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l. PRELIMINARIES 

Definition/.J : An n x n symmetric matrix B is sa id to be posit ive definite matrix ifand only if 

xT 8x > 0 \Ix E rnt" \ (OJ . 

Definition/.2: An ellipsoid with center aEIR" is a set 

f:; (x E rnt": (x - a)T8- 1(x - a) 5 1J, 

where B is n x n symmetric positive definite matrix. 

Defillitiolll.3 : A£R is an eigenvalue ora matrix B ifand only i f there exist a vector X '* 0 such 

that: Bx = Ax. 

Deflllitiolll.4: A hyperplane in lR" is a set having the form {x E Ill": ax = b}, 

where a E rnt" \ (OJ, b E rnt. 

Definitioll/.S : Let a line segment has end points P1 and Pz and clements of Ill". The po int (P) 

that di vides the line segment in the ratio r t : rz has coordinate: 

(
TZX11+T\X12 , r2xz1+TtXn, ... T2Xnl+TtXn2 ) 

TI +r2 TI +r2 T1 +r2 

De/illitiolll.6: Let P: x -+ x be an endomorphism linear map. P is said to be a projection if and 

only if p2 ; p. 

Definition 1.7: A simplex in n·dimension is the convex hull of a set of n + 1 non coplanar points 

in IR". 

Theoreml.J: Let A be an m x n matrix, with rank(A) =: m and H =: {x E iii": Ax =: O}.The 

project ion of ponto H is given by q ; (i - AT(AAT)-lA)p. 

Linear Optimization problem 

(P) cT X -+ max 



.. 

.. 

s. t. Ax:s b, 

x;:::: 0, 

where A E Rnxm, m, n ~ 2 and elements o/lId, b E IRm 

Then we assign the o f dual optimization problem by (D) and is given by: 

(D) bTy ~ min 

y ;? 0, 

For the problem (P) and (D) we have: 

Theoreml.2 :( Weak Duality Theorem) 

Irs and S' arc feasi ble sets of the primal and dual problems respecti vely then 

cT X'5. b Ty 'ix E S, 'ly E S ' , 

Th eorem!.J :( Dua li ty Theorem) 

If S and S' arc feas ible sets of the primal and dual problems respective ly the vectors Xo E 

Sandyo E S ' are so lutions of (P) and (D), respecti vely if and onl y i f 

Theorem/A: If 5 and S ' are feas ible sets of the primal and dual problems respecti ve ly the vec­

tors Xo E 5 andYo E S' are solutions of (P) and (D), respecti vely, if and only i f 

2 
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Theorem/.5 :( Strong Duality Theorem) 

Irs and S· are reas ible sets to the primal and dual problems respectively and non empty then 

there are solution Xo E Sof( P)andyo E 5 ' 0[(0) such that: 

Theoreml.6: The vectors Xo E IR," andyo E IR,m are solutions or (P) and (D) , respecti ve ly ir 

and only if Xo E IR," andyo E IR,m are solutions or the system or inequalities: 

Ax.s b, 

-x .s 0, 

-y :s o. 

3 
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2. INTRODUCTION 

The development of simplex method for solving linear programming problems is a great 

achievement in the theory of optimization. An optimal so lution of a linear programming problem 

always li es al a vertex of the feasible region which is a polyhedron .The simplex method moves 

along the edges of the polyhedron from one vertex to the next in an orderl y fashion until it ar­

ri ves at an optimal vertex .Since the number of vertices orthe polyhedron associated wi th m x n 

coefficient matrix of the problem, is quite large for large values of m and n, there was appre­

hension that the simplex method not prove to be efficient. However, in practice, it was performed 

exceedingly well. It was observed that for most practical problems, the number of iterations the 

methods (simplex) needs only between m and 3m. However, the fact remains that for certain 

problems the simplex method may require to examine all the vertices to arrive at an optimal and 

therefore the number of iterations can grow exponenti ally. An example given by Klee and 

ty[SJ indeed shows that in the worst case, the simplex method needs 2n iterations to find an op­

timal solution. 

The search for methods with better complexity (algorithm efficiency) than the simplex method 

led to the development of polynomial-time algorithm, that is, where the computation time is 

bounded above by a polynomial in the size or the total data length of the problem. In the next 

two chapters we discuss in detail two polynomial-time algorithm namely Khachiyan and Kar­

markar polynomial-time algorithm. 

4 
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3. KHACHIYAN'S ELLIPSOID METHOD 

3. 1. Illtrodtlction 

The first polynomial-time algorithm for linear programming was given by L.G. Khachiyan 

in 1979.Khachiyan ellipsoid method approximates the optimum solution of linear programming 

problems by creating a sequence of ell ipsoid that approaches the optimal so lution. 

3.2. KlllIchiYllll'S Ellipsoid Method 

Khachiyan proposed a polynomia l-time algo rithm for determining a solution (if it ex ists) to the 

open set of linear inequalities S ;; {x E Ill": Ax :$ b },where A is m x n, m, n 2! 2 and where 

A and b have all integer components. Th is algorithm either finds a solution in S, if one exists, or 

el se concludes that S has no solution. There arc several variants of Khachiyan' s algorithm; we 

foll ow the interpretation given by Gacs and Lovask[2J. 

