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Greens Functions On a Disk and Upper Half Plane

Abstract

In this paper, we investigate some boundary value problems for two dimensional harmonic 

functions. That is basic introduce new tools for solving Dirichlet problems, Poisson’s equations

and Neumann problems with Green’s function 
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Where h is harmonic on the region and 
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Roughly speaking Green’s function for a given region Ω and that can be used to solve any 

Dirichlet problems or Poisson problems on Ω. In the same way that the Poisson’s kernel on the 

real line can be used to solve Dirichlet problems in the upper half plane.

.     
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Introduction

In mathematics, a Green’s function is the impulse response of an inhomogeneous differential 

equation defined on a domain, with specified initial conditions or boundary conditions. Via the 

superposition principle, the convolution of a Green’s function with an arbitrary function f(x) on 

that domain is the solution to the inhomogeneous differential equation for f(x).

Green’s functions are named after the British Mathematician George Green, who first developed 

the concept in the 1830s. In the modern study of linear partial differential equations, Green's 

functions are studied largely from the point of view of fundamental solutions instead.

This paper concerned about Green’s function for the disk in the upper half plane .The main 

objective of this paper is to solve boundary value problems .I have only tried to present a sample 

of two dimensional problems . To motivate the result of this paper I derive the Poisson integral 

formula that solves the Dirichlet problems on simply connected regions in the plane.

As a little indication, this paper consists of three parts, in the first part I start with preliminaries; 

Notations, Definitions and basic properties of fundamental solution and theories, concepts and 

several results that are frequently used in the next parts.

The second part of this paper is concerned with Green’s theorem from calculus and use simple 

tricks like integration by part to drive two identities /Green’s first and second identities/ . We 

then apply these to obtain important properties of the solution of Laplace’s equation and by 

modifying this formula and introducing the Green’s function. Simple manipulations with Green’s 

function yield formulas for the solution of Dirichlet problems/Poisson integral formulas/ and 

Poisson equations.

Lastly; the basic ideas and properties of Green’s functions and how to construct such functions

for finding solutions of partial differential equations. Some examples of applications are 

provided in this part.   
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CHAPTER I

1. PERLIMINARIES

In this chapter we consider basic properties of real valued function theories, concepts, several 

results and techniques of this chapter frequently used in later chapters.

1.1 Definitions and Notations

Let  denote the set of real numbers

           Ω -denoted a region on the plane and D denote open disk in the region 

          
),,,( 00 yxyxG denotes by Green’s function.

           denote Laplacian operator

          denoted Dirac delta function.

Definition 1.1 A closed curve is called simple, if it does not intersect itself .That is if C is a simple curve 

and )()( 21 tCtC  for some 21 tt  in  ba , then at 1 and bt 2 .

Definition 1.2 A subset U of the plane is open if for every ),( 00 yx   in U there is an open      disk D

centered at ),( 00 yx and contained entirely in U .

Definition 1.3 Let  f be a function in an open set which has second order continuous partial derivatives.

Then the Laplacian of f define by 
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Definition 1.4 Let ),( yxf be real valued function continuous a second ordered partial derivatives in an 

open set O and satisfies the Laplace’s equation 0f in region  . Then we say that ),( yxf is 

Harmonic in  .
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Definition 1.5 The non-homogenous version of Laplace’s equation ),( yxfu  is called 

Poisson’s equation. It is convenient to include a minus sign here because ∆ is a negative definite 
operator. 

Definition 1.6 A Dirichlet problem is the problem of finding a function which solves a specified 
partial differential equation (PDF) in the interior of a given region that takes prescribed values on 
the boundary of the region

Definition 1.7 A Neumann condition is any condition that specifies the normal derivative on the 
boundary.

Definition 1.8 A region  in the plane is called simply connected if the interior of every simple 
curve /closed curve/ in  is also contained in  .A region that is not simply connected is called 
multiply connected.

Line integral, If C is a curve parameterized by   btatytx ,)(),( and ),( yxf is continuous 

function on C; we define the line integral of f over C to be

                     

)2())(())(())(),((),( 22


 dttytxtytxfdsyxf
C

1.2 The Delta Function

There is a great need in differential equations to define objects that arise as limits of functions 
and behave like functions under integration but they are not properly speaking, functions 
themselves. The most basic one of these is the so-called  - function.

The  - function is defined by the following three properties.

                            
)3(
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Where  f is continuous at ax 
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When  is small, the graph of    is essentially just a spike of unit integral at 0x . Thus for 

any continuous and bounded f(x) 
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On the other hand, taking the limit 0 inside the integral makes no sense; the limit of   is 

not a function at all. To get around this, the object  to act as the property (9).

