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Abstract

Astrophysical models need calculations in cross section. It is believed that inverse Compton
scattering in strong magnetic fields near the surfaces of Neutron stars is one of the possible
mechanisms responsible for X-ray and y-ray emissions. Spin sum is one fundamental variable in
calculations of scattering cross sections involving charged fermions in magnetic field. In this
thesis we explicitly calculate the spin-sum of the solutions of Dirac equation and using it we
calculate spin-sum corrected total cross of the inverse Compton scattering in the presence of

uniform and strong magnetic field.
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General Introduction

When a star runs out of fuel its evolution is nearly finished. White dwarfs, neutron stars (NSs)
and black holes are the remnants of dying stars. Stars like the sun die slowly but quietly and
become white dwarfs. More massive stars explode and become neutron stars and black holes.
Such stellar explosions, though marking the death of one star, may trigger the birth of another.
Moreover, the explosion of dying star blasts into space elements vital to human life such us
carbon and iron, elements that eventually become incorporated in to new stars, planets and

ultimately people.

A neutron star forms when a massive star’s iron core collapses and triggers a supernova
explosion. The collapse compresses the core’s protons and electrons together to make neutrons,
forming a ball of neutrons with a radius of about 10 kilometers but which may contain up to
about 2 to 3 solar masses. NSs have powerful magnetic field. As the NS rotates, its magnetic
field sweeps radiations across the sky. A pulsating radio source is thought to be associated with a
rapidly rotating NS. Neutron stars can exist as a binary system, system where the two stars orbit
close to each other. Unusually strong magnetic field can also exist in magnetar neutron stars.
Pulsating X-ray sources, X-ray bursters and y- ray burster are events related with neutron stars.
On strong magnetic fields (10 '2-10 "*G) of magnetospheres of NSs the interaction of electrons
and protons is greatly altered, because the electrons are restricted to moving perpendicular to the

field in Landau orbital’s.

Calculation of elementary particle decays and scattering cross sections in presence of magnetic
field become more important after it was understood that the NS cores can sustain magnetic
fields of the order of 10 > G or more. We assume these field to be uniform so that Dirac equation
can be solved exactly. Once Dirac equation is solved exactly then we can calculate scattering
cross sections in the presence of the field. Inverse Compton scattering (ICS) in strong magnetic
field has been analyzed by Goldreich et al. (1972) and Blandford et al. (1976). Herold (1979)
calculated the general differential cross section for Compton scattering in a strong magnetic
field. His result is for electron rest frame (ERF) under the assumption that the initial and final

states of electrons are in the lowest Landau level.



His expression of cross section has been widely used in astrophysical calculations, because it is

assumed that the ICS is talking place near the surfaces of NSs.

However, in actual calculations the cross section in the laboratory frame (LF) is required.
Therefore, this thesis aims at a derivation of an exact LF version of Herold’s expression of cross
section in the ERF. The advantage of this cross section is that it can be used directly in

astrophysical calculations for both relativistic and non-relativistic cases.

The first chapter of this thesis focuses on the physics of neutron stars (their discovery,
magnetic field and rays they produce). In the second chapter we calculate spin-sum of Dirac
equation in strong magnetic field for positive and negative energy solutions (both spin up and
down states considered). Finally, after finding Feynman propagator of an electron and scattering
amplitude, quantum mechanical, magnetic and relativistic calculation of total differential cross

section of inverse Compton scattering corrected for spin sum will be calculated.



Chapter 1- Neutron stars

1.1 Introduction

Almost all the light we see from objects in the night sky is due to thermonuclear fusion reactions.
Such reactions are what makes stars shine, and in turn make any surrounding nebulae glow. Even
the light we see from the moon and planets — which is simply reflected sunlight — can be traced

back to thermonuclear reaction in the sun’s core.

By contrast, exotic objects like Crab Nebula in Taurus is undergoing no thermonuclear fusion at
all. Despite this, the object is so energetic that it is emitting copious amounts X-rays. At the
objects very center is the source of all this dynamic activity: a neutron star, the leftover core of

what was once a supergiant star.

Before 1967 neutron stars were considered pure speculation. But today we know of more than
1,300 of these exotic stellar corpuses, and hundreds of thousand more may be strewn across the
Milky Way Galaxy. Neutron stars have powerful magnetic fields that are billions of times
stronger than the sun’s filed. As the NS rotates, its magnetic field sweeps beams of radiation

across the sky. We detect these beams as pulsating radio signals.

Unlikely normal stars neutron stars actually have solid surfaces that can shift and fracture in a
“starquake”. When such a quake occurs on the surface of a NS with an unusually strong
magnetic filed, it release a truly colossal burst of radiation that for a fraction of a second outshine
an entire galaxy of stars. NS’s in close binary system also display outrageous behavior, including

bouts of explosive fusion that yields a vast outpouring of x-rays.

A massive star in a supernova explosion, leave behind both a supernova remnant and bizarre
object called neutron star. Under very high pressure, a proton and an electron can combine to
from a neutron (as well as a neutrino) through the reaction

P+e -n+v |

the neutrinos escaping the star.



Once a neutron star had formed in response to tremendous pressures, it would be able to resist
any further compression. The neutrons themselves would provide counterbalancing outward

pressure, degenerate neutron pressure.

1.2 Pulsars and the Discovery of Neutron stars

A pulsar is a pulsating radio source thought to be associated with rapidly rotating neutron
stars. One type of star that appears to pulsate is an eclipsing binary star system which appears

dimmer when one star in the binary system passes in front of the other.

However in order to very in brightness with a typical pulsar period of 1 second or less, an
eclipsing binary would have to have an equally short orbital period. At the time of its discovery it
was the Crab pulsar recognized as the fastest pulsar known to astronomers. Its period is 0.0333

seconds, which means that it flashes 1/0.0333=30 times each second.

The magnetic field of a NS makes it possible for the star to radiate pulses of energy towards
our telescopes on Earth. The following two figures show a rotating, magnetized NS. Charged
particles are accelerated near a magnetized neutron stars magnetic poles, producing two
oppositely directed beams of radiations. If the stars magnetic axis is tilted at an angle from the
axis of rotation, the beams sweeps around the sky as the star rotates. If the earth happens to lie in

the path of the beams, we detect radiation that appears to pulse (a) on and (b) off.



Earth

(a) (b)
Fig 1 A rotating magnetized neutron star [17]

A radio telescope detects regular pulses of radiation, with the one pulse being received for
each rotation of the neutron star. Since 1968 radio astronomers have discovered more than 1600
pulsars scattered across the sky, and it is estimated that perhaps 10°> more are strewn around the

disk of the Milky Way Galaxy.

Each one is presumed to be the neutron star corpse of an extinct, massive stars. Radio
telescopes have detected pulsars with a wide verity of periods, from a relatively sluggish 8.51
second to a blindingly fast 0.001396 second. In each case the pulse period is thought to be the

same as the rotation period of the NS.

The primary sources of pulsars are thought to be massive stars that become core-collapse

supernovae, i.e. in many cases pulsars are found within the remnant of all the supernova.



A beam of electrons whirled along a circular path within the cyclotron, held in orbit by
powerful magnets, scientists notified that it emitted a strange light. It is now known that this
light, called synchrotron radiation, is emitted whenever high- speed electrons move along curved
paths through a magnetic field. Synchrotron radiation has a continuous spectrum, but one that is
distinctively different from the continuous spectrum emitted by a heated blackbody. This
difference helped astronomers confirm that the Crab Nebula (that surround Crab pulsar) emits
primary synchrotron radiation, not black body radiation. Thus, the Crab Nebula must contain

quite a large number of relativistic electrons spiraling in an extensive magnetic field.

Fig 2 Synchrotron radiation : It is emitted by electrons that move at high speed in a magnetic
field. [17]



1.2.1 Millisecond pulsars

In 1982, radio astronomers discovered a pulsar whose period is only 1.558 ms. (one millisecond).
This remarkable pulsar called PSR 1937 + 21 after its coordinate in the sky, is a neutron star
spinning 642 times per second — about 3 times faster than the blades of a kitchen blender. Such

incredibly rapid rotation is a clue to this pulsar’s unusual history.

PSR 1937421 is not the only pulsar with unusually rapid rotation. Since 1982, astronomers
have discovered more than 180 very fast pulsars, which are now called millisecond pulsars. All
have periods between 1 and 10 ms, which means that these neutron stars are spinning at rates of
100 to 1000 rotations per second. (As of 2007 the fastest known pulsar is PSRJ1748-2446ad,
which rotates 716 times a second). An important clue to understand millisecond pulsars is that
the majority are in close binary systems, with only a small separation between the spinning

neutron star and its companion.

Few millisecond pulsars, like PSR 1937 + 21, are not members of close binaries. It may
be that solitary millisecond pulsars were once part of close binary systems, but the companion
stars have been eroded away by the high — energy particles emitted by the pulsar after it was

spun up.

It is also possible that both stars in a close binary system might evolve into neutron stars,
forming a pair of pulsars. Several such binary pulsars are known. Because the two pulsars are so
massive and move around each other in tight orbits, they lose energy through of process called
gravitational radiation. As a result, the two neutron stars spiral towards each other and
eventually collide. Some of the neutrons are ejected into space, where many of them decay into
protons and combine to form various heavy elements. Some of them seed the interstellar medium

with building blocks of planets.



1.3 Magnetic field of Neutron stars

Magnetic fields are found in various scale and positions in our universe. Neutrons stars have
powerful magnetic fields that are billions of times stronger than sun’s field. The small size of
NSs implies that they have intense magnetic field. Every star possesses some magnetic field, but
the strength of this field is quite low. The magnetic field, which is bounded to the star’s ionized
gases, becomes concentrated on to an area 10'° times smaller than before the collapse, and thus

the field strength increases by a factor of 10"

A stars magnetic field splits one of its spectral lines in to two or more lines whose spacing
reveals the fields strength. As an example, the earth’s magnetic field (which is responsible for
Auroras and Van Allen belts) has a strength of about 0.5G. The sun has field strength of about
1G.The field at the surface of a refrigerator magnet is about 100G, and the field used in a scanner

1s about 15,000 G.

The magnetic splitting of lines in the spectra of certain white dwarfs corresponds to field
strength’s in excess of 10° G, comparable to the strongest fields ever produced in a laboratory on
Earth. But the magnetic field surrounding typical neutron star are a million times stronger still,

on the order of 1 trillion gauss (10'*G.) Some NSs may have field as large as 10" G.

