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Abstract

Superconductivity through Hubbard model has been studied following Hartree Fock
Approximation. The theoretical study has been made on the origin of superconduc-
tivity in electron-electron interaction with coulomb repulsion which is not phononic.
The former interaction is under some condition, qualitatively different as compared
to the latter interaction . The study by considering a Hubbard model is focused and
brought out by applying the canonical transformation method as well as by simple
renormalization operation that excludes double occupancy in the effective Hubbard
Hamiltonian of the system and goes over in to the t-J model Hamiltonian that serves
as a reference point (fixed point ). For small deviations from half filling holes move in
the antiferromagnetic lattice and create disorder and establishes superconductivity.
This Hamiltonian is used and theoretically examined in the second quantization no-
tation by using Green’s function formalism and suitable decoupling approximations
the survival of superconductivity has been shown with the computation of supper
conducting order parameter (A ) and transition temperature (7,.) mathematically to
make known its possibility. The phase diagram of the numerical estimates of the
superconducting transition temperature versus values of electron (hole) boson cou-
pling constant has been obtained and it is in agreement with the the experimental

observation. We found that supper conductivity is obtained through Hubbard model.
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Introduction

Atomic clusters are aggregates containing from few to a few thousand atoms
[1]. Due to their small nanometric or sub-nanometric size, many properties of the
clusters are different from those of the corresponding macroscopic material. Those
differences arise from the fact that a substantial fraction of atoms form the cluster
surface, while this fraction becomes negligible in the case of a macroscopic piece of
material. Many of the properties of clusters can also be understood as arising from
the small volume of the potential well that confines the electrons. In this case the
electrons fill discrete levels. An interesting question which still lacks a convincing
answer is the following: how many atoms are required for a cluster to show the prop-
erties of the bulk material? But, even more important is the fact that the variation
of a given property like the cluster geometry, or the values of the ionization potential,
is often not smooth as the number of atoms in the cluster increases one by one. This
possibility of tuning the value of a given magnitude by changing the number of atoms
in the cluster opens up enormous possibilities for the technological applications of
these interesting nanostructures. It becomes necessary to characterize the electronic,
structural and chemical properties of clusters, and the optical, photo-electron and
time-resolved spectroscopies help in this task, allowing the study of static and dy-

namic electron-electron correlations. The electronic levels are quantized in atomic



clusters and nanostructures, reflecting the behavior of electrons in a potential well
of finite size. The optical spectrum provides information on the electronic struc-
ture. It is sensitive to the size and the geometrical structure of the cluster. This is an
important feature, since the knowledge of the geometrical structure is required for un-
derstanding many cluster properties. Understanding the spectroscopical properties of
clusters means understanding their response to time-dependent external fields. One
is often interested in the response to an external field that is not strong, and in such
a case it is enough to consider the linear response to the external field. The current
experimental trends, however, oblige us to devote special attention to the non-linear
response to strong perturbations. In any case, we are confronted with many-electron
systems, for which the straightforward solution of the Schrodinger equation is compu-
tationally unattainable. The methods based on the many-body wavefunction, such as
the traditional quantum chemistry approaches, or Quantum-Montecarlo techniques,
are possible alternatives, but their computing requirements grow rapidly with the
size of the system. This problem is already severe when dealing with ground-state
properties(total energy calculations), or when attempting to do lowest order per-
turbation theory, and it is aggravated in the non-perturbative regime of high-fields
interaction.In the last decades, it has been shown how the problem of the ground and
excited state properties of clusters can be conveniently attacked, for many purposes,
with the help of density-functional theory (DFT) [27]. In particular, many excited
state properties (e.g., the spectrum of optical excitations) can be calculated by the
so called time-dependent density-functional theory (TDDFT) [811].

In this thesis we propose a different approach to the calculation of excitation

energies which is based on a time dependent local density approximation. To extract



excitation energies form TDLDA we exploit the fact that the frequency dependent
linear response of a finite interacting system has discreet poles at the excitation
energies wy = E; — Ej of the unperturbed system. The idea is to calculate the shift
of the Kohn-Sham orbital energy differences w;j, = €; — €, (which are the poles of the
Kohn-Sham response function) towards the true excitation energies wy in a systematic
fashion.

To this end we first derive a formally exact representation of the linear density
response p(r,w) in terms of the Kohn-Sham response function and a frequency de-
pendent exchange-correlation Kernel, which will used to calculate the shift of the
poles. To determine the optical gap of hydrogenated nano-silicon we need to cal-
culate the quasi-particle gap and exciton Coulomb energy from the knowledge of
time-independent Kohn-Sham orbitals. Finally, to simplify the length scale of our

problem we will employ the concept of pseudopotential.



Chapter 1

Theoretical Methods

In this chapter we revise the theoretical foundations of the methods and calcu-
lations that are employed in the thesis: density functional theory, both in its original
formulation (DFT) and in its time-dependent version (TDDFT). We will only make
a brief exposition of the basic principles, with no attempt to discuss mathematical
subtleties. Since the theory itself is not the objective of the thesis, rather how the
essence of its can be exploited for the nano-structure. Notwithstanding this, it is nec-
essary to establish the origin and justification of the equations that are later on used
in all the applications. The two first sections of this chapter revise respectively DFT
and TDDFT: we enunciate the fundamental theorems that constitute the basis of the
theories, and describe the various approximations to the exchange and correlation

term that we have used, in the context of the numerous existing possibilities.

1.1 Density Functional Theory

Theoretically, the properties of solid can be obtained by solving the eigen-states

of total Hamiltonian of the system. In the atomic unit system, non- relativistic



Hamiltonian of the system is given by
H= Y g > . > Vinlr) + Eunl(RD): (11
where i- j- summations take over all electron positions, R, is n'’-atom position.
Vien(r;) is atom potential at r;, and Fj,,({R,}) is the ion-ion direct interaction.
Most of the properties of the system being in interest such as the total energy of
the ground state, atom force, electron density and electrostatic potential, etc., can be

obtained by solving Schrodinger equation:

HVo({r:}) = EoWo({r}). (1.2)

One of attempts of non-empirical method to obtain the properties of solid is to
solve the equation of the many-electron Hamiltonian Eq.(1.1) directly. In practice, the
equation (1.2) is often rewritten through a Slater determinant which is composed of a
lot of single-electron wavefunctions. This is the so-called Hartree-Fock approximation,
where only the exchange effect is considered. In many problems, it is known that
the exchange term only is not good. Further developments in order to include the
correlation effect into account, many methods, such as the configuration interaction
by expanding on many Slater determinants and the quantum Monte Carlo method,
etc., have been devised.

Anyway, these approaches are all based upon the wavefunctions and express the
electronic states of solid through the set of wave functions. In the configuration
interaction method, the combination of wavefunctions is very complicated, resulting
in severely the limitation of the size of problems.

Meanwhile, for the many-electron problems, another and very different approach

called the density functional theory has been proposed. In this approach, the electron



density is the quantity, from which the theory is developed. To solve one-electron
equations which are derived from the density functional theory is much easier than
solving Eq. (1.2). The correlation effect is taken into account, and the size of the
system which can be handled is far larger. Since 1980, this method has established
a position as one of the main methods of calculating the properties of solid and
molecules from the first principles (called ab initio).

