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Abstract 

III this project a derivative-free (DF) surrogate-based trust regioll 

optimization approach is proposed. In the proposed approach, quadratic 

surrogate models are constructed and successively IIpdated. The generated 

surrogate model is then optimized instead oj the underlined objective 

j unction over trust regions. Trullcated conjugate gradients are employed to 

find the optimal point within each trust region. The approach COl/structs the 

initial quadratic surrogate model using few data points oj order 0(11), where 

II is the lIumber oj design variables. The proposed approach adopts 

weighted least squares fitting Jar updatillg the SlIrrogate model illstead oj 

interpolation which ;s commollly used ill DF optimization, This makes the 

approach more suitable/or s tochastic optim ization and for funcliolls subject 

[0 I/Il1llerical error. Th e weights are assigl/ ed 10 give more emphasis to 

points close to the current center point. 
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CHAPTER ONE 

BASIC CONCEPTS AND D EFINITION 

1.1 PREUMINARY 

MmhcrnJtical Opt imi zat ion is often also called NOlllilleor Programming, Marhemalical 

Programming or Numerical Optimization. In more general terms Mathematical Oplimi:wtion may 

be described as the sc ience o f determining the best solutions to mathematically defi ned problems, 

which may arise from models o f physical rea li ty or o f manufacturing and managemen t systems. 

Optimizat ion problems arc common in many discip lines and various domains. In 

optimization problems, we have to find so lutions which arc opt imal or near-optimal with 

respect to some goals. Us ually, we (Irc not ab le to so lve problems in one step. but we 

ro llow some process which guides liS through problem solving. Often. the soluti on 

process is separated into different steps which arc executed one after the other. 

Common ly lIsed steps are recognizing and defining prob lems, constnlcting and solving 

mode ls, and evaluating and implementing so lut ions. 

Optimi zation problems can be categorized in to two groups dependi ng on whether or not 

constra ints exist in the problem, those are constrained and unconstrained. In which th e 

opt imum va lue is sought of an objective function of many va ri able without any 

constra ints is cal led unconstrained optimizat ion. 

Unconstrained optimizati on involves finding the vector of variables x sllch that an 

object ive function I(x) achieves its min imum or maximum va lue. Thus, unconstra ined 

optimization prob lems are usua ll y categorized by the characteri stics of the functi on f. 
This proj ect focuses on techniques for solv ing unconstra ined opt imiza tion prob lems using 

deri va tive free case of Tn 1st-region method. 

As min imizing [(x) is mathematically equ iva lent to maximizing- I(x) , all problems are 

fo rmu lated as minimization problem. In the rest part of thi s chapter, we wi ll define some 

preliminary concepts and recall their properties wh ich are useful in our later discussion . 

• • • 
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1 .2 CONVE XITY AND MINIMIZATION 

Definition: A set S!;; R" is ca ll ed a convex set if fo r all x, y E S and for all A E [0, 1) it 

holds Ax + (1 - A)y E S. 

Defi nition : A fum.: tion f: S ... R,where 5 is a nonempty convex SCI, is a convex function 

if [(Ax + (1- A)y) ,; A[(x) + (1- A)[(y) fo r all A E [0,1) and x,y E S. 

Dclini tion: A function [ (x) is ca lled a strictly convex function if the inequal ity above is 

slric' for all x * y and A E (0,1). 

Delin ition: A func tion ! :S ... R,whcre S is a nonempty convex set, is a concave funct ion 

i f [(Ax + (1 - A)y) ~ A[(x) + (1 - A)[ (y) for all A E [0,1) and x,y E S. 

Defi n ition: A functi on [(x) is call ed a strict ly concave function if the inequal ity above is 

slric' fo r all x * y and A E (0,1). 

f. 3 E IGENVALUE S AND EtGENVECTORS 

Given an n by n matri x A the so lution (U,A)(U '* 0) to the nonli near equation Au = All 

are known as e igenpairs. The scalar A is eigenvalue and the veClor u is an cigenvector. 

There are many re lated characterization of eigenva lues, of which the best known is that 

the eigenvalues necessaril y satisfy the equation 

det(A - M) = ° 
If all the eigenva lues of a rea l square matrix Aare nonnegat ive rea l numbers then it is 

ca lled posi tive semi defini te mat rix and if all the eigenva lues are negative rea l numbers, 

then A is called negat ive-de fi nite matrix . If such a matrix has both positive and negative 

eigenvalues we shall say that it is indefini te. Moreover, we have also Ihe following 

equi valen t de fin iti on. 

Dclinition: An I/xn symmetr ic matrix G is ca lled 

• Positive defin ite if ST Gs > 0 for all s E Rn
, s '* o. 

• Posit ive semi-defin ite if ST Gs ~ 0 for all s E Rn. 

• Negative de fin ite if ST Gs < 0 for all s E Rn
, s "* o . 

• • • 
1 



• Nega tive semi·definite if ST Gs :S a for all s E R" . 

• indefinite if there exists Sl,SZ E R" forwh ich s1TGs1 > OanciszTGs2 < O. 

1 .4 OPTIMALITY CONDITION 

We sha ll be concerned with the opt imization problem of minimizing an objecti ve 

funct ion [(x) ofn real variablesx, where x is constrained to li e within a closed region C 

of feasible points. This feasible region may be the whole of nil , in this case the 

problems is effecti ve ly unconstrained or it may be a subset ofRn , in thi s case the problem 

is constra ined. 

A feas ible po int x ' is a local minimizer of f if there is an open ne ighborhood n of x 

sLLch that [(x·) :S {(x) for allx E C n n. The minimizer is strong or strict if there is an 

open neighborhood n of x · such that [ex·) < [(x) fo r all x $ x ' E C n n and it is 

global minimizer if [(x ' ) ,; [(x) for allx E C. 

The va lue of [corresponding to a min imizer is a minimum. 

N('('('ssa ry Condition 

Suppose the function [ has a local minimum inxo E t , that is, in an interior point ofC. 

Then 

I. If [is differentiab le in x, then V[ (x, ) = 0 holds. 

2. If [ is twice continuously differentiable in a neighborhoodofxo. Ihen the 

Hess ian Gf(xo) = V2 [(xo) = (0 2 
[exo)/ox iJx ) is positive semi 

j J nxn 

defin ite. 

T heorem 1: Let [be twice continuously differentiable and lei x ' be a local minimizer of 

f. Then V[(x') = 0 and V' [(x') is positive semi definite. 

Proof' Let u E R" be given. Taylor's theorem states that for all real I sufficiently small 

r' [(x' + tu) = [(x ' ) + tV[(X·)T u + ,uTV' [(x')u + oCt') 

••• 
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Since x· IS a local mmimize we must ha ve for sufficiently small 

0" [(x' + tu) - [(x') and hence V[(X')TU + ': uTV' [(x')u + oCt)" 0 for all I 

sufficient ly small and all u ERn , So, if we sct t = 0 and u = -Vf(x') we obtain 

IIV[(x') II ' = 0 

Setting V[(x') = 0 dividing by t and settingt = 0, we obtain !.. UTV2[(X · )U ~ 0 for , 
allll E RII . 