In formally speaking the  - function “pick out” the value of the function at one point.

There are  - functions for higher dimensions also. We define the n- dimensional - function as

)()...()(),...,,( 2121 nn xxxxxx   ,where n
i Rx 

1.3 Fundamental Solution

In studying a differential equation, especially in finding solution of a partial differential 
equation oftentimes one identifies some explicit solution and then proceed to build further 
solutions from the explicit ones. The search for explicit solution is easier when the functions 
have some sort of symmetry property, for instance radial symmetry.

1.3.1 Fundamental Solution for Laplace’s equation 

Consider Laplace’s equation in nR

 6,0)( nRxxu 

There � lot of functions u which satisfy this equation. In particular, any constant function is 

harmonic. In addition, any function of the form nn xaxaxaxu  ...)( 2211 for constants ia is 

also a solution. Here, however, we are interested in finding a particular solution of Laplace’s 
equation which will allow as solving poisons equation.

Given the symmetric nature of Laplace’s equation, we look for a radial solution. That is, we look 

for a harmonic function u on nR such that |)(|)( xvxu  . In addition, due to the symmetry of 

Laplace’s equation, radial solutions are reducing a PDE to an ODE, which is generally easier to 
solve. 

If a function ),...,,( 21 nxxxu
  
is called a radial, if it has the form )(ruu  ,where
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The Laplacian of u is merely the sum of this expression over all i, namely 
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For simplicity, we set 02 C . We have obtained radially symmetric solution to Laplace’s 

equation on the }0{\nR . 
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where n is the surface area of the unit ball in nR . We see that the function k defined in (5) 

satisfies 00)(  xforxk , but at x=0,  )0(k   is undefined. As we will show in the 
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following claim, k satisfies  k . For this reason k is the fundamental solution of Laplace’s 

equation. For )(0
nRC  we want that 

)0()(|)(|   dxxxk
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|)(| xk is harmonic in . Consider Green’s identity )0((  BU 

ds
n

xk

n
xkds

n

xk

n
xkdxxk

B

rxforce






 















)0(

||0sin,0

)
|)(|

|)(|()
|)(|

|)(|(|)(|





  




  dxxkdxxk  |)(|]|)(|[lim 0 .  K(r) is integrable at x=0.

on ThuskxkB ).(|)(|,)0(  

0,0|||)(||||)(||)(| 1

)0()0(







 


 



asMaxkds
n

xds
n

xk n
n

BB

|)0()(|)0(

)(,0|)0()(|)0(
1

)0(
)]0()([

1
)0(

1

)(
1|)(|

)(

)0(

)0(
1

1

1
)0(

1

)0(
1

)0(


























































xMax

continuousisxMax

ds
B

xds
B

dsxds
n

xk
x

Bx

Bx
n

nn
n

n
n

n
n

B
n

nB

Thus

)9()0(|)(|lim|)(| 0 


  
 

 dxxkdxxk



Greens functions on a disk and upper half plane

7
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CHAPTER II

2. GREEN’S FUNCTION AND ITS PROPERTIES

2.1 Green’s Theorem and Identities

Green’s theorem in planar region is a striking result from the calculus of several variables that 

relates a line integral around a closed curve to a double integral over the region bounded by the 

curve. 

2.1.1 Green’s Theorem

Theorem 2.1 Let C be a positively oriented simple curve with interior region  , let ),( yxM

and ),( yxN be continuous functions with continuous first partial derivatives on C and  .Then

 


















C

dxdy
y

M

x

N
dyyxNdxyxM ),(),(

Theorem 2.2 Green’s theorem for multiply connected regions

Let  be a multiply connected regions with boundary .Suppose that, let ),( yxM and ),( yxN

are continuous functions with continuous first partial derivatives on  and  . Then

  )10(),(),( dxdy
y

M

x

N
dyyxNdxyxM 



















2.1.2 Green’s Identities

In solving Dirichlet problems we are asked to find a harmonic function inside a region Ω, given 

its values or the values of its normal derivatives on the boundary of Ω. Green’s theorem relates a 

line integral to a double integral, and so in a way it gives information about the values of a 

function inside a region from its values on the boundary of that region. The main objective of 

this section is to use Green’s theorem in a very ingenious way and show how we can solve 

Dirichlet problems using line integrals on the boundary. For this purpose we drive two important 

formulas known as Green’s first and second identities.
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Definition 2.1 

Let ),( yxu be a function defined on a curve C parameterized by )(tx and ).(ty Then the 

normal derivative of u denoted by
n

u




  is the directional derivative of u in the direction of the 

unit normal vector.