The work by Hohenberg and Kohn [1] is now known as a fundamental reference as
the density functional theory. In this work, it is shown that the ground states energy
of electrons is a unique functional of the electron density. Furthermore, given external
potential, It is shown that the ground-state energy can be obtained by minimizing the
energy functional, with respect to the electron density. When the density is the true
ground-state electron density, this minimizes the energy functional. In a subsequent
paper by Kohn and Sham [2], it is shown that the energy functional is recast by
using orbitals as Fig({¥;}) subjected to the orthogonalization condition of the set

of one-electron wavefunctions W, (r)

Exs({¥;}) = —Zni/\DiVQ\Ifid‘gr—i—/p(r)an(r)d‘gr

2

e p(r)p(x!) 5 ., ,
T / e L'+ Elp)] + Bin({Ra}). (L)

where Fgg is Kohn-Sham functional energy, the i-summation takes over all one-

electron orbits, n; the number of occupations in i-state, E,. the exchange energy, and

p(r) is the charge density and given by

p(r) = Z (). (1.4)

The wave functions ¥; which minimize the Kohn-Sham functional energy in Eq.(1.1)



satisfy the following eigenvalue equations
HysV, = ¢V, (1.5)

where Hyg is Kohn-Sham’s Hamiltonian
Hys = —V? + Vign(r) + Vi (r) + Vie(r). (1.6)

Here, Vi (r) is Hatree-Fock potential

VH:/ ) oy (1.7)
v — /|

Ve is exchange correlation potential

(1.8)

and ¢; and ¥; denote the eigenvalues and eigenfunctions of the Kohn-Sham equation,
respectively.

The wave functions calculated by Eq. (1.5) yield the charge density by Eq. (1.4),
which is just p(r) appearing in the Hartree-Fock and exchange potential. Hence, the
Kohn-Sham equation must be solved self-consistently.

It seems that Eq. (1.6) plays a role of Schréodinger equation of one- electron
wavefunction, but the thought underlying these equation is quite different. For the
case of Hatree-Fock, the wavefunctions are treated as the most important quantity,
and the charge density is second one, in other words, a dependent variable. On the
other hand, in the density functional theory, the charge density comes first. Wave-
functions are something expedient, so that they are allowed to vary as far as the charge
density is the same. In the case of nanostructure of spherical symmetry density at

the interior of the dot is uniform and density at the surface is not uniform.



1.2 Local Density Approximation

A price of mathematical simplification of the density functional method, which
replaces the many-electronic problem by one-electron problem is paid by introducing
unknown functional of exchange and correlation F,. of the charge density. Fortu-
nately, there is an easy approximation for E,.. The most widely used form of E,. is
the so-called local density approximation (LDA). That is, the exchange and correla-
tion energy of uniform electron gas, which is well studied, is used. In this approxima-
tion, the exchange- correlation energy at each point of the real space, F,., is assumed

to equal to that energy of a uniform electron gas with the same charge density.

Eye = /Ezc(r)p(r)dgrv (19)

where V,.(r) is exchange potential and given by

0Eve _ O(p(r)ese(r))

Vie(r) = = , (1.10)
dp(r) dp(r)
where €,.(r) is
€ze(r) = fﬁé’m[ﬂ(r)], (1.11)
where /9™ is the exchange-correlation energy in a uniform electron gas of that charge

density. Actual form of the exchange and correlation energy as the function of the
charge density is constructed, based on the most reliable studies about homogeneous
electron gas, such as [7] or quantum Monte Carlo method [6]. Within the local density
approximation, the exchange and correlation potentials become a local function of the
charge density. Tremendous of calculations of for solids and molecules have shown

effectiveness and accuracy of this approximation.



1.3 Time-dependent Density Functional Theory

DFT, reviewed in the previous section, is usually addressed as a ground-state
theory. This is inexact: the excited states are also uniquely determined by the ground-
state density, i.e. the excitation energies, for example, are also functionals of the
ground state density. Unfortunately these functionals are unknown. Note that HK
theorem is an existence statement and it does not provide with a constructive proce-
dure for the functionals. However, our approach to the study of the electronic excited
states is based on yet another extension: time-dependent local density approximation
(TDLDA). Note that TDDFT is the extension of DFT to time-dependent phenomena.
It allows for the calculation of excitations, but its scope is larger, since in fact, it is an
exact reformulation of the time-dependent Schrodinger equation. In the following,
We will shallowly review the foundations of the theory.

TDDEFT is based on the Runge-Gross theorem [ |: given a system of electrons
prepared in a given initial state ®(ty), there is a biunivocal correspondence between
the external time dependent potential v..;, and the time dependent electron density,
p(r,t). This is a generalization of time-dependent potentials and densities, of ordinary

DF'T one-to-one correspondence:
p(r,t) <« v(r,t), (1.12)

Note that in this case: (i) Two potentials are considered equivalent if they differ
by any purely time-dependent function (because then they produce wave functions
which are equal up to purely time-dependent phase, which is cancelled when any
observable is calculated from them), and (ii) There is a dependence on the initial

quantum state of the system [ ]. (iii) Contrary to intuition, the v-representability
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problem (the problem of the existence of a potential that produces a given density) is
milder in the time-dependent case, and has been solved by van Leeuwen (see [ |; this
work is effectively an extension of the RG theorem) under very broad assumptions
for the initial state of the system.

Armed with the Runge-Gross (RG) theorem, and in a similar way to the Kohn-
Sham construction for the ground state density, we may build a time-dependent
Kohn-Sham scheme. For that purpose, one has to introduce an auxiliary system of
N noninteracting electrons, subject to a external potential vgg. The time-dependent
density of this independent electrons system coincides with the density p(r,t) of
the original system. This density is obtained via the propagation a set of time-
dependent Schrodinger-like equations (sometimes referred as time-dependent Kohn-

Sham . TDKS . or Runge-Gross equations):

(1) = [+ ows (A1) (113)
[W;(to)) = [¥j0), (1.14)
p(r,t) = Zw;(r,t)qu(m). (1.15)

The initial state |® (o)) should be representable by an initial Slater determinant
built with the set of one-electron orbitals {®;o} ;.

Regarding the time-dependent Kohn-Sham potential vgg[p], its formal definition
is rather complex. The original formulation of Runge and Gross departed from the

quantum mechanical action:

A®] = /t 1 dt(@(t)|z‘% —H(1)(1)), (1.16)

which is also a functional of the density by virtue of the RG theorem, A = A[p].
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Then, the exchange and correlation action, A,.[p|, was defined as:

Avelp) = Axcslol - Alpl - 5 / drdr/%

: : (1.17)

where AKS is the action functional for the Kohn-Sham system. The exchange and

correlation functional v,.[p](r,t) is its functional derivative:

0 Aye
xc 7t - ] 118
lplle.t) = 5o (1.18)
This completes the definition of the KS potential vxg[p]:
vislpl(r,t) = v(r,t) + Vilpl(r,t) + vaclpl(r, 1), (1.19)

where Vi [p(r,t)] is once again the Hartree electrostatic potential energy functional,
now dependent on time. In the same manner than in ground-state DF'T, the exchange-
correlation potential contains all the nontrivial many-body effects and has a compli-
cated nonlocal dependence on p, both in time and in space.