The combination of a powerful magnetic field and rapid rotation would act like a giant
electric generator, creating very strong electric field near the neutron star’s surface. Indeed, these
fields are so intense that part of their energy is used to create electrons and positrons out of
nothing in a process called pair production. The powerful electric fields push these charged
particles out from the neutron star’s surface and into its curved magnetic field. As the particles
spiral along the curved field, they are accelerated and emit energy in the form of electro
magnetic radiation. The result is that two narrow beams of radiation pour out of the neutron stars

north and south magnetic regions.

According to Kebede L.W. (2002), [10], high magnetic fields can be generated by an
acquired angular momentum from the basic field. Surface fields by spinning separated charges

are found to be dipolar.



The stronger the magnetic field of neutron stars, the greater the rate at which it emits
energy in the form of radiation and hence the more rapidly it will slow down. From the slow
down rate of the Crab pulsar, astronomers calculate that its magnetic field must be about 5x10'*
G, which is very close to the previous estimate of 10'°G.The calculations of the cross sections

and decay rates in presence of a magnetic field uses a bench mark value of the background field:

B.= m%/e=4.414x10" G,

Where m is the electron mass and e is the charge of the proton. B, is some times called the
‘critical field’ although nothing critical happens at this field strength. The only condition which
defines the critical field is that when the magnitude of the magnetic field reaches the value B, ,
the electron cyclotron frequency equals its rest mass in the natural units. If the magnitude of the
magnetic field is above the critical field the electronic wave functions get considerably modified.
It is assumed henceforth that while discussing scattering the magnitude of the external fields will
be around B,

Of all pulsars, three pulsars in question appear to have the strongest magnetic fields of any object
in the universe, far stronger than those of “ordinary” pulsars.

1.3.1 Magnetars

A magnetar is an unusual type of Neutron star with extraordinary strong magnetic field
that can be about 10"> G (about 1,000 times stronger than that of the 10'*G field of an ordinary
NS). This field is produced by convection inside the NS when it first formed.

The magnetic field of an ordinary star like the sun is produced by the motion of its
electrically conducting gas, or plasma. The same is true for a supergiant stars, i.e. when
thermonuclear reactions cease, it begins to collapse, the stars magnetic field moves with the
infalling material and becomes greatly amplified. This amplified magnetic field remains with the

resulting NS, which typically ends up with a field strength of about 10" G.

However, Neutron stars can generate an additional magnetic field as it forms. For about
the first 10 seconds after a NS forms from the core of a collapsing supergiant, it has an extremely
high internal temperature-about 10'' K, as compared to a relatively frigid 1.55x10” K in the

present - day sun’s core — and there is a furious convection of the NS material.



This material includes electrically charged protons and electrons, and the convective
motion produce a magnetic field. If the newly formed NS spins relatively slowly, so that the time
it takes a convection cell to rise and full (about 0.005 s) is less than the time required for the NS
to make a complete rotation, the magnetic fields caused by different convection cells remain

uncorrelated and do not contribute much to the NS’s magnetism.

This seems to be what happened for the vast majority of NSs. But, if a brand new NS has a
rotation period of less than 0.005 s, its rapid rotation causes the convective motion in different
parts of the NS to organize together. When the NS has completely formed, it is left with a
magnetic field that can be as strong as 10" G. The magnetism of such a star could pull the keys
out of your pocket and demagnetize your credit cards at a distance of 200,000 km, or half the

distance from the Earth to the Moon.

The magnetic field of such magnetars exerts tremendous stresses on the electrically conducting
material at the star’s surface. From time to time these stresses can cause a localized fracture of
the surface called a starquake. A starquake on the surface of a magnetar releases magnetic
energy in the form of an intense blast of X-rays and gamma rays. The theoretical model of a
magnetar turns out to be excellent description of the three pulsars that produced the energetic
blasts. Each of these pulsars emit moderate gamma-ray bursts at seemingly random intervals,
which is why they are also called soft gamma repeaters. This is the origin of the acronym
“SGR”’ in the pulsars designations (The adjective “soft” means that the gamma rays emitted are

of relatively low energy).

In general, because magnetars represent such an extreme state of matter, with magnetic effects
stronger than those found any where else in the universe, astronomers are studying them with
great interest. Even NSs that lack the intense magnetic field of a magnetar can display exotic
behavior. As we have seen in the previous section of this chapter, this happens when a NS is one

member of a binary star system in which the two stars orbit close to each other.
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1.4 Neutron stars

A Neutron star is a very compact, dense star composed almost entirely of packed degenerate
neutrons. NSs have a mass ranging from 1.4- 3 times that of the sun’s mass and a radius of about

10 km. Because neutron stars are very small, they should rotate (spin) rapidly.

The radiation from pulsars gives us information about the surroundings of neutron stars, as well
as how they rotate. The models for NSs are very different. For one thing, NSs are thought to
have a solid crust on their surface. Furthermore, the interior of NS is a sea of densely packed,
degenerate neutrons, with properties quite unlike those of ordinary gases or even degenerate
electrons. Detailed calculations strongly suggest that degenerate neutron matter can flow with
out any friction whatsoever, a phenomenon called super fluidity. Within a NS, elongated,
friction-free whirlpools of super fluid neutrons may form. Their interaction with the star’s crust
may be the cause of sudden changes in a pulsar’s rotation. In addition to the general slowing
down of pulsars, astronomers have found that they sometimes exhibit a sudden speed up,
sometimes called a glitch. Current opinion among NS theorists is that glitches are cased by the

super fluid neutrons within the NS.

In addition to super fluidity, models of the internal structure of a NS strongly suggest that
the protons in the core can move around without experiencing any electrical resistance
whatsoever. This phenomenon is called superconductivity. This property occurs on the Earth
with certain substances at low temperatures. Once electric current starts moving in
superconducting material, it keeps moving forever. We may have been surprised on the existence
of protons in a neutron star. While neutron stars are made up of predominantly of neutrons, some
protons and electrons must be scattered through the stars interior. Indeed, a pulsars magnetic
field must be anchored to the neutron star by charged particles. Neutrons are electrically neutral,
so without the protons and electrons in its interior, a neutron star would rapidly lose its magnetic

field. The following figure shows a model of internal structure of a NS.
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Fig3 A model of a neutron star’s internal structure [17]

1.4.1 Atmosphere of neutron stars

While the deep interiors of NSs. remain mysterious, astronomers have recently found
evidence that the crusts of neutron stars are surrounded by a highly unusual atmosphere. The
evidence come from the NS 1E 1207.4-5209, which emits X-rays and lie at the center of a
supernova remnant. Dips on X-ray spectrum graph indicate that they are caused by absorption of

certain X-ray wave lengths by an atmosphere around the NS.

The atoms that make up such an atmosphere must be dramatically different from those around
us. In the intense magnetic field of a young NS, ordinary spherical atoms are deformed in to
elongated cigar shapes and have radically altered spectral lines. So a bizarre property is also seen

on the atmosphere of a NS.
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1.4.2 Neutron stars in close binary system (Pulsating X-ray sources)

Millisecond pulsar are not the only result of having a neutron star in a close binary system
with an ordinary star. Even more exotic are pulsating X-ray sources, in which material from the
companion star is drawn on to the magnetic poles of the neutron star, producing intense hot spots
that emit breathtaking amounts of X- rays. As the NS spins and the X-ray beams are directed
alternately to ward us and away from us, we see the X-rays flash on and off. Pulsating X-ray
sources were discovered in 1971 by the Uhuru space craft. The first X-ray source found to emit
pulses was Centaurus X-3. The X-ray pulses have a regular period of 4.84s. Similar pulses were
discovered from Hercules X-1, which had a period of 1.24s. These two sources are members of

binary star systems.

One piece of evidence is that every 2.087 days, Centaurus X-3 appears to turn off for almost 12
hours. Apparently it is a NS in an eclipsing binary system, and it takes nearly 12 hours for the X-
ray source to pass behind its companion star. Hercules X-1 too, appears every 1.7 days by its
visible companion, the star HZ Hercules. Putting all the pieces together, astronomers now realize
that pulsating X-ray sources like Centaurus x-3 and Hercules X-1 are binary systems in which
one of the stars is a neutron star. All these binary systems have very short orbital periods, which
means that the distance between the two stars is quite small. The NS can therefore capture gases
escaping from its ordinary companion. More than 20 such exotic binary systems, also called X-
ray binary pulsars, are known. A typical rate of mass transfer from the ordinary star to the NS is

roughly 10° solar masses per year.

Because of its strong gravity, a NS in a pulsating X-ray source easily captures much of
the gas escaping from its companion. But like an ordinary star, the NS is rotating rapidly and has
a powerful magnetic field inclined to the axis of rotation.( see fig 1 .) As the gas falls toward the
NS, its magnetic field funnels the incoming matter down to the stars north and south magnetic

polar regions.

The NSs gravity is so strong that the gas is traveling at nearly half the speed of light by the time
it crashes on to the stars surface. The violent impact creates spots on both poles with searing

temperatures of about 10°K.

13



Materials raised to these temperatures emits abundant X-rays, and because so much material is

dumped on to these hot spots the X-ray luminosity reaches roughly 10°! watts.

Fig4 A model of pulsating X-ray source [17]

This is much greater than the X-ray luminosity of isolated pulsars like the Crab, whose
surface temperatures are relatively chilly 10°k or so. It is also nearly 10’ times greater than the
combined luminosity of the sun at all wavelengths. As the NS rotates, the beam of X-rays from
its magnetic poles sweep around the sky. If the earth happens to be in the path of one of the two

beams, we can observe a pulsating X-ray source.

We detect a pulse once per rotation period, which means that the NS in Hercules X-1 spins
at the rate of once every 1.24 seconds. If the orbital plane of the binary system is nearly edge on
to our line of sight, as for Centaurus X-3 and Hercules X-1, the pulsating X-ray appear to turn off

when the NS is eclipsed by the companion star.

14



Other pulsating X-ray sources, such as Scorpius X-1, do not undergo this sort of turning off. The
orbital planes of these systems are oriented more nearly face-on to our line of sight, so no eclipse

occur.

The NSs in most pulsating X-ray sources have rotation periods (and hence pulse periods)
of a few seconds. But as time passes, the NS accretes more and more mass from its companion.

In the process, it will spin up and may eventually become a millisecond pulsar.

1.4.3 X-ray bursters and neutron stars

Explosive thermonuclear processes on NSs produce novae & busters. These exotic phenomena
occur when stellar corpse is part of a close binary system. One example is a nova in which a faint
star suddenly brightens by a factor of 10* to 10° over a few days or hours, reaching a peak
luminosity of about 10° times that of the sun.. By contrast, supernova has a peak luminosity of
about 10° times value of the sun’s luminosity. Every year two or three novae are seen in our
Galaxy, and several dozen more are thought to take place in remote regions of the galaxy that are
obscured from our view by interstellar dust. All novae are members of a close binary system

containing white dwarf.

