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1. PRELIMINARIES

Definitionl.1: An n X n symmetric matrix B is said to be positive definite matrix if and only if
x"Bx >0 vx € R™\ {0}.
Definition1.2: An ellipsoid with center aeR" is a set
Ee={xeR"(x—a)"B'(x—a) <1},
where B is n X n symmetric positive definite matrix.

Definitionl.3: A€R is an eigenvalue of a matrix B if and only if there exist a vector X # 0 such

that: Bx = Ax.
Definition1.4: A hyperplane in R"is a set having the form {x € R": ax = b},
where a € R™\ {0},b € R.

Definitionl.5: Let a line segment has end points P; and P, and elements of R™. The point (P)

that divides the line segment in the ratio ry: 7, has coordinate:

(f'zxu"'flxlz rzXz1+TiXz2 ?'zxm"'ﬁxnz)
T+ £ rit+r; ’ ritrz

Definition1.6: Let P: x = x be an endomorphism linear map. P is said to be a projection if and

only if P2 =P,

Definition1.7: A simplex in n-dimension is the convex hull of a set of n + 1 non coplanar points

in R™.

Theoreml.l: Let A be an m X n matrix, with rank(A) = m and H = {x € R": Ax = 0}.The

projection of p onto H is given by ¢ = (I — AT(AAT)"*A)p.
Linear Optimization problem

(P)  ¢"x - max



s.t. Ax<b,
220,
where A € R™™,m,n > 2 and elements ofN,b € R™
Then we assign the of dual optimization problem by (D) and is given by:
(D) b"y - min
st. ATy >,
y20,

where AT € R™" m,n > 2,c € R".

For the problem (P) and (D) we have:

Theoreml.2 :( Weak Duality Theorem)

I S and S* are feasible sets of the primal and dual problems respectively then
c"x<b"y Vx€S, Vy€ §".

Theorem1.3 :( Duality Theorem)

If Sand S* are feasible sets of the primal and dual problems respectively the vectors x, €

Sandy, € S* are solutions of (P) and (D), respectively if and only if
CTxO = bT}’o.

Theoreml.4: If S and S* are feasible sets of the primal and dual problems respectively the vec-

tors X, € S andY, € S* are solutions of (P) and (D), respectively, if and only if

cTxg 2 by,



Theoreml.5 :( Strong Duality Theorem)

If Sand S* are feasible sets to the primal and dual problems respectively and non empty then

there are solution x; € S of(P)andy, € S*of(D) such that:

T

¢’ xg = maxyes ¢"x = minyg- by =b"y,.

Theoreml.6: The vectors x, € R" andy, € R™ are solutions of (P) and (D), respectively if

and only if xo € R™ andy, € R™ are solutions of the system of inequalities:
Ax < b,
=ty

—cTx+b"y <0,



2. INTRODUCTION

The development of simplex method for solving linear programming problems is a great
achievement in the theory of optimization. An optimal solution of a linear programming problem
always lies at a vertex of the feasible region which is a polyhedron .The simplex method moves
along the edges of the polyhedron from one vertex to the next in an orderly fashion until it ar-
rives at an optimal vertex .Since the number of vertices of the polyhedron associated with m X n
coefficient matrix of the problem, is quite large for large values of m and n, there was appre-
hension that the simplex method not prove to be efficient. However, in practice, it was performed
exceedingly well. It was observed that for most practical problems, the number of iterations the
methods (simplex) needs only between m and 3m. However, the fact remains that for certain
problems the simplex method may require to examine all the vertices to arrive at an optimal and
therefore the number of iterations can grow exponentially. An example given by Klee and
ty|5] indeed shows that in the worst case, the simplex method needs 2" iterations to find an op-

timal solution.

The search for methods with better complexity (algorithm efficiency) than the simplex method
led to the development of polynomial-time algorithm, that is, where the computation time is
bounded above by a polynomial in the size or the total data length of the problem. In the next
two chapters we discuss in detail two polynomial-time algorithm namely Khachiyan and Kar-

markar polynomial-time algorithm.



3. KHACHIYAN’S ELLIPSOID METHOD

3.1. Introduction
The first polynomial-time algorithm for linear programming was given by L.G. Khachiyan

in1979.Khachiyan ellipsoid method approximates the optimum solution of linear programming

problems by creating a sequence of ellipsoid that approaches the optimal solution,

3.2. Khachiyan’s Ellipsoid Method

Khachiyan proposed a polynomial-time algorithm for determining a solution (if it exists) to the
open set of linear inequalities S = {x € R": Ax < b},where Aism Xn,m,n > 2 and where
A and b have all integer components. This algorithm either finds a solution in S, if one exists, or
else concludes that S has no solution. There are several variants of Khachiyan’s algorithm; we

follow the interpretation given by Gacs and Lovask[2].
Consider the problem of determining a solution to the set of linear inequalities

S ={x € R": Ax < b}, (3.1)
where A is an m X n matrixb € R™; m,n > 2 and the data are all integers.
Assuming that S is non empty the algorithm starts by constructing an appropriate ball
E, = S[0,r] centered at the origin, where r is so large that is S[0,r] contains a certain part
of §. If the center of the ball lies in S then the algorithm terminates. Otherwise, a sequence of el-
lipsoids E, E;, E3, .... in decreasing volume are constructed each of which containing the region
of § covered by E,. Let at k iteration (k = 0,1,2,3,+-+) with center xx if xx lies in § the algo-
rithm terminates. If not, some constraints are violated (i.e. there exist a;and b;such that a;x; >

b; where a;is the violated row).Let the most violated constraint (the largest distance between x;

and the hyperplane a,x = b, ) be a, such that:
avxk > bv . (3'2)

A new ellipsoid Ey,; of smaller volume is then constructed which contains that region of S

which was covered by Ej .



If the center of Ejq lies in S the algorithm terminates and the center of ellipsoid Ey 4 is the so-
lution. Otherwise the above steps are repeated. Khachiyan has shown that if S is non empty then
by 6(n + 1)2L iterations the algorithm will find a solution in S .

Hence, if no solution is found in 6(n + 1)2L iteration then S has no solution.

Here by L is the number of bits required to store the problem data in the computer and known as

the input length of an instant of the problem and is given by:
L =1+ log;m+logyn+L; X;(1+loga (1 + |ay])) + Z,(1 + loga(1 + |¢;])) + Zi(1 + log, (1 + |5 ))].

where [. |denotes the rounded up value.
3.3. Khachiyan’s Algorithm

Starting with k = 0, suppose that at iteration k the ellipsoid Ey, is given by:

Ex ={x € R™: (x — x;)"Bg(x — x) < 1}, (3.3)
where x; € R" is the center and By, is an n X n symmetric positive definite matrix.

To construct Ey 4, see the fig 3.3.1.

Ek—i

fig3.3.1

We assume that the center of Eydoes not lie on S .Then there exist a, and bysuch that:  a,x; >
b, .Then geometrically translates the hyperplane a,x = b, parallel to itself in the (feasible) di-

rection of —a! until it becomes tangential to the ellipsoid Ej, at the point yy.



Lemma3.2.1: Let y, = x; + dj then d = —_Bia‘r—. (3.4)
(ayByal)

e

Proof:
Since yy is a boundary point of Ej from this we get:
Ok =X )" B 'V — x) =1 or diBg'd, =1. (3.5)
Hence dy and —aj, are parallel there exist p > 0 such that:
—pal = dy. (3.6)
From equation (3.6) and (3.5), we get:
(=pay)" B ' (—paf) = 1or
p*a,Bilal =1 or

p=—7. (3.7)
(ayBita))?

From equation (3.7) and (3.6) we get:

_a;‘
dy = T. (3.8)
(apBglal)?
From symmetric positive definite of a matrix B there is 4 > 0 such that
Byal = pual.
. T
Therefore al = B;ﬁ. (3.9)

Combining equation (3.9) and (3.8) we get that:



-Byal »
—Byay —Byg ay

= u
dk_ 1 — —T =

.

T 2 - 7 T2

Byal p-18kay u(avBy B Byab)? (ayBray)?
u ku H

Now let ¥, be the point of the intersection of the hyperplane a,x = b, and [x;, ¥, ]-

Lemma3.2.2: Let ¥, = x; + A;d,then

i)y = et
(ayBray)z
i). 2,€(0, 1].

