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t . Preliminari es 

Leoma t : Let A be a noet. her ian ring. 

Let. be an idea l of A, p any maximal Ideal o f A. 

Then, f l Ip f o rm, in a natural way, a finite dimens i onal vect.or space 

over the fi e ld Al p. 

Not e:- If (A,m,k) i s a l oca l ring 

Ideal o f A and k = AIm and 

wher e m I s t he unique maxi ma l 

a proper ideal of A. t hen by 

Lemma t 11 1m I s a finite dimens i onal vec t or s pace over k . Let 

us denote its dimension by r ankk(l / l m) . 

Definiti on 1:- A prime idea l p i s ca lled a minimal prime over ideal of 

an ideal I . if It contains I. and if there I s no pr' lme Ideal contain ing 

I whi c h I s s t.rl c tly cont.al ned In p. 

Le oma 2: - Le t. A be a noetherian ring, (a
1

. a
2

, ... , an) a proper idea l o f A 

and p minimal prime over Ideal o f (a
1 
,a

2
, ... ,an)' Then height o f p i s 

a tmos t n. 

Lermna 3:- If p i s a prime Idea l (tn a noetherian ring A) o f he ight 

r(r ~ I), then it I s poss ible to find r elements a
1
,a

2
, ... , a

r 
s uch that 

p is a minimal prime over Ideal o f (a
1
,a

2
, ... ,a

r
). 

Leoma 4 : - Suppose A i s a noe theri an ring and that I i s a proper ideal of 

he i ght r ( r ~ 1), then it I s poss ible to find r e l ements a
t

. a
2 
.. ... a

r 
be l onging to I s uc h that if l .:s 1.:s r. then (a

1
,a

2
, ... ,a

1
) i s o f height i. 

Note :- If ( A. m) is a noe therian l oca l ring , by dim (A) we mean t he 

cohelght o f the zero Ideal or dim(A) = ht(m). Thus the 

dimens ion of a noe therian local ring is finite by Lemma 2, and 

every gener ator set o f m contains atleast dim A e l ements. 

Lemma 5:- Let ( A.m,k) be a noet heri an local ring. 

Then. dim A Is equa l t o the smalles t number o f non zero e l ements 

requi r ed t o generate an m-pri mar'y Ideal. 



Pr oof:- Let d - dim A. We cons ider two cases. 

Case 1 : - Let d = 0 

Then, A has only one proper prime ideal a nd hence (0) Is a n 

m-prlmory Ideal. Then s ince (0) Is generated by ¢ or {O) the 

number of non-zero eleme nts needed to generate (0) Is zero. 

Hence , t he Lemma ho I ds. 

Case 2. Let d ~ 1 

Let (a
1
,a

2
, ... , as) be a n ~-pr l mary Ideal. 

IIfS:- d= s 

By Lemma 2, we have dim A = ht(m) !i s (si nce m is min i mal pl'ime 

ove l' ideal of (a
1

, ... ,a
s

)' 

Furthermor e, by Lemma 4, s ince !i d !i s , we can find d e leme nts 

si nce m is the onl y prime Ideal of rank d, and no pr ime Ideal has a 

lar ge l' height, (b1, b
2

, ... b
d

) mus t be m-pr t mary . 

• the number of e le ments required to generate a n m-prlmary Ideal is d. 

Hence , the proof. 

Definition 2:- Let (A,m,k) be a noe therian local ring, I a proper Ideal . 

I f = a nd If no proper subset of 

generates I then we say a
1
,a

2
, ... , a n Is a min i mal gene rator of I. 

Lemma 6:- Let (A, m,k) be a noetherian local ring, J = proper Ideal of A. 

Let. for ae l , a denote the image of a in 11 1m. 

The n , 1 = (a
1
,a

2
, ... ,a

2
) If a nd only If 11 1m = k- + k- + ... +k-. 

a 1 a2 as 

Furt he r , the a
1 

form a min i mal gene r ato r of I If and onl y If the a l 
f orm a basi s of 11 1m over k, a nd ever y minimal generator of I contains 

e xac tly rank k(I / lm ) elements. 



2. Regul a r Rings 

Let (A,m,k ) : a noetherian local ri ng of d imension d. 

No w, by lemma 5, there are d elements of m whi c h generates a 

primary ideal be l onging to m (or m-primary ideal) , but there is no an 

m- pr imary ideal which i s generated by d-l elements. 

Defi nit ion 3:- If d ~ 1 , t hen the set of d e l ement s {x
1

,x
2

' ... ,x
d

} which 

generates an m-primary ideal i s cal led a sys tem of parameters in A. 

(il) A sys t e m of pal'ameters xl' x
2

' ... ,x
d 

is ca l l ed a r egul ar system 

of parameters if it ge ne r ates the maximal idea l of A. 

Definition 4: - A noet he r ian local ring which has a r egular system of 

parameters i s called a regular l ocal ring. 

Equ i valent l y , A noethe r ian l ocal ring (A,m,k) Is regular if 
2 

d im A : r a nk k(mlm ) . 

To see t hi s , s ince number o f element s of a mi nimal ge ne r ato r of m 

is equal to rank . we have Ingeneral di m A ~ rank , and 

the equality holds if and onl y if A is regular. 

Example : - The formal power ser i es A : Kll Xl' X
2

, .... Xn II over a field k 

i s a r egular l ocal ring. 

Proof: We know that if k i s a field, then A is a noetherian local 

ring and m : (x
1

,x
2
"" , x

s
) is its maximal ideal 

Again observe that: 

( . ) 

1 ) I n A : k[[x1,x2, ... ,xn ll any c hai n of prime ideals different 

from A has atmost n + 1 terms. 

To see t he exis t e nce consider {OJ S; (xli s: ... s;: (x
1
,x

2 
.... ,x

n
). 

2) Any chai n PI C P2 C ... C Pr of prime ideals can be refined 

into a c hain of n + 1 prime ideals (~A). 

3 



Now s ince dim A = ht(m) we ge t d Im A ::: n 
2 But from ( 0 ) and Lemma 6. we have r ank (mlm ) = n . where p = AIm. 

p 

.. d i m A :: r ank (m/ m
2 ) 

p 

Henu. A i s a r egul ar l ocal r i ng 

Now we are r eady t o prove a necessary a nd sufflc lent conditi on f or 

a noet herian local ring to be r egu la r . To do that we need the followIng 

we ll known res ult s form dimension theory. 

1. Let k be a fi e ld. and k( X
o

. X
1 
•...• x

r
) a homogeneous polynomial of 

degree s . Let R::: k!xo'xl' ... 'xr)/(k(xo.xl' .... Xr). 

2. 

Then. for n ~ s . [n+r] [n-s+r] - r - r • wh ldl Is a polynomial 

of degree r- I i n n. 

Let (A,m.k) be a noet herian l ocal ring. a nd se t G 

Then dim A ::: dim G. 

::: Gr (A). 
m 

3. If J{M ) i s a po l ynomial of degr ee n-I, then the samue l function 
n n+1 XM(n) ::: J( MP M) is a polynomial of degree d. 

Theor em 1 :- Let (A.m.k) be a noet herian l ocal r i ng. 

Then. A is regular iff t he graded ring 
n n+l 

Gr ( A) ::: e m 1m 
m n~o 

associated to be m-adl c filtrati on is isomorph ic to a 

polynomial ring kIX
I

.X
2 
•... Xn ,. 

Proof : - (.) Suppose A I s regul a r . 

Let {x
1

,x
2

' .. . X
d

} be a regular system of pa r a meter s. 

~ m::: {X
t
.x

2 
. ... x

d
) 

Let xi be the image of xi i n mlm
2 

• 



Then. 2 Gr (A) = AIm $ m/m $ . 
m 

= k [x
1
.x

2 
..... x

d
[ . 

Now. de fine ~ : k[X 1 'X2 .· ·· 'Xd1 ~ Grm(A) by ~(Xi) = xl 

c l early • ~ i s a s urjective homomorphi s m. 

Then O~ ke r It< ~ k[X
1

, ... ,Xdl ~ Grm CA) ~ a is exact . 

~ Grm(A) = k[X1 .X2 , ··· ,Xd1 / ker ~ 

Claim: - ker It< = 0 

Suppose not 1.e. ker ~ 'If: O. 

Then it contains a homogeneous polynomial f( x
1
,x

2
, .... x

d
) '" 0 of degree r. 

~ (f(x» S;; I 

Now consider k[X1.X2 •... ,Xd ll ker ~ a nd k[X 1'X2 •.... Xd l/(f(x». 

clearly the length of any homogeneous piece of k[X]/ker It< i s less than or 

equal to the length of the corres ponding homogeneous piece of k{X] /(f(x». 

But from (1) above. for n > r the length of a homogeneous pi ece of 

k[X}/(f(x» is equal to (n~~~l] - (n-~~i- l ] . which is a polynomial of 

degree d-2 Inn. 

~ For n > r, the length of a homogeneous piece of k[x] /ker ~ has 

degree at most d-2. 
n+1 By (3) , t he samuel function I (Alm ) (= the samuel function of 

k[X1, ... ,Xdl/ker",) of A has degree a tmost d-l. 

This i s a cont radi ction to the fundamental theorem of dimension theory 

(ie, the degree of the samuel function = dim A). 

:. ker '" = (0) 

Hence, Grm(A) 3! k[X1'X2 ' ...• Xd l 

(~) Suppose Grm{A) 3! k (X1,X
2
,·· .• X

d
]. 

It suffices 

Now, dim A = dim 

= dim 

= dim 

= d 

to s how 

(Cr (A)) 
m 

WTS:- A i s regular. 

that dim 2 A = rankk(m/m ) 

by (2) above 

(kIX

"

X2,···,Xd l) 

k + d 

since dim k = a 



- s ince GI'm{A)!OII: k[X
1

,X
2

, ... , X
d
l, by compar ing the homogeneous component 

of degr ee 1, we get mlm
2 ~ kXl~KX2+" . ~KXd 

• d 

:. dim A = rank
k

{mlm2 ). 

Hence , A i s regul a r . 

Now let us see two properties of a regular local ring, the rirst 

one tells us t hat a r egular local rIng i s a n Integral domain (which is 

of course a corollary of theore m 1) and the second one says a r egul a r 

local rlng of dimens ion 0 i s nothing but a field. 

the foll owi ng two l emmas . 

To do th is we need 

l e mma 7:- l e t A = a noetherian ring , a nd I = rad(A) 

00 n 
The n n 1 = (0). 

00 n 
lemma 8 : - Let A = a ri ng . I a n ideal of A s uch that n I = (0). 

Suppose GI' I (A) i s an integral domai n, then A is an 10. 

Proof : - h h+l k k~1 
He r e we use t he f o ll owing fact: "«Em ,«il!m ,tlEm, tl~m ,whe r e 

~D h+k+l " hand k a r e non-negat Ive integers , then"p~ m . 

00 n 
- Si nce n I = 

s s +1 
YEI ,y~I . 

IS I l s +1 r esp. 

Let x,y be non-ze r o elements of A. 

WTS;- xy'* O. 

(0), there exist integers r, s ~ 0 s uc h that r r~1 
xeI ,xlfl , 

Let x and y de note the images of x and y in I r/ lr~l a nd 

r+l 5+1 - - r r+l 
- Since x If I and y If I ,x and yar e non-zero elements of I I I and 

IS / 15 +1 resp. 



x.y :;10 0 

'* xY:;lOO 

oQ xy :;10 0 

... since Gr (A) is a n lD. 
rn 

Hence , A is an integral domain . 

Coro ll ary 1: - A regular l ocal ring A is a n i ntegral domain. If 

dim A = I, then A Is a principal ideal domain. 

Proof:- Let (A,m,k) be a regular local ring of dimension d. 

Then, by theo r e m 1, Grm(A) a; k[X
t

,X
2

, ... ,X
d

l. 

- Si nce K is a n integr al domai n, k[X
1

, ... ,Xd1 is an integr a l domain . 

oQ Gr ( A) is an 10. 
m 

But, m = rad(A) ~ n 
oQ n m ::: (0) by Lemma 7. 

Hence , by Lemma 8, A i s an integral domain. 

To prove the second assertion: 

- Since A I s regular and of dimens ion 1, a minimal generato r of m must 

contain only a s ingle element. then m is princ ipal. 

Let m = (a) 

Let I = an ideal of A , I :;10 (0). 

\ITS : - I is some power of m. 

n n+1 00 n - Since I :;10 (0) ,3 n ~ 0 such t hat I ~ m but I ~ m ( because ryn = [0» . 

n+1 Then, we can find xeI but x~ m = (an+1 ) . 

xeI '* n n xem = (a ) 

x = a nu for some u~m (if uem 

.. U is a unit 

x and an a r e associates . 

= (x) s: I s: (an) 

7 

n+1 = (a), we get xem ~) 



:. I = (an ) :::: mn 

Hence, is princ ipal 

- Si nce I i s arbitrary, A i s a PID. 

Theorem 2:- A r egul ar l oca l ring of dime ns ion zero is a fi e ld . 

Proof:-

But, 

Let (A ,m,k) be a regular local ring, dim A = 0 

2 
r a nkk{m/m ) = 0 

2 
m = m 

s Vs > 2. * m = m 

• n 
(0 ) and • n ( Lemma 7l n m = m = n m 

• m = (0) 

.. K = Aim = A (o r A has no proper ideal 

He nce , A is a field 

o the r than (0) ) 

50 f a r we have seen the de finition of a r egular l oca l ring , a nd 

that a r egular local ring Is a n in tegr al domain, and a necessary and 

suffi c i ent co nd ition for a noe the ri a n local ring ( A,m,k) to be r egular is 

t hat Gr (Al is a po lynomial ring over k . Next we see a nothe r necessary 
m 

a nd suff i cient conditi o n. To do that we need res ults from homo l og i cal 

algebra. 

