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ABSTRACT 

The Vlasov kinetic equation for plasma that is usually treated as a 

co l1isionle ss approxima ti on is shown to satisfy the complete BBGKY hierarchy 

after some modifi cat ion of the latte r , thus being an exact so lu tion of it . 

Based on the perturbati on method originated f r om this exact soluti on , linear~ 

ized equations for ave raged deflecti ons of plasma particles from their un ­

perturbed self-consistent trajectories are derived to be used for the 

investigati on of plasma waves. Instead of the Maxwell equat ions for elect ro­

magnet ic fields the i r sol utions in the Lienard -Wiechert form are used. All 

the known results of the ordinary linear theory of plasma osc illati ons and 

waves a r e shown t o be r ep roduca ble in th i s approach, but in additi on , small 

co r rections of the first order i n the pl asma parameter due to the .Oebye 

screeni ng are obtained . A simple consideration of a rarefied plasma i n a 

s trong magnetic field i s given indicating the pos sibility of a non- cyclotron 

cha rac ter of the motion of the parti cles that may be important for the pla91la 

confinement s in magne ti c traps . 
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I NTROOUCT ION 

The aim of the wor k. in this thes i s ;s t o investigate the propagation of 

wave s in plasma media . Plasma may be defined as a statis ti ca l sys tem con~i n­

ing relatively free interacting charged particles. Since any system at hi gh 

enough temperature becomes plasma- li k. e , it can be regarded as a fourth 

state of matte r. 

Due to its wide occurrence in nature and technological appli ca ti ons . 

pla sma has been extensively studi ed duri ng recent yea rs. 99~ of matter in 

the universe appears to be in the plasma state . e.g. , stars , gaseous 

nebulae, inters telar gas . Pl asma also occurs on earth . Thu s , the ionosphere 

protects hu ma n beings from t he dest r oy ing e ffe c t s of the so lar radia tion and 

prov ides the long-distance radi o commun ica tion. Plasmas also show up in 

me tals and semiconductors , and it is difficult to overestimate their 

importance in our everyday life . But even mo re impo rtan t is that the power 

engineering of the future is connected with plasma s ince the plasma is a 

sort of fuel for thermonuclear reactions and a practically unl im; ted source 

of energy ha rmless to the environment . These and other possible technological 

appl ications of plasma make plasma science an important branch of physics . 

One of the main difficulties in the stu dy of plasma is the nature of 

the motions of the constituent particles . Since they are cha rge s in thermal 

motion, they produce electri c currents and fields. The produced fields 

inturn affect the i r motions. Thus, they intera ct with one another, and 

their mo t ions are rather complicated. 

Many important cont r ibuti ons to the basic understanding of plasma 

phenomena ha ve been made by several scientists, astronome rs and geophy­

s icists incl uded, using different approaches. 

The re exist two main groups of theories descr ibing plasma [1]. One is 

t he i nd iv idual particle approach, that ha s the advantage in the desi gn of 
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plasma confinement, in the s tudy o f cyc lotron re sona nce , etc . [2 ,6]. But 

the col lective characte r of motions of the particles is not usually consi ­

dered in that approach. 

The other i s the statis t ica l approach. He re the di s tributi on fun ction s 

for particles are cons idered. The coll ective behaviors such as oscillations 

and waves in plasma are investigated [3 ,a]. Th is aga in i s incomplete since 

it i gnores the ind i vi dua l chara cte r of the plasma part i c l es. Thus. it appears 

necessa ry to try a mo re general me thod whi ch conside rs both the individual 

and collecti ve beha vio rs of the plasma particles . 

Among the pioneers of such cons idera ti on were Bohm and Pines [4J. They 

sepa rated the density fluctuations in plasma into two parts connected with 

indi vi dual and co l lec tive mot ions of plasma parti cles and obta i ned some 

important results. 

Thi s work is an attempt to combine the kineti c and indi vidual desc ri p­

t ions in the cons iderat ion of plasma osc illati ons . To describe the osc il la ­

tions we sha ll consider small def lecti ons of pla sma particles from their 

se lf-consi stent equi librium trajectories, instead of t he usual procedure of 

lineari zation of the Vlasov equat ion for small perturbati ons of distribution 

fun ctions and fields [5 ,6, 7] . To desc ribe the unperturbed state , an equil i­

brium di stributi on function f (f ,v) is used , that is a solution to the equi­

librium Vlasov equation and provides all necessary ave rage val ues. Fur t her­

more , while equi l ibrium co ll ective motions of part icles have been assumed 

to be non-relativi sti c . in the conside rdt ion of perturbati ons we incl ude the 

main relati vis ti c corrections as well . since the random fluctuations in the 

velocities of parti cles are not necessar il y small compared t o the speed of 

light. 

After a short di scussion of the ba s i c properties and parameters descri­

bing the plasma in Chapter one, the modified BBGKY hierarchy is der ived in 

n i _+ ce= 
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Chapte r two . It is shown then that the Vlasov equation actua lly is not an 

approximate , but an exact particular solution of the complete modified BBGKY 

hier~rchy. Based on the perturbation method orig inated from thi s exac so lu­

tion , l inea ri zed equat ions for average perturbati ons of particles mot ions 

that are used i n our approach are then derived in Chapte r three and tested 

for some important cases in the chapters that foll ow. It is shown that some 

interest i ng results may be obtained in thi s way . 
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CHAPTER 

SOME BAS IC PROPE RTIES AND DESCRIPTION Of PLASMA 

Plasma is a collection of re l a ti ve'ly fre e charged pa rti cles . The Coulomb 

for ce with which the se charged particles intera ct i s well known t o be a 10n9-

range fo r ce . As a resu It. the phys ; ca 1 pro pert i es of a plasma exhi bi t r ema r­

kable differences from those of an ordinary neutral gas in whi ch on ly short 

range colli s ions are of impor tance. 

Mos t essential features of plasma , (at lea s t at high f requencies) . can 

be understood by investigating the behavior of the electrons onl y. the most 

mobile charged component of the pla sma . Ignoring the mot ions of ions. we 

j ust assume a smeared -out ba ckground of positive charges to prese rve the 

overall neutrality of the system , so that the average field of space cha rge 

in the pla sma may be ca nce l ed . Such a simple model for plasma is due t o 

lo rentz (see [8] , p66) and i s called th~ electron gas . 

1.1 Electri ca l Neut rality 

In most plasmas a charged parti cle is consta ntl y buffeted by the Coulomb 

forces of the su rroundi ng space charge. However, in the interio r of a 

quiescent pla sma the mi croscopi c space charge f ields cance l each other 

and no net space charge exists over mac roscop ic di s tance s . The pl asma 

is said t o be space charge neutral. 

If we inquire into the stability of this space cha rge neutrality we 

di scover three elementa ry properties of a plasma : 

1. The pla sma will not support large potential variations, or in ot he r 

words , elec tri c fields, bu t seeks to maintai n macroscop ic space 

charge neut ral ity. 

2. Such potential gradients as may exis t have a cha racteri s ti c length 

paramete r equal to the Oebye len gth. 
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3 . These poten tia 1 grad ; en ts are charac teri zed by a na lu ra I osci 11 a -

ti on frequency known as t he plasma frequen cy. 

1. 2 Debt e Sc reen ing 

Co ns ide r a po int cha r ge qo located a t the ori g in U "o) ; i n vacuum , it 

produces an elec tros ta t ic potenti al f ield 

( 1.1 ) 

In the pl asma the spa t ial di stributi on of surroundi ng charged pa rticle s 

is af fected by t he presence of such a potenti al and dev iat es f rom a 

un i form dist r ibu t ion. The space-c harge field so induced around t he 

point charge i nturn produces an ext ra potential fie ld, wh ic h should be 

added to the origi nal potent i al ,/r); a new e f fec ti ve pot enti a l ,(r ) 
;s t hus cons t ructed as a summation of the two. 

The space-cha rge dist r ibut i on i nduced in t he plasma is dete rmi ned from 

t he effecti ve potenti al in a self-consistent manner . A calculat ion along 

these lines wa s ori gi nal ly ca rri ed ou t by Oebye and Huckel in 1923 in 

connecti on with t he theory of screening in a s trong electrolyt e . 

We cons ide r an equ ilibr ium el ec tron gas wi t h dens ity n and temperature 

1. Since t he poin t cha rge i s loca ted at t he or ig in, the poi sson equa­

t ion for the effective potent ial can be wri t ten as 

. ' , ( r ) • - 4nq,. (r ) t 4ne ( o( r ) > ( 1. 2) 

The ave rage dens ity deviat ion <pCr» of the elect rons from their un iform 

di s t ribut ion is calculated by appl ying the usua l met hods of equilibr ium 

statisti cal me c hani c s ~ assuming Maxwel l -Bol t zmann statisti cs for the 

elec t rons , we have 

( 1.3) 
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Where the last term account s for the positlve ion background and ~ is 

the Bo ltzmann constant. 

Us ually, the potential energy can be as sumed to be muc h smaller on the 

average than the kinet ic energy (e lf (1-) « '" T) . and we may expand ( 1. 3) 

with respect to e , {r) / <T to obtain: 

( 1. 4 ) 

On us ing the Fourier transform we obtain the solution of the poisson 

equation in the form: 

( 1. 5) 

where 

( 1. 6) 

If we integrate the expression (1.5) using the theory of analytic func-

ti ons by closing the integration contour along a large semi -circle in 

the upper half-plane of the complex k-plane and evaluate the residue 

at k ::: i /,\ o • we obtain 

( 1. 7) 

The parameter AD introduced in (1.6 ) has a dimension of length and is 

ca lled the Oebye l ength; it ;s an important parameter for the study of 

pla smas. 

The physical mea ning of (1.7) is clear. For distances much smaller than 

AD the effect ive potenti al is es sentially equivalent to the bare Coulomb 

potentia l, while for distances larger than AD the potential field dec -

reases exponentially; the potential field around a point cha rge is 

effectively screened out by the induced space-charge field in the 

electron gas for distances greater than the Debye length. 



7 

In ca lcu lating the Oebye sc reen ing, we ha ve reli ed upon the as sumpti on 

t hat the average potential energy pe r el ec tron i s much sma ller than the 

average kineti c energy . When the po tential and dens i ty di stributi on are 

given by (1 .7) and (1.3) , we cal culate the average poten ti al to be 
, 

-e /2 "0 ' We t hus compare 

laverage poten ti al energy l 
laverage ki net ic energy I 

I t i s c l ea r that ",,3D mea s ures t he ave rage number of el ectrons contained 

in t he cube of vo l ume ,,30 ' Gene rally . t hi s numbe r takes on a va lue 

much greater t han unity ; fo r in stance . when T = 1OIo k and n = 1010 em-J, 

" >.30 . 3xlo3
, We may therefore conclude t hat t he expa ns i on in ( 1.3 ) ;s 

consistent in ordina ry circums tances . 

