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FREFACE

The general interest to study regular rings stess from the fact
that the theory is important in both algebralc geometry and the theory
of comsutative algebra,

In this paper we study regular local rings and regular rings. In
the first section we glve some of the preliasinary results required in
the development of the theory. In the mecond mection we glve the
difinition of regular local rings, a necessary and sufficlent conditions
for a noethenan local ring to be regular and finally the definition of
reguiar rings. The Iast section is centered around the theorem that a
regular local ring is a unique factorization domain (UFD).
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3 Preliminaries

Lemma 1: Let A be a noetherian ring.
Let 1 be an ideal of A, p any maximal ideal of A.
Then, 1/Ip form, in a natural way, a finite dimensional vector space

over the field A/p.

Note: - If (A,mk) is a local ring , where m is the unique maximal
ideal of A and k = A/m and I a proper ideal of A, then by

Lemma 1 I/Im is a finite dimensional vector space over k. Let

us denote its dimension by rankk(I/Im}.

Definition 1:- A prime ideal p is called a minimal prime over ideal of
an ideal I, if it contains I, and if there is no prime ideal containing

I which is strictly contained in p.

Lemma 2:- Let A be a noetherian ring, (al,az,....an) a proper ideal of A
and p minimal prime over ideal of (al.az,...,an}. Then height of p is
atmost n.

Lemma 3:- [f p is a prime ideal (in a noetherian ring A) of height
r(r =2 1), then it is possible to find r elements a8, 0008 such that

p is a minimal prime over ideal of (al,az.....ar).

Lemma 4:- Suppose A is a noetherian ring and that I is a proper ideal of

height r (r =z 1), then it is possible to find r elements al,az.....ar
belonging to I such that if 1 = i = r, then (al.az....,ail is of height i.
Note: - If (A,m) is a noetherian local ring, by dim (A) we mean the

coheight of the zero ideal or dim(A) = ht(m). Thus the
dimension of a noetherian local ring is finite by Lemma 2, and

every generator set of m contains atleast dim A elements.

Lemma 5:- Let (A,m,k) be a noetherian local ring.
Then, dim A is equal to the smallest number of non zero elements

required to generate an m-primary ideal.



Proof:= Let d = dim A. We consider two cases.
Case 1:- Let d = 0

Then, A has only one proper prime ideal , and hence (0) is an

m-primory ideal. Then since (0) is generated by ¢ or {0} , the
number of non-zero elements needed to generate (0) is zero.

Hence, the Lemma holds.

Case 2. Llet d 2 1
Let (al.a ..,as) be an np-primary ideal.
WIS :-d = s

By Lemma 2, we have dim A = ht(m) = s (since m is minimal prime

2"

over ideal of (al....,aS}.

Furthermore, by Lemma 4, since 1 = d = s, we can find d elements

bl'bZ""’bd' 2""'bd} has height d. But

since m is the only prime ideal of rank d, and no prime ideal has a

larger height, (bl'b

contained in m such that (bl'b

2....bd} must be m-primary.

% the number of elements required to generate an m-primary ideal is d.
Hence, the proof.

Definition 2:- Let (A,m,k) be a noetherian local ring, I a proper ideal.

£ F = (al,az,...,ah) and if no proper subset of {al.a ,...,an}

generates I then we say al.az....,an is a minimal generator of I.

Lemma 6:~- Let (A,m k) be a noetherian local ring, 1 = proper ideal of A.
Let , for ael, a denote the image of a in I/Im.

Then , 1 = [al,a ,...,a2) if and only if I/Im = kal+ k52+...+kas.

Further , the ai form a minimal generator of I if and only if the 51

form a basis of I/Im over k, and every minimal generator of 1 contains

exactly rank k(I/Im) elements.



2. Regular Rings

Let (A,m,k) = a noetherian local ring of dimension d.
Now, by lemma 5, there are d elements of m which generates a
primary ideal belonging to m (or m-primary ideal), but there is no an

m-primary ideal which is generated by d-1 elements.

Definition 3:- If d = 1, then the set of d elements {xl,xz,...,xd} which

generates an m-primary ideal is called a system of parameters in A.

(ii) A system of parameters X s Xos oo s Xy is called a regular system

of parameters if it generates the maximal ideal of A.

Definition 4:- A noetherian local ring which has a regular system of

parameters is called a regular local ring.

Equivalently, A noetherian local ring (A,mk) is regular if
dim A = rank k(m/mz).

To see this , since number of elements of a minimal generator of m

is equal to rank k(m/mzl , we have ingeneral dim A = rank k(m/mz} , and

the equality holds if and only if A is regular.

Example: - The formal power series A = K[[xl,xz,...,xn]] over a field k

is a regular local ring.

Proof: We know that if k is a field, then A is a noetherian local

ring and m = (xl,xz.....xs} is its maximal ideal (*)

Again observe that:

1) In A = kI[xl.xz,...

from A has atmost n + 1 terms.

,xn]] any chain of prime ideals different

To see the existence consider (0) € {x}1 G s S (xl,xz.....xn).

2) Any chain Py o p2 2 S o pr of prime ideals can be refined

into a chain of n + 1 prime ideals (#A).



Now since dim A = ht(m) we get dim A = n

But from (*) and Lemma 6, we have rankp(m/m2) =n , where p = A/m.

s dim A = rankp{m/mz}
Henu, A is a regular local ring

Now we are ready to prove a necessary and sufficient condition for
a noetherian local ring to be regular. To do that we need the following

well known results form dimension theory.

1 Let k be a field , and k(xo.x ..xr] a homogeneous polynomial of

W

degree s. Let R = k[xo.x .,xr]/[k[xo,x ""er}‘

ll" 1!

n+r]_ [n—s+r

Then, for n =z s , 1(nn} = [ b " ] , which is a polynomial

of degree r-1 in n.

25 Let (A,m k) be a noetherian local ring, and set G = Grm[A).

Then dim A = dim G.

35 If J{Mn) is a polynomial of degree n-1, then the samuel function

X,(n) = 1M|1"*M) is a polynomial of degree d.

Theorem 1:- Let (A,m k) be a noetherian local ring.

n, n+l

Then , A is regular iff the graded ring Grm(A} = 8,m /m

associated to be m-adic filtration 1is 1isomorphic to a

polynomial ring k[Xl.Xz....Xn].

Proof:- (=) Suppose A is regular.
Let {xl

,xz....xd} be a regular system of parameters.
gy

s m= [xl.xz.‘ 4

Let ;i be the image of xi in m/m2



Then , Grm(A] = A/m ® m/mz@... =k [x,,x

I~ < hd
Now, define ¥ : k[xi‘XZ""’Xd] - Grm[A} by W(Xil = %;
clearly , ¥ is a surjective homomorphism.
Then 0— ker ¥ —> k[Xl,...,Xd} — Grm(A} — 0 is exact.
= Grm[A} B k[Xl,Xz,...,Xd] / ker ¥
Claim: - ker ¥ = 0O
Suppose not , i.e. ker ¥ # O,
Then it contains a homogeneous polynomial f{xl,xz,...,xd] # 0 of degree r.
5 (f(x)) €1
Now consider k[X1,X2,.. .,Xd]/ ker ¥ and k[Xl,Xz,.. .,Xd]/(f(x]].

clearly the length of any homogeneous piece of k[X]/ker ¥ is less than or
equal to the length of the corresponding homogeneous piece of k[X]/(f(x)).
But from (1) above, for n > r the length of a homogeneous piece of

n+d—1] " [n—r+d—1

k[X]/(f(x)) is equal to [ d-1 d-1 ] , which is a polynomial of

degree d-2 in n.

= For n > r, the length of a homogeneous piece of k[x]/ker ¥ has
degree atmost d-2.
. By (3) , the samuel function l{A/mn+1] (= the samuel function of
k[Xl,...,Xd]/kerW} of A has degree atmost d-1.
This is a contradiction to the fundamental theorem of dimension theory
(ie, the degree of the samuel function = dim A).
. ker ¥ = (0)

Hence, Grm(A] = kIXl,X W ]

d
(«) Suppose Grm{A) & k[X1,X2,...,Xd].

WIS:- A is regular.

It suffices to show that dim A = rankk(m/m2)

Now, dim A = dim (Grm(A)) - W i by (2) above
= dim (k[xl.xz,...,xdl}
= dim k + d
==d ¢ 5 oG ou since dim k = 0



- since Grm{A] = k[Xl.X .,X.]1, by comparing the homogeneous component

2 d

of degree 1, we get m/mz = kX1+KX2+...+KXd

rankk (kX1+KX2+...+KXd)

= rankk{m/mz]
=d
# dim A = rankk{m/mz).

Hence, A is regular.

Now let us see two properties of a regular local ring, the first
one tells us that a regular local ring is an integral domain (which is
ofcourse a corollary of theorem 1) and the second one says a regular
local ring of dimension 0 is nothing but a field. To do this we need

the following two lemmas.

Lemma 7:- Let A = a noetherian ring, and I = rad(A)

Then f§ I" = (0).

Lemma 8:- Let A = a ring, I an ideal of A such that ﬁ I = (0.
Suppose GrI(A] is an integral domain, then A is an ID.

Proof:- Here we use the following fact: "aemh.aemh+1.ﬂemk, Bﬁmk+1.where

+ K+
h and k are non-negative integers, then of¢ mh X 1".

Let x,y be non-zero elements of A.

WIS:- xy # 0.
- Since ﬁ 1= (0), there exist integers r,s =z 0 such that err, x¢1r+}
yeIs,y¢15+1. Let x and § denote the images of x and y in Ir/Ir+1 and
IS/IS+1 resp.

r,.r+l

r+i /1 and

- Since x ¢ 1 and y ¢ IS+1, % and § are non-zero elements of I

IS/IS+1 resp.



> X.y #0 ... since Gr_(A) is an ID.

= Xy # 0

Hence, A is an integral domain.

Corollary 1:- A regular local ring A is an integral domain. 1} 3

dim A = 1, then A is a principal ideal domain.

Proof: - Let (A,m,k) be a regular local ring of dimension d.
Then, by theorem 1, Gr‘m[A} & k[Xl,Xz,...,Xd].
- Since K is an integral domain, k[Xl,...,Xd] is an integral domain.
= Gr (A) is an ID.
m
® n
But, m = rad(A) snAm = (0) by Lemma 7.

Hence, by Lemma 8, A is an integral domain.

To prove the second assertion:

- Since A is regular and of dimension 1, a minimal generator of m must
contain only a single element, then m is principal.
Let m = (a)
Let I = an ideal of A, I # (0).

WIS:- 1 is some power of m.

- Since I # (0),3 n = 0 such that I € m but I ¢ mn+1 (because ﬁmn =: (0)).

Then, we can find xel but xe mn+1 = (an+1).

n n
x€l = xem = (a )

n ! n+1
= x = a u for some ugm (if uem = (a), we get xem =¢)
-~ U is a unit
n .
= X and a are associates.

(x) & I ¢ (a)

)
1



2 l=(a") =a"
Hence, 1 is principal
- Since 1 is arbitrary, A is a PID.

Theorem 2: - A regular local ring of dimension zero is a field.