Theorem 2: Let [be twice continuously differentiable in neighborhood of x'. Assume 

that V[(x') = 0 and that V2[(X' ) is posit ive semi definite. Then x· is a local minimizer 

off. 

Proof: Let 0 * U E nn. for sufficiently small t we have 

t' 
[(x ' + tu) = [(x ' ) + tV{(X')TU + -:;:uTV' {(x')u + oCt') 

t ' 
= {Cx') + -:;: uTV' {(x')" + oCt') 

Hence, if A> 0 is the smallest eigenvalue of 'il2 [(x ' ), we have 

t ' 
{(x' + tu) = {(x') + -:;:uTV'{(x')u + oCt') 

A 
" {(x') + 2 11tull ' + oCt') " 0 

{(x' + ttl) - {(x') " ~ IItull' + oCt') " 0 For I sufficienlly small. , 
{(x' + ttl) - [(x ' ) " 0 

Hence x' is a local minimizer of f. 

Delinition: Iteration is a process by which an est imate Xk of the solution to the problem 

is replaced by a better est imate xk+l. 

, .. 
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1 .5 V ECTOR AND FUNCTIONAL NORM 

We use norms to measure the s ize of vectors, mat rices and functions. A norm is a 

function 1.1 : S ~R which required satisfying three basic propenies 

I.lIxll " 0 and IIxll ~ 0 <=ox ~ O. 

2. lIax ll ,; lalllxli for all a E R. 

3. IIx + y ll ,; Ilxll + Ilyll for all x and y in the relevant space S. 

The third property is known as the triangular inequality. 

When s E R the most common norms are the lp vector no rms (p ~ 1) defined by 

" 
Ilxlip ~ (L I xdP)~ 

1:1 

The most common of those are the vector llJZ and l{1J norms, overR II. 

Ilx ll , ~ "(x,x)a"dllxll~ ~ maxlxd. wherc(x,y) denote the inner 
1SIsn 

product 

The l2 norm is often known as the Euclidean norm. 

Suppose 1.1 is a norm R II and we consider a subset S of nn. We define an open ball of 

rad ius xES to be the set 

n , (x) ~ (Y ' lIy - x II < f) 

The set S is sa id to be open in nil if for every x in S, there is a scalar (x) > 0 such that 

n ,(x) s;; S. 

1.6 TAYLOR SERIOUS AND QUADRATIC MODELS 

Lei {(x) be a function from RII toR. We say that { is in C(k) if it has continuous ktll 

order part ial derivati ves. If { is differentiable (f E (I), we define the grad ient of {(x) to 

be the vector va lued function iJx{(x) whose ith component is (}{(X)/(}X( Ifin addition , 

... 
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[ is twice continuously differentiable(f E (2), we define the Hessian matrix of [ to be 

the n by n matrix-valued function Vxx[(x) whose (I,f)'" entry is a'[(X)/ax,ax!" If the 

derivatives are continuous the Hessian is necessari ly symmetric. 

Let [has derivati ves of all orders at a, and then we call 

r {n)(a) 
[ (x) = L~",O~(X - a)n,to be the Taylor series of [about the number a. The nth n. 

Taylor polynomial Pn of f about a is defined by 

, ('(a) ('(a) 
Pn(x) = [(a) + r (a) (x - a) +--(x - a)' + ···+ - - (x - a)n 

2! n! 

The first-order Taylor approximation is: [(x + a) ~ [(x) + (Vx[(x),a) and 

The Second-order Taylor approximation is given by: 

1 
r(x + a) ~ [(x) + (Vx[(x), a) +"2 (a, Vxx[(x)a). 

The quadratic model is obtained from a truncated Tuylor series expunsion of [(x ) 

aboutxk , which can be written as 

[(X(k) + a) ~ M(k)(a) = [(k) + g(k)' a + iOT G(k)a,Wherea = x - X(k) and M(k)(a) 

is the resulting quadratic approx imation at the point I . 

Some tentative reasons to select quadratic model are 

I) A quadratic function is one of the simplest smooth functions with a well 

determined minimum. 

2) A general function expanded about a local minimize x· is approximated well 

by quadratic function. 

3) Methods based on quadratic models can be made invariant under a linear 

transformation of variables and quadratic models are easy to manipulate . 

. .. 
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1.7 WHAT Is A T RUST REGION? 

Let us cons ider the problem, 

min /(x) 

X E R ~ 

Where/is a smooth nonlinear objective fllOction from Rn to R. Assume we have a curren t 

guess of the solution of the optimization problem say xo. We now will try to find the 

opti ma l po int x* where Jlx* ) is lowest by applying numerical method, an algorithm. 

Based on thi s information , we may try to guess the shape of the objective function in a 

neighborhood of xo. In other words, we bui ld around Xo a model of the objecti ve function 

that is "easier" to work wit h and dec ide, admittedly with some degree of arbi tmriness , on 

a region contain ing xo in whi ch we believe the model represents the obj ective function 

more or less adequately. Th is region is ca ll ed the trust regio" because this is where we 

trust the mode l to be a faithfu l representation of the objecti ve functi on. 

A trust region is normall y a neighborhood n (k) at the current iterate X (k) and the region is 

adjusted from iterati on to iteration. The neighborhood n (k) o f X(k ) is defined in wh ich 

q(k) (a) agrl;:l;: with r(x (k) + a) in some sense. Then it would be appropriate to choose at 

the kth iteration X(k+l ) = X (k ) + a(k) where the correct ion a (k) min imizes q (k) (a) for 

all X (k) + a in n (k) . The step is restri cted by the region of validity of the Taylor series. It 

wi ll be shown Ihal these methods reta in rapid rate of convergence o f Newton 's method 

but arc also generall y applicable and globally convergent. 

In the Inlst region method first we define a region around the cu rrent iterate 

Where h (k) > 0 is the radius 

of n (k) , wh ich the model is trusted to be adequate to the objective funct ion? And then 

choose a step to be the approximate minimizer of the quadratic model in the trust region 

melhod. 

The mode l sub problem of thc tnlst-region method 

• •• 
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min q(' )(a) = f (' ) + g (. )T a + ~ OT G(' )a 
2 ,where g (" ) ::; Vf(x (k») is the gradient at 

s. tllall " h (' ) 

the current iterate x (k) and C (k) is an n by n symmetric matrix approximates the Hessian 

of [(x) and h (" ) > 0 is trust region radius. 

How to choose the radius h (" ) at each iteration? 

In general, when there is good agreement between the model q(k)(a) and the objecti ve 

function value [(xC") + a) one should select h (k) as large as possible . This can be 

quantified by defining the actual reduction (Aredk) inf and on the kth step as 6{(k) = 

f (' ) - f(x (' ) + a(' )) and 

The corresponding predicted reduction (Predk) as 

. It Actual reduction Aredk , 
Define the ratio r::::: dl ::::: - - which measures the agreement between 

Pre cted reduction Predk 

the model function qOt ) and the objective function! . 