The analysis j ust presented concerns t he sc reening of the potential 

f ield around a poi nt charge ; n a plasma. Simil ar arguments are al so 

app li cab le t o the space-cha rge di st ri bution produced by spontaneous 

fl uctuations. Suppose t hat t he space-charge neutral i ty of the plasma 

i s destroyed loca ll y by some mec hanism (e.g . • by t herma l agitiltion) and 

that t he loca l dist r i buti on of spa ce-charge appears ~ othe r charged 

parti cles in the pla sma then act t o neutralize the spontaneous fluctua -

ti on of space charge. Th us . we may ar!;ue that it is energet ically quite 

unfavora ble fo r a spa ce-charge di s tr ibution to appear ove r a distance 

la rger t han t he Debye l ength. Since any plasma conta ins a coll ect i on of 

randomly mov ing charged par t icles . we see t hat the ma crosco pic neutra­

l ity i s maintained by t he foregoi ng statist ica l mechan i sm for macro ­

scopi c scale . 

1.3 Pl asma Osc il la ti on 

The not ion of Oebye sc reening was i nvest igated by considering the st atic 
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equil ibrium be tween a charged part icle and an elect ron gas. We now 

consider the dynamic behavior of an electron ga s when an ex terna l elee· 

tri c charge is suddently introduced in it . 

When a non-equilibrium space-charge f ie ld is produced in t he electron 

gas , the el ec trons s tart to move in such a way as to sc ree n t he stat ic 

elect r ic fi eld . Since the el ectron possesses a finite mass , t hose 

elect rons which beg in t o mo ve ca nnot s top at t he exact s t ate of equi li ­

bri um; they ove rshoo t the target and produce another non-equ ilibrium 

distr i bution in the opposite direct ion . The el ectrons beg in to move in 

the reverse di recti on, ove rshoo t the equi libr ium aga i n, and so on; the 

electrons perform a sort of osci ll at ory mo ti on, with t he Coul omb i nter­

ac ti on acting as the restor i ng force dnd t heir mass as the inertia . 

Thi s i s ca l led a plasma osc il lat ion. It is a phenomenon closel y rel ated 

to the Oebye sc reening. The expression for the plasma fre quency wi l l be 

de ri ved in the ne xt secti on. 

1.4 Co ll ect i ve Versus Individual -Parti cle Aspects of Dens ity Fluctuat i ons 

A plasma i s chara cteri zed by a fasc ina t ing interplay between its medi um­

l i ke chara cter , wh ich ar ises f rom the long-range nature of t he Coul omb 

interact ion , and the ind i vidual-part icle li ke behavior; l i ke an ordinary 

gas , it cons i sts of an extreme ly large number of distinct particles . 

The es senti al featu res associ ated wi t h such dual appearance of a plasma 

are illus trated by inves t igating the equati on of moti on fo r the den sity 

flu ctuati ons of an elect ron gas [4] . 

We assume t hat we are dealing with point parti cles, so that the density 

fi el d of t he electrons i s gi ven by a su per -posi tion of the three-di men­

sional de lta functions . 
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, 

, (r ,t ) · , o rr-r,. (t)) ,., 
where r .( t} is the posi ti on of the ith electron at time t. , 

( 1. 8) 

The 6-func tl ons indi cate that. if particle i i s not a t po int r. then 

it does not contribute to p(r). If it is at r. it contributes "an infi­

nite amount" (becau se the vo l ume of a point particle is ass umed to 

"vanish"). 

We conside r the periodic boundary conditions for a cube of un it volume. 

so that the surrmation in (1.8) r uns from; :: 1 t o ; :: n. the ave rage 

number of electrons in the unit vo lume . We shall find it more conve-

nient to work with Fourier components. 

The spatial Fourier components of the dens ity fluctuation s are then 

' ro t dr , (r) exp( - i'. r) • r" dr , o[r- r. (t)) exp[-i' . r)· , exp( -iO. (t)]. (1.9) 
K _... - .. i 1 i ' 

Thus using the Fourier series (for the periodic boundary condition); 

we obtain 

, (r,t) · ! '1 ( 1.\0) 

From thi s we can deduce that: 

if t: 0 , 
, 
I: 1 '" n ;: the ave rage density of e l ectrons that 1S equal 

t o that of the ions due t o neutral ity, while P", with k;' 0 describes 

the flu ctua tion about this ave rage den si ty. Thu s • 

. . 
- ' ... ·I t) (" 0) p .. "' I: e I Kr 

k , 

• 
(S ince the term with k:: 0 is compensated by the posit ive background). 

The equation descr ibing the time behavior of the Pk ;s found by 
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differen ti at ing it twi ce wi th respect to time: 
. 

Pk' -f W.v, )' + ;1. v, ( 1. 11) 

. 
Here Vi and Vi des i gnate t he ve loci ty and acceleration of the ith 

electron, respec ti ve ly. 

Each el ec tron in the el ec tron gas i s acted on by the sum of the forces 

arising from all the el ec trons plus t hat result ing from t he smea red- out 

positive charges. The pot entia l energy of in te ract ion between the ;th 

and jth electrons , 
, . . 

e / Ir ; - ~ I • may be Fou rier t ransformed as 

e' 

The equati on of moti on of the ;th elec tron is given by 

+ ( fOrCe ac t ing on the e lec tron fr om ) 
the positi ve charge ba ckground 

In the Four i er t ransfo rmed form it becomes : 

•• e i k. r; . , 
k 

( 1.12) 

( 1. 13) 

where. as indicated by t he prime, the t erm with k :: a i s t o be omitted 

i n t he k surnnat i on because it is cancel ed by the neutral izing background 

of pos i ti ve charges . 

Subs ti tuti ng (1.13) for the value of the accelerat ion into (1.1 1) , we 

obta i n 

1: • , 
Pk = - t ( .vi ) , 

. . 
k.. k' P 
[ii'}' ii ( 1.14 ) 

The first term on the righ t hand s ide represents the i nfluence of t he 

t r anslationa l motion of t he i nd ividual electrons (rand om the rmal mot i on) 

and would be present even i n the absnece of particle intera cti on; t he 
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second t erm ar i ses from their mutual i nte ra ction. 

We may sepa r a te out t he t erm with k. "' k 'i n the second sum: 

( 1.15 ) 

The te rms wit.h k'lk contai n phase factors eHk ' -k )'; l 

wh i ch depend on the pos it i cns of d i fferen t pa rt i c 1 es . These te rms t end 

to avera ge out t o zero , s ince t here i s a ve ry l arge numbe r of pa rti c les 

distributed very nea rl y in ra ndom positi ons. Hence we neglec t such terms . 

Such an approxi ma ti on is called t he random phase approx imati on [4] . In 

thi s approx imation, (1.15) becomes : 

( ' ' ) 2 - i k.r. 
I K'V i e I 
I 

( 1. 16 ) 

In t he absence of interact i on, ( i .e. , e:: 0) . ea ch pa r ti c l e moves in a 

s trai ght line with a constan t velocity , vo; • In thi s ca se r =1-0; + vo; t. 

and P, t akes the f orm 

( 1.1 7) 

This shows t hat a co l l ecti on of f ree par ti cl es shows no organized beha-

vior, but that ins tead their characteri s ti c property is that a distu r-

bance tends to die out as a resul t of t he random therma l di f fu sion of 

the particles . 

On the other hand , the effect of t he Cou l omb fo rce of i nt eracti on is t o 

cause each part ic le to ma ke a con tr ibu t ion t o 0, wh ic h os c i llates with 

some angular frequency . Thus , if the rand om the rmal mo ti ons were not 

present the Coulomb forces would produce pe r fec tl y organized be hav i or 

of the ' I . 
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( 1.18) 

wh er e 

2 4nne2 

lip::: m- is called the plasma frequency. 

Actually , of course, both the Coul omb forces and the random thermal 

moti ons are present simultaneously , so that the net behavior of the 

electron gas will show some col lective aspects and some of the aspects 

of an aggregate of randomly moving individual particles. 

For an electron ga s wi th a Maxwellia n ve locity di st ri bution at a tempe -

rature T. the average of the first term ;n (1.16 ) ;s 

, .xp(-it, ) '" dv(k.,)' f(v) , k' , T , i __ m k ( 1.19 ) 

Thu s . the equation for Ok becomes: 

p = _ [k 2 .:: T + 4ne
2
n] p 

k m m k 
( 1. 20) 

If then 

(collective plasma osc illati ons near ~p) . 

Thu s , we see that, wi t h the random phase apprOX imation , the condit ion 

for collective osc illatory behavior of the Pit; ' and hence the entire 

e l ectron gas , i s that 

1\:2 « 4ne2 n 
<T (l . 21) 

where ko is called the Oebye wa ve number . 

On the other hand, for short wavele ngth phenomena, for whi ch k.» ko • 

the plasma behaves li ke a system of free individual particles . In the 
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regi on of k near ko • the behavior will be more compl icated. s ince 

we deal with a transiti on from sing le-pa r ticle to co llect ive behavior. 

We have thus , seen that whether a pl asma behaves collectively or like 

an assembly of individual parti cles depends on the wavelengths of t he 

phenomena involved. A plasma is, in general . capab le of exhibiting 

both kinds of behavior. 
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CHAPTER 2 

KINETIC EQUATIONS; THE BBGKY HIERARCHY 

In t he kinetic theory a system is desc ri bed by di s tribution fun ctions , 

which are def ined as the probability dens ities for some groups of parti cles 

to be at definite states at their phase spaces at a given moment of time t . 

If a s tate of a partic l e of type a is characterized by the velocity • v • • 

then the one partic le di stributi on functi on de pends on the coo rdinates r. v, 
and t. The quantity fa U',v.t)drdv defines the numbe r of parti c les of type 

a at time t in the phase space volume element drdv. Consequently . the 

number dens ity of parti cles at the point r , t ;s given by 

(2 . I ) 

This relat ion i s a norma l ization conditi on for the distribution function . 

If t he distribution function is known. we may calculate the mean value 

of any physi ca l qua ntity depending on one-particle state, e.g .• the mean 

ve loc ity Vo. and energy Eo. ' 

/- dv fo. (r,v , t)v 
.'. N.(r .t) 

(2.2) 

To obtain the di s tributi on function, a kineti c equation ~ it has to be 

solved. 