A surface explosion similar to a nova also occurs with neutron stars. In 1975 it was discovered
that some objects in the sky emit sudden, powerful bursts of X- rays. There is an abrupt increase
of the rays followed by a gradual decline. An entire burst typically lasts for only 20s. Unlike
pulsating X-ray source, there is a fairly long interval of hours or days between bursts. Sources
that behave in this fashion are known as X-ray busters. Several dozen X-ray busters have been

discovered in our galaxy. This burst was recorded by an earth-orbiting X-ray telescope.

X-ray busters, like novae, are thought to involve close binaries whose stars are engaged in a
mass transfer. With a burster however, the stellar corpse is a NS rather than a white dwarf. Gases

escaping from the ordinary companion star fall on to the NS.

The X-ray buster’s magnetic field is probably not strong enough to funnel the falling material

toward the magnetic poles, so the gases are distributed more evenly over the surface of the NS.
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The energy released as these gases crash down on to the NS’s surface produces the low-level X-
rays that are continuously emitted by the burster. The process on X-ray bursters is explosive,
since the fuel is compressed so tightly against the star’s surface that it becomes degenerate, like

the star itself.

Note that we should not confuse X-ray bursters with magnetars, which are also NS’s that emit
powerful bursts of X-rays. An X-ray burster is a member of a binary system that accrets matter
from its companion star, then releases nuclear energy when the accreted matter undergoes
thermonuclear reactions. By contrast, a burst from a magnetar is a release of magnetic energy
stored in its extraordinary powerful field; no thermonuclear reactions are involved, and no
accretion from a companion star is required. There is also a huge difference in the strength and
duration of the two kinds of burst. An X-ray burster releases about 10°* joules in a typical 20-
second burst, while a magnetar burst can release more than 10* joules of X-ray and y-ray

radiation in a mere 0.2 second.

One of the great puzzles in modern astronomy has been the nature of an even more
remarkable class of events called gamma ray bursters. As the name suggests, these objects emit

sudden, intense bursts of high-energy gamma rays. We will discuss these in the next section.

1.4.4 Gamma-Ray Bursters and neutron stars
Gamma-ray bursters (GRBs)are incredibly bright flashes of radiation from remarkably distant
galaxies, out side the disk of our Galaxy. GRB’s may have been produced when one of the most

massive stars of these Galaxy’s become a supernova.

GRB’s were discovered in the late 1960’s by the orbiting Vela Satellites, whose detectors
noticed flashes of gamma rays coming from random parts of the sky at random intervals. With a
new generation of gamma-ray telescopes currently in orbit, new gamma ray bursters are being
found at a rate of about one per day. GRBs fall in to two types. Long-duration gamma-ray
bursters, which are more common, last from about 2 to about 1,000 seconds before fading to

invisibility.
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The less common short-duration gamma-ray bursters last from a few hundreths of a second to
about 2 seconds, and tend to emit photons of shorter wavelength and hence higher energy.

Unlike X-ray bursters, GRBs of both types appear to emit only one burst in their entire history.

GRBs are seen with roughly equal probability in all parts of the sky. This suggests that they
are not in the disk of our galaxy. One idea was that GRBs are relatively close to us and lie in a
spherical halo surrounding the Milky Way. Alternatively, GRBS could be strewn across space
like galaxies, with some of them billons of light-years away. As of 2007, the most distant GRB
yet seen lies within a galaxy some 13 billion (1.3x10'°) light years way. To be seen at such
immense distance a GRB must release a truly stupendous amount of energy in the form of
radiation. A relatively bright long-duration GRB was detected on March 2003, by the orbiting
gamma ray telescope HETE-2 (High Energy Transient Explorer). This burster denoted GRB
030329 for the date it was observed-in the constellation Leo. It was so intense that its high-
energy photons temporarily ionized part of the earth’s atmosphere-the only event of its kind ever

caused by an object beyond our own galaxy.

Subsequent observations with the Hubble Space Telescope revealed an expanding shell of gas at
the position of the GRB. A long-duration GRB can not simply be an ordinary core-collapse
supernova. It releases about 10* joules of energy, of which only about 0.03% is released as
electro magnetic radiation. Most of the remaining energy goes in to neutrinos, while some goes

in to accelerating the derbis that expands away from the supernova.

If we assume that a GRB emits light equally in all directions, the inverse square law that relates
brightness, luminosity, and distance tells us that the most energetic bursters would have to emit
about 3x10 ¥’ joules of radiation in less than a minute. It would take 100,000 supernovae going

off simultaneously to release this much radiation.

The newest tool in the search for answers about GRBs is a NASA satellite called Swift, which

was launched in 2004.
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Chapter 2 - Spin sum to Dirac Solutions in a strong

magnetic field

2.1 Introduction

In this section we derive the spin sum of the solutions of the Dirac equation in presence of a
magnetic field. We will have two spinors which have two different position coordinates in

general and so their spatial dependence is explicitly shown to be different.

But before that we will see positive and negative solutions of Dirac equation. Since calculations
heavily depend on the choice of the background guage field giving rise to the magnetic field, it

should also be first mentioned.

2.2 Solutions of Dirac equation in a strong magnetic Field

The state of an electron in the magnetic field is described by the solution of the Dirac

equation.Charged fermions in a uniform magnetic field can have a guage conditions given by ,

Ay = Ay
A— A+ VA(x) (2.2.1)
p > p+eQVA(x) (2.2.2)

Where A is a scalar function of x , p is canonical momentum, Q is the sign of the fermion charge
and e is charge of the proton. The canonical momentum does not remain gauge invariant as in
case of the free space. Because

Ilo=po- €QAy and (2.2.3)

II;=p; — QA= p; TeQVA(x) - eQ(A+VA(X)) (2.2.4)

remain gauge invariant under the gauge transformation Eq. (2.2.1) and (2.2.2) we can also say
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I, =p, —eQA, (2.2.5)
is gauge invariant.
Let us Consider the magnetic field to be along the Z-axis and gauge A(x) = (0, Bx;,0).

When there is a uniform background magnetic field around a fermion, the generalied
momentum is given by

p#* — p* —eQA* (2.2.6)
And

PO o> 0 (2.2.7)

p—>p—eQA (2.2.8)

Considering interactions given by the above equations the standared form of Dirac equation
can be written as

liy® 09+Y'II;- m]y=0 (2.2.9)
This gives
it =35y (2.2.10)

where Hg is Dirac Hamiltonian in the presence of magnetic field.
He=a.m+ fm (2.2.11)

The eigen state of Eq. (2.2.10) could be given as

Y —eriEt (g) (2.2.12)
Hence Eq. (2.2.10) can be expanded to
w =a.(—iV — eQA) [ e lEt (2)] +mp (g)[e‘iEt] (2.2.13)
pet™(7) = (0. (—iVO— eQA) " (_Vo_ eQA) et () + me(5)

(2.2.14)
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Any arbitrary vector T in three dimensions is given as

T, T, —iT,
o.T= (Tx +iT, T, ) (2.2.15)

Where o denotes Pauli matrices. Using the above equations, eq (2.2.10) can be written as

(E—m)D =o0.(—iV—eQA)y (2.2.16)

(E +m)y = 0. (—iV — eQA)® (2.2.17)

To get rid of y we multiply Eq. 16 by (E + m) from left side and using Eq. (2.2.17) we obtain,
(E? —m?)@ = (0.(—iV — eQA))*@ (2.2.18)
Using the identity relation
(0.a)(0.b) =a.b+io.(axb), (2.2.19)
the right hand side of Eq. (2.2.18) becomes
(0.(=iV — eQA))’® = [—iV — eQA][—iV — eQA]D
+ i0.[(V— eQA) x (—iV — eQA)]®
=[-V?2 +ieQ(V.A + A.V) + e2Q?A?]0
+i0.[ieQ(AXV+VXA)]D (2.2.20)

=(E? — m?)@ = [-V2 + (eQB)?x? — eQB (Zixaa—y + 03)](7) (2.2.21)

Because the coordinates y and z do not appear in the above equation but through their
derivatives, its solution can be written as

0 = e "PXf(x) (2.2.22)

In Eq. (2.2.22) X stands for spatial coordinates and is different from x, which is one of the
component of X. It represents the 3 vector X with out its x coordinate. This means

p.-X =pyy +p,2 (2.2.23)
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In Eq. (2.2.22) f(x) represent a 2- component matrix which depends on the x -coordinate and
some momentum component. From Egs. (2.2.21) and (2.2.22) we notice that f(x) is an eigen
state of o3 with eigen values s = 1 and 2 , so that

o3fs = sfs. (2.2.24)
Fi Fl
et filx) = (F}Eg) - = (F}g;) (2.2.25)
From the above equations we can write two independent solutions in general as:

_ (F _( o
f(0) = ( 13")), f(x) = (Fz(x)) (2.2.26)
Using Eq. (2.2.26) in 22 then the result to eq.(2.2. 21) , we get the following
Fors =1,

LHS of eq. (2.2.21):

(E% — m2)eiPX (Fax) _ ((EZ - TT(I)Z)F1(X)) oD X (2.2.27)

RHS of eq. (2.2.21):
szl(x)

Since —V?0 = {p2 + p?} (Fl(()x)) ePX — ( dx? )eip'X and (2.2.28)
0

{—eQB (2ix =+ 03) + (eQB)*x*} 0 =

{eQB(2xp,) — eQB + (eQB)?x%} (F +éx)) eiPX (2.2.29)

F OO\ d*Fy(x)\
=RHs=(p? +p} (1) e ~ w )

+{ eQB(2xp,) — eQB + (eQB)*x?*} (Fl(()x)) ePX (2.2.30)

Equating LHS and RHS we get

d?F;
dx?

— [eQBx + py]?F, + [E* —m?* — pZ + eQB]F, = 0 (2.2.31)

Similarly, for s = 2,

d?F,
dx?

— [eQBx + py]°F, + [E* —m? — pZ + eQB]F, = 0 (2.2.32)
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In general, fors = 1 or 2

d?F
dx?

— [eQBx + py)°F, + [E* —m?* — pZ + eQB]F;, = 0 (2.2.33)

Let us use the dimensionless variable

e =./e|Q|B (x+£2—yB) (2.2.34)

Where € = €(x41,p2)

Which transforms eq (2.2 33) to

(d_2 24 as) F, =0 (2.2.35)

de?

