > AF, the chemical potential is determined from

N =3 f(E, — u(N)) (3.1.9)

P=1
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Where f(E,—u(N)) = —m—my- KT > AE, but KT < y, Er, one may in gen-

1+66(EP*H(N
eral disregard the energy dependence of the density of states and tunnel rates. Therefore,

e?p T & >
= — Possi E— 1—- f(F— A))dE 1.1
G KT Fl I T NZ:1 classical(N) /0 f( M)( f( H + ))d (3 0)

To evaluate the integral in the Eq. (3.1.10), we make a change of variable. Let
y=0(F—pu) — dE = %y, r = AB = 2= and from this follows, then Eq. (3.1.10)

KgT
becomes:
o
e2p T o

=_ Possi KT 1-— d 111
G KTFZWNZ:l o0 KT [ F @)1= fy+a)dy (3.1.11)

We considered the limit of integration —fu — —oo — [fu — oo and since fSu >

L —=Bu — —oo, [ f(y)(1 = fly +2))dy = Bx(l — e )" = Bg(x). Then Eq.
(3.1.11) can be written as:

G = ¢p I i Prtassicat(yA(N) (1 — e P2~ (3.1.12)
KTT! 417 &~

Where, I and p are evaluated at energy i1 we used that p(N) ~ constant = p for
all N which Pygssicar(n) differs appreciably from zero. Where g(A(N)) = A(N)(1 —
e AN =1 Therefore, for AE < KT < [i, Er

_ l
a— ’p(p) Tl

KT T.

ﬂz Z Pclassical(N)g(A(N>) (3113)
(m) fi

M
+ F(u) N=1

The normalized conductance of Eq. (3.1.13) is

[e o]

o3 Psenean(N)g(A(N)) (31.14)

N=

Where, G, = %% Now we check that from Eq. (3.1.13) g(A(NV)) is equal to

N2e2
DYe!

U(N) — Ned,,, (3.1.15)
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2

U(N)—U(N —1) = ;—C[NQ N2 42N 1] + e,
- f(N L1 ea 3.1.16
- O 9 EPert ( e )
U(N)—U(N —1) = A(N). So that
e? 1

If in addition to KT>> AE and KT > % (while still KT < fi, Er), then the effect
of the charging energy may be ignored as well.

oA =

2
C(N-YH+ebp +pn—FE
_ _cWN =5+ edentp— Br (3.1.18)

1 — eC’e}?T[( 2)+Cq>e'rt+ (,LL EF)}

We can expand the exponential term in the denominator using Taylor series and Eq.

(3.1.18) becomes

g(A(N)) = TN =) e po = B (3.1.19)
T= (1= BIZ(N = ) + oo+ — Er] +—)
Neglecting higher order terms
oAV = G = 2+ ety = B
G(N = 3) + Qe+ p— Ep
= KgT (3.1.20)

By substituting Eq. (3.1.20) into the Eq. (3.1.13), we obtain the expression for

conductance as follows.

G = 620(,&) ,;11_ lz) Z Pclasszcal (3121)

I'(
Iy
By normalization
DI (1)
G = 62 P —
TGy + ()
2

— G, ifAE, % < KT < 1, Ep (3.1.22)
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The conductance of the individual barriers and the quantum dot in the high tem-
perature limit KgT > €*/C,AE neither the discreteness of the energy levels nor
the charging are important. The conductance then does not exhibit oscillations as
a function of gate voltage. The conductance of the quantum dot in the high tem-
perature limit is the two tunnel barriers in series [20]. G' = €?pI' and G™ = e?pl"
are conductance of left and right tunnel barriers respectively. The high temperature

limit is of interest for comparision with the low temperature.

B e2pl'Tr
[T
GlGr 2
= AFE, KT < E 3.1.23
et 0<< 5L < Epf (3.1.23)
é = R, is the resistance of left tunnel barrier. R; = egprl, R, = 2[1)1,7. tunnel resistance

of right reservoir. If we did not take Su — oo, then we can expand f(y + x) in Eq.

(3.1.11) using Taylor series as follows.