Pl asma is typi cally a non -equilibrium statistical sys tem. The most 

comp lete and rigorous desc ripti on of such a system is achieved by means of 

the hierarchy of mutually coupled equations for the sequence of di stributi on 
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functions known as t he Bogolyubov cha,"n ( BBGKY hierarchy) . Though it cannot 

be solved in general case, a truncat ion of the hie rarchy by use of some physi­

cal assumptions leads to vari ous closed approx imate equations for the s ingle­

part i cle distri bution functi on; these are kn own as kineti c equati ons. 

2.1 Derivation of t he BBGKY hierarchy by means of the Klimontovich 

formal i sm. 

The BBGKY equation is usually referred to as an integrated form of the 

Li ouville equa t ion (9.10) . Howeve r , we derive i t by using Khmontovich's 

method , wh i ch sta r ts from a microsco pi c point of v iew [11 ,1 2] . 

We consi der a classical sjstem containing N identical part ic les in a 

box of vo lume V; n ~ ~ denotes the average nu mbe r density. each par­

ticle be ing characterized by the electric charge q and the mass m . 

. 
In the six- dimentional phase space cons isting of the pos it ion rand 

velocity V. each particle has its own tra jec t ory ; for the ith particle , 

we wr i te 

Since we are dea l ing with point particles . the mi c r oscopic dens ity of 

t he part i cles in t he phase space may be expressed by the surrrnat i on of 

t he six -di ment ional 6-functions . ( that i s analogou s to (1.8). as: 

(2 .3 ) 

where x ::: (r . ~) denotes a poi nt in the phase space of the system. N(x ;t) 

i s called the Kl imontoy i ch di s tribu t i on functi on; it suffers violent 

f l uctuat i ons due to the rand om thermal motions of t he parti c les. 

If we ta ke t he total time derivati ve of N using the fo ll owing pa rtial 

diffe r en t i a ti ons: 
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' N_ l '[""()]" " . at-n f !6 r-r, t .v , ) , [v -v,]+ , [;--i , ] " [v -v , ] (-v ,) l 

we can see tha t the distribution fun cti on N satisfies the conti nuity 

equation i n the phase space: 

dN = !!i + V. 
dt , t ~+ 

ar 

. ... it N v· .,. '" 0 
av 

(2 . 4) 

V being the acce l erat i on of a typi ca l particle at the point (r.v) . 

In pla sma physics , the electromagnetic acceleration is given by the 

Lorentz force: 

. 
V = ~[E(r , t ) 

" 
+ ! x B(r,t )] . c (2 .5) 

The loca l e lectri c and magnetic fields E(r.t) and B(r ,t) consis t of 

two separate con t ributions: those applied from external sources , and 

those produced by the microscop ic fine-grained distribution of the 

cha rged part icles , (2 . 3) . 

(2 . 6 ) 

The microscopic f i ne-grained f ields e and D are to be determined from 

a so lu t ion of the Ma xwel l equations . 

;xe + 1 ,r, = 0 , .6 = 0 
c , t 

..... 1 ae 4n .. .. 
9xb c at ,. c qn / vN (x , t )dv , (2.7) 

;.e = 4nqn[f N(x ;t )dv-l] 

where N. {x ;t ) = n = constant (ions assumed fixed ) . , 

For a non-relativ i sti c plasma , the electromagnetic i nteractions are 



I) 

usually negligible as compared with the electrostatic ones. Using such 

an electrostati c approx imati on, 

e(i·.t) • - qn .!, / N(x.t ) 
ar Ir-r' l dx I • b( r,t } .. 0 • 

the conti nu; ty equa t ion (2.4) may be writ t en in the fo nn : 

[:t + L(x) - / V(x . x ' ) N(x ' .t) dx' ] N(x;t) ·0 

Here, l (x) is a s ingle-particle operator defined by 

and V( x, x' ) is a two-particle operator arising from the Coul omb 

interact ion , wh ic h ;s defined by 

V(x.x') 9.'.!![ ' I ] , 
" m ar Ir-;'T . av 

(2 .8) 

(2.9) 

(2. 10) 

(2 . 11) 

Equation (2.9) i s called the Kllmontovich equati on; this equa t ion 

descr ibes space-time evolution of the microscopic distributi on functi on. 

The microscopic fun ction N(x ; t ) I although precise in describing microspic 

s tates of the many-particle sys tem , would not by itse lf correspond 

to the macroscop; e quant it; es. To es tab 1 i sh a connec t i on betwee n them, 

we need an averaging process ba sed on the Li ouvill e di s tribution 0 

over the 6N-dimentiona l phase space ( the r space ) . 

With the aid of this di stribution D. we may carry out a statistical 

averaging of a fine- grai ned quantity A(x .x' •...• (X (t) • • defined at a 

set of pOints (x .x· •... ) in the six-d imensional phase space in the 

fo 11 ow; ng way . 

< A( x.x' .... ;t) > ·/ d{x,lO(! x,} ; t )A(x . x' • ... ; {X, } ) . (2 .1 2) 
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In view of the conse rva ti on property of D. exp res sed by the liouville 

equation this average may equ,"ya lent ly b e t ransformed into an average 

over the initial distributi on , so that 

(A(x . x· •.. . ;t» ~ I dlx,(o)l D( Ix,(o)l ;O) A(x .x' •. .. • 1 xi ( Ix, (o) l ) ;tl (2.13 ) 

where {x;( {x;(o)l);tl represents t he coo rdina tes of the system points 

in the r space at the moment of ti me t under the condition that it was 

located at (xdoP when t = o. In thi s way we can have averages of 

the product of Klimontovi ch fun ctions that gives . for example: 

<N(x ;t)N (x ' ;t» ~ *, [x-x']f, (x ;t) + f, (x.x '; t) (2.14) 

For the avera ge of the product of three Klimontovich functions , we 

have 

<N{X jt}N(x ';t )N(x ll;t»= ~,6[ X - X'] 6 [X - x"]fl (Xi t) + ~6 [X - x' ] f2 (X '.X" ; t) + 

+ 6[x'-x"]f2 (x" ,x;t ) + 6[X Il - x] f 2(x, x";t) + f 3(x ,x' ,x" i t ). (2.15) 

A joint distribution functions f!>(x .x' • . ..• xs-1 ; t ) involving arbi t rary 

number (s) of particles may be defined Similarly . These dist r ibuti on 

functions are symmetric with respect t o interchange of the coo rdinates 

for any pair of parti cles. 

We wish now to obtain the equation governing the evolution of those 

distribution functions. In order to avoi d the repea ted pri mes on the 

phase space coordinates. we adopt a shorthand notat ion by us ing 

1,2,3 etc. in place of x,x'.x " etc. 

In these notations. the Klimontovich equati on may be wr itten as 

[-'- + L(l)j N(l;t ) ~ I V(l.2)N(l;t)N (2 ;t )d2 
at 

(2 . 16) 
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We now carry out the Uouville average of th O 
l S equati on to obtain: 

[1t+ L(l)]f, (l;t)=f V(l.2) {l ' [l_2] f (I· t ) f ( 
, ,. + , 1.2.t}ld2. (2 . 17) 

For an arbitrary function Y(I 2 . t ) 
, •... • • we can prove 

cons iderations that 
from synmetry 

f V(I.2) , (1-2) y(I.2 •. .. ;t )d2 • 0 
(2.18 ) 

because the corresponding integrals become zero on 

the angles. Consequently, we find that 
i ntegrati on ove r 

[ : t + L(l)] f, (l;t) · fV (!. 2) f,(!.2;t )d2 . (2 . 19) 

We may 1 ikewi se start from an equation 

[ : t + L(I) +L(2)] N(!;t) N(2;t) • f [V(1.3) + V(2.3)]N(I ;t)N(2;t) N(3;t)d3. 

Whi ch may be deri ved from a combination of Klimo ntovi c equati ons . Upon 

averaging this equation as before , we find 

( , ~ + L(!) + L(2) - * [V(I.2)+V(2.1)]! f, (I2;t) • f [V(I.3)+V(2.3)]f, I.2;t)d3. (2 . 20) 

We can s imilarly consider an equation for a product of an arbit ra ry 

number of the Klimontovich functions and carry out a stati stica l 

average of that equation. We thus, obtain the Bogolyubov-Born-Green ­

Kirkwood-Yvan (BBGKY) hierarchy equations, which may be expressed 

in the following way . 

[--'- 1 L(i)- ~ 1 V(i.j)]f (1 •...• S;t) · .t f V( i.S+I )~ ., (I •. ..• s+l ;t)d(s+l ) (2 .21) 
at;.., n; =j $ , 

This coupled set of equations prov ide a bas is for the kine t ic theory 

of plasmas . 
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2.2 The Modified Distribution Functions and BBGKY 
Hierarchy for Them 

As is shown in the Klimontovi ch's me thod , the 

(l •. . . • s:t) can be writ ten as : 
S-pa rt ic le distribution 

functions f 

f ( . jN-S/ ' V' :s 1, ... ,5;t)=· < N. 

Thi s means, say for example. if we consider the expression fo r 

f, (1,2;t), that 

<N(1;t) N(2;t» =~ , (1-2) f, (1;t ) t f, (I, 2;t ) 

or 

f ,(1 ,2;t ) = <N(l,t) N(2;t» - ~ , (1-2) f, (l;t) 

(2 . 22) 

The second term on the right hand side of this equati on arises from 

exclusion of 3
1

= 3
2 

terms from the sum. 

Thus. as indicated by the prime on the summation sign, COinci dent 

indices are to be excluded; 3," 3 2 ; ••• f as ' but eac h of the 

indices d j takes all values from 1 to N. 

A modification of the distribution functi ons ha s been s uggested by 

Gordeyev [13] to include in the sums the singular terms with coi ncident 

indices: 

fs (1,···,s;t) = (YN)S < ~ ~ o[x - x ( t) 1 > 
I " is' ' i-' 

(2 . 23) 

In the thennodynamic limit N + . , V + • • n :: ; :: constant , the 

normalization factors in (2.22) and (2 .23) become the same, since 

(N-S)!V· 
N(N-l) . , .(N-St 1)(N-S)! 

1 
nS 
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-The mod ifi ed distributi on functions f , can be expressed in tenns of 

the ordinary one fs and 6- functi ons. 

- V 
f,(!) = (N) < .;., . [ x,- x.,(t)l>- f ,(1) - f (x;t) ; 

f,( l ,2) = (1--1.) f,(1,2) + (*)f,(l) . (1 ,2) ; 

- 1 2 
f,(l,2,3)= (1 - N)(l- Nlf ,(1,2, 3)+(*)( 1- ~)[f,(1 ,2) . (1,3 ) + f,(1,3) . (1 ,2)+ 

+f,(2,3) .( I,2)]+ (*)' f,(1) . (1,2) . (2 .3), etc . 