22 ))(())((

))(),((
),(

tytx

txty
uunu

n

u
yx

Where in this expression the normal vector to the curve C as the vector ))(),(( '' txty and its 

norm 22 ))(())(( tytx 

Recall the notation of (2)  

dttytxds 22 ))(())(( 

we have for the point on the curve C

dttxtyuuds
n

u
yx ))(),((),( 




                   
)11(dyudxuds

n

u
xy 




Theorem 2.3 Green’s Identities

Let Ω be a multiply connected region with boundary Г. as described in theorem (2.2) /in 
particular the outer curve is positively oriented and the inner curve is negatively oriented/. Let 

),( yxU and ),( yxV have continuous second order partial derivatives on Ω and its boundary. 

Then we have Green’s first Identity

)12().( 
  


 ds

n

v
udxdyvuvu

And Green’s second Identities 
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)13()()( ds
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u
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
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


 dxdyuvvu ][ Proved!!
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Theorem 2.4 Compatibility condition in Neumann problems

Let Ω be simply or multiply connected regions with boundary . Suppose that u is Harmonic in 

Ω, then the normal derivative of u must be integrated to 0 along the boundary.

i.e. the boundary value of the normal derivative of harmonic function u cannot be arbitrary.

They must satisfy the capability condition 0






ds
n

u

Proof, Apply Green’s second identity and take 1v

00[][ 






ubecauseudxdyvdxdyvuuvds
n

u

Proposition 2.1 

Suppose that ),( yxu is a function defined on a region Ω such that 0),( yxux   and 0),( yxu y

for all (x,y) in Ω, then u must be constant on Ω.

Theorem 2.5 Uniqueness of solutions in a Dirichlet problem  

Let Ω be simply or multiply connected regions with boundary  , as in the theorem 2.3. If 1u and

2u are Harmonic function on Ω and 21 uu  on the boundary  , then 21 uu  on Ω.

Proof, 

Let .21 uuu  Then u is Harmonic on Ω and 0u on boundary. We show that 0u on Ω.

Apply Green’s first identity, with vu  and use the fact that 0v   we get

ds
n

v
udxdyvuvu 

 


 ][

But 0u on boundary  and

22 )()( yx uuvu  , so 0)()( 22 


dxdyuu yx
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This implies the only way for the integral of a non negative continuous function to be 0 is this 

function to be identically zero. Thus   0)()( 22  yx uu This implies 0xu and 0yu on Ω.

By proposition 2.1, we conclude that u is constant. But this constant has to be also 0 on the 

boundary. So 0u on Ω.

Theorem 2.6 uniqueness in solutions of Neumann problem.

Let  be a simply (or multiply) connected region as in theorem 2.3, with boundary . If 

21 uandu are harmonic function on  and 
n

u

n

u






 21 on the boundary , then 

.21  oncuu

Dirichlet principle 

Let  be a simply or multiply connected region with boundary  , as in theorem 2.3. Let 

),( yxh be defined for ),( yx denote the unique solution of Dirichlet problem 0u on and 

hu  on  . The energy of a function  defined on  is the nonnegative number

dxdyE   2||
2

1
)( 

Where ),( yx   is the gradient of  . Dirichlet’s principle states that all of function ),( yxv

on  that satisfies the Dirichlet boundary condition hv  on  ,the one that minimizes the 

energy integral is the harmonic function u . That is, if hv  on   ,then )()( uEvE  .

Proof. i) Since hv  on  , then write

wuuvuv  )( ,where 0w on  

We want to show that 

222 ||2|||| wwvuv 

Since wuv 
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),(),(

),(),(),(,

yyxxyx

yxyxyx

uuwuvv

wwuuvvbecausewuv





Hence 

wuwuv

wwuu

wwwuwuuu

wwuuwwuu

wuwu

vvu

yxyyxxyx

yyyyxxxx

yyxx

yx













.2||||||

||2||

)(2

22

)()(

||

222

22

2222

2222

22

22

Thus 













wdxdyudxdywdxdyu

dxdywwuudxdyv

22

222

||
2

1
||

2

1

)||2|(|
2

1
||

2

1

Since 0w on   , by Green’s frist identity 


 0wdxdyu

Hence 

dxdywdxdyudxdyv 


 222 ||
2

1
||

2

1
||

2

1

).()()( wEuEvE 

Since 0)( wE we concluded that )()( uEvE 
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2.1.3 Harmonic Functions and Greens Identities

In this section we derive several classical properties of harmonic function including Gauss’s 

mean value property and Maximum and minimum /Modulus principle/. This important result 

follows from application of Green’s identities using the logarithmic function.

