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Abstract

In this project a derivative-free (DF) surrogate-based trust region
optimization approach is proposed. In the proposed approach, quadratic
surrogate models are constructed and successively updated. The generated
surrogate model is then optimized instead of the underlined objective
function over trust regions. Truncated conjugate gradients are employed to
find the optimal point within each trust region. The approach constructs the
initial quadratic surrogate model using few data points of order O(n), where
n is the number of design variables. The proposed approach adopts
weighted least squares fitting for updating the surrogate model instead of
interpolation which is commonly used in DF optimization. This makes the
approach more suitable for stochastic optimization and for functions subject
to numerical error. The weights are assigned to give more emphasis to

points close to the current center point.
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CHAPTER ONE

BASsIC CONCEPTS AND DEFINITION

1.1 PRELIMINARY
Mathematical Optimization is often also called Nonlinear Programming, Mathematical

Programming or Numerical Optimization. In more general terms Mathematical Optimization may
be described as the science of determining the best solutions to mathematically defined problems,

which may arise from models of physical reality or of manufacturing and management systems.

Optimization problems are common in many disciplines and various domains. In
optimization problems, we have to find solutions which are optimal or near-optimal with
respect to some goals. Usually, we are not able to solve problems in one step, but we
follow some process which guides us through problem solving. Often, the solution
process 1s separated into different steps which are executed one after the other.
Commonly used steps are recognizing and defining problems, constructing and solving

models, and evaluating and implementing solutions.

Optimization problems can be categorized in to two groups depending on whether or not
constraints exist in the problem, those are constrained and unconstrained. In which the
optimum value is sought of an objective function of many variable without any

constraints is called unconstrained optimization.

Unconstrained optimization involves finding the vector of variables x such that an
objective function f(x) achieves its minimum or maximum value. Thus, unconstrained
optimization problems are usually categorized by the characteristics of the function f.
This project focuses on techniques for solving unconstrained optimization problems using

derivative free case of Trust-region method.

As minimizing f(x) is mathematically equivalent to maximizing—f(x), all problems are
formulated as minimization problem. In the rest part of this chapter, we will define some

preliminary concepts and recall their properties which are useful in our later discussion.
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1.2 CONVEXITY AND MINIMIZATION
Definition: A set § € R™ is called a convex set if for all x,y € S and for all A € [0,1] it

holds Ax + (1 = A1)y € S.

Definition: A function f:5 — R,where S is a nonempty convex set, is a convex function

if f(Ax+ (1= ADy) <Af(x)+ (1= )f(y) forall A€[0,1] andx,y € S.

Definition: A function f(x) is called a strictly convex function if the inequality above is

strict for all x # y and 4 € (0,1).

Definition: A function f:§ — R,where S is a nonempty convex set, is a concave function

iff(Ax+ (1 =2A)y) 2 Af(x)+ (1= A)f(y) forall A€[0,1] andx,y € S.

Definition: A function f(x) is called a strictly concave function if the inequality above is
strict forall x # y and A4 € (0,1).

1.3 EIGENYALUES AND EIGENVECTORS

Given an n by n matrix A the solution (u,A)(u # 0) to the nonlinear equation Au = Au

are known as eigenpairs. The scalar A is eigenvalue and the vector u is an eigenvector.

There are many related characterization of eigenvalues, of which the best known is that

the eigenvalues necessarily satisfy the equation
det(A—=A1)=0

If all the eigenvalues of a real square matrix Aare nonnegative real numbers then it is
called positive semi definite matrix and if all the eigenvalues are negative real numbers,
then 4 is called negative-definite matrix. If such a matrix has both positive and negative
eigenvalues we shall say that it is indefinite. Moreover, we have also the following

equivalent definition.
Definition: An nxn symmetric matrix G is called

e Positive definite if s”Gs > 0 forall s € R", s # 0.
e Positive semi-definite if s7Gs > 0 forall s € R™.

e Negative definite if s"Gs < 0 forall s € R", s # 0.
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e Negative semi-definite if s”Gs < 0 forall s € R™.

* indefinite if there exists s,, s, € R™ for which s,7Gs; > 0 ands,"Gs, < 0.

1.4 OPTIMALITY CONDITION
We shall be concerned with the optimization problem of minimizing an objective

function f(x) of n real variablesx, where x is constrained to lie within a closed region C
of feasible points. This feasible region may be the whole of R™ , in this case the
problems is effectively unconstrained or it may be a subset ofR™, in this case the problem

is constrained.

A feasible point x* is a local minimizer of f if there is an open neighborhood € of x*
such that f(x*) < f(x) for allx € C N Q. The minimizer is strong or strict if there is an
open neighborhood Q of x* such that f(x*) < f(x) for all x # x* € C N and it is
global minimizer if f(x*) < f(x) forallx € C.

The value of f corresponding to a minimizer is a minimum.
Necessary Condition

Suppose the function f has a local minimum inx, € C, that is, in an interior point ofC.

Then

1. If f is differentiable in x, then Vf(x,) = 0 holds.

If f is twice continuously differentiable in a neighborhoodofx,, then the

ra

2
Hessian Gr(x,) = Vif(x,) = (6 f (xo)/ax; ax,) is positive semi

nxn

definite.

Theorem 1: Let f be twice continuously differentiable and let x* be a local minimizer of

f. Then Vf(x*) = 0 and V?f(x") is positive semi definite.

Proof: Let u € R™ be given. Taylor’s theorem states that for all real t sufficiently small

flx* +tu) = f(x*) +tVf(x")Tu +§u"v2f(x')u + o(t%)

we



Since x" is a local minimize we must have for t sufficiently small
0< f(x"+tu)— f(x*) and hence Vf(x*)Tu +-tz—zuTV2f(x’)u +0(t) =0 for allt

sufficiently small and all u € R™. So, if we set t =0 and u = —=Vf(x") we obtain

If (x)II? =0

Setting Vf(x*) = 0 dividing by t and settingt = 0, we obtain éurvzf(x')u >0 for

allu € R™.