Fly+a) = ) +2f )+ 5 ) + - (3120

Let f'(y) = —f%e¥ then, f"(y) = —[2ff" + f*le’. The right hand side Eq. (3.1.24)

can be written as:
2

S =iy = [ g sy [ -

—/ dyff” (3.1.25)
B

Where, % = —f2%¥ = —f(y)(1 — f(y)). Let we solve the right hand side of Eq.
(3.1.25) separately:

e [ W),

s sy = [ Dy
1 1
=i e

1
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| stswre) = [ P

B —Bp dy

_ 9zrf;y)2 /C;

o 1 1
N 5[(1 + e>)? B (1+ e—ﬁ“)Q}
= ST oy (3.1.27)

/_ T E ) ) = (3.1.28)

2
B
To evaluate the integral in the Eq. (3.1.28) we make a change of variables. Let

fr=—fe"and f" = —Q2ff'+ f*)e’ = f'(y) — 2 f'e".

fr = [ =21 fe
= ff +2f" (3.1.29)

To obtain the expression of f/2 :

Let 3 (f)e”) = (1 + e (3.1.30)

Then, from Eq. (3.1.30), we obtain f as follows.
= e’yi(fey) —f (3.1.31)
dy
Now, by multiplying both side of Eq. (3.1.31) by f’, we get
12 ! _— d !/
[7=1Tre yd—y(fey)—ff (3.1.32)
In inserting Eq. (3.1.32) into the Eq. (3.1.29), we obtain:
1 / / ! _— d
TI=11=2ff+2fe y@(fey)

/ /fyd Y
=~ I 2 () (3.1.33)
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In inserting Eq. (3.1.33) into the Eq. (3.1.28) we get

o0

fw)f"(y)dy = — ffldy+2 f e (fey)

—Bu —Bu -

~prr =Ly, - / frrag 2 [ fray o (3.134)

—Bu
By integrating by part, where, Sffﬂu [ ff'dy=12ff — 7 + f?]1%%,, and finally, Eq.
(3.1.34) becomes

/_Oo PO W)y = 2175+ 1,

By
f 2\ e
2 e‘ﬁ“ 1
== — 3.1.35
3((1 + e*ﬁu)?’) 6(1 +eBr)2 ( )
So that on taking into account Egs. (3.1.35), (3.1.27), (3.1.26) and substituting into

the the right hand side of Eq. (3.1.25), we get

0o ] 1 x 2 r2e—Bu
i yf(y)(1—fly+a)) = 1+ e B + 2(1 + e—Pr)2 T 12(1 + e=Fnr)2 N 3(1 4 e=Bn)3
1 2?4 6x zle=Pr
- 1 — 1.
1+ e*ﬁu[ + 12(1 +ebBr)y  3(1+ 6*5“)2] (3.1.36)

In inserting Eq. (3.1.36) into the Eq. (3.1.10), we obtain the expression for conduc-

tance.
Ep( (W (1)
G = Pc assica
) + T )1+ 9] 2 o)
A(A+6KT A2e=Bn
14— DA +6KT) ¢ (3.1.37)

KT (1 + e )~ 3(KTP(1+ e Py
From Eq. (3.1.37), let we first calculate A, Pygssicar(ny, < N >, < N? > and < A% >

A=UN)-UN=1)+pu— Ep

1
:(N—§)UC+[L—EF
Ue

= U.[N + a (3.1.38)
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Priassicai(ny = Ce” PUNITNE=ER)

_ 0676(%U0N27(EF+6VETt7M)N)

= e~ (N-a)*/20° (3.1.39)

Where, a = [M_UfF - %]7 Oclassical = A/ KUB;T, C=> .1 e~ (N=a)?/20% e average value
of < N > is given by:

S Nem(N=0)* /952
Doy e T 20
Let y = N-a — N =y + a and so that by substituting in the Eq. (3.1.40), we obtain
S (y + @) /207
> e v 202

f:y—i—a cy/z ,—a — —00

< N >=

(3.1.40)

<N >=

y=—a y=—a
= a~|—/ ye_cdey// e_Cdey
—a (3.1.41)

All others vanishes since it is an integral over an odd function.

< N2> — Z NZef(Nfa)2/202/ Ze’(N’a)Q/Qﬁ
N N
=Y (+a)yeVdy/ D eV dy

= / (y +a)*eVdy/ / eV dy

=a’ +o” (3.1.42)
U, Ue
<A2>:U5<N2>+2UC(EF—M+7) <N>+(EF—u+7)2
20,2 2 UC UC 2
=U:(a”+0%) = 2Ue(Bp —p+ o )a+ (Bp —p+ =)
= (Ep + eVigt — p)* + U KT —
U, Ue
2(Ep — p+ 5 N Ep + Vi — i) + (Ep—,u+7)2 (3.1.43)
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By substituting Eqs. (3.1.41) and (3.1.42) into the Eq. (3.1.43) and simplifying, we
obtain

< A2 >= %(Uc + 4KBT) + Q%xt(e‘/&rt — U@) (3144)

Now, by substituting Eq. (3.1.44) into the Eq. (3.1.37), we get the general expression
for conductance as the following.