This derivation contains two formal problems: breakdown of the principle of
causality | | and one problem related to the boundary conditions in the variational
principle that derives Schrodinger equation from the definition of the quantum me-
chanical action [ |. These problems were solved by van Leeuwen | ] with an alternative
definition of A[p] within the Keldysh formalism:

Alp| = —iln((I)(tO)|U(7'f,73)|<I>(t0)) + /T1 dr (ﬁ> (1) /d(r,T)v(r,T), (1.20)

0 dr
where U is the evolution operator, and 7 is the Keldysh pseudo-time. The exchange
and correlation action is then defined essentially as in Eq.(1.18), subtracting the
action functional, and the electrostatic energy from the KS action functional. The
exchange and correlation potential, which is the operative magnitude, is then defined

once again by functional derivation:
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A,
0P, T) pepir)

Vzelp](r,t) = : (1.21)

In any case, the exact v,. is unknown, and the quality of any calculation de-
pends on the quality of the approximation of this term. We end this subsection by

introducing the so-called time-dependent exchange-correlation kernel

0ge[p(r, w)]

6(['/,(4}) |6'Uea:t:0 (]‘22)

foe(r, v, w) =

whose usefulness will be demonstrated below.

1.3.1 Approximations to the (Time-Dependent) Exchange

and Correlation Term

The simplest, and most commonly used, approximation to the xc functional in
TDDFT is the adiabatic LDA (ALDA), in which the static LDA functional is used

for the dynamical properties, evaluated at the time-dependent density:
v DA (e ) = 0P (p(r, 1), (1.23)
In the ALDA, the f,. kernel is a contact functional in time and space:

ALDA(y tovr, ) = 5(t — )0 (x — 1) 20zt (2) 1.24
foe s tix0,2) = 0k = #)0(r = 1) === |p=pir (1.24)

1.4 Pseudopotential Approximation

The second approximation which follows the local density approximation is use
of pseudopotential. The wavefunctions of solid is expanded here through the set of

plane waves. Plane-wave expansion it is uneconomical to describe localized states,
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such as core states of atoms which exhibit strong oscillations in the core region. For-
tunately, the physical and chemical characteristics of many materials are governed
by the valence electrons which extend to more wide region, and the core states are
insensitive to those properties. We then can make an approximation by using valence
electrons solely in describing the chemical combining characters of materials. There-
fore, needed potentials have relatively slowly varying characters and this is desired
properties. The wave functions which simulate the valence electrons accords to that
are called the pseudo-wave functions. The good reviews of pseudopotential method
can be found in Ref. [8].

The pseudopotential are constructed so as they describe as much precisely as
possible the electron scattering characters outside the core region. Good pseudo-
wave function are called "transferable”. In general, pseudopotentials of an atom
have different scattering characters in each angular momentum and are non-local.

Mathematically, pseudopotentials can be expressed as,
Ve =Y [tm)Vi(tm| (1.25)
¢

where |¢m) is spherically harmonic functions, ¢ and m are the angular mo- mentum,
and the projected angular momentum, respectively. The original bare potential is of
course a local potential. Because the true wavefunction and the pseudo-wave function
are matched outside the core region, non- locality of pseudopotential is limited in the
core region. For light atoms, adding of higher than 2 components, ¢ > 2, into a set
of pseudopotentials is not necessary. Though many empirical potentials had been
devised in the past to construct pseudopotentials [8], a great step had been achieved
by introducing the concept "norm conservation” of wave function by Hamann [9].

As a result, it is not an exaggeration to say that pseudopotential method came to
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be used most generally today as a method to solve the problem of solid. In this
procedure, a nodeless pseudo-wave function is initially taken so as to match to the
true wavefunction outside core radius r.. A norm-conserving condition, along with
other conditions, the final form of potential is completed. The process is depicted in
Fig. 1.1.

The pseudopotentials defined by expression (1.25) may be called semi-local one.
The reason is that it is local for the radial element of the position, though it is non-
local for the angle element. Kleinman and Bylander proposed the full-nonlocal type
by which the radial element is treated non-local [11]. According to this, the potential

is recast by

7, V) (AV,0
1.2
zon VL + Z |AW|(I) > 3 ( 6)

where ®) is the pseudo-wave functlon of the atom when the pseudopotential is

constructed. AV} is obtained by
AV =Vine — Vi, (1.27)

Giving nonlocal potential in this way, the calculation of non-local part of the potential
is greatly accelerated. Further benefit is obtained in calculation of operating of non-
local potential onto wavefunctions if the arbitrariness of V7, is utilized. In this section,
the procedure for constructing an ab initio pseudopotential within density functional
theory will be illustrated. Using the approach Kohn and Sham [15], one can write
down a Hamiltonian corresponding to a one-electron Schrodinger equation. Here the
major difficulty is the range of length scales involved. For example, in the case of a
multi-electron atom, the most tightly bound, core electrons can be confined to within
~ 0.01A whereas the outer valence electron may extend over ~ 1 — 5A. In addition,

the nodal structure of the atomic wavefunctions are difficult to replicate with a simple



15

&

Figure 1.1: Outline of pseudopotential

A true wave function (solid curve) can be replaced with a pseudo-wave function
(dashed curve). Wavefunction and potential of all electrons are the same each other
in the chemically important area outside the core radius r,

basis, especially the wave function cusp at the origin where the Coulomb potential
diverges. The pseudopotential approximation eliminates this problem and is quite ef-
ficacious when combined with density functional theory. However, it should be noted
that the pseudopotential approximation is not dependent on the density functional
theory. Pseudopotentials can be created without resort to density functional theory,
e.g., pseudopotentials can be created within Hartree-Fock theory.

In 1980, Kerker | | proposed a straightforward method for constructing local den-

sity pseudo potentials that retained the norm conserving criterion. He suggested that
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the pseudo-wave function have the following form,

¢p(r) = rleap(p(r))  for r<r (1.28)

3

where p(r) is a simple polynomial: p(r) = —agr* — a;r® — asr? — a3 and

Gp(r) = Yap(r)  for r>r. (1.29)

This form of the pseudo-wave function for ¢, assures that the function will be
nodeless and have the correct behavior at large r. Kerker proposed a criteria for fixing
the parameters (ag,as,as and az). One criteria is that the wave function be norm
conserving. Other criteria include: (a) The all electron and pseudo-wave functions
have the same valence eigenvalue. (b) The pseudo-wave function be nodeless and be
identical to the all-electron wave function for » > r.. (¢) The pseudo-wave function
must be continuous as well as the first and second derivatives of the wave function at
Te.

Once the pseudo-wave defined as in Eqgs. (1.28) and (1.29) one can invert the
Kohn-Sham equation and solve for the ion core pseudopotential, Vo, »:

h2v2¢p7n
2mepy,

This potential, when self-consistently screened by the pseudo-charge density:

ionp(T) = L = Vi (1) = Vae[T, p(7)] + (1.30)

p)=—¢ Y |bpa(MP, (1.31)

n,0ccup

will yield the eigenvalue of E,, and a pseudo-wavefunction ¢, ,. The pseudo wave
function by construction will agree with the all electron wave function away from the
core.

