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ABSTRACT

Optimization is a mathematical problem with many real world applications. The goal is
to determine minimizers or maximizers of a multivariable real function, under a
restriction domain. The differentiability assumptions play a vital role in nonlinear
programming, because most of methods of finding the optimum point in nonlinear
programming starts by finding the gradient of the function and then the stationary points
For unconstrained optimization problems, checking the positive definiteness of the
Hessian matrix at stationary points, one can conclude whether those stationary points are
optimum points or not if the objective functions is differentiable. Similarly ,if the
objective function and functions in the constraint set are differentiable, the well -known
optimality condition called Karush-Kuhn-Tucker (KKT) condition leads to find the
optimum point(s) of the given optimization problem. But, since finding the gradient of
the function for non-differentiable functions is not possible, we treat the problem by
finding the sub gradient of the directional derivative. Consequently, the optimization
procedures for the optimization problems on which functions in the problem are not
differentiable is different from the optimization procedures for the optimization problems
in which the objective functions as well as functions in constrains are differentiable. The
main purpose of this project focuses on finding the optimality conditions for
optimizations problems without any differentiability assumptions. The sub-gradient of a
directional derivative approach are used to solve nonsmooth optimization problem of
convex type. we establish the existence of optimization problem specially for non-linear
programing (NLP) ,We introduce “A cone Approach on the Karush-Kuhn-Tucker
optimality conditions, constraint qualification” and we discussed in this paper some of
the constraint qualifications as well as some relation between them and also to show and
also to observe the weakest of these constraint qualifications with respect to the concept

of cones and their polar.



Key words and phrases: Optimality conditions, constraint qualifications, nonlinear
programming, unconstrained optimization, positive definiteness, Hessian matrix, smooth
optimization, nonsmooth optimization, directional derivative, sub- gradient, sub-
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Regularity constraints.



List of Notations:

Vf(x) Gradient of real valued functions f

R set of real numbers

R™ n dimensional eculidean spaces

aaLx Partial derivative of f with respect to x.

H(x) Hessian matrix of a function at x.

L Lagrangian function:

L(., /1,#) Lagrangian function with Lagrange multipliers A and U.
<A h> inner product of 4 and h

fe ¢’ f is once continuously differentiable function

fe ¢" f is twice continuously differentiable function

Pun Unconstrained optimization problems.

Pe constrained optimization problems.

CQ constraint qualification

Q feasible set of the problem

P(s) the polar of S

T(x) the tangent cone at XeQ.

D(x) the set of first order feasible variation at a point xeQ.
LICQ Linear independence constraint qualification.

MFCQ mangasarian-Fromovitz constraint qualification.

NSO Nonsmooth optimization problems.

NDO Nonsmooth non differentiable optimization problems
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Introduction

Optimization is a mathematical problem with many real world applications. The goal is to
determine minimizers or maximizers of a multivariable real function, under a restriction
domain. A function is smooth if it is differentiable and the derivatives are continuous.
Moreover specifically, this is first-order smoothness. Second —order smoothness means
that second derivatives exist and are continuous, and so forth, while infinite smoothness
refers to continuous derivatives of all orders. From this perspective a nonsmooth
functions only has a negative description it lacks some degree of properties traditionally
relied upon in analysis. One could get the impression that “nonsmooth optimization” is a
subject dedicated to overcoming handicaps which have to be faced in miscellaneous
circumstances where mathematical structure might be poorer than what one would like.

But this is far from right.

There are many situations in operational research where one has to be Optimize a
function which fails to have derivative for some values of the variables. This is what Non
differentiable Optimization (NDO) or Nonsmooth optimization (NSO) deals with. For
this kind of situation, new tools are required to replace standard differential calculus, and

these new tools come from convex analysis.

In Nonsmooth optimization (NSO) functions don’t need to be differentiable. The general
problem is that we are minimizing functions that are typically not differentiable at their
minimizers this type of problems arise in many field of applications such as Economics,
Mechanics, Engineering Computational Chemistry, Biology, Optimal control and Data

mining.

Some of the cause of nonsmooth optimization is inherent which is original phenomenon
contains various discontinuities and irregularities. It may also cause by technological that
is caused by some extra technological constraints which may cause a nonsmooth
dependence between variables and functions. Methodological that is some algorithms for
constrained optimizations may lead to a nonsmooth problem for example, the exact

penalty function method and numerical is the so called “stiff problem” which is



analytically smooth but numerically unstable and behave like nonsmooth problems. This

project paper that contains three main focus areas such as:

e Chapter- one, we try to discuss some basic concepts of convexity , convex
function and separation properties.

e Chapter- two, discusses, on smooth optimization problems, throughout the
chapter, we try to describe some basic concepts and properties of the methods for
nonlinear optimization problem .we apply differential of the functions.

e Chapter - three, focuses on nonsmooth optimization problems which cannot be

differentiable functions.



CHAPTER ONE

PRELIMINARY

1.1. Convex analysis and convex functions

The concept of convexity is important in the study of optimization problems. In order to
decide whether an optimization problem can be solved with tools from convex analysis or
not, the question about convexity must be answered. As the minimization of the objective
function can be restricted to a certain set, convexity must be verified for the objective
function and the constraints. We start the section about convex analysis by considering
the notion of convex sets. Considering convex sets is crucial for convex functions, as
there is a strong relation between them. A function is convex if the set of points lying

above the graph of the functions is convex. Therefore; we first define convexity of sets.

Definition 1.1: (convex sets)

Next, is the notion of a convex set

1. Asubset S € R" is said to be convex, ifAX + (1-1)y €S whenever x,y €S and 0< A <1.

2. Let x,yeS. Then the set of all convex combination of x and y is the set of points
{w, €ESiw, = Ax+ (1-)y € S,0< A <1} .......... (1.1)

In, say, R?, this set is exactly the line segment joining the two points x and y.

Definition 1.2: Let keS. Then the set k is said to be convex provided that given two
points X,y € k, the set (1.1) is a subset of k.

We give some examples:

a. An interval of [a, b] c [ is a convex set. To see this, let ¢, d € [a, b] and assume, with
out loss of generality, that ¢ < d. Let 1 €(0,1). Then,

a <c=Ac+(1-A)c < Ad+(1-1)c
< Ad + (1-2)d

=d <b



b. Let A be an mxn matrix, be R™, and Let s :={ xe R™: Ax=Db}. (The set s is just the set

of all solutions of the linear equation Ax=b.) , Then
A((1-2) x1+ Ax? )= (1-)A x1+ 1Ax?
=(1-A)b+ b

=b-Ab + b

C. In R™ the set H :={x€ R" :a;x;+...ta,x, =C} IS a convex set. For any particular
choices of constants a; it is a hyper plane in R™ . It defines equation of a generalization

of the usual equation of a plane in R3, namely the equation ax+by+cz+d=0
To see that H is convex set, Let x! ,.x? € H and define z€ R3 by

Z: = (1-2) x*+ Ax? .Then
Z: =YY" a;[(1-2) x}+ Ax?]
(=D axi +Aax?]

- (1_/1)21 1a; X +/121 14; X

= (1 —=A)c+Ac
= c—Ac+Ac
=C

Proposition 1.1: If CcR™ is convex,then the cl(C), the closure of C, is also
convex.

Proof:

Suppose x,yecl(C). Then there exists sequences {x,} and {y,} in C such that x,, »x and
Yn =Y as n— oco. For some 1, 0< A <1, define z,:= Ax,, + (1-4)y,. Then, by convexity,

z, €C. Moreover z, - Ax + (1-1)y as n— oco. Hence this point lies in cl(C ).



Proposition 1.2: The intersection of any number of convex sets is convex.

Proof:

Let {k,}oca be a family of convex sets, and Let K:=() aeAka.Then, for any x,ye k, for

all « € A and each of these sets is convex. Hence, for any a € A, and 4 €[0,1], Ax + (1-
A)y € k.. Hence, Ax + (1-A)y € K.