6KTeVig, — 3KpTU, + U KT + eVige(eVis — Us) + UT?}
12(KT)2(1 + ehu)
+ (—€Veat + % + KBT)Ucefﬂu
3(KT)%(1+ e Pn)?
Vet (6K BT + €V — Us) — 2U. KT + %=
12(KT)2(1 + e=Br) a
— (Vear = KT = 5)Up)e
3(KT)?(1+ e Pr)? ]
_ Gl + V2, + (6KpT — Ue)eVew + U.2Kp — &) B
12(KT)%(1 + e Pn)2
— (6KpT 4 Ue.)eVe + U.(2K T + Ye)e P
12(KT)2(1 + e Fn)2
By the same procedure and rearranging Eq. (3.1.45) finally we get the following

G=G,[1+{

2v2

ea:t

= Go[l +

( 2v2

ext

2v2

3( ext

)] (3.1.45)

expression of conductance.

2V2 + 6KBT€V + — 2KBU
G = G|l + —& = = 3.1.46
[T+ 12(KpT)? ] ( )
Where G, = elifﬂ,rf and < Vm%g?;;‘;f)“ 2K5Ue s the correction term to the high

temperature value.

3.2 Low temperature behavoir

In this section we will discuss the conductance at low temperature, i.e if KT < AFE,

then the general equation of conductance becomes:

g S
G_KTlelel_i_Fr eq(N)Feg(Ep|N)(1 — f(E, +U(N)—U(N —1)) — Ep)

(3.2.47)
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All energy levels £, are small that G is maximum if 1-f = maximum. 1-f is maximum

7. fis minimum it £,+U(N)—-U(N —

. . _ 1
if f maximum f = THesp(BE,TUN)—U(N-1)—Er
1) — Er is maximum. For low temperature, KT < AFE, all energy levels P = 1, 2,
...y N are occupied. Fi,(E,|N) = maximum = 1 and F.,(E,|/N) = 0 as P > N. The
thermodynamics potentials is

N/2
Q(N)=2> E,+U(N)- NEp (3.2.48)

From Eq. (3.2.48) we can calculate the expression for E, as follows.
AE = E,, — E, (3.2.49)

By using Eq. (3.2.49) Ey = FEy, By = Ey + AE,..., and E,, = E; + (n — 1)AE. Let

K = 225:/ 2 E, and we can find the expression for K(kinetic energy) as follows and

where n = %

N/2

K=2)E,
p=1

=2(E1+ Ey+ ...+ E,)
n—1
=2nF +2) PAE (3.2.50)

p=1

From Eq. (3.2.50) let we say s = Z;:ll PAE

2s = AE+2AE+, ..., +(n —1)AE+ (n — 1)AE + (n — 2)AE+, ..., +AFE

=nAFE +nAE+, ..., +nAFE

=nAFE(n—1)
=n(n—1)AFE (3.2.51)
Solving for s we get
s=Mn=b g (3.2.52)
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By substituting Eq. (3.2.52) into the Eq. (3.2.50), we get

K =2nFE; + 2s

=2nFE; +n(n —1)AE
N/2(N/2 —1)
2
AFE

=NE| + AFE

The charging energy U(N) of the dot change discretely because of a change in number
N of electrons on the dot (through tunneling to or from the source leads), or it changes
continuously because of a change in the voltage on the external gate electrode and

the charging energy is calculated as follows.

U,

U= NN~ 1) = NeVe
Ue Ue
e 7N2 — (6‘/6@5 + 7)N
. Uc 2 1 e‘/ext
U.
= ?[(N — Ny)? — N (3.2.54)

Where, Ny = § + €g=t. Finally, inserting Eq. (3.2.53) and Eq. (3.2.54) into the Eq.
(3.2.48), we get the expression for Q(N) as follows.