If the modified correlation functions 9,h, etc . • are defined as usual 

g(1 , 2) = f,(1,2 ) - f(1) f(2) , etc. the in,erse transformation 

( for N» 1) is: 

g(1,2 ) = 9(1,2) - . (1 ,2) f(1) / n , 

h(l,2 ,3) = h ( 1,2,3) - [ . (1,2) 9 (2,3) + . (l ,3) 9 ( 1,2) +. (2 ,3) 9 (1 ,3) II n + 2. 0,2). (2 ,3) f(l )/n' , 

etc . (2 . 24) 

In order to derive the BBG KY hierarchy for f, • we di fferentiate their 

definitions with respect to time : 

af , 
_, = n-$ r. 
~ t ;- , 

N dx · a < ' (_ .-!!.) - {. [ x -x ( t )l .. .. [x -x" (t)l ) >. 
",' .. as dt ax; 1 ill S 

(2.25) 

and substitute for 
dVa; ) 
dt 

from the equations of 

motion: 

+ 

dr" .. -at. = v. 
+ 

dV .... ... ) 1 + , 
m -at = J F' ( r ).[r' -r.( t dr 

- J! 

(2 . 26) 
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where a,b:: l,2 , o • • ,N and Fe is an external force act ing on the 

particles, their interaction being descr,·bed by the t.o-body synmetrlc 

The cruc ial points here are the terms with b • a that can be included 

into the sum in (2 .26) since they van,·sh due to the s.)u'l11letry of 

6-function when the integrations over the angles 9 and. in r· are 

perfonned: 

--[ .. (I r-r" Il] [- - - - - -11 _,' r-r.(t)] , [r"- r (tl]dr'dr" or • 

.. + H (r) ~sin 9 COSt\ 
= J dr' 6[r' - ra{t)) ( .. 6( r)dr II des;n 9/

1 
sin e sin. d ot ,, 0 

ar 0 cos 9 

If we substitute the values of 
dXa i ~ from (2 .26l into (2.2 5) .e find 

the des ired resu 1 t. 

The equations for f~ coul d be also derived from the ord inary BBGKY 

hierarchy by substituting there the expressions for fs ;n terms of f , 

and t he corresponding products of 6- functions. 

In order to compare the ordinary and modified BBGKY hierarc hies, we 

write them here as follows: 

, ' ( -+ , 
at i .. ' 

, ' { - + , 
at 1"'1 

• I 9;j ) 
i <j 

N- S ' f ·-J dX,, ' 
$ V • 1-1 

(2 .27) 
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where 9ij stands for the "interaction operator": 

, 
--. 
iV, 

The equations (2.27) for f, and f, differ in the absence of the 

tenns with 8ij responsible for the interaction between particles 

in the left hand side of the latter. 

2.3 An Exact Soluti on to the BBGKY Hierarchy 

Cons ider the first two equations of (2.27) in terms of the correlation 

functions: 

a) for f, (the ordinary BBGKY hierarchy) 

n a el' 11 ) (,'t + L ) f(x,t) = -"if J ~ 9(1,2,t dx, 1 m al arl 
(2.28) 

b) for i, (the modif ied BBGKY hie rarchy) 

J ~ g(1.2,t)dx z 
or, 

(2.29) 

(2.. + L + L,)9(x,;x"t) = ~ ( 
,t 1 

, f (I,t) ~ !i (2,3 ,t ) 
Jl , ; ar , , 

a'll 
, f(2,t) ~ g(I,3,t))dx, + I [-;-

+ • + I 
av z Hz 

, -
- . )h(l,2 ,3)dx, ) ,v, 
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where the following notation for the 

self-consistent field has been used: 

L ... a 1"'" 
i-Vi -; + - [Fe(r ) 

<l r m i 
i 

1 fnear differentia 1 ope ra t or wi th 

Since 9(1,2) 9(1,2) - ,(1,2), either of them can be used in the 

equation for f{x,t). that is they are "v'lrtually the same. Howeve r, 

the equations (2.28) for 9,h, etc., and (2 .29 ) for 9 ,h, etc., are 

different not only because the operators & are absent in the left iJ 

hand side of (2.29) but mainly because the latter are homogeneous 

with respect to the correlation funct ions wh ile the fonne r are not 

due to the terms e .. ni) f (j) in their ri ght hand sides. 
'J 

Since the equations (2.28) for t he ordinary co rrelation fun ct ions are 

inhomo geneous, they do not admit t he trivial so luti on 9(1,2) : h{1 ,2.3) '" 

'" = O. so that the Vlasov equat ion fo r f (x, t ) with the co rrelat i on 

functions being zero is inconsi stent with the compl e t e BB GKY hiera r chy. 

On the other hand, the equations (2 .29 ) f or the modified co r relat i on 

fun c tions are homogeneous , and 9 = h = •• • EO is an exact particu l ar 

solution to the hierarchy . 

Thus, the complete Bogo lyubov cha in has a set of exact so l utions of 

the 6-function form (2 . 24) if in these f ormulas we set g. h:z ... =0 , 

since s uch a "trivial" so lution satis f ied the modifi ed hie rarchy. Then 

the corresponding s-particle di s tr ibution functions f, factorize, i.e., 

are equal to products of s s ingl e-parti c le funct ions, each of these 

satisfying the Vlasov equation with self- consistent field . 

It follows from this in parti cu lar that, cont r ary to the widespread 

opinion, the Vlasov equation does not contradict the com plete 
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Bogolyubov chain and is not an approl1mate one ; rather, It corresponds 

to an exact parti cular tr ivial sol ution , but no t (or the ordina ry but 

for the singular correlation funct ions (I. e., .adlffed ones). 
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CHAPTER 3 

LINEARIZATION ANO THE HAIN EQUATIONS OF THE ME THOO 

The existence of an exact solution of the complete hiera rchy ma k.es it 

poss ible to use approximation methods . The random mo ti on of the charged 

particles that constitute the plasma can be splHted into two parts ; the 

unperturbed one and perturbation. 

The factor; zabil ity of the di s tri but ion funct ions f, de lenn i nes the 

unperturbed motions as "uncorrelated" mo tions, i .e .• as taking place "with­

out collis;ons", At the same time the single pa r ticle functio n satisf ies 

the Vlasov equation (with 9 = 0) , so that we choose a soluti on to the Vlasov 

equation as an unperturbed functions of the zeroth approximati on. We can 

regard any arbitrary motion to be a result of perturbations of the equi li-

bri um (unperturbed) moti on. 

3. 1 lineari zation of the Equations of Moti on of Plasma Pa rti cles 

The dynamics of the charged particles in a plasma is determiend by the 

lorentz force contributed by the electric and the magnetic fields arising 

from external sources and the charged pa r ticles . 

let ra(t) define the position of a charged pa rt icle qa with the numbe r 

a = 1,2 •••.• N at the time t. and Va(t) the vel ocity of this partic le. 

The equations of mo t,·on of t he system are given by: 

(3 .1 ) 

• 
~ 

m a dt q [E(r t ) + 1 V,(t) X B( r, ,t) l 
= a a • C 

The d t,·e f,·elds E(r" t) and S(r, .t ) cons i s t of 1010 
electri c an magne 

sepa r ate contributi ons: 
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+ + + + + • 

E(r"t) = Eo + E,(r,t); B(r,t) . Bo + B,( r , t ) 

+ 

where Eo is the electric field at the locati on of pa rt ic le "a· ( 1.e . • 

a t r a( t)) due to the rest of the part icles in their unperturbed mo t ion 
+ 

(external fields included)i and E, is the electric field due to pe r-

turbations of their motion, with a similar repre sentati on for B. 

let the genera 1 so 1 ut ion of the sys tern of the equa t ions (3. 1) be r epre­

sented as a sum of two tenns: 

X,(t, r ) = Xo,(t,r) + , X,( t , r ) 

where + va> Xa ;{ f a 
, 

+ + + + + 

i . e. , r , = r 0' + ' r, = ro, H, (3 .2) 

+ + + + + • 

" = , 0' + 6Voil = , 0 ' ' . 
Here r denotes the complete set of 6N initial data for the system . 

I f (3.2) is substituted into (3.1) , one gets 

+ 511 + dt. 
V,I = VOl + r]1I = dt dt 

Expanding the fields in Tayl or 
series and retai ning on ly t erms upto the 

first order in 
( i.e .• linear approximation) , we the perturbati ons , 

obtai n: dvo, + 
rna dt 

dna = 
rn a dt 

+ • 

( ~ (/I + VOl 

or C 

+ q , 

as .. Q(, ) t !.. 
X a r ic 

. . ) } B,( ro• 
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Here we have assUlned that ( ~ E' 

, I I ' and Bl to be small on the a ye r~ ge. to 

justify neglect of squares and products of them . 

Separating the linearized equations into the unperturbed part and pe rturba­

tions; we obtain: 

, 
droa 
dt 

, 
dt. (t) 

=-
dt 

, 
dYoa + + 

m' (jt = q.[E, (r, .) 

, 
V" + - x 
c (3.3 ) 

(3.4 ) 

(3.5) 

In order to obtain averaged equations for the vectors ( and fl , we multiply 

both sides of their equations of motion by 6[x-xoal =6lr-roa ]6[V-Vo,). surrmed 

over nail and averaged over the initial states of the sys tem. (i . e., we are 

us ing the usual method of averaging ;n the Klimontovich forma l ism). (See also 

Eq. ( 14) in [13)) 

Equa t i on (3.4) t hen becomes 

~ 
dt 

d' 
= , {l..t [ , lx-x"lt.) - t, at , [x-x". l ) . , 

, . v· __ + 

" 
When this is averaged over initial state s ~ we obtai n: 

where 

(3 . 6) 
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' n V =Voi - +..3.[E , +.:..L, 

ilr . m O e ., 
, 
Vo i s the equil ibrium accelerati on defi ned by (3 . 3) . 

Similar ly (3 . 5) becomes: 

• --r-". 

In the equat i ons (3.6) and (3.7) f . t he equi l ibrium di stri buti on fu ncti on 

wh ich sat i sfies t he Vl asov equati on can be cancled . Hence, the two equation 

can be written as : 

(3 .8 ) 

(3 .9) 

If we s ubs t itute the value of ~ f r om (J . 8) in to (3.9 ) and pe r form the 

l eng thy diffe rentiations involved , we a,rrive a t a second order equat ion 

for f; , ( the average perturbation of t he mo ti on) , in t he form: 

(3. 10 ) 

where 
• V ' 

a . ~ !l1E. + - x s. l 
'm C 

(3 .11 ) 

and 
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The second order differential equati on (3 .10 ) descr ibes a system of ·coupled 

osc illators", the coupling being a result of electromagnet ic in teractions 

be tween plasma particles. In the follow i ng chapters. thi s ma in equation is 

solved for several particular cases. To make this system of equati ons closed . 

the field perturbati ons £, and 8, shou l d be calculated in tenns of ( • ~ in 

the linear approximation. 