Proof:
i).Since V) lies in the hyper plane a,x = b, and ¥, = x;, + A,d,.
We have that:

ayyx = by ora,(x + Akdy) = b, or a,xg + Aca,d, = b, or

Axay(-Byal : -Byal
Araydy = by — ayxy or M = by — ayxy (since dy = -—B‘-‘a%)
(ayBap)z (ayByay)z
ayBral 2
or —Ag iL’i—"); = b, — a,xy or A, (a,Bra})? = a,x, — byor
(ayByay)z
Thus.4;, = 222, (3.10)
(ayBrag)z
ii).Since 4, = 22~ and a,x, > b,
(ayBrap)z

" -b
Therefore 2, = —2%% > (.
(ayBiap)?

Next let us show 1, <1.

Suppose 1, > 1.



From this we get:

Ve =% + Ady > x + di = .
Thus, ¥ is not in the intersection of a,x — b, and [x,, y,] this is a contradiction.
Therefore 4, <1
Therefore A,€(0,1]
Let xi 41 be the point on the line segment [y, y,] that divides this in the ratio 1: n.
Hence by definition (1.6) x,,; given by:

_ % Y. _ R
S T Irn Rai kT R ®

n+1(xk+dk)

e S .5 — e S
=santog At matomde= 0t (1+ndy) n+1

T
= Xp — (I'H'Mk) (Bray) (3.| l)

ll
n+1 =
(ayBiay)?

Before we define the new ellipsoid Ej 4, let us state one of the most important theorem without

proof.

T 2
Theorem3.2.I: Let By = 8 (By—a %ﬁ*—)),where S = 2= (1-22)

_ 2(1+n&k)

apXxy—b,
ak" vAk— Py

and A, = then B,., is a symmeltric positive definite matrix.
(n+1)(1+,) k (avﬂka;)% R Y p

Now the ellipsoid Ey4, defined as Eyyq:= {x € R™ (X — X441) " Bit1 (X — Xpe4q) < 1}, where

Bi !, n X n symmetric positive definite matrix.

3.4. Solving Linear Programming Problems by the Ellipsoid Method

et us now see how Khachiyan algorithm can be used to solve a linear programming problem.



(P) c"x-min
s.t. Ax>b,
x=0.
There are several ways to apply the ellipsoid method to solve the above problem. We here dis-
cuss the approach where we apply the ellipsoid method to a certain system of linear inequalities
that yields an optimal solution of the linear programming problem.
Consider the above linear programming problem that is given in the canonical form.
(P) c"x - min
sit. Ax2b,
x20.
Then the dual linear program is defined by:
(D) b™w - max
s.t. ATw>c, (3.12)

w20,

By duality theory in linear programming x, and y, are optimal solutions to (P)and(D) respec-

tively, if and only if x, andy, solve the system of linear inequalities:

—Ax < =),

ATw < c,
—c"x+b"w <0, (3.13)

-x <0,

-w < 0.

Now (3.12) is in the form of (3.1) and we can apply ellipsoid method to (3.12) and it produces

optimal solutions to the primal and dual problems simultaneously.

Example: Find the solution of the following linear program by using ellipsoid method.
—X1 = 2x2 - min

s.t. —x; — X < -1,

10



=X, +x; < 25

x1+x254,

X1,X 2 0.

To start Kachiyan algorithm draw the ellipse E, centered at the origin with x-intercept+5 and y-
intercept +5v3. The center of E is x, = (0,0) not lies in S .Hence there exist violated row and

the most violated constraint is a,, = (=1,—1) and b, = —1.

7
Now (5,0)7, (0,5\/§)Tand. G ,%) are the boundaries of Ej .

ab]

Let BJI:[b o)

Thus we have that:

s fp A6 =105 5 A(sm)=1m G 2

NG NI

From above equations we have that:

1 i
a _E'b = Qandc = -

1 1
Therefore Bg' = (> [ |{* , |andBy= = )
75 75
Now let us find Y, Yoand X .
YD = Xﬂ + dg
Buﬂ?;
Where X, =(0,0)" and dy = i
(apBoay)?
5
25 -
_ [ 75]( ) . g?_fv.). = 125
J( 1,- 1)[25 1 e 2



5
. =5

Therefore Yo = | ;< |-
2

SR, ]

}_’0 =X0+}Lodg =;|.0

0
2

ayXg—b -b 1
But 4, = - vl—_- z 1=E‘
(ayByagy)z (ayByaf)z

Therefore Y =

Blwas |

3
ne3{)+4{2)-0)

RN

Since x, lies in § therefore (1) is optimal solution of (P) and—7 is optimal value.

3

3.5. Description of Khachiyan’s Algorithm

Stepl:Start k = 0 and center at the origin. At iteration k xj is the centerEy if

Xj € § then halt otherwise there exist a, and b,,.

Such that:a,x > b,,.

-B T -B
Step2: Compute dy = k% and A, =222 .
(ayBiap)? (apByal)?

Step3:Compute y, = x;, + diand yy = xp + Apdy.

i 1 = _ . (Bxaj)(ayBy)
Stepd:Compute x4 = i T + 7 Ve and B = 8 (B—ay S 0E).

Step5:Ey4q:= {x ER™:(x - Xks1) Bt (x = Xpeq1) < 1}.1f x4y € S then
stop otherwise go to 1.

12



4. KARMAKAR’S POLYNOMIAL-TIME ALGORITHM

4.1. Introduction

In1984 Karmarkar proposed a new polynomial-time algorithm for linear programming problems
based on repeated projective transformation. This algorithm creates a series of interior points
converging to optimal solution. A lot of variation of Karmarkar’s algorithm has been made how-
ever in all variation Karmarkar algorithms the major work is repeated computation of the inverse

of matrix and computation of the projection of gradient vector,
Karmarkar’s consider the linear programming problem in the form:
c"x = min
s.t.Ax =0, (4.1)
x=1,

x=0,
where x € R, e = (1,1,+-,1)7 € R®, A is an m X n matrix with rank (4) =m,n = 2 and the
data are all integers and ¢ € R™ and its elements are integers with the following two assumptions

hold.
1. The point x5 = (%,%, ---,%)T € R" is feasible in (4.1).
2. Optimal value of the objective functions in (4.1) is zero.

At first glance the form of linear programming (4.1) and the accompanying assumptions (1) and

(2) may appear to be exclusively restrictive. However, as shown later, any general linear pro-

gramming problem can be easily converted to this form.

13



4. 2. Karmarkar Algorithm

Let as proceed with the derivation of a polynomial-time algorithm to solve problem (4.1) with

the assumption 1 and 2.

; : : : 3 T
Starting k = 0 with feasible point x; = (;,;,---,i) represents the center of an (n—1) -

dimensional simplex A, ={x € R™:e"x =1,x > 0} the algorithms generates a sequence of
feasible points which converges to the optimal solution in polynomial-time. Let at step k, x; be
any feasible solution and ¢ x;, # 0.The current feasible point x, will no longer be at the center
of the simplex. For the procedures to be iterative, we use a projective transformation to bring this

feasible point to the center of the simplex in transformed space.

Karmarkar uses the projective transformation:

e DR E (4.2a)

s eTpg'x’

where D, is the diagonal matrix i.e. Dy = diag{xy,,***,Xxn} and X is an element of the feasible

sel.

The equivalent transformation of (4.2a) is:

XL

Vit = —ﬂlyr (42b)

n —
)‘=1xkj

Under the transformation (4.2b) any point in the simplex A, = {x € R™: eXx-=1.X>0]

is transformed in to a point in the simplex A, = {y € R™:e"y = 1,y 2 0}. In particular, the cur-

rent feasible point x; is transformed into the center of the simplex Ay

To algebraically describe this feasible region in the Y-space consider the inverse projective

transformation obtained by solving for x in A, from the transformation (4.2a) we have that

14



_ Dg'x
y eTDpix’

ey A
eTD;'x + eTD'x’

Thus we get Dky——#?x or x = (D y)(e"Dg'x), moreover e"D,y =

Dpy
eTDyy’

Therefore x = (4.3)

Therefore, the transformation (4.2) and (4.3) maps points from the simplex A, on to the simplex

Ay and vice versa.