3. Homol ogical Goncepts 

Definition 5:- A compl e x ( or a c hain complex) X i s a seque nce of modul es 

and maps 

with d d 1 n n+ 

d 
n+ 1 

X: ... ~ Xn+l~ 
= 0 Vn. 

d
n X ~ X · I~ ... ' n E I n n-

- The maps d
n 

are called differentiation 

Nol e:- (I) d d = 0 
n n+l Vn implies Im d

n
+1 ~ ke r d

n 
\:In. 

(2) If it Is necessary t o display lhe different ials , we will 

writ e (X,d) instead of X. 

o 



Examples 1 : 1. Every exact sequence is a complex. In particular 

every s hort exact sequence Is a complex, s ince If 

O~ M~ N~ L~ 0 is a s hort exact seque nce, then 

... O~ O~ M~~L~~~. .. Is also a complex. 

2. If X is a complex and r Is a covariant functor, then 

rex): ... ~ r (xn• 1) ~ r( xn) ~ r(Xn_1)~ 

Is also a complex. 

In parti cular If X Is an exact sequence , then roo Is a compl ex 

(whi c h Is us ually not exact ) 
.,,--

Defi niti on 6 : If X and 'I. ' are complexes , a chain map f: 'I.~X' i s a 

seque nce of maps f: X ~ X' for all nE Z, s uc h that the 
n n n 

following diagram commutes: 

... ~ 
d 

X ~ n+ l 

lfn+1 

d' 
X 

n+ l 
" , --> n+l ---> 

d 
.~ 

n 

1f n 

d' 

• 1--> n-

l f n- 1 

.' ~l(' 
n-l ~ ... n 

Proposit ion 1 : Le l comp : the c lass of all compl exes and chain maps . 

Then, comp Is a pre-additive category. (i.e. the Hom' s 

are abe lian groups and dl s trlbutlvlty law holds). 

Definition 7: If ( l(, d) i s a complex, 

defined by: 

l h it' s n homology module, is 

Nole: 

H (X) : ker d 11m d I' 
n n n+ 

Si nce 1m d
n

+! ~ ker d
n 

' t he quotient module does make sense. 

The e lements of ker d a r e called n-cycles and the elements of 
n 

1m d 1 are called n-boundaries. n+ 

Not at ion : - : Z (Xl: 
n 

1m d : 8 (Xl = 8 n+l n n 

= Z ( X ) /B (X), 
n n 



We claj m H is a functor, so It remai ns to define t he action of H 
n n 

on mOl"phi s ms (= chai n maps). 

Defi nition 8:- If f:X ~ X' is a chain map , define 

H (f) 
n 

- H {fl is ca lled the induced map by f, and is denoted by f • . 
n 

Proposition 2 : For each n, H : co mp ~ M (category of A-modules) is 
n 

an additive functor (i.e. H (f+g) = H (f) + H (g) for n n n 
ever y pair of morphtsms lying in the same group). 

Defi nition 9: A compl ex (X , d) i s a s ubcompl ex of ( X ' ,d') If each Xn i s 

a s ubmodul e of X' and d = d' / fo r all n. 
non In 

Nole : - 1. 

2. 

There Is also a quotient modul e 

X'/X 
n n 

where dn+ l : a~+1 + Xn+l ~ d~+ l (a~+I ) + Xo' 

X Is a s ubcompl ex of X' when the inclusion map i :X ~X ' n n n 
const ilule a chain map. 

d n+1 d 
1. e. 

___ X 
n+ 1 

) X~ X n-I ---n 

li n+l l in 1 i 0-1 

d' d' ___ X' n+1 

" ~X' ) --- ... n+1 n n-I 

Suppose lhe i nc l usion map constitute a chain map. 

WTS:- X i s a subcompl ex of X' . 

clear ly tn i s a submodule of Xn' 

And, s ince f or each x E X, we have i Id (x ) = d' i (x) n n n- n n n n n 

10 



d (x) =d' (x ) 
n n n n 

d = d' I 
n n X 

n 
Hence. X i s a s ubcomplex of X'. 

n 
Propos iti on 3 : If f: X~X ' Is a chain map. define compl exes kerf , 

Imf, and 

ke r f ~ ker 

1m f : ... ~ 1m f 
n 

coker 
Pn 
--> 

f as fo ll ows : 

ke r f n- l ~ ... 

1m f I ~ .... n-

Then X/kerf ~ Imf . 

whe r e p = d Ik f n ' n n e r 

whe r e q - d' I n n 1m f 
n 

Pr oof :- Cons ide r the co mmuta tive di agr am: 

d 
X • n • , .. , --> --> n- I --> n 

1f n Y n-I 

d' 
21: ' : .' n .' .. , --> --> --> n n-I 

- Cl early ke r f Is a s ubcomplex of X . by the not e above. 

And, Xlkerf = --> X/kerf --> • n-l / kerf n- l ~ ... n n 

• --> Imf --> Imf ~ ... (s ince • / ker f • Imf ) 
n n- I n n n 

• Imf . 

Hence, X/kerf a Imf 

Propos iti on 4 : Define X '~ X ~ X" to be exact If Imf = ke r g (-) 

Proof: 

Then ( . ) i s exac t if and only if the sequence of modules are 

exac t f or al l n E 1. 

Cons ide r the f oll owing diagram: 

X' : .. , --> .' --> .' --> .' ~ ... n+1 n n-I 

rl 1f n+l 1f n 

X, .. , --> X 
n+1 -->X --> • n- I ~ ... n 

g1 l&n+l 19n 

X" : ~ X" 
n+1 --> X" 

n 
~ )1 " 

n-I --> .. , 

" 



Thus, ( 0 ) is exact irf im f = ker g 

Iff ... ---. i mf ---.1 mf 1--+'" a nd .. . --+ke r g --+ke r g 1--+'" n n- n n-

iff 1m 

I ff X' 
n 

a r e equa l . 

f : 
n 

f 
n --

ker gn for a ll n. 

gn 
to ----+ X" Is exact 'dn El. 

n 

From propos ition 4 we have If }( ' ---W{--+X" I s an exact sequence of 

compl exes. Then f or each n, X· --+x -+)t oo i s an exact sequence of modul es. n n n 
The next natural ques ti on I s: what do homo l ogy functor s do to s hort 

exact seque nces of complexes? They a r e , I ngenera l , neither left nor 

right e xac t. (we s hal l see t hat if O--+X ' -)X--+X " -)() I s exact, then 

H (X')-)H (X')-)H (X") is exact) To do t hi s we need the fol l o wng n n n 
I'esu l ts: 

Proposition 5: Jf A i s a ring a nd f:M~ is a n A- modul e homo morphi s m a nd 

k Is a s ubmodule of kerf, then t here i s a unique A- modul e 

homomorphi sm f: MlK~ suc h t hat f (m+k ) = f(m) for al l 

Lenna 9:-

meM, Imf = lmf and ker f "" kerf/ k. f i s an A- modul e 

I somorphI s m iff f is an A-modul e epimorph ism and k "" kerf . 

In particular Mlkerf " lmf. 

(Connec t i n g homomorphism) 

Le t 0 ~ ~ , ~ ~ ~ ~ ' ~ 0 be an exact sequence o f complexes. 

Then , for each n , ther e i s a homomorphi s m an: H ( X") ~ H 1(Ji: ') defined n n-

by: z "+8 (X") --7 i - I d p- l( z"l + 8 I (X ') . 
n n-1 n n n-

Proof:- We have: 

o 

1 
X': .. . ~ X~+1 ~ 

o 

1 d' 
x' ~ 

n 

1 ln1 
d 

x, . . ~ ~n+l • n 
-> ---> n 

1 1Pn 
d " 

X" )t" -> X" ~ : ... ~ n+l n 
1 1 
0 0 

I ? 

o 

1 .' n-I 
11

n- l 

X n-l ~ 

! Pn-l 

X" n- I -> 

1 
0 



Cons ider the commutative diagram with exac t /'ows: , Pn 0 ..... X' " X X" ..... 0 -----> -----> 
" " " 

Id~ Id" Id~ , 
"-I Pn-l 

0 ..... X' -----> • n_ 1----t X" ..... 0 
" - I "-I 

To show well - de£inedness 

Suppose z" e X" and d"(z") "" 

" - s ince p Is onto, 3a e X such 

" "" 

o (Ie,z" e kcrd" 

" that p (a ) '" z" 

" " No w, consider p (a ) . 

" " By commutativ ity . we have p Id (a ) '" n- n n d" p (. I 
" " " 

= d"(z") '" o. 
" 

Now, 

d(a)ekerp 
n n n- I 

d(a)elml .. . s lncekerp ,,,,Iml, , 
n n n-\ n- n-

.. I - ltd (. II 
114 11 n 

since I ,i s 1-1, "-

makes sense. ~ 

lhere I s a unique a' , E X' , s uc h that n- n-

I (a' )"'d (a ). 
n-I n-1 n n 

Suppose we had lifted z" to an E X
n

. Then by the same argumenl as 

above, 3! a~_ 1 E X~_l with I n_ 1 ( a~_I) = dn(an )· ......... 

clearly a -a e k er p . (since p (a -a ) - p (a )-p (a )"'z"-z" '" 0) 
n n n n n n n n n n 

• a -a E 1m I" 
" " 

~ 3 x' EX' - - I (x') '" a-a 
n n 0 0 0 n 

But In_l(a~_ I ) - dnao and In_l(a~_1) '" dnao · 

i (a' -a' ) '" d (a -a ) = d (I (x')) '" d I (x') 0- 1 n-1 n-1 non n n n n n n 

In_l(a~_ I-a~_I) E dnl o (X~) '" 10_1(d~(xn» 

a' -a' = d"' (x" ) ... s ince 1"_ , Is Injec tive n-i n- I 

.. a' -a' Elm d' = B (X'), ker d' 0-1 n-\ 0 0-1 n-1· 

Hence, the map I s well-defined and from ker d~ ~ X~_/Im d~. 

Clearly It Is a homomorphi sm. 
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But, thI s ma p sends Imd " into 0 and i- I d p-l(Z") = 
n+ t n-tnn a' I Is a n-

cycle, i. e. it Is in ke r d' 
I · n-

:. I m d~+ l 1 s contai ned i n the kerne 1 of t he map. 

Hence, by the above propos iti o n, the given map I nduces a homomorphIsm 

fro m ker d" / Im dn" +1 Into ke r d' 1 1m d' . n n-l n 

Therefore, 3 a n : "n( X") -) "n-1 ( X' ) 

Definition 10 : The maps an :H (X") -) H I( X') a r e ca l led co nnecting n n-
homo morphI s ms. 

Now, we prove the long exact seque nce theo r e m. 

Theor e m 3:- (Long exact sequence ) 

I f O-)X'~ X ~ X" ~ 0 Is an exac t seq uence of compl exes, t he n 

there i s an exact sequence o f modul es 
i . P. a i . 

-> " (X')_ ( X)--->H ( X")-=-..H I (X')- 1 m -> ... n n n n- n-

Proof : co ns ider the f o ll o wing diagram: 

~ Hn+l ( X') ~ Hn( X') ~ H
n

_
1 
(X') ~ ... 

"n- l( \.)l 

... ~ " 1°0 ~ H (X) ~ H 1°0 ~ n+ n n-

Hn- 1( p) 1 

H ( " " ) 'H( " ") ,' H (X") ... ~ n+1 IA ----,. n II> ----,. n- l ~ .. . 

Whe r e " (X) = ke r d I 1m d I' H I (X) = ke r d 11 1m d and so o n. n n n+ n- n- n 
Here we have s ix incl us i o ns to verify. 

1. 

2. 

1m i . S;; ker p. 

ke rp. S;; im l . 

3. 1m p . c ker a 

4. ker a c 1m P. 

5. 1ma c ker i . 

6. ker I . S;; 1m a. 

_ Since the notallon i s se lf expl a natory we o mit t he subscrIpts . We 

will prove her o n ly (1) for t he rest we can use a si~!lar argument. 



1. Iml . S;; ke rp. 

Let y Elm i . .. 3 x E H (X') such that i . (x) '" Y 
n 

But, XE H (X') implies XE ker d' / Im d' I 
n n n+ 

X'" ar Imd I f or some a E kerd'. n+ n 
Thus, P. (Y) '" P. (i . (x» 

: p . (i . (a+Im d' ) ) n+1 

: p . (i(a)+lm d 1» n+ si nce 1. . (a+I md' I ) = i(a)+lm d' I n+ n+ 

: p( Ha» + 1m d" 
n+1 

: (pol) (a )+lm d" n+1 

: 0 + 1m d" n+1 

: 1m d" n+1 

~ ye _e r p . 

Hence , 1m I- < ker P-

Theo r e m 3 i s often call ed the exact triangl e because o f the 

following diagram: 

Definition ll : -

H( X') !..:..., H( X) 

8"" / P. 
Hex " ) 

Let A be a rIng. 

Let M be an A- module . 