The ratio r (k) plays an important role in selecting new iterate X (k+l ) and updating the 

trust-region radiush(k) [9]. If r (k ) is close to unity it means there is good agreement and 

we can expand the trust-region for the next iteration. If r (k ) is close to zero or negative 

we shrink the trust-region, otherwise we do not alter the trust-region. 

Steps of a trust region method algorithm 

Step t. Given a current iterate build a good local approximation model (e.g., based on a 

second order Taylor series approximation). 

Step2. Choose a neighborhood around the current iterate where the model is "trusted" to 

be accurate. Minimize the model in thi s neighborhood . 

• • • 
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Step3 . Determine if the step is successful by eva luating the true function at the new poin t 

and comparing the true reduction in va lue of the Objecti ve with the reduction predicted by 

the mode l. 

Stcp4 . If the step is successfu l, accept the new point as the next iterate and proceed 

(possibly increasing the size of the trust region if the success is rea ll y significant). If the 

step is unsuccessful , reject the new point and reduce the size of the trust region. 

Stl'p5. Repeat unti l convergence. 

• • • 
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CHAPTER Two 

DERIVATIVE FREE OPTIMIZATION 

2. 11NTROOUCTION 

Derivati ve free optimizat ion methods are designed fo r solv ing non linear optimization 

without us ing the deri vative of the in vo lved functions. The derivative free optimization 

method which we are going to lise in this project approximates the objective function 

explicit ly without employing its deri vative. 

We consider formally the prob lem, 

min I(x) 

(2. 1 ) 

Where/is a smooth non linea r objective function from Rn to R and is bounded. Since the 

derivatives orthe Objecti ve functi on are not avai lable fo r derivative free opt imi zation, we 

assume Ihat the gradient Vf(x) and the Hessian \7 2 f(x ) cannol be computed [or :my x. 

The nu merous applications of deri vative free opt imization can be found in engineering 

design, geo logica l modeling, finance, manufacturing, biomedica l app licati ons and many 

other fields. As the available computational power grows the simulation processes 

become routine and using optimization of complex systems becomes possible <l nd 

desirable . Thus the number of applications of derivat ive free optimization grows 

continuously, which part iall y explains the continuing growth o f the fie ld itself. Another 

reason for the growth of the field is the recent development of relatively sophisticated 

algorithms and theo ry which address the specific needs o f the deri va ti ve free problems. 

The majority o f the ex isting derivati ve-free techn iques have the following fea tures: 

oThey require a relatively large number of function eva luat ions, 0(1/1) (where 1/ is the 

number of system design variables) to construct the initia l quadrat ic mode l. 

oThe quadrat ic models are constructed via interpolating the objective func tion at a 

consta nt number of points; when a point is obtained a previous po int is dropped. In 

••• 
' 0 



addition, these algorithms usua ll y ignore the vnluable information con tained In all 

previously evaluated expensive function va lue 

2.2 DERIVAT1VE FREE OPTIMIZATION METHODS. 

This part of the chap ter only focuses on different methods of so lving unconstrained 

mini mization prob lem whose derivative of the objective function is not avai lable. To use 

trust region framework in the deri vative free case we use an alternative approximation 

technique, which does not use derivative esti mates, which will be discussed in Chapter 

Three. There arc many methods of so lving derivative free optimizat ion prob lems. Direct 

search method and quadratic interpolation arc the most widely used methods. These 

methods were in troduced by Powe ll [5] . 

2.2. t QUADRATIC INTERPOLATION 

The main idea of these methods is building a polynomia l model, interpo lat ing the 

objecti ve functi on at all points at which its value is known. The model is then minimized 

over the trust region and a new point, is computed. The objecti ve func ti on evaluated at 

Ihis new pointlhus possibly enlarging Ihe interpolation set. This newly computed po int is 

checked as to whether the objecti ve functi on is improved and the who le process is 

repealed until convergence is achieved. The basic concepts for constructing a quadratic 

model fu ncti on from a sample point s are introduced. For tnlst-region methods building a 

model by polynomial interpolotion have been deve loped by a number o f authors. Many 

intcrpolation-based Inlsl-region mcthods constnlct loca l polynomial interpo lation-based 

models of the objecti ve function and compute steps by minimizing these models inside a 

region lIs ing the standard trust-region methodology. The models are bui lt so as to 

interpo late prev iollsly computed function va lues at a subset of past iterates or at specia ll y 

constructed points. For the model to be well-defined , the interpolation points must be 

po ised, meaning that the geometry of thi s SCI of points has to "span the space" 

sufficicntl y well to stay safel y away from degeneracy. To make things more clear somc 

necessary information about used notations, the general trust-region framework, 

in terpolation, and the definition of poisedness and well -poiscdness are given. In our 

derivat ive-free context, the model (2.2) will be determined by interpolati ng known 

••• 
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objective function va lues at a given set Xk of illferpo/atioll poinfs, meaning that the 

illferpo/afioll conditions 

M,(x) ~ lex) for all x. X. (2.2) 

must hold. The set Xk is known as the illferpo/arioll set. We will say that a set of points 

can be interpolated by a polynomial of certa in degree iffor any function/there ex ists a 

polynomia l M(ofthis degree) such that (1. 1) hold for all points in the set. 

Dctinition:-A set of points X is called POISED, with respect to a given subspace of 

polynomial s, if it can be interpolated by polynomials from this subspace. 

Dcllnilion:- A set o f points X is cal led well -poised, if it remains poised under small 

pertu rba ti ons. 

Suppose {¢;(.)};., is a basis in the space of quadratic pOlynomials, then any quadrati c 

polynomial I a ;B/(x i )fOr some u = (U/ , ... ,1l</). The interpolat ion condi tion cnn be 
i.1 

written as a system of li near equation in (.t. 

:ta,B;cxi ) ~ I(xi )j~ I , ... ,p. (2.3) 
i_ I 

The coefficient matrix of thi s system is 

[

B,(X') 
B(X) ~ : 

B,(x ') 

B,(X')] 

B,(x') 
(2.4) 

For a given set of points and a set of function va lues an interpolation polynomia l (from a 

gIven space of po lynomials) exists and is un ique if and only ifB(X) is square and 

nons ingu lar. 

••• 
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If the set X is poised, then theoretically, we can solve the linear system and lind the 

interpo lat ion polynomial. However, numerically the matrix S(X)is often ill -

conditioned even when it is nonsingular. Conditioning of SeX ). clearl y, depends o f the 

choice o f the basis {S i(X)} , For example, one can choose a basis such that is an SeX) 

identity matrix. Such basis is ca ll ed Lagrange fundamental polynomial basis. 