By transformation (4.3) the problem (4.1) is transformed into the following problem in the
Y-space:

cToyy

A
o,y N

s.t.ADyy =0, (4.4)

ety=its

y=20, y€R™
The constraint remain linear because Ax = 0 is homogenous, the objective function has become
a quotient of linear functions. However, by assumption (2) the optimal objective value (4.4) is
zero. Hence we can equivalently minimize the numerator in the problem, since the e"Dyy is

positive and bounded away from zero for all yeA,,.
This leads us to the following problem:
¢"y - min
s.t.Py="Fy, (4.5)

y=0,

AD, 0
Where yERl’I ,ET-_-‘CTDk ’P= eTR]'P[}:[l]l

15



Rather than solve problem (4.5) which is equivalent to solving the original problem, we will op-
timize a particular simpler restriction at this problem. By iteratively repeating the step we will be

able to polynomially obtain an optimal solution to the original problem. To define this restric-

= ’ . T
tion, consider the n —dimensional sphere or ball B(y,,r) with center at y, = (i,l, 1) and
nn n

with appropriate radius r such that the intersection of this ball with the simplex Ay =

{y € R™ e’y =1,y >0} is an (n—1) —dimensional ball with the same center and radius

which is inscribed with in A,.The radius r is the distance from the center (l,l,---,-l-)"of the
nn n

simplex to the center of its facets. But the facets of A, are simply one lower dimensional sim-

plices. Hence considering the facet of which the first component or y; is zero, for example, we

obtain the distance from (i,%, -'-,%)Tto (O,ﬁ,ﬁ,---,ﬁ)r.

1 1 1 1

This givesr = J(-:;)z + (;—;)2 + .+ (E—;)z = Jrﬁ (4.6)

In the fig 4.2.1 we have that the simplex with dimension two with inscribed ball of dimension 3.

Consider a restriction of equation (4.5) in which one seeks to:
c'y - min
s. Py — Po 3

where ¥ =0,y € B(yp,ar) , 0 < a <1 is some constant.

16



v
.“ new

{0,0,1)

10,0,0)

Ao
_’

fig.4.2.1

Thus we have shrunk the inscribed ball by @ and so its radius ar. Moreover, by remaining feasi-
ble to this restriction, the iterated remain strictly positive since y = 0 is implied by the intersec-
tion of the ball and the simplex constraint A, = {y € R™:e"y = 1,y = 0} this restriction is

equivalent to the form:
cTy = min
S.t. Py = Py, @.7)
0= y0)" 7 = yo) S @’r?,
where {y € R™ (y — y0)T(y — ¥o) < a?r?}, describes the ball B(y,, ar).

Fig (4.2.1) shows the feasible region over the two dimensional simplex. Since the rank of the
system Py = P, is (m + 1) it defines an (n—m = 1)-dimensional affine subspace that passes

through the center of the ball B(y,, ar). Therefore, the feasible region in problem (4.7) is an

(n — m — 1)-dimensional region.

So that, the optimal solution to problem (4.7) is obtained by simply projecting the negative gra-

dient of the objective function(—C) centered at y, on to the null space of the constraint surface

of Py = P, and moving from , along this projected direction to the boundary of the ball.Let ¢,

17



the projection of the gradient vector Con to the null space of Py = P,. Hence, by theorem 1.1 ¢p

is given by:
cp:= (I = PT(PPT)"'P)c.

Taking a step of length ar in the direction of normalized pro;ecuonm we obtain the optimal

solution Ypew of the problem (4.7) as:

(4.8)

Cp
—1 — ar — 3
Ynew = Yo icol

Since Ynew lies in the interior of the an (n — 1)-dimensional sphere or ball inscribed in Ay it is

greater than zero. Thus, the corresponding revised vector X4y in the X-space which is obtained

DiYnew

by via the inverse transformation (e"D y )is greater than zero. This completes one iteration.
kYnew

The step may be repeated after incrementing k by one. It can be shown in each step there is a re-
duction in the value of the objective function (4.7) and the process approaches the optimal value

ZeT0.
Examplel: Perform two iterations of Karmarkar's algorithm on the following problem.
X; = min
S.t. X +x,—2x3 =0,
Xy +x,+x3=1,

Xj = 0,1 = 1,2,3.

: R T
Hered = [1,1,-2] ,c = (0,1,0),eT = (1,1,1), n=3, m=1 and the point X = (5.;,5) = Ypls

. 1 2
fea ——anda=-.
sible .We also have r = 5

18



Iteration]

Starting with xo and k=0, we define Dy = dlag{ ]Wc now compute €' =c' Dy =

1

P—A'D"—l"l"l r_[;0 T(ppTy-1 )
‘[eT]‘ ol ok ‘L”] cp= (= PT(PP)P)c = 1 |, and]cy]| =
0
¥z
6
et
1 6
| 1. 1’%] 0.397484
Using (4.8), this gives us:ypew = |3 57—5 7 [0 269183] Transforming into the X-space,
1 s 10.333333
3

we 0blain X; = Ynew for this iteration ¢"x; = 0.269183.

Iteration2

Starting with x, and k=1,we define D, = diag[0.397484,0.269183,0.333333].We now com-

pute

; 269183 -0. 666666

0.1324029
ey = (1=PF(PPTY 1P)c-—[01505548 ,and||c, || = 0.2013121 .
0.0181517

19



-0.1324029

01505548

_ 21 |_00181517
96 02013121

Using (4.8), this gives us Yney = 0.2654855

[0. 3930009]
0.3415134

[P0 Rl RO

.- 0.457409
Transforming into the X-space, we obtain x; = [0,209258

0.333333

for this iteration ~ ¢Tx; =

0.209258.
4.3. Convergence and complexity of Karmakar’s Polynomial-Time

Algorithm

In this section we deal with a convergence and complexity of Karmakar’s algorithm applied to

problem (4.1) under assumption 1 and 2

In order to prove the convergence of the algorithm and established its polynomial complexity
there are two constructs that we employ. The first is the consideration of a relaxation of problem
(4.5) which complements its restriction (4.7).The second is the use of a novel function known as
the potential function that measures the progress of the algorithm in a very clever fashion and
helps establish its polynomial complexity. To construct the required relaxation of problem (4.5)
consider the n-dimensional ball B(Y,,R) in the Y —space that has center at Y, =

T
(i L 1) € R"coinciding with that of the simplex A, and that has radius R such that

n ! n ¥ 1)
B(Y, ,R) intersected with A, = {Y € R™e"Y =1,Y = 0} is an (n — 1)-dimensional ball that
circumscribes A,. Hence R is the distance from the point (%,nl,'--,i)T to any vertex A, say

(1,0,+++,0)". Thus

R=J(1—}I)2+(0-—%)2+ ......(0-§)Z=f“;j)z+1n‘—‘=

Now we consider the problem obtained by adding the redundant constraint YeB(Yy, R) in prob-

=
=1
o

(4.9)

~

lem (4.5) but relaxing (deleting) the non-negativity restrictions.
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€'Y - min
St PY=p,, (4.10)

(Y =Y)"(Y - Yy) < R%
The feasible region of (4.10) is an (n —m — 1) -dimensional ball centered atY,, defined by the
intersection of the (n — m — 1)-dimensional affine subspace{Y € R": PY = P,} with B(Y,,R).
Fig (4.3.1) shows this intersection foracasen = 3and m = 1.

Hence, the optimal solution ¥,,,, to problem (4.10) is obtained in a similar fashion to equation

(4.8) and is given by:

Yoew: = Yo

o AL
R icen (%112

~ (Yo, ar) NAy,

(Yo, R) NA
Y = P{J < i v i \j \\\) Thew i
o
(I= 0= 0y \ (0,1,0)
\ Fig. 4.3.1
AY

Now we can estimate for the progress made with respect to the objective function in the Y-space
as follows.

Firstly let’s show that €7 Ype, < €' Yp.