(a) A free r esolut i on of a modul e M i s an exac t seque nce 

.. . ~ F 
n 

F
n

_
1 

---+ ... ~ 

i n whi c h each F is a free modul e. 
n 

e 
---+ M ---+ a 

(b) An injeclive r esolulion of M is an exact sequence 

o 1 ...n n+ 1 
O ~ M ~E~ E ~ ... ~t.~E ~ ... 

in whi c h each E i s injective. 
n 



Ie) A projective 
d 

n 
' ~ Pn ---+ 

resolution of M i s an 
d

2 
Pn-l -) ... --+ P2 -) 

in whic h each p i s projec tIve. 
n 

sequence 

Pr opos iti on 6 : 

1. Every module has at) injective reso lullon . 

2. Every module has a free reso luti o n. 

Note: Since free modules are pl'ojecl lve , free r eso luti ons are a 

specIal kind of pro jective resolutions. 

has a project i ve r eso l uti on. 

Hence, every modu l e 

Definition 12: A complex (X.d) i s call e d a l e ft (right) complex If 

x = 0 Vn < 0 (Vo > 0). 
n 

Let J be a complex of the form 

j( : ... -) Xl --+ Xo --+ M --+ 0 

The compl ex obtained by s uppress ing M Is: 

)(M: ... --+ Xl ­

- Sim i lary. we define the 

)It' --+ 0 and I s ca lled the del eted compl ex 01" X. 
o 

del eted compl ex t N of the compl ex 

o , 
0--+ N --+ Y --+ Y --+ ... by s uppress ing N. 

Deleted compl exes a r ise in practi ce from ei the r a projec tive 

resoluti on or a n injective r esolutions of a module. I f we suppr ess M 

from t he projectlve r eso luti on ~ PI ~ Po ~ M ~ 0, we really have 

not lost any inf ormation , for M = coker (Pt ~ PO)· 

Ext 

Let A = a commutative ring with unity. 

Let M,N = A-modules . 

Consider the projectlve resolution of M a nd 
d 

1P , . .. ~ Pr 
...::.., P 

r - 1 ~ ... ~ 
d 

IP M: ... ~ Pr 
...::.., P 

r-1 
~ ... ~ 

it's deleted compl ex . 
d, 

PI -> Po ~ M ~O 

d 

PI 
, 

~O ---> Po I • ) 



Then, apply the contravari ant. functor Hom (- N) to I P
M

, we obtain A • 

t he compl ex 

• • 

Defioi lion 12 : n 
ExtA ( M,N ) '" Hn ( HomA(lpM,Nl 

= Hn (IPM,N l 
• = ker d
n 

/ I md
n

_
1 

Allerna tive ly 

Consi der an injective r esolution of 

IE 
E 0 do 1 d 1 o -+ N -+ E -----+ E ----+... 

N and It's deleted compl ex: 
d 

of r 1'+1 
-+ l:. 0 -----+ E ---+. . . ( .. ) 

-+ E1' ~ E1'+1 -+ 

Now, apply the covariant func t o r' HomA(M, -) to l EN ' to get 

a do . r d i o r dr . 1'+ 1 
Ho mN { M, lENl:O-+HomA(M,E )-)HomA(M,E )-) ... ---+HornA(M,E )--'ioHomA(M,E ) -) . 

Tor 

Definition: -
n 

EXlA(M,N) '" Hn(HomA ( M,I EN» 

= ker d 11 m d 1 n. n- • 

Consi der IPM ' wh ich i s in ( 0 ) 

Appl y the covari ant functor -- ~N to IPM, 

d 81 
Pr®N ~ Pr_l®N-+ ... -+ 

Definition 13:-

Ai lernal i vey 

cons ider IPN 

A 
Tor ( M, N) = 

n 

Apply the covariant functor M® -- to IPN to get: 
l®d

r 
1@d

1 
M01PN: ... -+ M® Pr~ M® Pr-l ~ ... ~ M0 PI~ 
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Definiti on TorA(H,N) = H (M3IPN) '" ker(I@d )/lm(1@d I ) n n n n+ 

Now, let us see some of the e lemenlary properties of Exl and To ,". 

Lenvna 12:- Le t --> Po~ M ....... 0 be a projective 

resolution of M and ko = ker E, and kn = ke r dn Vn ~ 1 

Then , Torn+
1

(M,N) a; Torn(ko, N) a Tor
n
_ l (k 1,N) a .. . iI Tor 1(kn_

I
,Nl . 

Proof : - Clearly --> --> 0 Is a project. i ve 

reso lution of k . (since k ~ 1m dl=ker E). Since the Indices 
o 0 

are no longer correct define 

Qn- l = Pn and An_1 = dn Vn ~ 1. 

so , we get 
A2 Al 

....... ~----+ Q1 ----+ Qo ~ Ko ~ 0 

Thus, Tor (k ,N) := H (k 0N) n o n 0 

Hence, 

:= ker (A 0ll/ l m(A 101) n n+ 

= ker (d 1°1 )/lm(d 2.1) n+ n+ 1 

= H I(M @ N) n+ 

:= Torn+I{ M, N) 

Tor ,(H, N) ill Tor (k , N) n+ n 0 

Again, we have the projective r esol uti on 

To correct t he indi ces, define Qn-2 = Pn and An_2 = dn Vn ~ 2. 

Thus , 
·A 

Torn_I{kt,N) := "n-1 (k 10N) 

= ke r (An_t01) / lm( An0 t) 

= ke r (d 1° 1 )/ Im(d 201) n+ n+ 

= H I (M0 N) n+ 

= Tor I (M, N) n+ 

Hence, Tor
n

+
1

(H , N) ill Torn(ko, N) a Tor n_
t 

(kt,N) , 
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And, the remaining I somorph isms are obtai ned by Iteration. 

Therefore, Tor I(H,N) Oil Tor (k , N) a 
n+ n 0 

iI Tor 1 (k
n

_
1

, N) 

Lenvna 13: Let O~ M !.. E 
o be an 1 njectl ve 

Proof: 

r eso luti on o f M, and define LO : 1m e , Ln 
K 1m d ~n ~ I 

n- 1 
Then: 

EXt~+l( N,M ) Oil Ext n ( N,Lo) iI ... iI EXl 1 ( N,Ln- 1). 

clear ly O~o~El~~'" I s an Inject ive reso l ution o f LO 

• Then, 0 ~ LO ~ Q ~ 
o 

Thus, Ext~( N ,Lo) : Hn ( 1I0m
A

( N, Lo» 

: k er 6n 1 1m 6 n- l -
• 

= ker dn+ l • I 1m dn " 

n+1 
= ExlA ( N,M) 

n+l n a 
Herl ce, ExlA ( N,M) a Ext

A 
( N. L ). 

The rest can be shown by I te r ation, so we have: 

n+l n ° Exl
A 

(N, H) a ExlA{N.L ) Oil ••• II 
1 n- l 

ExlA( N"L ) 

d d 
Le_ 14 : Let 

2 , e 
N be projective resoullon ... -> P2-> PI -> Po -> a 

and k = ker e , k = ker'd Vn • 1. Then, If we apply the 
0 n n 

co var'alan t func t or. t hen we have 
n+1 

ExtA ( H, N) Oil •• iI 

Similar to the proo f s of the above lemmas. 

envna I S: Exto( M,-) Is equivalent to Hom( M,-), s lmll ar y EXlo(- ,N ) and 

Hom{-, N) are equival ent . 
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Pr oof : I f lEN: O~E ~E ~ . . . , then Exto( M, N) = ke r d / Imd I ° I O. - • 

= ke r do · ... s i nce Imd_ 1.= 0 

I f t he non- dele t e d i nject i ve r eso l ution i s: O~~Eo~E l~ ... ' then 

t he l ef t e xac tness of Hom(M,-) gives a n exac t seque nce 
e . 

o~ Hom(M, N) -----t Hom( M, E ) 
o 

So , we ha ve ke r d = 1m e . 
o. 

E. : Hom( M, N) ~Exto( M,N ) = kerdo . = 1m e . is a n i somorph i s m 

Hence, Ext o(H, - ) i s equivalent to Hom(H, - ). 

Le mma 16: A Tor (M, -) 
° 

is na tural ly equi va l ent to M0- , and 
A Tor (-, N) 
° equiva l e nt to -®N. 

d d 
P f If IP , ~~~. t h roo : N : . . . ~ Pl~ Po ~ , en 

i s 

ToroCM, Nl = ke r (10do )/ lm ( 1®d1l = M®po/ im{1®d1) = Co ke r ( 1®d
1

). 

d, e 
If the non-de l e ted r eso lution i s .. . -----t Pl~Po--=--+N---KI, t he n the 

r i ght - e xac tness o f M®- gi ves us an e xac t seque nce : 

MeP
l 
~ M0Po ~ M®N ~ 

q im(10d
1

l = ke r (l®e l 

Thus , by propos iti on 1, t he ma p l ®E i nduces a n i somorph ism from 

M®p I ker ( l ®e ) i nto M®N 
° 

But , M®P
O

/ ke r( l ®e) = M®po/ l m( 1®d1) 

Tor (M, N) Q; M®N 
° 

= Tor ( M, N) 
° 

Hence , Tor (H,- ) i s equiva l e nt to H»- . 
° 

- s i milarly we ca n prove the othe r asse r t i on . 

For conveni e nce , we lis t wi t hout proof some of the o t he r prope r ties . 

Lemma 17 : If 0 ~ N' ~ N ~ N" ~ 0 i s an e xact s eque nce of modules a nd 

if we apply t he covar i a nt functor Hom(M,- ) , then t here i s a 

long e xaac t sequence: 
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o ~ Hom (M,N') ~ Hom(M,N) ~ Hom(M,N") ~ ExtI(H,N' )~ ..• 
with natural connectIng homomorphI sms . 

Lenma 18: I f 0 ~ H' ~ H ~ M" ~ a i s an exac t sequence o f modul es, 

and if we apply the contravari ant functor Hom( - ,N), then t.her e 

is a l ong exact sequence: 

o ~ Hom(M",N) ---+ Hom( M,N)--H{om( M',N)~ Ext 1 (M",N) ---+ ••• 

wi th natural connec ting homomorphi s ms . 

Lertma 19 : I f 0 ---+ N' ~ N ---+ N" ---+ 0 is an exac t sequence , then ther e i s 

a long exac t sequence 

... ~ TorI (H,N") ~ M0N' ---+ M0N ~ MeN" ---+ a 
with natural connecting homomorphi s ms , s imilarly In the other 

variable. 

Next, by us ing the above concepts we will prove: 

If A i s a r egular local rIng of dimens i on n, then g l.dim A :: n . 

For the proof of thi s we shall need the f o llowing definiti ons and Lemmas . 

Definition 14: Let A :: a ring. 

The projectIve (respectively injec tive) dimens ion o f an A-module M 

i s the l e ngth a s ho rtes t pro jec tive (rcsp . Injective ) r esoluti o n of H, 

and deno t.ed by proJ.dim M (res p. inj.dlm M). 

Remark: 1l For an A-module M, we say proJ.dim M:=: n if there i s a 

projec tIve resolution a ---+ P 
n 

s uc h fi n ite reso lution exi s t s , 

M ~ O. If no ~ . .. ~ PI ~ Po ~ 

define proJ.dim M :: m. Other ewi se 

if n i s the leas t such integel' define pro j.dim M :: n. 

2) For an A-module M, we say inj.dim M :s n, if there i s an 

injective resolution a ---+ M ~ Eo ---+ El ~ . .. ---+ 

finite l~eso lut1on exists, define inj.dim M "" m. 

the least s uc h integer, define inj.dim M '"" n . 
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.., 

I 

I 

Examples: (1) If M is projective, then proJ . dlm M = 0 

(because , a -7M ~ ~ Is a projective reso lution of M) 

(ii) If M is inJective, then I nJ . dim M = 0 

Theor em 4: Given any A-module M, it i s always poss ibl e t o cons truc t a n 

exact sefuence O~k~F'-7M-*> in which F' i s free. 

Proof: Let eXt} lei be any sys t em of generator s f or M. ( s uch a sys t em 

certa inl y exi s t s , f o r example, the f amily might. cons i s t. o f 

all t he e l ements of M) 

Next , let {aj}IEI be a family of ne w s ymbol s bu t wHh the same 

Index s et, a nd let F be t he free A-modul e on these s ymbol s. Then, t her e 

is a un ique homomorph ism f:F--.M given by f(a
l

) = 51' If ~r lal denote 

a typica l el e ment 

Cor o ll ary 2: 

Cor ollary 3: 

_Lenwa 20: ( I ) 

It I ) 

pul k 

.. all the Xi be long t o Imf 

Imf ::: M 

= ke rf. 

Thus , 0 ~ i s exact , with F free . 

Every module I s i somorphi c to a f ac tor module of a free 

module. 

If the A-module M can be gener ated by n(n ~ 0) elemen t s , 

then I t I s poss ible to c ons truc t an exact sequence 

O~k~F~~, where F I s a f.g free module. 

Iff 
1 0 f o r a l l An A. module M I s pr o jec tive ExtA( M,N) = 

A- modul e N. 
I o for all Idea l 1 o f A. M I s In jective Iff Ex tA(A/ I,M) = 
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Pr oof: (i) (~) Suppose H is project i ve 

Then, I s a project i ve 

Thus, 

r esolution of M, where p = M, d = 1 
o 0 M 

d ' 
~ Hom (p ,N ) ~ 
~ 

• (0 ) 

I ' 
ExtA(M,N) = kerd l /im do = 0 si nce kerd 1 = 1m do 

1 Hence . ExtA CH.N) = 0 

Suppose I ExtA CH. N) = 0 f or A-module N 

WTS: M is projective. 

= Hom(p , N) 
o 

Consider the exac t sequence 0 ~ N ~ k ~ M ~ O. (The existence 

is by theorem 4 ). We need to show thi s exac t sequence s plits . 