Theorem 2: Let f be twice continuously differentiable in neighborhood ofx*. Assume
that Vf(x*) = 0 and that V?f(x*) is positive semi definite. Then x* is a local minimizer

off.
Proof: Let 0 # u € R™. for sufficiently small t we have

2
FOet + tw) = Fx*) + tVF )T + %ufvz £ Yu + o(t2)

2
= f(x*) + %uTVZf(x')u + o(t?)

Hence, if A> 0 is the smallest eigenvalue of ?zf(x’), we have

2
flx* +tu) = f(x") + %-urvzf(x')u +o(t?)

= f(x") -!-%I]tullz +0(t?) 20
fx*+tu)—f(x*) 2 % |Itu]|? + o(t?) = 0 For t sufficiently small.
fix*+tuw)—f(x*) =0
Hence x* is a local minimizer of f.

Definition: Iteration is a process by which an estimate x* of the solution to the problem

is replaced by a better estimate x**1.

e



1.5 VECTOR AND FUNCTIONAL NORM
We use norms to measure the size of vectors, matrices and functions. A norm is a

function LI: S —R which required satisfying three basic properties

L|[x]l = 0 and [|x]| = 0 &x = 0.
2. |lax|| < |a||lx]| for all « € R.

3. llx +yll < llx|l + ||y|| for all x and y in the relevant space S.
The third property is known as the triangular inequality.

When s € R the most common norms are the [, vector norms (p = 1) defined by

n
1
Ixlly = ) lxlPy?
i=1
The most common of those are the vector [y, [, and I, norms, overR"™.
I[x]l; = Zisadxl, x|z = {x, x)and||x||, = max |x;|, where(x,y) denote the inner
isn
product
(x,y) = Zi=1 Xiyi on R™.
The [, norm is often known as the Euclidean norm.

Suppose LI is a norm R™ and we consider a subset S of R™. We define an open ball of
radius x € S to be the set

Qe(x) ={y: lly—xll <¢€}
The set S is said to be open in R™ if for every x in S, there is a scalar £(x) > 0 such that
0.(x) S 5.

1.6 TAYLOR SERIOUS AND QUADRATIC MODELS
Let f(x) be a function from R™ toR. We say that f is in C®) if it has continuous k‘"

order partial derivatives. If f is differentiable (f € C), we define the gradient of f(x) to

be the vector valued function V, f(x) whose i*" component is of (x)/ ax, If in addition,
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f is twice continuously differentiable(f € C?), we define the Hessian matrix of f to be
the n by n matrix-valued function V,, f(x) whose (i, /)™ entry is o*f (x)/ dx, 0% If the
derivatives are continuous the Hessian is necessarily symmetric.

Let f has derivatives of all orders at a, and then we call

rm (a)

(x — a)"to be the Taylor series of f about the number a. The nt"

f(x) = Xn=0
Taylor polynormal pn of f about a is defined by
Pn(x) = f(a)+f(a)(x—a)+f() a)® + - +f()

(x=a)"

The first-order Taylor approximation is: f(x + @) = f(x) + (V. f(x), @) and

The Second-order Taylor approximation is given by:

FOr+ @) ™ )+ (Taf (0,0) + 5@, Voaf ().

The quadratic model is obtained from a truncated Taylor series expansion of f(x)

aboutx®, which can be written as

f(x® 4+ @) =~ MB)(q) = f®) 4 g0 4 %SrGtk)a,Wherea =x—x® and M®)(a)

is the resulting quadratic approximation at the point x*.
Some tentative reasons to select quadratic model are

1) A quadratic function is one of the simplest smooth functions with a well
determined minimum.
2) A general function expanded about a local minimize x* is approximated well

by quadratic function.
3) Methods based on quadratic models can be made invariant under a linear

transformation of variables and quadratic models are easy to manipulate.
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1.7 WHAT IS A TRUST REGION?
Let us consider the problem,

min f(x)

xeR"

Where /'is a smooth nonlinear objective function from R"to R. Assume we have a current
guess of the solution of the optimization problem say xo. We now will try to find the
optimal point x* where f{x*) is lowest by applying numerical method, an algorithm.
Based on this information, we may try to guess the shape of the objective function in a
neighborhood of xo. In other words, we build around xo a model of the objective function
that is “‘easier” to work with and decide, admittedly with some degree of arbitrariness, on
a region containing xo in which we believe the model represents the objective function
more or less adequately. This region is called the trust region because this is where we

trust the model to be a faithful representation of the objective function.

A trust region is normally a neighborhood Q™ at the current iterate x*) and the region is
adjusted from iteration to iteration. The neighborhood Q*” of x() is defined in which
¢ (@) agree with £(x®) + @) in some sense. Then it would be appropriate to choose at
the k™ iteration x®**1) = x®) 4 a*) where the correction a®) minimizes ¢*)(a) for
all %) + @ in Q). The step is restricted by the region of validity of the Taylor series. It
will be shown that these methods retain rapid rate of convergence of Newton’s method

but are also generally applicable and globally convergent.
In the trust region method first we define a region around the current iterate

QW = {x: ||x = x®| < h®}  Where h®) > 0 is the radius
of Q). which the model is trusted to be adequate to the objective function? And then
choose a step to be the approximate minimizer of the quadratic model in the trust region

method.

The model sub problem of the trust-region method

.



min  q®(a) = f® + g®q + iﬁrG(")a

s.tllall < h® ,where g®) = Vf(x®) is the gradient at
gl <

the current iterate x®and G™ is an n by n symmetric matrix approximates the Hessian

of f(x) and h®) > 0 is trust region radius.

How to choose the radius h*) at each iteration?