3. 2 The Perturbation Fields in Tenns of t ; Green Functions 

A. The Electrostatic Case 

To simplify the consideration, we f irs t assume that C" · so tha t 

V c X B, + O• (where c is the speed of light ) , In thi s case t he electr ic 

field E can be evaluated from the " i the scal a r po t entia l which ;s the 

well-known solution of Porsson's-equat ion gi ven by 

and 

where 

For a 

+ 
+ +) "' r' _ E(r = -~ -

1; + +j 
K = r - r 

' r 

o( r' ) i s given by point charge, the charge den:i ity 

(3. 11) 

(3 . 13) 

+ _ + + + (as usual), .a nd expanding the IS - function in 
Defining ra - r oa ~a 

Tay lor's series up to 
t erms l i near i n i . we obta in : 

+ 
p(r) [

+, + (t )]- ~ .[i·' _' .. ( t )] ',( t l! 
=Q {6 r - roa at' 

(3. 14 ) 
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Substituti on of (3.14) into (3 .12) 
y ields: 

... ... R • 
E(r) = - V -, o[r-r (t) ]d+' R ' 

R 00 r - Q / .. -..,o , [f'-r (t )] ' (t )di' . R il r' o. 1.: , r to + t, . Thus. 

, 
E'j = , 'j (t) 

j"'l 
& • 

( - I R' . r
J
, [1--roo ( t )]dr' ) 

where 

This expression for the Green's f unction can be written as : 

o (r-roo ( t ))]di- ' 

The first integral 

...... a R .. 
= - H (r' -r ( t ) - iit dr ' 

o,} il R
J 

R 

= 3R j Rj - R2 6jj 
R' 

where now R = r-ro.( t) due to the 6 -function in tegrati on. 

The second integral vanishes at the 1 imits 1 • I unless r " r' . 
Usi ng the divergence theorem, we can convert it into a surface integra l 

over the large sphere of infinite radiu s . that va ni shes , and ove r a 

surface of a sma 11 sphere of rad ; us ( .. 0 a round the po i nt r( t ): 

I~ 
ar.' 

J 

... R; .. .. .. 
=I n "ii' ' [r' - ro ( t)]d n 

where'; =: is a unit vector in the di recti on of decrea si ng R. and 

+ 
d G=Rzsin e de d" 
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Integrating over angels we can thus wr ite h 
t e value of the second 

integra l as: 

, 
/ n 

The Greenls fu nction for this case is then given as : 

4n 
- 3 "J 

and (3.15) 

The l ast term in the Green's functi on t hat is essen tial only when R · 0 

i s important for the use of the Fourier trans form . 

B. General Case 

In this case we can use the well- known Lienard-Wiechert expressions fo r 

electromagnetic fie ld of a point parti cle in an arbitrary motion. 

(,1 )(1 1 , ) ,,'; 
+ + _ _ n- c -(c' .9 nx {(n- ~) x ~ 
E(r, t) - ql " 1 + c[ K'R 1 

K R Ret ret 
(3 . 16) 

where K = 1 - i'iJ • and all the quantities here are fun ct ions of the 
c 

retarded time t' = t - RIc. 

The equil ibrium (unpertu rbed ) motions wil l be assumed to be non -relati­

vistic. But in considering the perturbations we include the mai n rela ­

tivistic corrections; since the random fl uctua t ions in the velocities 

of particles may not be necessaril y small compared to the speed of 

light c. 
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The substitution of I ' lnearized equati ons of mo ti on into these expres. 
sions yields 

• 
E, 

(3 . 17) 

where the Green functions can be found ,' n h 
t e way s imila r t o (3.15) 

and are expressed by 

4n -- - IIJ I (R) 
3 

, 3R;Rr R2
6 ij 

G i j 
~ 2 Ri Rj - R2 61j 

G Ij ~ 

CR' C2R3 

and 

• q(Rxi + L i ) 8, ~ 

CR' IT 

(The ra ther 1 engthy but s tra i ght forwa rd ca 1 cu la t ions have been 

omitted here). 

(3.18 ) 

The one-particle fields (3.17) and (3 .18) should be multipl i ed with 

dn s • then integrated over all r' and v' and sUlTIlled ove r all 

species before they are used in the mai n equati on (3.10) . dna is the 

number of part icles of species B in a volume element dr' nea r r' 
with unperturbed vel ocit ies in the range (v ' ,v' tdv' ) and it is given 

by 
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where ns is the mean dens ity and 
fa is the unperturbed distribut ion 

function. The final expression fe,r the f,·elds of in te raction in the 

right hand si de of (3 .10) can be written then as: 

(3 . 19 ) 

With analogous expression for B1 . Here, "s(r ') is the density of 

spec ies s at the point ;., • and ( is the mean displacement at t hat 

pOint defined as an average value over all velocities: 

The use of (3 .19) in (3.10) gives a se lf-cons i sten t equation for '( 

which ;s a combined linear, second order part i a l di ffe rential and 

integral equation. 

The main equations of thi s approach. that are derived here. were 
. 

originally used in the paper of [14] but withou t der ivation. We shall 

now apply these equat; cns for some part; cu 1 ar cases of plasma . 
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CHAPTER 4 

ELECTROSTATIC OSCILLATIONS IN A FIELD FREE PLASMA EQU IL IBRI 

(A SIMPLIFIED CONSIDERATION ) 

In this chapter the main equation (3.10) is solved for a pla sma that 

;s assumed first to be in equilibrium, unifonn, and free from ext e r nal fie lds. 

The equivalence of this approach to the usual one based on t he l inearized 

Vlasov equation is shown. Furthennore. a correcti on to t he well- known results 

under the same electrostatic approximation is obtained. 

4.1 The Simplified Equation and its Soluti on 

I f there are no external fields, and the plasma in equil ib ri um i s 

+ + . ... h' 
unifonn, then E = B = O. and from (3.11 ) a = d = o. In t lS case , 

o 0 

the main equation (3.10) becomes conside rably simp ler : 

<to .. ... ... 
- ( E, + VxB,! d 
rna 

(4. I ) 

. ", can be al so neglected in the elect ro­while the magnetiC interactlon D 

static approximation. 

This 1 inear equati on can be solved by apply ing t he t ransform t heo ry; 

. can be presented as the sum of plane waves 
the perturbation quantitl es 

of the type 

• i(t .~ · ., t ) 
A(r,t) • A(', . )e 

1 . th ave vector inter related by 
where /I) is the frequency and 1 sew 

the dispersion relation t o be der ived. 
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The defl ecti on of a parti cle from ' 
Its unperturbed trajectory i( r. v, t) 

and its ti me and spatial de ri va ti ves .re 

while 

."- . 
at 

then gi ven by : 

When these quant i ties are substituted into (4.1) , it becomes 

The Fou rie r t ransform of the deflecti on of a partic le f rom i ts unpe r­

turbed trajectory i ( ~' ~ l v ) can thus be wri tten in the form 

(4 . 2) 

The express ion of t he perturbation field El • (3 .1 9), in thi s e l ec tro-

s tat i c case is rewritten as 

whe re 

, 
3R· R . - R , . . 

I J l J 

R' 
- -t o;; ' (R) (as given by (3. 15)) 

Thi s i s j ust t he fi e l d of electri c dipol e Qs til • see e .g ., Eq . (4 . 20) 

in the book of Ja ckson [1 5] . 
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The Fourier transform of the electric field can be wr itten as 

(4. 4) 

The integration over r1 in (4.4) ha s been re placed by an integration 
, + + 

over K = r-r' , 5 i nee ina un i form plasma the dens ity n 8 may depend 

at mos t on the distance R. This dependence may result f rom the co rre­

lat ion of unperturbed motions of neighbouring charges. that is des ­

cribed by the Oebye screening. 

The express ion (4 .4) can also be written as 

where 
( 4.5 ) 

The integration over the azimuthal angle if> in (4. 5) l eads to integ rals 

of the foll owing type: 

j2 n,, (COS 4>, sin t )exp [ iRs; n e ( k.)( cost + kyS; nt)]do • 
o 

which can be evaluated by differentiation with r espect t o kll and k y of 

the following integra l. 

I~~'-+-k~' cos ( .. , ) ]d •• 1n Jo (Rs in ' k 1), 
exp[iRsin e k- x y 

see ego (3 . 715 .18) in ref .[16]. Here . tg " - k,. / k, 

kZ = k2 + k2 
• and 

1 ' , 
J o 

,'s the Bessel function of zero orde r . 

then be performed ma king 
The integration over the po lar angle e can 

1 (6 688 1) from ref. [1 6] 
use of the formu a . . 

= O( 2 +S2 ) -d2-14J ' ~). m ·O . l .2 . 
... ( ,)J.(osi n x) dx ="6 Cl 

Cl ... , 
/,/2 (5 i n x) cos s cos 
o 

and it yie lds : 



See appendix (B) of this thesi s. 

(4.6) 

If the effects of correlat· . '. 
10n 1n equl11brium are negli gfble . 

n (R) = n = consta t 
B B n , and the integration over R in (4.6) becomes 

simpler; it can be integrated using the formula 

,ifn > - l 

where r (x) is the ganma functi on. (See e.g .• page 154 ,' n [J re f . 17 . 

It yields j ust "6/3. In this case, 

With this expression for G'j (k) . (4.3 ) and (4. 2) give 

4nq. k i q, n, U , 
'. = ~---:--":;'7o" k2m.(o .l., )2 

(4. 7) 

(4. 8 ) 

Since the right-hand side depends here on the mean displa cment (e ' the 

expression (4.8 ) ought to be averaged over ve locities with the equili -

brium distribution function fo: 

Taking into account that 
• 

... ... _2 k a "·_1 
( • • k.v) = -, ~ [ • • k.v ) J. 

k .. 

and integrating by parts over V. we get the fol lowing al gebra ic euqation 

for the Fourier transform «(t ill ) of the mean di sp lacement of parti c le 

! = • 
(4.9) 
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Not surprisingly this 
equation describes longitudinal 

particles while for i ' k th I 
<I-- e on y solut ion is i '" o. 

osc il lations of 

4.2 The Dispersion Relation 

If the dot product of both sides of (4. 9) with k is t.ken, it becomes , 

( i.e. component of U/ k). 

n . . : 4nq. q, 
m. 

U, k, ' f l' ; • k' J :;;:...;..= dv (t v .• ) 

whi ch is equivalent to 

n + t • 
/ L afahv .. t ' dv ) · 0 

(II •• v 

This equation has a non-trivial sol ution onl y i f 

1 + r • 
, t • 
~ • . ' f.l .v dv. 0 
k J ,.U (4. 10) 

This i s the usual dispersi on relat ion for the long i tudinal plasma 

waves . 