The important issue to consider for nanosilicon is about the details of this con-

struction. First, the potential is state dependent as written in Eq. (1.30), i.e., the
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pseudopotential is dependent on the quantum state n. This issue can be handled by
recognizing the nonlocality of the pseudopotential. The potential is different for an
s—,p—, or d— electron. The nonlocality appears in the angular dependence of the po-
tential, but not in the radial coordinate. Since the core potential is highly bound, the
ion core potential is highly localized and is not sensitive to the ground state configu-
ration used to compute the pseudopotential. This pseudopotential should converge to
the all electron potential outside of the core. A significant source of error here is the
local density approximation. The LDA yields a potential that scales exponentially at

large distances and not as one would expect for an image charge, i.e., intuitively, the

e2

true potential should incorporate an image potential such that V,.(r — oo) — —%.

Nonlocality in the pseudopotential is often treated in Fourier space, but it may also
be expressed in real space. The interactions between valence electrons and pseudo-
ionic cores may be separated into a local potential and Kleinman and Bylander | |

form a nonlocal pseudopotential in real space | |,

VEA0n®) = 3 VieellFl)on(@ + 3 G2 rttem(7) AVi(ra), (1.32)
a a,n,fm
= ﬁ / o (7 AV (1) o (F)BPr, (1.33)

and (AV2 ) is the normalization factor,

(AVz2) = / o (F) AV ()t (ra) P, (1.34)

—

where 7, = 7 — R,, and the uy, are the atomic pseudopotential wavefunctions of
angular momentum quantum numbers (¢, m), from which the ¢ dependent ionic pseu-
dopotential, Vy(r), is generated. AVy(r) = Vi(r) — Viee(r) is the difference between

the £ component of the ionic pseudopotential and the local ionic potential.



Chapter 2

Time Dependent Based Linear
Response Theory

In this chapter we start with the time dependent Kohn-Sham equation. Also,
we present the general equations of TDDFT-based linear response theory, necessary
for photo-absorption calculations.

The Self-consistent single particle time-dependent Kohn-Sham equation is given
by

(=57 + vurlote. ) w(r,0) = 1570000 (21)

Here the single particle wavefunctions, ¢;(r, t), and the effective potential,v.sf[p(r, )],
explicitly depend on time. The mathematical expression for the effective potential is

Veff = Z Vion(t — 1) + Va[p(r, 1)] + vee[p(r, 1)]. (2.2)

a

In the adiabatic approximation, which is local in time, the exchange-correlation
potential and its first derivative can be expressed in terms of the time-independent

exchange-correlation energy, E,.[p],

18
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wulple, ) 2 320, 23)
veelp(r, )] 5t — /)M (2.4)

op(r’, ') dp(r)dp(r’)’
The LDA makes a separate local approximation, i.e, with in the LDA | the exchange-
correlation energy density is local in space.

The local density approximation in time dependent density functional theory
interestingly agree with experimental investigations. Most implementations of the
time dependent density functional theory are based on the local density approximation
or the generalized gradient approximation []. However, these approximations are
known to have the wrong asymptotic behavior, e.g. the potential does not scale as
% for large distances. It is widely believed that more accurate TDLDA methods will
necessitate other forms of the density functional. Examples of such an approach are
the asymptotically corrected local density approximations introduced by Caside and

Slahub [], and by Leeuwen and Baerends []. The potentials have recently investigated

using the current formalism [].

2.1 Time Dependent Response Theory

The linear response formalism with in TDDFT provides a theoretical basis for
the TDLDA excitation energies and oscillator strengths are derived from the single-
electron Kohn-Sham eigenvalues and eigenfunctions. The response of the Kohn-Sham
density matrix within TDDFT is obtained by introducing a time-dependent pertur-

bation dvgup(r,t). Due to the self consistent nature of the Kohn-Sham Hamiltonian,
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the effective perturbation includes the response of the self-consistent field. Consider
a basis set of time-independent orthonormal spin-orbits v;,, where i and o refer to
space and spin indices respectively. These orbitals are the molecular orbitals of the
unperturbed system. The corresponding annihilation operators are a;,.
The linear response of the applied field is
Z 5vfjpfl )Giojo. (2.5)
ijo
The density matrix is given by P, () = (Vo(t)|dirGjo|Vo(t)) and hence its linear

response is
0 Fijo(t) = (0Wo(t)|aistjo[Wo(t)) + (Wo(t)|aisjo 0 Wo(t)), (2.6)

which is conventionally expressed in terms of the generalized susceptibility as

ZJU Z/ X’Lja'kZT )5 ng%t )dt/ (27)

kbt

Introducing the Fourier transform convention

fw) = / Cewdn f() = = / " ) dw, (2.8)

and making use of the convolution theorem

h(t) = /OO gt =) f(t)dt' <= h(w) = g(w) f(w), (2.9)

—00

allows Eq.(2.7) to be written as

Pijo Z Xijohtr (W 5”13%;[ (w) (2.10)
ker
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2.1.1 Derivation of Generalized Susceptibility

Consider a perturbation

Sw(t) = e "0 4, (2.11)

where 7 is a positive infinitesimal such that dw(t;) = dv(t;). From time-dependent

perturbation theory we know that

6Wo(tr)) = —i Y |[Ws(t) / (W1 (1) ]800 (8) [T (t))dt, (2.12)

1740
where \I/]( ) e~ Bt )\I’]

6Wo(tr)) = —i > [Ty(t1) / (eI |5 (L) |e ™ oMWy ) dit
I#0

=~y / 0 (12)) (0 1080 [ W) 50800004y (2.13)
I#0

Taking its complex conjugate we have
<5\I/0<t1 | =1 Z/ \I/] \I/]|5Uappl|\1/0> B (=) +iBot—n(t1— t)dt (2.14)
1#0

The linear response of the density matrix at time t; is

0Pyo(tr) = (60o(tr)|al,a0|Wo(tr)) + (To(t1)|al,a;0|0W0(t1))

— E 1Eot1 E : appl ~ iEr(t1—t)+iEot—n(t1 —t)
- / \Ilf|awa’]¢7|\lj € \Ij | 5Uké7’ akTaéT|\1jI>
I1#0 ket

— i{WoeN Al a0 ) (Ug] ) dvpttal, age [Uo)e PO =] (9,15

kit

Pir = 3 [ 00t =) S (Wl s 00 (Wilal e 5ot

ker I£0
— (Wolaf e | W) (W]a], 50| W) o Frmm 0], (2.16)
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where

1 >t
Ot —t) = ! :
0 1 <t

is the heavy side function. Now, comparing Eq.(2.10)and Eq.(2.16)we have,

Xijoktr = —iO(tr — 1) > [(Wolal,ajo 1) (U1|af, e |Wo)e 1 Fomm =t
1#0
— (Wolag, |V r)(W|af, a0 Wo)e P Prmmi=n], (2.17)

Thus,the Fourier transform of the generalized susceptibility is

okt = Z[(‘I’O\dga&jo\q’ﬁ<‘I’I!@LT&£T|‘I’0> N (‘I’O\dLT&M‘I’ﬁ(‘I’I\&jgdja\‘l’@] (2.18)
VT o — (Br - Bo) +in w (B —Eo)+inp 7

If a single particle system is initially in orbital v,,, and the unperturbed station-
ary states are taken as the orthonormal basis set underlying the second quantized

notation, then Eq.(2.18) can be written as

_ Z[<\I/mu|d;[adjo|\ljl><\I/I|d27-d€7|\lfmu> - <\I/mu|dltr&€7|qjl><\Ijl|d;[adj0|\ymu>]
w—(E[—Eo)+i7] w+(E1—E0)+in

5j,m - 5i,m

w — (€ic — Eja).