Proposition 2.2 (Normal derivative of logarithm)

For ),(),( 00 yxyx    let  2
0

2
0 )()(ln

2

1
),( yyxxyxv  and rC be a positive oriented circle 

with center  ),( 00 yx
  
and radius 0r   then  

rn

yxv 1),(



    for all (x,y) on cr

.

Proposition 2.3

The function  2
0

2
0 )()(ln

2

1
),( yyxxyxv  is harmonic at all points ),(),( 00 yxyx 

Proof: To realize that V is translating of ryx ln]ln[
2

1 22 

Since the polar form of the Laplacian 0
11

2

2

22

2
















f

rr

f

rr

f
f it follows that rln satisfies 

Laplace’s equation for r≠0. Hence the translate ),( yxv satisfies Laplace’s equation for

),(),( 00 yxyx 

Theorem 2.7 (Gauss`s Mean Value Property)

Suppose that u is harmonic on a region Ω. Let, ),( 00 yx be any point in Ω and 0r be any real 

number such that the closed disk of radius 0r centered at ),( 00 yx is contained in Ω. Then

)14()sin,cos(
2

1
),(

2

0

0000 dttrytrxuyxu  




Proof.  Since ,0,0  onvu

with Green’s second identity  
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0)( 










ds
n

u
v

n

v
u

Since  is the closed disk of radius r>0, we’ll parameterized its boundary as 

tryytrxx sin,cos 00 

.ln
2

1
),(,  onryxvfunctiontheonrdtds



Then the above equation becomes

ds
n

u
v

r

ds
uyxu

yxuds
n

u
vds

n

v
u






















2
),(

),(

00

00

Since v(x,y) is constant 0




 n

v
u










)sin,cos(
2

1

)sin,cos(
2

1
),(

2

1
),(

00

0000

trytrxu
r

rdttrytrxu
r

dsyxu
r

yxu




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2.2 GEERN’S FUNCTION

Green’s function appear in various contexts with boundary value problems. Existence and 

uniqueness theorem usually evoke Green’s functions. Such function where introduced by Georg 

Greens [1793-1841] some times in 1828.

2.2.1 Properties of Green’s Function

In the previous section we proved the mean value property of harmonic function u on a region 

Ω. Which says that the value of u at a given point ),( 00 yx in Ω is obtained by averaging (or 

integrating and dividing by 2π) the value of u on any circle in Ω centered at ),( 00 yx .In this 

section we prove a far –reaching generalization of this fact. We show that if u is harmonic inside 

a region Ω and continuous on the boundary of  Ω by integrating on the boundary of  Ω the 

product of u times a fixed function that depends only on  Ω and not u . This magical function is 

the normal derivative of the so-called Green’s function for the region Ω and the integrating 

formula those obtained solves the Dirichlet problem inside Ω and variation on this formula 

solves Poisson equation on Ω.

We start with an intermediate formula in which the values of u inside Ω are determined from its 

value and the value of its normal derivative on the boundary.

Theorem 2.8 Representation formula

Suppose that u is harmonic inside Ω and continuous on its boundary Γ.   Let ),( 00 yx   be a 

point inside Ω. Then  ds
n

u
v

n

v
uyxu 
















2

1
),( 00

Where  2
0

2
0 )()(ln

2

1
),( yyxxyxv 

                                                 Fig. 1

Γ

ΩR

CR

   *   
(x0,y0)
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Proof. Draw the negatively oriented circle Cr around in Ω and Ωr denotes the region that consists 

of Ω minus the disk of radius r around ),( 00 yx   /fig 1/ .The boundary of  Ωr is Γ plus  Cr . Both 

u and v are harmonic in Ωr. 

Apply Green’s second identity 

0][ 

























 


ds
c n

u
v

n

v
uds

n

u
v

n

v
udxdyuvvu

r

Thus

)15(ds
n

u
v

n

v
uds

n

u
v

n

v
u 




























Since Cr is negatively oriented, we have 



CC rr

, where - Cr is now positively oriented.