Proof:- Let (A,m k) be a regular local ring, dim A = 0

= rankk(m/sz = (0

2
s m=m
> m=m Vs =z 2.
But, ﬁ m = (0) and m = ﬁ m®  (Lemma 7)
= m= (0)
» K= A/m = A (or A has no proper ideal other than (0))

Hence, A is a field

So far we have seen the definition of a regular local ring, and
that a regular local ring is an integral domain, and a necessary and
sufficient condition for a noetherian local ring (A,m, k) to be regular is
that Grm(A) is a polynomial ring over k. Next we see another necessary
and sufficient condition. To do that we need results from homological

algebra.

3. Homological Goncepts

Definition 5:- A complex (or a chain complex) X is a sequence of modules
dn+1 dn
and maps X:...— X —— R — R -, —>.., NEL
n+1 n n-1
with d d =0 vn.
n n+l

- The maps dn are called differentiation

Note: - (1) dndn+1 =0 Vn implies Im dn+1 < ker dn Yn.

(2) If it is necessary to display the differentials , we will
write (X,d) instead of X.



Examples 1: 1 Every exact sequence is a complex. In particular
every short exact sequence is a complex, since Iif
0— M— N— L— 0 is a short exact sequence, then

. 0— 0— M—3N—L—30—30—>... is also a complex.

2. If X is a complex and F is a covariant functor, then

F(X): ... — F(X_,) — F(X) — F(X_,)— .

is also a complex.

In particular if X is an exact sequence, then F(X) is a complex

(which is usually not exact)
{ e

Definition 6: If X and X’ are complexes, a chain map f: X——X’ is a
sequence of maps fn:xn — X; for all neZ, such that the
following diagram commutes:

d
e . S W )
n+1 n n-1

lfn+1 lfn lfn-l

T
— X SR — R —

Proposition 1: Let comp = the class of all complexes and chain maps.

Then, comp is a pre-additive category. (i.e. the Hom's

are abelian groups and distributivity law holds).

Definition 7: If (X,d) is a complex, it's nth homology module, is
defined by:
Hn(X) = ker dn/Im dn+1'
Note: Since Im dn+1 < ker dn , the quotient module does make sense.

The elements of ker dn are called n-cycles and the elements of

Im d are called n-boundaries.
n+1 B

Notation:- ker d = z (X)
—_— n n

]

z , Imd =B (X) =B
n

n n+1 n

Hn{x} Zn[H]/Bn(X].



We claim Hn is a functor, so it remains to define the action of Hn

on morphisms (= chain maps).

——

Definition 8:- If f:X — X’ is a chain map, define
Hn(f} 2 Hn(x} 3 Hn(X'] by: zn+Bn{X] — rn(zn) +.Bn[x )

~

= Hn(fJ is called the induced map by f, and is denoted by f,.

Proposition 2: For each n, Hn : comp —> M (category of A-modules) is
an additive functor (i.e. Hn(f+g) = Hn(f) + Hn{g) for

every pair of morphisms lying in the same group).

Definition 9: A complex (X,d) is a subcomplex of (X’,d’) if each Kn is

a submodule of X’ and d = d'/ for all n.
n n n Hn

Note: - Lo There is also a quotient module
an+1
R /K. ..—K /K — s R/ — ...
n+l" n+l n n
where dn+1 PRyt Kn+1 — dn+1[an+1) + Rn.
s X is a subcomplex of X’ when the inclusion map in :Hn—ex;
constitute a chain map.
d
n+1 B
1.8 —axnﬂ ,Kn ,de —_ .
lin+1 lin lln—l
d£+1 d;
— X! — X — X —
n+l n n-1

Suppose the inclusion map constitute a chain map.

WIS:- X is a subcomplex of X’.

- clearly xn is a submodule of Kn.

And, since for each x € X , we have 14, () =d 1 (x)

10



Hence, X is a subcomplex of x;.

Proposition 3: If f:%—X’ is a chain map, define complexes kerf,
Imf, and coker f as follows:
p
- n —
ker £ : ... — ker fn — ker fn-l —> ... where p_ = dnlker fn’
q
I Es Lo — TR <2y Tt T where q = d’ |
n n-1 n n'Im f‘n
Then X/kerf = Imf.
Proof:- Consider the commutative diagram:
dn
X: ... 54k —X e
n n-1
lfn lfn—l
4
A: ... =k — X —_ ...
n n-1
- Clearly ker f is a subcomplex of X , by the note above.
And, X|kerf = —> X _/kerf — X ___/kerf — ...
n n n-1 n=1
= — Imf — Imf — ... (since X _s/ker f_ = Imf )
n n-1 n n n
& Imf,
Hence, X/kerf = Imf
Proposition 4: Define X’'—s X &5 X" to be exact if Imf = ker g .. (*)

Then (*) is exact if and only if the sequence of modules are

exact for all n e Z.

Proof': Consider the following diagram:
: ... = xa+1 - M; — s X;_l —_— ...
£l [faer  [fn
X ... — Rn+1 ——axn — xn_1 —_ ...

gl lgn+1 lgn

- b, —)Knﬂ *—>xn—>xn~1 _ ...

P |



Thus, (*) is exact iff imf = ker g

iff ...—2imf —imf _.—... and ...—kerg —kerg .—...
n n- n n-

1 1

are equal.

iff im f = ker g for all n.
n n

f -4
iff x; —E+9 Xn —E» x; is exact VYn e€Z.

From proposition 4 we have if X’'—X—X" is an exact sequence of
complexes. Then for each n, x;—axn-»x; is an exact sequence of modules.
The next natural question is: what do homology functors do to short
exact sequences of complexes ? They are, ingeneral, neither left nor
right exact. (we shall see that if O0—X'—X—X"—0 is exact, then
Hn[X’]—aHn(K']—aHn{R"} is exact) To do this we need the followng

results:

Proposition 5: If A is a ring and f:M—N is an A-module homomorphism and

k is a submodule of kerf, then there is a unique A-module
homomorphism f:M/K—N such that f(m+k) = f(m) for all
meM, Imf = Imf and kerf = kerf/k. f is an A-module
isomorphism iff f is an A-module epimorphism and k = kerf.
In particular M/kerf = Imf.

Lemma 9:-  (Connecting homomorphism)

Let 0 — x’le x B % — 0 be an exact sequence of complexes.

Then, for each n, there is a homomorphism Bn:Hn(X“] ) Hn_l[X') defined

by: z'+B_(X*) —> 1"l d g (2h), 4B (XYY,

n-1 n'n 1
Proof: - We have:
0 0 0
Aty
o Xn+1 S xn — AN — .

i i

l n dn l =1

X — Nn+1 — Kn — Kn 1 —

P P
l l ndn" l n-1
X .= Nn+1 — xn — R oy =

O &
—
—

1



Consider the commutative diagram with exact rows:

n P
0 —X — X —— X' —0
n n n

[% I 1%
ln-l Ph-1
0 — X —_ X —_ X" — 0
n-1 n-1 1t |

To show well-definedness

Suppose z" € X" and d;{z"] =0 (ie,z" € kerd; )
- since p_ is onto, 3a_ € X_such that p (a_ ) = 2"
n n n n'=n
Now, consider pn(an}.

By commutativity, we have pn_ldn(an} = d; pn(anl = d;(z”l = 0.

= dn{anle ker Ph-1

> dn[anJ € lm i . since ker p _, = Im i _,.

..1 ¥
=1
g ¥ {dn(an]] makes sense. "

N
Now, since i
n-1

)=dn[an}.

is 1-1, there is a unique a1 € X' _, such that

i (a’
Rerleen=l <
Suppose we had lifted z" to a € Xn. Then by the same argument as

1 mt ’ =7 - =
above, 3! a' , € X' , with i, (an—l] dn{an). o

clearly a-a € ker Py (since pn(an—an) = pn(an)-pn(an}=z -z" = 0)

= an—an € Im 1n
“ 3 x eX == L xp) = an-ﬁn.
But i (a’ ) =da andi  (a' )= da.
$4 1n—1(a;—l—a;-1) - dn(an-an) W dn{in(xa)} g dnin{x;]

> Lo gOnl gradigdim d (0] = 1 _q0dp(x.))
= U R dn(xn} ... since i, is injective
“al ,-a €imd = Bn_I(! ) S ker di_1-

Hence, the map is well-defined and from ker d; — K;_I/Im d;.

Clearly it is a homomorphism.

13



But, this map sends Imd" e “Yz") = &’
P md® into 0 and ln-ldnpn (z") al 4 is a

le, i.e. it o
cycle; i.e. it is in ker dn—l

s Im d;+ is contained in the kernel of the map.

1
Hence, by the above proposition, the given map induces a homomorphism

from ker d"/Im 4" into ker d’ _/Im d’.
n n- n

n+1 1

Therefore, 3 dn : H (X") — H__(X")
n n-1

1

Definition 10: The maps dn :Hn[X"} — H__ (X’) are called connecting
homomorphisms.

Now, we prove the long exact sequence theorem.

Theorem 3: - (Long exact sequence)

If 0—+X’—l+ ¥ -P5 %" —5 0 is an exact sequence of complexes, then

there is an exact sequence of modules
i Pe P i,
— H (X’)—H _(X)—H_(X")—H__ (X’')—>H . (X) — ...
n n n n-1 n-1

Proof': consider the following diagram:

— () s H () — H_ (X) — ...
. ety B (1)
n, ] B n-1'4]
S H () S H(X) —H_ () — ...

Hn+1(p)l Hn(p)lzp* Ha(P)|

= B 87 ~— B AX - WL e T

Where Hn(NJ =kerd /Imd . H_,(X) = kerd ,/Imd and so on.

Here we have six inclusions to verify.

1. im i, € ker p, 3.~ im p, c ker d 5. im @ c ker i,
23 ker p, € im i, 4. Kker 8 c im p, 6. ker i, € im 8.
- Since the notation is self explanatory we omit the subscripts. We

will prove her only (1) for the rest we can use a similar argument.



j &1 Im'i, S ker:p,

Let y € Im

But, xe Hn(X') implies xe ker d;/Im d’

Thus, p,(y)

=24

p

peli(a)+im dn+1]) s

(poi)(a)+Im d;+

0 +

i, =3 xe anx‘) such that i,(x) =y

n+1

% X = ar Imd for some a € kerd’.
n+ n

1

= pyliy(x))

(i, (atIm @’ 1))

1

since i.(a+Imd;+1) = i(a)+im d;+

(i(a)) + Imd’

1

Im dn+1

Im d"

n+1

=% ye ker p,

Hence, im

Theorem 3 is
following diagram:

1. < ker P,

often called the exact triangle because of the
‘q-___' -

il

H(X’) — H(X)

Definition 11:-

AN /Pe

H(X")
Let A be a ring.

Let M be an A-module.

(a) A free resolution of a module M is an exact sequence
dn d1 €
.= F —F — ...2»F—DF —M-—Do0
n n-1 1 o
in which each Fn is a free module.
(b) An injective resolution of M is an exact sequence
e N R S S LR

in which e

ach En is injective.

1



(c) A projective resolution of M is an exact sequence
dn d2 dl €
v =R P ==y P =¥ i N Py = P P == M—o

n-1

in which each Pn is projective.