Xijo,ktr
1#0

50,760’7,“‘ 6])4

(2.19)

Since the response of the density matrix of systems of N independent particles
with (possibly fractional) occupation numbers n;, is the occupation number weighted
sum of the response of the density matrices for the individual orbitals, assuming
that no change in occupation number is induced by the perturbation, the generalized

susceptibility can be rewritten as

5]‘ m 6i,m
Xijoker(@) = > MnyuOa,700,4:05, - (€i0 — €jo)
mu
Njo — Ny
R T 2.20
700050~ (€io — €jo) 220

This is ageneric expression for nano-clusters of arbitrary number of atoms with

no overall symmetry.
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2.2 Linear Response of the Density Matrix

The perturbation induced into the Kohn-Sham hamiltonian by turning on an

applied field 6v¢;,(r, 1) is, to linear order,
5Ugff(r7 t) = 5Uappl(r7 t) + 5Ug'CF(r7 t)a (221)

where v, p(r,t) is the linear response of the self-consistent field arising from the
change in the charge density. Thus the quasi-independent particle nature of the
Kohn-Sham equation means that the independent particle nature of the generalized
susceptibility Eq.(2.20), can be used together with the perturbation dvg,;(r,?) to
write down the linear response of the Kohn-Sham density matrix to the applied field.

In the basis of the unperturded molecular orbitals,

e Njo — Nio e
0Pjjp(w) = Z Xija,keT(w)évkg = 2 5vi]faf(w). (2.22)

w — (€ic — Gja)

The previous equation is however, complicated by the fact that (511;9ng (w) depends
on the response of the density matrix,

aUSCF

Pt (W) = 97§ Prer
o (@) % OPyer
= Y Kijo, klT6 Pz, (2.23)
kéT
here th I trix Koo () = 22009 qoscribes th the self
where the coupling matrix Ko e () = b describes the response the self-

consistent field to changes in the charge density. Taking the Fourier transform of
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the coupling matrix we get,

o uSCE(p
Ki jo,klT = Fiw(t=t) 297 22 d(t — t/
jo,kt (w) /_Ooe (9P1m( ,) ( )7

5USCF ap ( t”)
— w(t—t") Yo r drdt” | d(t —t'),
/ Z// 5pmu apka( ) " ( )

- / / |%< Y)W, (x)

N / ittt { / / 5/)0(52 )gipgr/,t)\DkT(r’)\IJZT(r’)drdr’ d(t —t'),

- / / Wi, (r) W0 (r) [Ir _1 ot 5/)5(21«)?5(;)[? gr/)] Uy, ()5, (x))drdy’, (2.24)

where the functional derivative is evaluated using the unperturbed spin-up and spin-

down charge densities. Using Eqgs.(2.21),(2.23)and(2.24), Eq.(2.22) can be written

as

0Pjp(w) = —22 7 _ |50 (w Kijoper(w)0 Py 2.25
J (w) W — (Eio' _ Eja) [ Uzga + ; jo,ke ke ( )] ’ ( )
rearranging the above equation we get
nk'r*nﬁﬂ'#() W — (6 — € )
Z (SU 7—(52‘ k(;jg ko o) _ Kija kér(w) 5Pk€'r(w) = 5U?pfl(w)a (226)
Ll S Ngr — Nyr , !

where ny, # ng,. Solving the above equation for § P(w) then allows response prop-
erties to be calculated. From Eq.(2.24)we see that the coupling matrix satisfies the

following relation:

Kija,kﬁr(w) = [KkﬁT,ija<w>]*' (227)

2. When the molecular orbitals are real, as in the usual case in quantum mechanical

calculations,

Kija,kET(w) = KijU,ZkT(w) = Kjia,ﬂkr(w) = Kjia,kﬁT(w)~ (228)



25

0By

3. In the adiabatic approximation, the replacement 5% —o(t—t )m

Pr,t0pys 41

results in a coupling matrix which is no longer a function of w, and which is real when

the MOs are real. And hence K is hermitian,

Kijorer = Kjig hr (2.29)

Furthermore K is real when MOs are real, but even in this case

Kijo,kﬁT 7é Kija,EkT (230)

Since only the particle-hole (ph) n;, > n;, elements §F;;, of the response of the
density matrix are nonzero and divide d P, into particle-hole (ph) and hole-particle
(hp) parts.

We start by ordering the orbital basis W;, such that i < j < n;; > nj,. Now
consider n;, > n;,. Then the 0 P;;,are the ph matrix elements and 6 Fj;, are the hp
matrix elements, and can be written as two separate equations, the first giving the

ph part of fv®P!,

Ngr —Ngr >0

W — (€ke — €10
Z |:50,75i,k5j,ﬁ ( b ‘ ) - Kija,ké‘r(w) 5Pk€7'(w)

klT

Ngr—ner >0

- Z KZ]O’ kéT 6P€kr( ) - 61}?]‘1?[(@)7 (231)
kér

and the second giving the hp part of Jv®P,

Ngr—ngr >0

w — (€15 — €por
Z (66,704,100 (& ko) _ Kjio oer (w)]6 Prer (w)

Negr — N
LT T kT

Ngr—ner >0

- Z Kjw kéﬂ- 6Pk€7( ) - 511??:1(0})7 (232)
kér
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If the molecular orbitals are real, using the symmetry property in Eq.(2.30), we

can combine Egs.(2.31) and (2.32) into a single matrix equation as,

[(A(w) B(w)) —w (C 0 >] <5P(w)) _ (vappl(w)) (233)
Bw) A(w) 0 -C OP*(w) 6v;ppl(w)

where:
Aija,kZT (w) = 50,7(5i,k5j,€u - Kija,kéra
Ngr — Nyr
Bija,kéT(w) = _Kjia,kZT(w)y
C _ 5076i,k5j,€ .
Nkr — Nyr

Here, § P(w) denotes the Fourier transform of dP(t) (so 6 Py, (w) = 6P}y (w)) and
similarly for ovy,, (w). Note that in each block, the rows are labelled by ijo with
Nis > Nj, and the columns are labelled by ké7 with ng, > ng..