Parameterize rC by 20;sin)(,cos)( 00  ttrytytrxtx

rn

v
rvrdtds

1
,ln, 





Then

 




















 2

0

2

0

),( ds
n

u
vds

n

v
yxuds

C n

u
v

n

v
u

r

0
1

)sin,cos(
2

1 2

0

00   rdt
r

trytrxu



                               

)16(),(2)sin,cos(
2

1
00

2

0

00 yxudttrytrxu 




 

From 15 and 16 we have 

)17(
2

1
),(

00
ds

n

u
v

n

v
uu yx 




















Greens functions on a disk and upper half plane

19

Next we modify the representation formula in theorem  2.8 in such a way that the resulting line 

integral does not involves the normal derivatives of u for these purpose ,suppose that there is a 

harmonic function h on Ω such that vh  on  . Where v is as in theorem 2.8.

Apply Green’s second identity with u and h (both are harmonic on Ω.) we get

ds
n

u
h

n

h
u















0 ---------------on the boundary u=0

Dividing by 2π and using vh  on  , we get

)18(0 ds
n

u
v

n

h
u

















Adding equation (17) and (18) we obtained 

)19(
)(

2

1
),( 00 ds

n

hv
uyxu 














  )20(),,,()()(ln
2

1
),,,( 00

),,,(

2
0

2
000

00

yxyxhyyxxyxyxG

yxyxv



  

The function G is called Green’s functions for the region Ω. 

Theorem 2.9 Solutions of Dirichlet problem

Suppose that u is harmonic on Ω and continuous on its boundary  . Then for ),( 00 yx in Ω we 

have  

ds
n

yxyxG
yxuyxu 













),,,(
),(

2

1
),( 00

00 

Where, G is Green’s function.

The proof is directly from theorem 2.8 and its modification on equations (18) and (19), because 

the theorem derived from the Dirichlet problems on Ω.
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Theorem 2.10 In the reperesentation formula(theorem 2.8)

1)()ln(
4

1 2
0

2
0 







dsyyxx
n

Proof, Since 

),,,(),,,(),,,( 000000 yxyxhyxyxvyxyxG 

From theorem 2.8

ds
n

yxyxG
yxuyxu 













),,,(
),(

2

1
),( 00

00 

Take u=1

ds
n

yxyxh
dsyyxx

n
conditiontycompatibli
  

0

002
0

2
0

),,,(

4

1
))()ln(

2

1
(

2

1
1




 









1)()ln(
4

1 2
0

2
0 




 


dsyyxx
n

Theorem 2.11 properties of Green’s function

Let Ω be a region with boundary    and let G be its Green’s function as in (20), then 

I. ),,,( 00 yxyxG is harmonic function of ),( yx in Ω minus ),( 00 yx harmonicity fails at

),( 00 yx due to the logarithm part of v.

II. 0),,,( 00 yxyxG for all ),( yx on the boundary  .

III. (Uniqueness property ) Green’s function is uniquely determined by the region Ω.

IV. 0),,,( 00 yxyxG for all ),( yx in Ω minus ),( 00 yx .

V. (Symmetric property) ),,,(),,,( 0000 yxyxGyxyxG  for all ),( 00 yx and ),( yx in Ω.

Detail proof on Bibliography [1] page (631)
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Theorem 2.12 Solutions of Poisson Equation with zero boundary data

Let Ω be a region with boundary ? as in theorem 2.8. Let ),( yxf be a function on Ω and 

suppose that u is a solution of Poisson equation on Ω 

)21(),(),( yxfyxu 

                          0u on the boundary.  Then for all ),( 00 yx in Ω

)22(),,,(),(
2

1
),( 0000 dxdyyxyxGyxfyxu 






Where, G is Green’s function for Ω.

Proof: since ),(),( yxfyxu  , in Ω, and so 

dxdyyxyxGyxudxdyyxyxGyxf 


 ),,,(),(),,,(),( 0000

Let Cr be a negatively oriented circle around ),( 00 yx and let Ωr be Ω minus Dr. The closed disk 

of radius r centered at ).,( 00 yx The boundary of r consists of  plus the negatively oriented 

circle rC .

Apply Green’s second identity in r , use that 0u on  .G is harmonic in r and 0G on 

 and get

)23(
),(

),(),,,(),( 00 ds
C n

yxu
Gds

C n

G
yxudxdyyxyxGyxu

rrr

 










Let 0r   in (23) and establish the following three limits

)24(),,,(),(),,,(),(lim 00000  







r

dxdyyxyxGyxudxdyyxyxGyxur

)25(),(2),(lim 000 yxuds
C n

G
yxu

r

r 




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)26(0
),(

),,,(lim 000 



  ds

n

yxu

C
yxyxG

r

r

The proof of Equation (25) is directly by (19).

Proof of (26) writes Green’s function

  ),,,()()(ln
2

1
),,,( 00

2
0

2
000 yxyxhyyxxyxyxG 

Where h is harmonic, hence it is continuous and bonded by a constant M on rD say Mh  on 

rC . Also since u has continuous partial derivative in Ω. 
n

u




  is continuous and bounded on Dr. 