Proposition 6:

1. Every module has an injective resolution.
2. Every module has a free resolution.
Note: Since free modules are projective, free resolutions are a

special kind of projective resolutions. Hence, every module

has a projective resolution.

Definition 12: A complex (X,d) is called a left (right) complex if
x =0V¥n<0 (vn > 0).

Let X be a complex of the form

X: ... — x1 ) xﬂ — M > o0

The complex obtained by suppressing M is:

XM: e o —F !1—a KU —» 0 and is called the deleted complex of X.

- Similary, we define the deleted complex VN of the complex

YN £ e N A e W o by suppressing N.

Deleted complexes arise in practice from either a projective
resolution or an injective resolutions of a module. If we suppress M
from the projective resolution ... — Py 2Py — M — 0, we really have
not lost any information , for M = coker (p1 — po).

E!E
Let A = a commutative ring with unity.
Let M,N = A-modules.

Consider the projective resolution of M and it's deleted complex,

d
r 1 €
IP:...—-«)pr‘—>Pr_1—>____;P1__.>po_,H_,0
dr d1
' -
lPM. el =7 Ry Pr-l - ... — P1 =Py 0 (*)



Then , apply the contravariant functor HomA(—.N} to lPH' we obtain

the complex

- - L

d d d
] 1 2 o
HomA(IPM,N}.O—AHomﬁ{po.N)—~4HomA(p1.N)—-ﬁ...—aHomA{pr_l.N]——e HomA(pP,N}a...

n
Definition 12: ExtA (M,N) Hn(HONA(IPM'N}

= Hn(IPM.N)
Ll -
= ker dn 7 lmdn_1
Alternatively
Consider an injective resolution of N and it's deleted complex:
d d
E: 0 NSESLE L. oE LHE S, (™)
d d
T g oo ) 16 D PR e SV, SR

N

Now, apply the covariant functor HomA(M.—] to lEN , to get
d d d

DRI r e e r+1
HomN(M,lEN):O—eHomﬁ(M,E }~—9HomA(M.E }——a...—aHomA[M.Er]———eHomA{M.E
Definition: - Ext:(M.N) = H_(Hom, (M, 1E,))
e n A N
=ker d /Imd
n, n-1,
Igr
Consider IPM , which is in (*)
Apply the covariant functor — @N to IPM.
drml d1®1
Then, lPM@N: cee = prsN — pr_lsN—e e pieB————apoeB—eO
Definition 13:- Tor™(M,N) = H_(1P,eN)
n n M
= ker (dnall |Im(dn+]el).
Alternativey
consider lPN
Apply the covariant functor Me — to lPN to get:
lodr led1
M@lPN: c.o.— Mo = Me Prcy =Hlsre =9 Me Ry=—b Me po—ao

17
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A
Definiti : - =
nition Torn(M,N} Hn(MelPNJ ker(ledn)/lm(ledn+11

Now, let us see some of the elementary properties of Ext and Tor.
d2 d
Lemma 12:- Let ... — P,— pPy— po-e—-) M — 0 be a projective
resolution of M and ko = ker €, and kn = ker dn Vn = 1
Then , Torn+1(M,N} = Torn(ko.N} = Torn_ltkl.N} €, , . Torjlkn_l,N}.

d d
Proof:- Clearly ... — Py —ge P. —14 k0 — 0 is a projective

resolution of ko. (since ko = Im d1=ker €). Since the indices

are no longer correct define

Qn-l = pn and an_1 = dn VYn = 1.
fog v A
so, we get ... — Qz———+ Ql———+ Q0 - KO —s 0
Thus, Torn{ko.N) = Hn[kowN}

ker (Anal)/lm(ﬂn+1®1)

ker (dn+101J/Im(dn+2?1)

Hn+1{H ® N)

Torn+1{M,N]

Hence, Torn+1(H.N] = Torn(ko.N)

8. %5

Again, we have the projective resolution ...— p3——ap2——+k1—a0 of kl'
To correct the indices, define Q ., = p, and A, = dn Yn = 2.
) "
Thus , Tor _,(k,,N) =H , (k, oN)
ker (nn_191) /Im(AnGI}

ker (dn+101)/1m(dn+2®1]

Hn+1(M ® N)

%mﬁl{mN)

Hence, Torn+1(H.N] - Torn{ko.ﬂl E Torn_1 [ki'N)'

18



And, the remaining isomorphisms are obtained by iteration.

Th f = § Y
erefore ornu[ll N) = Torn{ko.m = = T°"1“‘n-1'"’
€ do dl dz
Lemma 13: let 00— M — Eo —> E1 - Ez — ... be an injective
resolution of M, and define L° = Ime , L" = Imd__, ¥n = 1
Then:
Exty (N M) = Ext"(N,L0) & ... = Bxt (N, L"),
Proof: clearly 0—L° —)EI—)EZ—-a. .. is an injective resolution of 12
put Qn-—l = En and A _, = cln Yn = 1.
0 ao 41
Then, 0 — L —-)Qo——-le — .
n 0 0
Thus, ExtA[N,L ) = Hn {HornA(N,L ))
= ker ﬁn.|lm A e
=kerd ... | Im d e
=H _'_I{HomA{N.M)}
et on, )
| Hence, Ext ' (N,M) & Exth (N,L%).
. The rest can be shown by iteration, so we have:
Ext) ((N,M) = ExtP(N,L) = ... & Ext)(N,, L")
| d, d1 (5
Lemma 14: [et ... — p2—> P, — Py = N —0 be a projective resoution

and ko = kere , kn = kerdn Yn =z 1. Then, if we apply the
covaraiant functor, then we have Extn+1{M N) = E.xt [k N) = ..=
EXtA(kn 1. N).

Proof': Similar to the proofs of the above lemmas.

Lemma 15: ExtO[M,—) is equivalent to Hom(M,-), similary Ext’(-,N) and

Hom(-,N) are equivalent.
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Proof:  If 1E\:0—E —E — ..., then Ext’(M,N) = ker d_/ Imd_

. 1.

= ker d *... since Imd = 0
0 =14

If the non-deleted injective resolution is: O—AN—an—aEl—a.... then

the left exactness of Hom(M,-) gives an exact sequence
€x *
0— Hom(M,N) —> Hom(M,E ) -5 Hom(M,E,) — ...

S50, we have ker do silmiey
*

€,: Hom(M,N) —aExto{M,N) = kerdo, = Im €, is an isomorphism

Hence, ExtO(H.—) is equivalent to Hom(M,-).

A ;
Lemma 16: TorO{M,—} is naturally equivalent to Me-, and Tori(—.N) is

equivalent to -eN.

d d

Proof': If 1Py i ... — plé P, -, , then

Toro{M,N] = ker [1®d0)/1m(1®d1} = M@po/im[lmdll = Coker{l@dll.

If the non-deleted resolution is ...— pl—lapo—EeN—ao, then the
right-exactness of Me- gives us an exact sequence:

M@p1 399» M@po lﬂie MaN —0

= im(1®d1] = ker (1ee)

Thus, by proposition 1, the map 1ee induces an isomorphism from

M@po/kertlae] into MeN
But, M@po/ker[laeJ = M@po/lm(ladl) - Toro[M,N}

TOPO(H.N) = MeN

Hence, Toro(H,—) is equivalent to Me-.

- similarly we can prove the other assertion.

For convenience, we list without proof some of the other properties.
Lemma 17: If 0 — N° — N — N" — 0 is an exact sequence of modules and

if we apply the covariant functor Hom(M,-), then there is a

long exaact sequence:
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0 — Hom(M,N’) — Hom(M,N) —> Hom(M,N") -9 Ext!(M.N’)—>. ..

with natural connecting homomorphisms.

Lemma 18: If o —- M — M — M" — 0 is an exact sequence of modules,
and if we apply the contravariant functor Hom(-,N), then there
is a long exact sequence:

0 — Hom(M",N) — Hom(M,N)—sHom(M’,N)-25 Ext!(M",N) — .

with natural connecting homomorphisms.

Lemma 19: If 0 — N’ — N — N"-» 0 is an exact sequence, then there is

a long exact sequence

— Tor, (M,N") -2 MeN’— MoN —> MeN"— 0
with natural connecting homomorphisms, similarly in the other

variable,

Next, by using the above concepts we will prove:
If A is a regular local ring of dimension n, then gl.dim A = n.
For the proof of this we shall need the following definitions and Lemmas.

Definition 14: Let A = a ring.
The projective (respectively injective) dimension of an A-module M

is the length a shortest projective (resp. injective) resolution of M,

and denoted by proj.dim M (resp. inj.dim M).

Remark: 1) For an A-module M, we say proj.dim M = n if there is a
projective resolution 0 — e S W M— 0. If no
such finite resolution exists, define proj.dim M = w. Otherewise

if n is the least such integer define proj.dim M = n.

2) For an A-module M, we say inj.dim M = n, if there is an
injective resolution 0 - M — E0 — El - .. —> Enao. If no such
finite resolution exists, define inj.dim M = ». Otherwise if n is

the least such integer, define inj.dim M= n.
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Examples: (i) If M is projective, then proj.dim M = 0
(because, 0 —M <M —0 is a projective resolution of M)
(ii) If M is injective, then inj.dim M = 0

Theorem 4: Given any A-module M, it is always possible to construct an
exact sefuence 0—k—F—M—0 in which F is free.

Proof: Let {xi}iel

certainly exists, for example, the family might consist of
all the elements of M)

be any system of generators for M. (such a system

Next, let {ai}iel

index set, and let F be the free A-module on these symbols. Then, there
is a unique homomorphism f:F—M given by f(all = S;. If Z} a, denote

be a family of new symbols but with the same

i

a typical element of F, then f[z:rlal] = Z:rixi.

all the X5 belong to Imf
Imff = M

s F —Ea M —0
put k = kerf.
Thus, 0-—k-—F-—M-—0 is exact, with F free.

Corollary 2: Every module is isomorphic to a factor module of a free
module.

Corollary 3: If the A-module M can be generated by n(n = 0) elements,
then it 1is possible to construct an exact sequence

0—k—F-—M—0, where F is a f.g free module.

Lemma 20: (1) An A.module M is projective iff Ext,(M,N) = 0 for all
A-module N.
(11) M is injective iff Ext,(A/I,M) = O for all ideal I of A.
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Proof: (1) (=) Suppose M is projective

d d
Then, ...— p1—1+ P, =5 M — 0 18 & projective

resolution of M, where P, ™ M, do = IM » Py = 0 Vvizl.

d * a*"
Hom, (1P\,N) : 0 —>5 Hom (p_,N) — Hom (p ,N) — ...
0 \ 1° 3
= (0)
1 - - - L
Thus, ExtA[M,N) = kerd /imd_ = 0 since kerd, = im d_= Hom(p ,N)
1 0 1 0 &)
Hence, E""'i (M,N) = 0

(¢) Suppose Exti (M,N) = 0 for A-module N

WIS: M is projective.

Consider the exact sequence 0 — N le k — M — 0. (The existence
is by theorem 4). We need to show this exact sequence splits.