The integration in (4.10) cannot be carr ied out directly since the 

denominator in the integrand vanishes for certain values of v. (These 

values might bring our linearized equati on to be invalid since insta­

bilities due to blowouts are present ) . Thi s difficulty was pointed 

out by Landau who sought to remedy the 5 itua t i on by 1 ett i n9 • be 

compl ex. In so doing he found that under ce rta in condit ions the oscilla ­

tions become damped, (the so-called Landau damping). Thus, the integrals 

of such a form should be taken al ong the Landau contour. 
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4. 3 The Corrections due to Oebye Sc reening 

The result of the last section shows, that this approach Is equivalent 

to the usual one based on the linearized Vla sov equation bu t it also 

gives something more. Si nce perturbations in motions of particles are 

being considered here instead of perturbati ons of the di s tribut ion 

functions and fields, it is possible t o take approximatelly i nto acCOlilt 

some collective effects of correlations of the motions. To do so , the 

simplest way ;s, in the calculation of the Fourier transform of inte r­

ac tion (4.6) to take for the density n(R) the functi on 

where . (iI) = * exp(- R/'o ) is the Debye sc reening potential. Th i s 

function can be written in a conven ient form as 

. -
n(R) = n 

g,o -""0] exp[- ~ e 
snR 

(4 .11 ) 

Here. AO = (4 n t nO. q! /w: Taf! is the Oebye length, To. is temperature 

f 
. and 9 = ~ is the di mentionless plasma pa ramete r or spec les D , n ~b 

reciprocal to the number of particles in the Oebye sphere. 

In the case of an ideal plasma the parame ter 9 should be small . and 

instead of (4 .11) a simplified expression of the fi rs t orde r is usually 

taken: 

n(ll) = 0[1- ~:a exp( - Rl'o) ]. 9 « 1 
(4 .1 2) 

Using this 
. t 1 o,e r R in (4 .6). it can be value for n(R ) in the 1n egra 

written as 

n,( R) J 
f rn; 5/2 

R' k" 

(kR )dR = f O[I- ::: exp( - R/, o)] 

J ",( kR)dR 

R 
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On introducing a change of variable u 
= kR. du • kdR • 

• n, (R) 
{ RIkR J5/,(kR)dR = 

o dUo 

We have already calculated th I 
eva ue of the first integral , the second 

integral can be evaluated as follows: 

where a = _1_ 
b o 

and J,(x) 

and its value is found to be gi ven by n 0 0 n Jn5 to an accu racy of 
( b o )3. The expression 

then becomes: 

(4.4 ) for the Fouri er transof rm of the fie ld 

E = - 4, i q n [~ ( ~.I' ) ( I- 9k" 'O) + gk', 'o 
" k' 40 ' 120, I, J (4.1 3) 

Substituting this value of E into (4.2 ) , we get 

(4 .14 ) 

If we now average this equation over V consi der ing only the mo t ion of 

electrons; neglecting the mo ti ons of ions and using the Maxwe l lia n 

distribution function 

f ( v) = 

we obtain the following dispersi on rel at ion to the same deg ree of 

accuracy in b o : 

. ' =.:,. [1+3k ' "0 (l -g/1 80D)] . (4.1 5) 

The correction found here is an encou raging result of the method. 
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CHAPTER 5 

SMALL-AMPLITUDE WAVES IN A FIELD-FREE PLASMA EQUiLiBRIUM 

General Case 

In the case of general electromagnet ic inte rac t ion be tween pa r tic les 

B, ;. 0, and its Fourier transform will be present in the r igh t- hand side of 

(4.2 ) . 

For a non-relativistic unperturbed mot i on Gij i n (3. 17) are i ndependent 
+ , 

of V and V, and the expression for the field s of i nteracti on (3 . 19) are valld , 

so that the fields are defined by the mean displ acement ((r ' . t ) and its time 

derivatives, but not by the actual perturba ti ons 'Cr' ,v;t) . It mea ns tha t 
- + 

the Fourier transform, now including B l(k. ~ ) . may be again ave raged ove r 

velocities , because in this case it ;s enough to consider the mean value of 

the perturbation ( only. 

The retardation due to perturbati on ;n l inea r approximation i s shown 

in the Appendix (A) to be proporti onal t o vic, and it is to be omi tted i n 

the ca se of the non-relativisti c unperturbed mo ti on. It i s therefore enough 

to take into cons i deration onl y the re tarda ti on due to unperturbed motion, 

i.e. in calculating the fields, the source par ti c l e should be t ake n at the 

R i " - (1) 1 and the expressi ons in (3 .1 8) 
lime 1 0 = I- Ro( l o)/c where 0 = r - ro 0 

are to be fun ctions of this t o ' 

5.1 Consideration of Retarded Elect romagne t ic Inte r actions between Particles 

In this general case the main equat i on (3. 10) reduces to (4.1 ) with 

B, , O. 
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Assuming again a wave solution. th e equation can be Fourier- transfonaed 

and its solution becomes 

-
~ = • 

qa- v· + 
- -m (E, + - x 8,) /( . -1:. ,)' 

• c (5 . 1) 

Averaging this equation over velocities, after integrating by parts , 

to is expressed as: 

• • 
00 -k' v 

afo kXB/c 
k.- + T' 

aO 1I.1 -K.V 
(5 . 2) 

It is necessary now to find E (1. 111 ) and B (k. , II). Since the source charge 

should be taken at time t o = t - RIc , in the expressi ons for the Fourier 

transform of (3.18). that are analogou s to (4 . 5) . the exp( ik . R) i n the 

i ntegrands is to be replaced by exp(ik.R+ i ID R/ c). Integra tions over 

the angles .. and e l ike in the previ ous section yield the foll owing 

expression for the Four;er transforms of fields Uk ,. ) and 8(k,. ) in 

terms of the Fou rier transforms of the mean di splacements of the source 

particles ("(k. o): (The details are agai n omitted). , 
,M n ,'Me ' M" , 1 M ' f .J. 

E=4n<q,{[ (M -P~}--3 +P ' = + 2P'L,H, -[3(Me-P""":p 1+ p - ,oj ' ('. (, )/" 
6 aP ap a aP 

p .!!:. )p (k x ( Ilk 
, p 

(5 .3) 

The following notati ons have been used in (5 .3) for the two integrals 

over R = I y.-fl I : , 
IT • -l J 

= -f U 3/2 , , (5.4 ) 

Ms! P) = r;: ( """' .lsi, (u)n , (u)e '" du . 



44 

Here JY2 (u) and J5I2 (u) are the Bessel func t ions , the parameters 

p ::: !fI/ck, u::: kR, and exp(i pu ) ap pear due to reta rdat ion. 

In 8 zeroth order approximat ion in the plasma pa rame ter 9, na{ u)· nat 

and the integrals ( 5.4) can be found wi t h t he aid of (6 . 699) from 

ref.[16] to be 

l s ::: n B 

l-p/2 In ~ 
p-I , p > I 

l-p/2 ( In II+P - i n) , p < I ; -p 

M = , n f
l / 3 - p'/2 + p(p'-I ) In p+1 

4 p-I 

, ~/3 - p' / 2 f p { ~-I l ln ( \~~ -

(5.5) 

p ~ I 

i n ) , p ~I , 

h foll owi ng express ions for the 
Us ing (5.5) in (5.3 ), we obtain t e 

Four;er t rans f orm of the perturbation fie l ds: 

E = 
(5.6) 

Substituti on from 
(5.6 ) into (5.2) yields t he expres s i on for I. 

in the foll owing form: 

'k' (1_'--) (=' 
. ' a 

- . ( ) J{ kx( k x .. fo 

- af dv (5 .7) 
+ [t -~: k(k. (,)+:; x(kx ( , )l~ . ;t ) k.'·. · 

a , 
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For an isotropic velocity distrtb~tion fo • fQ (yl) 

Using this to simplify the right-hand side of (5.7) , we ob ta i n the 

following expression for l (neglecting the motion of ions for 

simpl iCity) for an isotropic distribution as 

(5.8) 

5.2 The General Dispersion Relation in the Absence of Externa l Fields 

It can be seen from (5.8) that it has three basic so lut ions . one for 

longitudinal (electrostatic) waves tilt; 

+ 
k. ! -.'2 + )(' .f) dv - , J (k.! , .• ,..-

k av ~.v- u 

with a dispersion relation 

, + f dv' 
l Ook' -0 +~ J .~~ 

k2 av . -k.V 
(5.9) 

and two for transverse (electromagnet;c) waves with (1' usi ng the 
+++ +++ +++ 

vector identity AxBxC • (A.C)B - (A.B)C , 

.. uZp . 
K x l (1 + 2 2k' • -c 

with a dispersion relation 

J f~ ) 
k. v- ' 

- 0 . 

• 0 

(5 .10 ) 

. b (5.9) and (5.10) are the same as 
These dispersion relations gwen y 

. h I ' earized Vlasov equation aga in provi ng the 
those derl ved from tel n 

· th the usual ones. See e.g . , in re f.[ 2 , 11 
equivalence of our method W1 

or 12]. 
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5.3 The Corrections 

To find the corrections of the first order In g for the dispersion 

relation it is enough again to take the functional form (4. 12 ) fo r the 

density "B{u) in (5.4) which can be written in a convenient form as: 

n(u) = n[l- -g- '- " ) 8,qu 

where the notations q " -fro and U .. kR have been used . 

Using (5.11) In (5.4) then yields: 

and 

(5 .11) 

~ -Vz - Ipu d .9i I! - -Yl J (u) e- lcri PJu du ' M, + . H, HI = .. 'It JIO U J n e u - - I U Y2 B "'! 0 5/2 II 8 nq 2 0 

" I.Ll (l'a-L8) and they can be 
Thus, the corrections in la and nil are 6M " MB -Ms 

written in a compact form as follows: 

= _ i 
Bnq 

(5 . 12) 

) b found maki ng use of (6 .621 .1) from 
The integrals in (5. 12 can e 

ref . [16). 

where 

.L = - i .(z) 
Bnq 

z 
. H = .-9.-[(I+Z ') .(z) - ,) 

32 nq 

• (z) 
, I z 

= l·z arc tg z - 2 
2 

• z .. q-ip. 

(5 . 13) 

11 only if ltIo « 1. I.e .• if q» I. 
the Landau damping is sma . 

Since 1 c t lng (k'o)l and 
. l ' f these expressions neg e 

it is possible to Slmp 1 Y 
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higer terms. Finally, the corrections to (5. 6) to the first order in 9 

and to the second order in b.D are 

• E = 

A,S ,. • 

gk2l. ~ 
30 en [ ! (1 + !~:: ) -31(1.! )/ ,'] 

g" ' i 
6 en c~, h! 