EZ-m?-pZ+eQBs

2.2.36
elQ|B ( )

Where, ag =

Eqg. (2.2.35) have solution ag = 2v + 1 for non-zero integer v. Eq. (2.2.36) finally gives energy
eigen values

E?=m?+pZ+ (2v+1)e|Q|B — eQBs. (2.2.37)
For particular ag solution of fg is
I,(e) = Nye™=°/2H,(¢) (2.2.38)

Where H, are Hermite polynomials of order v and N, are normalization constants given by

/2
_ (JeraB\"
N, = (m E (2.2.39)

Completeness relation can be written as

Xvly(®) 1, (e) = VelQ|Bs(e — &) = 6(x — x.) (2.2.40)

A charged particle in a magnetic field has a quantized cyclotron orbit with a discrete energy level
called Landau level. The relativistic form of the Landau energy level is given as

E2 =m? + p2 + 2neB (2.2.41)
Comparing (2.2.37) and (2.2.41) the solutions are two fold degenerate for :
s=1 v=n-—1 and

s=2, v=n (2.2.42)

22



But for n=0,
(2v+ 1e|Q|B = e@Bs, Q = —|Q|
—v=—2(1+s)

Sine v and n are non negative integers, unlike the other n states, n=0 is a non-degenerate state.
Here n represents the n-th landau level.

2.2.1 Positive energy solutions for spin up and down

Using eq. (2.2. 26) for the positive energy,

£ () = (-2, £ =(,%) (2.2.43)
For n=0, f; does not exist. We express this fact by
I_,(x)=0 (2.2.44)
Positive energy solution of the Dirac equation is written as
V= e PXUg (x,P) (2.2.45)

Where p. X = p#X,,. Comparing Egs. (2.2.12), (2.2.22) and (2.2.45) we get

In—l(s)
Ul,n(xl,P)=( 0 ) (2.2.46)
X+
0
Upn(xy, P) = <In(€)> (2.2.47)
X—

X1 and y, can be solved using eqs (2.2.17) and (2.2.22). So that for s = 2,

e ipX _ ( —iV3 (—iV1 - eQAl - V2)> i(pyx+pz2z) (In-1(€)
(E+m) (xf) e (=iV, — eQA; + V, iV, e'Py ( 0 )

(2.2.48)
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=  xi=-2=I,4(¢) and (2.2.49)

Ep+m
. In—
Using I,(¢) = o )1/2 [€ L_, ()= 1(8) (2.2.50)
V2
0= = s n(©) (2.2.51)
Thus,
L_1(€)
0
U1, P) = | 5 In-a(e)
\/ZneB
 (Entm) In(€)
(2.2.52)
Similarly, for s = 2,
0
I,(e)

— v2neB
Upn(x1, P) —k = = I 1(5))
Dz
_En+m In(g)

(2.2.53)
2.2.2 Negative energy solutions for spin up and down
To find negative energy solution where its energy eigen value is E = —E,,, we can start from
Dirac equation as
— _i(_lEl)t )
Y—e ©) (2.2.54)

Following similar procedure done for positive energy, we can find the following negative energy
spinors.
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V2neB ~
£
E +m Tl 1( ) (En+m) Tl—l(g)
ZneB

! Dz . !
Vl‘n(xl,P) = (E +m) TL( ) and Vz‘n(xl,P) = K _En+m1n(€) |

I () 0 /
0 L(£)
(2.2.55)
2.3 Spin sum
2.3.1 Spin sum for positive energy solutions
For positive energy spin sum can be written as
Pu(xp}ﬁ ,P) = z Us,n(xl'P) Us,n(xl*P)
S
1
= —— Yl ien—1 i@ ()T (2.3.1)

Ep+tm

Where T; ;s are 4 X 4 matrices and to find their values we must have matrix multiplication of
the spinors.

Summing over all possible spin degree of freedom gives
PU(X1:3’1 :P) = s Us,n(xlrp) Us,n (x1*P)
= Uppn(x1,P) + U1,n(x1*:P) + Uy (x4, P)Uy (1, P) (2.3.2)
But Uy ,,(x1,, P) = Uf,(x1,, P)Y°, (2.3.3)

where + is adjoint and y° = B

1 0 0 O
_ , VZneB 0100
=>U1,n(x1*' P) = (In—l(g*) O Enp+m In—l(g* ) (E 7—|l-ern) TL( )) 0 0 _ 1 0 (234)
000 -1
— n vV2neB
:>U1,n(x1*'P) = [(In—l(g*) 0 Enp+m In—l(g* ) (En r_:_e m) n( )]
(2.3.5)
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so that

I—1(¢)
0
— PZ 2z 2
Ul,n(xl;P)ULn(ka; P) = _In—l(g) [(In_l(g*) o — Enp+m1n—1(€* ) (B, :l_em) n( )]
v2neB
~ Gy 2 (8
(2.3.6)
or
Ui n(x1, P)U1n(x1* 'P) =
[ ha@ha) 0 =Pl @ha) @) \
I 0 0 0 0 I
2
| i @loae ) 0 =P @) Pl @) | (23.7)
k o n@hae ) 0 P L@l ) — @) )
Similarly for s = 1,
Uz,n(xl*rp) = U;,n(xl*l P)VO
(2.3.8)
=Tt P) = [0 1) ELi ) 2o (23.9)
Thus,
0
I(e)
= / Zne
Uz n (1, PYUp (%1, P) =k (EzieB) n-1(&) |[ We)  oshee) )
Pz
_En+m1n(€)
(2.3.10)
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or

Uz,n (x1; P) Uz,n (xl*' P)
0

0 0 0
v2neB Dy
0 L&), (e ) mln(f)ln—1(€* ) m[ﬂ@)] (e, )
= 2neB —V2neB 2neB
0 - —(En n m) [n—l(f)ln(g* ) m[n—l(g)[n—l(g* ) — szln—l(‘g)[n(g*)
0

P V2neB (p,)?
TE +m1n(5)1n(5* ) —szln(f)ln—1(€* ) —mln(f)ln(f* )

(2.3.11)

Thus,

PU(X1:3’1 :P) = Uy n(xy,P) + l71,n(x1*: P) + Uy (1, P)Us (%1, P)

[ (@ (e.) 0

2
E+ n 1(8)111 1(8 ) nel

B -1 (&), ) |
V2neB
0 W) (@) =@
. Vv2neB 2neB+p;,
Enp+ Ly ()lh-1(e. ) —(E :ljn) n—1&1, (e, ) &4__::)2 Ly()lh-1(e.) O
\/ZneB

(E +m) L 1(8)1 (8 ) _Enpjm]n(g)ln(g* ) 0 _ (2neB+p?)

(En+m)2 In(g)ln(g* ) ]

(2.3.12)
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2.3.2 Spin sum for negative energy solutions

Spin sum for negative spinors can be written as,

Py(x1,y1 ,P) = ZsVon(xs, PYVin(x1,,P)

1
Ep+m

Fieno1 i (EDT (2.3.13)
Where T;; s are the 4 x 4 matrices.
Summing over all possible spin degrees of freedom gives,

Py(x1,y1 o P) = EsVsn(r, PYyn(x1,. P)

= Van Ger, PIVyp (21, P) + Vo Ger, Py (%1, P)  (2.3.14)

But Vin(x1,,P) = Vin(xy,, P)Y° (2.3.15)
= ; - \2neB - -
Vin(r1,P) = [0 ) Tt G — 1) o) (2:3.16)
Thus,
b, -
En+ In—l(g )
V2neB LG
_ AN P, _ V2neB .
Vl,n(xllp)vl,n(xl*l P) = (En T m) En + mln—l(‘g*) (E + )I (8) - In—l(g*)
n—1(g)

(2.3.17)
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Similarly for s = 2,

Von(x1,,P) = V5 (x1,, P)Y° (2.3.19)
= V(610 P) = [ommt, (2 -2=,G) 0 -L,E)]  (2320)
So that

VZ,n(xer)VZ,n(xl*J P)

V2neB
Etm " © V2neB
_ P, N P o
- _En+m1n(€*) l(En +m) In—l(g*) En+m1n(£*) 0 In(g*)l
0
I, (&)
(2.3.21)
Thus,
VZ,n(xer)VZ,n(xl*: P) =
2neB V2neB 2neB
G rm2 ™ 1@LaGE) -F B Ty ALE) o T {(A1L,E)
V2neB (p.)? p, . .
—F mln(e M, (E) E.+ )zln(s )L(E) 0 En+m1"(£ )L, (E)
0 0 0 0
V2neB i ~ 5 ) )
e GO USICO BT HCDTNCO R B YN CPINGY

(2.3.22)
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There fore, spin sum for negative energy becomes,

PV(x1»Y1 »P) = V1,n(x1’P)V1,n(x1*: P) + Vz,n(xpP)Vz,n(xm P)

(2.3.23)
Py(xy,y1 ,P)
_%ﬁln_l(é)ln_l(a) 0 —Efﬁln_l(g)ln_l(g*) —%]n_l(g)]n(g*)_
B %m(é ML () —%In(s~ VM1 (&) EnpijH(g ), (E)
Enpjmfn—l(éﬂn—l(e”*) %In_l(éﬂn(a) — I (D1 (E) 0
%m@ Mn-1(&) —Enpjmln(é ), (E) 0 — 1,(& I,(E)
(2.3.24)
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Chapter 3 - Inverse Compton Scattering in strong

magnetic field

3.1 Introduction

Inverse Compton scattering (ICS) involves the scattering of low energy photons to high energies
by relativistic electrons so that the photons gain and the electrons lose energy. The process is
called inverse because the electrons lose energy rather than the photons, the opposite of the
standard Compton effect. ICS in a strong magnetic field can be used in studies of pulsar radiation
and have important influence on theoretical models of pulsars. Relativistic electrons accelerated
above the polar cap can Compton scatter off thermal radiation from the neutron star surface,
producing high energy gamma rays.

3.2 Compton scattering in laboratory frame

Harold’s study of the Compton scattering in strong magnetic fields is in the electron rest frame
(ERF). His expression of cross section has been widely used in astrophysical calculations sine it
is believed that ICS in strong magnetic fields near the surfaces of neutron stars is one of the
possible mechanisms for X-ray and y-ray emissions. However in actual calculations the cross
section in the laboratory frame (LF) is required. To determine total cross section of ICS we first
find Feynman propagator of an electron and then scattering amplitude.