Algo rithm 

Step 0: Initi:llhmtion 

Let a starling poin t x' and the value I (J • .5) be given 

Choose an initia llrust region radius ~o > 0 

Choose at least one additiona l po int not further than .1oaway frolll x'· to create an init ial 

well~poised interpolation set Yand initial basis on Newlon fundamental polynomia ls. 

Determine ,,0 Ii Y which has the best objective function value ; 

i.efixO)= min I I" lei ) , . . 

Set parameters 7]0 ,TIl to measure progress; 0 < '70 < 7]1 < 1. 

Step J :Build the model. 

Using the interpo lat.ion set Y and the basis ofNFP, bui ld an interpolation model Qk(X). 

Step 2:Minimizc the model within the trust region . 

Set IJk = {x: Ilx - :l ll ~ ~* } . Compute the point such Ihal 

•• • 
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Q.(x) ~ minQ,(x) 
". 11, 

Compute f(.t') and the ratio 

[(x') - [U' ) 
P, = Q, (x' ) - Q. (x') 

Stcp 3: UI}datc the interpolatio n set. 

• If Pit ~'lo, include .~ k in Y, dropping one of the existing interpola tion points if 

necessary. 

• If PI < 'lo include .t t in Y. i f it improves the qua lity orthe model 

• If Pk < rIo and there are less that 0+1 points in the in tersecti on of Y and Bk 

generate new interpolation point in Uk, while preserving! improving well· 

poised ness. 

• Update the basis of the Newton Fundamental polynomial s. 

Stcp 4: Updutc the trust region radius. 

• If Pt ~ '11 increase the trust region radius 

• If Pit <'loand cardinality ory r. B k was less than n+l when x* was computed 

reduce the truSI region 

• Otherwise, set .1.1:+1 = Ilk 

Step 5: UIJdntc the C urrent iterate 

•• • 
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, 
Determine x with the best objecti ve function va lue 

!(X' ) = min!V) 
/" 
I .. ~t 

If improvement is sufficient (w.r.1. predicted improvement) 

_ !(x' )- f(x' ) 
P. = Q. (x' )-Q, (.") ?c 'l, . 

S 1 •• 1 "':"k O,h " , t.1 t I k b e x =.\ . erWlse, se x = x . ncrcmenl y onc and go to step I. 

End of ~llgorithm 

2 .2.2 DIRECT (SIMPLEx) SEARCH METHODS 

The Nelder· Mead direct search is also ca lled simplex search algorithm. This method 

requi res onl y func tion evaluations, but not derivati ves. As such the method is lLse ful when 

• The derivati ve of the Objecti ve ftlnction is expensive to compule; 

• Exact first deri vat ives of/are difficult to compute or/ has disconti nui ties; 

• The va lues of/arc ' noisy '. 

There arc many pract ical optimization problems wh ich exhibi t some or all of the 

above difficult properties. In particular, if the objecti ve function is a result of some 

experimental (sampled) data, this migh t usually be the case. 

Lei the objec ti ve function! be from Rn to R. A simplex S in Rn is a polyhyderal SCI wilh 

n+ I vertices XI, X2, ... , Xn+1 e Rn such that {Xt - Xi: ke {I, ... , 11 + I I{i} } is li nearly independent 

in Rn. A simplex S is non - degenerate if none of its three vertices lie on a line or if none 

of its four points lie on a hyperp lane, etc. 

Thus tht: Neldcr·Mead simplex algorithms search the approximate minimum of a function 

by compm'ing the values of the function on the vertices of a simplex. Accordingly, Sk is a 

simplex at klh step of the algorithm with ordered verti ces {x: , x: ",' .\':.J} in such a way 

that 

... 
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lI ence, x:.1 is termed the 'worst' ve rtex,x: the nex t 'worst' vertex. etc . for the 

min imization, whi le xt is the best vertex. Thus a new sim plex Sk fl will be detcmlincd by 

dropping vertices which yield larger function values and including new vert ices which 

yield reduced funct ion values, but all the lime keeping the number of vertices 1/+ I ( I pIus 

problem dimension). Th is is achieved through refl ection expansion, contraction or 

shrin king of the simplex Sk. In each step it is expected that Sk;l!: Sktl and the resulting 

sim plices remain non·degencrate. 

Algorithm 

StC'1> 0: Start with a non-degenerate simplex SO with ve rt ices t x ~ .x~, .... X!.I }. Choose 

the constraints 

p>O, X> I (X>P), O<y< l,and 0<0<1 

known as reflection , expansion, contraction and shrinkage par:lIllctc rs ,respecti vely. 

Whilc( l) 

~tcp I : Set k (- k+ I and label the vertices of the simplex S~ so that x~ , 

accord ing to 

Step2: Rencet 

• Compute the reflection point x: 
- t -t k -k k 

x: = X r + p(x -xul ) = (I + p)x - PX~.I 

-k n k k 

where x = LX; (here thc worcst point X •• I wil l not be used) 
j . 1 

• Compute j{ x: ) 
• if j{ xt) '5:.j{ x: ) <f{ x:), then accept x: and reject 

Step I. Otherwise GOTO Step 3 . 

• • • 
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Stcp 3: Expand 

(a). If J( x: ) </( Xlt ), then calculatc the expansion point x! : 

• Computej(x:) 

» IfI(x:) <j{x;), then accept x: and reject and GOTO 

Step l. 

» Else accept x: and reject x:. 1 and DOTO Stcp I . 

(b). Otherwise GOTO Step 4. 

Step 4: Contract 

t * -t If Ax, ) ~ f (xn) , then perform a contraction between x and the better o f x:.1 and x: 

-, 
(a). O utside Contraction: If lex!) s lex:) < I(x:,,) (i.e.x is better than x:. I ) ,then 

- -, 
perform outside conl'racti on, i.e. ca lcu late x: = xk - rex: - x ) and evaluate I(x: ) . 

» If I(x:) :5 f(x:), then accept x: and reject x: ' 1 and GOTO Step I. 

~ Otherwise GOTO Step 5. (Perfonn shrink) 

(b) Ins ide C ontraction: If j(x:)2:/(x!.I) ,(i .e. is beller than x:), then 

per form an ins ide con traction; i.e. calcu late 

» If f(x~) < I(x!.,) ,thell accept x~ and reject x:. 1 and DOTO Step I. 

~ Otherwise GOTO Step 5.(perform Shrink) 

Step 5: Shrink 

Define II new po ints 

•• • 
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Vi = X I + a(x: -XI)' i = 2 • ...• 11+ I 

so that the 11+ I points 

form the vertices of a simplex. GOTO Step 1. 

EN D 

Unfortunate ly. to date. there is no concrete convergence property that has been proved of 

the original Neider-Mead algorithm. The algorithm might even convergc to a non­

stat iona ry poin t of the objective func tion. However, in general. it has been tested to 

provide rap id reduction in func tion values and successful implementations of the 

algorit hm usually terminate with bounded level sets that contain possib le min imum 

po in ts. Recently there are several attempts to modify the Neider-Mead al gorithm to come 

up with convergen t variants. Among these: the fortified-descent simplical search mcthod 

and a mult id imensiona l search algorithm are two of the most successful ones [3]. 