- si nce 0 ~ N ~ k ~ M ~ 0 is a s hort exact sequence, by le mma 18, 

t here ex is t a long exact sequence 

But from 

, 

o ~ HomA(M,N ) ~ HomA CK,N) ~ HomA(N,N ) ~ 
I ExtA(M,N ) = 0, we get the exact sequence 

, 

CM, N) ~ ... 

Thus, for INE HomA(N,N) , 3 g E HomACK,N) such that I (g) = IN 

.. gal = IN 

The above exact sequence s plits. 

Hence, M i s proj ective. 

(ii) (,q) Since A/I is free as A-module, it Is projective, hence by 0) 

1 we get ExtA CA/I, M) = 0 

Suppose I 
Ext A (AlI,H) • o for a ll i deal I of A 

\ITS: M is injective. 

To prove thi s direction we use the c r iter ion of Baer. 

'0 



Subclai m: g1 i s wel l - de f i ned and extends go' 

_ If rno + ax = rn~ + a'x, then (a-a')x = 

'* a-a' e I 

rn' - rno e Mo o 

g (a-a')x) and h(a-a') are defined. 
o 

Al so, g (rn'-rn ) = g (a- a')x) = h (a-a') = (a- a')h'(1) o 0 0 0 

Thus, g (m') - g (m ) = a h ' (1) - a'h' (1) 
o 0 0 0 

'* g (m') + a'h'(l) = g (m ) + a h'(1) . 
o 0 0 0 

g l i s well-defined. 

:. (M1,g1) e 5 and Larger than the maximal pair (Mo , go)' 

wh ich is a contradicti o n. 

He nce , M = N. 
o 

Therefore, g : N~E and g oi = g I = f. o 0 0 A 

He nce. E i s inject i ve 

Proof of Le mma 20 (i i ) (only if part) 

i 
Co nside r the exact sequence 0 --) I --) A --) A II ---+ O. By Le mma 

18 , lhere is a long exact seque nce (by app l ying HomA{-, M); 

• 
.i., Ext' (AII ,M ) = O . 

• 
Let f e HomA(I, M), then 3ge HomA (A.M) such that i (g) = f 

~ goi = f 

:. e ext.enrls f. 

.. For a ny ideal I of A. the map f: I ~ A can be extended to A. 

He nce , by Baer c riterion, H i s injective. 

!,!rrrna 21 : Let A be a r Ing a nd n be a non-negative integer. 

follow ing conditions are equivalent : 

25 
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( I ) proJ. dim M < n for all A-module M, 

(2) proJ. dim M < n f o r all f. g A-modul e M, 

(3) i nJ. dim M ~ n for a ll A- module H, 

(4 ) E t o+ 1( M N) x A ' = 0 for all A-modules M,N. 

Proo f : o bvi o us (1) .. (2) 

(2) .. (3) Suppose proj. dim M ~ n for all f.g A-modul e M. 

Let 0 ---*1 ~u ~U , ---+ ... ---+ U , -K: ~ be an exact sequence o n-

injective Vj. [The ex i s tence 1s from the fac t that. If 0 ---+ M~ 

d 

"0 --"-> i s an Injective reso lullon of ImE, 

L = 
n 

Imd , Ifn ~ • then we have o-*l~ ----+u -+ ... -M.I ,--->L ,-lO is 
n- 0 1 n-n-

exac t with u
J 

injective Ifj] 

Le l I = an Idea l of A. (I arbit r ary) 

- Since Extn+1( A/I, M) s.: Ext 1(A/ I ,L
n

_
1

) • by Lemma 13, we get 

Extn
+

1 (A/I,M) ~ Ext 1(A/I,c) 

n+l 
Si nce All is f.g A-modul e I by ( 2 )' Ext (AlI, H) = 0 , (because 

proj.dim All .:!: oj 

q Ext 1(A/ I, cl = 0 

By Lemma 20 (il), we get c i s inject ive. 

we have a n inject ive reso l ut ion of M of length n, so i nJ. dim M ~ n. 

He nce, ( 3 ) ho lds 

(3) .. (4): Suppose inj . d i m H ~ n fo r all A-modul e H 

Then, by defi ni tion. there exist injective r eso lution 

of M wi lh Ek = 0 'Vk ~ n + I 

.. Hom
A 

(E
k

, N) = (0) 'Vk ~ n + l. 

(I.e. o~ Hom (E N)~Hom (E , N)~ ... ~omA(E I , N )~omA(E , N )~HomA ( M,N » A n' A n- 1 0 



n+1 
In particular Ext (M,N) = 0 for all A-modules M a nd N. 

Hence, (4) is lrue . 

Suppose 
n+l 

Ext A (H,N) = 0 for all A-modules H and N. 

WTS: proj. dim H s n for all A-modu l e M. 

Take an exac t seque nce o~~Pn_l~n_2-7· .. -7Pt
-7 Po~~' ( . ) 

Then, by Lemma 14, we have: 

n+1 
ExtA (H, N) 

1 Ext (c ,N) = 0 for al l A-module N 

c is injective by Lemma 20 (I) 

( . ) is a proJecti ve reso 1 uli on of M of l e ngth n. 

He nce. proj.dlm M S n for a ll A-modul e M 

:. (1) h o lds. 

Now let p = s up {proj.dlm M 

= s up {inj. dim M 

M is an A-module} 

M is an A- modul e} 

We asse r t that p = i. To prove this 

- si nce proJ. dim M :s p for all A-module M (by definition) 

By lemma 21, inj. dim M S P for all A-modul e M. 

~ s up {inj. dim I M is an A-modul e} s p 

.. i s P 

- s imi lar l y we can s ho w that pSi. 

Hence, p = i 

Definition 15: We call this common value, the global dimension of A, a nd 

denoted by gl.dim A. ie, gl.dlm A = s up (proj. dim M). 

lemma 22: Let A = a noetherian ring 

Let M = a f.g A-module. 

Then, M is projective iff 

M 

(M,N) = 0 for all f.g A-module N. 
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Proof : - (. ) Suppose H is projec tive 

By Lemma 20 (i), Ext! ( M, N) = 0 f or a l l A- module N. 

1 .. ExtA ( M,N ) = 0 for all f.g A- modu le N. 

Suppose (H, N) = 0 for all f . g A- module N. 

IlI's: M is projec t t ve. 

Take a r esol ution O~R~ F ~ M ~ 0 with F f .g free A- modul e we 

need to s how t his exact sequence s plIts. 

_ c learly R i s also f .g (since A is noetherian) 

Thus . by Lemma 14 , we have: 
• 

o ~Hom(M,R) ~Hom(F,R ) ~Hom ( R,R) ~Ext l ( M, R) 

Bul , 
1 Ext ( M, R) 

.. Hom(F,R) 

.. For 'R e 

: 0 ( by wepothes i s s ince R I s 

i 
~ Hom(R,R) ~ is exact. 

Hom(R, R), 3 s:F~R s uch that 

.. soi = 1 R 

f . gl. 

• 
1 Is) : 1 

R 

The exact sequence 0 ~ R ~ F ~ M ~ 0 s plits. 

is exact. 

M is isomorphic to a direct summand of a free R- module 

Hence . H is projec t ive. 

Theorem 6: Le t (A, m) = a l ocal ring. 

Proo f : 

Le t M = an A-module with minimal generating set 

{a
1
,a

2
, . ..• a

n
}. If F is free on {x

1
,x

2
' ... ,xn}, ~: F~ given 

by ~ ( xi) = a i & k = ker ~ t hen k ~ mF. 

Suppose k ~ mF 

Then, 3 Lri X
i 

E k not in mF. 

s ince r EA is a unit if and only if rE m, one of t he coeffi c i ents. 

say 1'1 mus t be a uni t 

But . D'ja
i 

= 0 ~ 

wh ich is a contradi c tion to the minimality of {a 1,a2 , ···,an}· 

k ~ mF 
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l.ellllD3 23: Let (A,m, k) be a noetherian local ri ng, 

Let M = a f.g A-modu l e. 

Proof: -

Then, proJ. dim M ~ n iff 
A 

Tor n+l 

(~) Suppose proj. dim H s n 

(M,k) • O. 

Then, there i s a projective reso l uti on O~ Pn~ Pn- I ~ ... 

---tp 1 ---tp 0 ~ ~. 

By lemma 12, A A 
we have: Tor ,(M,kl e: Tor ( p ,k l. 

n+ 1 n 

But, as one can eas i ly see , 

projec ti ve. 

Suppose 

A 
.. Tor n+l (H, k) = 0 

A 
Torn+1 

(H, k) = 0 

WTS: proj. dim M ~ n. 

We proceed by induct i on on n. 

Assume n = 0 
A 

, i e TorI (M,k) = 0 

we need t o show proj. dim M s O. 

i • 
consider the exact sequence o~ L~ F~ M---+ 0 

free, by the l ong exact theor em, we have the exac t sequence: 

A 
~ Tort ( M,k) ~ L0K ~ F0K ---+ M0K ---+ 0 

o ~ L®K ~ M®K ~ 0 i s exact 

Cl aim: 101 = 0 -

s i nce p i s 
n 

- s ince 1 (L) = ker \fI !;; mF ( by thm 6) , we have f o r YEL, i{y)e mF . 

~ i(y) = E rJx
J 

If i\Ek . then 1@1 (Y@A) = i( y)0i\ ={E r
j

X
j

) 0i\ 

But, rJi\ = 0 Vj , s ince k = Aim and rjEm 

i 0 1 (Y0i\) = 0 

= 

r j E m 

E xJ
0rl 

i 0 1 = 0 since y0i\ is an arbitrary e lement of L0k. 
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ThuS 0= i m(iel) = ker(~el) , this implies ~e l i s inject i ve. 

The refore, L®k must be zero. 

o = Le k = Le A/m a L/mL 

.. L = mL 

since A is noet he r i an, L is f . g and hence by Naka yama' s Le mma, L = O. 

Hence , f r om ( . ) , we get ~ is an isomorphi s m . 

Assume n > 0 

Now, t ake 

.. F i!! M 

.. Mi s free and he nce project i ve 

.. proj. dim M = 0 

Hence , proj . dim H ~ 0 

A 
i e , Tor

n
+1 (M,kl = a 

a projective resolution of M , ie, 

Le t. k = kcr d
n

_
I

, 
n- I 

Then. a ~ k 1 _ I ~'" ~PI ~p ~ M---... 0 i s exac t. n- n- 0 

By Lemma 

A 
:. To r 1 (k

n
_

1
, k) = 0 

The case n '"' 0 s ho ws, k liS free a nd hence pro jec t I ve . 
n-

:. M has a projective resolution of l e ngth n. 

He nce, proj . dim H ~ n . 

Recall : 1. If M is an A-modul e with M = 0 f or ai I - P 
maximal ideal p 

of A, then M = 0, That i s a module whic h Is locall y 

nu ll at every maximal ideal is 

null-module. 

2. Le t A = a ring, M an A-module. 

3, 

A 
The n, (M,Nl

p 
= To r1P{Mp , Np )' 

If A I s noetherian, and M is f. g, then 
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24 Le t A = , noether,·,n r,·ng Leona : 

( i ) 

Let M = a f. g A-module. Then: 

pro j . dim M Is equal to the s upremum of 

A - modu l e ) , for the maximal idea l p of A 
P 

A 

proJ.dlm M (as 
p 

(I i ) pr o j. dim M ~ n iff Tor I( M,A/p) n+ 

Proof: ( 1 ) Le t 5 = s up {proj.di m M 1M - max.p P P 

= 0 for all maximal Ideal p of A. 

as Ap - modu l e}, 

Le t neAl = t he set of all maxi mal Ideal of A. 

First we show that pro j. dim M ~ s 

If pr oJ .di m M = 00, there i s nothing t o prove . 

Assume proj . di m M = n < 00. 

Then, by Lemma 2 1, 
n+l 

EXl
A 

(M,N) = 0 for all A- modules M and N. 

Thus , f or p 
n+l 

E neAl , we have ExtA (M,N )p = o. 

Now, l e t M and N be an A -modu l es, then M and N are A-modul es 
p p p 

n+l 
Ext

A 
( M,N ) = 0 

n+l 
~ Ext

A 
( M,N)p = 0 

n+l 
9 Ext A ( M ,N ) = 0 for all Ap- modul es Mp a nd Np . 

p P P 

proj.dim M :s: n 
p 

Sup (pr-oj. dim MpJ :s: n 
max.p 

Hence, proj.dim H ~ s 

by Lemma 2 1. 

To s ee the othe r inequality, ie , s i!; proJ . dim M 

If s = ~ , we are done. 

Assume s = n < ~ . Then for all penCA), pro j. dlm Mp::5 n 

n+l 
} = 0 for all A -modules M and ~ Ext A (M , N 

P P P P P 

~ Ext ~+l ( M,N ) P = 0 for all A-modules M and N 
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n+' • Exl
A 

( H, N) = 0 from t he above r emark. 

~ Pr oj. dim s n = s 

Hence, proj.dim M = s up (proj.dim 
max . p 

(i i) (. ) Suppose proj . dim H ::5 n. 

M ) 
P 

A 
WTS ; Tor ,(M,A/p) = 0 for all maxi ma l Ide al p o f A. -- n+ 

Fr om (1) above we get proj. dim M ::5 n f or all P E n { A). But. we 
p 

know tha t (Ap,Pp,Api Ppl = (Ap,pAp,kl i s a noethe ri an local rI ng, a nd Mp 

Is r . g. 

lienee , by Lemma 23 , we ge t TorAP,(M ,A /p ) = 0 
n+ p p p 

~ TorAP, (M ,(A ) ) = 0 
n+ p p P 

A 
~ Tor ,(M ,Al p ) = 0 

n+ p p 
A 

- si nce this Is true for all P E Q(Al, we get To r ,( M ,Al p) = 0 n+ 

( . ) Suppose 

Hence, 
A 

Tor ,(M,Alp) = 0 n+ 
VpeQ(A) 

A Tor ,(M,A/p) = 0 for a ll P E neAl n+ 

WTS pro j. dim M ::5 n. 