3.2.1 Feynman propagator of an electron

The Feynman propagator of an electron is defined as

Se(x,y) = =i <O TY() P 10> (3.2.1)

for ty > t; this becomes

= —< 0| Y (x)yY*y°|0 > where

0 1 . .
l/)(x) = ano 2§=1ZZp2,p3 [Cs,n(p: t) Us,n(xlr p) + d;:n (pr t)Vs,n(xli p)]exp (lpzxz + lp3X3)
(32.2)

0 1 . .
l/)(x)+ = Zn=0 Z?:lZsz,m [C;:n (p: t) U;,-n(xl' p) + ds,n (pr t)V;,J?L(Xp p)]exp (lpzxz - lp3X3)
(3.2.3)
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SF(xr y) =—-<0 |{Z$lo—0 Zg—l%sz P3 [Cs n(p» t) Usn(xlr p) + d;:n (pr t)Vs,n(xli p)] eXp(ipzxz +

lp3x3)} {Zn OZS 1L2p2 p3[Csn (pr t)U n(ylrp) +
dsn (P, OVeh (1, P)]exp (ip2x; — ipsx3)}y°|0 >

(3.2 4)
=Sr(x,y) = =< 01{Z7=o Z§=1L%Zp2,p3[cs,n(p, Usn(x, PICSn (0, OUS(y1, )
+ C5n (D, ) Usn (x4, P)ds (D, Vi V1, P)
+ d5n (P, OV (x4, P)
X ¢in (P, OUS(y1, D)
+d3n (0, OV (X1, 0)ds (D, O Vs (v1, D)

X exp(ip, (X, — ¥,) + ip3(x3 — ¥3)1}y°|0 >

(3.2.5)
Using the commutation relations of annihilation and destruction operators,

{Cs,n(plr t), C;m(er t)} = 6sr5nm6p1p2
3.2.6)

{dsn(plr t) d (pZI t) 5p1p2 ’ (3 2. 7)

we have
o 2
Sp06Y) = =3 <O D [esn(a, OUsnCe,p)cin P2 OUEn(y1,p2)
n=0s=1

+  Csn(P3, OUsn(x1,03)c5n (P2, U, (v1,p3) exp(ipa(x2 — y2)

+  ips(xz —y3)}y°l0 >

— = 20 Zpyps[Unn (1, DIV (1, 2) +
Uz (x1, 0)U3 (71, 0] €xp(ipz (X, — ¥,) + ips(x3 — ¥3)3y°

(32 .8)
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Using equation (2.3.3) and (2.3.8),i.e,
Ufn(xl’P)Yo = Ul,n(xl*: P)and
Usn(x1,)Y° = Uz (15, P)
=5Sp(4,Y) = = 250 papy [T1n (a3, P) + Uy (132, P)]

exp(ipa(xz — y2) +ip3(x3 — y3)

(32.9)
From equation (2.3.12), we have
Py(x1,y1,0) = Uy (%1, P) + Upn(x1,, P)]
=Sr(x,y) = —L%Z?ilo Yp,ps Pu(x1, y1, P) exp(ip, (x; — y2) + ip3(x3 — y3)
(3.2.10)

Where
Py(x1,y1,P) =

hoa@hoa(e) 0 E+n@m&>ﬁﬁMW@)

0 W@h(e.) ol ()
ﬁawmmn—gﬁmwm>f%%%&M@>o
S ©h(e ) @) 0 —E )

(3.2.11)
From landau level, E2 = m? + p2 + 2neB
=p3 + 2neB = E2 — m? =(E, — m)(E,, + m) (3.2.12)
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If we use Eq. (3.2.12) in equation ((3.2.11) it gives

Py(x1,¥1,P)

B V2neB
hea@hae) 0 = @ha(e ) g e ©hae )
V2neB .,
_ 0 In(g)ln(g* ) mln(g)ln—l(g* ) En +m1n(£)1n(£* )
| V2neB ( n- )
mln—l(g)ln-l(e* ) m 1@ (e ) m 1@ ) 0
V2neB G
~E ¥ In-1(&) (e, ) T am + L)L) 0 BT )1 w(Oh(e. )
or
PU(xlﬂ y1;P)
[(En +m)1n—1(8)1n—1(£* ) 0 - p31n—1(€)1n—1(€* ) VzneBIn—l(e)In(g* )]
__ 1 0 (En+m) L()n(e. ) VZneBly(&)ln-1(e. ) p3 In(e)n(e )
En+m)| psly_1(ly-1(e. ) —V2neBlyy()ly(e. ) — (En—m)ly_1()lp-q(e,) 0
-V zneBIn—l(g)In(g* ) - pSIn(g)In(E* ) 0 - (En - m)ln(g)ln(g* )
(3.2.13)
Let us denote the value in the bracket to be, S, (x4, y1,p). This gives
Py(xy,y1,P) = B tm) Sn(x1,¥1, P) (3.2.14)
Using 6(t, — t,) = lim,_, 2_7111 foo % (3.2.15)
and Eqs 10 and 16 we get,
1o (d S, (1, y1, P
Sr(x,y) = Iz Z f % E :2;&/ +)i€) exp —ia)(tx — ty) + ip2(x; — ¥2)
P2D3 —© =0 "
+ ip3(x3 — ¥3)
(3.2.16)
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3.2.2 Scattering Amplitude

The initial and final states of an electron—photon scattering system can be represented by
liti) = cg (pur t) af, (ki t)0)
If, tr )= cq (ps. ty) aj{f(kf» tr)[0)

Where ¢ = c3 is the electron creation operator, a; is the photon creation operator and Pi)

denotes the incident (outgoing) electron momentum. The scattering matrix is given by

Sfi = N ll:n 92(0|TC0(pf, tf)a;\f(kf, tf)CJ(Pi' ti) a/t,(kl', tllO)
1==0tlf 500
This gives
Spi = lim e? [d*x;d*x, (0|T00(Pf; tf)ll_) (x1)|0)y# < 0| T (xy) P(x2) 10 > vy

ti_’_oortf—wo

X [(0|Tay,(kp, tp)Au(x1) [O)O|T aj (ks t:)A, (x2)|0)
+ (0| Tay, (ks tr) Ay (x2)|0)(0|T aj (k;, t:) A, (x1)]0)]
X (O[T (x2))cq (pir ti) )10)

0 1 —i .
¢+ <x ) = ano Z?:l ZZPZ,pg [C;:n (pr t)u;:n (X1 ) p)+ds,n (p' t)vs-l,-n(xlrp)]e tP2¥2-ips X3

(3.2.17)
(0|Tco(ps t)|0) =401 co(pys, tp) W (r1,£)[0) , tr = 0
=01 co(Ps, )Y (r1,t)¥°10)
=Y 0 X211 Zpapa (01 Co(Prs tR)Cin (P, £) Udn (X1, p)¥°10)
+(01 co(pr, tr)dsn (D, t) Ve (x1,p)y ° | 0)] e~ P2¥2+Ps3)
= Y0221 Ypaps O] coPrt)cin(p t ) (32.18)
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U, (%, p)y° | O)e ~i(P2x2+P3x3)
1 i
= 2p,ps (O] co(py, tr)cio(p, t) Uso(x1, p)y° | O)ye i(Paratpaxs)

= %sz,ps U—o(x1,Pf)9_i(p2x2+p3x3) (3.2.19)

The incident (out going) electron momentum can be expressed as p;ry= (0, ayr)Dicr))

,i.e, the incident (outgoing) electron momentum along the direction of the magnetic field (taken

as the Z direction)is p;(sy and the center of the Landau orbit is A2 aicr)
= (0[Tco(py, tr) (11, D] 0)=2Tg(xy, py) e Ertsiprmiapifyty (3.2.20)
Similarly,
N _ 1 1 (/’[f) . . _.k—' =
(01 Tay,(kr,tr )Au (1) 10) =5 e eCiwrty +lwsta=iky 1) (3.2.21)
but, ik, .75 =tk X1 + ikpy y1 + iks, 21, (3.2.22)
Where, ks, = kf cos 6f (3.2.23)
- _ 1 1 ) (miwftr +iwrty—ikfex1—ikfyy1—ikfcosO¢z, )
(01 Tap,(kp,tr )A, (1t) 10) =T T G €t stk Tyt cosr
(3.2.24)
OITY (75 D) (Pir t1) | 0V=2 Uy (i, py) ) e EitiFipizzviarya=iits) (3.225)
(01Tay, (ki t;) Ay (11.t10) =% T E[,(l Dgiwiti —iwita+ik, 75)
_L 1 4 (iwitj —iwity+ ikjcx,+ik; +ik; 0;
_\/V — E[,l, i e lw lwily+1 X+l yyz LKjCOS Zz) (3 2 26)

36



Using Egs. (3.2.16),20,24, 25, and 26 we get:

Sfi — lim eZ fd4x1d4x2 %U—O(lepf) e—i(Eftf—Eftl)—i(ple+afy1)

ti_’_oortf—wo

X Yu(o | T l/)(xl) llj(xz) | 0>Yv

X i 1 E(Af)e(—l'Wftf +iwft1—ikfxx1—ikfyy1—ikf cos szl )
\% wa u
v 1 1 : E(li)e(ia)iti —iwity+ ikixXp+iKiyYo+ik; cos 0;z; )
VWV2wi H
X i 1 G(Af)e(—ia)ftf—iwftz)— iKfxX2—ikfyya—iky cOS 9f22 )
VV 2wf H#

1 (li)e(iwiti —iwit1)+ikixx1+ikiyy1+iki c0s0;z,)

X (e
(\/W\/ZWL' M

X ZUO (xz,pi) el(Eiti—Eit2)+i(piz2+a;y2)

. 1 A
Spi = lim 2 [ d*xyd*x; T Uo(x1,07) Y

————2¢
2 -
ti_’_°°'tf—>oo L°V JAwiwf

1 dqo o) (Sn (x]_,xZ,q))
X 12 Zqy;qz f 21T Zn:O q%—Eﬁ(CIz)'*‘ie

X e [iqo(tz—t1)+iqy(Y1—y2)+iqz(z1—22)]yv

, . 4f)
% {[e[—L(Eftf—Eftl)—l(ple+afy1)]euf

% e[—i(wftf —wpty )—ikpxX1—Kfyy1—ikp cos 05z4]
(A, liw;it; —witz)+ikixxa+ikiyya+ik; cos 8;2;]]

X ey e

i ; (2f)
+ [e[— Efty—Eft:)=i(prz1+arys)ley
x el-ilwrty —(wfty)—ikpxxz—ikfyyo—ik s cos 6 fz;]

X Elgli)e [i(wit; —wit1)+ikiyxg +ik;yy1 +ik; cos 6;z1]]}

X U (x2,pi)e li(Eiti=Eit2)+i(piz2+a;y2)]
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_(2m)® €2

Sfi L2V 2 [wiws

&7 (Sn (x1,%2,9))
(Ei +w;)? —ER(q) +i€

e} 1 17
anoL_ZZqz,% fd4x1d4x2qu0 Uo(xppf)

X

X €& O(ws+Er -qo)6 (qo-wi-E;)
X 8(kiy,+a; — q,)8(qy — kgy — ap)b(q, — kg cos 0 — py)