Using equation (4.8) we get:

. - T te_ A
ey = E Vg —are T (8)

Butc, = ¢ — P*(PPY)"'Pc or ¢, + PT(PPT)'PC=¢
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ET = C;; + CTPT(PPT)—lp 1 (ﬁﬁ)
Thus inserting (AA)in (A) we have that:

Y =Yy = icel = (elc, + ¢"PT(PPT)™*Pc,) since Pcp = 0.
Vo — T Vnew = ,IC illepll? = arllepll 20 since 0<a<1,r20,llcpll 20.
Therefore €T Ypew = €'Y, .

Secondly let’s denote Y™ as an optimal solution to problem (4.5) since problem (4.7) solved by

Ypew is a restriction of the problem and problem (4.10) solved by Ynew is a relaxation of the

problem. We have that:
W ey S Y BTV, < EYy
Moreover, using this along with equation (4.11) and we get that:

0< ET(YO = new) < C_T(YO ~ Y.) < ET(YO F ?new)

R 7 ucpn
ncpu T (Yo - “*’“’)

= ; _T(YG S Ynew) since Cp = @I‘(Y{) — Ynew)-

Hence this asserts that: ¢ (Y, —Y") < iET(Yo — Ynew) OF
cT(Yp-Y") < = —T((Yo —¥Y) = (Yrew—=Y")) or
RreT i — .
BE (Vnew = ¥) < (£ -1) (Ko = V) or

& (Yrew = V) < (1- Z)eT (o = ¥*) or

1
e (new=¥") < 1 _ O 1_i___»’ﬂtﬂ"ﬂ)= 1--=. (4.12)
ET(YD_Y.] R n-1 n-1

n

But under assumption 4, we have that ¢"Y* = 0, so that:

ey op %, (4.13)
7Y n-1

Equation (4.12) tells us that at any iteration with respect to the objective function ¢"Y, the gap to

optimality is reduced by i_f However, ¢! = ¢"Dy is dependent on the particular iteration k,

and moreover equations (4.12) only guarantees a decrease in the numerator of problem (4.4). In
fact, the fractional objective in problem (4.4) and hence the original objective function in prob-
lem (4.1), may not fall and may actually increase. Fortunately, there is another function that pre-
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serves strict monotonicity and hence assures convergence to optimality. In fact, it assumes poly-
nomial-time convergence. This function is known as potential function and Karmakar's potential

function is given by;
f(x)=Xr,In [——] =nlnc"™X -3, InX; (4.14)

The other formulation of (4.14) is obtained by taking the antilog of the equation (4.14) and given
by:

0= (g2)

The projective transformation (4.2) does not preserve the linearity of a function as seen by the
objectives in equation (4.1) and (4.4) it does preserve ratios of linear functions. Indeed under eq-

uation (4.3) we have that:

T,y
cTx _ (e'-‘ nkv) _ oy _ ofy
5w
So that the potential function (4.14) transforms as:
B DY
f(x) W f (ETDkV) F(Y) ZJ ll [XHYJJ]

=nine™Y - 7, (Y] = 27, In[x] (4.15a)

Let’s now measure the decrease in the value of the potential function (4.14) or equivalently in

the potential function (4.15a) in the Y-space at iteration k using the potential function (4.15a) we

can obtain that
F(YneW) e F(Yo) =nln ETy,,ew = Z?=1 In Ynewj — E?:l Inxkj —nln ETyO P
Y1 Inyo; + Xjoq Inxy;

i
7Ty, 1 1 1
c n H oy (i -
sz nln REW E] inynew} Z} lnn since Yo - (n‘ﬂ.' rn)

bl
= nln%:-w-—):;?ln MY new) (4.15b)

e a
Hence, ln Tnew <Ilnl—-——
ety n-1"
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But from Taylor series we have that: In(1 - x) < —x for1—x>0

Vnew —a
T i
'Ty mE (*)

Therefore In < i
Inserting equation (*) in to (3.15b) we can have
F(Ynew) = F(Yo) £ == ¥ In(nynew;) (4.16)
Consequently, if =" =1 ln(nynew j) does not increases too much in relation to f—l we obtain a

sufficient drop in the potential function. This will enable us to guarantee the desired convergence

results. Before proceeding to the next discussion we need the following two lemmas. Let

&=ﬂt~and0<a<1Thus ’"%c?= ’n—:—a<1

Lemmad4.3.1: If |x| < @ < 1then|ln(1+4X) - X| < 2(1 = (4.17)
Proof
From Taylor series we have that:
2x4 Xt . 24x5
In(1+X)= )(-—I e s
3 4 B
Thus [In(1 + X) — X| = x-_l+%_f’f_‘ 3&+ y
T TP S 28 |
ol [ T TR T
x? 2x3
I
<14 xl+ 1K+ X0+
s§|1+a+a2+a3+---|
T 2(1-a)°
Lemma4.3.2: If ||nY —e|| < B forp = E_‘—la <1,e"Y =1,Y >0 then
|E lln(nyj)l 2(1 ﬁ] (4]8)

Proof
1

/2
Iny —ell < B or (Z)-(ny; - 1)) “<8.

From this we have that;
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(ny;=1)" <2 vj=1,2,.
Using Lemma (4.3.1) we get:

lIn(ny; —1+1) - (ny;—1)| < -}{% V= 1,2, i s

2
(1) _ B2
21-8) T 200-p)

|Z-Inny; = s (ny; = 1)] < Ty [Inny; — (ny; - 1)] <

Zjea[inny; = (ny; - 1) < T},

2(1 -f)

|z" alnny; —ni 1)’;+n|_2(1 -B)

IZ Inny; —n+ n| < since 7.,y = 1.

2(1 By

2
Therefore |E?=1 |“n}’jl = z(f—ﬁ) ;

1
Moreover, 37—, Inny; = Inn" [[7.;y; =nlnn+In[[}.;y; =nlnn+n ]n(n?=1 y}_)n

= n % Ii=1Y)
=n nn(l'[J-:lyj) sSninn==

=nIn}y},y;=nin1=0 since ¥j_,y; =1
~2j=Inny; 20 (4.19a)

since geometric mean< arithmetic mean.

Therefore 0 < = ¥7_; Inny; < veE zﬂ} (4.19b)
Now let’s see that Y,,,,, satisfies the condition of Lemma 4.3.2.

1) 7 ¥pp =1 silice Yooy €A,

i) Ypew > 0, since Ypey € Ay

i) InYew — €ll = [InYpew —nYoll  SincenY, =e

= InCew =Yl = [|n (o) | = nar = ne s = J— J_ a<1

satisfies the condition of lemma (4.3.2) by equation (3.1 9b) we have that:

— \2
j‘=lln(nynewj)s (_’Tlf? ajH ,butl-—\/_n—a'>1-—a 1=ad<1
2(1— “—n—ﬁ) 2(1—\(:&)

Hence, Y.,

IN

= 2 4.20
Therefore - Y7, ln(n}’newj) S T < G-ar e

Now using equation (3.20) in (3.15b) we obtain
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F(Ynew) F(Yo) < —-ad+—— 2(1 = (4.21)

When @ =—=7, equatlon (4.21) becomes:
F(ynew) = F(Yu) S i‘ < ;;

N PYRPNE : : :
Therefore, when @ = = the function F(.) and consequently the potential f(.) fall by % in every

iteration. This means that over K iterations:
—k
fXp) = f(Xp) < S

Here by f(Xi) = £ (Xo) = nin 53] - Z In(nxi )
From the above two equation we can get that:

nin [3¥] < By In(nxg) = 5 (V)

CcTX,
But by equation (4.19a)

Thus (V) become:

In [%,"‘T:] <= (4.22)

Hence, although the objective function value may increase iteration to the next iteration, a suf-

ficient overall decrease from the original objective value at k =0 is maintained as the iterations

progress in fact from equation (4.22) we will have:

-k
cT Xy < cTXpesn.

For k = 10nL
cTX, < c"Xoe™%k, since cTX, < 2" see[6]
orcTXy < e~2C Xy S e 2k < prape™ (4.23)

where L the lower bound on the input length of the problem is given by:

[1 + IOglnetmaxl + IOg(l ¥ lc;maxl)]
of the determinant of any basis of the problem and

(4.24)

where | Dy max| is the largest numerical value

. : =01 ; { monotonic function
|ijax| is the largest numerical value of any cost coefficientc;. Hence strict mo
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bounded above is convergent. Further since at each iteration the number of arithmetic operation

in the worst case is 0(n*) the polynomial complexity of the algorithm is 0(n*L).