AFE
Q(N)=NE; + N(N — 2)T + N(N — 1)% — NeVoyy — NER
AE U, AE U,
= [T + ?]N2 — [T + 76‘/ext + EF — El]N
1 AE (Ep + Vg + LEBE — B))
=-(U.+—)[N* -2 2 |N (3.2.55)
2 2 U+ 2

Arranging Eq. (3.2.55), so that it can be written as

QN) = (U + SV — No)? — N3] (3.2.56)
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Ep+teVezi+ W —En
==

that minimizes Q(N).

Where, Nq =

. P.y(N) is maximum (nonzero) for that value of N

Q1 AE
v = 5(Ue+ =) (N = No)* = Ng) = 0 (3.2.57)

Ep + eV + U422 — By
AE
Uet 5

IfU,. = % > AF and F; = 0, AE < U,, €V, Er, then Eq. (3.2.58) reduced it to

Nypin = N = (3.2.58)

G%xt + EF

Npin = —— 2 3.2.59
o (3:2.59)
Epievi,—te — B0
Nmin —1= et 2 3.2.60
U.+2E ( )
Er+eV.y — FEi 4+ 2U.+ AFE
Noin + 1 = 2 3.2.61
&E 4+ U, ( )
1 AFE

Q(Npin) = —i(Uc + T)NE2 (3.2.62)

1 AE. ., 1 AE

Q(Npin — 1) = —§(Uc + T)NQ + §(Uc + T)

1 AFE

= Q(Ngq) + §(Uc + 7) (3.2.63)
Q(Npin — 1) = Q(Nppin + 1) (3.2.64)

Because (N, — 1) and Q( N, + 1) has horizontally the same value of conductance.

1 AFE

AFE
2

) (3.2.65)

UNin) ~ Ui 1) = —2 U+ 50 (3.2.66)

Therefore going from N, — Npin-1 and Ny — Npwn + 1 increases 2 and
as temperature — decreases. Therefore, the value of N that minimizes A(N) =
Q(N)—Q(N —1) = 0 can have only those particular values that depend on: i, Fermi

2

energy(Er) ii, eVezr = neV — aeVy + eVionors varies with V, Vi, Vignors, iii, Ue = .
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It depends on as the gate voltage is varied V,,; varies and thus N,,;, assumes differ-
ent values and the conductance becomes peaked [21]. As temperature — decreases,

conductance is suppressed.

(Ue ) )
P(N) = Ce #rar [(V-Nonin) =N

202

= Cexp{ } (3.2.67)

In Eq. (3.2.67) the expression of C is given by
C=>" e NNmw)?/20" (3.2.68)
N=1

Using Eq. (3.2.67) into the Eq. (3.2.48) we get

oo _ (Nmein)z N 1
G Yn—1€ 2 Y pi s
— = — (3.2.69)
GO 00 7(N_Nmzn)
D N=1€ 207
62 l -
Where A = NE.+ PAE — (Erp +eVg+ +E,) and Gy = ﬁzim As temperature

— decreases, the width of the Gaussian distribution oy — decreases, and thus P(N)
becomes sharply peaked around N = Ny,,. Pey(N) is sharply peaked around N =
a. Where, 0 = 4/ %. As temperature decreases o decreases. If ¢ < 1 then any
number N # N,,;, has zero probability. A(N) is minimum at N = N,,;,. In the low
temperature regime, KT < AF, the term with P= N = N,,;,, gives the dominant

contribution to the sum over P and N in the conductance.

e_ﬁQ(N’min)
Peq(Nmin) = e—BUNmin) + e B Nmin—1)
= f(Anin)if KT < AE (3.2.70)

Z;V:’T” E, + U(Nmin) — U(Npin — 1) — Ep. Moreover F,,(E,|N) = 1 in this limit.
In the low temperature limit: By substituting Eq. (3.2.70) into the Eq. (3.2.47), we
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have the expression for conductance:

LGS Y YN R N (3:2.71)
- KT Fé\[mm +FTN min - min L.

min

G

Eq. (3.2.71) can be changed into the cosine hyperbolic functions and f(1 — f) can be

written as

61

(2es (35402
B 1
-~ 4Cosh?x

fA=1) =

(3.2.72)

Where, Coshz = 42— and f(A) = 1—5x. By substituting Eq. (3.2.72) into the

Eq. (3.2.71), we obtain

eI 1
G = 3.2.73
AKT(I'' 4+ 1) Cosh?(BAmin) ( )
Then, Eq. (3.2.73) can be arranged as
G 1
= 3.2.74
Gmaz COSh2(%) ( )
Where, G0 = D" s the amplitude. and x = SA. For quantum dot, P = N

AKpT(TI4T7)
+ 1 is vacant for release P = N occupied and thus N -+ N + 1 and N +1 — N, N —

N -1, N-1 — N.