For a ll p E ~HA), whi c h impli es 
A 

Tor P,t H ,(Alp) ) = a 
n+ p p 

• 
A 

Tor P 
n+' 

A 
{M • ( pip » • 0 

p p 

Again by Lemma 23 , for all p E Q( A) . 

s n 

Hence. proj.dim M ::5 n. 

!:!1lIna 25: The fo ll o wing c onditions about a noet herian ri ng A are 

cqui val ent : 

( 1 ) gl.di m A ~ n 

(2) proj. di m M ~ n f or all f . g A-modul e M. 
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(31 

(41 

151 

Proo f : -
(l) D (2) : 

InJ.dl m M :S n f or all f.g A-modul e H. 

Ext~+ l( M . N) = 0 f or all f. g A-modul es 

A 0 f or Tor 1 ( M, N) = all f. g A-modul es n+ 

we proceed in the following manner : 

If g1. dim A :s n, then s up proj. dlm M 
M 

• pro j .dlm M S n 

• proj.dim M S n 

.. 111 • ( 2) holds 

M 

M 

a nd N. 

a nd N. 

( 5)~( 2)~ ( 1) 

jI- ~ 
(4 1 • (31 

s n . 

f or a ll A- modul e M 

f or a ll f. g A- modu I e M. 

If proJ . dim M :s n f o r a ll f. g A-modul e , t he n proj .d l m M !5 n f o r 

all A- modul e M by lemma 2 1. 

• s up ( pro j . d i m M) :s n 
M 

g l.dl m A :s n 

(2) ~ ( 1) ho lds. 

Hence. (1) ~ ( 2 ) 

111 . (31 , If gl .dim A :s n • then proj.dim M :s n f or a ll A- modul e M 

• Inj . dim M :s n for all A- modul e M (by lemma 2 1. ) 

• inJ. dim M :s n for all f .g A-modul e M. 

Hence. (1) ~ ( 3 ) 

(3) • ( 4) : Suppose inj . dim H :s n for all f . g A-modul e H 

WTS: 
n+1 ExtA (M,N) = 0 for a l l f .g A- modules M and N. 

Let M and N be f. g A-modu l es . 

s ince InJ.dlm M :s n then there exist an injecti ve r eso lution 

o ... M .... Eo -+ .. . .... En .... 0 o f M. Her e Ek = 0 Vk z: n + 1 . 

The left exactness of HomA ( - , N) gives us the exact sequence: 

0 .... HornA(En ,N ) .... Hom
A

{ E
n

_
1

, N) ...... . .... HomA(Eo ,N) -+ HomA (M,N ). 

HomA(Ek,Nl = 0 Vk ~ n + 1 

- si nce N is arbitrary f . g A-modu le, HomA(Ek,N) ::I 0 for al l L g A- module N. 

n+1 .. Ext
A 

(H, N) = 0 f or all f . g A-modules" and N. 
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n+1 
( 4) .. (2): Suppose ExtA (H, N) = 0 f or all f.g A-modul es H and N. 

WTS: proj . dim M ~ n for al l f.g module M. 

Let M and N be f.g A-modules. 

Consi der the p r o ject ive resol uti on 

Le t k
n 

= k er do 'rio O!:. 1 ,. 

Is exac t. 

By lemma 14, 
n+ 1 1 

ExtA ( M,N) il!! Ext
A 

(ko_t,N). 

n+1 
s ince Ext

A 
( H,N ) = 

By lemma 22, k 1 is project ive . n-
Thus , M has a projective reso lution of l eng th n. 

o by hypolhes i s 

He nce , proj . dim M s n f or a ll f . g A- modul e H. 

(2) ~ ( 5 ) : If proj .dim M S n for all f.g A- module M, then any f.g 

A-mod ul e M has a projective resol ut i on O~p ~p 1 ~"' ~ ~ M ~ o. 
n n- 0 

But, Tor ,(M,N) ~ To,,(p ,N) f or all f.g A-modul e N. 
n+ n 

- s lnce P
n 

Is p r o ject ive, TorI (Pn,N) = 0 

.. Tor ,( M,N) = 0 for al l f.g A- modu l es M and N 
n+ 

Henc e , ( 2 ) ~ ( 5 ) 

I f Tor~+l( M,N) = 0 for all f. g A-modules, we ge t Torn+ 1( H,Al p ) 30 

fo r all maximal i deal p of A. 

Thus , by lemma 24(i i) 

... (5)* (2) 

proj.dim M 5 n for all f.g A- module M. 

Hence, ( 2 ) ~ (5) 

Lerrma, 26; For a ny noet herian ring A, 

gl .dim A = sup g1. d i m(A ) . 
max. p p 

('10 

Let k = s up g l.dim{A ). 
max.p p 

If gl. dim A = 00 , there is nothing to prove. 

Proof: -
Assume g l .dim A = n < 00 . 
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The n, 8 1. dim A !i n. By Lemma 25 . proJ. dlm M :s n f or all 

ApltOdul e M, and by lemma 24 . we have sup (proJ. dlm Hp) :s n for all 
max. p 

A _modul e M . 
P P 

f . g 

f . g 

.. proJ .dim M , n f or a ll 
p f. g A -module M a nd for all p E n eAl. 

p p 

.' gl . dlmAp 
< n fo r 

s up gl.dl m(A ) !i n 
p 

max. p 

all p E n eAl ... by lemma 25. 

Hence, g l .dim A ~ sup gl.dlm (A ) 
max . p P 

( :s ) : If k '" 00 t he r e is noth ing to prove . 

Assume k < 00 

The n, 

pen 

1:;UP g l. dim(A ) 
p max. p 

(AI .. 

• k , 

Le l M,N be f.g A- modu les 

wh i c h Impllcs g l.dlm A 
p 

Then, M a nd N are f.g A - modul es. 
p p p 

A 

~ kforal 1 

.. Tork~ l (Mp,Npl : 0 f or a ll p E neA l by lemma 25. 

A 
Tor k + 1 ( M, N)p '" 0 

A .. Tor
k

+
1

( M,N l:O 

f or a ll P E n eAl 

- s ince M and N a r e arbitrary , we get g l. d lm As k by lemma 25 

He nce, g l .dlm A = sup gl.dim(A ) 
max .p p 

Theorem 7: Let (A , m, k ) be a noetherian local r i ng. 

Proof : -

Then, g l.dim A s n iff Ta r A I 
n+ 

( k, kl = 0 

Consequent ly, we have g l .dim A = pr oJ.dim k (as A-modul e). 

( . ) Suppose gI.dim A S n 

- Since k = AI m is a f.g A-module, by Lemma 25 (5) we have 

Tor~+ l (k , k) = O. 
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Suppos e A 
Tor n +l (k , k) = 0 

\.ITS; gl.dim A S n 

By l emma 24, proJ. dim k S n. Thus by de f i ni t i on t he r e i s a 

( , ) 

If we apply M®A - f o r ( . ) , we ge t Tor n+ 1 ( M, k) '" 0 f o r all A- modu l e M. 

I n parti c ular, Tor
n

+
1

{ M,k ) = 0 f o r f.g A- modul e M. 

so , by Lemma 24, proJ. dim M s n . 

Si nce gl.di m A c an be computed from projec ti ve dime ns io ns o f r .g 
A- modul es , we ge t g l. d im A s n by Lemma 25. 

To prove gl . d i m A '" proj . dim k ( as A-modu l e). 

I f we cons i de r k a 5 A-module, proj.dim k .:5 gl.dlm A. 

Let 5 '" pr oj. dim k. Then, proj.dlrn k :S 5 

Tor 
A (k, Aim) = 0 Le mma 24 (I ) .. 
5 +1 

Tor 
A (k,k ) 0 s ince k = Aim .. = 
5 +1 .. g l.dim A , 5 by theo r em 7 

.. g1. dim A , pr oj.dim k. 

He nc e, gl . dim A = proj.dim k (as A- module). 

lellll\a 27: Let ( A, m, k l be a noetherian local ring, 

Le t M = a f.g A-module. 

I f proJ. di m M = r < 00 and if x is an M-regular e l e ment in m, the n 

proj . dim (MlxM) = r+l 

Proof: - By hypo thes is there is an exac t s equence 

a ~ M~ MlxM ---7 a 

whe r e t he f i rst map i s mu lt i plication by x. 

Thi s s hor t exact seque nce gives the long exact sequence: 

To riCM,k) ~ ToriCM/xM,k) ~ Tor i _1CH,k ) 
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case t : - I f t> r+l t hen Tori{ M,k) and Tort_t(M,k) are 0 , s i nce 

proj. dim M = r and M Is f.g (by l emma 25 ) 

.. 0 ~ Tori ( MlxM, k ) ~ 0 is exac t. 

.. Tori ( MlxM, k) =0 

~ Tor.(MlxM, Alm) = 0 , 
Thus , Tor 2{ M!xM,Alm) = 0 and hence by lemma 24, proj.dim(MlxM) :5 r + I . r+ 

proj.dim (M/xH) 5 r + 1. ( . ) 

Case 2: When i ::: r + 1 -
Then , Tor r+1 (M, k ) 

a 
Tor

r
+1 ( MlxM,k ) ~ Torr( M, k ) 

x 
~ Tor (M, k ) i s 

r 

exacL. But f or ,{ M, k )::: 0 ... by Lemma 25 r + 

0 - , Tor ,(MlXM,k) ~ Tor (M. k ) ~ Tor (M, k) \ s exact. 
r+ r r 

s i nce k ::: Aim i s annihi l a t ed by x (because xem by hypothes i s), lhe 
d

n 
d

n
_

1 
modul e Tor ( M, k) is anni h ilated by x. l i e. l e l 

d r 
... ~Pn~Pn-l~· .. ~ , 

Pl~ P ~ M ~ 0 be a projective r esol ution 
o d 1811 

of M , apply -- *Ak to 

n 
gel . . . ~ Pn®k~ Pn_1®k -? .. ~ M®k ---iO. Then , To r ( M,k ) 

r - ker 

(d _ l )/ l m(d ,18111. But x annilates p ®k ::: p ®A/ m , so II annihilates ker 
r r + r r 

(dr- I) ~ Pr®K. Thus, Torr( M,k) is annihilated by x]. 
Multip l ication by x is a ze r o map on Torr(M, k ) . 

.. 0 ~ Tor ,( MlxM,k ) ~ Tor ( M,k) ~ 0 i s e xact. 
r+ r 

BUl, s ince pro j. dim M ::: r, Tor ( M, k ) ;to 0 , hence Tor ,(WxM,k ) C#. O. 
r r+ 

.. proj . dim (KlxH) .!: r + 1 ( .. ) 

Il f proj. dim ( MlxMJ < r + 1, then pr oj. dim (MlxH) :5 r and hence 
A 

Tor n+
1 
(MlxM, k ) = 0] 

lie ne e, (.) and (n) gives us proj.dim (KId) = r + 1 

lellllla 28 : If ( A, m, k ) is a r egul ar local ring, t hen m can be generated by 
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Proof: - (kapl a ns ky, 1910, p.119) 

we no w pro ve the main theo rem. 

Theorem 8: Let ( A,m,k) be a regular local ring of d i me ns i o n n. 

Proof: 

The n, gl.dim A = n. 

s Ince A i s I'egular 

i s a n A- s equence. 

Now l et us a pply lemma 27 repeatedly. 

- s ince A as A- module i s free and hence pr ojective, we have proJ . dim A = 0 

(i) xt em Is no t a zero divisor of A, implies proj.dim (A/ xA) = proj. dlm 

A + 1 = 0 + 1 = 1. 

(I I) x
2

em is no t a zero divisor of A/(x
t

) impli es 

proj.dim ([A/(x
1
)! /(x

2
)) = proj.dlm (A/ ( x

t
» + 1 

= + t 

= 2 

.. proj.dim (AI(x
1
,x

2
» "" 2 

Fina ll y , XnEm is not a ze r o divisor of AI(x1, ... ,x
n

_
t

) implies 

proj.dl m (A/(x
1
,x

2 
•...• x

n
» = proj.d\m (A/{x

1
,x

2
, ... ,x

n
_

1
»+ 1 

=n-l+1 

proj .dim(Alm) "" n 

proJ.dim ( k) = n 

= n 

s ince m = (x
t

,x
2

, ... , x
n

) 

s ince k = AIm 

But, by theorem 1 , we have gl.dlm A = proj.dlm k. 

He nce , g l . dim A = n 

Next we prove the conve r se of theorem 8 , namely a noet herian loca l 

ring of finite g l o bal dimension is regu lar. To prove this we need some 

results from koszul complex and we use the concept o f minima l 

reso l ution. 
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Le t A '" a ring 

Le t H '" an A-module 

Let HI = denote the compl ex ... ~ a 

Her e , it i s t o 

HI Is bo th a right 

assoc I a t ed to H. 

be unde r s tood that H '" 0 Vn ~ 0 and H '" H so that 
n o ' 

compl ex and a left complex. HI is ca ll ed t he complex 

Defi nition 16 : By a le ft complex over H we mean a left compl ex )( 

t ogether wit h a chain map E : )( ~ MI call ed the augmentat ion map. 

i e , X: .. . ~ )(2 ~ Xl ~ »:0 ~ 0 ~ 0-+ 0 ~ •.. 