Proposition 1.3: Letc, ¢, and c, be convex sets in R” and let B€ R, then
a, B C:={ze R" :z= B X, XeC} is convex.

b, c;+c,:= {z€ R" :z=x;+x,, X; € C¢1,X, € C,} IS CONVEX.
Proof:

a, Letx,y € R" and 0< A <1.
B (Ax + (1-D)y) ={ze R" :z=B(Ax + (2-)y) , X,y €C}
={ze R" :z=A(B x) + (1-1)(By) , X,y €C}
=Ac + (1-A)c
=c
b, Let z;,z, € c;+c, and take 0< A <1.

We take z, =x; +x,, with x; € ¢;, x, € ¢, and like wise decompose z, =y, +y, with

y,€c;andy,€ec,. Then
(1-D)z; + Az, = (1-2) [x1+x2]+ Aly1 +y2]

= [(2-2) x1 + Ayq]+ [(1-A) x5+ Ay,] € c1+c,, Since the set ¢; and ¢, are
convex. While, by definition, a set is convex provided all convex combinations of two

points in the set is again in the set.



Definition 1.3: The convex hull of a set ¢ is the intersection of all convex sets which
contain the set ¢, denote the convex hull by con(c).

Corol Iary 1.1: The convex hull of a compact set in R™ is compact.

Proof: Letcc R" be compact. Notice that the

o =={(11, Ay sy An)} ER™ X! A,=1 is also closed and bounded and is therefore
compact.

Now, suppose that {v1};2; = con(c). By Caratheodory’s theorem, each v/ can be written
in the form: v09 := Bt 2, x0D where 4, >0, X 2, =1, and x*Y ec.
Then , since ¢ and o are compact, there exists a sequence, kq,k,, ... such that the limits
limy, o lki = /1i and limy_, x®&D = x D exists for i=1,2,...,n+1. Clearly, li =0,

It A, =1 and x; € c. Thus, the sequence {v'}2; has a subsequence, {v0*9}?2, which

converges to a point of con(c). Hence it is compact.

Definition 1.4 (convex function)

1. Let S be a non-empty convex set in R™, The function f:S — R is said to be convex on S
if f(Ax + (1 — D)y) < Af(x) +(1-A)f(y), for each x,y€S and for each A € [0,1]

2. The function f is said to be strictly convex on S if the above inequality holds a strict
inequality for each distinct X,y € S and for each 4 € [0,1].

3. The function f is said to be concave (strictly concave) if —f is convex (strictly convex).

Theorem .1.1
If f is convex and f € ¢’ over an open convex set S, then f(y)> f(x)+ Vf(x)T (y-x), for all
If in addition f € ¢”’ over S, then the Hessian of f is positive semi definite, V2f(x)> 0,

forall xe S

Conversely, if f € ¢’ over S and (1) holds, or if f € ¢"’over S and V2f(x) > 0,



for all x€ S, then f is convex over S.

Proposition 1.5: If h(x) is convex and non-negative on a convex set X, then
h %(x) is also convex on X.

Proof:
Suppose x,y€ X and 2€[0,1], then
h?(x+ (1 —Dy) =[h (Ax + (1 =Dy h Ax + (1 = Dy)]
< (Ah(x) + (1 = Mh(y)) Ah(x) + (1 —Dh(y))
=2h?(x) + (1 = Mh?(y) - A1 —D(h(x)- h(y))
< Ah2(x) + (1 — Dh2(y)

Proposition 1.6: If fis a convex function on a convex set X, then the function
f*(x) = max{f(x), 0} is also convex on X.

Proof:
Suppose x,y €Xand A € [0,1], then
frx+ (1 -Dy) =  max{f(x + (1 — Dy), 0}
< max{ Af(x) +(1-D)f(y), 0} (Since f is convex)

< max{ Af(x), 0} + max{(1 — 1)f(y),0} (By property of maximum
function)

= Amax{ f(x), 0} + (1 — D)max{f(y), 0}

= ffO+ A - f*»)



1.2. Separation properties

There are a number of results which are of crucial important in the theory of convex sets
and in the theory of mathematical optimization, particularly with regard to the
development of necessary conditions, as for example in the theory of Lagrange
multipliers. We will discuss these results which will be useful to us. We will confine our
attention to the finite dimension case. In order to study the separation properties of

convex set. We need the notion of a hyper plane.
Definition 1.5: Let ac R", and be R and assume a# 0.Then the set
H:={xe R" :(a, x) =b } is called a hyper plane with normal vector a.

We note, in passing, those hyper planes are convex sets. Indeed, if x,yeH and 0< 1 <1

we have :
a,{ a(l-Mx+1iy )=(1 —/1)<a,x ) +A( ay )
=(1-A)b+2Ab
=b—(A)b+2Ab
Each such hyper plane defines the half-spaces.
H* :={xe R" :<a,x )=b},and H™ :={xe R" :<a,x ) <b}

Note that H¥ (1 H™ =H. These two half-spaces are closed sets, that is, they contain all

their limit points. Their interiors are given by

HO*:={xe R™ (a,x ) >b }, and H°~ :={xe R™: (a,x )<b } whether closed or open,

these half-spaces are said to be generated by the hyper plane H. Each is convex set. Of
critical importance to optimization problems is a group results called separation

theorems



Definition 1.6: Let S, Te R™ and Let H be a hyper plane. Then H is said to separate

S from T if S lies in one closed half-space determine by H while T lies in the other closed
half-spaces. In this case H is called a separation hyper plane. If S and T lie in the open

half-space, then H is said to strictly separate Sand T.

Theorem 1.2: Let C<R" be convex and suppose that y ¢ cl(c). Then there exist an

ac R" and anumber y € Rsuch that : (a,x ) > yforallxeCand:(a,y )< y.

Proof: Let ¢ be the projection of y on cl(c), and let y=inf,c. ||x — y||, that is, y is
distance from y to its projection ¢ . Note since ygcl(c), y >0.

Now, choose an arbitrary xec and A €(0,1) and form x,:= (1 — 1)¢+Ax

Since, xec and ¢ ecl(c), x; ecl(c).
So, we have ||x, —y||2=||(1 — N+ Ax-y||%=|]c — A&+ Ax-y||2=]|e-y||?2>0

But, we can write | | — AT + Ax-y|| 2=||(€ —y) + A(x - &)|| ? and we can expand this

expression using the rules of inner products.

0< |[e—ylI> < || —y)+/1(x—6)||2:< @ -y +A(x-28), @ —y)+A(x-¢) )

=( t-y,t-y )+ { t-y, Ax-8&) )+ Ax-6),e-y )+ Ax-6),A(x-86) )

And from this inequality, we deduce that 21( (¢ —y),(x-¢&) )+A?( (x —¢)

,(x-28) ) =0

From this last inequality, dividing both sides by 2A and taking a limit as A— 0%, we

get < c-y, x-¢C >ZO



Again, we can expand the last expression

By adding and subtracting y and recalling that ||c-y||>0, we can make the following

estimate, ( ¢-y,x ) = ( ¢-y,¢ )=( C-y,y—y+¢ )

In summary, we have ( &-y,x ) > ( ¢-y,y ) forallxec.

Finally, define a:=¢-y. Then this last inequality reads ( a,x ) > ( a,y ) for all

XEC .

10



CHAPTER TWO

2. SMOOTH OPTIMIZATION PROBLEMS

In this subsection, we shall mainly understand the optimality conditions for various types
of extremum problems, under differentiability assumptions of the functions involved in

the problems, we shall treat, separately necessary and sufficient optimality conditions.

Definition: 2.1.

The optimization problems in which the objective function is differentiable and functions
involved in the constraints are continuously differentiable is called smooth optimization

problem.
Definition: 2.2. Let X be a normed vector space and f: X - R, we say that:

I. f has a local minimum at x* if and only if there exists a neighborhood X of x* such
that f(x*)<f(x), for all xeX.
ii. f has a global minimum at x* if and only if f(x*)<f(x), for all x €X.