(Sn (x1,2%2,0))
-w;)2-E}(q,)+i€

X &(k; cos 0; +p;—q,) exp(—iksy xqtikixx;) + € .
X & 6(ws —E; +qo)8(Ef —w; —qo)
X 8(ky, — af +qy)8(a; — kg, — q,)8(q,+k; cos 6; — ps)

X 8(pi—ks cos 0 — q,) exp(kix X1 —ikpxX2)]Ug(X2, 01)

X limtiﬁ_w'tf - exp [_L(Ef+wf)tf +i(E; — wy)ti] (3.2.29)
Where,
\ Ap) . A
&=e, v & = eﬁu). (3.2 30)

The phase factor at the end of Eq. (3.2.29) can be ignored , since the cross section ~ |Sfl-
The spinors U, o (xl, pf), Uy (x,,p;) can be expressed as:

|2

Uo(x1,p5) = Ezf;;" . Io(x1, ar) Ur (py) (3.2.31)
080 Cea 0 = [ 1y, @l () (3.2.32)
Where
Uf(pf)=(o 10 E}f’fm) (3.2.33)
ufwd=(0 1 0 %) (32 34)
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(2m)°  e? w 1 (Ef4+m)(Ej+m)
Sfi = Zn=0L_22q2,q3 [f+—]1/2

L2V 2 Jwwf AEEf
X [d*x; d*x, [ dqolo(x1, ap)Ur(ps)lo (2, a) Ui (p;)
Sn(xl'x2'q)

X & (Eitw)?—E(q)+ie €:6(ws + Ef — q0)6(q0 — w; — Ey)
x 8(kiy + a; —q,)8(qy — kpy — a5)5(q, — ky cos 6y — py)
X 8(k;cosB; +p; — q,)exp (—ikpyxy + ikixX3)

+ é Sn(xlrxzr CI)
"(E; + w;))? — E2(q,) + ie + ie

X S(kiy —ar+ qy)(?(ai — Ky — qy)(S(qZ + ki cos6; —py)

X 8(p; + kg cos O — q,)exp (ikijxx; — ikpex2)} (3.2.35)

Letl, = fdxfdxg‘e("ikfxxl)lo(xl,af) Sp (g, x5, @)eCHXD [ (), a;) (3.2.36)
and

I = [ dxidxy exp(=ikyxq) Io(xq, ar) S (x1, X2, Q)e(_ikfxxz)lo(xz, a;) (3.2.37)

With the help of the integral:
ffooo deH, (e)el~=2] = \/r 2a)", (3.2 .38)
These two integrals give,

—\(n-1)
(Bkfk;) A2
I, = fznln! Apexp [—Z(kiz(sin 6,)* + kf (sin 6;)?]

x exp [i2? (apkps + 5 kyakpy ) = 22 (@ikix + 5 kickiy )] (3:2.39)

Where ki = ky * ikyy and kF = kg, + kg, (3.2.40)
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and A, is defined by

2n(qp+m) 0 —2nq, -—2nk;
0 (qo+m) —2nki q, kik;

An = 2nq, 2nk; —2n(qgp—m) O (3.2.41)
2nk  —qAPkfk; 0 —(qo— m)lzk;’ki_/
Similarly,
I, = [ dxtdxy exp(—ikix;) Io (x4, ar) Sy (x1, X, Q)e(_ikf"xz)lo(le a;)
(n-1)
Brtk; 2
=, = % Bhexp [—% (kf(sin ;)% + k7 (sin 6,)%)] (3.2 .42)
Where B,, is given by
2n(qo+m) 0 —2nq, —2nk; \‘
0 +m)A%k; k7 —2nkf ks k;
B, = (G0 +m)X ks ki ¢ By (3.2.43)

2nq, —2nk; -—2n(gp—m) O
—=2nki  —q,XPk;ki 0 —(qo— m)ﬂzkf‘k;r/
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Therefore the value of scattering amplitude is,

(2m)°  e? w 1 (E;+m)(Ef+m)
Sy = o Lapep S

L2V 2 [wwf 4E{Ef
3,4+, -\ D
Akek; 2
( f 1) A . .
S ——exp [- (kf(sin6;)% + k7 (sin 6;)?]

Uf(Pf)?fAngiUi 620
(Ei+w)?-Ef(qz)+ie

X

. 1 . 1
exp [iA2 (afkfx + E/r\:kafy) — i (aikix + Ekixkiy)]

X

Jdqo 6(ws + Ef — q0)8(qo — w; — E))(kiy + a; — qy)
X 6(qy +kpy —ar)8 (kf cos O — pf) 6 (k;cos6; —p; — qz)

Uf(pf)@an@fUi (r)
(Ei-w)2—E%(qz)+ie

1 1
X exp [i12 (afkix _ Ekixkiy) L (aikfx + Ekkafy)]
X j dqo 5((Uf - Ei - qO)S(Ef — Wi — q0)5(kiy — Ay + qy)

X 5(ai — kfy — qy)8 (Pi — ky cos 6y — CIz) 6(q; + k;cosB; — pf)}

(3.2 .44)
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@2m)5 2 s L [(Ei+m)(Ef+m)]1/2
n

L2V 2 [wwr 4EiEf

=Sfi =

Wk (n=1)
X %exp [——(k2(51n9 )2 + kf (sin Qf) ]

Ry
(Ei—w)2—E2(qz)+ie

X exp [Mz (afkfx + %kkafy) —ir? (aikix + %kixkiy)]

Ry
(Ei_wi)Z—Erzl(qz)+l'E

+

X exp [lﬂ.2 (afkix — %kixkiy) + lAZ (aikfx + %kkafy)]}
x 8wy + Er — w; — E})8(kiy + a; — kpy — ay)

X 8(k;cos8; +p; — kg cos 6 — py),

(3.2 .45)
Where
+ m)p;
R, = Zn[ (qo + M)pipy _ m)l
+2 Pr koete,, + ki
n (Ef+m) (&, + ™) ( er ey Ferse; qzefe )
2 (qo+m)pipf 4zDf | 4zD; '
+4 kf ki [(E +m)(E;+m) +(qo—m) + Ep+m Ei+m] €rz€iz
(3.2 .47)
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(qo + m)pmf

R, = 2n| +(qo —m)]e; e

pr ~
—2n [(Ef+m) + (E pyos ((kf ef ey, + krepel —qzeler)

—r (@o+m)p;ip qzp i
— 12+ f 4zPf | dzDi .
=4 kf ki [(Ef+m)(Ei+m) +(qo—m)+ Ef+m + El-+m] €rz€iz

(3.2 .48)

Using these values of Ry and R, ,the scattering amplitude will be:

2n)?  e? (E; + m)(Ef + m) 22 , 2
2 —_—
L2v 2,/a)ia)f 4E1Ef ] exp [ ((1) (Sln 0; ) + (Uf (Sl‘l’l Hf)

2
x exp [~i2a e — k) — 15 ik + k)]

Sfl' =

X 6(El- + w; — Ef — Wf)5(pi + ki cos6; — py — kf cos 6¢)

X 5(ai + klf —as — kfy) (3.2 49)

Where w; and wy are frequencies of the incident and scattered photons,E; and Ef

represent the energies of the incident and scattered electrons, respectively.f; and
8rdenotes the angle between the incoming (outgoing) photons and the magnetic field. X is

expressed as

oo L (PRTREY Fy F;
F = Z —[ eXp (lA klykfx)((E + W)z 1 (E + W)z E2 )
ln Ln

n

k7 kF
+( L ) exp (iA2kicksy)(

F*I Fz*l

+ 2
(E W) E1n+1 (Ei_wf) _Ejzr,n

)]

(3.2 .50)
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Where ki = ki + iky | k7 = kpy £ ikpy |
EZ, =m? + (p; + w; cos ;)2 2neB
Ef, =m?*+ (p; — wy cos 07)? 2neB

In which,

(Ei + w; + m)p;(p; + w; cos 0; — wy cos bf)
) (E; + m) (B¢ + m)

pi (PitwicosBi—wyrcosby)
(E+m) (& rm) )

+ (

X [kl*efzei_ + ki_eize;- - (pi + w; COS) e;el-_

(Ei+wi+m)p;(p;+w; cos 6;—wj cos O ¢)

FZ - [ (Ef+m) (E,-+m)

_|_( pi (pi+wiC059i—wfcost9f))
(Ei+m) (Ef+m)

X (p; + w;cos0;) + (E; + w; — m)]ef, e,

(E; — wy + m)p;(p; + w; cos 6; — w cos O;)
(E; + m)(E; + m)

F*/ —

Di (pitwjcosf;—wyscosby)
((Ei"'m) (Eg+m) )

X [kieef +kreref + (p; —wpcosby) el ey

F*I —

(Ei — wr + m)Pi(Pi + w; cos 6; — wy cos bf)
[ (Ef + m)(E; + m)

Di (pitwjcosBi—wyscosby)

+ ((Ei+m) (Ef+m) ) (pl - (Uf Cos Hf)]efzeiz
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(3.2 .52)

+(El-+a)i—m) el-_e;_

(3.2.53)

(3.2.54)

+ (E; — w; —m)|efep

(3.2 .55)

(3.2 .56)



Where e; and e; are polarizations of the incident and scattered photons and
+ _ .
e; = e tiey (3.2.57)

ef = e tiep, (3.2.58)

The conservation of energy and momentum along the z direction, i.e.

bp=Eitwi—o (3.2.59)
And
(py + Ky cos by = pu+ ki cos ) (3.2. 60)
leads to
1
Wp = ef{Ei — p; cos B + w; (1 — cos 6; cos 8) — [(E; — p; cos 6)?

+ 2w;(E; cos 6y — p;)(cos 6 + cos 6;) + w?(cos 0y — cos 6,)?]
(3.2 .61)

Let F = F; + F, ,which is given by

F, ~i@i=P N nexp (iA2w;ws sin B; sin By cos @ sin @;)

i 1 (Azwiwf sin §; sin 6, .
0n' 2
n=

[A-B(pi+w;icos ;)] e;rei_+B(kFefZei_+ki_eizeF]

)
(Eito) —Einiq

X[

[A+B(pi+w;cosb;)] efzei,
2 2
(El--l-wl-) _Ei,n

(3.2.62)
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- 2w;wssinB; sin O
Z ! L e=i®i=0)ynoxp (i2%w;wy sin ; sin 6y cos @ sin @)

n=0

[A'-B(pi—wy cos 6)] efe —B(kfefze +ki eizefr

X [ ]
(Ei_“’f) _Ef,n+1
L ); oLzt (32.63)
(EL_Wf) _Ef,‘)’l
Where the coefficients A, A’, B are defined by
A" = (E; + w; —m)p;p; + (E; + w; — m)(E; + m)(Ef + m) (3.2.65)
B = 'pl-(Ef + m) + ps(E; + m) (3.2 .66)
This gives the following,
@2m)°® e* (E;+m)(Ef +m) —A?

|S5:]? = Jexp [ 5 (wf sin® 6; + w7 sin® ;)]

L4V2 4w; (Uf 4‘E1Ef
1
(Efp+m)2+(E;+m)2

X exp[—i22%a;(kiy — kpx) — i (kixkiy + kpxkpy )]|F|?