Consider the problem of detemlining a solution to the set of linear inequalities 

5 = (x E Qtn: Ax" b) , (3.1 ) 

where A is an m x n matrixb E JR.m; m, n ~ 2 and the data are all integers. 

Assumi ng that S is non empty the algorithm starts by constructing an appropriateMlJ 

Eo:::; 5[0, r] centered at the origin, where r is so large that is 5[0, r] contains a certain part 

of S. I f the center of the ball lies in S then the algori thm temlinates. Otherwise, a sequence o f el-

lipso ids E1,E2, £3, .... in decreasing volume are constructed each of which contain ing the region 

o f S covered by Eo. Let at k iteration (k :::; 0,1,2,3, ... ) with center XK if XK lies in S the algo­

rithm terminates. If not, some constraints are violated (i .e. there exist ajand bjsuch that Gj Xk > 

bi where Gjis the violated row).Lel the most violated constraint (the largest distance between Xk 

and the hyperplane a vx :::; bv ) be Gv such that: 

(3 .2) 

A new e lli pso id Ek +1 of smaller vo lume is then constructed which contains that region of S 

which was covered by Ek . 

5 
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If the center of Ek +1 lies in S the algorithm terminates and the center of el li psoid Eut is the so­

lution. Otherwise the above steps are repeated. Khachiyan has shown that if S is non empty then 

by 6(n + 1)2L iterations the algorithm wi ll find a solution in 5 . 

Hence, if no so lution is found in 6(n + 1)2L iteration then S has no solution. 

Here by L is the number of bilS required to store the problem data in the computer and known as 

the in put length of an instant of the problem and is given by: 

where r. ldcnolcs the rounded up value . 

3.3. KlllIchiyan 's Algorithm 

Starling wilh k = 0, suppose fhal at iteration k the ellipsoid Ek ;s given by: 

E, = [x E D\!": (x - x,)TBj('(x - x,) " 1}, (3.3) 

where Xk E IRn is the center and B k is an n x n symmetric positive definite matrix. 

To construct Ek +1 see the fig 3.3.1. 

, \ E . k-l ),:-1 

-----'''I'-==f~",..'"'''''''------<>,.x = b ,. 

fig 3.3.1 

We assume that the center of Ekdoes not lie on S .Then there exist ay a nd bysuch that: al1xk > 

bl1 .Then geometri cally trans lates the hyperp lane aux = bv parallel to itse lf in the (feasible) di· 

rcetion of -a~ until it becomes tangentia l to the ellipsoid Ek. at the point Yk. · 

6 
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Proof: 

Since Yk is a boundary point of Ele from this we gel: 

I-Icnce die and -a~ are paral lel there exist p > 0 such that: 

From equation (3.6) and (3.5), we get: 

(-pa~l' B;;' (-pa~) = 1 or 

From equation (3.7) and (3.6) we get: 

From symmetric positive definite of a matrix B there is 11 > 0 such that 

8 aT Therefore aT = ...!L..!!.. 

" " 
Combining equation (3.9) and (3.8) we get that: 

7 
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(3.6) 

(3.7) 

(3 .8) 

(3.9) 
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-8It.a~ , 
$I' aV8"B't I BkA~}i 

" 
Now let Yk be the point of the intersection of the hyperplane avx = hI) and [XI( ,YkJ . 

ii). A,f( O, 1]. 

Proof: 

We have that: 

ii) .Si nce Ak = 

Therefore A.k - avx,,-bv > 0 - , . 
(a"B"a~)z 

Next let us show Ak ::;; 1 . 

Suppose ..lit. > 1. 

8 
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(avBkunz 

(3. 10) 
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From this we get: 

Thus, )lk is not in the intersection of avx - bl) and [x/(. Yk] thi s is a contrad iction. 

Therefo re ilk :5 1 

Thererore ",« 0, 1] 

LeI Xk+ 1 be the point on the line segment (}iI< , Yk ] that divides this in the ratio 1; n. 

Hence by definition ( 1.6) Xk+l given by: 

nYk +~ 
l+n l+ n 

(3 . 11 ) 

Before we de fine the new ellipsoid £1<+ 1 let us slate one of the most important theorem without 

proo f. 

uvXk - bll , 
(aI)Bka~r2 

then 81<+1 is a symmetric positive definite matrix. 

Now the ell ipso id Hut defined as £k+l : :::;: {x E IR": ex - Xk+l? B;;'1 ex - Xk+l) :5 I l, where 

Bk~t n x n symmetric posit ive definite matrix. 

3.4. Solving Linear Programming Problems by the Ellipsoid Method 

LeI us now see how Khachi yan algorithm can be used to so lve a linear programmi ng prob lem. 