2.1. Methods for unconstrained and constrained smooth optimization
Problems.

Consider the following types of smooth extremum problems (smooth mathematical

programming problems):

Min f(x)

s.t. X€ R" (Pun)
min f(x) (Po)
s.t. XeS

11



where, S={x: x€ R", g;(X)< 0, i=1,...,m,h;(X)=0, j=1,...,r }is_called_the constraint set and
X < R"isanyset, f, g; (i=1,...,r < n) are real- valued functions, all defined and

differentiable on R™.

Remark: Problem (pyn) is called unconstrained optimization problem, whereas (pc) is

constrained optimization problem.

2.2. Method for unconstrained smooth optimization
In this subsection, for unconstrained smooth optimization, we have the following

conditions:

i. For (pupn), if Vf(x°) # 0 ,then x° is not a minimizer of f.

ii. Points Vf(x°)=0, are candidates of minimization (stationary points).

iii. If the Hessian matrix is positive definite at x° and if x° is candidate

or V2f(x%) > 0, then x° is a minimizer. To show this, we see the following examples.

Examples 2.1

Min f(x) = (x; — 3)%+(x, — 4)?
XE R™

Solution:

vf(x)=0

of

- (%]-0)

6X2
2(x1 —3)\ _(0
= (2(x2 - 4)) ‘(0)
0_(3 . . : . .
x°= 4) IS a stationary point (critical point).

Now, the Hessian matrix:

12



fX1X1 fX1X2

VZf(x°) = since, fx;x,=fx,x; is symmetric matrix.

I:X2X1 X2X2

-2 O
0 2

= 4>0 is positive definite

wo=()

x":(i) IS a minimizer.
Example 2.2
Min f(x, y) =y? — 3x%y +2x*
(xy) € R?
Solution:
vf(x, y)=0

of

£)-0
ay

—6xy + 8x3> (0
= ( 2y — 3x?) _(0>
O_(o : : P
x°= 0) is a stationary point (critical point)

Now, the Hessian matrix:

fxx fxy

fYX fyy

[y 2l

=020 is positive semi definite

V2 (x,y) =

x0=(8) isn’t a minimizer.

13



Example 2.3

Min f(x)=100(x; — X,)?+(1 — x;)?

XE R?

Solution:
Vf(x)=0

of
6X1 _ O

=\ or ‘()
6X2

= xoz(iz):(i) is a stationary point.

f f
Now, the Hessian matrix: V2f(x°®) = | ¥ 1™

X2X1 X2X2

o=()

_]202 200
—200 200

= 40,400-40,000>0

=400> 0 is positive definite

x":(i) is a minimizer.

2.3. To solve constrained types of problems
In this subsection, for (p.) we use Lagrange function to transform the problems in to

unconstrained form, That is, we define
Lx, A, w=f0) + ( 4,9(x) ) +( wh(x) )
(x,4,0) € R® X R X R"

14



=f(x)+Xi21 4, 8i + Xi=1 Wi hi, 4, =0, provided that A and p exist.
Then we have new unconstrained optimization problems:
Min L(x, A, 1) (P 1)
(X,4, ) € R* X RP X R"
Because of the assertion, if x° is a solution of ( p,, w), then x° is a solution p,
Solving (py, W) is similar to solving p,

For solving problem (p; , uw),the most well- known optimality conditions called Karush-

Kuhn-Tucker (KKT) necessary optimality condition helps.

Notation: For any feasible point x, the set of active inequality constraint is denoted by

Ax)={ilgi(x) = 0}.

Definition 2.3

A feasible vector X€S is said to be regular, if the gradients Vh;(x), j=1,...,r of equality
constraint and the gradient Vg, (x), i € A(x) of the active inequality constraints are

linearly independent.

2.4. Karush-Kuhn-Tucker (KKT) necessary optimality conditions for

constrained smooth optimization.
Let x* be a minimum of (p.) with f, g;, h; are differentiable, Assume that x* is regular

,then there exist unique Lagrangian multipliers.
/1*:(/1*1’ /1*2, o) ﬂ*m)
Vi L(x*, A*,u*) =0
A* gi(x*) =0 foralli€{1,2,....m},4*, =0
h;(x*) =0, for all j=1,2,...,r
gi(x*) <0, forall 1<i<m
Under suitable convex assumption the KKT conditions are also sufficient optimality

condition S.
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Example 2.4

Min f(x) =x? +x2 -14x,-6x, -7
XE S
Where, S={(x;,x;) € R?| x; + x5 < 2,x; + 2x, < 3}
Solution:
To transfer Lagrange form, we have
L (%, A4)=f(xxy, x5) + A, (g + x5, = 2) + A, (x1 + 2x, — 3)->min, (x, 1) € R* X R}
Then we have to solve the following system of equations:
Consider the following unconstrained optimization problem
Min L(x, 4) (p2)
(X, 1)€ R? x R?

To solve this problem, First check regularity condition, whether it is linearly independent

or not, since, the gradient active inequality constraints, namely,
{ax(xl + Xy — 2)' ax(xl + 2XZ - 3)}:{(1)' (;) }
—(Xx
Where, x-(x;)
LetB,a € R
since, (1) + 8 (3)=(5)

a=£=0

(D)and (3) are linearly independent, the regularity condition is satisfied.
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Moreover, since f,g; and g, are convex, the KKT conditions are sufficient for (x;, x,) to

be a solution of ( py).
From KKT conditions, we get:
1,22=2x; —14+ A, + 1,50
2, 22=2x, —6+ A, +21,=0
3, 4, (% +x,—2)=0
4,4, (%1 +2x; —3)=0
5. +x, <2
6,x; +2x, <3
T A,4,20

Solving this system of equations and inequalities by distinguishing different cases, we

have the only solution.
(17, x57) = (3,-1) for (p,). And by the assertion, (x;*, x,*) = (3,-1) is also a solution for

the original problem

2.5. Necessary KKT optimality conditions

In this subsection, constrained optimization
Let :R" - R, g; : R® - R for j=1,...,m and
h;:R™ - R fori=1,....
Unconstrained problem Constrained problem

Minimum f(x) minimum f(x)
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No restriction xe R™ subjectto g; < 0,j=1,....m
h; (x)=0,1=1,..,r

For constrained problem, we say that x feasible if it satisfies all the constraints of the

problem, i.e. g; (X)< 0, j=1,...,m h;(x)=0, i=1,....r, In fact it is linearly constrained
Necessary optimality conditions:
Let f:R™ — R be continuously differentiable over R™

Leteach g; : R™ —» Rand each h;:R" - R

Unconstrained problem constrained problem

Minimum f(x ) minimum f(x)
No restriction Xxé R™ subjectto g; < 0, j=1,...,m
h; (X)=0, i=1,...,r

Necessary optimality conditions:
If x* is an optimal solution for the problem, then x* satisfies Vf (x*)=0
Necessary optimality conditions: Equality constrained problems
Consider the equality constrained problem,
Min f(x) (3)
s.t h; (X)=0, i=1,...,r
The function f and all h; are continuously differentiable over R™.
The optimality conditions are specified through the use of Lagrangian functions:

Lagrangian function is given by:
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L(x, 2)=f()+Xi=1 4 ;h: ()

Where A= A1.,...,4
l T

Necessary optimality conditions:

Assuming some regularity conditions for problem (3), if x* is an optimal solution of the

problem, then there exists a Lagrange multiplier A4 = /11/1: such that

V,L(x*, 2%)=0 VF(x") + 20y A, Vhi(x")=0

2 L(x* 2 %)=0 hy(x*)=0 for i=1,...r

2 is the optimal associated with the solution x*
This condition is known as KKT conditions

Important: The KKT condition can be satisfied at a local minimum, a global minimum

(solution of the problem) as well as at a saddle point.

Question: We want to determine the optimal solutions of the problem (global minima of

the constrained problem) ? How can we use the KKT conditions?