X 8%(E; + w; — Ef — wy)82(p; + k; cos 0; — py — ks cos 6;)

X 82(a; — kiy — ay — kpy) (32.67)
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Let the final states of the scattered photon and electron be

Vdiwy Vd3py
@ a3 (3.2.68)
Vdiws  Vwg2doy

where @ = @

Using e* = 16m2m?r¢ (3.2.69)
2n6%(E;+ w; —Ef —ws) =T (3.2.70)
2162 (p; + ki cos0; —py — kpcos ) =L (3.2.71)
5(0)=1 (3.2.72)

We get,

|Sfi|2 _ (2m)® 16m2m2r¢ 1 A2 2 . 2
T VT dwy g [4EiEf]exp [—5 (0] sin? 6; + wf sin™" 6f)]
X exp[—iZAZai(kl-x - kfx) - ilz(kixkiy + kkafy)]lFlz
B R T Ty
X Erm)E+m) T2nzn (@i —kiy — ag — Kpy) (3.2.73)
And finally dividing by the relative incident flux density,
(Ei—picosb;) (3.2.74)
VE; 2.
|52 VE; _ (@m)®16m*m*rg 1 A2

2 .2 2 .2
- exp [——= (w; sin“ 6; + wf sin“ 0
T (E;—p;cosd) LV 4dwwp 4EiEf] p[=7 (wi i T wf sin”6)]
VE;
(E,—p;cos b))

X exp[—iZAZai(kix - kfx) - ilz(kixkiy + kkafy)]lFlz

1

X (Ep+m)(E+m) 6%(a; = kiy = ar — kgy) (3.2.75)
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3.2.3 Total differential cross section of inverse Compton scattering

corrected for spin sum

Summing over the final states of the scattered photon and electron, we obtained the rate of
scattering probability. Then if we divide by the relative incident flux density we find

m)én?m?r¢ 1 2o ,
do = LAV2 16(1)i(1)f El-Ef]EXp [_?((Ui Sin 9i + Wy sin Hf)]
x exp[—i2A%a;(kix — kpx) — 127 (kixkiy + kpxkyy )]
|F|? 1 Vor2dorVdipr oo o
(Ef+m)(Ei+m) (E;—pijcos @) (2m)3 (2m)3 6 (ai kiy as kfy)
(3.2.76)
do 15wy m2
Ay 4 o (E; +m)(E; + m)(E; — p; cos 6;)
A2 _ _
X exp [—?(a)iz(sm 6,)* + wf(sin 65)?]|F|?
1 , _
8 {E exp[_lzllzai(kix - kfx) —iA? (kixkiy + kkafY)]
X 6%(a; = kiy — ap — kg, )d*py (3.2.77)

1 . .
But {E—f exp[—i222a;(kix — kpx) — iA* (kixkiy + kpxkpy)]

1
B [Ei—(pi+wjcos Bi—wf cos Gf) cos Gf]

X 52(ai - kiy - af - kfy)d3pf}

(3.2.78)

Let k; = w;(sin6; cos @;,sin6; sin@; ,cos ;) and (3.2.79)

ks = wg(sinBr cos @s,sin O sin @, cos @) (3.2.80)
Using ki kf = (kix — kpy) (kpx + iksy) (3.2.81)
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2 n 2 .
=>(% k{k}r) = [% w;wy sin @; sin Ore @0 ]n (3.2.82)

Therefore

do 15wy m?
as 4w (Ef +m)(E; + m)

A2 : .
exp [—5 (wf(sin6;)? + wf(sin 6;)?]|F|?
(E; — picos 6;) [Ef — (p; + w; cos 8; — wf cos O ) cos 6]

X[

(3.2.83)
We can also rearrange the other expressions as follows
Ej
Ec+m=m(2)+1=m(y+1) (3.2.84)
Er+m=E +w;—ws+m
Ei w; w
—m=—+———L+1)
m m m
— Wi 9r
=m(1+y+2-2) (3.2.85)
FromA ' =+eB , 2?2 = eiB
=l2w? ==L
eB
2 2
But from B, = —,e="
e Bc
This gi Pt = ol Dol 3.2.86
is gives W = o T B (3.2.86)
Fiaai 2,.2 B “)%
Similarly Awf = g (3.2.87)
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(E; —p;cosB;) = E;(1— %cos 0; =E;(1—pcosB;) =my(1—[Lcosb;) (3.2.88)
[Ef — (p; + w; cos 8; — wg cos 6F) cos 6]

=m[y(1— B cosbf) + % (1 —cos6;cosbf) — %sin2 6] (App. B)
(3.2.89)

Let wy = % is the cyclotron frequency. summing over the polarizations of incident photons

and over scattered photons, the total differential cross section is obtained:

Wy
do _roz[ pr |
do, 16 w; w; Wy
f y(l—ﬁcos@i)ml(1+y)(1+y+ﬁ—m)
B, ‘Uiz : 2 wj% : 2110712
exp [~ 55 (25 (sin6;)) + 5 (sin 6,)?] | F|

x1 Wi Wr .
[y(1—pBcostf) + pres (1 —cos 8; cos 6y — oy Sin 0¢)]

(32.90)
2
In which B, = m? ~ 4.414 x 10°T =~ 4.414 x 103G, is the critical magnetic field .
|F’|? is given by
|F'1?=1F"|(1; = 1917 + [F'|(1; = 291> + [F'|(2; = 117 + |F'[(2; = 2p)|? (3.2.91)

where

Ai = Ap Ay = Ly, 2ir) » represents the scattering of a photon from the polarization A; to
Af.

To simplify Eq. (3.2.90) further we have to find each values of Eq. (3.2.91).

1 1
o) —Rtn. — Gine1 [App. C] (3.2.92)
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Where Efy = m? + (P; + w; cos ;)% + 2(n + 1)eB (3.2.93)

Similarly,
1
(Ei+a)f)2—Ej%n+1 - Gf,n+1 and G2
2
2wy 512n Oisinf; _ %AiAf sin 6; sin 6y =( (3.2.95)

el’(@i—@f) — e—i@

Bc

iAw;wysin@;sinOfsin@rcosd;] — e 5 AiArsin€;sinfysin® _ ei2dsin® _ ,i¢

el
(3.2.96)
Where n = 2{ sin @

To simplify calculations we can choose the coordinate system with @; = 0 so that @; = @.
So that

k; = w;(sin 6;0, cos 6;) (3.2.97)

ks = wg(sin6f cos @, sin 6 sin @, cos @) (3.2 .98)

Taking into account the fact that photons have two transversal polarizations, the
polarizations of the incident and scattered photons can be chosen as

e} = (—cos@;, 0, sin#,) (3.2.99)
e =(0, —1, 0) (3.2.100)
e} = (cos 0y cos ® , —cos 8 sin ® , sin 6¢) (3.2.101)
ef) = (sin®, —cos@, 0) (3.2.102)

The above choice is not unique but is convenient for calculations.
For instance, to obtain F'|(1; = 1¢)|, we can use
e} = (—cos@;, 0, sin#,) and

ef = (cosfcos® , —cosfrsin@ , sinfy)
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Since the polarization is from 1i to 1f. So that

+ - . .
€ e = €rxCix t €ry€y T 1€ryeix — leryeyy,

= c0s 0; cos 6 cos @ + i cos 6; cos O cos @

(3.2.103)
Krepef + Kireyep = (Kpveir + Kpyery + iKpxei — iKpyei ey,
+(Kixerx + Kiyery + iKiyepx — iKixery e, (3.2.104)
erz€i; = sin6; sin 6¢ (3.2.105)
The rest are written in [App. D]

Therefore F'(1; —» 1¢) can be written as [App. A].

o 1 .
F'(1; > 1¢) = [(A- cos 6 — By cos §; — B, cos 6] Z E{"Gilnﬂe[‘(n“)@]

n=0

o 1 .
—[(AL cos 6 + By cos8; — B, cos 6¢] Z g(nGi,nﬂe_[l(”“)@""]
n=0

i i o 1 [ ! o 1 —i —
+ sin6; sin Oy [Ay Tilo— " Gine™-AL T30 — "Gy pe ™ 07O

(3.2.106)
F'(1; > 2¢) = i(A= cos 6; — By) X g~ {"Gy g1/ +10
+i(AL cos6; + B,) Z?{’:o%(”Gi,nﬂe“'(”ﬂ)mm (3.2.107)
F'(2 = 1p) = —i(A_ c0s 6 — By) =g = ("Gypyr e 10
— i(AZ cos 65 + By) Z;’fzo%(ﬂgﬁnﬂe—i(nﬂ)mm (3.2 .108)

! 1) 1 : , oo 1 . i
F'(2i - 2) = A0 = Gimp1 ™00 — AL T (= (" Gp gy e 7D (32.109)
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In astrophysics we are more interested in the inverse Compton scattering of low energy
photon gas with high-energy electrons in a strong magnetic field. When A;<«< 1 the
summation of Equ. 106 - 109 converge and the n=0 terms dominate the contribution.

For further simplification, we integrate over the azimuthal angle @ [App. E] and introduce
the Bessel functions

Jn(=§) = — J. " d® cos[n@ — & sin(@)] n=0,1,2 . (32.110)
Then summing up to n=0 we get
F" = C,G2 + Co62, + [(A4Gio — A4Gro)” + 2(1 = Jo(€ ))ALA'GyoGro| (sin 6 sin 67)2
+ 2[(A- cosB; — B;)(AL cos 6; + B,) + (A_ cos 6 — B;)
X (ALcosOf +B;) — DD, —A_A"]
X Jo(=&)G;1Gpq — 2[D1A4Gi1Gro + DAL G oGr ]
X sin@;sin0¢J; (<) (3.2.111)
For A;«< 1];(—%)and],(—¢) are negligible and the above expression can be simplified to
F" = C1G} + CoG} 4 + [(A+Gio — A4 Gy )]?(sin 6 sin 0¢)?
+2(1 = jo(§))AL AL G; oG] (sin 6; sin 6)? (3.2.112)
The differential cross section ( 3.2.90) can therefore be reduced to
do = osin0doy (3.2.113)

which means that the total cross section is given as

rd ws/m
8 Ay(1+Y)(1+y+wi/m—w/m)

g =

2
Bc ® ]
exp [2S+—L(sin 67)2]|F11|?

X [y(1-B cos 65)+w;/m(1—-cos 6; cos ) —ws/m sin? 6f)] (3.2.114)
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Chapter 4 - Result, Discussion and Conclusion

4.1 Results and Discussion

According to the results obtained in this thesis, if we have charged particles in a magnetic field
then their cyclotron orbit will be quantized and the charged particles can occupy orbits with

discrete energy levels, called Landau levels given by
E,=m+p+2neB

where n represents the nth Landau level. The solutions are twofold degenerate for S=1 and 2. But
for n=0, it is a non-degenerate state and has only one solution for both the positive and negative

energies.