4.4. A Modification to the Algorithm

In Karmarkar’s algorithm the number of arithmetic operation in the worst case is 0(n*) with po-
lynomial complexity of 0(n*L).But the computational effort of the algorithm discussed above is

dominated by the computation of ¢, and the projection of the gradient vector.

Thus in each iteration, we have to find the inverse of (PPT) ,

Where:

AD ADZAT  ADye ADEAT 0
PP = [ wear e1=|7 % K = |40 |
e’ [Bed” ] e"DAT  n J448

since ADye =0,e"e=n

and that the only change in this matrix from step to step is in the element of the diagonal
trix D.. Accordingly, Karmarkar shown how a slight modification of the algorithm, based on up-
dating rather than re-computing an appropriate inverse in the gradient projection operation, can
be made to run with 0(n?S) effort per iterations. This results in an overall reduced polynomial

complexity of 0(n5L) for the modified algorithm.

4.5. Converting a General Linear Program into Karmarkar’s Form

In this section we will see how to change a general linear programming into Karmarkar’s form

while satisfying assumptions 1 and 2.

Consider a general linear programming problem:

cTx = max

s.t.Ax £ b, (4.25)

x=0,

x € R™.

where A is m x n matrix of rank(A)=m and the data are all integers.
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The dual of the problem (4.25) is given by:

b"x - min
s.tATy > ¢, (4.26)

y20,y€R™.
By duality theory, the system of inequalities in (4.27) has a solution if and only if the original
problem has finite optimal solutions.
Ax < b,
ATy >c,
c"x=b"y=0, (4.27)
x>0 y=20,x€R",y €R™.
Adding slack and surplus variables Xp4;, i = 1,2,,mand Yy j, j = L2, inthe Ax < b
and ATy > c respectively. Then (4.27) become:
Yio1@iXj + Xnyi = by 1= 1,2,0,m,
Y QY = Ymej =6 J = 12,m,
Yiqcx — it by =0, (4.28)
>0,j=12,~,nn+1 n+tm,
y;20,i=12,-»,mm+ 1,-,m+n.
Before proceeding to the next step, let us define bounding constraint Q by:
ST xt ET?“ Yj S (4.29)
here, Q is sufficiently large number and integer bound which derived from feasibility or optimal-
ity considerations. So that any solution of (4.28) satisfies (4.29)

Now by adding slack variables s; in (4.29) we have that:

mmy + S Y+ 51 =0 (4.30)
Having equation (4.30) in (4.28 )
We have:
z?=1 aijXj + Xn+i = b; i=12-",m
TP gy =Ymy=¢ J=LEM
(4.31)

6 — Sty b =0
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n+m .. m+n
j=1 %t di=1 Yi+t$1 =0,

all x;,y; 20,5, 20,

At this stage, to obtain the problem in the homogenous form, we introduce additional slack va-

riables s, with the restriction s, = 1 and express the problem (4.31) as:
Xi=10ijX + Xy —bis; =0 i=12,,m,
Yiz18iYj = Ymsj—CS2=0  j=1.2,,nm,
Yj=1 6% — L2 by = 0, (4.32)
T+ SR Y+ 52 = 05, = 0,
T+ Syt s s = Q+1,
all x;,7; 2 0,5,5,20.

Where the last two constraints in (4.32) are equivalent to the constraint;

Wy + Tyt Y+ 5 = Q in(431)ands; =1.

Next let us use the transformation
x;=(Q+ 1y j=12,n+tm,
yi = Q@+ DVpymsi (=12, m+n,
sy = (Q + Dvamiznsr »

s; = (Q + Dvamaznsz
in order to obtain units as the right-hand-side of the final equality constraint and hence equation

(4.32) reduced to:

Z}n:i aiYj + Vn4i — biVams2niz = 0 i=12-m

E?=1 AijVn+m+i =~ Veman+i ~ CiVam+2n+2 = 0 j=12,.m,
z?=1 Cvj — Yty bi Vnam+i = 0, (4.33)
Z?:;n v+ Z?;’;“v + Vam+2n+1 — QVam+2n+2 = 0,

}1:;11 v+ YA Umanti T Vamazner = Vamsznsz = 1y

all v; =20,i =12, o, 2m+2n+2.

The constraints in equation (4.33) are now of the form in problem (4.1) in order to satisfy as-

sumption 1. Let us introduce an artificial variable 4 in the constraints of (4.33) such that the sum
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of the coefficients in each homogenous constraint and of 2 is zero and the coefficient of A in the

last constraint must be unity.
We then consider the problem:

A —= min

st IM, 4V + Vnsi — Bivamiznsz kA =0 i=12,,m,
m o @ijVnsmei = Vaminsi — CVzmeznsz + kmejd =0 J = 12,1,

2?:1 v — Y by Vasmsi + kmans1d =0, (4.34)

TEMIZHL ) — QU iznez + (@ = @m+ 20+ D) =0,

Z?;nl+2n+2 y+i=1,

all v; 20,i =12, 2m+2n+ 2,A20.
If the sum of the coefficients in a particular constraint of (4.33) is zero, the artificial variable 4
need not be added to that constraint. That is, the corresponding k is of value zero. The minimum
value of A in (4.34) is zero if and only if the system of inequalities in (4.27) has a solution. The
problem (4.18) is now in Karmarkar’s form and assumptions 1 and 2 are also satisfied by the
solving this problem by Karmarkar’s algorithm. We obtain optimal solution to the primal and
dual problems of the original linear program simultaneously. One disadvantage of this approach
of combining the primal and the dual into a single problem is the increase in dimension of the

system of equations which must be solved in each iteration.

Example2: To illustrate the use of duality in concept with the foregoing transformations consid-

er the following linear programming problem.

2x, + Xz = max

S.t. X]_ v xz S 2!
X1 + 2x2 < 4:

X1, X2 2 0.

The dual to this problem is given as follows:
29, 4y S
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s.t. n+y,22,
-y +2y, 21,
Y1y 2 0.

Adding slack variables (x3,x4) and (¥3,s) in the primal and dual problems respectively, we
need to determine a solution to the following system in order to and a pair of primal and dual op-
timal solution simultaneously as follows:
X=Xy + X3 =2, Yitya—Y3=2,
Xy + 2%, + x4 =4, Y+ 2y, = Ya =1,
2%, + % = 21 + 472 22 205,522 0.

Let us now introduce the bounding constraints by:
4
i=1%i i Zl =1 Yi

Adding slack variable s; this constraint becomes:
¢ x+TiaxtssQ
Next we introduce slack variable s, with restriction s, = 1 using this variables, we have that
t oAbyt tssQt 1.
This yields the system:
Xy — X2 +x3—25,=0,
xy + 20+ % —452=0,
J’1+J’2‘Y3"252=0!
...y1+2y2-y4—52=0.
2x,+x2-—2y1'-2}’2 =0,
okt D M 8 Qs; =0,
21—15": S A G Q+1,

Xy, X2 Y1, Y20 5152 20.

tion to change the variables by:

X = (Q + 1)%‘ J= 1,2, 4,

After this, we use a transforma
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Yi=Q@+Dvey =12, 4,
s;=(Q+ vy,
s2 = (Q+ vy,
This gives the system:
vy + v, +v3 =200 =0,
vV, + 20, + vy —4v = 0,
Vs + 205 — vy — 249 = 0,
—V5 + 2V — Vg — V19 = 0,
2vy + vy — 205 — 204 = 0,
Y1 = Quyo =0,
v =1,

all v; = 0,i=12,-,10.

Finally introducing the artificial variables A with constant coefficients such that the sum of the
coefficients in each homogenous constraint is zero and accommodating A in the final equality
constraint as well (so that assumption A holds) we get the following problem:

A = min

st m+vt+vz—2v,+t41=0,
v+ 20, v — 4V = 0,
Vs + 206 —Vy — 2V T A= 0,
—vs + 2V — Vg — V1o + A =0,
2v1+v2—-2v5—-2v(,+31=0,
Ly vi— QUi+ (@ -9A=0,
Dv+a=1,
all v; 20,i= 1,2,-,10.
The problem is now in the required form (4.1) and it satisfies assumptions 1 and 2 using Kar-

markar’s algorithm to solve this problem will yield a pair of primal and dual optimal solutions to

the original linear program.
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4.6. Description of Karmarkar’s Algorithm

Stepl.Initialization

I

P n-1 g Y

compute 7 = ==, a =——and X _(;,;,...,;) .