Solution:

We can set up a system of linear equations using the KKT conditions:

V() +X7=; 4,V b () =0

h;(x)=0, for i=1,...,r

Here, we have n+r unknown variables (x of size n and A of size r) and n+r equations.
We can solve the system and find the points that satisfy the equation (KKT conditions).
These points are known as stationary points (or KKT points)

The optimal solutions if any are among these points
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Note:We need additional information to characterize the stationary points as global or
local minim or other by using the second order information for the objective f(x) at the
KKT points.

Example 2.5

Determine all the stationary points of the following constrained problem:
Min f(X)=x2+x2+x2
s.t. xy+x,+3x3-2=0

5x;+2x,+x3-5=0,

We construct/transform the Lagrangian function for the problem
L(X, A )=xf+x5+x5+ A (1 +x,+3x3-2)+ A, (5x1+2x,+x3-5)

We set up the equations:

1, 75=2%,+ 4, ¥5 1 ,=0

2, 2

! 6X2

2x; + 4, +22,=0
oL _ _
3,£—2x3 +31,+1,=0

oL
4, —=x,+X,+3x35-2=0
oy

JdL
5,0_}\2:5)(1 +2X2 +X3 -5=0

Solving this system of equations and inequalities by distinguishing different cases, we

have the only solution, x=[.8043, 0.3478,0.2826]7 and A = [.0870, 0.3044]7, so we
have only one KKT point, namely x=[.8043,0.3478,0.2826]" ,

But, we still don’t know if this is optimal or not?
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We can check the Hessian of f, we will find that the Hessian is positive definite.

The Hessian is positive definite, therefore the point x* is a global minimum.

Necessary optimality conditions: inequality and equality constrained problems

Consider the following constrained problems:

Min f(x)
St.g; <0j=1,...m 4)
h;(x)=0, i=1,...,r

The functions f and all g; are continuously differentiable over R".
The optimality conditions are specified through the use of Lagrangian function
Introduce a multiplier per constraint: y > 0 for each constrained g; =0 and h; for each
constraint h;(x)=0

L(X, g, 4)=F(x)+X7%, ujgj(X)+Zir=1 A hiWhere p=(p .y p ) and 4
=4 A)

A necessary optimality conditions: Assuming some regularity conditions for problem

(4)

if x* is an optimal solution of the problem, then there exists Lagrange multipliers

A=A Ayandut = (pt, u* ) such that

1’
VFON)*L]=y 4 Vg (X% )+ Rizy A Vhi(x*)=0

g;j(x*)< 0, forall j=1,...,m

h;(x)=0, for all i=1,...,r
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,u; >0, forall j=1,...,m
y;gj(x*):O for all j=1,...,m

u* And A " are the optimal associated with the solution
]
This is KKT conditions.

The KKT conditions to characterize all the stationary points of the problem, and then
perform some additional testing to determine the optimal solutions of the problem (global

minima of the constrained problem).

Determine KKT point: we set up a system for problem (4)
Vf(x)+§]j“;1 ,u]_ Vgi(x) +, A . Vh;(x)=0

g;(X)< 0 for all j=1,...,m

h;(x)=0 for all i=1,....r

u = 0for all j=1,...,m complementary slackness
j

We may solve this system n unknown variables x, i and A find all the points satisfying

the KKT condition. These points are stationary points ( KKT points) of the problem

The optimal points are among the KKT points; we need additional information to
characteristic the KKT point as global or local minimum or other .we use the second

order information.
Sufficient optimality condition: convex inequality constrained problem
Consider the following constrained problem

Min f(x) %)

st.gi(x)<0,j=1,....m
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Functions f and all g;(x) are convex and continuously differentiable over R™.

We say that the problem is convex for this convex problem, the KKT conditions are also

sufficient for optimality

Assuming some additional regularity conditions for convex problem (5), x* is an optimal

solution of the problem, if and only if, there exists a Lagrange multiplier. x* =
(u;, .o, p" ) such that VE(x*)+ZMm, x* Vg;(x*), gi(x*)< 0, for all j=1.....m
m j

w’ = 0forallj=1,...m , x gi(x*)= 0 for all j=1,...,m
j j

u* Looking for the solutions: is the optimal associated with the solution x*

We can use the KKT condition fully recover optimal solutions of the convex problem

(global minima of the constrained problem).

Looking for the solutions: we set up a KKT system for the problem (5)
VFQO+L]" i, Vg;() +Xizy 4, Vh; (x)=0
g;j(X)< 0,for all j=1,...,m
h;(x)=0 for all i=1,...,r
yj > 0, for all j=1,...,m
7, jgj (x)=0 for all j=1,...,m complementary slackness

We solve this system in unknown variable x, » and find all the KKT points

Important: By the assumed convexity of the problem (5) all the KKT points are global

minima of the problem (optimal solutions).
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CHAPTER THREE
3. Non smooth optimization problems

Definition-3.0: A non-smooth optimization (NSO) refers to the general problem of

minimizing (maximizing) functions that are typically not differentiable at their

minimizers (or maximizers).

Definition-3.1 (structural convex optimization)

Consider the following convex optimization problem:

Min f(x)

st.xeC
f(x) is a convex function. C is a closed convex subset of vector space V
Properties:

f(x) can be smooth or nonsmooth; Solving nonsmooth convex optimization problems is
much harder than solving differentiable ones; For some non-smooth non convex, cases
even finding a descent direction is not possible; The problem is involving linear

operators.

3.1. Nonsmooth convex optimization.

In this sub-section, we consider a nonsmooth optimization problem of the form:
Min f(x)
stxeX

Where, Set X cR" is a set of feasible solutions; Objective function f:R™ — R is not

required to have continuous derivatives.
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Indicator functions of convex sets are particularly interesting for optimization. They are
used to treat unconstrained and constrained convex optimization problems in unified
framework. The convex constraint set can be associated with an indicator function. In
order to avoid solution outside the constraint set, indicator functions are defined different

to other branches of analysis by assigning co to unfeasible solutions.

Definition-3.2. (indicator functions).The indicator function associated with a

0, if xeC,
+oo, if xgC

convex set Ce R™ is defined by: 6 (x) = {
Then,

1. &, is a proper and convex function iff C is nonempty and convex.

2. &, can be used as proper penalty function for most optimization problems.

3.2. Sub gradient.
Min £(x)

s.t.xeC

We have the following characteristics: The function f:R™ — R is convex and (possibly)
non-differentiable. The set Cc R™ is nonempty, closed and convex. The optimal value f*
is finite.

Definition3.3 A vector g € R" is a sub gradient of f:R" - R at x € R"when

f(2)>f(x) +g"(z-x), for all ze dom f.The set of all sub-gradients of f at x is called the

sub differential of f at x and denoted by df(x).
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3.3. Directional Derivatives and sub differentials for

convex functions.

In this subsection, Let f:R™ — Ru{+o} be an extended real valued convex function

and x° € R™ be a point where f is finite.

Definition 3.4.The directional derivative of f at x° in the direction of y is :

o — 0
f'(x°y): =lim,_, w

The directional derivative of f at x°exists for each direction y (possibly with values+oo)

and provides an extended real valued function f'(x°,.)