- since 0 — N le k —- M — 0 is a short exact sequence, by lemma 18,

there exist a long exact sequence
L]

0 — Hom, (M,N) — Hom, (K,N) ALy Hom , (N, N) L Exti D e o

But from Ext;(M.N) = 0, we get the exact sequence
-
HomA(K.N) 1—9 HomA(N.N) — 0

L]
Thus, for lNe HomA(N.N) , 3 ge Homh(K,N) such that i (g) = IN

% goi = IN
The above exact sequence splits.

Hence, M is projective.

(ii) (=) Since A/l is free as A-module, it is projective, hence by (i)

we get Ext; (A/I,M) =0

(<) Suppose Exti (A/1,M) = 0 for all ideal I of A

WIS: M is injective.

To prove this direction we use the criterion of Baer,
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Subclaim: £, is well-defined and extends g,
= =r+ !'t S =¢_
If m +8x=m +a'x hen (a-a’)x m’ - mo € Mo
> a-a‘e I
go{a—a’)x} and h(a-a’) are defined.
Also, go(mé—mo} = go(a-a']xl = h(a-a’) = (a-a’)h’ (1)
Thus, gO(mo) - go(mo) = ah’(1) - a’h’ (1)
= go(mé) + a’hf (1) = gD{mo] 4 g h'(1).

L8y is well-defined.

- Since g1{m0} = go(mo) for all mo e Mo , g. extends g,

1
K3 {Ml,g1) € S and Larger than the maximal pair {Mo,gol.

which is a contradiction.
Hence, M = N.
o
The . = —
erefore, g, N—E and g ol goIA £

Hence, E is injective

Proof of Lemma 20 (ii) (only if part)

Consider the exact sequence 0 — 1 = A[I — 0. By Lemma

18, there is a long exact sequence (by applying HomA[-.M}:
*
0 — HomA(A|I,M] = HomA(A,M) e HomA(I,M) —gé Ext1 (A|1,M) = 0.
»*

HomA[A,M) i, HomA(I,M] —> 0 is exact.
-
Let f e HomA(I,M}. then 3ge HomA(A,M) such that i (g) = f
2 goi = f
. g extends f.
For any ideal I of A, the map f:1 — A can be extended to A.

Hence, by Baer criterion, M is injective.

EEEEL§1= Let A be a ring and n be a non-negative integer. Then the

following conditions are equivalent:
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(1) proj. dim M = n for all A-module M,
(2) proj. dim M = n for all f.g A-module M,

(3) inj. dim M = n for all A-module M,

(4) Ext2+1(M,N] = 0 for all A-modules M,N.

Proof: (1) = (2) : obvious

(2) = (3) : Suppose proj. dim M = n for all f.g A-module M.

Let 0 —M —u —eul - .. = un_1 —c¢ —0 be an exact sequence

with u, injective Vj. [The existence is from the fact that, if 0 — M

g 2 u R an injective resoluiton of M & Lo = ime,

L = imd Yn =2 1 , then we have o—M—u —u —...—u
n n-1 o} 1 n

exact with UJ injective Vj]

—L —0 is
n-

| 1

Let I = an ideal of A. (I arbitrary)

= Since Extn+1(A/I,M] = Extl{A/I,Ln“ ) , by Lemma 13 , we get

1
Ext™? (a/1,M) = Extl(as1,0)
- Since A/1 is f.g A-module , by (2), Ext™*!
proj.dim A/] = n)
s Ext1(A/1,¢) = 0
By Lemma 20 (ii), we get c is injective.

(A/I,M) = 0 , (because

we have an injective resolution of M of length n, so inj. dim M = n.
Hence, (3) holds

'9)=(4):  Suppose inj.dim M = n for all A-module M

Then, by definition, there exist injective resolution

o—-M—aE —...—9E —0 — ... of M with Ek =0 Yk =n+ 1
o n
HomA{Ek,NJ = (0) Vkzn+l,
(i,e.
e. 0— HomA(En,N)—aHomA(En_l,N)—a...—4HomA(E1.NJ—4HomA(EO,N}—aHomA(M.N]]

Extk(M,N] =0"Vekzn+1



+
, In particular Ext” 3 (M,N) = 0 for all A-modules M and N.

Hence, (4) is true.

+
; (4)»(1): Suppose Ext: 1(H,N) = 0 for all A-modules M and N.

WIS: proj. dim M = n for all A-module M.

Take an exact sequence o—ac—apn_l—epn_z—e...—+p1~+ p0~9H—40_ (*)
Then, by Lemma 14, we have:
n+1 1
Ext (M,N) = ExtA(c,N}

= Extl(c,N) = 0 for all A-module N

¢ is injective by Lemma 20 (i)
(*) is a projective resolution of M of length n.
Hence, proj.dim M = n for all A-module M
s~ (1) holds.

Now let p = sup {proj.dim M | M is an A-module}

i = sup {inj. dim M | M is an A-module}
We assert that p = i. To prove this
- since proj. dim M = p for all A-module M (by definition)
By lemma 21, inj. dim M = p for all A-module M.
» sup {inj. dim | M is an A-module} = p
s 1'=p
= similarly we can show that p = i.

Hence, p = i

Eﬁjﬂi&igg_i?: We call this common value, the global dimension of A, and

denoted by gl.dim A. ie, gl.dim A = sup (proj. dim M).
M

Lemma 22: [et A = a noetherian ring
Let M = a f.g A-module.

Then, M is projective iff Exti (M,N) = 0 for all f.g A-module N.
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proof : (»») Suppose M is projective

By Lemma 20 (1), Ext, (M,N) = O for all A-module N.
Extl (M,N) = 0 for all f.g A-module N.

1
(«) Suppose Ext, (M,N) = 0 for all f.g A-module N.

WIS: M is projective.

Take a resolution O—AR—la F —-M — 0 with F f.g free A-module we
need to show this exact sequence splits.
- clearly R is also f.g (since A is noetherian)

Thus, by Lemma 14, we have:
L

0 —sHom(M,R) —Hom(F,R) 1 —sHom(R,R) —sExt!(M,R) —>... is exact.
But, ExtI(H.R) = 0 (by wepothesis since R is f.g).
*
+» Hom(F,R) 25 Hom(R,R) —0 is exact.

L]
+ For 1R € Hom(R,R), 3 s:F—R such that i (s) = IR

= sol = 1R
The exact sequence 0 — R — F — M — 0 splits.
M is isomorphic to a direct summand of a free R-module

Hence, M is projective.

Theorem 6: Let (A,m) = a local ring.
let M = an A-module with minimal generating set
{al.a ,...,an}. If F is free on (xl.xz....,xn}, ¥: F—M given

2
by W(xi) = a, & k = ker ¥ then k € mF.

Proof': Suppose k € mF
Then , 3 {rixi € k not in mF.

= since r € A is a unit if and only if r € m , one of the coefficients,

say I‘1 must be a unit .

n
But , = R =
Zriai 0 L [ ¥ riai]
i=2
which is a contradiction to the minimality of {al’az""’an}'
k € mF
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| Lemma 23: Let (A,mk) be a noetherian local ring,
il Let M = a f.g A-module.
A
Then, proj. dim M = n iff Torn+1 (M,k) = 0.
proof: (») Suppose proj. dim M <= n

Then, there is a projective resolution 0— P P

—P; P, —M —o0.

1
By lemma 12, we have: TorA (M,k) T A ( k)
¥ i€ ’ , n+l " WIAREy APpy KD

But, as one can easily see, Tor? (pn,k) = 0 , since P, is

projective.

A
Torn+l (M,k) =0

A
(<) Suppose 'l‘or‘n g

1 (M,k) =0

WIS: proj. dim M = n.

We proceed by induction on n.

Assume n = 0 , ie Tor? (M,k) = 0

we need to show proj.dim M = 0.

consider the exact sequence o— LA F—!a M— o (*) with f.g

free, by the long exact theorem, we have the exact sequence:
— Tor? (M,k) — LeK — FeK — MeK — 0

0 —s Lek 121, Mgk —3 0 15 exact

Claim: i®l = 0

© since i(L) = ker ¥ € mF (by thm 6) , we have for yeL, i(y)e aF.

2 i(y) = % rjxj . rJ em

If Aek, t i - = <
hen iel (yea) = i(y)ea =(} r g% )eA L xgor

But, PJR =0 Vj, since k = A/m and rjem ! rJAem.
iel(yer) = 0

i®el =0 .... since yeA is an arbitrary element of Lek.
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Thus
Therefore, L&k must be zero.

0 = Lek = LeA/m = L/mL
~ L = mL

0 = im(iel) = ker(¥e1) , this implies ¥®1 is injective.

. since A is noetherian, L is f.g and hence by Nakayama's Lemma, L = 0.

Hence, from (*) , we get ¥ is an isomorphism.
~FeM
. M is free and hence projective
. proj. dim M =20
Hence, proj. dim M = 0

n-n=

A -
Assume n > 0O . iel Tor‘nH(H.k) =0
Now, take a projective resolution of M, ie, ...- p 9p
Let kn—l = ker dn-l'
Then, 0 — k _, =P, _4 —-..—P; P M— o is exact.
By Lemma 12 TarA (M, k) = Tor'A (k k)
T B n+l > 1 n-1’
LA Y.
; 1or1 (kn_l.k} = 0

The case n = 0 shows, kn- is free and hence projective.

1
~ M has a projective resolution of length n.

Hence, proj. dim M = n.

1

a...epoaMeO.

Recall: 1. If M is an A-module with Mp = 0 for all maximal ideal p
of A, then M = 0. That is a module which is locally

null at every maximal ideal is necessairly a

nul l-module.

™

Let A = a ring, M an A-module.

A
A P
= S ML SN
Then, Tori (M,N]p Tor1 ( 5 p)

3. If A is noetherian, and M is f.g, then

i i
= M ,N
ExtA{M,N}p EXtAp( b p}
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Let A = a noetherian ring

Lemma 24:

Let M a f.g A-module. Then:

(i) proj.dim M 1is equal to the supremum of proj.dim Hp[as

Ap-module}. for the maximal ideal p of A

o a . A
(ii) proj.dim M = n iff Tor (M,A/p) = 0 for all maximal ideal p of A.

Il

Proof': (i) Let s = sup {proj.dim Mp|Mp as Ap—module}.

max. p
Let Q(A) = the set of all maximal ideal of A.

First we show that proj.dim M =z s

[f proj.dim M = », there is nothing to prove.
pssume proj.dim M = n < w.

Then, by Lemma 21, Ext2+1(M,N) = 0 for all A-modules M and N.
Thus, for p € Q(A), we have Ext2+1(M,N]p = 0.

Now, let Mp and Np be an Ap—modules, then M and N are A-modules
Ext2+1(M,N) =0

i Ext2+1(M,N)p =0

= Extn+1(M ,N ) =0 for all A -modules M and N_.
A p’p p p P

p
proj.dim Mp =n ... by Lemma 21.

1A

Sup (proj.dim Mp} n

max. p
Hence, proj.dim M =z s

To see the other inequality , ie, s = proj.dim M

If s = » , we are done.
Assume s = n < ». Then for all peQ(A), proj.dim Mp = n
» Ext™ (M N
Ap PP

0 for all A -modules M and N
P P p

0 for all A-modules M and N

s Ext:+1(M,N} p
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n+1[

A M,N) = from the above remark.