9 
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(P) CT X -+ min 

s . t.Ax~b. 

x;;::: o. 
There arc several ways to apply the ellipsoid method to solve the above problem. We here di s­

cuss the approach where we apply the ellipsoid method to a certa in system of linear inequalities 

that yie lds an optimal solution of the linear programming problem. 

Consider the above li near programming problem that is given in the canonical form. 

CP) cT X -+ min 

S.t. Ax ~ b , 

x;;::: o. 
Then the dual linear program is defined by: 

(D) bTw -+ max 

s. t. AT W 2: c , 

w;;::: O. 

(3 . 12) 

By dua lity theory in linear programming Xo and Yo are optimal solutions to (P)and (D) respec­

ti vely, if and only if Xo andyo solve the system of linear inequalities: 

-Ax $; -b, 

ATw:5 C, 

-cTx + bTw :5 0, 

-X:5 0, 

-w:5 O. 

(3. 13) 

Now (3. 12) is in the form of (3 . 1) and we can apply ell ipsoid method to (3 .12) and it produces 

optimal solutions to the primal and dual problems simultaneously. 

£\·amplf! : Find the solution of the following linear program by using ellipsoid method. 

s.t. -Xl-XZ ~ -1 , 

IO 
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Xl + X2 :5 4, 

X 1,X2 ~ O. 

To start Kachiyan algorithm draw the ellipse Eo centered at the origin with x-interccpt±5 and y­

intercept ±s..fI The center of Eo is Xo :;; (0,0) not lies in S .I-Icnce there ex ist vio lated row and 

the most vio lated constraint is a v :;; (-1, - 1) and bv :;; - 1. 

( .mT (' 15)T Now (S,O)T, O,Sv3 j and 2'2 are the boundaries or Eo -

J 8 - 1 _ [a 
~cl o -b 

Thus we have that: 

(5 , 0) [~ ~](~) ; J, (0,5.ff) [~ ~]( 5~) ; 1 and G, 1,') [~ ~l ( ~,) ; 1 

From above equations we have that: 

1 1 a; - ,b; Oandc;-, 
25 75 

There rore 8-1; [,I, 0](:, O) "ndBO; [25 
0 0 2..02.. 0 

7S 7S 

Now lei us find Yo. Yc,and Xl . 

(') _[25 0 [(-1) (25) 2 
d - 0 75 1 :;; ill! :;; . 

o - 25 0 - 1 10 ~ Jc- l,-O[ 0 75[CJ , 

J J 



.. 

• 

t .... 

Therefore Yo ~ (D 

But 

Therefo re Y ~ (D 

Since Xl lies in 5 therefore G) is optimal solution of (P) and-7 is optimal value. 

3. 5. Descriptio" of Khacltiyall 's Algorithm 

Step! : Start k = 0 and center at the origin. At iterati on k Xk is the centerEk if 

Xk E S then hal t otherwise there exist av and hI) ' 

Such thatavx > hI)' 

SlOP otherwise go to 1. 

12 
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4. KARMAKAR'S POLYNOMIAL-TIM E ALGORITHM 

4.1. ll/troductiol/ 

In 1984 Kannarkar proposed a new polynomial-time algorithm for linear programming problems 

based on repeated projective transformation. This algorithm creates a series of interior points 

converging to optimal solution. A lot of variation of Karmarkar's algorithm has been made how­

ever in all variation Karmarkar algorithms the major work is repeated computation of the inverse 

of matrix and computation of the projection of gradient vector. 

Karmarkar's consider the linear programming problem in the form: 

s. t.Ax = O. (4. 1 ) 

x ~ 0, 

where x E {RTl, e = (1 ,1, " . ,l l E !R.n, A is an m x n matrix with rank (A) = m, n 2: 2 and the 

data are all integers and c E IPlTl and its clements are integers with the fo llowing two assumptions 

hold. 

1. The poi nt Xo ;::: (~ ,~, ... ,~)T E !fan is feasible in (4.1). 

2. Optimal va lue of the objecti ve functions in (4.1) is zero. 

At first glance the form of linear programming (4. 1) and the accompanying assumpt ions (1) and 

(2) may appear to be exclusively restri cti ve. However, as shown later, any general linear pro­

gramming prob lem can be easi ly converted to this form. 

13 
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4. 2. Kllrmarkar A lgorithm 

LeI as proceed with the derivation of a polynomial-time algorithm to solve problem (4. 1) with 

the assum ption 1 and 2. 

Start ing k ;;;; 0 with feasible point (" ,)T Xo = -,-,"', - represents the center of an en - 1) -
"" n 

dimensional simplex Ax = {x E nan: eTx:;::;: l, x ~ O} the algorithms generates a sequence of 

feasible points which converges to the optimal solution in polynomial-time. Let at step k , Xk be 

any feasible solution and cT Xk "* O.The current feasible point Xk will no longer be at the center 

of the simplex. For the procedures to be iterati ve, we use a projecti ve transformation to bring thi s 

feasible point to the center of the simplex in transformed space. 