••• 
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CHAPTER THREE 

THE TRUST REGION APPROACH 

3.1 T RUST REGIO N ALGORITHM 

In tbi s chapter we consider fo rma ll y the problem, 

min /(x) 

Wheref is a smooth non lincar objecli ve function from R n lO R and is bounded. Since the 

derivat ives of the objective function are not ava iluble, the computationa ll y expensive 

objective function is locall y app rox imated urollnd a current iterate .\ Jt by a 

computat ionall y cheaper quadratic surrogate model M(x) which can be placed in the 

form: 

M(x) = o + b' (x-x. ) +.!.(x-x. )' B(x - x.) 
2 

( I) 

Where a E R, the vector b E Rn, and the symmetric mat rix B E Rnwn are the un known 

parameters of M(x ). The total number of the model parameters is q ::::: (/I + 1 )(1/ + 2)/2. 

These parameters can be evaluated by interpolating the objective func tion at q poin ts. 

Initia l model 

Let X o be the initia l point. Init ia lly, assuming that B is a diagona l matrix, then the number 

of points required to cons truct the init ial model is III "" 2 11 + l. The init ial III poin ts X i. 

i"" I, 2, ...• m. can be chosen as fo llows 

; = 1.2, ... ,,, 

i = 1,2 •...• 111 -11 - 1 
(2) 

where 61 is the initia l trust region radius that is provided by the user, and t!j is the j lh 

coordinate vector in Rn. 

• •• 
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The initial quadratic model MIl(x) wi ll have the parameters a(l ). the vector b(l), and the II 

diagonal elements of the model Hessian matrix 0< 1). These parameters arc computed by 

requiring that the in itia l mode l interpolates the objective function j{x) at the initi al m 

points given in (2). Therefore the initial model parameters are obtained by satisfying the 

matching conditions: 

M ''' (x,) = I(x,) , i = 1.2, ... , m (3) 

ModelolHimization 

At the k lh iteration, assume that Xk is the current so lution point. The model IH (k)(X ) is then 

mini mized, in place of the objecti ve funct ion, over the current trust region and a new 

point is produced by solving the trust region sub-problem: 

(4) 

Where s = x - Xk, fi* is the current trust region radius, and H throughout is the h-norm. 

ThiS problem is solved by the method of truncated conjugate gradient by Steihaug [8]. It 

IS Identica l as the standard conjugate gradient method as long as the iterates are inside the 

tru~ t region. If the conjugate gradient method termina tes at a point within the trust region, 

th iS point is a global minimizer of the objective function. If the ncw iterate is outside the 

trust region, a truncated step which is on the region boundary is considercd. Also, the 

method treats the case where the minimum is in the opposite direction of the conj ugate 

direction which is due to the non convexity of the model [7 ]. One good propert y of thi s 

method is that the solution computed has a sufficient reduction property, which was 

proved by Bandler and Abdel-Malek [8] . 

Let s' denotes the solution of (4), and then a new point Xk+1 = X t + s' is obtained. The 

achieved actual reduction in the objecti ve funct ion is compared to that predicted 

reduction using the model by computing the reduction ratio which is given by: 

(5) 

••• 
20 



This ratio reflects how much the surrogate model agrees with the objectivc function 

with in the {nlst region. The tnlst region radius and the current iterate wi ll be updated such 

that, if rt is sufficiently high, i.e., rt ;;:: 0.7, there is a good agreement between the model 

and the objective functio n over thi s step . Hence, it is benelicial to expand the IniSI region 

for Ihe next iteration, and to lise X n as the new center of the trust region. If rt is positivc 

but not close to I, i.e., 0.1 ~ r k < 0.7, the tnlst region rad ius is not alte red. On the othe r 

hand, if rt is small er than a certa in threshold, r k < 0. 1, the trust region radius is reduced. 

The updat ing fo rmula used for updat ing 8 t and X t can be expressed as follows: 

Tk < 0.1 : 

0.1 ~ Tk ~ 0.7 : 

Tk ;;:: 0.7 

1 
6 k+ l = i"6 k 

6k +1 = 6 k 

( 
lis " II < 6,' 6'+1= 6, 

li s" II ,,6'+1 = 1.56, 

(
Xk + 5' , ifrk > 0 

Xk+l = Xk otherwise 

(6) 

(7) 

II is to be ment ioned that the current center is the point of least function va lue achieved 

so far. 

Model update 

\\ 'hen a new point is ava ilab le, the current quadratic model AIA-I(x ) is updated so that the 

point of lowest objecti ve function va lue X l is now the center of the J.!b trust region. The 

model will ta ke the form: 

The parameters: act), b et) and B (k) are evaluated employing the parameter values of the 
.' (t) . previous mode l Mk- I(X) in addition to all avaJiable functIOn values. The constant a IS 

. d h I f j()' e a {k) -j(" ). The model will be updated in two steps. First, ass igne t e va ue a X k. I .. , - .~ . 

tbe vector b (k) is updated then the Hessian matri x B (t) is updated as foll ows: 

Slep t: Upd(lIing the vector h(k) 
••• 
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The vector b (k) can be obtained using onl y " points. However, using the 1/ recent poin ts 

may result in ill-conditioned system of linear equations. In order to avoid this. it is 

proposed to use the least squares approximation with the most recent 211 points. So, the 

vector b (k) is eva luated such that the model M*(x) fits the last 2 11 points obtained, X i, 

i = 1,2, . .. ,211 , i.e. , the following condition should be satisfied: 

M (k) (S; ) := !(S;) , wheresi=xi -xk i = 1,2, ... ,2n (9) 

When computing the vector b (k), the matrix B (k) is assigned temporaril y the value of the 

previolls mode l Hessian matrix, 0<.\'-1), hence the vector b (k) is obtained by so lving the 

followi ng system or linear equations: 

where 

A= 

si 
ST 

2 

T 
S2n 

and v= 

(10) 

{(51) - a (k) - isf 8 (k-l)SI 

{(52) - a (k) - ;sf B (k- l )S2 

( /I) 

The previous system is an over-determined system. The least squares approximution for 

b(k) IS 

(1 2) 

Step2: Updatillg the matrix B(i) 

The model Hess ian matrix 1ft ) is evaluated using the following updating formula: 

n<k)=cn<k- l)+qpT (13) 

wherec is a posit ive constant, 0.5 < c < I, and the vector pERil. 

q=[sign(diag(B(k-1)))]J(1- c)ldiag(B(k 1)1 (14) 

•• • 
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This cho ice of 'I , ensures that changes in 0<.) occur graduall y. The vector p is evaluated 

sllch that the model M<t)(x) tries to fit all the ava ilab le m points obta ined so far, X " 

i = I, 2, .. . , m, i.e. , the following cond it ion should be sati sfied 

M (k) (Si ) = [ (5 i ) , where Si = Xi -Xt i = 1,2, ... , m ( 15) 

i.e., the vector p is obtained by solv ing the weighted system of linear equations 

Ap=v, (16) 

Wherc 

1 T T 
"251 qSl WI 

1 T T 
"2Szqsz wz 

A ~ alld v= (/7) 

To obtain morc accurate model in the neighborhood o f the current center, the avai lab le 

points fIrc assigned different weights Wi, i = 1,2, ... , //I according to their di stances fro m 

the trust region center. In tbe proposed approach the weight Wi, assoc iated with each 

equa tion, takes the form : 

if lls'!l ';C,~ 
if IIsdl > C,~ 

where CI is a positive constant, CI ;> I . 