Theorem.3.1

Let xeint(dom f) ,then the directional derivative f'(x; d) is finite for all d € R™.
In particular, we have
f'(x;d) =max s”d
s € of(x)
Proof:

When xeint(dom f) the sub differential af(x) is non-empty and compact
Using the sub differential define relation, we can see that f'(x;d)> s”d, for all s€ 9f(x) .
Therefore, f'(x;d) =max s”d

s € 0f(x)

To show the actually equality holds, we rely on separating Hyper plane Theorem. Define
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c;={(z,w)| zeint(dom f) ,f(z)<w},

c,={(y,v)| y=x+ad, v=f(x)+taf'(x;d)=> 0}, The sets are non-empty, convex,
and disjoint, By the separating Hyper plane Theorem, there exists a non-zero vector (a.,)
€ R™*1 such that, a” (x+ad)+B f(x)+af’(x;d) )< alz+pw ....... (D

For all a=> 0, zedom f, and f(z)< w,we must have 3=>0

We cannot have =0, Thus, >0 and we can divide by the relation in (1), and obtain with

a=a/B, a’ (x+ad) Hx)+ af '(xd) < aTztw ... )
For all =0, zedom f, and f(z)< w. Choosing a= 0 and Letting wl f(z), we see
alx+f(x)< a’z+f(z),implies that f(x) -a” (z-x)<f(z), for all zedom f
Therefore, -a € df (x)
Letting z=x, wl f(z) and a=1 in (2), we obtain
ar (x+d) +Hf(x)+ f'(x;d) < a’x+f(x) ,
Implies f'(x;d)< -a’d, In view of f'(x;d) = max s”d
s € 0f(x)

It follows that, f'(x;d) =max sTd

s € Af(x)

Where the maximum is attained at the “constructed” sub gradient - a .

Definition.3.5

i, A function f is called sub differentiable at x if there exists at least one sub gradient of f

at x.
ii, A function f is called sub differentiable if it is sub differentiable at all xedom f.
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iii, A function f:R™ - R be convex .The sub differential of f at xe R" is a set
df (x) ={ue R[f(y)=> f(x) + uT(y —x) forally € R"}

Each vector ue df (x) is called a sub gradient of f at point X. The sub differential af (x)

is a non-empty, convex and compact set., we have  af (x)={Vf(x)}

3.4. Optimality conditions

3.4.1. Optimality conditions: unconstrained case

In this subsection, unconstrained optimization:
Min f(x)

The function f is convex (non-differentiable) and proper f means f(x)>-co for all x and

domf = @

Theorem.3.2

Under this assumption, a vector x* minimizes f over R™ if and only if 0€ 9f(x*)
Proof:

x* is optimal if and only if

f(x)=f(x*) for all x, or equivalently f(x)>f(x*)+0T (x-x*) for all x € R"

Thus, x* is optimal if and only if 0€ df(x*)

Examples-3.1

1. The function f(x)=|x|

Since, f(x) = {_i i i g
1, forx >0
of(0)= [-1,1] ,forx=0

—1,forx <0
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sgn(x), forx #0
of(0)=
[-1,1] ,forx=0

The minimum is at x*=0, and evidently 0 € 9f(0).

2. The function f(x)=||x||

forx #0

x
157

{s:|lsl| <1}, forx=0

of(x)=

Again, the minimum is at x*=0, and 0 € 9f(0).
Definition.3.6

The sub differential of f at the point x° € R" is a set of vectors given by
of(x°)={ue R"[uT(x-x°) < f(x) — f(x°),V4€ R" }

A vector u € 9f(x°) is called the sub gradient of f at x°

For f(x)=max{f; (%), ... ..., fm(x)} and 1(x)={i|f;(x) = 0 ,the index of active functions at

X,
of(x) = conv U df;(x)
i€ 1(x)
That is, convex hull of the union sub gradient of active functions at x.
Moreover, if f;’s are differentiable,

daf(x )= conv{Vf;(x)| i€ I(x}
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Examples.3.2
The function f(x)=max{x? + 2x — 3,x? — 2x — 3,4}

Since, the function

x?—2x—3,forx<—1
f(x) = 4,forx e [—-11]
x2+2x—3,forx>1

2x—2,forx< —1
of(x) = { 0,forx € (—1,1)
2x+2,for x> 1

Then, f is not differentiable at a stationery point {-1,1}.

But, we consider these points as stationary points/critical points, and
(2x — 2, forx < -1
| [—4,0] ,forx =—1
af (x) = 4 0, for xe(—1,1)
| [04],forx =1
k 2x + 2 ,otherwise

The optimal solution set is x*=[-1,1], For every x*€X, we have 0 € 0f(x")

Example.3.3
Let f(x) = max {-3x, x2 — 4, 2x-1},

Since, the function is:

—-3x, forx € [—4,%]
fx)=< 2x — 1, forx € [z 3]
x%* —4,for x € (—,—4] U [3, )

We consider the following cases to find the intervals of the indicator functions:

Case 1: -3x=2x-1
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=-3X-2x=-1
=-bx=-1
1
o X==
5
Case 2: -3x=x%2 -4
—=x? 4+ 3x —4=0
= (x-1)(x+4)=0

~X=1or x=-4

Case 3: 2x-1=x* —4
=x% — 4-2x+1=0
= x2-3x+x-3=0
= (x+1)(x-3)=0
~X=-1or x=3
Then, f is not differentiable at a stationery point {% -4,3}.

But, we consider these points as stationary points/critical points, and

(-3, forx € (—4,%)
[-8,—=3], for x = —4
[-3,2], forx =

1
2,forx € (5’3)

[2,6],forx =3
\ 2x,otherwise

Ul =

af(x)= 1
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3.4.2. Optimality conditions: constrained case

In this subsection, consider constrained optimization problem:
Min f(x)
s.t.xeC

Assumption: The function f is convex (non-differentiable) and proper, the set C is non-

empty, closed and convex

Theorem.3.3

If f:R" — R is convex, then for all ye R" ,f(y)=max{f(x)+uT(y — x)|x € R™,u€ of(x)}
Theorem.3.5

Let f be directionally differentiable at x° in the direction y, f is convex if and only if
f(x)=> f(x°) + f'(x°,x — x°), for all x°,x eR™.
Proof:
fisconvex < f(x° + A (x —x°))=f(Ax+ (1 = 1)x°)
<Af(X)+ (1 — 2) f(x°)
=Af(x)+ f(x°) — 41£(x°)
& f(x° + A (x—x9)<Af(X) +f(x°) — A£(x°)

S X+ A (x—x%) + Af(x°) — f(x°) <Af(X)

- [f(x°+/1 (X;‘O)‘f(xo)] + f(x°) < f(x)

Applying the limit as A goes to zero on both sides we get
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f(x) = f(x°)+f'(x°, x — x°).
Conversely, assume f(x°)+f'(x°,x — x°) for all x°,x € R" and for all 4 €[0,1]
fXx)=f(Ax°+ (1 — )x) +f'(A1x° + (1 — 2)X) (x° = x)(— 1)

Since, directional derivatives are linear mappings, we conclude further

AF(xO)H(L- A )= AF(AX® + (1 — A)x)+ A (1-A)F'(Ax° + (1 — 1)x) (x — x°) +(1-
A)F(Ax° + (1= 2)x) —A1-A)F'(Ax° + (1 — A)x) (x — x°)

=f(Ax°+(1-1) X)
Consequently, the function f is convex.

From theorem 3.5, we have seen that for every convex function
f'(x%)(x — x°) <f(x)-f(x°)
This means that the sub gradient at an arbitrary point x°eR™ is honempty.

3.4.3. Unconstrained convex smooth optimization

First-order condition: A point x* is a minimizer of a convex function f if and only if f is
sub differentiable at x* and, 0€ df (x*)

i.e,g=0isasubgradientof fatx* ...l (*)

The condition (*) reduces to Vf(x*) = 0 if fis differentiable at x*
Theorem.3.6

Let f be an extended convex function and let x°eR™ be a point where f is finite; a

necessary; and sufficient condition for x° to be a minimum point for f is that: 0 € 9f(x°)
Proof:

By definition of sub gradient, we have
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0€ 9f(x°)
f(y)=f(x°),v, € R

That is, x° is a minimum point for f.

Example.3.4
Let f(x)=max{-3x, x? — 4, 2x — 1},then
Find min f(x)
XE R™
Solution:

To determine the minimum points of f, we use the following figure

/ Y

Fig 3.1 graph of max{-3x,{x? — 4,2x — 1}}

Here, we see from example 3.3 that
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. - P 1
The sub differential of f containing zero occurs only at x*:g
1 . e .
Hence, x*:g is minimizes f.