A suitable unitary transformation of Eq.(2.33) gives

(A(w)+B(w) 0 ) Cw (C 0 >] ( ROP(w) ) _ ( Révappi () ) (2.34)
0 B(w)TAw) 0o -C ~iS0P* (w) —IS0Up ()

Which can be used to obtain the real and imaginary parts of d P,

[[A(w) — B(w)] — w*CJA(w) — B(w)]_IC} (S6P)(w) = Sdvgppi(w) (2.35)
and for the real part
—iwC[A (W) + B(w)] ' (R Prer ) (W) = ROvappi(w) (2.36)

For real perturbations, the real part of the response of the density matrix is given by

Ngr—ngr >0

€ko — €ur
Z [5k£5i,k5j,zm - 2Kija,k€7’<w)
klT
Og70; 10 a
—w? SR J(ROPyr ) (w) = dui (w) (2.37)

(nkf - nZ,T)(EkT - EZT)
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2.3 Solving The Eigenvalue Problem

Once the pseudopotential has been determined, the resulting eigenvalue problem

needs to be solved for the system of interest is,

V>
+ V2

o+ Va4 V) 4 Vil nl) =0 (239)

where V?

on

is the ionic potential for the system. Since the ion can be treated as the

chemically inert and highly localized, it is a simple matter to write:
‘/;Io)n(f) = Z V;'I;n,a(F_ éa) (239)
Rq

where VP

0on,a

is the ion core pseudopotential associated with the atom, a, at a position

R,.



Chapter 3

Results for Excitation Energies and
Optical Gap

3.1 Calculation of Excitation Energies and Oscil-
lator Strength

The interaction of an atom or a molecule with light can be modelled as the the
interaction with an electric field varying sinusoidally in time. Excitation energies and
oscillator strengths can then be obtained from the poles and residues of the dynamic
polarizability.

The dynamic polarizability can be obtained by introducing a perturbation

Vappi (1) = Y5(1), (3.1)

and expanding the 4 component of the dipole moment to first order in the function

8’7 <t>7

[e.9]

pa(t) = pg + / gt — e, (t)dt' + ..., (3.2)

—00

where the first term on the right hand side refers to the permanent dipole moment.

28
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Then, from the convolution theorem

apy(w) =

where dp15(w) is the linear response of the dipole moment.

Since

5:“6 ZﬁJZJ(SP’L]U = - Z ﬁjioXija,kﬂT(W)/Ykérgv(w)a (34)

ijo ijo,klT
It follows that
(W Z Bjio Xijo ktr (W) Vrer- (3.5)

ijo,klT
Using Eq.(2.18), Eq.(3.5) can be written as,

(Wolaly o | W ) (0 1]}, drr | W)
agy(w) = — Z Bjia Z w— (Er — Ey)

ijo, kbt

(\Ifl|ah&k7-|\110)(\Ifold;(,i;ﬂklf[)

_ oL (B By 1Vker
3 (V7|81 Wo) (o 4|Tr) (T4 To)(To| BT r)
-2 w—(Er—E)  w+ (B —Ey) (30

Using the fact that (U;|3] o) (Tol4|P;) = (U;|3]|T0)(To|3|T;) the above equation

will reduce to

5 2(01|3W0) (Vo 9] 1) (3.7)

7 (E] — E0)2 — w2

This expression is interesting due to the fact that it shows the spectroscopic os-

gy (w) =

cillator strengths,

2

fi =5 D(Er = Eo) [ (ol A1 W1 + (ol B1w1) (3.8)

3
and the excitation energies w; = F; — Ej are poles and residues of the mean polariz-

ability,

a(w) = —tr Z o wQ (3.9)
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For real perturbation, the polarizability will only involve the real part of § P, using

Eq.(3.5), the real part of the dynamic polarizability tensor is given by

Nio —njg>0

apy(w)=-2 Y Pige¥0 o (3.10)

= £
ijy v

Considering Eq.(2.35), let
S(w) = —C(A - B)"'C, (3.11)
and
Q) =-S"3(A+B)'S7, (3.12)

with the above expressions the real part of the linear response of the density matrix
is given by
(ROP(w)) = 877 [w?1 — Q(w)] ™' 872 (ROt (). (3.13)

The simplified matrix forms of S and 2 are given by

50',7 61‘,]4:6]',(

(nkT - nZT)(EkT - 657’) .

S(w) = — (3.14)

and

Q(w) = 50,7'6i,k5j,€(6€7'_6k7')2+2\/(nio - nja)<€ja - Eia)Ki,j,cr,ka\/(nkT - néT)(GET - EkT)‘
(3.15)

Using Eq.(3.13), Eq.(3.10) can be written as

gy = 23782 [Q(w) — w1] S 2y (3.16)

The excitation energies and the oscillator strengths may be obtained by comparing

the above equation with the SOS formula for the polarizability. Since a(w) has poles
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at the excitation energies, wy, it follows that the excitation energies are the solutions

of the psuedoeigen value problem,

Q(W)F[ = W%F[ (317)

It is also clear from the SOS formula that a(w) is even function of w, thus Q(w) and
K (w) must also be even functions of w, and hence Eq.(2.27) are hermitian matrices.

Taking the spectral expansion of the SOS formula, we have

[Qw) 1] =) il F,Fi (3.18)

2 _ 2
— W —w

Note that R; # 1 if the pseudoeigen vectors F} are normalized to 1.(unless (2 is
independent of w). Instead, it is convenient to normalize the ]?‘I such that R; = 1.

The value of R; is most easily determined for non-degenerate states, in which case

Ry

2

R F,F! (3.19)

[Q(w) — wQI}fl &~

near w = wy. Then

_ Qw) — w1 0N(w)
1~ et T
RI = Fle[ — FI 1— @wg o F[, (320)
as w — wy. Renormalizing the pseudoeigen vectors such that
0Q(w)
Fi|1- F;=1 3.21
- [P &2

then yields Ry = 1. Hence F; will always refer to these normalized peudoeigen

vectors. Rewriting the expression for the dynamic polarizability using the spectral
expansion in terms of the renormalized F;, and comparing with the SOS formula
Eq.(3.7) we get

BISHF, = w? (Wol4| W) (3.22)
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so that the oscillator strength is given by
2 1 1 1
1= 3 [!xTSﬁFﬂz + ’ZJTSTFIP‘ZTSﬁFﬂQ] (3.23)

According to the Thomas-Reiche-Kuhn (TRK) sum rule [], the sum of the os-
cillator strengths should be equal to the number of electrons. This can be used to
gauge the quality of the basis set, when working with frequency-independent approx-
imations for K. When () is independent of w, the renormalized F; from a complete

orthonormal set,

F,Fi=1. (3.24)
It then follows that

fr=2||afs 2 F, 2 + ]yTS*%F1]2|zTS*%FI|Q] . (3.25)

[SSE

3.2 Approximation of the Exchange-Correlation Ker-
nel

For simplicity one can split the exchange-correlation kernel given in Eq. (2.24)

in to two parts: K = K 4+ KUD_ The first term represents a double integral over

1

=k Instead of performing the costly double integration by direct summation, we
r—r/|

calculate this term by solving the Poisson equation with in the boundary domain.