Say  A
n

u





We have

ryxyxv ln),,,( 00 

Hence

ArM
n

yxu
yxyxG )ln(

),(
),,,( 00 


 , and so

0)ln(2)ln(
),(

),,,( 00 



 ArMr

C
dsArMds

n

yxu
yxyx

C
G

rr

 as 0r

From (24) 0),(2),,,(),( 0000  


yxUdxdyyxyxGyxu 

Hence  dxdyyxyxGyxuyxu ),,,(),(
2

1
),( 0000 






dxdyyxyxGyxfyxu ),,,(),(
2

1
),( 0000 





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To solve the general Poisson’s equation with arbitrary boundary values, we combine the 

solutions of the Dirichlet problem and Poisson’s equation with zero boundary values. 

Theorem 2.13 General solution of Poisson’s equation

With the notation of theorem 2.10 suppose that u is a solution of Poisson’s equation (21) with the 

boundary condition ),(),( yxgyxu  for all ),( yx on . Then for all ),( 00 yx in Ω.

dsyxyx
n

G
yxgdxdyyxyxGyxfyxu ),,,(),(

2

1
),,,(),(

2

1
),( 000000 

 





2.2 .2 Laplace’s Equation in Rectangular Region

Consider the Laplace’s equation 

)(),(

0,0,0

xfbxu

byaxu




Let  )()(),( yYxXyxu 

By using separation method we arrive at the equation 

0,0 ''''  kYYkXX

Where k is the separation constant, with boundary condition 0)0(,0)(,0)0(  YaXX

For xCxCXobtainwek  sincos0 21
2 

Imposing the boundary condition for X, 02 C then 

,...3,2,1,  n
a

n
n



And hence 

,...3,2,1,)sin()(  nx
a

n
xX n


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Turning know to Y with nk  , we find 

yByAY nnnn  sinhcosh 

Imposing 0)0( Y , we find that 0nA and hence 

yBY nnn sinh

Superposing this solution we get the general form of the solution 

y
a

n
x

a

n
Byxu

n
n


sinhsin),(

1







Finally the boundary condition  )(),( xfbxu  implies that

x
a

n

a

bn
Bxf n


sinsinh)( 

We choose the coefficients 
a

bn
Bn


sinh to be Fourier sine coefficients of f on the interval 

ax 0

Thus 

,...3,2,1,sin)(
sinh

2

0

  nxdx
a

n
xf

a

bn
a

B
a

n




Consider poisons equation 

)27(
0

),(








boundariestheonu

regiontheinyxfu

We will take the hint from the solution of Dirichlet problem on a rectangle described above, 
which is a special case of our problem when 0),( yxf and consider the function 

b

yn

a

xm
yxnm

 sinsin),( 

Which clearly satisfy the boundary conditions.

The function ),( yxnm also satisfies the following important properties.
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So the Laplacian of nm is a constant multiple of nm using a terminology that is common in 

linear algebra. We call the constant 

,...)3,2,1,,(,])()( 22  nm
b

n

a

m
nm



An eigen value of the Laplacian and the function 
b

yn

a

xm
yxnm

 sinsin),(  is the 

corresponding eigen function.

Summing over all the functions 
b

yn

a

xm 
sinsin leads to be a double Fourier sine series of the 

solution.
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Differentiating twice in (28) and plugging in to (27), we obtain 

)29(),(sinsin])()[( 22
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  

Thinking of (29) as double Fourier series expansion of  f(x,y). We concluded that,
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CHAPTER III

3. GREEN’S FUNCTION FOR BOUNDARY VALUE PROBLEMS

3.1 Greens Function for Rectangle

Consider poisons equation ),( yxfu  on an axb rectangle R with 0 boundary values we have 

for any ),( 00 yx in R 

b

yn

a

xm
Eyxu

n m
nm

00

1 1
00 sinsin),(












Where nmE in (30) and   ,...3,2,1,,])()[( 222  mn
b

n

a

m
nm 

Then the Green’s function for the rectangle is                                                           fig.2
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

3.2 Green’s Function For the Disk 

In this section we apply the so- called method of images, which uses basic facts from plane 

Geometry about the circle and gives a much similar derivation of Green’s function. 

Throughout this section DR denote a disk centered at origin with radius 0R . And CR its 

positively oriented boundary.