Theorem.3.7

Let f be a convex function and x° € R"™ be a point where f is finite. Then x° is a (global)

minimum point of f if and only if the following equivalent conditions hold:
i f(x°y).Vy€R"
ii, 0 € df(x?)
Proof:

If x%is a minimum point of f, then

x° +ty) — f(x°
f’(xo,y):ltilrginff( yt) I )ZO,VtE R"

This implies (i) holds, Then(i) equivalent to (ii) as it follows from theorem 3.5 and (ii)
holds by theorem 3.6.

3.4.4. constrained convex and nonsmooth optimization.

In this subsection, consider the convex constrained optimization problems
Min f(x) (pc)
S.t:xe S

Where, the feasible set is given by: s={xe R"| g;(x) < 0,i = 1, ..., m}, all functions are

assumed to be convex.

3.4. 5. Difficulties caused by non-smoothness.

In this section, causes of non-smoothness are:
a. Inherent :original phenomenon contains various discontinuities and irregularities.
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b. Technological: caused by some extra technological constraints which may cause a

nonsmooth dependence between variables and functions.

c. Methodological: some algorithms for constrained optimization may lead to nonsmooth

problems.
For examples, the exact penalty function method

d. Numerical: is so called “stiff problem” which are analytically smooth but numerically

unstable and behave like nonsmooth problems.

3.4.6. Smooth problem.

Descent direction is obtained at the opposite direction of the gradient Vf(x).
The necessary optimality conditions Vf(x) = 0.
Difference approximation can be used to approximate the gradient.

3.4.7. Non-smooth problem.
The gradient doesn’t exist every point leading to difficulties in defining the descent

direction.

Gradient usually doesn’t exist at useful and may lead to serious failures.

The smooth algorithm doesn’t converge/diverges or it converges to a non-optimal point.
3.5. Optimality conditions with constraint Qualification for

nonlinear programming problems solve by a cone

Approach on The Karush-Kuhn-Tucker.

Under differentiability and constraint qualifications, the KKT conditions provide
necessary conditions for a solution to be optimal. Under convexity, these conditions are
also sufficient. If some of the functions are non-differentiable, sub differentiable versions

of KKT conditions are available.

3.5.0. Nonlinear programming.
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In mathematics, Non-linear programming (NLP) is the process of solving an
optimization problem defined by a system of equalities and inequalities ,collectively
termed constraints ,over a set of unknown real variables, along with an objective function
to be maximized or minimized ,where some of the constraints or the objective functions
are non-linear (not linear).

We shall study the standard NLP
Min f(x)

S.t. g{(x)< 0,v;=1,...,p (p)
hi(X)ZO, Vi=1,. ...,

Where, the functions f(x):R"—R; g;(x):R"—RP and h;(x):R"—R™ are continuously

differentiable.

The feasible set of the problem (p) will be denoted by Q, i.e. Q={xe R":g;(x)<0 and
h;(x)=0}. The classical KKT condition at given Vf(X)+X.2, A Vhi(i)+Z]P=1 u; Vg;(x)=0
,where y; = 0, In order to have an optimal solution to the given NLP problem, the KKT
necessary condition has to be satisfied. The above optimality criteria have been used to
formulate algorithms that solve in(p) the presence of any constraint Qualification. These
algorithms used the cones of directions of constancy. However if x solves (p), but x isn’t
a Kuhn-Tucker point (KKP), i.e. the KKT conditions don’t hold at x. If the problem is
unconstraint, then the KKT conditions reduced to V f( x )=0,which is a necessary

optimality conditions ;however ,this will not always be true.
Counter example 3.5.

Consider the problem (p) with f(x):R* - R ;g(x):R? - R? for j=1,2 Defined by:
f(x)= x;and g(x)=(Cr; — (1 —x1) %, —x,)".

Solution:

Note that X*=(1,0)7, is minimizer of the problem but, the KKT conditions do not hold.
In this paper we shall discuss assumptions on the constraints in order to ensure that the

KKT conditions hold at a minimizer. Such an assumption is called constraint
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qualification (CQ). Formally, we say that the constraints h(x)=0 and g(x)< 0 satisfy a
constraint Qualification at x* €Q when, given any differentiable function f minimized at

x* with respect to Q, the KKT conditions are valid.

In general, several mathematicians obtained different constraint Qualifications. In this
work, we will discuss many of them as well as some relations between them. A special
interest is devoted to show the weakest such Qualification. In this context, the concept of

cones and their polar will be useful.

Notation: Given x € Q, consider the set A(x) of the inequality active constraint indices,
that is,

AR={:gj(®)=0 1< <P} ooovereeeeeea (1%)

Some important cones. In this section we present some useful cones based on the
structure of the feasible set which play an important rule on the proof of the KKT

theorem.

Definition -3.10 A subset C of R” is a cone when tdeC, for all t=0 and deC

Definition-3.11 Given a set se R™, the polar of s, is given by: p(s)={pe R™, p'x <
0,for all xeS}.

Note that: For any S<R", then p(s) is a cone and s =p(p(s)). This holds with equality if s

is a closed convex cone, as established by Farka’s Lemma as shown below.

LLemma-3.3 Let C=R" be a closed convex cone, then p(p(c)) =c.

Proof.

For any x€C, we have x"y<0, for all yep(c).

=X€p (p(c))

SCap@@)) e (1)
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Conversely, take zep (p(c) ) and
Let Z=projf €C
=(z — 2)T(x-2)< 0, for all xeC.
Taking x=0 and x=22, we obtain (z — 2)T(2)= 0
= (z — 2)T(x-2)< 0,for all xeC.
= (z-2)ep(c) and since zep (p(c) ) ,we have
=z-2)T2=0
= ||z — 2||* =0
= lz-2||=0
=z-2=0
—z=Z and zeC
P(P(C)=C ........ (ii)
From (i) and (ii), we have
~C=P (P(C))

Definition-3.12. Let s is a non-empty set in R™, and Let ¥ € Q,The cone of feasible
direction of s at x is denoted by V, and given by, V(x)={de R"|x+ A d€S, for all 4

€(0,6], for some & >0},Each non-zero vector deV is called a feasible direction of f at X.

Definition-3.13 Given a function f:R™ — R, the cone of descent directions, at X is

denoted by F, and given by F(X)={de R":f(x+ 1 d)<f(x), for all 1 €(0,8], for some

& >0}, Each direction deF, is called a descent direction of f at X.

The next result characterizes the descent direction and its proof follows from the

derivative definition.
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Lemma-3.4 Let f: R® - R, is differentiable function at a point ¥ € R", then

a. Vi(x)Td < 0,forall deEF(x) .......coovvieiiiiiiei, (1)
b. If de R satisfies Vf(x)'d<0, and then deF(x) ......... (2)

We get the set and denoted by F(x)={de R": Vf(x) 'd<0}

Proof of (a).

Let deF(x) and for some § >0 and for all 4 €(0,6], we have
f(x+ A d)<f(x) i.e f(x+ A d)-f(x) <0

f(7+ Ad)-f(®)
a0 5 =0

V f(x)=lim
V () d<0
Proof of (b) obviously true by the definition of cone of descent directions.

Definition -3.14.

The set of first order feasible variations at a point x €Q, is the set D(x)={d €
R™:Vh(%)'d=0, V;=1,...,m and Vg;(¥) d<O,V;EA®)}.....eeervreerrrannn. (3)

Where A(x) is the active set defined by (1*).

Note that :D (x) is a non-empty ,closed ,convex cone ,it is often said that this cone is a

linear  approximation of the feasible set .Again ,given x € Q, define the cone

G(E)ZZ{Zﬁl A thi(f)-i-ZjEA(x) uj Vg]()?)u] =0, V]E A(f) } ........................... (4)

Let us see some properties of this cone. For this, we shall need the classical result,named

Caratheodory’s Lemma.