Kannarkar uses the projective transformation: 

(4.20) 

where Dk is the diagonal matrix i.e. Dk = diag(xkl,'" , Xkn} and X is an element of the feasible 

set. 

The equivalent transformation of(4.2a) is: 

(4.2b) 

Under the transformation (4.2b) any point in the simplex Ax = {x E R,n: eTX = 1, X ~ O} 

is transformed in to a point in the simplex Ay = (y E IRn: eT y = l, y ~ O}. In parti cular, the cur­

rent feasib le point Xk is transformed into the center of the simplex Ay . 

To algebraically describe this feas ible region in the V-space consider the Inverse projective 

transformation obtained by solving for x in Ax from the transformation (4.2a) we have that 

14 
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Thus we get 

0kY 
Therefore x = ~o . , kY 

0 _ ' _ , x 
Y - ;TD=i; ' , 

1 

= eTD; l x' 

(4.3) 

Therefore, the transformation (4.2) and (4.3) maps points from the simplex Ax on 10 the simplex 

I\.y and vice versa. 

By transformation (4.3) the problem (4.1) is transformed into the fo llowing problem in the 

V-space: 

cTo y 
--'- ..... min 
eTOIcY 

s. t. AD, y = 0, 

eTy ;;;; I , 

(4.4) 

The constraint remain li near because Ax = 0 i ~ homogenous, the objective function has become 

a quotien t o f linear functions. However, by assumption (2) the opti mal objective value (4.4) is 

zero. '-Icnce we can equ ivalent ly minimize the numerator in the problem, since the eT Dky is 

positi ve and bounded away from zero for all YfAy . 

This leads us to the fo llowing problem: 

cTy -+ min 

s.t.Py = Po , (4.5) 

y 2: 0, 

15 
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Rather than solve problem (4.5) which is equivalent to solving the original problem, we will op­

timize a particular simpler restri ction at this problem. By iteratively rcpeating the step we will be 

able to polynomiall y obtain an opt imal solution to the ori ginal problem. To define this reslric-

T 
lion. consider the n -dimensional sphere or ball 8(yo ,r) with center at Yo = (2.. . .!., .. . ,.:) and 

"" " 
with appropriate radius r such that the intersection of this ball with the simplex 1\'1 = 

{y E lR:" : eT y = l,y 2! OJ is an (n - 1) -dimensional ball with the same center and radius 

which is inscribed with in l\y.The radius T is the distance from the center (.:.!., ... ,!Yof the 
"" " 

simplex to the center of its facets. But the facets of 1\'1 arc simply one lower dimensional sim­

pl ices. J-Jence considering the facet of which the first component or Yl is zero, ror example, we 

obtain the distance from (..!..,..!.., ,, . ,:'?to (0, - '-.-'- , ... ,_'_f. 
n n n n-l n-l n-l 

This gives r = J(;)2 + (n~l _ ;)2 + ... + (n~ l _ ;)2 = ~. (4.6) 

In the fig 4.2.1 we have that the simplex with dimension two with inscribed ball of dimension 3. 

Consider a restriction of equat ion (4.5) in which one seeks to: 

cT Y --+ min 

s. t. Py ~ po . 

where Y ~ O,y E B(yo ,ar) , ° < a < 1 is some constant. 

16 
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,' . . , 

10.0,1) 

1.0.0.0) 

r . , 

.C 

(L 0. 0) 
r . 1 

/'y 

fig.4.2.1 

Thus we have shrunk the inscribed ball by a and so its radius ar. Moreover, by remaining feasi­

ble to thi s restriction, the iterated remain strict ly positive since y ~ 0 is implied by the intersec­

tion of the ball and the simplex constraint I\ y = (y E JR.n:eTy :;; l ,y;::: O) thi s restriction is 

equi valent to the fonn: 

cTy -+ min 

S.t.Py = Po , (4.7) 

(y - Yo)'(Y - Yo) S a'T' . 

where [y E ~n: (y _ YO)T(y - Yo) S a'T'), deseribesthe ball B(yo, aT). 

Fig (4.2. 1) shows the feasible region over the two dimensional simplex. Since the rank of the 

system Py :;; Po is (m + 1) it defines an (n - m - 1)-dimensional affine subspace that passes 

through the center of the ball B(Ya, ar). Therefore, the feasible region in problem (4.7) is an 

(n - m - I )-dimensional region. 

So that , the optimal solution to problem (4.7) is obtained by simply projecting the negati ve gra­

dient of the objective function ( -c) centered at Yo on to the null space of the constraint surface 

of Py = Po and moving from Yo along this projected direction to the boundary of the ball.Lct cp 

17 
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the projection of the gradient vector con to the null space of Py = Po- I-Ienee, by theorem 1.1 Cp 

is given by: 

Taking a step of length ar in the direction of normalized projection -Cp we obtai n the optimal 
Ilcpll 

so lution Ynew of the problem (4.7) as: 

Cp 
Ynew = Yo - ar IIcpli ' 

(4.8) 

since Ynew lies in the interior of the an (n - 1}-dimensional sphere or ball inscribed in 11.)' it i ~ 

greater than zero. Thus, the corresponding revised vector Xk+l in the X -space which is obtained 

by via the inverse transformation ( ~k)'nnv ) is greater than zero. This completes one iteration. 
e DkYn~w 

The step may be repeated after incrementing k by one. It can be shown in each step there is a re­

duction in the val ue of the objective function (4.7) and the process approaches the optimal va lue 

zero. 