Step2. Main step

Start from k = 0 if at iteration k if c"x; = 0 stop otherwise, define:

- T
Dy = diag{X1, Xz, Xind: Yo = (l la'“.l) P= Ae'k]-ET =¢"Dy.

n'n n

Step3.computeYpew = Yo — ar-%,where Cp = [1 - PT(PPT)*P]C.

I

D : -
Step 4: compute Xy41 = ?ﬁ:—:‘i and k=k+1 until ¢"x, < 275

Step5.Optimal Rounding Routine
Starting with X determine an extreme point solution X for problem (4.1)

¢"X < "X, < 27 using earlier purification scheme terminate with X an optimal solution to

problem (4.1).
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Appendix

A.1.Programming for Solving a Linear Optimization Problem by Means of

Karmarkar Projective Algorithm

Remove ['Global #"];
(+Inputx)

Print["c=", c];

Print['A= ", aA // MatrixFomm] ;
Print["e= ", e];
n=Length[aA[[1]]];

(+Initializationx)

dpo - Diagana.ulatrix['l‘ahle[% g1, n}”;
dp0 // MatrixForm

s Tahlel% . 1,n}];

x[0] =x0;

Print ["x[0]= ", x[0] // W] ;
y0 = x0;

y[0] =y0;

dp[0] = dp0;

u[0] = ah.dD[0];

(*Iteration*)
1
r=s —
Yn(n-1)
n-1
a= -
In

Print[*z= *,2 i1 N];
Print["a= voaflNH];
k:[’;
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while |k < it,

w[k] = c.x[k] ; Print["w(" , Kk, ") = ", w[k]];

1f[w[k] £ 107°, Break[]];

uU[k] = aA.dD[k] // N;

print["U(", k, ") = ", wU[k] // MatrixForm] ;

pP[k] = Append[uU[k], e];

print["P(", k, ") = ", pP[k] // MatrixForm];

g6[k] = (Transpose [pP k] ] .Inverse[pP k] .Transpose [pP[k]]].pP[k]) // N;

print['6(", k, ") = ', y6[k] // MatrixForm] ;

v[k] = (IdentityMatrix[n] - gG[k]) .dD[Kk].c;

Print["v(", k, ")=", v[k]];

y1k+1|:(y[ﬂ]—a*:-———T;ﬁﬁT)ff
dp[k].y[k+1]

Ll (e.d])[k].y[k+ 1] 1

Print['x(", k+1, ")= ", x[k+1]];

dp [k + 1] = DiagonalMatrix[x[k+ 11:
Print['D(", k+1,") = ", dD[k+1] /1 MatrixForm]| ;

k:k+1|;
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A.2. Programming for Solving Maximization of a Linear Optimization Prob-
lem by Means of Khachian’s Ellipsoid Method

pemove|["Global *"];

<< LinearAlgebra MatrixManipulation’ ;

(#+Inputs)

(vthe positivity condition should not be considered in the input;

it will be automatically add in course of the running program;

Here we considexr only problems with positivity because we use the dual problemr)

aii={{ & _» ¢ v o NS s Y e s e e 1= SRR A D )3
T T R

B e _w _n _u=f _];

r=v;

it = t; (%*Humber of iterations)
(+ This input is only for the graphic part in the case n0 = 2x)
n=n0 = Length[aA[[1]]]
pah = aA;
pb=b;
If[nd == 2,
{al, a2} = {5, 3} {#+ choice of the hreadth of picture; (x0-al ,x0+al) *)
(g1, 82} = {5, 3}; (+ choice of the heigth of picture; (y0-£1,y0+£1) =)
nn=100; mm = 100;  (¥numbex of points of the raster to fill the feasible sets)];
[ S o e e B S T T
Print["To solve the linear optimization problem:"];

tax = Table[&, {i, 1, n0}];

Print[" v, o.tax, " - min'" ] ;

Print " s.t."]:

Table [Print|[" v, pah[[i]].tax, " £ ", pb[[il1], (i, 1, n03];
Print[" &ox0 ., PO ¢ e 1AL 8

Print[""];

Print["'A = ", aA i MatrixForm] ;

Print["h = ", b];

"Maximize"¥)

(+Maximization by the Mathematica command
1, Length[pa’]]}]

constraint = Table[paA[[i]].tax< pb[[i]], {3/
tamax = Prepend [constraint, o.tax];

maxi = Maximize | tamax, tax];

xmax = tax /. maxi[[2]]7

Print [ " The maximal value is £(tmsx) = " maxi[[1]]]7 . . onk
Print["The solution of the 1inear maximization problem is given By: 17

Print[" Waax = xmax] ;
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{x1, %2} = {xmax|[1]] - al, smax|[1]] s a2);
{y1, y2) = (max[[2]] - B1, xmax[[2]] + $2) ;
Print[""];

(+new settings for the extended inequality systems)

m=Length[aA] ;

o[ , A | :=Table[0, {i, 1, 4}, (3,1, 2}];

ah = BlockMatrix[{{aR, o[m, m]}, {-IdentityMatrix[n], o[n, m]}, {{-c}, (]}, {o[n,n], -Transpose[aA]},
{o[m, n], -IdentityMatrix[m]} }];

Print['The new Matrix is A = ', aA // MatrixForm] ;

b =Join[b, Flatten[o[1, n]], {0}, -c, Flatten[o[1, m]]];

Print['The new right side is b = ", b];

tax = Table[&:, {i, 1, n0}];

tay = Table[n, {i, 1, m}];

var = Join|[tax, tay];

Table[aA[[i]].var <b[[i]]., (i, 1, Length[b]}] /| TableForm

n=n+m;
pos=1;
(f===memmmm = -t)

(+Initializations)

bB0 = Diagonalllatrix[’l‘ahle[rz, {i, 1,n}]];

Print [bB0 // MatrixForm]| ;

T£[n0 - 2, px[0] = {0, 0); pBI0] = (", 0}, (0, ¥ 1))

(orom s cmmmmmn

(¥ { the initial circle with the radius r and centre U #)

If[n0 == 2, p[0] = ContourPlot[{u, v}.Inverse[pB[0]].{u, v} -1, {u, x1, x2}, {v,y1, y2} , Contours = {0},
ContourShading - False, PlotPoints - 100, ContourStyle - {R6BColox [0, 0, 1], Thickness[0.009]},

DisplayFunction = Identity]]:
(== 2
%0 = Table([0, {i, 1, n}];
x[0] = x0;
bB[0] = bBO;
k=0;

v = And[Table[aA[[i]].x0 <b[[i]], (i, 1/ Length[aA]}]]
(+ Those constraints which are satisfied by x0 = 0 ¥)
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(¢ to collect and to calculate the distance of the centre 0 and the hyperplanes of all those
constraints which are not in w; the centre 0 violates the constraintss)

vion={}; (+table of list number for violating constraints)

vio={}; (+list of distances of violating constraintss)

viomax = 0; (¥maximum of distances:)

v=0; (+ v is the number of violating constraint with maximal distances)

i= 1;

While|i ¢ Length[aa]
If[w“i]] -- False,

vion = Append[vion, i];

aA[[i]].x[0] -b[[i
vio = nppendlvio, nhs[ [![Iolzlnla!l[][i]][][ Il I 1 K],‘
aa[[i]].x[0] -b[[i aA[[i]].x[0] - b[[i

If Ahsl llllol:l]n[alall[i]][][ 1 lzllax[viu],vimnax:nhsl [:lu:nlaL[][i”I]l 1 I; -.-i||;

i=zin ll :
(== mmmmmmmm e t)
av=ah[[v]]; (:nommal vector of hyperplane of violating constraint with maximal distancer)
bv=b[[v]];