Lemma-3.5. Let uy,u,,...,u; are non-zero vectors in R™for some m<r and x€

R™ such that
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—\'r
X=2i=1"1i

with r; =0, for all i> m. Then, there exist indices | = {1,...,m} and J< {m+1,.....,r} and

scalars r;, where i€ (I UJ]), withr/ = 0, for i€ J such that

X:Zie(I]) r'u;,
and the vectors u; for ie (I U]J) are linearly independent.

Proof.

Nothing to prove ,if the vectors uy,u,,...,u, are linearly independent.
Suppose then that they are linearly independent. so

Assume that uy,u,,...,u, are linearly independent, so that there exist scalars
@1,Qy, ..., ap, NOtall @; = 0, such that Y./, a;u; = 0, for all teR, then x=X_,(1; —
ta;)u; = 0, forall i>m
Define t, as t of minimum absolute value that vanish one of the coefficients (r; — ta;),
then X=X7_,(r; — ta;)u;, with(r; — ta;)u; =0, for all i>m
Therefore, x is written as a linear combination using of no more than r-1 vectors. we can

repeat this process until that all vectors of the linear combination are linearly independent

LLemma-3.6. For any x € Q, then G(x) is closed convex cone.

Proof.

To prove G(x) which is defined in (4) is convex.

Consider A(x)={1,.....,q} for x4, X, €G(X) and t€[0,1], and then there exists a, A€ R" and
i, B € RY such that

X1 =Xiz1 A Vhi(R)+252, w; Vg;(X) and

x, =X, o Vhi(R+Z, B; Vg(®)

= txy +(1)x, =X (LA ) Vhy(R) +Z02 (b +(1-0)B;) Vg (R)

since, (ty;+(1-)B; =0

=>tx;+H(1-t)x, € G(X)

=X4,X, € G(X), and hence , G(X) is convex.
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To prove that G(X) is closed
Consider a sequence (s¥) = G(x) satisfying s<-s*€ R™.
It has to be proved that s*€ G(X). For suitable matrices B and C,
we have
G(X)={PA+Cp:p= 0}, by the caratheodery’s Lemma 3.5
We can assume that D=(BC) has linearly independent columns, so that DTD=(BC)T(BC)
=CTBTBC=C™C =I, it is a non-singular matrix i.e. |D|= |[DTD | # 0

Since, (s)* =G(%), and then there exist rX = (gﬁ) with pK >0, such that

Since, DD is a non-singular matrix, i.e. [DTD | # 0

rk= (DTD)~1DTsK, taking the limit k— oo

We get (X)=r" = limj, r*=(DTD)~*DTs¥ with p*=0

Again, taking the limit k — oo, in (5) we get limy_,, sX=s*=D r* € G(X).
Hence, G(x) is closed.

Lemma-3.7. For any % € Q, then D(X)=P(G()).

Proof. By the lemma 3.3 and 3.6, we need to prove that D(x)=P(G(X)), where D() and
G(X) are defined in (3) and (4), respectively.

Consider d eD(x), and given s eG(X) , and then we have

dTs=X™, AdTVhi (®)+Zieac) HATVE R o veovreerreiieieeiieies (6)

By definition of D(X) and since p; =0

= dTs <0, sod € P(G(X)).

Conversely,consider d € P(G()) , i.e.d™s <0, for all S € G(X).

In particular, since +Vh;(x) belongs to G(x), for all i=1,...,m

We get, dTVh;(X) = 0. Further more, since Vg;(x) € G(x), for all je A(x), we have
d"Vg;(x) <0,

Hence,d € D(x), then D(x)= P(G(x)).

3.5.1.The Tangent cone.
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Definition-3.15.A vector d € R™ is called a direction to Q—R" fromx € Q when

either d=0, or there exists a squence of feasible points x* =Q such that x* — x, and

also
xk—x d
% — e d
[lx*—x[| [ld]]

Clearly, the set T(x) of the tangent directions to Q from x is a cone. This set is said to be

a tangent cone.

Example 3.6

Let S={(x,y)€ R%:x%-y=0}find the tangent cone at (0,0)
Solution.

Let (x,yx)—(0,0), i.e ,xx =0 and y,=x

= |(x, ¥1)1I—(0,0)

SN RN e S AN

. x . x
=lim, , —F—=lim, ,—7—=1and
O 1kl xz+1 07 x xz+1
. Yk . x,%
=lim, ,—F—= hmxk , —r—=0, and also
0 xgl xE+1 0 Xk ,x,%+1
. —-x
=lim,, - ——==-1and
Xx /x,i+1
= limxk_)o_ — Yk =0
k| [xE+1

~T(0,0)={(1,0),(-1,0)}.
The next lemma states that this cone is closed. However, T(x) is not necessarily convex.

Lemma-3.8
For any x € Q, then T(Xx) is closed, where T(x) is the tangent direction to Q.
Proof.

Consider d¥ =T(x) with d* — d.To prove that de T(x).
When d=0, we get de T(x)
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Assume that d=0, and suppose that without loss of generality that d* =0, for all keN.

Fixed keN, since d* € T(x) ,then there exists

xkd % d

k:j . k'j Y k'j = sy —
(x")jen =Q, then x®/ — x and q IR

. — 1 i
So, There exists jx €N such that [lx*-x]|l< - and |¢* — |< , where x* = (x/),

IId"II
and q* = (q"/)s
Taking the limit k— oo, we get x* — x and also

k _ dk + _dk _L

xk—f k

Thus, oz = 4 ”d” , which implies deT(x)

=, T(x) is closed where T(x) is the tangent direction to Q.

Remark.

we have presented two different linear approximations of feasible set of at a point x:
the first order feasible variations cone D(x ), and the tangent cone T(x).

The next result shows that T(x) is a subset of D(x ).

Lemma 3.9 For any x € Q ,and T(x) =D(x ), where T(x) and D(x ) are the tangent
cone and the first order feasible variations cone at a point x.

Proof.

Consider de T(E) d+ 0. then there exists a squence (x*) = Q with , Such that x* - x

k

—||ik:§|| - — ”d” From the smoothness of g and h. It follows that

h(x*) = h(®)+Vh; (®)T(xX — %) + 0(]|x* — #||) and
9(x*) = g(X)+Vg;(X)"(x* — %) + 0(||x* — % ||).

Since x*,x € Q, we have for all ie A(x ),

Vhy ()T &) 4 Q3 gy g ()T e 4 T g

k=]~ |jck=x]] ||xk x|| [ack —2T]

Taking the limit k— oo,we get

Vh(®)T -+ =0 and Vgl(x)T < 0,for all iEA(%)

[lall
Thus, d € D(x),and hence we get T(x) = D(x).

The converse of Lemma 3.9 is not true, as we can see in the folowing counter example.
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Counter Example-3.7 Consider the functions h(x):R? - R ; g(x):R? - R for j=1,2
Defined by: h(x)=x;x, and g(X)=-x;-x, , and the point x=(0,0)”. Thus,

T(x)={(d,,d,)€ R%:d; = 0,d, = 0and d;d, = 0} and also
D(%)={(d;, d,)€ R?:—d; — d, < 0 and T(x)% D(% ).

Note. If T(x)= D(x ) is a constraint qualification known as “Quasi-regularity”.

3.5. 2. Optimality conditions and constraint Qualification.

In this section, we prove the KKT theorem assuming the weakest qualification conditions

and discuss other ones easier to be verified.

Next lemma roughly says that at a minimizer, the objective functions increases along

tangent directions.

Lemma 3.10 if x*e Q is a local minimizer of the problem (p), and then V£ (¥)7d>0,
for all de T (x*).

Proof:

This follows directly from the relation
0 < f(x*)-f(x")=Vf () (x“x")+0(|xx 7)),
Which is valid for (x*) < Q.

Now we state the classical Karush-Kuhn-Tucker theorem.