Recall that from (20) of pervious section that Green’s function of the form 

  ),,,()()(ln
2

1
),,,( 00

2
0

2
000 yxyxhyyxxyxyxG  Where h is harmonic on RD and 

),,,(),,,( 0000 yxyxvyxyxh  for all ),( yx on CR.. Suppose that there is a point ),( *
0

*
0

* yxA 

Outside DR such that the distance from ),( 00 yxA to any point ),( yxp  on CR is proportional 

to the distance from ),( *
0

*
0 yx   to ),( yx    fig.3)

),( yxfu 

U=0
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That is ),( *
0

*
0 yx such that there is a constant 0k with 

)31()()()()( 2*
0

2*
0

2
0

2
0 yyxxkyyxx 

By Putting ln on both sides define ))()(ln( 2*
0

2*
0 yyxxkh 

                               
  )32(ln)()(ln

2

1
),,,( 2*

0
2*

000 kyyxxyxyxh 

Then   h is harmonic for all ),(),( *
0

*
0 yxyx  in particular h is harmonic in DR; and for all (x,y) 

on CR., Then the Green’s function for DR is 
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2
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2
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00 k
yyxx

yyxx
yxyxG 






Note that A* is the image of A by the Steiner inversion. By definition of Steiner inversion *A is 

the point on the ray from the origin through A at a distance such that       

                          )34(2* ROAOA 

Next state the properties of the inversion that is key to the construction of Green’s function. We 

use the notation  2
21

2
21 )()( yyxxBA  for the distance between ),( 11 yxA and 

),( 22 yxB  and 2
1

2
1 yxA    for the distance from the origin.

   Fig.2                                           Fig.3
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Proposition 3.1 Steiner inversion

Let ),( 00 yxA  be a fixed point in DR minus its center and let ),( *
0

*
0

* yxA  be its image by 

the Steiner inversion. For any point ),( yxP  on CR we have

PAkPA
R

A
PA  **

Where
R

yx
k

2
0

2
0 



Combining the proposition (3.1) with equation (33) we have Green’s function in DR is

2

2
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
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It will be useful to have an expression for Green’s function in polar coordinates.

If  )sin,cos( 00  rrA  then 







  sin,cos

0

2

0

2
*

r

R

r

R
A and )sin.cos(  rrP 

Using the law of cosines in the triangles OAP and O A*P                                                     fig 4
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0
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R
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R
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Theorem 3.1 Solutions of Poisson Equations on the disk

Let ),( rf a function on the disk DR .The solution of  

 20,0),,(),(  Rrrfru

With the boundary value 0u on rC is 

o

p A

R

X
?

? − ?
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
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Proof     The proof is directly by theorem 2.10. rdrddxdy 

Our next goal is to drive a concrete formula for the solution of the Dirichlet problems (theorem 

2.8). For this purpose we need to find the normal derivative
0

0 ),,,(

r

rrG


  at the points on the 

circle rC the normal derivative of G is
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Rr

Now restate theorem 2.9 using (36) with Rdds  Since the points on the boundary depends 

only on  , we set )(),( fyxf  for all ),( yx on CR.

Theorem 3.2 Solution of Dirichlet problem on the disk

Suppose that u is harmonic in DR and )(),(  fRu  on the boundary CR .Then 
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Proof, By definition of Green’s function ds
n
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Since the polar form of normal derivative of Green’s function is from (36) and 

)(),( fyxu  then by substitution
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                            3.3 Green’s Function for the Half Plane

We know turn our attention to the upper half plane Ω. The region Ω is obviously not bounded; 

so, the result of the pervious section does not apply. However, it can be shown that the result still 

valid under added assumptions, such as boundedness of the harmonic function on Ω.

We repeat the steps of images as in the case of disk; only here the computations turn out to be 

much easier. As you will see shortly.

Fig.5

We start by setting   ),,,()()(ln
2

1
),,,( 00

2
0

2
000 yxyxhyyxxyxyxG  and let as look for 

harmonic h on Ω such that ),,,(),,,( 0000 yxyxvyxyxh  on the boundary of Ω; That is when 

0y .The image *A of the point A is clear in this case. Take ),( *
0

*
0

* yxA 

If you think of A as the location of a heat source in the upper half plane, then *A is location of 

a heat source in the lower half plane that yields a similar effect on the boundary.