In general, when there is good agreement between the model ™) (a) and the objective
function value f(x*) + &) one should select h*) as large as possible. This can be
quantified by defining the actual reduction (Aredk) inf and on the k** stepas Af*) =
£09 — F(x® + a®) and

The corresponding predicted reduction (Predk) as
Aq("‘) = q(k)(g) e q(-'t)(a(k)) = f(k} - q(k}(a(k))

Define the rafio. P% = Actual reduction _ Aredk
Predicted reduction ~ Predk

the model function ¢'*) and the objective functionf.

which measures the agreement between

The ratio r®) plays an important role in selecting new iterate x**%) and updating the
trust-region radiush® [9]. If ) is close to unity it means there is good agreement and
we can expand the trust-region for the next iteration. If r*) is close to zero or negative

we shrink the trust-region, otherwise we do not alter the trust-region.

Steps of a trust region method algorithm

Stepl. Given a current iterate build a good local approximation model (e.g., based on a

second order Taylor series approximation).

Step2. Choose a neighborhood around the current iterate where the model is “trusted” to

be accurate. Minimize the model in this neighborhood.

e



Step3. Determine if the step is successful by evaluating the true function at the new point
and comparing the true reduction in value of the objective with the reduction predicted by

the model.

Stepd. If the step is successful, accept the new point as the next iterate and proceed
(possibly increasing the size of the trust region if the success is really significant). If the

step is unsuccessful, reject the new point and reduce the size of the trust region.

Step5. Repeat until convergence.

ne



CHAPTER TWO

DERIVATIVE FREE OPTIMIZATION

2.1INTRODUCTION
Derivative free optimization methods are designed for solving nonlinear optimization

without using the derivative of the involved functions. The derivative free optimization
method which we are going to use in this project approximates the objective function

explicitly without employing its derivative.

We consider formally the problem,

min f(x)
XeR" (2.1)

Where fis a smooth nonlinear objective function from R"to R and is bounded. Since the

derivatives of the objective function are not available for derivative free optimization, we

assume that the gradient Vf(x)and the Hessian sz(-’t‘) cannot be computed for any x.

I'he numerous applications of derivative free optimization can be found in engineering
design, geological modeling, finance, manufacturing, biomedical applications and many
other fields. As the available computational power grows the simulation processes
become routine and using optimization of complex systems becomes possible and
desirable. Thus the number of applications of derivative free optimization grows
continuously, which partially explains the continuing growth of the field itself. Another
reason for the growth of the field is the recent development of relatively sophisticated

algorithms and theory which address the specific needs of the derivative free problems.
The majority of the existing derivative-free techniques have the following features:

*They require a relatively large number of function evaluations, O(n°) (where n is the
number of system design variables) to construct the initial quadratic model.
*The quadratic models are constructed via interpolating the objective function at a

constant number of points; when a point is obtained a previous point is dropped. In



addition, these algorithms usually ignore the valuable information contained in all

previously evaluated expensive function value

2.2 DERIVATIVE FREE OPTIMIZATION METHODS.
This part of the chapter only focuses on different methods of solving unconstrained

minimization problem whose derivative of the objective function is not available. To use
trust region framework in the derivative free case we use an alternative approximation
technique, which does not use derivative estimates, which will be discussed in Chapter
Three. There are many methods of solving derivative free optimization problems. Direct
search method and quadratic interpolation are the most widely used methods. These

methods were introduced by Powell [5] .

2.2.1 QUADRATIC INTERPOLATION
The main idea of these methods is building a polynomial model, interpolating the

objective function at all points at which its value is known. The model is then minimized
over the trust region and a new point, is computed. The objective function evaluated at
this new point thus possibly enlarging the interpolation set. This newly computed point is
checked as to whether the objective function is improved and the whole process is
repeated until convergence is achieved. The basic concepts for constructing a quadratic
model function from a sample points are introduced. For trust-region methods building a
model by polynomial interpolation have been developed by a number of authors. Many
interpolation-based trust-region methods construct local polynomial interpolation-based
models of the objective function and compute steps by minimizing these models inside a
region using the standard trust-region methodology. The models are built so as to
interpolate previously computed function values at a subset of past iterates or at specially
constructed points. For the model to be well-defined, the interpolation points must be
poised, meaning that the geometry of this set of points has to “span the space”
sufficiently well to stay safely away from degeneracy. To make things more clear some
necessary information about used notations, the general trust-region framework,
interpolation, and the definition of poisedness and well-poisedness are given. In our

derivative-free context, the model (2.2) will be determined by interpolating known



objective function values at a given set X of interpolation points, meaning that the

interpolation conditions

Mi(x) = flx) for all x<X; (2.2)
must hold. The set Xk is known as the interpolation set. We will say that a set of points
can be interpolated by a polynomial of certain degree if for any function / there exists a

polynomial M (of this degree) such that (1.1) hold for all points in the set.

Definition:-A set of points X is called POISED, with respect to a given subspace of

polynomials, if it can be interpolated by polynomials from this subspace.

Definition:- A set of points X is called well-poised, if it remains poised under small

perturbations.

Suppose {;.\i‘:f(.)}»:’ti is a basis in the space of quadratic polynomials, then any quadratic

polynomial ia,.Bi(x")for some o = (ar, . . . ,0¢). The interpolation condition can be

=l

written as a system of linear equation in a.

ia,.B,.(xj) =f(x)~1,...8 (2.3)

i=1

The coefficient matrix of this system is

B (¥") '« Bx)
B(X) = :

B (x*) ... BJ(x) 2.4)

For a given set of points and a set of function values an interpolation polynomial (from a

given space of polynomials) exists and is unique if and only if B(X)is square and

nonsingular.