The conjugate-gradient method is employed to solve this equation.
V2,55 = —4miio (T)1hj0 (1). (3.26)
The first term in Eq.(2.24) is calculated as

Ko er = / Dijo (1) kr (1) ther (r)dr. (3.27)
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The second term in Eq. (2.24) represents a double integral over the functional
derivative of the exchange-correlation energy, 62 E,.[p]/0p, (r)dp,(r/). Within the local
approximation of the exchange-correlation potential this term is reduced to a single
integral,

0% Euelp]
zgakéT /ww wj!f 5/)0( )6p7—( )wm wéq—(r)dr, (328)

The above equation requires the evaluation of the second derivatives for the spin-up
and spin-down charge densities. The LDA exchange energy per particle is normally

approximated by that of the homogeneous electron gas, ||

wl—=

Qlolr)] = — = (6n%p (1) o = (1,13, (3.20)

The first derivative of the total exchange energy determines the LDA exchange po-

tential,
S Eq[p] _ 1 3 _
(5,00 - U:r[,ocr] - _7'(' (67‘- pa( )) 0= {Ta l} (330)
The second derivatives are:
0°Eulp] _ (3) : pf, SElA_, (3.31)
0p10py or ) "H opropy '

A parameterized form of Ceperley-Alder functional [] can be used for the LDA
correlation energy. This functional is based on two different analytical expressions
for ry < 1 and r, > 1, where r, = (3/4mp)'/? is the local Seitz radius and p = p; + p,.
One can adjust the parametr for ¢ < 1 to guarantee a continuous second derivative of
the correlation energy. The adjusted interpolation formula for the correlation energy

per particle is given by ||

Alnry+ B+ Cry,+ Dry+ Xr?lnr, re > 1
e VT = { - (3.32)

’7/(1 + ﬁh/ﬁ“k ﬂ27’5) rs < 1
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where two separate sets of coefficients are used for the polarized spin (P) and unpo-
larized spin (U) cases. The numerical values of all fitting parameters appearing in Eq.
(3.32) can be found in Ref. []. The adjusted interpolation formula for the correlation
energy is continuous up to its second derivative, while the original Perdew-Zunger
parametrization is not [J.

Equations (3.29) .. (3.32) describe only the cases of the completely polarized and
unpolarized spin. For intermediate spin polarizations, the correlation energy can be

obtained with a simple interpolation formula,

e =c. +&(p)les — e, (3.33)

1 4/3 | 4/3  o-1/3 , P1 Pl
5/):—(:1: +x" =2 /)3 with — xy=—, 1z =—. (3.34
( ) 1_9-1/3 7 ! T P ! P )

The expression for the second derivative of the correlation energy in case of an

arbitrary spin polarization can be written as

5E. 52ECU 52Ef 52ECU
) 5[[)]: 5 +§(p)( 52 5. ) (3.35)
pa pT p p IO

9(p)  OE(p)\ (OEF GEVN %) ,» o -

( apo + apT (5p 5p + apaapr (EC 60 ) ) 0, T = {Ty l}, (336)
where the spin polarization function, £(p), and its derivatives are given by
o(p) _ 4 s as s

dpr  3p(1—2-1/3) (xT I ] ) ; (3.37)

9*¢(p) 4 s s s s
dp1Opy T 92 (1 —2-1/3) (xT A A C )) ; (3.38)

0%¢(p) 4 s s v s
Op1dp, 92 (1 —27173) <7<“’T +a”) =4z + g >) : (3.39)
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The TDLDA formalism presented in previous sections can be further simplified
for systems with the unpolarized spin. In this case, the spin-up and spin-down charge

densities are equal, p; = p|, and Eqgs. (3.34), (3.36)-(3.38) yield

_ 0%¢(p) _ 4
¢(p) =0, Ppropn ~ R (@E 1) (3.40)
d(p) _ PEp) 4
oo " Omop | 0@ @P 1) 340

Since the coordinate parts of spin-up and spin-down Kohn-Sham wave functions
for systems with the unpolarized spin are identical, ;1 = 1;,it follows that €1 xep =
Qijike; and Qijrke; = ijpker- This allows us to separate ”singlet” and "triplet”

transitions by representing Eq. (3.17) in the basis set of {F,F_}, chosen as
Fi) = L(F-. +F;;|) (3.42)
ij - V2 ij1 ijl)- :

In this basis, the matrix €2 becomes

Qj;,;;} — b0, 0why + 2\/Aijwinj;,;;}\/AWM, (3.43)

where KZ{;FM_} = Kij1,ke;- The components of Kt~} in their explicit form are given

2] ke = // ¢Z f]_r;/'(fé(r/) drdr/

Lo / () <62EU (9@11/3 Z/B)wk( Joe(r)dr,  (3.44)

by

U
7,] kf /¢Z 'l/}] ( ((21/3 _ 1>) (97’()11/3 2/3) 'Qz)k;( )@bg(r)dr. (345)

For most practical applications, only ”singlet” transitions represented by the F, basis
vectors are of interest. Triplet transitions described by the F_ vectors have zero dipole

oscillator strength and do not contribute to optical absorption.
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3.3 Calculation of Optical Gap

The first step in the calculation of optical gap involves the calculation of the
quasi-particle gap, which is the energy needed to create a non-interacting electron-
hole pair. The second component is due to the direct Coulomb (E¢,,) and exchange
(E.;) electron-hole interactions comprising the exciton binding energy.

For an n-electron system, the quasi-particle gap €2 can be expressed in terms of

the ground state total energies E of the (n+1)-, (n-1)-, and n-electron system as
e? = (Epy1 — By) — (By — Eyo1) = Bpy1 + By — 2B, =/l 4+ 3, (3.46)

where X is the self-energy correction to the HOMO-LUMO gap 51; L obtained with
in LDA. This definition is quite convenient for the calculation of the quasi-particle
gap, as it is possible to excite individual electrons or holes from the ground state to
electronic configuration of a confined system. Eq. (3.26) yields the correct quasi-

particle gap 2 if the exchange-correlation functional is used.

Q.dot | " | e? | GW

SiH, 79 1123 | 12.7
SioHg | 6.7 | 10.7 | 10.6
SisHi5 | 6.0 | 9.7 | 9.8
SijuHoo | 44 | 7.6 | 8.0

Table 3.1: HOMO-LUMO and quasi-particle gaps (Eq.3.26) calculated for hydrogen
terminated Si clusters compared to the quasiparticle gaps calculated with in the GW
approximation [ |. All energies are in eV.