, i = l ,2,.,.,In, ( IS) 

The prev ious system in l.!B is an ove r-determined system (m > 1/ ). The least squares 

approx imat ion for p is 

T - I l ' P = (A A) A , . ( 19) 

After getting the vector p, the term '1pT is calculated and tbe matrix is made symmetric by 

resetting the off-d iagonal elements to their average va lues, i.e., bi} = bjl - (bi) + bj,)I2, 

then the new Hess ian matrix B (k) is updated according to Eq. (l1) . 

.. . 
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The model can be improved by generating a new point Sfl~;z Xfllt ... - X.t, which is chosen to 

be on the boundary of the trust region so that it improves the dist ribution of points around 

tbe center of the tmst region. A suggested so lution to find Snr ... is to solve the following 

prob lem: 

maxJP = '22(si S)2 ,such that s: S < 0 Ifi and IIslis a (20) 
i_j 

Where s" ...... is se lected to max imize the sum of squares of the projections of the vector l 'f!f'''' 

on the other Si, i = 1,2, ... Ils vectors, where li s is the avai lable set of points. After 

generating Sne .... the function va lue 1(x".:;",) is computed. If j{Xfl lt"') is found to be less than 

j{x~) , then X"ew will be considered as the new tmst region center of the subscqucnt 

iteration, otherwise, X I/It ... will just be added to the ava ilab le SCi of points. 

Algori th m 

A complete algorithm for the proposed method is given below (see al so an il lustrati ve 

flowchart in EigJ). 

Stcpl Set N = 0 (the number of function eva luations), givcn 

xoERfl ,81 >O,O.5<c<1,cl;od, NITW, oxoERn, 81>0, O.5<c<l, cl;> l, 11\U, 15 (a 

tennination criterion). 

Step 2 Find the initial III points using (2), letti ng X I be the initial Imst region 

center, then construct the initial quadrati c model using (3), Set k = I. 

Step 3 Solve the tnlst region sub-prob lem (4) lIsing the truncated conjugate 

gradient method to obtain s· = X n - x~ of the model A,fkl(x) over the trust region. 

Step 4. Evaluate1(xn) and compute the reduction ratio by substituting in (5). 

Step 5 Update the trust region radius to obta in 8k+1 using (6). 

Step 6 Determine the tmst region center of the next iteration X~I based on Xk and 

/'.t using (7). If IV(xk+l } - j{x~)11 < 0, the algorithm will be tcrminotcd with 

... _ "' '--'- and r ~f{<~ I) If for two sllccessive iterations, rk is negati ve go to _' Opt - _' "T I Jopt • ~T . 

. .. 
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Step 9, else continue. 

Step 7 Add the point X n 10 the set of availab le points S, if the number of points in 

S exceeds Nmax , remove the farthest point from Xk+I. 

Comment . To avoid severe computational and storage overhead, a bound NfrW, is 

put to limit the uncontrollable increase in the num ber of stored poin ts. 

Speci fica ll y, when the number of ava ilable points reaches Nma~ the farthest point 

from the Inlst region center is removed. 

Step 8 Constmct the quadratic model M k+ ' )(X) around X kl l based on A·,ft)(x) and 

the set o f available po ints S using the updating procedures in Eqs. (9), ( 10), ( 11 ), 

( 12), ( 13), (1 4), ( 15), ( 16), (17), ( 18) and (1 9), thcn sct k ~ k + I and go to Step 3. 

StCI) 9 Generate a new point S new using (20). add it to the set of points S, then go 

to Step 8. 

• •• 
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( Begin ') 
1 

Inputs: xO.dl .6 
1 

Constants : c, 'I' Nmfl~ ' Sel N = 0 

• 
Locale the initial m po ints, lelx! be initial TR 

center point. Construct the initial quadratic 2 

model around Xl using equ. (1).Set.1= 6 1 • 

• I Fi nd t1he quodratic model min point " = x. - x, 
By solving TR sub-problem 3 

min,M(k) (s), subjecttoUsll S 41( 

1 
Evaluate [(xn> and Til: as follows: 

r, ., ({(x,) - {(x.» / (M" ' (x,) - M"' (x.)) . 4 

Update l!. based onT .. pre\l lOUS 

l!. and s·uslng equ. (6) S 

Delemline x" . I based on x .. and • 
r .. using equ, (7) 

I Set k =k+l I T" $ O. y Generate a new point xnnl' on the TR bound. 
Twice Update x.+1 if {(xn1w ) < ((x.) . 

, 
Add x

II
_ to the SCI of :lVaiinb le points. 

N 

Add XII to the set ofavai litble points. Remove 
7 the ft1I1hest points from X.+l if number of 

points exceeds Nmcu 

8 Construct the new quadr.uic model around 
x.tr+1 based on all available points. 

1 
N 

Y Tcmlinlllc with Xop f = XII.' 

II/(x,. l ) {(x,)11 < 6 . and{opr = {(XII *! ) 

Fig I.A flowchart for the proposed optimization algorithm . 

• • • 
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3.2 EXAMPLE 

The 20 Beale function 110) 

The funct ion to be minimized is given by 

f (x) = (1.5 - x , + x,x,)' + (2.25 - x, + x,xll' + (2.625 _ x, + x,x~)' 

' .5 

• ," 
..... 

" ........ . 
'.5 , 

I[ 2.5 
~ 2 
!> 

1.5 

0.5 

o 
5 

.... .... . . ' ......... .... .. , .... .... . ... 

Beale FlrlCtion 
.' ':' ...... 

.... 

.... . . .... 
.. ........ .. ' .... . ... ....... . 

.... ... . 
.... .. .... . ... 

" 

.. .. 

·5 ·5 

. .... 
. ... 

" . 

" 

whereal ==: 1.5, Q2 ==: 2.25, and a3 ==: 2.625. This function has a valley approaching the line 

.\'2 == I. The in itial values used for xo and !:J.I are (0.1 0.1), and 0.8, respectively . 

... 
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G· (0.') Iven Xo= • 
0. ' 

Since n = 2, we need m = 2n + 1 = 2(2) + 1 = 5 points 

The init ial m points Xi = 1, 2, ... 5 can be chosen as follows 

XJ = XO= (O.')and 
0. ' 

{ 

Xi+J = Xo +L1,ei .... , i = 1, 2 ... n. 