12



If the set X is poised, then theoretically, we can solve the linear system and find the

interpolation  polynomial. However, numerically the matrix B(X)is often ill —
conditioned even when it is nonsingular. Conditioning of B(.Y), clearly, depends of the
choice of the basis { B,(x) }. For example, one can choose a basis such that is an B(.X)

identity matrix. Such basis is called Lagrange fundamental polynomial basis.
Algorithm

Step 0: Initialization

Let a starting point x*and the value £ (x*) be given

Choose an initial trust region radius A, >0

Choose at least one additional point not further than Ajaway from x* to create an initial

well-poised interpolation set Y and initial basis on Newton fundamental polynomials.
Determine x”e Y which has the best objective function value;

Lefl’y=min ,_ f(y')

Set k=0

Set parameters 77y, 77, to measure progress; 0 <77, <7, < 1.

Step 1:Build the model.

Using the interpolation set Y and the basis of NFP, build an interpolation model Qx(x).

Step 2:Minimize the model within the trust region.

Set By = { x:lx=xt|<a, } . Compute the point such that

13



Qﬁ'(“‘) . I}:Ln QJ. (x)
Compute f (.i‘k )and the ratio

_ S )=S0
P = k ~k
Qk(x )_Qk(x )

Step 3: Update the interpolation set.

If p, 21,, include #*in Y, dropping one of the existing interpolation points if

necessary.
o If P, <Iyinclude £* in Y, if it improves the quality of the model

e If P, <Myand there are less that n+] points in the intersection of Y and By

generate new interpolation point in By, while preserving/ improving well-

poisedness.

e Update the basis of the Newton Fundamental polynomials.

Step 4: Update the trust region radius.
o If P, 217), increase the trust region radius

A €[AL140,]

e If p, <Myand cardinality of Y ~ Bk was less than n+] when £* was computed

reduce the trust region
Ao €7D 1Dy ]

e Otherwise, set 5“1 = Ak

Step 5: Update the Current iterate

14



k
Determine X with the best objective function value

G =min/ ()
yel

¥ exk

If improvement is sufficient (w.r.t. predicted improvement)

_ - FE
A= eh)-g,@) =M

Set "' =%". Otherwise, set x*"' =x*. Increment k by one and go to step 1.
I'nd of algorithm

2.2.2 DIRECT (SIMPLEX) SEARCH METHODS

lhe Nelder-Mead direct search is also called simplex search algorithm. This method

requires only function evaluations, but not derivatives. As such the method is useful when

* The derivative of the objective function is expensive to compute;
» Exact first derivatives of fare difficult to compute or fhas discontinuities;

¢ The values of fare ‘noisy’.

There are many practical optimization problems which exhibit some or all of the
above difficult properties. In particular, if the objective function is a result of some

experimental (sampled) data, this might usually be the case.

Let the objective function /* be from R"to R. A simplex S in R"is a polyhyderal set with
n+1 vertices xi, X2, ..., Xo+1 € R" such that {x; —xi: ke {/,...,n+1\{i}}is linearly independent
in R™. A simplex S is non — degenerate if none of its three vertices lie on a line or if none
of'its four points lie on a hyperplane, etc.

I'hus the Nelder-Mead simplex algorithms search the approximate minimum of a function

by comparing the values of the function on the vertices of a simplex. Accordingly, Sk is a

simplex at k" step of the algorithm with ordered vertices {x/, x3 ...,x,,, } in such a way

that

15
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T k 1 et ¥ . -
Hence, x,,is termed the 'worst’ vertex,x' the next 'worst’ vertex, etc. for the

e T ' k s i . .
minimization, while x| is the best vertex. Thus a new simplex S*'' will be determined by

dropping vertices which yield larger function values and including new vertices which
yield reduced function values, but all the time keeping the number of vertices n+1 (1 plus
problem dimension). This is achieved through reflection expansion, contraction or
shrinking of the simplex S¥. In each step it is expected that S¥# S*'' and the resulting

simplices remain non-degenerate,
Algorithm

Step 0: Start with a non-degenerate simplex SO with vertices {x,,x}, ....x,,, |. Choose
the constraints
p>0, x>1 (>p), 0<y<l,and O<o<l
known as reflection, expansion, contraction and shrinkage parameters ,respectively.
While(1)
Stepl: Set k<k+land label the vertices of the simplex 5* 80 thatx?, X5 ...%..i

according to
D) S5 S0 Bfta)
Step2: Reflect

o Compute the reflection point x!

=X+ p(xt —xk) =+ p)x - aeh,
where X = Z:I:x* (here the worest point Xent will not be used)

e Compute f{x})

o If flx*) <ix') <Axt), then accept x; and reject x', and GOTO
Step 1. Otherwise GOTO Step 3.

L
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Step 3: Expand

(a). If Lx}) <fx}), then calculate the expansion point x’ :

.x_;"+ E_TEy Tk —k & =} X
X, = 2%, =x)=x +p(x -x,)=(1+ppx -ppr’,

e Compute f{x*)

> If(x}) <f(x}), then accept x* and reject x!, and GOTO
Step 1.
> Else accept x} and reject x*, and GOTO Step 1.

(b). Otherwise GOTO Step 4.

Step 4: Contract

: —k ;
If A x! )= f(x¥), then perform a contraction between x and the better of x*, and x*

(a). Outside Contraction: If f(x*) < f(x') < f(x!,) (e x'is better thanx* ) .then
perform outside contraction, i.e. calculate x* = xk — y(x* —}*) and evaluate f(x').