(+ coordinate of vector b belonging to the violationg constraint with maximal distancer )
If [av.hB[0].av < 0, Print["In the hall B, lies no feasible point"]; Break[]];

Print ['quadratic form = ', av.bB[0].av];
(* e Tl =¥)

(¢ Tteration )

(+ "it' is the number of iterations; inputt)

k=0;

While [k < it,

Print['Eigenvalues of B(" k, ") : "/ Bigemalues[bBlk]]];

If [av.bB[k].av <0, Print['In the pall B, lies no feasible point’]; Break|[]];
Print[*x(*,k, ") = %, x[k]]:

w = And[Table [aA[ [i]] .x[k] <b[[i]], (i, 1, Length[aA]}]]/

Print{*w = ", w]:

38



1f[Intersection|{False}, w] == (}, Break([]];
(¢i.e. the centre of the ellipse is feasiblex)
(¢ now we make the same as before for k = 0 t)
vion={};
vio = {0}
viomax = 0;
v=0;
1=1;
While i < Length[aR],
1£|w[[i]] == False,
vion = Append|[vion, i];
ah[[i]].x[k] -b[[i]]
Norm[aA[[i]]]
an[[i]].x[k] -b[[i]]
Horm[aA[[i]]]

vio:nppend[vio,hbs[ I HK];

.
(4

alll[ill-xll‘l-hllill]
Norm[aA[[i]]]

If|l\bs| ] > Max|vio], viomax =Lbs[
i=4+1];

av=aal[v]];

bv=b|[¥v]]:

Print[*v = %, ¥, * av = ", aA[[v]], " bv =", b[[v]]]:

bB[k].av
d[k] = - i1 H;

4/ av.bB[Kk].av
Print["d(", k, *) = ", d [k]];
Alk] =0;

(*ﬁ%‘:ﬂ Y av.bB[k].av //N;%)
Print["A(", k, ") = ", &A[k]];
1+n#2[k]

ke SR
“l] == i NH;

2

SIk] = —— (1- (A[KI)?) /1 ¥;
Pri“t[“a[",k, u] = n‘dlk]l;
o[k] = 2 (1l+nxA[k])

(n+ 1)« (1+2[k])
Print["e(", k, ") = ", a[k]]:
X[k+1] =x[k] + a[k] +d[k] // §;
If[nu == 2Jr lek+ 11 L {xlk+ 1][[1]]; K[k+ 1][[2]]:’15
pl::i..l‘ﬂ;["x["‘,k+]_‘r E= ",XIk*‘lll;
Xr=x[1];

I H;
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Partition[bB[k].av, 1].(bB(k].av)

av.bB[k].av ) !

pB[k+ 1] = TakeMatrix[bB[k+1], {1, 1}, {2, 2}];

print['B(", k+1, ") = ", bB[k+1] // MatrixForm // N] ;

If[n0 == 2, p[k + 1] = ContourPlot[({u, v} -px[k+1]).Inverse[pB[k+ 1]].({u, v} -px[k+1]) -1,
{u, x1, x2}, {v, y1, y2}, Contours - {0}, ContourShading -+ False, PlotPoints - 100,
ContourStyle - {R6BColox[1/ (k+1),0, 1/ (k+1)], Thickness[0.009]}, DisplayFunction + Identity]];

wock = x[k+ 1] ;

steps =k+1;

Print['------- = "1

k=k+1{;

pB[k+ 1] = [K] (bn[k] - a[k]

1fin0 =2,
qua = Table[p[j], (3. 0. k}]:
poi = Append [ Table | 6raphics [ {R6BColox[1/], 0, 1/4], PointSize[0.02], Point[px[j]1}], (3. 1. k}!,
Graphics | {RéBColox[0, 0, 1], Pointsize[0.02], Point [px[0]]}1];
(«Definition of constraint functionst)
Clear|x,y,u, v];
const = Table[paA[[i]].{x, ¥} -pb[[i]], (i, 1/ Length[ph]}];
poscon = {-x, -y}; (rpositivity condition for the variables in the form <0 )
const] = Join[const, poscon] ;
ne = Length[constl];  (+numbex of constraintst)
Do[g[i][x_, y ] =const[[i] 1. {i.1, Length[const]}];
g[Length[const] + 1] [x_, y_] = -%;
g[Length[const] + 2] [x_, ¥_] =-¥/
conin = Table[g[i] [u, ¥] £0, {i, 1, nc}];

(= cm e S e S S *)

(+Calculation the raster of points in the square [xﬂ—al,x[l+a2]=[yﬂ-£1,y{l+ﬁ2 ¥)
p=0;q=0;

lisx = (}; lisy = {}:

While[p <nn,

x=xl+ps ((x2-x1)/nn);
lisx = Append[lisx, x] ;
P=p+1];

Yhile[q < mm,
y=yl+qx ((y2-yl)/mm);
lisy = Append[lisy, y]/

q=q+1]; A . ;
) J th[li 1]

lis - Flatten[Table[ (Lisx[[i]], syl 311}, (. 10 Length[Lisx]}, (3. 1, Length{Lisyl}]. 1]

RSN ST i t)



(¢Graphict)

a= Table[ContourPlot[g[i] [x, y], {x, x1, %2}, {7, y1, y2}, Contours - {0}, ContourShading + False,

PlotPoints - 100, ContowrStyle + {R6BColox(1, 0, 0], Thickness([0.011]}, DisplayFunction + Identity], (i, 1, nc}];
p=1;liscol = {};

While[p < Length[lis],
If ‘Union|And[Table[g[i] [Lis[[p, 1]], Lis[[p, 2]]] <0, {i, 1,nc}]]] = {True},

liscol = Append[liscol, {R6BColox[0.9, 1, 0], PointSize[0.015], Point[(Lis[[p, 1]], Lis[[o, 2]]1}1}]!:
p=p+1];

d = Graphics| {R6BColox[0, 0, 1], PointSize[0.03], Point [xmax]}];
Show|Graphics[liscol], a, poi, qua, d, Axes - True, AspectRatio + Automatic, DisplayFunction - §bisplayFunction] |;

21\5“-
Tahle[Print[“The volme of qadric(*, 1) is *,
4/Det [Inverse[bB[i]]] +n+ Gamna| ]

Hnl, (i, 0, k]l;
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A.3. Programming for Finding a Feasible Point by Means of Khachian’s Ellip-
soid Method

Remove ["Global *"];

(#Inputs)

Lo R G at . LR L T B S T SRR, © ¢
3 AP

c=9{_. _, _i _+ _} (* vector to describe the objectiv function#)

it=t; (*number of iterationss)

{al, a2} = {4, 5} ; (+ choice of the breadth of picture; (x0-al, xO+al) +*)

{Bl, B2} = {4, 5}; (+ choice of the heigth of picture; (y0-f1l, y0+pl) +)

pos = 2; (% pos=1l means x20,y20; pos=2 means without nonnegative condition#)
nn=100; mm =100; (*number of points of the raster to fill the feasible sets)
r=d: (#radius of the initial ball#)

n=Length[aA[[1]]]:
tax = Table[&;, {i, 1, n}];
Print["To solve the linear optimization problem:"]

Print[" " o.tax; " <+ min"];

Print[" s.t.");

Table [Print[" " aA[[i]].tax, " s ", b[[i]]], {i, 1, Length[aA]}]"
If [pos==1, Print[" £, 20 , lefl,...," 1y i 4 o i

Print[""]:

Print["A = ", aA // MatrixForm];

Print["b a2 ", b]:

Print["c = ", ¢]:

n = Length[aA[[1]]];

(#Initialization#)

bBO = DiagonalMatrix [Table[r?, {i, 1, n}] // Nl
bBO // MatrixForm;

- -
- - -
- —— - - -
-
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1f[n==2, p[0] = ContourPlot[{u, v}.Inverse[bBO|.{u, v} -1, {u, -5, 5}, {v, -5, 5}, Contours - {0},
Contourshading - False, PlotPoints » 100, ContourStyle + {RGBColox[0, 0, 1], Thickness[0.009]],
DisplayFunction -+ Identity]];

(#----- e
x0 = Table[D, {i, 1, n}]; 4
x[0] =x0; bB[0] = hB0;

k=0;

w=And|[Table[aA[[i]].x0<b[[i]], {i, 1, Length[aR]}]];