» Ext

» Proj.dim =n = s

Hence, proj.dim M = sup (proj.dim H )
max. p

(ii) (=) Suppose proj.dim M = n

WTS: Tor (M A/p) = 0 for all maximal ideal p of A,

From (i) above we get proj.dim Mp = n for all p € Q(A). But, we
know that {hp,pp,Ap/pp} = (Ap,pAp,k] is a noetherian local ring, and Mp
is f.&.

Hence, by Lemma 23, we get Tor (M Ap/pp] =0

»TOPP(H (A)) =0
pp

n+1

A
= Torn+1(M ,A/p) =0

- since this is true for all p € Q(A), we get Tor i (M yA/p) = 0

Hence, Tor (M A/p) = 0 VYpeQ(A)

n+1

(¢) Suppose Tor:+1(H,A/p) = 0 for all p € Q(A)

WIS proj.dim M =

A
For all p € Q(A), Tor2+1[M ,A/p)p = 0, which implies Tor EI(H (A/p]p} =
A, X
» Tor ., [Mp‘[ P/ppJ) =0

Again by Lemma 23, proj.dim Mp < n for all p € Q(A).

sup (proj.dim H ) =
max. p

Hence, proj.dim M = n
FEEELE§= The following conditions about a noetherian ring A are
equivalent:
(1) gl.dim A =n
(2) proj.dim M = n for all f.g A-module M.
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(3) inj.dim M =n for all f.g A-module M.

(4) Ext:+1{M,N} = 0 for all f.g A-modules M and N.
(5) Tornfl(M'N] = 0 for all f.g A-modules M and N.
Proof': we proceed in the following manner: (5)e(2)e (1)
— (L
(4) « (3)
(1) “_fgl’ If gl.dim A = n, then sup proj.dim M = n,

M
% proj.dim M = n for all A-module M

% proj.dim M = n for all f.g A-module M.
(1) = (2) holds
If proj.dim M = n for all f.g A-module, then proj.dim M = n for
all A-module M by lemma 21.

" sup (proj.dim M) = n
M
= gl.dim A = n

(2) = (1) holds.
Hence , (1) & (2)
(1) » (3): If gl.dim A = n, then proj.dim M = n for all A-module M
= inj.dim M s n for all A-module M (by lemma 21.)
= 1inj.dim M = n for all f.g A-module M.
Hence, (1) = (3)

(3) » (4): Suppose inj.dim M = n for all f.g A-module M

WTS: Exti+1{M,N) = 0 for all f.g A-modules M and N.
Let M and N be f.g A-modules.
- since inj.dim M = n , then there exist an injective resolution
©3M->Eo ... 5E >0of M. Here E =0 Vk=n + 1.
The left exactness of HomA(-.N] gives us the exact sequence:

0 ,N).
3 HomAEEn,N) > HomA{En—l'N} i ey Homa{Eo.NJ > HonA(H )

. HomA(Ek,N] =0 Ykzn+1

= since N is arbitrary f.g A-module, HomA(Ek.NJ = 0 for all f.g A-module N.

Ext:+1[H,N] = 0 for all f.g A-modules M and N.
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+1
(4) » (2): Suppose Ext: (M,N) = 0 for all f.g A-modules M and N.

WIS: proj.dim M = n for all f.g module M.
et M and N be f.g A-modules.

d d
I A n -
consider the projective resolution "'%pn_apn—la_la'"*p224p11*p054H*0 of M.
= ker d V=1 .. Thi
Let kn ker x en 0- kn_la Ph-1? P52 -2 Py P2 M-0
is exact.
n+1 1
By lemma 14, ExtA (M,N) = ExtA [kn_l.N].
1 5 n+1
= EXtA(kn~1'N] = 0 since ExtA (M,N) = 0 by hypothesis

By lemma 22, kn— is projective.

1
Thus, M has a projective resolution of length n.

Hence, proj.dim M = n for all f.g A-module M.

(2) & (5): If proj.dim M = n for all f.g A-module M, then any f.g

A-module M has a projective resolution Oepnepn_la...apoﬁ M- o.

But, Torn 1[M,N) = Torltpn,N] for all f.g A-module N.

-+

- since p_ is projective , Torl(pn,N] =0

5 Torn+1(M,N} = 0 for all f.g A-modules M and N
Hence, (2) = (5)

If Tm"::_fl[M.N] = 0 for all f.g A-modules , we get Tor‘nﬂ(M.MpJ =0
for all maximal ideal p of A.
Thus, by lemma 24(ii) , proj.dim M = n for all f.g A-module M.
v (8) = (2)
Hence, (2) « (5)

Lemma 26: For any noetherian ring A,

gl.dim A = sup gl.dim[Ap]‘

max. p
Proof: Let k = sup gl.dim(A ).
. max. p P
(2): If gl.dim A = « , there is nothing to prove.

Assume gl.dim A = n < .
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Then, gl.dim A = n. By Lemma 25, proj.dim M = n for all f.g
p-module M, and by lemma 24, we have sup (proj.dim M ) = n for all f.g
max.p p

~-module M_.
Ap modu b

proj.dim Mp = n for all f.g Ap-module Hp and for all p € Q(A).
gl.dim Ap =n, for all p € Q(A) ... by lemma 25.

sup gl.dim(A ) = n
max. p P
Hence, gl.dim A = sup gl.dim (A )
max.p P

(s): If k = » , there is nothing to prove.

Assume Kk < o

Then, sup gl.dim(A ) = k , which implies gl.dim A = k for all
oS p p
max.p

pen (A)..

Let M,N be f.g A-modules

Then, Hp and Np are f.g Ap-modules.

A

P -

[or‘k+1 {Mp,Np] 0 for all p € Q(A) by lemma 25.
A —

Tork+1[M,N}p =0 for all p € Q(A)

= & R
Fork+1(H.N] =0

= since M and N are arbitrary , we get gl.dim A = k by lemma 25

Hence, gl.dim A = sup gl.dim(Ap]
max. p

Theorem 7: | et (A,m,k) be a noetherian local ring.

. A
Then, gl.dim A = n iff Tor_

Consequently, we have gl.dim A = proj.dim k (as A-module).

(k,k) =0

Proof': (+) Suppose gl.dim A = n
- Since k = A/m is a f.g A-module, by Lemma 25 (5) we have

A
Torn+1[k,k} = 0.
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A
(<) Suppose Torn+1 (k,k) =0

WIS: gl.dim A = n
By lemma 24, proj.dim k = n. Thus by definition there is a

;mojective resolution 0—%pn—+...—+p]—ﬁpo~%k—ﬁ0 of k. (")
If we apply Me, — for (*) , we get Torn+1{M.k} = 0 for all A-module M.
In particular , Torn+1[M.kJ = 0 for f.g A-module M,

so, by Lemma 24, proj.dim M = n.

- Since gl.dim A can be computed from projective dimensions of f.g

A-modules, we get gl.dim A = n by Lemma 25.

To prove gl.dim A = proj.dim k (as A-module).

If we consider k as A-module, proj.dim k = gl.dim A.
Let s = proj.dim k. Then, proj.dim k = s

= TorA (k,A/m) = 0 ... Lemma 24 (i)
s+1

= TorA (k,k) =0 ... since k = A/m
s+1

= gl.dim A = s ... by theorem 7

= gl.dim A = proj.dim k.
Hence, gl.dim A = proj.dim k (as A-module).

Lemma 27: Lel (A,m, k) be a noetherian local ring,
Let M = a f.g A-module.
If proj.dim M = r < w and if x is an M-regular element in m, then

proj.dim (M/xM) = r+1

Proof: By hypothesis there is an exact sequence

0 — M-25 M/xM — 0
where the first map is multiplication by Xx.
This short exact sequence gives the long exact sequence:

Tor, (M,k) — Tori(M/xM,k) — Tori_l[M,k}
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case 1: If & > r+#1 , then Tori(M,k} and Tori_I{H.k) are 0, since
proj.dim M =r and M is f.g (by lemma 25)

0 — Tori(M/xM,kJ — 0 is exact.
Tor‘i(M/xM,k} =0
- Tori{M/xM. A/m) =0

Thus, Toer[M/xM.A/m] = 0 and hence by lemma 24, proj.dim(M/xM) = r + 1.
proj.dim (M/xM) =r + 1. (%)

Case 2: lf'hgpi=r+1

Then, Tor . (M,k) — Tor . (M/xM,k) a5 Tor (M,k) %5 Tor (M,k) is

i+

exact. But Forr+1{M.k] =0 ... by Lemma 25

0 — Tor (M/xM, k) — Tor (M.k) — Tor (M,k) is exact.
r+1 r r

f

- since k = A/m is annihilated by x (because xem by hypothesis), the

d d
module TorP(M,k] is annihilated by x. [ie. let ...-;pn-i;pn_lﬁ...-p
d
plia P = M — o be a projective resolution of M , apply — eAk to
d @1
get ... pnekn—) pn_lak —. .. Mek—0. Then, Torr(H.k} = ker

(rlrﬂllr’lm(:i“_ltalJ. But x annilates pr_@k = preA/m , so it annihilates ker

(d#1) € p ©K.  Thus, Tor (M,k) is annihilated by x|.
Multiplication by x is a zero map on Tor‘r(M-.k).
0 — Torr+1(M/xM,k} — Torr{M.kJ — 0 is exact.
But, since proj.dim M = r, Tor (M,k) # 0 , hence Toer(WxM.k) # 0.
proj.dim (M/xM) =z r + 1 (ww)
[If proj.dim (M/xM) < r + 1, then proj.dim (M/xM) = r and hence
Tor)  (WxM,k) = 0]
Hence, (%) and (%*) gives us proj.dim (M/xM) =r + 1

Lemma 28: 1f (A,m,k) is a regular local ring, then m can be generated by

2
an A-sequence {xl,xz,...,xd} with d = dim (A) = rankk{m/m )
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(kaplansky, 1970, p.119)

we now prove the main theorem.

proof:

Theorem 8: Let (A,mk) be a regular local ring of dimension n.
Then , gl.dim A = n.

Proof: since A is regular , m = (xl.xz,...,xn}. where (xl. .,xn}

xz...
is an A-sequence,

Now let us apply lemma 27 repeatedly.