» If f(x¥) < f(x¥), then accept x! and reject x5, and GOTO Step 1.
» Otherwise GOTO Step 5. (Perform shrink)

(b). Inside Contraction: If fx')> f(x*,).(ie. x!, is better than x), then

perform an inside contraction,; i.e. calculate

—k =% t
Xee =X "}’(X _xn+1)

> If f(x) < f(x*,,) then accept x% and reject x,,, and GOTO Step 1.
» Otherwise GOTO Step 5.(perform Shrink)

Step 5: Shrink

Define n new points



v, =x,+o(xf —=x,),i=2, ... n+1
so that the n+ 1points

% 5 Viseo ¥

"t Vsl

form the vertices of a simplex. GOTO Step 1.
END

Unfortunately, to date, there is no concrete convergence property that has been proved of
the original Nelder-Mead algorithm. The algorithm might even converge to a non-
stationary point of the objective function. However, in general, it has been tested to
provide rapid reduction in function values and successful implementations of the
algorithm usually terminate with bounded level sets that contain possible minimum
points. Recently there are several attempts to modify the Nelder-Mead algorithm to come
up with convergent variants. Among these: the fortified-descent simplical search method

and a multidimensional search algorithm are two of the most successful ones [3].
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CHAPTER THREE

THE TRUST REGION APPROACH

3.1 TRUST REGION ALGORITHM
In this chapter we consider formally the problem,

min f(x)

xeR"

Where /is a smooth non linear objective function from R"to R and is bounded. Since the
derivatives of the objective function are not available, the computationally expensive
objective function is locally approximated around a current iterate x* by a
computationally cheaper quadratic surrogate model M(x) which can be placed in the

form:
M(x)=a+b’"(x—x*)+%(x~x*)r8(.\'—x,) (1

Where a € R, the vector b € R", and the symmetric matrix B € R™" are the unknown
parameters of M(x). The total number of the model parameters is g = (n + 1)(n + 2)/2.

These parameters can be evaluated by interpolating the objective function at ¢ points.

Initial model

Let xo be the initial point. Initially, assuming that B is a diagonal matrix, then the number
of points required to construct the initial model is m =2n+ 1. The initial m points xi,

i=1,2,...,m can be chosen as follows

X =X -i-Ale,., i=12....n
X, =X, and

Xions = %o — A8, i=12,.,m-n-1

Fi+n+l

. . ; e L
where A, is the initial trust region radius that is provided by the user, and e is the i ™

coordinate vector in R",
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The initial quadratic model M")(x) will have the parameters ", the vector 5™, and the n
diagonal elements of the model Hessian matrix B""), These parameters are computed by
requiring that the initial model interpolates the objective function f(x) at the initial m

points given in (2). Therefore the initial model parameters are obtained by satisfying the
matching conditions:

M (x) = f(x), i=1,2,...,m (3)
Model optimization

At the A" iteration, assume that xx is the current solution point. The model M*(x) is then
minimized, in place of the objective function, over the current trust region and a new

point is produced by solving the trust region sub-problem:
min M (s), subject to [|s||< A (4)

Where s =x — xk, Ax is the current trust region radius, and Il throughout is the /2-norm.
This problem is solved by the method of truncated conjugate gradient by Steihaug [8]. It
15 1dentical as the standard conjugate gradient method as long as the iterates are inside the
trust region. If the conjugate gradient method terminates at a point within the trust region,
this point is a global minimizer of the objective function. If the new iterate is outside the
trust region, a truncated step which is on the region boundary is considered. Also, the
method treats the case where the minimum is in the opposite direction of the conjugate
direction which is due to the non convexity of the model [7]. One good property of this
method is that the solution computed has a sufficient reduction property, which was

proved by Bandler and Abdel-Malek [8].

Let s* denotes the solution of (4), and then a new point Xksr=X¢+ s  is obtained. The
achieved actual reduction in the objective function is compared to that predicted

reduction using the model by computing the reduction ratio which is given by:

__actual reduction  _ f(x,)-f(x,) (5)
% = predicted reduction M‘“(xt)..M'“(_\-n )
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This ratio reflects how much the surrogate model agrees with the objective function
within the trust region. The trust region radius and the current iterate will be updated such
that, if r« is sufficiently high, i.e., x > 0.7, there is a good agreement between the model
and the objective function over this step. Hence, it is beneficial to expand the trust region
for the next iteration, and to use x, as the new center of the trust region. If r¢ is positive
but not close to 1, i.e., 0.1 < rx<0.7, the trust region radius is not altered. On the other
hand, if r« is smaller than a certain threshold, ¢ < 0.1, the trust region radius is reduced.

The updating formula used for updating Ax and x can be expressed as follows:

Ty = 0 ak-l-l: %dk
T 0.1 < Tk < 0.7 : Ak+1= Ak (6)
nonz WLt
lIs*Il = Agsr= 1.54,
_ f[xx 45T, ifre,>0
Xk+1 = [xk otherwise )

It is to be mentioned that the current center is the point of least function value achieved

so far.
Model update

When a new point is available, the current quadratic model M*/(x) is updated so that the
point of lowest objective function value xx is now the center of the 4" trust region. The

model will take the form:
M®(s)=a® +s"p" +lsrB”’s, s=x-x¢and s €R" (8)

The parameters: a®, 5® and B® are evaluated employing the parameter values of the
previous model M*'(x) in addition to all available function values. The constant ' is
assigned the value of fx), i.e., a® =fix)x. The model will be updated in two steps. First,

the vector 5® is updated then the Hessian matrix B® is updated as follows:

Stepl: Updating the vector b™
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The vector %) can be obtained using only n points. However, using the n recent points
may result in ill-conditioned system of linear equations. In order to avoid this, it is
proposed to use the least squares approximation with the most recent 2z points. So, the
vector b® is evaluated such that the model M*(x) fits the last 2n points obtained, x;,

i=1,2,...,2n,1ie., the following condition should be satisfied:
M (s,)=f(s;), wheres;=ux;—xk i=1.25020 9

When computing the vector 5%, the matrix B® is assigned temporarily the value of the
previous model Hessian matrix, B*™"), hence the vector 6’ is obtained by solving the

following system of linear equations:

Ab®=y, (10)
where
- 1 = -
-S]T_' b f(31) g5 a(k) . ;SIBUC 1)51
1 -
sz f(s2) — a® —=s]B*Vs,
A=| ' |and v= 2 (11)
T " 9
-S2n- Lf(SZn) =a®i- ES-{RB(R 1)5211,