Example I : Perform two iterations of Kannarkar' s algorithm on the fo llowing problem. 

Xz -+ min 

Xi ~ O. i = 1,2,3. 

. (' ,,)T . 
HcreA; [1,1, -2] ,c; (O,l,O),OT ; (1,1,1) , n=3, m= 1 and 'he polO' Xo ; 3'3 '3 ; Yo" 

. " feasIble . We also have r = .,f6 and a = ;. 

18 
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- - - - -- - ... 

Iteration I 

Starting with Xo and k=O, we define Do = diag H, i, i). We now compute 'CT = cT 
Dk :::; 

(O,~, O) , 

-
6 

[~] [~ll [0.397484] 
Using (4.8), this gives uS:Ynew :::; ~ - ~~T;:; 0.269183 . Transfonning into the X-space, 

I T Q333333 
3 

we obtain Xl :::; Ynew for thi s iteration cT 
Xl ;:: 0.269183 . 

Itcration2 

Start ing with XI and k=l ,we define DI = diag(0 .397484,0.269183,0.333333}.wc now com­

pute 

0.269183 -0.666666] 
1 l ' 

[

-0.1324029] 
c. = (1_ pT(ppT)- lp)C = 0.1505548 , andllc. 1I = 0.2013121 . 

-0.0181517 

19 
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III 

I
II 
- - 0.1324029 
3 0.1505548 0. 3930009 

Using (4 .8), this gives us y = ~ - ~ 1 LO.0181",] = [0 2654855] 
new J 9 .f6 0.201 3121 ' . 

1 0.3415134 
3 

[

0. 457409] 
Transforming into the X-space, we obtain Xz = 0.209258 fo r thi s iteration 

0. 333333 

0.209258. 

4.3. Convergence and complexity of Karmakar 's Polynomial-Time 

Algorithm 

In thi s section we deal with a convergence and complexity of Karmakar's algorithm applied to 

problem (4. 1) under assumption I and 2 

In order to prove the convergence of the algorithm and established its polynomial complexity 

there are two constructs that we employ. The fi rst is the consideration of a relaxation of prob lem 

(4.5) which complements its restriction (4.7).Thc second is the usc of a novel functi on known as 

the potential function that measures the progress of the algorithm in a very clever fashion and 

helps establish its polynomial complex ity. To construct the required relaxation o r problem (4.5) 

consider the n-dimensional ball 8 CYo , R) in the Y - space that has center at Yo = 

(':,':, .. . ,.:)T E lIt"coinciding with that or the simplex I\. y and that has radius R slIch that 
" " n 

8CYo , R) intersected with I\. y = (Y E IR": eT y = 1, Y ~ O} is an (n - 1)-dimensional ball that 

.. .. h· ( " ' )T II clrcumscn bes I\. Hence R IS the di stance rrom t e pomt -, - , ". , - to any vertex y say 
y' n n. " 

(1,0, ... ,0)'- Thus 

(n-1)Z n-l f2-' - +- = -
" 1 "1 n 

(4.9) 

Now we cons ider the problem obtained by adding the redundant constrai nt Yf8(Yo, R) in prob­

lem (4.5) but relaxing (deleting) the non-negati vity restricti ons. 
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• 

s. t. py = Po • (4 .10) 

(Y - YoY(Y - Yo) ,; R' . 

The feas ible region of (4. 10) is an (n - m - 1) -dimensional ball centered atYo, dc lincd by the 

intersection of the (n - m - 1)-dimensional affine subspace(Y ERn: PY = Pol with H(Yo. R) . 

Fig (4.3. 1) shows thi s intersecti on for a case n -= 3 and m = 1. 

I-Ience, the opt imal solution Ynew to problem (4. 10) is obtained in a similar fashion to equati on 

(4.8) and is given by: 

- c, y . - v R 
new· - ' 0 - lie, II (4. 11 ) 

(0= 0= J) 

, «Yo, ar) nAy 

---'r--Jl(O,l,O) 

Fig. 4.3. 1 

Now we can estimate for the progress made with respect to the objective function in the Y -space 

as foll ows. 

Firstly let's show that cTYnew $ cTYo· 

Us ing equation (4.8) we get: 

- T -T v T C, 
C Ynew ;;: C 10 - arc IIc,1I 
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eT ~ c~ + CT pT(PPT)-l p . (M ) 

Thus inserting (66 ) in (Ll) we have that: 

cT Ynew = cTyo - II~II (c~cp + CTpT(PPT)-lpCp) since PCp = O. 

cT yo - eTyn,w ~ 11~Il IJcp 1l 2 = ar lJcpli ,, 0 since 0 < a < 1, r " 0, IJcpli " o . 