3.3 The periodicity of the Coulomb-blockade os-
cillations

The charging energy takes the form.

(Ne)?
2c

U(N) = — Ned,,, (3.3.75)

A metallic dot has a very energy level separation at the Fermi level, so that the

change in Fermi leads may be neglected. The ground state of such corresponds to the
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minimum value of U(N) and which requires the occupation sequence N — N — 1 —
N — N —1,..., is blocked at low temperatures, except when U(N) = U(N-1). The

conductance thus exhibits peaks periodic in ®.,;, located at

l.e
b = (N — =)— 3.
= ( 2)0 (3.3.76)

A peak in low temperature conductance occurs for some integer N.
En+U(N)—-U(N —1)=Ep (3.3.77)
By substituting Eq. (3.3.77) into the Eq. (3.3.76) gives as the condition for a con-

ductance peak.

1 2
En + (N — 5)% = Ep + eDyy (3.3.78)
1. ¢e?
Ey=FEx+(N—-2)=
= Ep + e®uy (3.3.79)

The normalized energy level spacing is enhanced above the bare level spacing (AFE)
by the charging energy %

2

AE* = AE + % (3.3.80)

If % < AE, Eq. (3.3.79) is the usual condition for resonant tunneling and if % >
AFE, Eq. (3.3.79), describes the periodicity of classical Coulomb blockade oscillation
in the conductance versus gate voltage. The electrostatic potential difference between

gate and 2DEG reservoir. We have
(I)ext - (I)d(mor + Oéq)gate (3381>

Egs. (3.3.79) and (3.3.81) imply in this case a periodicity amount AFE, while Er stay

constant. Then, the periodicity of the gate voltage is given by:

e AFE
BVoue = Lo+ G0

(3.3.82)

_ Cgate
Where, a = Conei Co”



Chapter 4

Numerical results and discussion

4.1 Numerical computation of electron transport
through quantum dots

In this section, we perform the numerical computation of electron transport through
the quantum dots. We present graphs of the results of using the equations that we
have derived. As can be seen from Eq.(2.2.89) the conductance cannot be evaluated
analytically but can be evaluated numerically. The usefulness of numerical compu-
tation is more recognized and today it is used in many domains of research and
development. we have described the model of the quantum dot analysed by listing
its essential parameters and by writing the physical laws that rule its behaviour.

We have solved Eq. (3.1.14), numerically for different values of thermal energy and
plotted normalized conductance as a function of gate voltage is shown in fig 4.1. At
high temperature the thermal energy is strong enough to overcome the repulsive of
Coulomb force. The alternative pattern of peaks and suppressed regions conductance
as a function of gate voltage is observed in the dot. When pg = pg4, the number of
electrons on the dot fluctuate by one and a peak in conductance is observed. Each
peak occurs when an electrochemical potential potential of the dot fall into the bias

window. in the valleys between the peaks the number of electrons on the dot is fixed

39
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Figure 4.1: Coulomb blockade peaks normalized conductance versus gate voltage
plotted graph of Eq. (3.1.14)

because of Coulomb blockade. We conclude that at high temperature the conduc-
tance of the quantum dot is constant.

The interaction potential energy of electrons plotted from Eq. (3.2.54) is shown below
in fig 4.2. As N increases the potential is negative and its magnitude increases and
finally become large negative around ~ -47e¢V, and constant at N = 20 to N = 30.
After that, potential energy becomes less negative and finally become zero for N =
80 and U = 0. After this U > 0, there is repulsion between electron and quantum
dot is not stable. With increasing gate voltage, the number of electrons on the dot
in its ground state increases. The potential energies are parabolic and no crossing of
energies lines. We conclude that, the interaction potential energies of electrons form
upward parabola with the same value of Fermi energy, average level spacing, charging
energy but different value of gate voltage.