In actual calculations when the strength of the magnetic field is high we require to work with
n=0 solutions. For lower magnitude of the magnetic field the other Landau levels will start to
contribute in the electron energy. In general, for a fixed energy of an electron and for very low
magnetic field we will have as many possible landau levels. Charged particles on higher Landau
levels have very short life time. Therefore it is reasonable to assume that electrons either before

or after the magnetic scattering should be on the ground landau level.

The discussions of this thesis also show that the spin sum is written in compact form as shown
below for positive energy solutions (positive spinors) and negative energy solutions (negative
spinors) respectively. This spin-sum is highly important in astrophysical calculations of cross

section
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PU,n(y:y*: P) = Z Us,n(yr P)ﬁs,n(Y*P)
s

Pen(9P) = D Vin (0, Pon (3., P)

N

for positive energy solutions (positive spinors) and negative energy solutions (negative spinors)
respectively. This spin-sum is highly important in astrophysical calculations of cross section

and the total cross section we have got is:

ré wr/m
8 A;(1+y)A+Y+ w/m—wy/m)

2
Bc , “F ..
exp [—§+m—£(sm 05)%|Fr1)?

[y(1=B cos Of)+w;/m(1—cos 8;cos Of)—wr/msin? 6)]

This expression also shows the strong dependence of total scattering cross section on the

direction of photons and incident electron energy.

4.2 Conclusion

In this thesis we calculated total cross section of the inverse Compton scattering in the presence
of uniform and strong magnetic field corrected for spin-sum. The equations show that the
solutions of the Dirac equation are dependent on the landau levels and the energy of the electrons
is seen to be degenerate except the lowest landau energy level (n=0), which dominates in the

case of ICS.

Spin-sum is a corner stone in calculations of scattering cross-section involving charged fermions

in the presence of strong magnetic field.

The magnitude of external field will be around B.. Magnetic fields can enhance scattering cross
sections from their vacuum values and on elementary particle interactions it can produce non

trivial results which can explain some of the interesting observations in astrophysics.
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Inverse Compton scattering is a possible mechanism for producing high energy photons by
relativistic electrons. The expression found also shows that total cross section depends on the

direction of photon and initial energy of the electron.

Finally, we can say that the main application of the properties of inverse Compton scattering in a
strong magnetic field is that in a study of pulsar radiation it can have some important influence

on the theoretical model of neutron stars.
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Appendices

Appendix A

Let us first define reduced quantities,

w; w; o
A== Ar=—,  Ap=— and
i m’ f m’ 0 m

Reduced Doppler frequencies by

A=yl —BcosO;)A; and A=yl —PcosB;)A;

/ Nk n [i(n+1)0]
F'(1; - 1) = [(A- cos Bf — B cos §; — B; cos 6] Z E( Gin+1€
n=0
' Nk n ~[i(n+1)0-n]
—[(AL cos Oy + By cos 6; — B, cos 0] z E{ Gini1€
n=0

. . o0 1 : © 1 . _
+sin6; sin 6 [A, 2n=0§(nGi,nem®'A'+ Yo {"Grne i(no-n)0]

o) 1 .
F'(li - Zf) = i(A_cos6; — B,) Z m(7’LGi,n_|_1el(n+1)(D

n=0

+i(AZ cos6; + By) X%, ni (G pyq e (DO
’ . © 1 ,
F (Zi - 1f) = —i(A_cos6; — B;) anoaCnGiln+1el(n+1)®
—i(AL cos 6 + B;) Z;’{;O%(naf,nﬂe—i(nﬂ)mm(g,‘ )

F (zi - zf) =A_ Zn:OE(nGi,nﬂel(nﬂ)@ — AL anoaqn(;f,nﬂe Hn+ 1)@+
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Ay =a=xb(fy + A;cosb;)
Ay =a' £ b(By — Arcosby)
Bl = bAf Sin2 Hf

B, = bA; sin? 9;
In which
a=pBy(1+y+A)By +A4;cos0; —Arcosbp) + (y —1+A)(A +y)(A+y +A;—Af)
a = ,8]/(1 +y— Af)(ﬁy +Ajcos6; —ArcosO) + (¥ —1-8)A+y)A +y+ A —Af)
b =,[3y(1+y+Al-—Af)+(ﬁy+Aic059i—Afcosé?f) 1+vy)
n=4{sin@®
¢ = %AiAf sin 6; sin 6¢

1
Gin =
"t 2(Ay — nhy) + AZsin? 6;

1
 2(Bs +1Ay) — AZsin? 6

Gin
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Appendix B
[Ef — (p; + w; cos 8; — wg cos 6f) cos 0¢] = Ef — P; cos 6 + w; cos 6; cos 0 + wy cos Hf
But Ef = E; — w; — wy and cos 6 = 1 — sin® 6,
= E; — w; — wy — P;cos 0 + w; cos O; cos 6¢ +a)fc059f2
=E; + w;(1 —cos6; cos 0;) — P;cos 0y + wg(cos sz -1)
=E; — Pycos0f + w;(1 — cos 6, cos O;) — wy sin? ¢
= E;(1 — B cos 0f) + mA;(1 — cos 8; cos B;) — mAs sin” 6

=m[y(1 —pcosbf)+ A;(1—cosb;cosbf) — A sin? 0r]
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Appendix C

1 1
(E; + w)2 —E%, ., E?+ w?+ 2E;w; —m? — P? — w? cos? §; — 2P,w; cos ; — 2(n + 1)eB

Using Efyyq = m? + (P; + w; cos ;)% + 2(n + 1)eB

1
 E? + 2E;w; — m? — P? — 2P,w; cos 0; — 2(n + 1)eB + w? sin? 6,

1
 2E;w; — P? — 2P,w; cos §; — 2neB + w? sin? 6;

1
~ 2mymA; — 2myfmA; cos §; — 2nm?2A, + m2A? sin? 6;

1
~ m2[2(Dy — ndy) + A? sin? 6,

! G
== bUin+1
2 -Ln

Similarly,

1
—_—— =G and
(Ei+a)f)2—Ef’n+1 fntl

Aw;wrsinf;sinf: B
7 2 L f=ECAiAfSin9iSin9f

pi@i=0p) — ,—i0

Bc

e[i/’lzwiwfsineisinefsin(z)fcos@i] — eBAiAfSineiSinefSin(D — ei20sin® — ,if

Where n = 2{sin @
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Appendix D
Using

el = (—cosB;, 0, sin6;)

efl = (—cosfrcos@ , —cosbrsin@ , sinfy)tofind | Y(1li— 1f)|
ef"el-+ = exlix T eryeiy, — ey ey + lerye;, = cos 8; cos b cos @ — i cos B; cos Oy cos @
Kfepei + K eef = (Kevei + Kpyery + iKpyei — iKpven )er,
+(Kixerx + Kiyery + iKixer, — iKiyery)e;,
= (—wy sin B¢ cos @ cos 6; — iwy sin B sin @ cos 6;) sin 6
+(—w; sin 6; cos @ cos Oy — iwy sin 6; sin @ cos ;) sin 6,

Similar procedure is used to find values for | Y(1i— 2f)| | Y(2i= 1f)| | Y(2i— 2f)|
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Appendix E
|F"|? = C,G?, f e "%dp + C,G74 f e 2@ 4 sin? §; sin? 6, [A%G7, + AGFy f e?dgp
—2A,A4GioGr f e t9d@] + 2[(A- cos 8; — B,)(A" cos 6; + B,) + (A_ cos 0r — By)
X (AL cos 0y + B;) — DyD, — A_A"]G;1Gr j ePe '@ Mgy — 2(D, A4 G;1Gr o j e!@*mqgp

+ DyA4GioGry [ €71® W sin 6;sin O + 2(D1A, G 1Gig [ €2°dD + DoAY G4 Gro [ €710
fe—tied(zj =fe_ti9d¢ :fe—tiG =21
21
je‘”g =2nj,(e) = Zﬂij d® cosn
0 21
0

= Znifozn d@ cos(—{ sinm) [ ePe~ @M dp

= 21f,(—¢)

For Ai«< 1, G;,1G;o and Gs,Gr, terms can be neglected

Let Q= [(A- cos8; — B;)(AL cos 0; + B;) + (A cos 6y — By)

X (A’_ COS ef + Bl) - D1D2 - A—A,—]Gi,le,l
! 2 i . .
=|F|*> = C,G} + C,GF, + [(A+Gi,0 —A4Gro) +2(1— ]0(())A+A+Gi,06f,0] (sin6; sin 6;)?

+2(Q)J)2($)Gi1 G — 2[D1A4Gi1Gr o + DAL GGy 1] sin0; sin 6], (=)
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Then summing up to n=0 we get
F" = C,G2 + Cy62, + [(A4Gio — A4Gro)” + 2(1 = Jo(§ ))ALA'GyoGro| (sin 6 sin 67)2
+2[(A- cos 8; — B;)(AL cos 0; + B;) + (A_ cos 0y — B;)
X (AL cos6f + B;) — DD, — A_AL]
X Jo(=§)Gi1Gp1 — 2[D1A4 G2 Gro + D2 A4 GioGr 1] X sin 6 sin6r]; (—§)
For A;«< 1];(—%)and],(—¢) are negligible and the expression F'’can be simplified to
F'" = CGH + C,GF 1 + [(A+Gip — A} Gp)]%(sin 6; sin B)?
+2(1 = jo(§)) A4+ AL GGy o] (sin 6; sin 6f)?
In which
D, = (A_cos 6y — By) cos 6; — B, cos 6¢
D, = (AL cos 6 + B;) cos 0; + B, cos 6¢
And
C; = Df + (A_cos0; — By)* + (A_ cos 0 — By)*+A2
C, = D? + (A_ cos 6; + B,)?+ (A cos B¢ + B;)2+A"
For A;« 1];(—%)and],(—¢) are negligible and the expression ___can be simplified to
F'" = CGH + C,GF 1 + [(A+Gip — A Gr)]%(sin 6; sin B)?

+2(1 = jo(§)) A4 AL Gy oG ] (sin 6; sin 6;)?
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