Secondly let's ~ enote y' as an optimal so lution to problem (4.5) since problem (4.7) solved by 

Ynew is a restriction of the prob lem and problem (4.10) solved by Ynew is a relaxation of the 

problem. We have that: 

cTYnew :5 cT y' :5 ETynew :5 ,T yo 

Moreover, us ing this along with equat ion (4.11) and we get that: 

0:; eT(yo - y",w) :; eT(yo - Y' ) :; eT(yo - Yn,w) 

_ R [Tep _ R -T ( ) lIe,,11 
- lIe,,11 - Ile,,11 c Yo - Ynew -;;-

= :r cT(yo - Ynew) since cp = 1~? I (yo - Ynew)· 

J-Icnce this assert s that: cTe yo - Y' ) :5 ..!.cT(yo - Ynew ) or 
ar 

eT(yo - Y') :; ~CT((yo - Y' ) - (Yn ,w - Y' )) or 
ar 

R~ (R) --'--(Yn,w - Y'):; -- 1 eT(yo - Y') or 
ar ar 

cT( ynew-Y ' ) < 1 _ ~ = 1 _ a(~) = 1 -~. 
c-T(yo-YO) - R H n-l 

But under assumption A z we have that cT y ' = 0, so that: 

-rv 
C 'new < 1 -~. 
,Tyo - n-1 

(4.12) 

(4.13) 

Equation (4. 12) tell s us that at any iteration with respect to the object ive function cT Y, the gap to 

optimali ty is reduced by ~. However, cT = cT Dk is dependent on the particular iteration k, 
n-I 

and moreover equations (4.12) only guarantees a decrease in the numerator of problem (4.4). In 

fact , the fractional objective in problem (4.4) and hence the original objec tive func tion in prob­

lem (4.1), may not fa ll and may actually increase. Fortunately, there is another function thaI pre-
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serves strict monotonicity and hence assures convergence to optimality. In fact , it assumes poly. 

nomial-time convergence. This function is known as potential function and Kannakar's potential 

functi on is given by; 

{(x) == LI:l In [C;,X] = n lncTX - LI=ll nXj. (4. 14) 

The other formula tion of (4. 14) is obtained by taking the anti log of the equation (4. 14) and given 

by: 

{(x) = In ( '~X)"). 
ni=t x/ 

The projecti ve transfonnation (4.2) does not preserve the linearity of a functi on as secn by the 

objectives in equation (4.1) and (4.4) it does preserve ratios of linear functions. Indeed under eq­

uation (4.3) we have that: 

So that the potential function (4.1 4) transforms as: 

{(x) = {U~:y) = F(y) = LJ=, ln [DJ 
= n In cTy - LJ=,ln[lj] - LJ= ,ln[xki] (4. ISa) 

Let ' s now measure the decrease in the value of the potential function (4.14) or equivalent ly in 

the potential function (4. 15a) in the Y ·space at iteration k using the potentia l function (4.15a) we 

can obtai n that 

F(Ynew) - F(Yo) = n In cT Ynew - r,7=1 In Ynewj - r. j:1 In xkJ - n In cT Yo + 

r.7=1In YOj + ,£j=11nxkj 

T-
= n ln~-'£~lnY"ewj - '£7lnn 

[Tyo ) 

I [TYnew ~"I =n n--£.)· nnY"ewj 
[Tyo 

From equation (4.13) we have that: 

[Ty a 
l'lcnce In~< In 1--. 

• [T yo - "-1 

23 

(" ,)T since Yo = -,-,"',-
n n, " 

(4.I Sb) 



.. 

l 

But from Taylor series we have that: In (1- x) :5 -x [or 1- x > 0 

cry - a 
Therefore In ~ ::;-

tTyo n- I (.) 

Inserti ng equation (*) in to (3. ISh) we can have 

F(Ynew ) - F(Yo) s ::~ - f. j=l ln(nYnewj) (4.16) 

Consequent ly, if - L,ry=t 1n (nYnew,') docs not increases too much in relation 10 ~. we obta in a 
"-1 

suffi cient drop in the potential function. This wi ll enable us to guaranlee Ihe des ired convergence 

results. Before proceeding to the next discussion we need the foll owing IWO lemmas. Let 

a;::-an <a<. us -a= -a< "" dO 1 l 'h R-'- ,g;; 1 
n - i n n-l 

r' L"IIIIIIII4.3./ : Ifl xl:5 a < 1thenlln(1 +X) -XI :5-(-) 
2 I - a 

Proof 

From Taylor series we ha ve thai: 

Xl 2X J 6X 4 24X!> 
In (1 +X) = X --+-- -+-+ ...... 

2! 3! 4! 5! 

1 

XZ 2Xl 6X 4 24X 5 1 
Thus lln(1 +X)-XI = X--+- -- +-+ .. ·- X 

2! 3! 41 5! 