Fig (4.3), shows the graph of Eq. (3.2.67) with the same charging energy, Fermi
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Figure 4.2: Interaction potential energy curves versus electron number in the quantum
dot and plotted graph of Eq. (3.2.54)

Probability
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Figure 4.3: Probability density versus disappearing oscillation except between N =10
and N = 30 with increasing number of electron electron number and plotted graph
of Eq. (3.2.67)
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Figure 4.4: Normalized conductance versus gate voltage and plotted graph of Eq.
(3.2.69).

energy, chemical potential, thermal energy, average level spacing but different value
of gate voltage and external voltage. The total capacitance Cp = 1.59 x 10~F and
thermal energy 2.50 x 10~2eV. The probability is zero for N < 10 and N > 30. The
probability is not affected by the number of electrons in the dot. The distributions
are well described by a Gaussian fit. The width of the distributions are narrower from
top to bottom and the fluctuations are measured in units of the classical charging
energy FE., temperature, and average level spacing. The width of the distribution
(standard deviation in the unit of the orbital mean level spacing).

We have solved Eq. (3.2.69), numerically for different values of thermal energy and
plotted normalized conductance as a function of gate voltage. The plot of Eq. (3.2.69)
is shown in fig. 4.4. For negative gate voltage conductance shows no oscillations
rather has a constant positive value 274.62. For ETH = 1.46 x 10~ and negative
gate voltage V, = -0.037V the conductance falls from max to min(G,,., = 274.62)
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Figure 4.5: Blocking conditions. Normalized conductance versus gate voltage and
plotted graph of Eq. (3.2.69).

to Gin = 12.05 and oscillate between G,,,;,, = 12.05 and G, = 71.31. As thermal
energy increase, oscillation decrease and the amplitude of the conductance oscillation
is decreased (KpT > AFE) for ETH =~ 7.28 x 1073.

At low temperature conductance through the dot is carried by electron tunneling be-
tween the dot and leads. Electrons tunneling are for a process classically disallowed.
Negative voltages applied to the metallic gates shows narrow tunnel barriers. We
conclude that the constant value of conductance in the positive gate voltage is less
than the constant value in the negative gate voltage and no oscillation in the negative
gate voltage.

The plot of Eq. (3.2.69) for low temperature in fig 4.5. is shown. For both negative
and positive gate voltage conductance show no oscillation. Negative voltage V, =
0.5V the conductance falls G40 t0 Grin (Grar = 54.92 to Gy = 34.69)for ETH =

1.82E-2, and shows no oscillations. As gate voltage, increases, conductance decrease
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TOTAL CAFPACITANCE = B.5E-018 AND FERMI ENERGY = 4.0

ETH= 0047 ——

Conductance

Gate Voltage (V)

Figure 4.6: Normalized conductance versus gate voltage when KgT < AFE and
plotted using Eq. (3.2.69).

approach a minimum value in the positive gate voltage(G,,;, = 34.69) and increases
gradually becomes constant(G = 46.70). The conductances blocking condition (G =
is minimum) are fulfilled at different gate voltage. As can be seen from the figure, at
high temperature, the conductance does not exhibit oscillation as a function of the
gate voltage.

At fixed bias voltage, conductance valley(minima) through the dot are shifted to the
right in energy proportional to the applied gate voltage. Transport blocked (Coulomb
blockade) regions in which no energy lies in the required energy window. We can con-
clude that the constant value of the conductance in the positive gate voltage is greater
than the constant value of the conductance in the negative gate voltage except for
ETH =1.82 x 1072,

In fig 4.6, we have plotted the normalized conductance as a function of gate voltage.

For a different capacitance with the same Fermi energy, the conductance becomes
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Figure 4.7: Normalized conductance versus gate voltage and plotted graph of Eq.
(3.2.69)

oscillatory for both negative and positive gate voltage. For ET H ~ 0.236 oscillation
disappear, conductance becomes constant(G =) 3.6. The faster oscillations corre-
spond to changes in the dot charge, and the slower oscillations are caused by direct
coupling from the gate. The size of the oscillations caused by dot charge increases
gradually as the total capacitance of the dot decreases. As ETH increases, amplitude
of oscillation decreases. Level spacing, capacitance, temperature, chemical potential
affect the oscillation nature of the conductance.

In fig 4.7, the normalized conductance in Eq. (3.2.69) is plotted as a function of gate
voltage. For negative gate conductance has constant value and shows no oscillation
for % = 0.2. For negative gate voltage, V;, = -0.18V the conductance falls from
Gmaz = 1 to Gy = 0.02 and shows oscillation in the positive gate voltage. For a

positive gate voltage V;, = 0.12V, the conductance increasing to G, = 0.25, then

oscillates between G, = 0.25 and G,,,;,, = 0.02. As the ratio of thermal energy to
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Figure 4.8: The variation of the normalized conductance (
voltage and plotted graph of Eq. (3.2.74)

) as a function of gate

level spacing increases, the conductance increases and oscillation disappear for %
= 1.