Theorem.3.10 Let x*€ Q be a local minimizer of the problem (p). and if
P(T(x*))=P(D(x*)), and then there exists A* € R™ and p* € RP such that

Vi(x*)+Xn, /1;1 Vh;(x*) + 2?:1 ,uj,:l Vgj(x*) =0, with y; =0 ,for j=1,...,p and

#;9;(x")=0, j=1,....,p.
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Proof: Consider x*€Q is a local minimizer of the problem (p) by lemma -3.10, we

have

—Vf(x*)Td<0, for all d€T(x*). Thus, using the hypothesis and the lemma-3.7, we get

—Vf(x™)€ p(T(x™)) = p(D(x"))= G(x").

This means that there exists A€ R™ and p; =0 for JEA(x") ,such that
Vi(x")+Xi% 1 AiVhi (x™) + X jeace) 1 Vg (x)=0.

Hj forjea(x™)

Define A=) and ”*:{0 otherwise

, Hence, complete the proof.

Note: P(T(x*)) and P(D(x*)) are the polar of the tangent cone and the first order feasible

variations cone respectively.
3.5.3. Constraint Qualifications.

The Kuhn-Tucker conditions are only if some regularity conditions are satisfied. These
conditions are called the constraint qualification which imposes a certain restriction on
constraint functions of a nonlinear programming problem. For the specific purpose of
ruling out certain irregularities of the boundary of the feasible set that would available

KKT conditions should be the optimal solution occurs there.
3.5.4. Quasi regular constraint qualification.

We say that the quasiregularity constraint qualification is satisfied at X when
T(x)=D(x).Where T(x) and D(x) are the tangent cone and the set of first order feasible

variations cone at x.
Next example shows that these conditions are not equivalent.
For example 3.8: Consider the functions h(x):R* >R , g(X):R>>R for j=1,2 defined by

h(x) = x1x2 g(X) = -X1-X, and the feasible point = (0,0)". It is easy to see that
T(x) = {(d1,d2)eR*:d, = 0,d, = 0, d,d,=0 } and also
D(x) = {(d;,d2)€ R%:d, > 0,d, > 0}
and
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p(D(%)) = P(T(x)) = {(d,d5)€ R*:d; < 0,d, < 0}.

3.5.5. Slater constraint qualification:

Regarding the problem (p), we say that the slater constraint qualification holds if h is
linear and g is convex and then there exists ¥ € Q, such that h(x)=0 and g(x)<0. The

slater constraint is in fact, a constraint qualification.

Theorem 3.11: If the slater conditions hold and then T(x) =D(), for all x € Q

Proof: Using lemma.3.9 is enough to prove that D(¥) = T(%)
Consider an arbitrary direction deD(X) and ¥ €Q, it is given by slater condition.
Define;d= % -x by the convexity of g;, we have 0> g;(%)= g;(¥) +Vg;(®)"d"

Thus, for i€EA(X), Vg;(¥)"d < 0. Given A€(0,1], define d =(1 — 2)d+Ad "

3.5.6. Linear Independence constraint Qualification —LICQ.

This is the most known constraint qualification and states that the equality constraint
gradients Vhj(x) for i=1,...... ,m, and the active inequality constraint gradients Vg;(x) ,
ieA(x) are linearly independent. Although easy to check, this condition is a very strong

assumption.
For example 3.9: Consider the following functions:
Min f(x) = (x1-3)*+(x,-2)?
St g1(X) = 2X3+%2-6<0
g2 (X) = X1+2%,-6<0
In this problem, we have
VE(X) = [2(x1-3),2(x2-2)]
Vai(x) = [2.1]

Vgx(x) = [1.2]
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The gradients of g are linearly independent so all points are regular.
We consider the following cases.
Case-i:
For A(x)=0
From KKT conditions, we get both ;=0 and A,=0, then Vf(x)=[2(X1-3),2(X2-2)]=0
=X;=3 and X,=2
But, 2x1+x2-6=2(3)+2-6=6+2-6=2 # 0
i.e. X is not feasible; it cannot be a local minimum
Case-ii:
For A(x)={1}
From KKT conditions, we get A ,=0, then Vf(x) + 4 1Vg1(X)=[2(X1-3),2(X2-2)]+
21[2,1]=0
x; =3-1, and x,=2- 2 - 6=0, A, ="
A1 and 1, satisfies KKT conditions and then we get x;=3 -2 =~ and x, = £
Finally, g,(X)=% +3-6=2 <0
Hence, KKT conditions are satisfied.
Case —iii:
For A(xX)={2}
From KKT conditions, we get 1,=0, then Vf(X)+1,Vg,(X)=[2(x;-3),2(x,-2)]+A:[1,2]

:>x1:3-’172 and x,=2-1,, and the assumptions g,(x)=0, it gives with these x;and x,as

follows
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= (3-22)+2(2-1,)-6=0

A1 and 4, satisfies KKT conditions and then we get x;=3-: =% and x,=2-2 =2
But, g,(x)=2(3)+:-6=; > 0, this is violated the condition of g, (x)<O0.
Case-iv:
For A(x)={1,2}

Finally, g,(X)=2x; +x,-6 and g,(X)=x;+2x,-6, gives that x;=2=x,

But, the KKT conditions Vf(x)+1,Vg;(X)+1,Vg,(x) =0

=[2(x1-3), 2(x2-2)]+A1[2,1]+2,[1,2]=0, gives with theses x; andx,, as follows

-2+22,+1,=0 and 1, +21,=0
=A,=; and A,=-% andsince 4; >0and 4, <0
It doesn’t satisfy KKT condition.

Remark: Many problems satisfy KKT conditions without LICQ, as we can see in the

following example with x*=0.
Consider the function:
Min f(x) = x,
St g1 (X) =x%+x, <0
g2(X)=-x, <0

Clearly, it satisfies KKT conditions without Qualification-MFCQ.
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3.5.7 Mangasarian-Fromovitz constraint qualification -
MFCQ.

Another well-known condition which ensures KKT is due to Mangasarian and Fromovitz.
We say that MFCQ holds at x, when the equality constraint gradients are linearly

independent and there exists a vector d € R™ such that
Vh;(%)'d=0 for i=1,...,n and Vg;(x)"d< 0 for all jEA(%).

The best known necessary optimality criterion for a mathematical programming
problem is the KKT optimality conditions; however, the above MFCQ condition is in a
sense more general. In order for the KKT conditions to hold, one must impose a
constraint qualification on the constraint of the problem. on the other hand, no such
qualification need be impose on the constraints of the problem, on other hand, no such
qualifications in order that the MFCQ to hold.

Moreover, the MFCQ itself can be used to drive a form of the constraint qualification for
KKT conditions.
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CONCLUSION

In this paper, they are appearing in applications much more than smooth optimization,
solving nonsmooth optimization problems is much harder than common smooth
optimization, the most efficient algorithms for solving them are first-order methods, we
developed a version of the sub gradient for nonsmooth and in particular convex
optimization problem, the proposed algorithm is easy to implement and also numerical
results clearly demonstrate that the proposed algorithm is a significant improvement of
the sub gradient method, we observe that, a KKT optimality condition for NLP has been
proved the equality of the tangent cone and the polar of the first order feasible variations
cone. Despite the difficulty of this property, it needs to have more readily verifiable
conditions for the admittance of Lagrange multipliers. Such conditions called constraint
qualifications have been investigated extensively. Some of them were discussed as:
Slater, Linear Independence Gradients (LICQ), Mangasarian-Fromovitz’s (MFCQ), and
Quasi-Regularity conditions through which their relations are analyzed and can be
summarized as LICQ implies MFCQ but the converse is not necessarily true. MFCQ
implies Quasi-Regularity but the converse do not hold and that slater condition satisfies
necessarily true. MFCQ implies Quasi-Regularity. Other constraint qualification is not
discussed in this paper, such as Quasi —Normality condition which implies Quasi-
Regularity, the constant positive linear dependence (CPLD) which is weaker than MFCQ
and implies Quasi —Normality and constant rank constraint qualification (CRCQ) which

shows the constraint positive linear dependence(CPLD) these are all aims to complete.
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