= 1_ x2 + Xl _ X4 + XS + .. . 1 
2 3 .. 5 

x' 1 2x 2xz 2x
J 1 =2 1 -"3 +-;;- --5-+'" 

:5 ~' 11 + Ixl + IX ' I + IX' I + .. ·1 

< x' 11 + a + «2 + a3 + · .. 1 
- 2 

x' 
;:: 2(H;)' 

Lellll//{14.3.Z: If II nY - ell :5 fJ forfJ = J"=1 a < 1,e
T

y = I , Y > 0 then 

Proor 

From this we have that: 
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., 

Using Lemma (4.3.1) we get: 

Therefore 

Iln(nYj - 1 + 1) - (ny . - 1)1 < 'Yr' 
J - 2(1 - 11) 'tIj = 1,2, ...... .. . n. 

Ll=, pnnYj - (nYj- l )IS L"j_ ('Yr ' )' <~ 
_ 1 2( 1- 11) - 2e t - fJ ) 

IL1=, lnnYj - Ll=, (nYj - 1)1 S Ll-,pnny,. - (ny,· - 1)1 <~ - - 2(1-P) 

ILI=t 1n nYJ - n.EJ-1 Yj + nl <......!!:..-. - - 2( 1- (1) 

11..1=1 In nYj - n + nl :5 2 ( ~~1l), since r. j=l Yj ;:: 1. 

P' I" ry In ny·1 < - -£' / = 1 J - 2(1 - (J) . 

, 
Moreover, 1..7=1 In nYj ;:: In nn nj=l Yj ;:: n Inn + In n7=1 Yj ;:: n In n + n In(n7:1 Yj )"ii 

I (n' )* < I r.')" ,Yj . . . I . ;:: n n n j= 1 Yj _ n n n- ,- since geometric mean::; anllmcllc mean. 

;:: n lnr. j=< tYj =n ln1;:: 0 sinccY.j=tYj = 1 

- 1..7= 11n nYj ~ 0 

Therefore 0 :5 - r.7=1In nYJ :5 2( ~~P) 
Now let' s sec that Ynew satisfies the condition of Lemma 4.3 .2 . 

i) eT Ynew ;:: 1 since Ynew E AT 

ii) Ynew > 0, since Ynew E AT 

iii) IlnY",w - ell = IInY",w - nY. 1I Since nYo ;:: e 

(4. 190) 

(4 .19b) 

II (-""')11 ' ~ R-' - 1 _ _ =nar=na ;:: -a = -a < 
- n IIcpli I n(n- I ) n - 1 n 

]-]cnce, Y
new 

sat isfies the condition of lemma (4.3.2) by equation (3. 19b) we have that: 

-2 a 1 

Therefore - Lf=l ln(nYnew/) ::; 2(:-«) ::; 2C1-a)1 
(4.20) 

Now using equation (3 .20) in (3. ISb) we obtain 
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F(Yn,w) - F(Y. ) ,; - if + .' 
2(1-1f)2 

_ 11a1 . 
When a =;;:t = '3 ' equation (4.21) becomes: 

F(Y .. w) - F(Y. ) ,; 2 < - I 
24 5 

(4.2 1) 

Therefore, when ii = ~ the function Fe.) and consequentl y the potential f(.) fall by: in every 
5 

iteration. This means that over k iterations: 

{ (X,) - {(X.) < ~ - 5 

Herc by {(X,) - {(X.) ; nln [~:::]- LJ=lln(nx, j)) 

From the above two equation we can get that: 

But by equation (4.1 9a) 

Thus (V) become: 

I [C' X' ] n ( ) K n n CTXo :5 Lj=l ln nXkJ -"5 

In [CrXk ] < ~ 
CTXo - Sn 

(V) 

(4.22) 

Hence, ahhough the objecti ve function value may increase iteration to the next iteration, a suf­

ficient overall decrease from the original objective value al k = 0 is maintained as the iterati ons 

progress in fact from equation (4.22) we wi ll have: 

For k ; 10nL 

CTXk:5 cTXoe-ZL, since ,TXo < ZL sec[61 

orcTXk:5 e-2LCTXo :5 e- 2LZL < 2- 2 121 < Z- L 

where L the lower bound on the input length of the problem is given by: 

(4.23) 

(4.24) 
L; [1 + logID'Lm,,1 + log( l + ICjm=IJ] 

where I Dct. max I is the largest numerical value of the determinant of any basis of the problem and 

ICjmax I is the largest numerica l value of any cost coefficientcj. Hence strict monotonic function 
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bounded above is convergent. Further since at each iteration the number of arithmetic operation 

in the worst case is O(n3) the po lynomial complexity of the algorithm is O(n4L). 

4.4. A Modification to the Algorithm 

In Karmarkar' s algorithm the number of arithmetic operation in the worst case is O(nJ) with po­

lynomial complexity of O(n4 L).But the computational effort of the algorithm di scussed above is 

dominated by the computation of cp and the projection of the gradient vector. 