(5. 14 ) 

Comparison of (5. 14) with (4.13 ) shows tha t t he addit ional terms due 

to retardation have an order of 6I z/c 2 kl • tha t is rat io of t he pha se 

speed to that of light . This ratio is neg ligible for t he slow electro­

static wave, so that the expres sion (4.13) remains unaffecte d. The 

correction (5.14) may be used when the influence of t he Oebye sc reening 

on electromagneti c waves in plasma ;s of in te rest . 
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CHAPTER 6 

A SIMPLIFIED CONSIDERATION OF WAVES IN A RAREFIED PLASHA 

IN A STRONG UNIFORM MAGNETI C fiELD 

For a rarefied plasma in a strong ma gnetic f i eld, t he radius of gyration 

rc may be assumed to be small compared to the average di stance between parti­

cles Ui)-l
13

• In this case the cyclotron motion may be t reated as pertu rbation . 

while the equilibrium distribution function may be taken as 

where oi h b t k 1 I ' as een a en a ong the externa magne t ic fi el d ~o • and 
2 2 2 

Vol = Vx + vy . At this stage it is not necessary t o rest r ict t he func ti ona l 

dependence f(v z}. For instance, it may be an i sotropi C funct ion f !ll: f (v~) 

say, the Ma xwell velocity distribution with a temperature Tz • or it may be 

of the form f[ (vz - U)2] taking into account possible currents in plasma. 

If the plasma is an ideal one, then g « I , and the assumption of sma l l 

rc is equivalent to the requirement tha t ale » !li p I provided the speed of 

gyration is equal to the the rmal vel oc ity correspondi ng to the temperatu re 

Tl. . To show this, note that: 

where 

Thu s , 

From this 

). = i~) 
o 411 ne 

1 113 « l or (Ii ) «AD 

,-
14 n~e2 1 

~ « • , 

i s t he thermal velocity. 

-113 r «~ or ", » ', · 
rc « ii) « ). 0 => e 0 

It should be pointed out that for a co ld pl asma the di s tributi on 

. f l·es ou r assumpti on without any 
(+) [ 1 and it sa t lS funct i on i s f = n r 6 v-u • 

restricti on on the pl asma densi ty and the magnet iC field. 
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6. 1 The Simplified Equation and its Solution 

All the tenns in the basic equation (3 . 10) cont.ining v • • nd v, 

becomes zero after averaging over velocit ies due to the presence of 

6 (Vl.) in the distribution function and NY be omitted because of that. 

By the same reason a'" 0, since Y x Ao contains vi only . For the 

unifonn and pennanent external field a ,. o. (since it is the rate 

of change of acceler.tion), .nd (3.10) becomes: 

.'L "itf+ 2V "~V··'~ . bx(.!!..t • V,~t) · ~· (E,.lcb 8,), 
1 ataz Z az co. ~ a m 0. 

(6 . 1 ) 

where b = B, /B, is 
__ qaBo 

field and "ca maC 

the unit vector in the direction of the magnet ic 

is the cyclotron f requency for speci es Q . 

For the Fourier transfonn (: of to. it gi ves: 

where 

and 

y X B, = (-V,B,)i +(V, B,U 

t h n gi ven as fo ll ows : 
The Fourier components are e q _ _ 

_ ),. ( k )c ,, - -' (E, - v, B,/ c) , 
(: {1It -kz'Y z l fllca 01 - zV z o.y rna 

" 
" _ ~ . (E • v, B,/c) , 

m. ' 

q -
_ ( k V )' = - -, E, 
(: (11 - Z Z rna ., 

Of the f ield of interac t ion 
transfonns where LB are the Fourier 

defined again by (5 . 6) to the 
zeroth order in 9. i.e., when nU) • n. 
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Solving these for, 
'Q, (11 and ca l and then averaging over vel ocities. 

we obtain : 

The l .l:component is C 
Q, 

G, " 
• - - E /(.-k v )' rna 1 1 I 

The x and y-components can be ,wr.itten as: _ _ 

, . , 

, = 
y 

where 

When these equations for til' ty and (z are averaged over vel ocities . 

they are found to be given by the foll ow ing expressions: 

III - It - III...... ...] - - B [(1- =-)1, " (1 + ~)I , 
ck Y II II , 

+ i ~ B ((1- .~ )1; + (1 + -:0 )1: - 210] ) 
ck lit III , 

(6 .2) 

{ E" (1 - - I~) - i£,(1: + I~ - 21 0 ) 
y' u u u 

• _ · ca ) + 
+ l.! B [(1- ~)lo. + ( 1+ - 10 

k 
y . • c , 

J, . 
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Where the following notations have been used 
for the integrals over Vz : 

I - fadvz • : I 
.w l1li _ k v , , 

(6.3 ) 

Inserting (5.6) i n (6.2) one arriv·es at a system of al gebra ic equations 

for t, which has non-tiv ial so lutions if some dispers ion re lations 

are sat i sf ied. 

For the waves propagating along the magnetic field Bo. k. z kyzo. kz• k. 

For the longitudina l components of the mean displacements in a t~o 

component plasma containing electrons and ions we have 

!. , 
. -:: iii: Ez J(l I 

where, 

E, : - 411 r qs fis (Sl 

and 
q -

!., : - 4n-o rqa " 8 {51 Ja m. 

or 

.Zpe Jelez + 
, 

J1 i f z (6. 4) 
!" 

: ." 
and 

!" 
: .~i Je lez - ,.:, JI liz 

- has been taken 
Where the electrical neutrality of pla sma q,"e '"' q,", 

refe rs to electrons while i for 10ns. 
into account, and e 
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To consider the transverse displac E!lnents t. and l,. • It is convenient 

to de f ine the right (.' (, + it, and the l.ft .... <,. _ 1(, w ... , . 

The expressions for the interaction fie lds In t his Cdse become : 

_2 4 n 
qe " e lSx ' 

. . '4 n 
q 5 n ll l SY ~ E, = t E " I 

c2 k2 _ 1112 , c2 k2_i 

4n. , ckz I qa n8 lSyt B, 
4 n . ~ kz 

I qa "als. Bx ="- : : . c2k2_ .z e2kl . II Z 

On substituting these expressions into the equati ons fo r lGII and lOY 

( 6 . 2) , one obtains the equations for t R and ( l' The equat ions for (R 

are : 

kl c2 = ~ .' + 
(1- -;<) ( •• l ~' (eR -7 I i (IR • • (6 .5) 

k'c' ) _ . 2pl 1- ( + ~ l~ (I R ' (1- - (i R --
" • e eR III 

While that of ( L are : 

k' , !b + ~ -
(1- --E-) ( = I ( - 1\ tiL 

• e eL II co Z el (6.6 ) 

k2cz = _ ~l + ~ -1 E + 1\ til (1- -,) (, l • e eL III , 

6.2 The Dispersion Relati ons 

A. For the Long; tudina 1 Oi sp 1 aceme~ 

Equati on (6.4) can be wr itten 65: 

_.',. J I ) (to') 
1 t lllZpe J 1 \l It • 0 

, 
• pi J • 
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A non-trivial solution exists only ,' f the d etermlnant is equa l to 
zero: 

(1 ... -~ Je)(l + . zp l J , ) ~ . ~ J, . ~I J •• 0 

from where we get the following dispersion relat ion : 

(6, 7) 

This ;s the usual dispersion relation for longitudinal waves , which 

described the langmuir oscillations and ion-sound waves. Under these 

assumptions the magnetic field produces no effect on the long itudinal 

displacements of particles, and the landau damping depends on the 

longitudinal temperatures Tze and T
" 

for electrons and ions in the 

respective distribution functions fe (v 2
,) and f, (v2

,) . 

For a cold plasma, since thennal motion is negl ec ted. the ve l ocity 

distribution function is given by 

The dispersion relation then becomes: 

1 2 " - lll pe J .. 
, (v,)dv, 

(tI -k zvz)2 
• 0 

property of Oirac's delta funct ion 
In view of the following 

J" g( x') . (x '-x )dx' • g(x) 
." 

we obtain 

1 " ~ .' 
.'1! • 0 
• 

or 



Si nce this dispersion relation is independent of the propagation 

coefficient k. it follows that the oscillations in the absence of 

thermal motion do not propagate in space. as 1t should be due to 

elementary considerations [18]. 

8. For the Transverse D1splacetllents 

The dispersion relation for the right .aves is found frOll (6 .5): 

( ( " \ • 0 

\ lR) 
Seeking for a non-trivial solution, we obtain : 

k' , 
(I _ -'s") 

" 
• 0 

, 
- ~ l~ ] 

• 

There are two solutions: 

k2c2 = 0; the free-space di spersion relation , 
1 - -;;-

and • 0 (6.8) 

the dispersion re lat ion is si.li larly 
For the left waves cL ' 

ca l culated and is found to be given as: 
, 

.".f!. 1-
- I • 

• 0 (6 .9) 

. ive all the known results derivable 
Th dispersion re l atl0ns 9 

ese the vel oci ty dis tr ibu t ion fo r 
, a proaches . However, 

from the usua P t in (6.8) and (6 .9) br in9i ng in 
v has been taken into accoun 

, collisionless damping . 
particular the 
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The equations (6 . 2) - (6 .9) lead to • p.r.doxic. l conclusion th.t In , 

very strong magnetic field the plasma particles (electrons) may gyra te 

not in the right sense only (as they should due to the Lorentz force ) . 

but in the left sense as .. 11 . 

To facilitate the understanding of the results. let us conside r the 

simplest cases: In the long wavelength l imit, let the motion of the 

ions (due to their relatively heavy mass) be ignored and the plasma be 
.. . z;. , 4!l e'n 

cold. Therefore, 1n thlS assumpt10n, k = ). · 0 and . pt · ~ o · 

The dis persion rel ations for the right Ind left wives then st~llfy to: 
. 2 .2 

1 - pe = 0 1 pe = 0 , respectively. 
111 ( 111 ·11) } , . ( Id + IIl C) , 

The expressions for the frequency of osci l lat ions become: 

+ . 2 : pe • • , 
(6.10 ) 

in this simplest case both the 
These expressi ons indicate that even 

rotat ions of electrons are poss ible . ri ght and left 

If the 
and mo re rarefied (i. e. I'\e. 0) . then 

plasma becomes more 

Ope 
+ 0 and in (6.1) 

m, 

yielding the result · R = · c and 
• '" 0 wh 1ch coincides wi th the 

l 

an el ectron in a magneti c 
usual one: 

sense with a cycl otron frequency ·c · 

fie ld gyrates only in the right 
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The apparently strange behav ior observed 
here may be exp la ined by 

the effect of Coulomb interactions on th t i e frIO on of part icl es , t hat 

may be considerably intensified due to inte rference to ove rcocne t he 

action of the external magnetic field . 