- since A as A-module is free and hence projective, we have proj.dim A = 0
(1) X, €m is not a zero divisor of A, implies proj.dim (A/xA) = proj.dim
A+1=0+1=1,

(ii) X, €m is not a zero divisor of A/(xll implies
proj.dim [[A/{xI)]/(xz)) = proj.dim [A/(xlll + 1

=1 %1
=2
proj.dim (A/{XI'KZJ) =2
Finally, X €m is not a zero divisor of A/[xl,....xn_1} implies
proj.dim {A/(xl.xz,...,xn)] = proj.dim [A/(xl‘XZ""'xn-I))+ 1
=n-1+1
=n
proj.dim(A/m) = n ... since m = (xl.xz,....xn}
proj.dim (k) =n ... since k = A/m

But, by theorem 7, we have gl.dim A = proj.dim k.
Hence, gl.dim A = n

Next we prove the converse of theorem 8, namely'a noetherian local
ring of finite global dimension is regular. To prove this we need some
results from koszul complex and we use the concept of minimal

resolution.
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Let A = a ring
Let M = an A-module
Let Ml = denote the complex ...3 0—0—M—30-—30—3. .
Here, it is to be understood that Nn =0 Vn # o and MO = M, so that
M] is both a right complex and a left complex. Ml is called the complex

assocl a!,_e_q_ to_l«!_

pefinition 16: By a left complex over M we mean a left complex X

together with a chain map € : X — Ml called the augmentation map.

ie, x:...—ox2—>K1—+xo—>o-—>o—>o—).
el leo
Ml:...- 0 —>0— M—D0—>0—20—...
Remark : (1) As we have seen from the above diagram only one component

of € is non-trivial, that is the so-called augmentation
homomorphism,. € xo — M.
(2) From the commutative diagram Ko — 0
M —0o , we get a left
complex ...— X,—X —X —M—0 (a)

Definition 17: By a right complex over M we mean a right complex Y

together with a chain map €: Ml— Y
This time the non-tnvial part of € is the augmentation homomorphism
&M — Y . and we get the right complex o > M — Y — ¥, = .. (AA).

Let ¥ be a right complex over M and X a left complex over M.

D_'_f_'_i_ﬂ_ii}gl_l?: If the sequence (A) and (AA) are exact, then we say that

¥ is an acyclic right complex over M and X is called an

acyclic left complex over M.
Let (A,m k) be a noetherian local ring.
Let M = a f.g A-module
Let¥:M — N be a homomorphism of f.g A-modules.
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pefinition 19: we say ¥ is minimal iff welk : Mek—Nek is an
Definitiom ~= it bictiiiine)

isomorphism. Equivalently, we say ¥ is minimal iff ¥
is surjective and ker ¥ < mM.

d d
pefinition 20: A free resolution of M, ... — Li—l-al.i 1—e...—+Lo—3aM—ao
perin . — A

(*) is called a minimal resolution if di:Li—e ker di-l
is minimal for all i.

Remark: If (*) is minimal , then

(i) since do:l_o —> M is minimal , by definition we have

ao: L,®k — Mek is an isomorphism.

d

(ii) The complex L.ek: ... _’Ei iﬁ:i_l

[l = Liak = Ll/mLi‘ has trivial differentiation.

Proof: To see this d, = Lfl/le — Li—I/mLi-l'

— e = Eo , Wwhere

i
- since di: I.1 3 kerdi_1 is minimal , then di is surjective
% diLl = ker dl-l
- since d, , = Li—l — ker di—2 is minimal, then ker d,_, < 'Li-l
(by definition)
sdL, Sal,
Now let x + mLi € Li/ml'i' then
d ( =
dl\x + mLi] di{XJ + mLi_1
= mLi_1 .. since ditx) = mLi_1
Hence, Ei = 0 for all i
(111) For each i, we have:
A = =
TUPi(M.k) = ker di/Im di+1
= ker 31 ......... since Im di+l = (0)
= Ly/ml, oo since 31 is a zero map from

L/ml, —Ly_,/ml .
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But, we know that the A-module L,/mL, can be regarded as a finite
dimensional vector space over k, and that
rank Li = rank Li/mL

Li is f.g over A

- A
Hence, rank l..i = rankk Torilk.k].

i

Lemma 29: A minimal resolution of M exists and unique upto isomorphism

Proof': Let {ul.uz,....up} be a minimal generating set of M.
Let L = Ae, + Ae, + ... + Ae be a free module.
0 2 2 p
Define €L, — M by e(eil = u;, which is clearly an epimorphism.
Let k, = ker e.
& d
Then, we have the exact sequence 0 — kl—le Lo —54 M — 0.
claim: ker € = dl(kl) c mLo.
Suppose not, ie, ker € ¢ mLo.

Then, 3 Eriviek. but not in mLo. So atleast one of the ri’s is not in m,

say r,.
s . Isie unilt.
1
-1 n
- since G(Eriei) = 0 then Eriui =0, so we get u, =r, (igzriul)
which is a contradiction to the minimality of {ul.uz,....up}.
~ ker € € mLo

Hence, € : Lo —> M is minimal

Now consider dl:kl — ker €, clearly it 1is surjective and
kerd, = (0) < mk, .
3 d1 is also minimal

- since A is noetherian, k, is f.g A-module, so we can proced as above,

1
and finally we get a minimal resolution of M. This proves the

existence part.

Uniqueness (see Matsumura, 1980,p.136)

The next Lemma is stated without proof.
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d d

i 1
Lemma 30: Let ...— Li — L . 5...— L =, M — 0 be a minimal
Lemma T i-1 o
d; di
resolution of M. ...—eFi——e Fi*l - — F0 be a complex

with an augementation homomorphism e':Fo —» M such that:

(i) each F1 is f.g free over A,

(1£) € 3 fo — M is injective, and
(iii) d;(Fi) = mFi_l for each i > 0 and d; induces an injection
Fi — (m|m2]a Fi_q
Then, there exist a homomorphism of complexes over M f:F —» L.
such that each f‘i maps Fi isomorphically onto a direct summand of Li
consequent ly, we have:
rank F, s rankL; = rank, Tor] (M k).

Theorem 9: Let (A,m,k) be a noetherian local ring,
Let s = rankk(m/mzl.

Then, rankk Tor?(k,k) = [ T] for 0 s i s s.

Proof': Consider k as A-module. Then , k is f.g , and hence by lemma

29, it has a minimal resolution.

Let ...—> Li—a Li-l —>... = L1—+ L0—+ k— o be the minimal
resolution of k.
Let m = {xl, 2,...,xs).
Consider the koszul complex F. = k.(x1,x2,...,xs,A].
= clearly FU = A, so there is an obvious augmentation homomorphism e:Foak

E{g: The condition of Lemma 30 are all satisfied.

. p =
From fp = kp (x,A) & Ao, A G , where G Ax1+Ax2+...+AxS free

A-module of rank s .
IR (- S since A is free of dimension 1.

But, APG is a free A-module of dimension [ i].
. Fp is f.g free over A.
Hence, condition (i) is fuifilled.
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Consider e: Aek —> kek

- since €:A —> A/m is surjective and kere = m S mA , we get € is

minimal.
€ is an isomorphism
€ is injective.
Hence, condition (ii) is satisfied
- t F —F , where F_ = k (x,A = v
Le dp p-1 p p X ) and Fp__1 kp_1 {§ A)

Let Zl 1iL...ip eiliz...i be an orbitrary element of Fp.

ii<

p
imn,
p
Then d[ o .1p"11...1p] J[ Z £

A LY —1 'p-

1 p-1

EIB\. —

p-1
- me_1
So by construction we have dp(Fp] S m Fp_1 (™)
To show dp induces an injection from Ep B m/m2 @A Fp pr ve have:
FoeF/mF  and n/n’e Foy 0, /mzr-‘p_l.

Now, let x = Z g -+oq € corq 0 where PR €A be an element of
i o B |

1 b p 1 p 1 'p
Fﬁ such that dp[x)e sz -1
WTS: xeme.

To show this we shall examine the coefficients of eli i; : in
plx} , where 11,...,1;_1 are arbitrary integers satisfying 1 =
1i ..<1;}_1 =< g,

x Let.i~-{1 < i = n) be different from all l‘,....i;_l and choose
I = 1'(1), so that 1f «..< 18, < i< Mgy @me€ 15 g

Then the term
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. : in the representation of x contributes to dp(x)

.
ii"'ii‘i li‘+1... p-l
. » 2 2

term X q,, r Crisq # emF_,. (sinced (x) =md ) i
a 11...1 ...ip_l iliz...lp_l p-1 p p-1

o
z xi. q i' jv € m ... since it is the coefficient of
3 o R

i
the element dp(x} of me_l.
= 9 A , e€m.
i1 s el "'1p—1

- since 17,...,1 ""'1;—1 are arbitrary, we get q, ; €m for all sets

1 P
. X € mF;
p
Hence, the induced map is injective
gso, all the condition of lemma 30 are satisfied.
. each F, is isomorphic to a direct summand of Li

i

.. rank Fi < rank Ll = rankk Tor?(k.k]

But, rank Fi =[ ?] .... by the above discussion.
s

A >
Hence, rankk Tori(k.k) z [ i] P N AT

Now , we are ready to prove the converse of theorem 8.

Recall: lLet (A,m k) be a noetherian local ring.
Let M = f.g A-module.
Then: (1) The depth of M = 0 iff m € Ass(M)
(2) depth M = dim M if M # O
(3) If proj.dim M < w , then proj.dim M + depth M = depth A

(This formula is due to Auslander - Buchsbaum)

Theorem 10: (serre) Let (A,m,k) be a noetherian local ring.

Then, A is regular iff gl.dim A < .

Proof: () This is theorem 8.
(«) Suppose gl.dim A = n < .
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WIS: A is regular.
we show dim A = rankk(m/mzl.

Let' 8 = rankk(m/sz.

; A s
By theorem 9, since r'ankkTorS{k,k} z [s] =1, we get Torg(k,k) # 0.
o LA A B L (4)

[For if gl.dim A < s, then gl.dim A = s-1 » Tor:(k.k] = 0 which is a

contradiction].

On the other hand, since Ass(A/m) = {m}, ie, me Ass(k), depth k = 0
by (1) above. So if we consider k as A-module, we get
proj.dim k = gl.dim A < w , hence from (3) above we have:

proj.dim k + depth k = depth A.

~ proj.dim k = depth A (AA)
Hence, dim A = ran.kk(m/mzl =s
= gl.dim A ... from (A)
= proj.dim k .... by theorem 7
= depth A ..... from (AA)
— o b, SR R from # 2 above
+ dim A = r‘ankk(m/mz).
Hence, A is regular.
Recall: Let s be a multiplicative subset of a ring A. Then:
(1) A_ is flat over A
(2) If A is commutative, and M is an A-module, then M is

A-projective implies Ms is As—projective.

(3) If A is noetherian, then A is noetherian.

M‘ If A is a regular local ring, then Ap is regular for any
p € spec (A).
Proof: Let (A,m, k) be a regular local ring.

Let p € spec (A).
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WIS: Ap is regular.
- clearly Ap is a noetherian local ring, by (3) above, so it suffices to
show gl.dim Ap < o,
Let M = an Ap-module.
Consider M as A-module.
- since A is regular, gl.dim A < o , which implies proj.dim M < w.
Hence, M has a projective resolution of finite length, say n.

Uuapn—apn_l—ﬁ----—*PO—*H*4U-

~n = gl.dim A
By (1) above, Ap is flat over A, so by definition of flatness, we get:

g_qp“@hphepn_lsAp—a...—apoeAp—aMoAp—ao is exact

3 } = -
" O—ﬂ(pn,p—a(pn_llp —+...-+{p0]p-4Hp M—0 is exact. (™)

But, by (2) above, each [pi]p is Ap—proJective Vi ="y 2 . .0

Hence, (*) is a projective resolution of M as Ap-module.
. proj.dim M = n
» proj.dim M = n = gl.dim A Gl

- since M is arbitrary, (**) is true for all Ap—module M, so we have

sup (proj.dim M) = gl.dim A
M
= gl.dim Ap = gl.dim A € ® since A is regular.