X;+2+I=xo+ll ,e; .... , i = I,2 ... n-l . 

Hence, XI = Xo = (0. ') 
0. ' 

i = I , x,., = Xl = Xo +II,e, = (0. ')+ 0.8 (') = (0.9) 
0. 1 0 0 . 1 

j = 2, Xl., = Xl = xo + lI,e, = (0.') + 0.8 (0) = (0. ') 
0. 1 I 0.9 

i = I , Xl +2+ 1= X4 = XO- ll / e] = (0.')_ (0.8) = (=0.7) 
0. 1 O. O. J 

i=2, X2+2+1 = xs = xo- !J. ,e2= (0.')_0.8 (0)= (0. ') 
0 . 1 I 0.7 

Step 2:- Construct the initial quadratic model 

let XI = ( 0 . ' ) be the initial trust region center. Set k = 1 
0. ' 

To construct the model we use 

M' (x;) = f(x;) ... i = 1.2 •...• 5. 

• •• 
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Where M ' (x)~a l + bT(x - Xl) + -1..(X - XI)T8(x _ XI) . 2 assummg B is a diagonal malrix 

i = 1, Xi ~ XI ~ (0. 1) 
0. 1 

M'(XI) ~ f(x l) ~ a, + bT(O) + -1.. (O)T 8(0) ~ f ( 0. 1) 
2 0 . 1 

. , ~ (1.5 - 0.1 + (0. 1)(0.1)' + (2.25 - 0. 1 + (0. 1)(0.1)' ), + (2.625 - 0.1 + 0.1(0.1)' )' 

a, ~ 1.988 1 + 2. 15 1 + (2.525 1)' 

a, ~ 12.99 103 10 1 

x, ~ Xl ~ ( 0.9) 
0. 1 

M '(x ,)~a,+(b,b,)+ ((0.9) _ (0.1)) + -1.. ((0.9) _ (O. I))T(G 0X(0.9) _ ( 0 . I)) 
0. 1 0. 1 2 0. 1 0. 1 0 b 0 . 1 0 . 1 

~ f ((~m 

=> 12.99103101 + 0.8 bl + 0.32a + f(0.9) 
0. 1 

(
0.8) ~ f( 0.9) 
0. 1 0.1 

=> f~ ( 0.9) (1.5 _ 0.9 + 0.9 x 0.1)' + (2.25 - 0.9 + 0.9(0. 1)' )' + (2.625 - 0.9 + 0.9 (0. 1)3)' 
0. 1 

~ 0.4761 + 1.846881 + 2.97873081 

~ 5.30 1 7 11 8 1 

Thus, 12.9910310 I + 0.8bl + 0.32. ~ 5.30171181 

=> 0.8b I + 0.32. ~ -7.6893 192 ........... ... .... .. ... .. .... .. . ...... ( I) 

••• 

" 



i =' 3, x, = Xl = ( 0 .9) 
0 . 1 

M'(X)) = 12.99 10310 1 + (b, b,) ( 0 )+ -'- (0.08) (a o) ( 0 )= f ( O. I) 
0. 8 2 Ob 0.8 0.9 

=> 12.99 103 101 + 0.8 b, + 0.32b = f ( 0. 1) = 6.3189 
0.9 

=> 0.8b2 + 0.32b = -6.6721 3101 ..... .... ...... .............. ....... (2) 

i=4, X,=X4= (- 0.7) 
- 0 . 1 

M '(x.) = 12.99 103 101 + (b, b')((= ~~)_(~ :))+ 

~ ((= ~ ~)-(~ :)r B ((= ~~) _ (~ :))=f (= ~~) 

=> 12.99103 101 + (b, b,) ( - 0.8) + -'- (-0.8 _ 0.2) B ( - 0 .8) = f (- 0 .8) 
-0.2 2 - Q2 - 02 

=> 12.99 10310 1 - 0.8b, - 0.2b, + (-0.4 _ O.I )(a 0) (- 0.8) = f ( - 0.7) 
Ob - 0 .2 - 0. 1 

=> 12 .99 103 101 - 0.8b, - 0.2b, + 0.32. + 0.02b = f (- 0.7) 
-0. 1 

=> 12.99 103 101 - 0.8b, - 0.2b,+ 0.32. + 0.02b = 24.87442949 

=> -0.8b, - 0.2b, + 0.32. + 0.02b = 11.88339848 .......... ........... .............. (3) 

i =5, X,= Xs= (- 0.1) 
- 0.7 

M'(x,) = 1299 103 101 + (b, b,) ((= ~~)-(~ : ))+ ~ ((= ~~) - (~:)r 

••• 
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B ((-O.I)_(O·'))= f (- 0 .7) 
-0.7 0 . 1 - 0 . 1 

=> 12.99 103 101 + (b, + b,) (= 0.2) + -'- (-0.2 - 0.8) 8 (- 0 .2 ) = f (- 0 . , ) 
0 .8 2 -0.8 -0.7 

=> 12.99 103 101 - 0.2b, - 0.8b, + (-0.1 - 0.4) (a 0) ( - 0 .2) = f (- 0 . , ) 
Ob - 0 .8 - 0 .7 

=> 12.99 103 101 - 0.2b, - 0.8b, + 0.02. + 0.32b = f (-0.,) 
- 0 .7 

=> 12.99 103 10 1 - 0.2b, - 0.8b, + 0.02. + 0.32b = f (-0.,) 
- 0 .7 

=> 12.99 1031 0 I - 0.2b, - 0.8b, + 0.02. + 0.32b = 15.32336749 

- 0.2b, - 0.8b, + 0.02. + 0.32b = 2.33233648 ..... ............... (4) 

Using the above four equations we have 

[ 

0~8 

-0.8 
-0.2 

o 
0 .8 
0 .2 

- 0 .8 

0 .32 

o 
0 .3 2 

0 .02 

o J [b') [- 7.6893192J 0 .32 b2 -6 .672 13 10 1 

0 .02 (l = 11.88339848 

0 .32 b 2.33233648 

Using Cramer's Rule on the above, we get 

• = 1.972, b = - 10.095, b,= - 10. 4, b, = - 4.302 

Thus, 

M'(x) =" + b\x) + -'- (X)T B (x) 
2 

Where .,= 12.99 1, b= e R' , B= 
( 

- 10.4 ) (a 
- 4.302 0 

••• 
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Step 3:·l\1inimize the model 

min M '(s ) 

s.t·11 s lis 0.8 
Where s =(;:)eR2, 

This implies 

MtJ = 12.99 1+(-IOA -4.302)(S,)+ .1.(S, s, {1.972 0 X",) 
S2 2 \ 0 - 10.095 s, 

(;J S O.8 

=> M ' (;J = 12.991 - IOAs , - 4.302s, + 0.988(s , )' - 5.048(s,)' 

J(S , )2 + (s,), ,; 0.8 

The Lagrange function defined by 

L(s , ,s, ,p) = 12.991-IOAs, - 4.302s, + 0.988(s, )' - 5.048(s,)' + p«(s,)' + (s,), - 0.64) 

To solve this we use KKT cond it ion. 