This result shows that it is neces sary to be extremely ca reful ~ ith 

the so-called "one-particle" considerations. that is someti mes used 

for the cases of trapped plasmas . If the elect rons are assumed to 

gyrate in a magnetic field, their f req ue nc ies will be the same and 

equ~l to .ce ' and their electric fields are i n resonance with thei r 

cycl otron moti ons. As a result. t he transverse waves (6.5) appea r , 

whi ch may produce a considerable effec t on the plasma conf inement , 

s ince their amplitude gives the radius of gyrat ion and therefo re the 

magnetic moment . wh ich def ines t he refl ection from a magnet ic mi rror . 

For instance, if the nodal pOints of a standi ng wave fonned due to 

reflection of (6.5) from the ends of a plasma col umn are located near 

the magnetic mirrors, the particl es wil l escape from the trap because 

t heir magnetic moment will be zero ( it is not an adia bat ic inva r ian t 

for the case of interacting part icles). 

It is readily seen from (6.8) and (6. 3) t hat there is no right wave 

with /I) = "c in a plasma. si nce the correspond ing integ ral I; diverges 

Th,' s is understandable noting tha t the resona nt inte r­
in thi s case . 

sh ,' ft the natural frequency by the amount given by 
act ion should 

(6.10), that would be . c withou t interac t ion. 
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The general case of arbitrary plasma tempera tu re and magnetic field 

can be also considered in a similar way. see [14] , but the corres ­

ponding expressions are too tedious to be incl uded in this thesis . 

moreover they contain not very much new coma pred with convens ional 

considerations [6,7]. 

It should be pOinted out that the considera tion tn th is t hes is Is 

restricted to the case of a uniform plasma . If n{x); cons tant (say , 

for a plasma configuration of finite size), the expression becomes 

·invalid, which may cause considerable changes in the resu lts. 
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THE MAIN RESULTS AND CONCLUSION 
the work is devoted to a description of pl.smas.s d con uc t ing media 

with udielectric" properties, taking into 
account its fluid-l ike behavio r 

as well as the fact that it is a system of charged parti cles in random 

thermal moticn. It generalizes considerably the earl y worK of BoNn and 

Pi nes [4 J and have severa 1 advantages compared with convent i ana 1 approa ­

ches. On one hand, it gives a possibility, considering the Vl asov kine t ic 

equa t i on for plasma, to take into account the poi nt-l ike beha v lor of Its 

particles and thus to overcome the limitations of the fluid model yi el ding 

the corresponding corrections of the first order in the pl asma pa rame ter 

9 [see, e.g., Eq.(4 . 15)j. On the other hand, it permits one to ut ili ze 

the collective phenomena in the one-particle approximation in desc ripti on 

of plasma that ;s used in the consideration of cycl otron resonance and 

the plasma confinement in magnetic traps. This approach is also ¥ery 

suitable for proper considaration of the flu ctuation phenomena in plasma . 

Starting with the most general statisti cal description of a system 

of charged particles by means of the BBGKY hierarchj of kineti c equati ons 

and using its modification suggeseted in (13j, an exac t solut ion of the 

complete set of equations is found interms of singula r distri bu t ion 

function while the one-particle distribution function is shown to satisfy 

the usual Vlasov equation. The perturbation me thod originated from t his 

exact solution permits one to obtain the main equat ion of the method 

[see Eq.(3.10)j . In this way the usual stat is ti cal desc rip tion is supple -

. . I cOilsideration of in te racti on between parti -men ted with a dl reet dynamlCa ' 

cles for small deflections from 
their unper turbed motions . Thi s approach 

fl 'd and di screte mcdel s and re lates to 
is a kind of combination of the Ul 

the method of test particles [2) but with a quite dif fe rent concept of 

interaction. The 

written "ad noc" 

has been used in [ 14 J but it wa s 
equation of this type 

here an accurate der i¥ation is given. 
there while 
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The derhed equations have been used for deta i led considerat ions of 

several important ~ases. 

First, a simplifit!d consic.:arat;on of unmagnetlzed pl asma has been 

performed taking into account the Coulomb interacti ons between the pl asma 

particles only. By the extensive use of the Fourier transform after rathe r 

lengthy but straightfo",ard cal culation 5, the correspond i ng dispe r stoD ; 

relation for the plasma oscillati ons has been deri ved It • pro ve !; to 

coincide with the dispersi on relation for the l ongitud i nal waves tha t 1s 

usua lly derived from the linearized Vlasov equation for the one-part icl e 

distribution function . However, cur method permits one to take into 

cons ideration the effects of correlation (the Oe bye sc reen ing). and an 

evaluation of the correcti ons of the first order in the pla sma parame te r 

g ;s given, which is out of the scope cf the Vlasov equat ion. 

Next, a general case of small-amplitude waves in a f ield- free plasma 

in equilibrium has been considered. Now the l ienard-Wiechert expressi ons 

for the electromagnetic field of a parti cle in the linear approximat ion 

have been used instead of the Ma xwell equa t ions for the field s as in 

usual approaches. The retardation due to the finite speed of propagati on 

of interactions has also been taken into account in the linear approximat ion 

and under the assumption of non-r.elativis t ic character of par ti cles moti(J1s 

(only the first order tenns ;n the ratio of vIc have been kept) .. The co rres­

ponding dispersion relati on is al so the same as in the usual approaches 

describing the longitudinal as well as the transverse elect romagnet ic ~ ve s 

in plasma in terms of the perturbations of the part ic les mo t ions (and not 

of the electromagnetic fie 1 ds as in usua 1 approaches). Aga i n the cor rect1(J1s 

f 
'
·nter,ct,·ons have been obta i ned in the ex ­

due to the Oebye screening 0 

press ions for the average electromagneti c fi eld of a pa r ti cle [see Eq .(S.14)] 

that also are of the ·first order in the pla sma pa rameter g. 
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Then, the electromagnetic waves descr ibing the free plasma osctlhtlons 

in the case of a ra refied plasma in a strong unifonn IMgne t lc field have 

been considered . The motions of particles in a mag netized plasma of low 

density due t o resonance interaction between them are shown to be qui te 

different from a Simple cyclotron gyration in exte rnal magnetic f iel d. In 

particular, they may rotate along circular pa t hs not i n the · prope r- senee 

only (according to the sign of the i r charge) but i n the opposite di rection 

as well . Probably , this apparent contradi ction with the usual concepts of 

the particle motions may be explained by the collective effects of t he i r 

interaction in electromagnetic wave of correspond ing circular polarization 

that have the interference nature since the mot i ons of part icles in the 

wave are coherent. The most i ntriguing feature of thi s mo t ion is the fa ct 

tha t though t he l orentz force prevents a particle f rom rotati on i n the 

"wrong" sense (while it prov ides such a rota tion i n t he · prope r" sense 

p 1 ay i ng the rol e of t he centri peta 1 fo rce ) . t he f requency of th i s rotatioo 

is again defined by the cyclotron frequen cy [see Eq. (6.7)] . Th i s pheno­

menon can have drasti c negative effect for the plasma confi nement in 

magne ti c traps . 
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APPENDIX A 

Linearization of the Retarded Interact ion 

To express an arbitary fun ction u{t' ) of the retarded t ime t l 1n terms 

of its retarded value at the unperturbed trajectory u{to). note. that the 

retared times tl and t o for the actual and unperturbed mot ions are 

t' = t -R(t' )/ c, t o - t - Ro(t o)/c , 

where the difference between A(t ' ) - ;.-r(t' ) and Ao(to) - r - ro( t o) is 

small, because r = r t t, and!;s the small perturbati on. let t' • t t e , 

where t is of the first order in ( , and it i s to be found . 

From the Taylor expansion 

where 

~( t ') = Ro( t ' ) - (( t') = Ro(t,+<) - ((t, + , ) 

• Ro( t o) - , vo( t o) - , (to) 

~ = dr = _ dAo/dt is the vel oc ity of the unpertubed motion at 
' 0 dt 

t ime t o ' 

Squaring this vector and taking a root one gets: 

where 
.' a unit vector in the di rection of Ro{t o). 
no = Ro/Ro is 

'
.n the defi nition of the reta rded time t ' 

Use of this 

from where 
,( t o)/ (C - no· vol. 

yields 
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Thus, for an arbitrary function u(t) In the l inear approximation In 

we have the following relation 

• • 
no' ( 

u(t')' u(t, ). [1. n, -v, /e du 1 
edt 
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APPENDIX 8 

On the Integrals of the form I R R e ,;.; dR , J 

All the integrals of this type appearing in most part of chapte rs 4 and 

5 are integrated as !in toe following manner. 

• 
Converting them into spherical coordinates R, 9 •• dR:. R! sin . dR ded. 

where 

KJ :. R sin e (K 1 cos. + K2 sin.) + K)R cos 9 . 

:. RK.l sin e C05(++6) + K)R COS 9 

=asin ecos(t+ 6) + II cos 9 

If we consider one of the nine integrals . say for exampl e , R1Rj :. R'l ' 

the integral r becomes 

1 Can be wr itten as : 
The integration over the ang e • 

Since J, (x) 

. ' 
. a K~ 

:. J.. /fI. el ltco't d t 
2n 0 

1 
• .' .K' 

/ , e hu ln 9co, (t ..,sj d . , 

(2 n J o (osi n 8»' 

(the Bessel fun ction of orde r zero) . 

(,s in .) . 
R 5 i n & 

K.l. 
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where the relations J (x) + J (x) = 2n J (x) 
n-l n +1 X n and 

J'(x)=' { J J ) 
n '2' n-' - n+1 have been used. 

With these values I becomes 

The integration over e can be converted into 

' I · II de = J id e '" / 1 de 
o 0 wh 

Introducing a new variable 9' = IT - 9 , de' = - de and by noting that 

sin e = sin 9' and - cos e = - cos 9' I we can write 

/T! (sin e) m eiBcos9d e 
o 

_ 18c:058' 
= !'~ (sin elm eiSeosS de _ / (s in 9, )111 e 

o "" 

= i"'2(sin e)m {ei8cO$8 + e- i8c05 e. de 
o 

: 2i"12(sin et cos (scos e)d e 
o 

since 
ill - i ll. 

2C05 x = e + e . 

Hence, the integral becomes 

1 = 41l/'>R 2 dR/"h s in e C05( 6C05 9) 
o 0 

and can be integrated using the formula [16] 

to yield 

1 = 

R'JJI, (kR) 
+ 4 n .q- ," -=-,r.-- dR . 

o (kR)'I' 

d e' 
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