= gl.dim Ap < @,

Hence, by theorem 10, Ap is regular for all p € spec (A)
Now we are in a position to give the definition of a regular ring.

95{1513139_21: A noetherian ring A is called regular if hp is a regular

local ring for every maximal ideal p of A.

In view of the above corollary, this definition is equivalent to

Saying that Ap is a regular local ring for every p € spec (A).
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4. General properties of polynomial rings

Let A = a commutative ring with unity, and 1 ideal of A.
Let A[xl""'xn] = the ring of polynomials in Xyr Koo a Xy
with coefficients in A. Then, we have the followng properties:

w—r: IA[XI,in-u.Xn] nA=I1
proposition 8: Let @ : A—A/I be the natural mapping.

Then one can obtain a ring epimorphism A[xl....,xn] -
(A/l][x1,...,xn] by operating with @ on the coefficients of each
polynomial In A[xl,...,xnl. The kernel of this epimorphism is clearly
Iﬁ[xl..--.x“]-

Hence, A[xi,x ....,xn]/ IA[xi.....xn] - (A/I)Ixi.....xn]

(This isomorphism is frequently used to identify the two rings.)

Proposition 9: Let s be a non-empty multiplicative subset of A. Then,

it is also a multiplicative subset of Alxl.xz.....an
So we may form the ring A[xl,xz,...,xn]s of factions.
" v v
Let £ = z D A0 x1x22. X n € A[xlp ..xn] be a typical
1 e n
element of Alx,,...,x 1.
1 n e
f V. vn].9 v
De : =y M i e
fine ¥ : Ale,...,xn]s——a As[xl,....xn] by W(s) Z[ = ]Xll X n
clearly ¥ is an isomorphism.
Hence, A[xl,...,xn]sé As[xl""'xs]
Proposition 10: Let p be a prime ideal of A.
Then, PA[xl.....xn] is a prime ideal of the polynomial

ring A[xl....,xn].
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proposition 11: Let A a noetherian ring:

Let p

a prime ideal of A.

Then, PA[xl....,xn] is a prime ideal of A[xl.....xnl and
it has the same height as p.

Proof': (North cott, 1968, p.265)

proposition 12: Let F = a field.

Proposition 1<

Then, each ideal of the polynomial ring F[x] can be generated

by a single element.

Proof': (Northcott, 1968, p.269)

Proposition 13: Let F = a field

[hen, F[x] is not a field, but every non-zero prime ideal is a

maximal ideal.

Proof: (Northcoth, 1968, p.269)

Recall: Let A = a ring,
Let M = an A-module, U € M and N a submodule of M
generated by U
Then, if x:M—-—)Hs is the cannonical mapping and Ns is

regarded as an As—submodule of MS then Ns is generated by

x(U).
Theorem 11: If A is regular, so is Alx]
Proof': Let T be a maximal ideal of Alx].
Let d = dim A.

WTS: A[X]H is a regular local ring.
ie, To show dim A[X]H = d+1 and the maximal ideal of A[x]“ is generated

by d+1 elements.

- clearly A[xln is a noetherian local ring.

let p=TnA
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Now, if s = A-p , then by prop.4, Alxlg = A_[x]. On this
understanding T is a maximal ideal of A [x]. Since A is regular, A, is
a regular local ring, so né contracts to the maximal ideal of AS. So for
our purpose we may add the assumption that A is a regular local ring,
and that T of A[x] contracts to the maximal ideal of A. iy

Hence, (A,P) is a local ring.

(i) To show dim A[xln = d+1

- Since P is a prime ideal of A, PA[x] is a prime ideal of A[x]. But,
since Alx]/PA[x] = (A/P)[x] = k[x] is not a field by prop 13 PA[x] is
not a maximal ideal of A[x]. So NM/PA[x] # 0 ideal of kl[x].

Then, by prop 12, N/PA[x] can be generated by a single element, say f.
M = pAlx] + fA[x]
Let p = (aI.a ,...,ad}
htp=d . . . . since dim A= ht p

- Since A is noetherian and P a prime ideal of A, by prop. 11,ht(PA[x]) = d
ht (M) =d + 1.
But dimA[xJH = ht(M) =d+1 . . . . since dim (Ap} = ht(p).
Hence, dim A[x]n = d+1

(ii) To show the maximal ideal of Mx]].l is generated by d+1 elements.

Let W:A[x]——»A[x]“ be the cannonical mapping

» aaes Woes d :
Let @ aé,...,a&.f’ be the images of 0, @y f under ¥
which are distinct.
Then, by the above result, the extension of M = (al.az ..... ad.f}Alx]

in !«[x]n is generated by %y “é-""“a'f"

. ns is generated by @ o aé.--
But, we know that if s = A-P, then the prime ideals of A which do not

.,a&,f'. where s = A[x]-TI
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qeet S are those contained in P, and that the prime ideals of A are in
a 1-1 correspondence with the prime ideals of A that are in p. Indeed
if p'c p is a prime ideal of A the corresponding prime ideal of Ap is
it's extension. That will be contained in the extension of P.

Therefore, it follows that the extension of P is the only maximal ideal

of A_.
p
Hence, ns is the only maximal ideal of A[x]n.

The maximal ideal of A[x]“ is generated by d+1 elements.
rank, (T_/T0) = d+1
s’ s

A[xlII is a regular local ring.

- gsince T is an arbitrary maximal ideal of A[x], we get

Alx] is regular

Corollary 5: If A is regular, so is A[xl.....xn].
Proof': Follows from theorem 11, by induction on n.

Recall: Let k = a field
Let M = any maximal ideal of the polynomial ring

k[xj.....xn]
Then, ht(M) = n and T can be generated by n elements.

Corollary 6:  (Hilbert syzygy theorem)
Let A = kal'xz""'xn] be a polynomial ring over a field k.
Then, gl.dim A = n

Proof': et T be a maximal ideal of A.

- Since k is a field and hence noetherian, we have A is noetherian.

AH is a noetherian local ring (as A = commutative)

- Since a k-module is a vector space over k, and hence possesses a basis

every k-module is free and hence projective.

For every k-module M, proj.dim M=0
gl.dim k = 0 < o.

50



But, since k is a noetherian local ring (trivially), k must be
regular by theorem 10.
k[xl.....xn] is regular by corollary 6.
Ag = k[xl,...,xn]“ is a regular local ring.
Thus, by theorem 8, we have:

gl.dim AH = dim AH

ht (M) ... since dim Ap = ht(p) for all pe spec (A)

Hence, gl.dim A.n =n
- Since Tl is an arbitrary maximal ideal of A, if we take the suppremum
over all maximal ideal we get

gl.dim A = n by lemma 26 //

§. Regular Local Rings as UFD

In this section we are going to prove that every regular local ring
is a unique factorization domain (UFD). To prove this theorem, we shall

Introduce some auxillary concepts.
Definition 22: Let A be a ring , 0 # a €A. we say a is irreducible if:
(1) a is not a unit of A

(2) whenever a = xy, X,y€A, either x or y is a unit of A.

Definition 23: An integral domain A is called a unique factorization dom.

ain (UFD) if the following two conditions are satisfied:
(1) If a is non-zero non-unit of A, then a can be

written as a finite product of irreducible elements

of A
(2) If a is non-zero non-unit of A , and if

a = “1“2"‘“5 = alaz...at

are two expressions of a as a product of irreducible

elements, then s = t and it is possible to renumber

LARLONE ,m_ so that "i and Ai are associates

(15 i = 8).
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EEEELEE: (1) The ring of integers 2Z. In 2, we have, for instance
24 = (2)(2)(3)(2) = (-2)(-3)(2)(2). Here 2 and -2 are

associates as are 3 and -3.

Thus, except for order and associates, the irreducible factors in

these two factorizations of 24 are the same.

(2) The ring of polynomials, F[x], with coefficients in a
Field.

Proposition 14: Let A be an integral domain. Then A is a UFD iff every
irreducible element is prime and the principal ideals of A

satisfy the ascending chain condition (acc).

Proof': Similar to the proof of a principal ideal domain is a UFD.

Lemma 31: A noetherian domain A in which every irreducible element

generates a prime ideal is a UFD.

Proof: Since A is noetherian, the principal ideals of A satisfy the

acc. Let m = an irreducible element of A.
Then, (m) is a prime ideal by hypothesis.
But, in an integral domain we know that (m) is a prime ideal iff =m
is a prime element
n is a prime element of A

Hence, by prop.14, A is a UFD.

Theorem 12: A noetherian integral domain A is a UFD iff every prime

ideal of height 1 is principal

Proof:; I. Suppose A is a UFD
Let p = a prime ideal of height 1 of A.

WTS: p is principal
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Let acP , a # 0. Let a = Tlpi » as a product of prime (irreducible)

elements. (This is possible since A is a UFD).

. gince p is a prime ideal, atleast one of the P; belongs to p.
If p; € P » then (pi} S p, but (pi) is a non-zero prime ideal and
ht(p) = 1 (by assumption).
p = (p;)
p is principal
Hence, every prime ideal of height 1 is principal

[I. Suppose every prime ideal of height 1 is principal

Ezg: A is a UFD

Let m = an irreducible element of A.

Let p = minimal prime over ideal of mA.

Then, ht(p) =1 .... by Lemma 2.
ht(p) = 1.
Thus, by hypothesis, we have p is principal.
Let p = (a).

- Since nA € p and n is irreducible then m = au , where u is a unit.
n and a are associates.
(m) = (a) =p

n generates a prime ideal

- Since m is arbitrary, we get every irreducible element of A generates
a prime ideal.

Hence, by Lemma 31, A is a UFD

BEEEEE_1§= Let A = a noetherian integral domain,
Let T = a set of prime elements of A.
Let S = the multiplicative subset generated by T.

Then, A  is UFD implies A is a UFD.
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Assume I' # ¢, otherwise s = {0} and As = A , and hence the

result holds trivially.

proof':

Now suppose As is a UFD

WIS: A is a UFD
it suffices to show that every prime ideal of height 1 is principal.

let p be a prime ideal of height 1.

(i) If pnS # ¢ , then p contains an element s e S. But since
S = MT,... T with nieF and p is prime, m, €p for some i.

~ P contains an element m of TI.

- Since mA is a non-zero prime ideal of A (as m is a prime element of A
and A is an ID), mA € P and p is of height 1 we have p = =nA.

Hence, P is principal

(ii) If pns = ¢, then pAs is a height 1 prime ideal of &S.
- Since A:5 is a UFD, by theorem 12, we have pAS is principal.
» pA_ = aA_ for some aeP.
s s
Now, among such a choose the one such that aA is maximal. [maximal in

the sense that there is no a’e p such that aA c a’A]

Claim: p = al

Clearly, a is not divisible by any m € ' [For if, a is divisible
by mel’, then a = mx for some xeA, which implies nx € p and hence x € p.
But from a = mx we get aA ¢ xA (not equal since m is not a unit) which

Is a contradiction to the maximality of aA.)