The previous systern is an over-determined system. The least squares approximation for

b'*1s
bR=(ATA) A"y, (12)
Step2: Updating the matrix B
The model Hessian matrix B® is evaluated using the following updating formula:

B®= B(lc-l}+qu (13)

wherec is a positive constant, 0.5 <¢ <1, and the vector pER™

q=[sign(diag B*-VN)Y (T — Oldiag B*)  (14)
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This choice of ¢, ensures that changes in B® occur gradually. The vector p is evaluated
such that the model M*)(x) tries to fit all the available m points obtained so far, x.,

i=1,2,...,m,1e., the following condition should be satisfied
MO (s,)= f(s,), wheres;=x —x i=1,2,....,m (15)

L.e., the vector p is obtained by solving the weighted system of linear equations

Ap=v, (16)
Where
= - - -
gs'{qST% wy (f(sy) = a®) — sTpt) — %sch("'”sl)
1
ESEQS;Wz Wz(f(Sz)—a(k)—s;b(")—%s{cﬁ("””sz)
A= y and v= . (17)
1 ' : 1 ¥
5 SrTr't qs;‘:lwm_ | W (f(sin) — a® — Sf;tb(k) i 551{168“‘ Usrn)_

To obtain more accurate model in the neighborhood of the current center, the available
points are assigned different weights wi, i =1, 2, ..., m according to their distances from
the trust region center. In the proposed approach the weight w;, associated with each

equation, takes the form:

1 if |lsil| < A

W‘ = C:A .
—_ |l > c,A
”S‘“ lf”Sl“ 1

i=12,.,.,m, (18)

where ¢| is a positive constant, c; > 1.
The previous system in (16) is an over-determined system (m > n). The least squares
approximation for p is

p=(A"4)" A". (19)

After getting the vector p, the term gp" is calculated and the matrix is made symmetric by
resetting the off-diagonal elements to their average values, i.e., by = by« (by+ by)/2,

then the new Hessian matrix B® is updated according to Eq. (13).



The model can be improved by generating a new point Snew = Xnew — xi, which is chosen to
be on the boundary of the trust region so that it improves the distribution of points around

the center of the trust region. A suggested solution to find §,. is to solve the following

problem:

M,P=Z(S,?s)2,such that s7s<0 Viand|s|<a  (20)
i=l
Where snew is selected to maximize the sum of squares of the projections of the vector e
on the other si,i=1,2,...ns vectors, where n, is the available set of points. After
generating Syew, the function value f{xsew) is computed. If f{xye) is found to be less than
Axi), then xuew Will be considered as the new trust region center of the subsequent

iteration, otherwise, X Will just be added to the available set of points.
Algorithm

A complete algorithm for the proposed method is given below (see also an illustrative
flowchart in Fig. 1).

SteplSet N=0 (the number of function evaluations), given
X0ER™ A1>0,0.5<c<],c1>1, Nmax, OX0€ER" A>0, 0.5<c<l, ci1>l, Nm, 0 (a
termination criterion).

Step 2 Find the initial m points using (2), letting x; be the initial trust region
center, then construct the initial quadratic model using (3), Set k= 1.

Step 3 Solve the trust region sub-problem (4) using the truncated conjugate
gradient method to obtain 5™ = x, — xi of the model M®(x) over the trust region.
Step 4. Evaluate f{x,) and compute the reduction ratio by substituting in (5).

Step 5 Update the trust region radius to obtain Ax+| using (6).

Step 6 Determine the trust region center of the next iteration x4+ based on xy and
re using (7). If |[focks) = fixw)l| <6, the algorithm will be terminated with

Xopt =i+ and fopr = flxks1). If for two successive iterations, rx is negative go to
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Step 9, else continue.

Step 7 Add the point x; to the set of available points S, if the number of points in
S exceeds Nmax, remove the farthest point from x.

Comment. To avoid severe computational and storage overhead, a bound Nyas is
put to limit the uncontrollable increase in the number of stored points.
Specifically, when the number of available points reaches Npay the farthest point
from the trust region center is removed.

Step 8 Construct the quadratic model M**V(x) around x4+ based on M*(x) and
the set of available points S using the updating procedures in Egs. (9), (10), (11),
(12), (13), (14), (15), (16), (17), (18) and (19), then set k= k + 1 and go to Step 3.

Step 9 Generate a new point Suew using (20), add it to the set of points S, then go
to Step 8.
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( Begin )

Inputs: x,,4,,8

1
Constants: ¢, ¢y, Npay. SetN =0
%
Locate the initial m points, let x, be initial TR
center point. Construct the initial quadratic 2
model around x, using equ. (1).Set 4= 4,,
Find the quadratic model min points* = x,, = x;
By solving TR sub-problem 3
ming M®) (s), subjecttolls|] < 4,
Evaluate f(x,) and ry as follows:
e = (£(x0) = [ @)/ (M® (x) = M®(x,). $
b
Update 4 based onry, previous
A and s*using equ. (6) o
-y
Determine x,, ; based on x; and 6
1, using equ. (7)
Setk = kb1 Y | Generate a new point X,,,,, on the TR bound.

Updalc Xk+1 iff(xruw) < f(xk)-
Add x,, . to the set of available points.

N

Add x,, to the set of available points. Remove
7 the farthest points from X 44 if number of

N

points exceeds Ny ax

.

8 Construct the new quadratic model around
X4 based on all available points.

e

Terminate with Xgpe = Xy4y
andfope = f(Xka1)

Fig 1.A flowchart for the proposed optimization algorithm.
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3.2 EXAMPLE

The 2D Beale function [10]

The function to be minimized is given by

fx)=(15-=z + T125)% + (2.25 — Ty + z,22)% + (2.625 — z) + 2,23)?