For a dot having comparable size to the exciton binding energy the quasi-particle
gap can not be used directly to measure the optical gap. Quantum confinement
in nano-structures enhances the bare exciton Coulomb interaction, and reduces the

electronic screening so that the exciton Coulomb energy becomes comparable to the



37

quasi-particle gap,

et = e — Ecou, (3.47)

Since the exciton exchange-correlation energies are much smaller than E¢,,; for
the quantum dots it will be neglected. FE¢,,y is better calculated using ab initio pseudo

wave functions. The exciton Coulomb energy can be written as
Eews = [ dnilue)P Ve, r),
= [anfl [ e Vi o),
= /// (ry,7) |¢e 1) Plon(ra) drdrydr,. (3.48)

v — ro|

In the above expression V* and V" are the screened and unscreened potentials

scr unscr

due to holes, 1, and 1)), are the electron and hole wave functions, and ¢! is the

inverse of the microscopic dielectric matrix. One can define ¢! as

r= —— 3.49
/|I'—I'1| |I'1—I'2| ( )

Then the exciton Coulomb energy can be written as

o= [ [0 o

r1 — 1y

if €71 is taken to be unity the unscreened Coulomb energy can be determined.
In order to calculate Eq.(3.30), €(r,r") needs to be calculated. With in density

functional linear response theory, ¢(r,r’) can be shown to have

=6(r — ’)—/d 1 + 0 B (ri,1) (3.51)
oot RO I R '

where FE,. is the exchange correlation functional and xo(r,r’) is the independent
particle polarizability:

o) = 3 ) OGN 552

i,j v
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as expressed in terms of the Kohn-Sham wave functions and eigenvalues, 1;(r) and
¢; having occupation number n;.
With real wave functions and integer occupation numbers, the excitation for € can

be simplified by taking spin degeneracy into account as,
r r’
e(r,r)) =8(r — ') +4§:Uc + Ko (r)]| 222 (3.53)

where the summations v, care over the valence and conduction orbitals, and the

integrals J,.(r) and K,.(r) are define as

Jue(r) = /drllrwiw;ﬂ (3.54)
and
52 52 mc
Kuee) = [ dn st s = st (3:55)

For calculating exciton Coulomb energies and many other physical quantities, the
inverse of the €(r,r/) matrix is needed. Both the computational cost and storage
requirement of e~ become critical problems for N ~ 10%. The form of the dielectric
response function in Eq. (3.33) allows us to reduce this computational cost and
storage requirement significantly by observing that e~! is separable in r and 7/. This
makes it possible to express the matrix € in terms of identity matrix I and rank N,,. =
N, x N, matrices U and V', where N, and N, are the number of valence and conduction
orbitals, respectively. The matrices U and V are defined as U = 2(J,. + K,.) and
V = % for which the rows are labelled (from 1 to N) by grid points, and the
columns are labelled (from 1 to N,.) by valence and conduction orbital pairs. This

leads to the following matrix expression for the response function:

e=I+UVT, (3.56)
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where V7 is the transpose of matrix V. Expressing the € matrix in this fashion allows
us to calculate its inverse in terms of the inverse of the matrix X = I + VIU as
follows:

el=I+UVH =T -Ux VT, (3.57)

On a Cartesian grid of uniform spacing h, the elements of the inverse dielectric
matrix can finally be written as
1 N’UC
—17,T
€= 93 <5ij - Z Uik Xy Vm) . (3.58)
kt=i

We note that X is a N,. X N,. matrix.

3.4 Computational Methods

A key aspect of our work is the availability of higher order expansions for the
kinetic-energy operator, that is, expansion of the Laplacian. We impose a simple, uni-
form orthogonal three dimensional gird on our system where the points are described
in a finite domain by (x;,y;, 2x). We approximate ?92712# at (z;,y;, z1)by

n=N

2
T _ Z Cotb(w; + nh, yi, z1,) + O(RPN 1), (3.59)
n=—N

Erel
where h is the grid spacing and N is a positive integer. This approximation is accurate
to O(h*¥*+2) upon the assumption that ¢ can be approximated accurately by a power
series in h. Algorithms are available to compute the coefficients C,, for arbitrary order
in h. Expansion coefficients fir a uniform grid are shown in Table 3.2.

Within the kinetic energy operator expanded as in Eq.(3.59), one can set up a

one electron Schrodinger equation over the grid. We will employ the local-density
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- of Cit1 | Ciza | Cizs | Ciga | Cigs | Ciss
N=1 -2 0 0 0 0 0 0
N=2 —% 0 0 0 0 0 0

— 49 3 T T
N=3 —1s 5 — 15 50 0 0 0
N=d| -2 | 2 |—gz]-55] 0 [0 0

— 5269 5 5 5 T 2
N=5| - 1800 | ~21 " 126 | “1008 | — 540 | 3150 0
N=6 | —2369 12 _L 10— 1 7 2 [ __1T

1800 7 56 119 112 | 1925 16632

Table 3.2: Expansion coefficients C,n = 0, ... = N, for higher-order finite-difference
expressions of the second derivative.

approximation in setting up the chréodinger. We solve for ¢ (x;, y;, zi) on the grid by

the secular equation:

hQ n=N N
- %[ Z C?u,[vb(xz +n1hayjazk) + Z an,lvb(ajz)y] +n2ha Zk’)
ni=—N ni=—N

N
+ Z Cra®(@i, Y, 26 + n3h)| + Vi (i, yso 2) + Vi (@i, yj, 21) + Vae (@i, y5, 20) 190 (22, 95, 21)
n3=—N

= Bz, yj, 2)¥ (i, yj, 21) (3.60)

If there are M grid points, the size of the full matrix resulting the above eigenvalue
problem is M x M. V;,, is the nonlocal ionic pseudopotential, V is the Hartree po-
tential, and V. is the local-density expression for the exchange correlation potential.

The two parameters used in setting up the matrix are the grid spacing h, and the

order N.
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Figure 3.1: Uniform grid illustrating a typical configuration for examining the elec-
tronic structure of a localized system. The gray sphere represents the domain where
the wavefunctions are allowed to be non-zero. The light spheres within the domain
are atoms.



Chapter 4

Result and Discussion

In this chapter we will summarize and relate our theoretical calculations with

experimental data.

4.1 Absorption Spectra of Hydrogenated Nanosil-
icon

Absorption Spectra of Si,H,, clusters were calculated in two steps. First,
the minimum energy cluster structure were obtained using real space pseudopoten-
til method and LDA exchange correlation potential. The optimized geometries of
Si,H,, clusters are shown in Fig.(4.1). After that, the linear response TDLDA for-
malism is applied to compute the the spectra of Si, H,, clusters. Since all theoretical
spectra were computed for the same cluster structures, the differences in the calcu-
lated spectra could be directly linked to the properties of the exchange-correlation

functionals.
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Figure 4.1: Structures of Si,, H,, clusters.]|

more...

4.2 Optical Gap Of Hydrogenated Nanosilicon
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Figure 4.2: Photoabsorption verses Photon energy for SiH,

Figure 4.3: Photoabsorption verses Photon energy for Si,Hg
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Figure 4.4: Photoabsorption verses Photon energy for SisHio

Figure 4.5: Photoabsorption verses Photon energy for SisHg



Figure 4.6: Photoabsorption verses Photon energy for Si,Hg

Excitation Energies | Ionization Energy
Cluster | Experiment TDLDA —eEDA S
SiH, 8.8 8.2 36
9.7 9.2
10.7 9.7
SioHg 7.6 7.2 75
8.4 8.6
SizHg 6.6 6.2 6.9
7.5 7.0
9.3 8.8
SisHyo 6.5 6.6 7.3
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Table 4.1: Excitation and excitation energies of S, H,, clusters. Experimental exci-
tation energies are adapted from Refs. [3, 4]. All values are in eV.



Chapter 5

Summary And Conclusion
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