Remark : 

El lEo 
MI: ... ~ 0 ~ 0 ~ M ~ 0 ~ 0 ~ 0 ~ .. . 

(I) As we have s een from the above diagram onl y one component 

of E is non-trivial, that i s the so-ca ll ed augmentat i on 

homomorphI s m. e : )( ~ M. 
o 0 

(2) Fr om the commutative dlagr am )( ~ 0 
o 

1 1 
M we ge l a left 

( A) 

Def initi on 17: By a right comp lex over H we mean a right complex .., 

t oge ther with a chain map E: Hl ~'" 

This t i me the non-tnvial part of E Is t he augmentation homomorphism 

E: M -)"'0 ' and we ge t t he right compl ex 0 ~ M ~"'o ~ 'i t ~ .. (M ) . 

Let .., be a r ight complex over M and X a left compl ex over H. 

Definition 18: If t he sequence Ud and ( M ) are exact , t hen we say t ha t 

.., Is an acyc li c right compl ex over H and X Is ca ll ed an 

acyc li c left complex over M. 

Le t (A,m,k ) be a noetherian local ri ng. 

Let H = a f.g A-module 

Let w: M ~ N be a homomorphi s m of f .g A- modul es . 
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Definiti on 19 : we s ay Is mi nimal i ff ~0 1 k M®k---ioN0k Is a n 

I somor ph l s m. Equi va l ently. we s ay ~ I s minima l I f f ~ 

Is s urjecti ve a nd ke r ~ ~ mH. 

()ef i nilion 20 : A f r ee reso luti o n o f H. 

( - ) i s called a min i ma l res ol uti o n I f di : L
1

---+ ke f" d
t
_

t 
Is mi nimal for all i. 

Remark : - {Ij 

If ( - ) i s mi n ima l. t he n 

s inc e d :L ~ M is min i ma l, by de f i nit i o n we have o 0 

L ®k ---+ M®k I s a n i somor phi s m. o 

(I i ) The compl e x L. ®k : 

L\ : LI ®k a LI/mLI , has trivia l d i fferen t iat i o n. 

Proof : To s ee t hi s d
l 

= LI / mL I ~ Li _t /mL
1

_
1

. 

- si nce d
t

: Ll ---+ kerd
t
_

1 
is min i ma l . t he n d

j 
Is s urjec live 

:. d
l 

L
j 

::: ke r d
i
_

1 

whe r e 

si nce d
l

_
t 

: L
i

_
1 
~ ke r d

i
_

2 
Is min imal. t he n ke r dl. _

t 
S;; mL

t
_

t 

(by deflnl tlon) 

:. d i Ll ~ mL I _1 

Now lel x + mL
l 

E Li / mL
I

• t he n 

d
1 

( x + //ILl ) ::: d
i 
(x) + mL

i
_

t 

s inc e d
j 
(x ) ~ mL

I
_

t 
Hence, d

t 
::: 0 for all t 

(t II) For each I, we have: 

A 
Tort( M, k ) = ker di/ lm d l +1 

s i nce 1m d1+1 - (0 ) 

si nc e (il Is a z e r o ma p from 
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But , we know t hat the A-modul e L1 /mL
l 

can be r egarded as a fin! te 

dl.enslonal vec tor space over k, and that 

rank Li '" rank Lt / mL
t 

. 

.. Li is f.g over A 

Lemma 29: A minimal resolution of M exi s t s and unique upto isomorphi sm 

Proo f : Let {u 1,u2 ,· · .,u
p

} be a minimal generating set of M. 

Lc t Lo = Ae
1 

• Ae2 • 

E: Lo ~ M by E(e
t

) '" 

Lc t kl '" ker E. 

• Ae be a free modul e. 
p 

De fine u
t

' which is c l early an ep imor ph ism. 

Then. we havc t he exact sequence a ~ e 
M ---+ O. 

claim: 

Suppose not, i e , ker E ~ mLo. 

Then, 3 rr
l
c

i
Ek, bu t not in mLo 

say r I ' 

So at least one of the r l' s is not In m, 

.. r
1 

is a unit. 

- s ince E(rr
i
e

1
) = a then trlu

l 
= 0, so we get u

1 

whi c h i s a contradiction to the minima llty of 

:. k er e!;;mL 
o 

Hence, E L ---+ H is minimal 
o 

Now consi der d1: k
1 
~ ke r E , c l ear l y it i s surjecti ve and 

kerd
l 

'" (0) !;; mk
1

. 

:. d
1 

i s als o minimal 

si nce A Is noe t herian, kl is f.g A-modul e, so we can proced as above, 

and finally we get a minimal r eso l uti on of H. Thi s proves the 

eXistence part . 

Uni queness (see Matsumura, I9BO,p.1 36) 

The next Lemma is stated without proof . 
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,,- 3D: Let ... ---? Li 
d

i - Li -1 
d, 

~ ... ----t L e - M ---> 0 
0 be a minimal 

d' d' 
r eso lut ion of M. i F

i
_

t 

, 
.. ·-+F'i~ ~ ... ~ F be a co mpl ex 

0 

wi th an augementation homomorphi s m E':F ~ M s uc h that : 
o 

(1) each Fi is f.g free over A, 

( i i ) e' ; Fa ~ M is injective, and 

( iii) d i(F t ) ~ mF i _1 for each i > 0 and d' Induces an Injecti on 
2 i 

F\ --+ (m lm h!) F i-I " 

Then, there exis t a homomorphi sm of compl exes over M f : F ~ L. 

Such that each fi maps Fl I somor phically onto a direct summand o f L
j 

consequen t l y, we have : 

Theor em 9: 

Pr oo f : 

- c lear ly 

From 

A 
Tor i (M. k ) . 

Lel (A,m , k) be a noetherian local ring , 

Let s = r ank
k

(m/m2 ). 

Then, rank
k 

Tor~(k,k) 01! [ ~) for 0 ~ I .s s . 

Co ns i de r k as A- modul e. Then, k Is f.g , and hence by lemma 

29, it has a minimal r esolution , 

Let .. . ---? Li--+ L
t
_

t 
--+ . .. --+ L

t
--+ Lo--+ k-lo 0 be the min i mal 

reso lution of k . 

Let m= (x
1
,x

2
, ... , x

s
)' 

Cons i de r the koszul complex F. : k.{x 1,x
2
,··· ,Xs, A) . 

F • A, so 
0 

there 1s an obvious augmentation homomorphis m e:F -?k 
0 

IITS, The condi t ion of Lemma 30 are all satisfled . 

F • k (x, A) • A@A", Pe where G • A +A + ... +A free 
p p x, x2 

x s 
A-modul e of rank 5 

..... s ince A Is free of d imens i on 1. 

But . ",Pc is a free A-modul e of dimension ( : ) . 

F is f. g free over A. 
p 

Hence . condi t i on (i) i s fuifilled . 
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Consi der E: A®k ~ k ®k 

s ince E: A ~ AIm is surjectIve and kerE '" m ~ mA , we get E i s 

minimal. 

e 15 an isomorphism 

e Is injective. 

Hence, condition (ii) i s sati s f ied 

Let d : Fp -. 'p 1 ' where Fp : kp(X,A) and F , : k 1 (x_ ,A). p - - p- p-

be an OI'bitrary e l ement o f F . 
p 

So by construction we have d (F ) ~ m F p P p-t 

To show d
p 

i nduces an Injection from Fp 

F ~ F 1m F and mlm2
® F, . 

P P P p-

Let d :F I mF -4 mF l 1m
2

F 1 ppp p- p-

-4 mlm2 
8 F A p- l' 

2 mF
p

_
t 

1m F
p

_
1 

we have: 

( . ) . 

Now, l e t x '" ~ ql' .. i e i ... i 
11 .. . <lp 1 pip 

, where qj"'! eA be an e l ement of 
1 p 

'p such that d (X)E m
2

F 1 p p-
WTS: xemF . 

p 

To show t hi s we shal l examine the coefficients 

dp(X) wher e li, ... ,I~_l are arbitrary integers 

1,'< ... <1' :5s . 
p-l 

• 

of "I' I' 
1'" p- t 

sati s fy! ng 1 

In 

• 
Let i ( 1:5 i :5 nJ be dIfferent from al l li , ,,· , I~_t and c hoose 

• • • 
(1), so that Ii <".< 11_ < i < 1i -+ l <. ,, < 1~_1 

Then the term 
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• 
• ,' I' Ii' ... " 1 I'" I ' 1 ' +1 p-

In the r epresent ation of x contributes to d (xl 
p 

a t.erm x Ql' l ' l' e 1'1' l' 
1'" ... p-l 1 2'" p-l 

2 
emF 1 p-

( s ince d (x) .:5 
p 

2 
m d ,) . p-

.. L xI ' ql '" . . i · ... I' e m
2 

p-l 
since it Is the coefficient o f 

i 

the element dp(xl of mFp_
t 
• 

~ qil·· ·i ... i~_l em . 

s ince '1. ··· ,1 . . , l' 1 p- are arbitrary, we get 

I} , ' 2" .. , Is' 

o. X E mF . 
p 

Hence , the induced map is injective 

so, a ll the condit ion of l e mma 30 are satisfied . 

.. each 

.. I' ank 

F, Is Isomorphic to a direct s ummand of L\ 
A 

F\ s r a nk L\ = rank
k 

Tor,( k,k) 

Bul, rank .... by t he above di scuss i on . 

Hence, rank
k 

A 
Tor1(k,kl i!: 

Now, we are ready to prove the conve r se of theo r e m 8. 

Recall: 

Then: 

Let (A,m, k) be a noetherian loca l ring. 

Let M = f .g A-module. 

(1) The de pth of M = 0 iff mE Ass( M} 

(2) depth M .:5 dim M if M ~ 0 

f O I' all s els 

(3) If proJ. dlrn M < 00 , then proJ.dim M + dept h M - depth A 

(This formu la i s due to Auslande r - Buchsbaum) 

!!'eorem 10: (serre) Let (A,m, k ) be a noetherian local ring. 

The n, A is r egular iff gl.dlm A < 1;1;1. 

PrOOf : - (~) This is theorem 8. 

(~) Suppose gl. dim A = n < 00, 

44 



WIS: A Is regular. 

we s how dim A = rank
k

(mlm2 ). 

Let 5 = rank
k

(mlm2 ). 

By theor em 9, s ince rankkTor~(k,k) ~ [ : ) = 1, we get Tor~(k,k) ~ O. 

:.g l .dimAi!:S 

[For if gl.d im A < s, then gl.dim A :s 5 -1 .. 

contradi ction]. 

o whi c h i s a 

On the ot her hand, si nce Ass ( Alm) = em}, Ie, me Ass (k), depth k - 0 

by ( 1 1 above . 50 If we consider k as A-modul e, 

pl'oJ. dlm k ;s gl . dlm A < 00 hence from (3) above we have: 

Hence , di m A ::5 

pr oJ. dim k + depth k = depth A. 

:. proJ. dim k :: depth A 

2 rankk(m/m ) :: S 

.. dim 

= g l. dim A 

:: proj.di m k 

:: depth A 

::5 dim A 

2 
A = rankk(mlm ) . 

Hence , A is r egular . 

from Ull 

by t heorem 7 

f r om (M ) 

from II 2 above 

(M) 

Recall : - Le t s be a mul t lpllcatlve subset of a ring A. Then: 

(1) A I s f l at over A 
s 

we ge t 

(2 ) If A is commutative, and M i s an A-modu le, t hen M I s 

( 3 ) 

A-pro ject ive implies Ms 

If A is noetherian, then 

Is A -projecti ve. 
5 

As is noetherian. 

~ro1J ary 4 : If A is a regu l ar local ring, then A 1s regular for any 
p 

PrOO f : -
p e spec (Al. 

Let (A, m,kl be a regular local r ing. 

Let p e spec (A). 
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IITS: A Is r egul a r . 
p 

_ c lear l y Ap i s a noethe ri a n loca l r i ng, by (3 ) above , so i t s uff ices t o 

s how g l.di m Ap < OJ, 

Let M = an A -module. 
p 

Cons ider M as A-module . 

s i nce A Is r e gular, gl.dim A < OJ , whi ch impli es proj.dlm M < OJ , 

Hence , M has a projective reso luti on of finite length , s ay n. 

O~ -4P I ~" "~ ~--:IO. n n- 0 

:. n .:5 g l.rllm A 

By ( 1) above , A i s flat o ve r A. s o by definiti o n o f flatne ss . we ge l : p 

O~p ®A -7p I ®A ~ . ·· -4P @A ~®A --:10 i s exac t n p n- p o p p 

• 0-4( p ) -4( p I ) -7 ... -4(p) ~ = M--:IO Is exact. n p n- p o p P ( • I 

But , by (2) above, each ( p
t

) I s A -pro j ective VI = 1, 2 , .. . , n . 
p p 

Hence, ( . ) is a proJective resoluti on o f M as A - modul e . 
p 

proJ. dim M .:5 n 

.. proj.dim M .:5 n .:5 gl.dim A 

- s i nce M i s ar bi t rary, ( •• ) I s true f or a ll Ap- modul e H, so we have 

s up (proJ. dim M) .:5 g l.dim A 
M .. gl.dim A .:5 gl.dim A < OJ 

p 

_ g l.dim A < m. 
p 

s ince A 1s regular . 

Hence , by theorem 10, A is regular f or a ll p E s pec CA) 
p 

Now we are in a pos iti on t o g ive the de finit ion of a regular ring . 

!!fl nill on 21 : A noethe r ian ring A Is called r egul ar if Ap i s a r egular 

loca l ri ng for every maximal idea l p of A. 