Beale Function

wherea; = 1.5, a; = 2.25, and a3 = 2.625. This function has a valley approaching the line

X2 = 1. The initial values used for xo and A, are (0.1 0.1)” and 0.8, respectively.
min fix) = (1.5 — x1 + x1x2)? + (2.25 — x1 + X1 Xa)* +(2.625 — x1 + x1X2)’
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xER?

Gw;nxu—[ J A;=038
0.1

Step I N = 0

Since n =2, we need m=2n+ 1 =2(2) + 1 =5 points

The initial m points x; =1, 2, ... 5 can be chosen as follows

x[=xu=[0'l]ﬂnd Xitz+l = X0 HAs€i ..., i=1,2...
0.1

Hence, X1 =x0= 0.1
0.1

0 . 3xz=xo+ﬁ;ej=[ )+08 [']
(0]

1=2, X21-|=X3=xo+ﬁ;62=( ]‘*’08 [OJ

i=1, Xin+1=x4=%x0-4se1= [J [ 8]=(:g
] [01

1=2, Xa#2+¢1 =X5=X0—4,€2= [ j (O

Step 2:- Construct the initial quadratic model

let x; = (0' IJ be the initial trust region center. Set k = 1
0.1

To construct the model we use

M!' (x)=fx)... i=12,...,5.
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_ T
Where M'(x) =a1 +b'(x —x;) + % (x-x1)"B(x - X1) assuming B isa diagonal matrix

andb € R%

i=1, xi=x=[ 01
0.1

M'(xi) = f(xi) =ai + b"(0) + L (0)TB(0)=f [0- 1]
2 0.1

a;=(1.5=0.1+(0.1) (0.1* +(2.25 - 0.1 + (0.1) (0.1%)* + (2.625 — 0.1 + 0.1(0.1)*)
a1 =1.9881 +2.151 + (2.5251)2

ar=12.99103101

wm(33)
e (P )= () R (B )
ad (bl

M'(x2) = 12.99103101 + (bib) [0-3]+ 1 080 [0'8]=f[°'9]
0] 2 2.1 0.1

Il
(o

= 12.99103101 + 0.8 by +0.32a + f[g-s;]

=f= [0'9] (1.5-0.9 +0.9 x 0.1)2 + (225 - 0.9 + 0.9(0.1})* +(2.625 - 0.9 + 0.9 (0.1)3)
0.1

=0.4761 + 1.846881 + 2.97873081
=5.30171181
Thus, 12.99103101 + 0.8b; +0.32a=5.30171181

= 0.8b1 +0.322 = -7.6893192 ...oceuvurrnmismseiinssisinasissees (1)



i=3, x=x= (0'9]
0.1

M’(x3)=I2.99103101+(b1b2)[0 ]+L (0.08) [ao 0 =g (0.1
08) 2 06)\0.8 [0_9]

—12.99103101 + 0.8 b, +0.32b=f[0°1J=6.3189
0.9

=>0.8b2 + 0.32b =-6.67213101

i=4, xi=xa= [:E’)U
M!(xs) = 12.99103101 + (by bz)[(:gzg_[g::)}
s C-CY

= 12.99103101 + (b by) ["0-8)+ 1 (08-02)B (-0-8)=f(—0.8'J
0.2 2 —-0.2 -0.2

|
b

=12.99103101 - 0.8b; — 0.2b + (-0.4~0.1)[“ 0) [- O-SJ =f [-0-7)
0b —-0.2 - 0.1

=12.99103101 — 0.8b; — 0.2bz +0.32a+ 0.02b = f [- g-’;’]

=>12.99103101 - 0.8b; — 0.2by+ 0.32a + 0.02b = 24.87442949

=-0.8b; = 0.2b2 + 0.32a + 0.02b=11.88339848 ........coovvrrrmiiiiiiiininiin (3)

i:S. '\|:x5= '—'0-1
—~ 7

M'(x5) = 12.99103101 + (by b2) [[: 3;) —(31 :D ¥s [[: 3.;) 4 (g :]]
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e

—12.99103101 + (by + b2) [—0-2J+1 (02-08)B (= 0:2) = (~0.1
—08) 2 -0.8 -0.7

= 12.99103101 — 0.2b; — 0.8b2 + (-0.1 - 0.4) [a OJ [— 0-2] —g(=0.1
0b6)(-0.8 —0.7

=12.99103101 - 0.2b; — 0.8bz + 0.02a + 0.32b=f [-— O.IJ
—-0.7

=12.99103101 — 0.2b; — 0.8b2 +0.02a + 0.32b=f [—0.1]
-0.7

=12.99103101 - 0.2b; — 0.8b2 + 0.02a + 0.32b = 15.32336749

- 0.2b;-0.8b2+0.02a +0.32b =2.33233648 ..............c0n... 4)
Using the above four equations we have
0.8 0 0.32 (0] b, —7.6893192
0 0.8 0] 0.32 (| b, -6.67213101

—0.8 02 032 0.02]||al|7|11.88339848
—02 -08 0.02 032)(> 2.33233648

Using Cramer’s Rule on the above, we get
a=1972,b=-10.095, bj=-10. 4, b =-4.302

Thus,

M'(x)=a; +bT(x) + % (x)" B (x)

e ~104Y 5 2z DY (IR 0 J
Where a;= 12.991, b= [_4.302]‘5R-B_(0 b] [ 0 -10.095
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Step 3:- Minimize the model

min M ' (s)

5
Wheres=| 1 | g2
st.|| s[<0.8 i [ JGR’

)

This implies

M{S‘J=]2.99l+(—10.4 -4.302)(3*}&(5l A
%2 $2) 2 0 —10.095 s,
)
52/

J =12.991-10.4s, —4.302s, +0.988(s, )’ - 5.048(s, )

I .S:
s M ‘

P

(s,) +(s,) <08
The Lagrange function defined by
L(s,,5,, 1) = 12.991-10.4s, —4.302s, +0.988(s, )’ —5.048(s, | + u((s, ¥ +(s, )’ =0.64)
To solve this we use KKT condition.