1
Let xeP. Then, %e pA_ . . . since leA, les, 1 = leA]
= €alA = 2 - ak for some keA
1 s 1 s

=H ag for some s€S and yeA

Lot

= SX = ay

sx = ay for some se€S and yeA.
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Let § = M...m, with rtiel“. Since a is not divisible by any
=l “1A, and hence y € niA. (because sx e ni:\ y e,

“1{“1"'"i—1"'1+1 ...nr‘)x - niA)

Thus, an induction on r shows that yesA.
y = sk for some keA.
sx = ay = ask = sak
x = ak €aA , since s#0
P € aA
put, since aep, we get aASp, and hence p = aA.
Hence, p is principal.
In any case, we get p is principal, then by theorem 12.
A is a UFD

Definition 24: A finite free resolution (or FFR for short) of an

A-module M is an exact sequence 0—>Fn—9Fn_ —.. .—)Fl—)Fo—»I—m

1
(of finite length) such that each F‘i is a f.g free module,
(0= i = n).
Remark:  For any prime ideal p of A, o—)(Fn)p——)...—ﬂFo)p—-)Mp——éo is an

FFRK of the Ap-module MP. (as Ap is flat over A).

Dfﬂ'iti"_“__zﬂ_: Let k = a field of fractions of the integral domain A.
For a f.g A-module M, the dimension of M@Ak as a vector

space over k is called the rank of M.

Remark : i1 The rank of a module M over an integral domain A is

the maximal number of elements of M linearly indpendent

over A, and
2. The number of elements in any basis of a f.g free

A-module F is called the rank of F(over A).
mﬁm: Let A = a ring , M an A-module.

we say that M is stably free if there exists f.g free
modules F and F’ such that Me F & F’.
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pemark: Obviously, @& stably free A-module M is a f.g projective

—

A-module and has an FFR , 0 > F 5 F' —- M 50

pettion 15 Tt sty s a e gl & nostharish kSRS

then A is regular.

proof: Let pe spec (A).

WIS: Ap is a regular local ring
let M=a f.g Ap-module. Then, M is a f.g A-module.

By hypothesis, M has an FFR, say O—AFn—an 1—9...—4F1—aF —M—0
o 0

- Since Fn is free and hence projective A-module, then (F ) is
np
projective &p—module.

proj.dim M = n. (as Ap—module)

- Since M is arbitrary f.g Ap—module and gl.dim (Ap] can be calculated

from projective dimensions of f.g modules, we get
1.dim (A ) < @
“ p

Ap is regular . . . . by theorem 10.

Hence, A is regualr.

Proposition 16: A f.g projective module having an FFR is stably free.
(Hint: use induction on the length of the FFR).

[a”}nxn denoted

Recall: 1 The determinant of a square matrix A =

by det (A) is : a5 a12"'a1n

e k(M
agl gz a%n = Z{ 1) a1jla232"'anjn
2n1 an2"'ann

n T of B =s y A and the

where Jl’ ,jn is a permutatio

Jos v
2
summation extends over all n! permutations 1.

56



2. The cofactor in det (A) of an element of A.

Bie B4o ®is
pample: Lt 251 a)ay, any | &%
e W e
det A = 11 %1z °13 =a,.l(a = ) +a,l(a -
oy Pop B3 11 (o233 ~ Bpgdgp) * 2y5(An535y ~ 3y855)
231 232 %33 +ay(ayiag, - ayly)
= a8 * 2 * 25hyg

The expressions in parenthesis are cofactors of au.alz and a1q
respectively.

3. The cofactor Aij of aij ip the expansion of det A is (-l)H‘j

times the determinant of the submatrix obtained by deleting

the ith row and the ,jt'h column of A.

4, The determinant of the product of two square matrices is the

product of their determinant.

€
but for j # 1 .iglajiau =0

e—w

5. In (2), we have det A =
i

i LR
11111

Proof': F

o

r j =2, we have:

I~

- A
; 1321A11 8, Ay * Basbis o373

ot o -a_.a..)
= a21[azzasa'azaasz}+322(323a31 a21*‘33}**"23{“‘213‘32 %2231

= i, + 8. .. A~

= 8,18,580478,1 259835+ 855823731 a,,851233"%23%21732 353222731
=0

lemma 32: Let A be an integral domain, and I an ideal of A such that

n+1

TeA™ = AP*!, then I is principal
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n+l

ETEE: Fix the basis €y €qr i€ of A° 7, and viewing IeA” < Aean.
£ix fo.fl...,fn such that fo is a basis of A and fl,f e
n
n
abasis of A*. Then the map v AM 1Al given by
n
w(ei)=z aijfj is an isomorphism.
J=o
Let d = the determinant of the matrix (aij]
di = the {i,O]th cofactor of the matrix [aij]
n
That is, w{eo: =ijaOin = ablfl + aozfz LS & R S
n
w(el; = j;oai.jfi = alofo + aui‘1 + alzfz . w0 amfn
n
w{en] = 3;,&“5{5 = anf“0 + a.nlf1 + anzfz + ... 0+ annfn‘ and /
200 01 %0n
(g 4} = %0 11 ®1n
20 “n2 *nn
Then d = | = = - Soaie
det l"'E ) a0 aq 9.12...2\1n a0 a5 202 30n
31 222' " %an 321 %22 *%2n
21 %n2"""%mn h1 %n2"" %o
L’Y”_J wv—/
E *a,5|2%1 202 Zon
e
2 11 2p-12 %n-1n
= dn
— Tt + a d 4
350 9o * 210%1 * n0 n
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_gince ¥ is injective, d # 0 (otherwise if d = 0, then the matrix will

not be invertible,

injective.)

= i

ed‘
Now setl o

Moreover, since the image of ¥ includes fl.fz,.u

‘...,e’ in
n

Now, define a matrix (c

i

A

h

(o]

)

d;e; and for j # 0 we have z

n
die;. Then ¥(eo’) = \1:[ g diei]

n+1

}'el e =c e
(o] o0 0
él - cloeo
e’ =¢c_ e
n no o
Thus |, ) g
[Cjkj
(e =
jk](a )

-+

such that %(eé} g

Cc

ole

+ c,.e

1

11

o

1

1

*i e

+ e

n
a, .d.
i=o 1371
n
= z di W(ei)
)
)
= d,. a, .f
L LMy
n n
= Jdiagf, * Jdiagfy ¢
Al il
=it =0
=g .
o
.f »
n
)
) by e, =) c.e , for j=0,...
J k=0 JE K
+c e
on n
& Clnen
c_e
nn n
. d
con do d1 d2 n
I ol B s B iR
“nn no °n1 “n2 nn
n %00 a1 62t on
e B
®1n it in
; ' 3
Cnn %0 “nl %n2 nn
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so ¥ can not have an inverse and hence can not be

=0 (by # 5 above).

Zd
Roslell

=0

there exist



Dryody  TRypd; o DRy

ni
13210 11211 Pri?ip

¥ni®io 1?11 Lnt®in

. { L for Jik = 1,2, c;n and Ji=k

n
erve: 1. c..a.
'Ej‘f...-— iZo Ji ik 0 otherwise

n
5. d:Za_dia.nd a,d. =0 for j# 0. (This is by # &

iz 0 iz Y above)
e D) 0
(cyt(ayy) = g é ? g
0 0 0 1

Therefore, by comparing the determinants and applying number 4 above, we
get det [cjk) = 1

- Since det (Cikj =1 # 0, c is invertible and hence each e; can be

expressed as = linear combination ei.

+
e;_. e’l, e; is another basis of An 1.

Thus, If‘o = W(Ae;] = dAfo, which implies I = dA.

Hence, I is principal

Remark: Lemma 32 can be formulated as saying that for an integral

domain A, a stably free rank 1 module is free.

Recall: Let A: a ring,

Let M = an A-module

We say that M is of finite presentation if there exists an exact

Sequence of the form.

m
A ——)An~—)M——>O.

If (A,m) is a local ring, then a projective module over A is free.

let A # 0. An A-module is said to be MQ if it is

Isomorphic to A™
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meorem 14:  Let A be a ring and M be an A-module of finite
> presentation. Then M is projective A-module iff M is a
m

free Am—module for all maximal ideal m of A.

() If M is projective, it is a direct summand of a

free-module, and this property is preserved by localization,

So that Mm is projective over Am. By #2 above, since A is
m

local we get Mm is free.

proof':

(¢) Suppose Mm is free Am—module

Let N1 — N2 — 0 be an exact sequence of modules
Let C = the cokernel of I-k:‘mA {M,N1] — HomA[H,Nzl.
Thus for any maximal ideal m of A we have

C, = coker {Hom Am{Mm’ {Nl)m}_)HomAm[Mm'{N2]m} = 0, since
Mm is free and hence projective Am-module.
= Cm =0, for all maximal ideal m.
= C = 0, because a module which is locally null at
every maximal ideal is necessarly null.

Hom A[M.Nll s Homh {M,Nz} is exact.

Hence, M is a projective A-module.

Theorem 15: (Auslander and Buchsbuam [3]).
Fvery regular local ring is a unique factorization
domain.
Proof : Let (A, m) be a regular local ring.
we use induction on dim A.
- If dim A = 0, then A is a field (by theorem 2) and hence a UFD.
- If dim A = 1, then A is a PID (by corollary 1) and hence a UFD.

Assume dim A > 1

= 5] 2
Since dim A > 1, then rankk(m/mz) >1and m# m
Let xe m‘mz. Then xA is a prime ideal and hence x is a prime

element of A.
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Now apply theorem 13 on T' = {x}, and s = {l.x,xz...,},
jere it suffices to show that AS is a UFD.
Let P be a prime ideal of height 1 of As.
WTS: P is principal

it P =P N A. Then p = PAs.
;o;sider P as A-module, since A is noetherian, P is f.g. Thus, by
jemma 29, P has a minimal resolution with each f.g and free. But since
4 is regular the length of the resolution must be finite, otherwise we
get gl.dim A = @, which is a contradiction to A is regular,
P has an FFR
By the remark below definition 24, the As-module p has an FFR, say

0_,;'“_; Fn—l e F1 —>F0-—>p—)0.

Now for any prime idial Q of AS, the ring {AS]Q = ﬁw is a regular

local ring of dimension less than that of A because

dim[AQnA]= ht (QnA) < dim A.

Hence, by the induction assumption, AQnA is a UFD.

Now since p is a prime ideal of height 1, pQ is also a prime ideal of
height 1 of AQ‘,\' :

pQ is principal ... by theorem 12.

P_ is a free A -module, and this is true for ever

Q QnA i
maximal ideal of As.
Thus, by theorem 14, the A_-module p is projective, since it is of
e m
finite presentation (ie Flh—aFo——)p—ﬂ where lf"1 = A" and F, = A for n
and m ranks of F'I and Fo respectively).

- Since A_ is noetherian, p is f.g. So we have p is a f.g pro jective
"odule having an FFR.

By , prop 16, p is stably free.

P is stably free and has rank 1.
Thus, by Lemma 32, we have

P is a principal ideal of A
AS is a UFD S.woeo by theorem 12.
Hence, by theorem 13, A is a UFD.
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