In view of t he above corollary, thi s defini ti on i s equiva l e nt t o 

say ing t hat A i s a r egu lar local ring f or every p E spec ( A). 
p 
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4. Ge neral properties of polynomial rings 

Le t A = a commutative r ing with unity, and I ideal of A. 

Let Alxt.··· . xn ' = t he ring of polynomial s In x
1
,x

2 
. ... . x

n 
with coeffic i ents i n A. Then. we have the followng pr'operli es: 

Propos ili on7: IA[X t ,x2 ,··· , xn ' ('\ A = I 

Propos i li on 8: Let 0 : A----+Al I be t he natural mappl ng. 

Then one can obtain a ring epimorphi sm Alx1, ... ,x
n

' ---+ 

(A/ llIxt, . . . , xnl by operati ng wi t h 0 on the coef ficient s of each 

po l ynom i a l I n A[x t ,··· ,xn " The ke rnel of t hi s e p imorphism Is cleal'ly 

IAfx1,·· ·,xn '-

Hence, A[ x t .x2 .··· .xn J/ IA[x1 , .. . • xn ' iii (A/I)[x1 •... ,xn ' 

(Thi s iso mo rphi s m is frequently used to Identify t he t wo dogs .) 

Proposit ion 9: Let s be a non-empty multipli cative subset of A. Then, 

it i s a l so a multipli cative subset of Alx
t
.x

2
. · ··,xn J. 

So we may form the r ing A(xl.x2' .... xnls of f a c ti o ns . 

Define IJI : A( x 1, ... ,x I --t A (X1' .. ·,X I by 1JI { 5~) n s s n 

cl ear ly IJI is a n isomorph i s m. 

He nce, A(X1 , ··· 'Xn]s~ As [X1 ' ·· ., xs ] 

~OpOsili on 10: Let p be a pr ime ideal of A. 

Then. PA[x1, ... ,xnJ is a prime idea l o f the polyno mial 

ring A[xt, ... ,xnJ· 
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Proposition 11: Let A = a noetherian ring: 

Proof: -

Let p = a prime ideal of A. 

Then, PA[x1,··· ,xnl i s a prime Ideal o f Alx
1

, . .. , x
n

] a nd 

it has the same height as p. 

( North cot t, 1968, p.265) 

Proposi lion 12: Let F = a fie ld . 

Proof : 

The n , each i dea l of the polynomial ring Fix! can be gene r ate d 

by a s ingle element. 

( Northco tt, 1968, p. 269) 

Propos i li on 13: Le t F = a fi e ld 

Proof; 

The n, FIx] i s not a field, but eve ry no n- ze r o pl' ime i deal i s a 

max ima l ideal . 

(Northcoth, 1968, p. 269) 

Reca ll : Let A = a ring , 

Let M = an A-module, U S;; M and N a s ubmodul e o f M 

ge nerated by U 

The n , if X; M~s is the canno n l ea l mapping and Ns i s 

r e garded as an A -submodul e of M t he n N i s ge nerated by 
s s s 

x (U). 

Theor em 11 ; I f A is r egular, s o is Ai xl 

Proof: Le t rr be a maximal ideal of A[ x l. 

Le t d = dim A. 

WTS: A[xl
rr 

I s a regular local ring. 

Ie , To s how dim A[xl
rr 

= d+l and the maximal ideal of Al xl n i s ge nerated 

by d+l el e men ts . 

- c lear l y A[x l
rr 

15 a noetherian l ocal r ing. 

Let p = n f"I A 
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Now, if s = A-p then by prop . 4 , 

under s tand ing TIs is a maximal idea l of As l xl. 

Alx ) 
s 

Si nce 

a! A Ixl. 
s On t hi s 

I s A I s r egulal' . A 

a r egular l ocal ring, so TTs contracls lo lhe maximal ideal of As' 

our purpose we may a dd the assumption thal A i s a r egular l ocal 

and t ha t n o f AI xl contracts to the maximal ideal of A. 

Hence , (A,P) i s a l oca l r ing. 

(1) To show di m A[xJ
TI 

= d+l 

s 
So f o r 

ring, 

Since P is a prime ideal of A, PAlx] i s a prime ideal of A[x]. But, 

s i nce Al xI/PA(x] e! (A/P)[x ) = k /x ) is not a field by prop 13 PA[x ) Is 

not a maxima l ideal of Alxl. So TT/ PA[x) ~ 0 Ideal o f kl xl. 

The n , by prop 12, TT/PA[x] can be generated by a sing l e el e me n t , s ay f. 

.. IT = pAlx] + fAl x ] 

Let p = ((Xl'(X2,···,O:d) 

htp = d si nce dim A = ht P 

- Si nce A is noether ian and P a prime Ideal of A, by prop. 11,ht (PAtxl) = d 

ht( TT ) = d + 1. 

But , dimA [x l
rr 

= ht(TJ) = d +l . s ince dim ( A ) = ht ( p) . 
p 

Henc e , dim A[xJ
n 

= d+l 

(li) To s how the maximal idea l of A[xJ
TT 

i s generate d by d+l elelDenls. 

Let ~ : A[X]~Al x) TT be the c annonl cal ma pping 

Let (Xl ' 0:2"" ,ad,f' be the images of a 1,a2 ,···ad ,f 

whi c h a r e dis tinct. 

unde r "' , 

The n , by the above res u l t, the e xtension of rr = (0:I,a
2

, ... ,ad,f)Alx) 

In Al x l rr i s generated by ai ' a2, ... ,ad,f'. 

t d b ' .' a' f' whe r e s = AlxJ- rr :. TTs is genera e y 0:1 ' 2"' " d' , 

But, we kno w t hat If 5 = A-P, then lhe prime ideals o f A which do no t 
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~el 5 a r e t hose contained i n 

Il 1- 1 cor r espondence with t he 

if p'e p i s a prime ideal of 

It' s extens ion. Tha t will 

There for e, it fol l ows that t he 

P. a nd that t he pr ime ideal s of A are in 

pr i me ideal s of A tha t a r e 1 n p. Indeed 

A the correspondi ng prime ideal of A i s 
p 

be conta ined i n t he exte ns ion of P. 

extens ion of P Is the only maxima l Idea l 

of Ap ' 

Hence, Os i s the only maximal idea l of A[xl O' 

The max imal ideal of A[xl n is ge nerated by d+ l e l eme nt s . 

r a nk. (n /~ l = d+l s s 

A[ xl n is a regula r loca l ri ng. 

_ s ince IT i s an arbit r a r y max ima l ideal of A( xl, we get 

A(x} i s regul ar 

Coro llary 5 : I f A i s r egu l a r , so i s Al x1 , ···,xn J· 

Fo llows from theor e m 11. by i nduction on n. Proof: 

Reca l l : Le t k = a field 

Let n = any max imal ideal of the po lynomia l ri ng 

k [X1,··· .xnl 

The n, ht( n l = nand n can be gene r ated by n e lements. 

Coroll ary 6 : (Hi Ibe r t syzygy theor e m) 

PrOOf : 

Le t A = k[x
1

.x
2

, . .. ,xn l be a po lynomial r i ng ove r a f ie ld k. 

Then, g l.dim A = n 

Let n be a max ima l i deal of A. 

- Since k Is a fie ld and hence noethe r ian, we have A is noethe ri a n. 

An i s a noe the r ian loca l r ing (as A = commutative ) 

- Since a k- mo dul e i s a vector s pace over k, and hence possesses a basi s 

eve ry k- module is f ree a nd he nce pro j ect i ve. 

For e very k-modul e M, proj. d im M = 0 

gl.di m k = 0 < ~. 
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But. s ince k is a noetherian l ocal ring (trIvially), k mus t be 

regular by t heo r em 10. 

k( x 1 , ···, x
n l is r egul a r by corollary 6. 

ATT := k(x 1,·· · ,xn) n i s a regular local ring. 

Thus , by theor e m 8, we have: 

gl .di m An = dim An 

= ht(IT) ... since dim A := hl(p ) for all pe spec (Al 
p 

= n 

Hence, gl.dim ATT := n 

- Since n i s a n arbitrary maxi mal ideal o f A, If we take the s uppr-e mum 

over a l l maxi mal ideal we get 

gl . dim A = n by lemma 26 II 

5. Regul ar Loca l Rings as UFD 

In th is sec tion we are going t o prove that every r egular local ring 

Is a unique fact orizati on domain (UFO). To prove this theorem, we s imi I 

Inlroduce some a uxi llary concepts. 

Df:finition 22: Le t A be a ring , 0 '$. a EA . we s ay a is irreducible if : 

( 1) a is not a unit of A 

(2 ) whenever a = xy, x,YEA , eilhe r x or y is a unit of A. 

Definition 23: An integ r a l domain A i s cal l ed a un i que f aclorizat ion dom. 

a in (UFD) if the following two conditi o ns are s ati sfied: 

( 1) If a i s non-zero non-unll of A, then a can be 

wrilten as a finile producl of irreducible eleme nl s 

of A. 

(2) If a i s non- zero non-unit of A , and if 

a = n 1n2·· ·ns := At A2··· At 
are two express i ons o f a as a product of Irreduc ible 

eleme nts, then s = land il i s poss ible to r e number 

1t1 ,1t2 , ··· , ns 
(1::51::55). 

so that 
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Exampl es: ( 1 ) The ring of integers Z. In Z, we have , f o r i ns tance 

24 = (2)(2)(3)(2) = (-2)(-3)(2 ) ( 2 ) , He r e 2 a nd - 2 a r e 

associates as are 3 and -3. 

Thus , except fo r orde r and associates , the irreduc ibl e f ac t o r s in 

these t wo fac torizations of 24 are the same. 

(2) The ring of polynomials, F[xl, wllh coeffl c l en' s In a 

Field. 

Pr oposition 14: Let A be a n i ntegral domain. The n A i s a UFO I ff e ve r y 

i rreducib l e element is prime and the princ ipal ideal s o f A 

saLisfy the ascending chain condition (acc ) . 

Proof: S imil ar to the proof of a principal idea l do ma in i s a UFO. 

lemma 31: A noet herian domain A in which eve ry irreduc ibl e el e me nt 

ge ner ates a prime ideal is a UFO. 

Proof: S i nce A is noetherian, the prInc ipal ideal s o f A saLi s fy t he 

a cc. Le t n = an irreducible el e me nt o f A. 

Then , ( n ) is a prime ideal by hypothes i s. 

BuL, in a n integral domain we know that ( n) Is a prime ideal I ff n 

is a pr i me e lement 

Theorem 12: 

n is a prime elemenL of A 

Hence , by prop. 14. A i s a UFD. 

A noetherian integral domain A i s a UFD iff every pr i me 

ideal of height 1 is principal 

~f: I . Suppose A i s a UFD 

Let p = a prime ideal of height 1 of A. 

WIS; p is princ ipal 
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Let a EP , a ~ O. Le t a = lTp. 
1 

as a produc t o f pr i me (Irreducibl e) 

el ements. (Th is i s poss ible since A is a UFO). 

_ Since P is a pr1me ide al, atleast one of the PI bel o ngs t o p. 

If Pi E P the n (Pi) ~ P , but (Pi) is a non-ze r o prime Idea l a nd 

ht(P) = 1 (by assumpti on). 

P = [ PI) 

p is pr incipal 

Hence , every prime ideal of height 1 i s princ ipal 

I I. Suppose e very prime ideal of height 1 i s principal 

\ITS : A is a UFD 

Le t n = a n irre d uc i ble eleme nt of A. 

Let p = mi ni mal pr i me over ideal o f nA. 

The n, ht ( p) ~ 1 .... by Le mma 2. 

.. http) = 1. 

Thus , by hypot hes i s , we have p i s pri nc Ipal . 

Let p = (a). 

- Since nA ~ p a nd n i s i rreduc i bl e the n n = au , whe re u i s a uni t. 

n and a are a s soc iates . 

{n )={a)=p 

n generates a pri me i deal 

- Si nce n Is arbitra ry, we ge t ever y i rreduc ible e l e me nt o f A ge ne r ales 

a pri me ide al. 

Hence , by Lemma 31. A is a UFO 

!!leor e m 13 : Le t A = a noetherian integr al domain , 

Le t r = a se t of pr ime e l ements o f A. 

Le t S = t he mu ltipli cative subse t ge nera t e d by r . 

Then, A i s UF'D i mpl ies A is a UFD . 
s 
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Proof: - Assume r ;t ¢, otherwise s = {a} a nd A = A , and he nce the 
s 

r esult holds trivially. 

Now s uppose A i s a UFD s 

WTS: A i s a UFD 

It suffi ces t o s how that every prime ideal o f he i ght 1 I s princ ipal . 

Let p be a pri me i de al of height 1. 

OJ If prS ;t ¢ then p contains an element s e S. 

s = n
1
n2 ··· nr with n ier and p is prime, J'( Iep for some 1. 

:. P cont a Ins an element n of r . 

But sI nce 

- Si nce nA is a non-zero prime ideal of A ( as J'( is a prime el e me nt o f A 

and A is an ID), nA S; P and p i s o f he Ig ht 1 we have p = nA. 

Hence , P i s principal 

(I il If pns = ¢ , then pAs is a height 1 prime i deal o f A . 
s 

- Si nce As Is a UFD, by theorem 12 , we have pAs is princ ipa l . 

:. pA = aA for some ae P. 
s s 

Now, among suc h a choose t he o ne such that a A i s maximal. (maximal in 

the sense t hat t here is no a' e p s uch that aA c a ' AJ 

Claim: p"" a A 

Clearly, a i s not divisible by any n e r . [For if, a is divi s ibl e 

by ne r , then a = nx for some xeA, which implies nx e p a nd he nce x e p. 