l. L, =-10.4+1.976s, +2us5, =0
2. L, =-4.302-10.096s, +2us, =0
3. (s, ) +(s, ) —0.64)=0
4. ((s,) +(s,)’ -0.64<0
5. u=20
Casel: let 4=0
-10.4 + 1.97651==and — 4.302 - 10.096s2 =0

=5 = SO 5.279ands, = il 0.426
1.976 10.096

Forsl =5.279 and s2 = 0.426 condition 4 is not satisfied.
Case 2: let 1> 0 then (s,)" +(s,)’ =0.64

10.4—1.976s,

L, =-10.4+1.976s, +2us, =0=> p= =
|



_ 4.302+10.096s,

‘L.r‘ =-4.302- 1009652 o+ 2‘152 =0= Y7,

2s,
10.4-1976s, _ 4.302+10.096s,
Then .
2s, 25,
s 0.523
From the above we have s = [sj = {0.605}

Step 4: Compute the reduction ratio.

The new point x, = xk +§ where x, =x, = [0 l] il e [0.523]

0.1 0.605
E’O. 1 0.523 0.623
=X, =| \+ =
(0.1 0.605 0.705

0.1
(x,)=f(x)= =12.991
Sx)=f(x) f[O.J

0.623
0.705

M'(x)= M'[O'l]= 11.48
0.1

S(x,)= j{ } =10.121

0.625

M'(xn)y=M'
0.705

J = 2.0938

Now the reduction ratio will be

fo)-fx) __12991-10.121

-t . r = =0.306
M'(x,)-M'(x,) 11.48-2.0938

Step 5: Update the trust region radius

r, =0.306 . Since0.1< 7 0.7, A, =A, =A, =038
Step 6: Determine the trust region center

Since r, = 0.306>0, then the new center is

0.1y (0523) (0.623
Xps =X, =xt+.s= 0.1 + 0?05 = 0.705
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Thus the next step is to update the model and again to minimize over the new trust region
and to follow the same procedure. Thus the function has a minimum of ( at (3 0.5)" The
result is obtained by applying the proposed technique.

3.3 LIMITATIONS OF DERIVATIVE-FREE OPTIMIZATION.

Perhaps foremost among the limitations of derivative-free methods is that, on a serial
machine it is usually not reasonable to try and optimize problems with more than a few of
variables, although some of the most recent techniques can handle unconstrained
problems in hundred of variables. Also, even on relatively simple and well-conditioned
problems it is usually not realistic to expect accurate solutions, convergence is typically
rather slow. For example, in order to eventually achieve something like quadratic rate of
local convergence, one needs either implicit or explicit local models that are reasonable
approximations for a second-order Taylor series model in the current neighborhood. With
100 variables, if one was using interpolation, a local quadratic function would require
5151 function evaluations as shown in Table 3.1[2]. Just as one can achieve good
convergence using approximations to the Hessian matrix (such as quasi-Newton methods
in the derivative- based case, it is reasonable to assume that one can achieve similar fast
convergence in the derivative-free cases by using incomplete quadratic mode or quadratic
models based on only first-order approximations. However, unless the functions look
very similar to a quadratic in the neighborhood of the optimal solution, in order to
progress the models have to be recomputed frequently as the step size and the radius of
sampling converge to zero. Even in the case of linear models this can be prohibitive when

functions evaluations are expensive. Thus typically one can expect a local convergence

rate that is closer to linear than quadratic, and one may prefer early termination.

As for being able to tackle only problems in around 20 or moderately more variables
(currently the largest unconstrained problems that can be tackled on a serial machine
appears to be in several hundred variables), the usual remedy is to use statistical methods
like analysis of variance to determine, say, the most critical 20 variables and optimization
only over them. It may also be reasonable to take advantage of the relative simplicity of
some of the derivative-free algorithms, like directional direct-search methods, and

compute in a parallel, or even massively parallel, environment.
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P 10 20 50 100|200

TSI 66 231 1326|5151 | 20301

Table 3.1 Number of points needed to build a “fully quadratic’ polynomial model [2].

Another limitation of derivative-free optimization may occur when minimizing non
convex functions. However, and although nothing has been proved to support this
statement, it is generally accepted the derivative-free optimization methods have the
ability find “good” local optima in the following sense. If one has a function with an
apparent large number of local optimizers, perhaps because of noise, then derivative-free
approach given their relative crudeness, have a tendency to initially go to generally low
regions in the early iterations (because of their myopia, or one might even say near-
blindness) and in late iterations they still tend to smooth the function, whereas a more
sophisticated method may well find the closest local optima to the starting point. The
tendency to “Smooth” functions is also why they are effective for moderately noisy
functions. There are many situations where derivative-free methods are the only suitable
approach, capable of doing better than heuristic or other “last-resort” algorithms and

providing a supporting convergence theory.

There are however, classes of problems for which the use of derivative-free methods that
we address here are not suitable. Typically, rigorous methods for such problems would
require an inordinate amount of work that growth exponentially with the size of the
problem. This category of problems includes medium and large scale general global
optimization problems with or without derivatives, problems which not only do not have
available derivatives but which are not remotely like smooth problems, general large non-
linear problems with discrete variable including many combinational optimization ones

(so-called NP hard problems) and stochastic optimization problems
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CQNCLUSIONS
In this project, a trust region optimization method that does not require any derivative
information has been proposed. In this method, the objective function is approximated via
quadratic surrogates, and using few number of initial data points than the exact number of
surrogate parameters. Classical benchmark test problems were used to demonstrate the
accuracy and efficiency of the proposed method. The results obtained showed the ability
of the proposed method to rapidly converge to the final region containing the optimum
solution when only a limited number of function evaluations is permissible and when a
high accuracy is not really necessary. Thus, the proposed method is suitable for stochastic

optimization or objectives that suffer from numerical inaccuracy
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