The oscillation decrease quickly with increasing temperature and finally the conduc-
tance is constant. We conclude that as temperature increase the constant value of
conductance in the positive value is greater than the constant value of conductance
in the negative value for the ratio of thermal energy to level spacing is equal to(%
= 1.6, 1.8 and 2) respectively. .

In fig 4.8, we have plotted the normalized conductance in Eq. (3.2.74) for different
values of thermal energy. It shows sharp maximum around V, ~ = -42.6V, and zero
a way from this value. As temperature decreases, the width of the Gaussian distri-
bution oy — decreases, and thus P(N) becomes sharply peaked around N = N,;,.
Numerical value of Gaussian width of probability ~ 6.93x1073!, the total capaci-
tance, Cr = 1.59 x107YF, and Fermi energy = 7.04eV. On the Coulomb blockade

peak, a single level contributes to transport.



Chapter 5

Summary and Conclusion

We have performed the numerical computation of electron transport through the
quantum dots. The conductance cannot be evaluated analytically but can be eval-
uated numerically. We have presented graphs of the results of using the equations
that we have derived. When quantum dot has N = N,,,;,, current occur when the one
electron tunnels either to the right or left reservoir. After that N,,;,-1 electrons are
in the quantum dot. Now an electron can tunnel into the quantum dot either from
the right or from left. Then N = N,,;, the quantum dot is in the blockade state.
The available thermal energy is not enough to overcome the repulsion force of the
electrons that are already in the quantum dot.

At high temperature the thermal energy is strong enough to overcome the repulsive
of Coulomb force. The alternative pattern of peaks and suppressed regions conduc-
tance as a function of gate voltage is observed in the dot. The interaction potential
energy of electrons when U > 0, there is repulsion between electrons and quantum
dot is not stable. For the total capacitance Cr = 1.59 x 107F and thermal energy
2.50 x 10~2eV, the probability is zero for N < 10 and N > 30. Then, we can conclude
that the probability is not affected by the number of electrons in the dot.

We have plotted the normalized conductance as a function of the gate voltage for

various values of Cy, Cq, Cy, E. and AE. The graphs the normalized conductance

47
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shows different behavior, saturation, oscillation depression, and varying amplitude of
oscillation and period. As temperature increases amplitude of oscillation decreases
and finally becomes constant as gate voltage varies. Coulomb blockade oscillation is
clearly observed where the quantum dot is on(conductance different from zero) and
off(conductance minimum). For AF <« KT < E,and KT < AFE < E_ both show
oscillation of conductance. Conductance widely sensitive to the material parameters
capacitance(size), temperature(KgT'), level spacing(AFE). For appropriately chosen
values of these parameters conductance shows the three behaviors saturation, oscil-
lation and depression.

Negative gate voltage for Cr = 1.1 x 107 F and Er = 4eV. For negative gate voltage
conductance shows no oscillations rather has a constant positive value 274.62. For
ETH = 1.46 x 10~ and negative gate voltage V,, = -0.037V the conductance falls
from max to min(G.; = 274.62) to G = 12.05 and oscillate between G, =
12.05 and G, = 71.31. As thermal energy increase, oscillation decrease and the

amplitude of the conductance oscillation is decreased (KT > AFE) for ETH ~
e

Gmaw

7.28 E-3.0scillation decreases vanishes so occur for V, = constant as thermal

energy increases.
For the total capacitance, Cp = 8.5 x 107'8F and Er = 4.0eV. ﬁ oscillation for
both V;, < 0 and V}, > 0. Oscillation vanishes as thermal energy increases. As the ratio

of thermal energy to level spacing increases, the conductance increases and oscillation

disappear for % = 1. We conclude that as temperature increase the constant value

of conductance in the positive value is greater than the constant value of conductance

in the negative value for the ratio of thermal energy to level spacing is equal to(%

= 1.6, 1.8 and 2) respectively.

G _ 1
= —
Gmaz C’oshQ(iK”;lj’})

and zero a way from this value. Level spacing, capacitance, temperature, chemical

does not oscillate. Shows sharp max and around V, ~ -42.6V,

potential affect the oscillation nature of the conductance.
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