But from a = rrx we get aA c xA (not equal since n i s no t a unit) whi c h 

Is a cont r adicti on to the maximality o f aA.J 

Let x l eA, les, 
I leA xeP. Then . e pA s ince 1 = I s s 

x 
eaA 

x 
ak f or some keA 

T ~ T-s s 

x a~ for some s eS and yeA ~ T = s 

~ sx = ay 

.. sx = ay for some seS and yeA. 
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Let s = n l ,· .Rr , with lf tEr . Since a is not divi s ibl e by any 

• ,,:r, a • and hence Y E J\ A. (because sx E 
" A 'e. 

Thus , an i nduction on r shows that yes A. 

y = s k for some keA. 

s x = ay = ask = sak 

x = ak EaA , since s ~O 

P s: aA 

But, s ince aep, we ge t aAs;;p. and hence p = aA. 

Hence, p is principal. 

In any case, we ge t p i s principal, then by theorem 12. 

A is a UFD 

~finition 24: A finite free r esolution (or FFR f or s hort ) of an 

A- module M I s an exac t sequence O-)f ~ I~'" -)fl _ -1M...., n n- 0 

Remark: 

(of fi nite length) s uch that each Vi is a f . g free module, 

( 0 :5 i :!> nJ, 

For any prime ideal p of A, o~( Fn ) p~·· ·~(Fo )p~p~ 

FFR of the A -module M. (as A I s flat over A) . 
P p p 

I s an 

Defi nition 25 : Le t k = a field o f fractions of the integral domai n A. 

Remark: - I. 

For a f. g A-modul e H, the dimens ion of M@Ak as a vector 

s pace over k is called t he rank of M. 

The r a nk of a modul e M over an integr al domain A Is 

t he maximal number of element s of M linearly indpe nde nt 

o ve r A, and 

2. The number of e l e ments in a ny basi s o f a f . g free 

A- modul e F i s called the rank o f F(over A) . 

~i niti on 26: Le t A = a ring, M an A-modul e. 

we say that M is s tably free if the r e exists f.g free 

modu l es F and F' s uc h that Me F e: F' . 
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Obviousl y , a stably free A-module M i s a f. g projective 

--> . A-modu l e and has an FFR , 0 ---7 F ----7 F' ---7 M 0 

propos ition 15 : If every f.g module over- a noethe rian r i ng A has an FFR, 

then A i s regular. 

Proof : Let pe s pec (A) . - WTS, A 
p 

15 a r egular l ocal r ing 

Let M = a f .g A - modu l e. The n , M is a f.g A- modul e. 
p 

By hypOt hesi s , M has an FFR. say O~ ~ 1---+' " ~ --+F' ~-)() n n- 1 0 

15 
• Since r n 

is free a nd hence projec tive A- modul e, then (F ) 
n p 

project i ve A - module. 
p 

(as A -module) 
p proj. dim M ~ n . 

_ Since M i s arb i t rary f.g Ap-modu l e and g l.dim (Ap ) can be calculated 

f rom projecti ve dimens i o ns of f .g modules , we get 

gl.d im (A ) < ~ 
p 

A is r egular 
p 

Hence, A i s r egualr. 

. . by theor em 10. 

Proposit i on Hi: 
A f. g projec t i ve modu l e havi ng an FFR i s s tably free. 

( Hint: use i nducti o n on the l e ng th of t he FFR). 

~: 1. 
The dete rminant of a square matrix A = {a l de noted i j nxn 

by det (Al i s " 11 

"21 "22 '" a....n - ) ( -1 )/l (TI) a a a ~ - ~ I j l 2j2'" njn 

wh J ' .' a permu tation TI of 1, 2 , . . . , n and the 
e r e l ' J 2 , ... , I n 1 s 

summati o n exte nds ove r al l n ! permutati ons TI . 
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2. The cofactor in det (Al of an element of A. 

( all 
a

12 
a

13 
) , then [xalDple: Let A = 

~ ~1 ~2 a
23 

a 31 
a

32 
a

33 

a ll a
12 

a
13 

all(aZZa33 - ~3a32) del A :::: 
= • a12(a23~1 "2 1 ~31 

a 21 
a

22 
a

23 

a3 1 
a

32 
a

33 
+ a13(a21a32 a

ZZ
a
31 

) 

:::: a
lt

A
11 

+ a
12

A
12 

+ a 13A13 

The expressions tn parenthesis are cofactors of a ll ,al 2 and a t 3 

respec t i ve 1 y . \' j 
cofactor Aij of a

ij 
io t he expansion of del A Is (- 1) 3 . The 

ti mes t he determinant of the submalrix obtained by del e ting 

. th th the 1 r ow and the j column of A. 

4. The dete rminant of t he product of two squar e matri ces i s the 

product of their determinant. 

5. 

Proof: 

3 

In {2). we have del A =J1aliAli • 
but for j ~ 1 

For j :::: 2. we have: 
3 
i~la2iAli :::: aZ1A11 + azZA12 + ~3A13 

= ( I' ( a -a.. a.. I'a (a a - a.. "3 1 
a

Zl 
a2Za33-aZ3a32 aZ2 a23 31 <::1;j3 23 21 32 <::2 1 

:::: + a a -a a a +a a a -a23"22a31 
a21a22~3-a21a23a32 aZ2 23 31 22 21 33 23 21 32 

= 0 
!:.:.1IIDa 32: Let A be an integral domain, and I an ideal of A s uch that 

l eAn ~ An+1 , then I is principal 
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Proof: 
0.--

That is, 

Then d = 

Fix t he basis eO.eI .···.en of A
n

+
1

, and viewing le An (; AeAn, 

fix f ,fl"" f such that f i s a basis of A and f f f o not' 2"' " n 

n 
abas i s of A . 

n+l n Then the map III:A ~IeA given by 

Let d 

d
i 

. (e 
0 

) 

III ( e 1 ) 

. ( e ) 
n 

is an isomorphism, 

= the determinant of the matrix ('Ij) 

= the (I,O)th cofactor of the matrix (',} 
n 

= L aojfi = ao1f 1 
+ a f + ... + , f 

02 2 on n 
J=o 

n 

= =1: aijf i = atOfO + aUf t + a t2f2 + ... + a1/ n 
J=o 

n 
= =.' ,njf. = a f + a fl + 'n2f2 + , . . + a f L J n 0 nl nn n 

J=o 

, 
nn 

det (', j) = '00 '11 
a

12
· .. a in 

- '10 '01 
a

02
' . . aOn 

'21 "22· .. '2n "21 
a

22
, . ,a2n 

• nl 
a 2 .. ·a 'nl 

an2 , . ,ann 
n nn 

\.. J ~ 
-v-" 

do ~ - dl 
< 

an-II an- 12 an-tn 

~ 
= aOO dO + a10d l + .,' + anOdn· 
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~ Si nce '" i s injective. d ~ 0 (ot herwise if d :: 0, then the matrix will 

not be i nverti bIe, so >It can no t have an inverse and hence can not be 

Injecti ve. ) 

NoW set 

n 
:. d == L d i e i 

i=o 

e ' = 
o 

and for j ~ 0 we have 

Then >It (eo') 

= 

= 

n 

J oaijd i = 0 (by *' 5 above). 

n 

+ [dial 1f 1 +. 

~ = 0 

Moreover , s i nce t he image of >It incl udes f 1,f2,.··,fn ' there e xi st 

ei, ... ,e~ in An
+

1 such that >It(ej) = f j . 

Now, def ine a matrix (Cjk ) byej 

Ie, e ' == 
o 

e ' = 
n C e no 0 

Thus , Ic jk ) = 

Ie "k lla ) 
J i J = 

+ C nl 

C 00 
c

'o 

C no 

d d , 0 
c

'o 
c 11 

C C no nl 

., + 

C 01 
c 11 

C nl 

d2 
c
'2 

c
n2 

"" " 

C 02 
c

' 2 

+ C e on n 

+ c , e 
n n 

+ C e nn n 

C on 
c
'n 

cn2 cnn 

d n 
c

'n 

" "" C nn 

, f or j = 0, .. . ,n . 

d d, d2 
d 

0 n 
= c

'o 
c l1 

c
' 2 

c
'n 

C C nl c
n2 "" " cnn no 

a a a02 • 01 on 00 
a ,o 

a11 ',2 a
'n 

a anI a
n2 "" " a nn no 
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= 
Eai od i Ea i 1d i · .. Eatnd i 

Ee l i aia Ee U at l' .. ECl1 a in 

n 

Observe: 
~ 

1. L c .. a'k 
i:::o J l 1 

= { 
1 for j , k = 1, 2 • ... ,0 and j '" k 

o otherwise 

2. 

.. 

d = 
n 
\" a d ih 10 i 

n 
and \' a\ ,d. ::: 

i~l J 1 

= [! 0 0 

(c j k)( a \j ) 
1 0 
0 1 

0 0 

o f or j ~ O. (Th is is by II 5 
above) 

~refore, by compari ng the determinants and applying number 4 above, we 

get del (c jk) = 1 

. Since del (c j k ) = 1 :;t 0, c i s invertible and hence each e i can be 

expressed as a 1 inear combination e :. 
1 

e ' 
0 ' 

Thus, I fo ::: w{ Ae') 
o 

e' i s another basis of A
n

+
1

, 
n 

= dAf
o

' which implies I ::: dA. 

Hence, I 1s principa l 

Remrk: Lemma 32 can be formulated as saying that for an integral 

domain A, a s t ably free rank 1 module i s free . 

~all: Let A: a ring , -
1. 

2. 

J. 

Let M = an A-modul e 
we say that M is of finite pres entation if there exis t s an exact 

sequence of t he form. 
Am _ _ • n ----. A -----t M ----+ O. 

If (A ,m ) is a local ring, then a projec tive modul e over A is free. 

Let A * O. An A-module i s said to be free of rank n if it is 

isomor phi c to An 
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'{1leorern 14 , Let A be a ring and M be an A-module of flnlle -
Proof: -

presentation. Then M i s project ive A-modul e iff M is a 
A -module for all maximal 

m 
free ideal m of A. m 

( ~) If M is projec ti ve, it i s a direct s ummand of a 
free-module, and thi s property is prese rved by localizati on. 

So that Mis project i ve over A . m m By #2 above, since A Is 
m 

local we get Mm is free. 

( ~ ) Suppose Mm is free Am-module 

Let N1 ~ N2 ~ 0 be an exact sequence of modules 

Let 

Thus fo r 

c = the cokernel of Ho m
A 

(M,N
1

) ~ Hom
A

( M,N
2

). 

any maxima l ideal m of A we have 

Cm = coker {Hom A (Mm, (N
1 
}m}~HomA (M

m
, ( N

2
)m} = 0, si nce 

m m 
M i s free a nd hence projective A -module . 

m m 
~ em = 0 , f o r all maximal ideal m. 

... C = 0 because a module whi ch is l ocal ly null at 

every maximal ideal is necessarly null. 

Hom A(M,N
1

) ~ Hom
A 

(M,N
2

) i s exact. 

He nce , H is a projec tive A-module. 

Theorem 15: ( Aus l ander and Buchsbuam [3]). 

Eve ry regular local ring is a unique faclorlzati on 

domain. 

Proof: Let ( A, m) be a r egular local ring. 

we use i nduction on dim A. 

If di m A = 0, then A i s a field (by theorem 2) and hence a UFO. 

If dim A = 1, then A i s a PIO (by corollary 1 ) and hence a UFO. 

Assume dim A > 1 

• Since dim A > 1 , 
2 2 

Let xe m-m2 . 

element of A. 

the n rankk{mlm } > 1 and m * m 
Then xA i s a prime ideal and hence x is a prime 
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NoW apply theorem 13 on r = {xl, and 5 = {t,x,x 2 
, ... I . 

it suffices to show that A is a 
".c' 5 

Let P be a prime ideal of height 

WTS: P is princ i pal 

ul f' = P ('\ A. Then p = IPAs. 
"-

UFD. 

1 of A 
5 

cons ider It' as A-modul e, since A is noetherian, P is f. g. Thus, by 

leama 29, If' has a minimal resolution with each f.g and free. But since 

A Is regular the length of the resolution must be finite, otherwi se we 

get gl.dim A = CI) , whi ch is a contradiction to A is regular. 

•• IF' has an FFR 

By the remark below definiti on 24, the As -module p has an FFR, say 

o~ Fn~ Fn- 1 ~ .. . ~ Fl ~ FO ~ P ~ O. 

Now for any prime idial Q of 

local ring of dimension less than 

dim [AQoA] = ht{QoA) 

A , the 
5 

that of 

< dim A. 

ring (AS }Q = 

A because 

Hence, by the induction assumption, AQAA is a UFD. 

AQnA Is a regular 

How si nce p is a prime ideal of height 1. PQ is also a prime ideal of 

heigh t 1 of AQr.A' 

.. P
Q 

Is principal ... . .. by theorem 12 . 

. ' P
Q 

is a free AQrtA -module, and this is true for every 

aaxlma l ideal of A . 
5 

Thus, by theorem 14, the As -module p is projective, since it is of 

finite presentation (ie Fl~Fo--?p----*l where F1 ::: An and Fo a! Am for n 

and III ranks of F} and Fa respectively). 

• Since As is noe t herian, p is f.g. So we have p is a f . g projective 

~dule hav ing an FFR. 

By , prop 16, p Is stably free. 

P is stably free and has rank 1. 

Thus, by Lemma 32. we have 

P is a principal ideal of As' 

.. A i s a UFO by theorem 12. 
5 

He nce, by the orem 13. A i s a UFD . 
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