I. L" = - IOA + 1.976s, +21", =0 

2. L" = -4.302 -10.096s, + 21", = 0 

3. II«(S , )' +(s , )' - 0.64)=0 

4. «(s, ), +(s,)' - 0.64S0 

5. I I ~ 0 

euse ): let j.' = 0 

·1 0A + 1.9 76sl~ and - 4.302 - 1O.096s2 =0 

=> s , = lOA = 5.279ands, = 4.302 = OA26 
1.976 10.096 

For s I = 5.279 and s2 = 0.426 condition 4 is not satisfied. 

Ca,r2: let p > 0 then (s,), + (s,), = 0.64 

10.4 -1.976s, 
L" = - lOA + 1.976s, + 2115, = 0 => p = 2 

s, 

... 
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L = --4.302 - 10.096" + 2"" = 0 =:> II = 4.302 + 10.096s, 
• 2 s, 

Then 
10.4 - 1.976s, 4.302 + 10.096s 
--'--,:---'- = , 

2s1 2s2 

From the above we have s = = (
s, ) ( 0.523) 
s, 0.605 

Step 4: Compute the reduction ratio . 

The new PO lllt x,, = Xk + S w ere xt =Xl = and 5= . h ( 0.1) (0.523) 
0. 1 0.605 

=:> x. = ( 0.1) \ +(0.523) = ( 0.623) 
0.1 0.605 0.705 

,.(0 I) /(x,) = /(x' ) = J ~O. 1 = 12.991 

/ (xol = ~~~~~) = 10 121 

M '(x, ) = M ,(O. I) = 11.48 
0.1 

M' (xn) = M ' ( 0.625) = 2.0938 
0.705 

Now the reduction ratio will be 

r,= /(x, )-/(x. ) =:>r = 12.991-10.121=0.306 
M ' (x, )- M ' (xol ' 11.48- 2.0938 

Step S: Upd:l tC the trust region radius 

r1 = 0.306 . Since O. l ~ rl :5: 0.7 , 6 k+1 = 6 2 =81 =0.8 

Step 6: Determine the trust region center 

Since rl = 0.306 >0, then the new center is 

(
0.1) ( 0.523) ( 0.623) 

X k+1 =X2 =XI +S= 0.1 + 0.705 = 0.705 

. " 
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Thus the next step is to update the model and again to minimize over II . 
lC new trust region 

and to fo llow the same procedure. Thus the function has a minimum of 0 at (3 0.5)T .The 

result is obtained by applying the proposed technique. 

3 .3 LIM ITATIONS OF DERIVAllVE-FREE OPTIMIZATION. 

Perhaps foremost among the limitations of derivative-free methods is that, on a serial 

machine it is usually not reasonable to try and optimize problems with more than a few of 

variables, although some of the most recent techniques can handle unconstrained 

problems in hundred of variables. Also, even on relat ive ly simple and well-conditioned 

problems it is usually not rea li stic to expect accurate solutions, convergence is typically 

rather slow. For example, in order to eventually achieve something like quadratic rate of 

local conve rgence, one needs either implicit or explicit 1000al models that are reasonable 

approximations for a second-order Taylor series model in the current neighborhood. With 

100 variables, if one was using interpolation, a local quadratic function would require 

SISI funct ion evaluations as shown in Table 3.1(2]. Just as one can ach ieve good 

convergence us ing approximations to the Hessian matrix (such as quasi-Newton methods 

in the derivative- based case, it is reasonable to assume that one can achieve similar fast 

convergence in the derivative-free cases by using incomplete quadratic mode or quadratic 

models based on only fi rst-order approximations. However, unless the functions look 

very similar to a quadratic in the neighborhood of the optimal solu tion, in order to 

progress the models have to be recomputed frequently as the step size and the radius of 

sampling converge to zero. Even in the case of linear models this can be prohibi tive when 

functi ons evaluations are expensive. Thus typically one can expect a local convergence 

rate that is closer to linear than quadratic, and one may prefer earl y termination. 

As for being able to tackle only problems in around 20 or moderately more variables 

(currently the largest unconstrained problems that can be tackled on a serial machine 

appears to be in several hundred variables), the usual remedy is to use statist ical methods 

like analysis of va riance to determine, say, the most critical 20 variables and optimizmion 

only Over them. It may also be reasonable to take advantage of the relative simplicity of 

some of the deri vative-free algorithms, like directional direct-search methods, and 

compute in a para llel, or even mass ively paraliel, environment. 

• •• 
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" 
10 20 50 100 200 

(,, +I){n+2)!2 66 231 1326 5151 20301 

Table 3. I Number of p oints needed to build a "full . , 
y quadrat,c pclynomlal model (2 ). 

Another limi tat ion of derivative-free optimization may Occur when mi nimizing non 

C'onve.X functions. However, and although nothing has been proved 10 suppon this 

statement, it is generally accepted the derivative-free optimization methods have the 

ability find "good" local opt ima in the following sense. If one has a function with an 

apparent large number of local optimizers, perhaps because of noise, then derivati ve-free 

approach given their relat ive crudeness, have a tendency to initially go to genera ll y low 

regions in the early iterations (because of their myopia, or onc might even say ncar­

blindness) and in late iteratio ns they st ill tend to smooth the function, whereas a more 

sophisticated method may well find the closest local optima to the staning poi nt. The 

tendency to "Smooth" fun ctions is also why they are effective for moderately noisy 

functions . There are many situations where derivati ve-free methods arc the only suitable 

approach, capable of doing better than heuri sti c or other "last-resan" algorithms and 

providing a supporting convergence theory. 

There are however, classes of problems for which the use of derivative-free methods that 

we address here are not suitable. Typically, rigorous methods for sllch problems would 

require an inord inate amount of work that growth exponentially with the size of the 

problem. This category of problems includes medium and large scale general global 

optimization problems with or without derivatives, problems which not onl y do not ha ve 

ava ilable derivatives but which are not remotely like smooth problems, genera l large non­

linear problems with di screte variable including many combinational optimization oncs 

(so-called NP hard problems) and stochastic optimization problems 

• • • 
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CONCLUSIONS 
In thi s project , a tmst region opti mization method that does not requi re an y derivative 

information has been proposed. In this method, the objective function is approximated via 

quadratic surrogates, and using few number of in itial data points than the exact number of 

surrogate parameters. Classical benchmark test problems were used to demonstrate the 

accuracy and efficiency of the proposed method. The results obtained showed the ability 

of the proposed method to rapidly converge to the final region containing the optimum 

solut ion when only a limited number of function evaluations is permissible and when a 

high accuracy is not really necessary. Thus, the proposed method is suiwblc for stochastic 

opt imization or objecti ves that suffer from numerical inaccuracy 

••• 
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