(+ Those constraints which are satisfied hy x0 = 0 ¥)

nom[z_] ==1/§1(zuim*s

(+ to collect and to calculate the distance of the centre 0 and the hyperplanes of all those
constraints which are not in w; the centre 0 violates the constraintst)

vion={}; (+table of list number for violating constraints)

vio={}; (+list of distances of violating constraintst)

viomax = 0; (#maximum of distancest)

v=0; (¢ v is the number of violating constraint with maximal distances)
1=1:
While Ii <Length[aa],

Iflw[[i]] == False,

vion = Append[vion, i] ;
. ; an[[i]].x[0] -b[[i]] )
vio = nppendluo, nhs[ Yom[aA[ (1] l I Nl ;

aA[[i]].x[0] -b[[i]] . an[[i]].x[0] - BI[i]] Desalls
[ Norm[aA[[1]]] I”“"“""M”m‘ Norm[aA[[1]]] I" H

av=ah[[v]]; (¢nommal vector of hyperplane of violating constraint with maximal distancer)

bv =b[[v]];

(+ coordinate of vector b belongin
If [av.bB[0].av <0, Print["In the ball By
Print|"quadratic form = ", av.bB[0].av];

g to the violationg constraint with maximal distancer)

lies no feasible point'];lh:eak[]];

(4 L.



(* Tteration %)

(¢ "it® is the number of iterations; inputs)
k=0;

ﬂ‘hile k< itl’

print['Eigenvalues of B(", k, ") : ", Eigenvalues[bB([k]]];
If[av.bB[k].av <0, Print["In the ball By lies no feasible point"]; Break|[]]:
Print[nx(n ; k; u] = 0 ; xlkll;

w = And[Table[aR[[i]].x[k] £b[[i]], {i, 1, Length[aR]}]]:
Print['w = ", w];

If[Intersection[{False} ;W] = {}, Break[]]:

(+i.e. the centre of the ellipse is feasiblex)

(+ now we make the same as before for k = 0 «)

vion= {};

vio = {0};

viomax = 0;

v=0;

i=1;

While i <Length[aA],
Ifi\f[ [i] ] == False,

vion = Append[vion, i];

_ s aa[[i]].x[k] -b[[i]]
vm:nppendlw.o,nbs[ Worm[aA[[1]]]

an[[i]].x[k] -b[[i]]
Horm[aA[[i]]]

]un];

’

. aA[[i]]-x[k] -b[[i]]
] 2 Max[vio], “m’”‘“"’l Noxm [aA[[i]]] I

If[hbsl
i=i+1f;

av = ah[[v]];

by =b[[v]];

Print['v = ", v, " aviomohs akiF])t e E v, b[v]]]¢
bB[k] .av

d[k] = - Ik} /i N;

+/ av.bB[k] .av
Print[*d(", k, ") = ", d [k]]}
].[k] :[l;

(-2l av.bB (k] .av //H;¥)
Print[*A(", k, ") = ", Alkl);

1+nx A[k]
alk] = ———— /1 ¥;
n+1

B[k = o (1- (A[K)?) Wi
(k] = —— ( (
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print['8(", k, ") = ", 8[K]];
2 (1+n+2[k])
okl = 1) (e k)
print{"e(*, k, ") = %, clk]];
x[k+1] =x[k] + a[k] +d[k] /] N;
print['x(", k+1,") = "ox[k+1]);
wx=x[1];
(1, x2) = pex[ [1]] - al, we[[1] ] + a2} ;
{y1, ¥2) = e[ [2]] - 81, xx[[2]] + B2} ;
Partition[bB[k].av, 1].{bB[k].av}
av.hB (k] .av
print['B(*, k+1, ") = ", bB[k+1] {/ MatrixForm // N) ;
If[n==2, p[k+1] = ContourPlot[({u, v} -x[k+1]) . Invexse[bB[k+ 1]]. ({u, v} -x[k+1]) -1, (u, x1, X2},
{v,yl, y2}, Contours - {0}, ContourShading - False, PlotPoints + 100,
ContourStyle - {R6BColox[1/ (k+1), 0,1/ (k+1)], Thickness[0.009]}, DisplayFunction + Identity]];
wk=x[k+1];
steps=k+1;
Print["---- =t]}

k:k*lll_:

JIN;

b [k+ 1] = 6[k] [ba[k] -alk] ]”,,;

Ifin==2,
qua=Tahle[p[3], (3, 0. K}]: : ;
poi = Rppend [Table  Gzaphics | {ReBColox[1/3, 0, 1/4], pointsize[0.02], Point[x[311}1, (3. 1,k
Graphics [ {R6BColox[0, 0, 1], pointsize[0.02], Point [x(0]1}11:

(+Definition of constraint functionst)
(lear(x, y, u, v];

const = Table[aA[[i]].{x, ¥}, (i, L, Length[b]}]
poscon = {-x, -y}; (¢positivity condition for the yariables in the form £ 0+)

const1 = Join[const, poscon] ;

ne = Length[constl] ; (tnumbex of constraintst)

Do[gli] [x ,y | = const[[i]], (1, 1/ Length[const]}];

Do[g[i] [x:, y:] = poscon[[i -Length[const]]], {i: Length[const] +1, nc']l: . > w11
conin = If [pos == 1, Table[gi] [v, v]-b[[i]] <0, (i Lo nc)], Table[gi][v, v] -b[[i]] £0, (i, 1, Length[const]}]]

fp== Lol sl 1)

(¢Calculation the raster of points in the square (xn-a1,xﬂ+a2]=lyﬂ—§1:i’“+39 ')
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P:u; q:[l;
lisx={}; lisy={};
I’hilelp <mn,
x=xl+pt ((x2-x1)/nn);
lisx = Rppend [lisx, x] ;
p=p+1l;
while[q <mm,
y=yl+qr ((y2-yl)/mm);
lisy = Append[lisy, y];

g=q+1];
lis = Flatten|[Table[{lisx[[i]], Lisy[[j]]}, {i, 1, Length[lisx]}, {j, 1, Length[lisy]}], 1];
f1----- 1)
(+Graphics)
If[pos =1,

a=Tahle[ContourPlot [g[i] [x, y] -b[[i]], {x, 1, 2}, {y, y1, y2}, Contours - {0}, ContourShading - False,

plotPoints - 100, ContourStyle -+ {RGBColox[1, 0, 0], Thickness|0.011]}, DisplayFunction + Identity],
{i,1,nc}]];

If [pos = 2,

a = Tahle[ContourPlot[g[i] [x, y] -b[[i]]. {x,x1, x2}, {y, yl, y2}, Contours {0}, ContourShading - False,
plotPoints - 100, ContourStyle - {R6BColox[1, 0, 0], Thickness[0.011]), DisplayFunction - Identity],
{i, 1, Length[const]}]];
r=1; liscol = (};
If [pos ==1,
While|[x < Length[lis],
If [Union[And[Table[g[i] [Lis[[z, 1]], Lis[[z, 2]]] -bI[i]] <0, {i, 1, nc}]]] = {True},

liscol = Append[Liscol, [R6BCoLox[0.9, 1, 0], pointsize[0.015] , Point[{Lis([x, 1]], Lis{[x, 2IND11:
r=x+1]];

If [pos == 2,
While|r < Length[lis], - = (True)
If [Union|And [ Table[g[i] [Lis[ [z, 111, Lis[[z, 2]]) -bI[i]]1 50, {i, 1, Length[const]}]]] = (True},

liscol = Append[Liscol, {ReBColoz[0.9, 1, 0], Pointsize[0.015], point|(Lis([z. 111 Lis[[x, AN
r=x%1]]7

) i 4Si Point [xxk]}] ;
d = Graphics [ {R6BColox[0.3, 0.3, 0.1], Pointsize[0.03], T : . '
Show|[Graphics[Liscel], a, poi, qua, Axes - True, AspectRatio -+ Rutomatic, DisplayFunction -+ gDisplayFunction]

2!‘\{;

re {1, 0, k}l;
: je(*,1,") is ", : B I
Tablell’rmt["rhe volme of guiric(*, 1) +[Det[Invexse[bB[i]]] *n* Gamma S |
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