Set   2
0

2
000 )()(ln

2

1
),,,( yyxxyxyxh  and 0y on the boundary. We see immediately 

that ),,0,(),,0,( 0000 yxxvyxxh  thus the Green’s functions for the upper half plane is
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where x and 0x arbitrary and 0, 0 yy
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Theorem 3.3 Solutions of Poisson’s Equation on the upper half plane

Let ),( yxf a function defined on the upper half plane. The solution of 

yxyxfyxu  0,),,(),( with boundary values

                                            0u   on the x-axis )0( y is

dxdy
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Proof, directly with theorem 2.10

Theorem 3.4 Solutions of Dirichlet problems on the upper half plane

Suppose that u is harmonic in the half plane and  )()0,( xfxu  on the boundary .Then
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Proof, First compute normal derivative of G. the normal derivative in this case is
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CHAPTER IV

4. NEUMANN FUNCTION AND NEUMANN PROBLEMS

Consider the function 

 

)41(),(),(),(

)40(,0),(







boundarytheonyxallforyxfyx
n

u

inyxallforyxu

We know that the boundary function f cannot be arbitrary; it has to satisfy the Compatibility
condition.




 0),( dsyxf

Just as we expressed the solution of the Dirichlet problem as a line integral involving the 
boundary function and Green’s function. Our goal is to express the solution of the Neumann 
problem as a line integral involving the boundary functions and a fixed function, known as a 
Neumann function that depends only on the region.

Definition 4.1 Neumann function

Suppose that  is a simply connected region with boundary  . A Neumann function 

),,,( 00 yxyxN for the region  is a function with the following properties.

1. For each  ( ),( 00 yx )in  , ),,,( 00 yxyxN is harmonic  for all ),(),( 00 yxyx  in  .

2. 



onyxandinyxallforc
n

N
),(),( 00

3. For each ),( 00 yx in  , there is a function 1u such that ),,,( 001 yxyxu is harmonic for 

all  ),( yx   in  , and 
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Proposition 4.1

The constant C in definition (4.1), which is equal to the boundary value of the normal derivative 
Neumann function, is given by

)42(
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L
C




Where  


 dsL is the length of the . If L is infinite we take C=0.

Proof. For fixed ),( 00 yx in  , since 
n

N




is constant on the boundary.
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



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01 ds
n
u by compatibility condition for harmonic function 
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Hence 

2CL

Let as note that from theorem (2.6) if a solution of a Neumann problem exists, then it is unique 
up to and additive constant, and thus the solution can be determined only up to an additive 
constant.
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Theorem 4.1

Suppose that  is a simply connected region with boundary  and the ),,,( 00 yxyxN denoted a 

Neumann functions where inyxyx ),(),,( 00 . Then up to additive constant, the solution u of 

the Neumann problem (40) and (41) is given by
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Proof, suppose that u is a solution and let 
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 uds
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.We will show that (43) determines up to 

the constant A.

We got to the (theorem 2.8)
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Unlike the case of a Dirichlet problem, here we must modify the formula in order to get rid of u 

from the integrand. Recall ))()ln((
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 1 . Also since u and 1u are harmonic, by Green’s second identity we 
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Example 4 Neumann function for the upper half plane

Verify that a Neumann function for upper half plane is
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),,,( yyxxyyxxyxyxN 

Solution, we will simply for 0, 0 yy verify that the given function is a Neumann function for 

the upper half plane by showing that it has properties (1-3) of definition (4.1)

Given ),( 00 yx in the upper half plane, the function
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0
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0001 yyxxyxyxu  is harmonic for all ),( yx except )( 0yy    

Since ),( 00 yx is in the upper half plane and it follow that 1u is harmonic on the upper half plane. 

This establishes 1 and 3.

We know prove (2) the normal derivative in this case is 
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Adding the two normal derivatives, we find that the normal derivative of 
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This shows that (2) of definition (4.1) holds
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Summary 

 The radial solution to Laplace’s equation simply means that )(),( ruru  that is, the function 

depends on only one variable and, as a consequence, the PDE will reduce to an ODE.

 A fundamental solution k(x) for the Laplace’s operator is a distribution satisfying

)()( xxk 

Where  is the delta function supported at x=0 

 This fundamental solution with pole at 

|)(|),(   xxk

It turns out that ),( xk does not solve Laplace’s equation in all nR , but instead solves Poisson’s

equation with a Dirac delta 

The Green’s function for the Laplacian on 2D domains in defined in terms of the corresponding 

fundamental solution.


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),(,0

),(,0

ln
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






rh

G

h

hryxG

 The solution of the Dirichlet problem on the disk and upper half plane determined by the methods 

of Green’s function.

 Greens function for the region , and the integral on the boundary solve the Dirichlet problem 

inside . Variation on this formula solves Poisson’s equation on .

 If a solution of a Neumann exists, then it is unique up to an additive constant, and thus the 

solution can be determined only up to an additive constant.
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