Thus in each iteration, we have to find the inverse of(PpT), 

Where: 

ppT ~ [AD,] [0 AT eT , 

since ADke ;;; 0 ,eTe ;;; n 

and that the only change in th is matrix from step to step is in the element of the diagonal 

trix D
k

. Accordingly, Karrnarkar shown how a slight mod ilication of the algorithm, based on up­

dating rather than re-computing an appropriate inverse in the grad ient projection opemtion, can 

be made to run with O(n2.5 ) effort per iterations. This results in an overall reduced polynomial 

complexi ty of O(n3.5 L) for the modified algorithm. 

4.5. COllverting a General Linear Program into Karmarkar's Form 

In Ibi s section we wi ll see how to change a general li near programming in to Karmarkar' s form 

while sat isfy ing assumpt ions 1 and 2. 

Consider a genera l li near programming problem: 

cTx -+ max 

s.t.Ax ~ b, 

x ~ 0, 

x E iii". 

where A is m x n matrix of rank(A}= m and the data are all integers. 
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The dual orthe problem (4.25) is given by: 

bTx-+min 

y2:0 ,y E Rm . 

(4 .26) 

By duality theory, the system of inequalities in (4.27) has a solut ion if and onl y if the original 

problem has fin ite optimal so lutions. 

Ax :s; b , 

ATy;?;c, 

eTx - bTy = 0, 

x;:::: 0, y 2:: a,x E JR." ,y E IIlm , 

(4 .27) 

Adding slack and surplus variables Xn+i. i = 1,2, ...• m and Ym+J' j = 1,2, ... ,11. in the Ax So b 

and AT y 2:: c respectively. Then (4.27) become: 

£7=1 aUxj + Xn+i ;;: bj i = 1,2, "'. In, 

£ 1=1 afjYi - Ym+j = Cj j = 1,2, , ..• tI, 

L J=I CjXj - Lf! l biYI = 0, 
Xj 2:: Q,j = 1,2, "', n, n + 1, "', n + m, 

Y. > ° i = 1 2 ". m m + 1 ... m + n 
1 - ' "" " . 

Defore proceeding to the nex t step, let us define bounding constraint Q by: 

(4 .28) 

£(:lm Xi + Lj!.~n Yj :s Q, (4.29) 

here, Q is sufficiently large number and integer bound which derived from feasibi li ty or optimal. 

ilY considerations. So that any solution of(4.28) satisfies (4.29) 

Now by add ing slack variables 51 in (4.29) we have thaI: 

L(:1m Xi + Lj=~" Yj + 51 ;:: Q 

Having equation (4.30) in (4.28) 

We have: 

LJ=1 aijXj + Xn+i ;:: bl i ;:: 1,2, ... , m, 

(4 .30) 

L~1 aijYi - Ym+j ;:: Cj j;:: 1,2, "., n, 

LJ=l CjXj - L~I biYi ;:: 0 , (4 .3 1) 
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~n+m + ~m+n 
1.. /=1 Xj Loi= 1 Yi + 51 :s Q. 

aIlXj ' Yi ~O ,Sl;;?:O . 

At thi s stage, to obtain the problem in the homogenous '0 . d .. I i rm, we mtra uce addi tional slack va-

riables 52 with the restriction 52 :::; 1 and express the problem (4.31) as: 

f, j=l a ijXj + Xn+i - bisZ :::; 0 i:::; 1,2. "' , m, 

Lbl a ijYj - Ym+j - CjSZ :::; 0 

2.7= 1 Cj Xj - Lr;l biYi :::; O. 

j :::; 1,2, ·· · ,n, 

~n+m ,.-.m+n 
L. /= 1 Xj + £' /=1 YI + 52 - QSz ;::: 0, 

,.,n +m + '\'m+n 
£" /= 1 Xj £.. 1::1 Yi + 51 + S2 :::; Q + 1, 

all Xj , Yi ~ 0 ,51, 52 ~ O. 

Where the last two constrai nts in (4.32) arc equi valent to the constraint; 

'L j.:r Xj + r.7!i" Yi + 51 :::; Q in (4.3 1) and 52 :::; 1 . 

Next let us use the transformation 

Xi = (Q + l )v; j = 1,2, ... , n + m, 

Yi ;:: (Q + l )vn+m+i i ;:: 1,2, .. .• m + n., 

5 1 ;:: (Q + 1 ) VZm +2n+l 

52 :::; (Q + 1)vzm+zn+2 

(4 .32) 

in order to obtain units as the right-hand-side of the final equality constrai nt and henee equation 

(4.32) reduced to: 

E J= l a ijVj + Vn+i - biV2m+2n+2 ::;: 0 i ::;: 1.2, .. ·, m, 

E J=l afjVn+m+i - V2m+n+i - CjV2m+2n+Z ::;: 0 j::;: 1,2, "', n, 

E J"'l Cj Vj - E ?!l b i Vn+m+i ::;: 0, (4.33) 

E7~~ Vj + :L?!in v + V2m+2n+l - QV2m+2n+2 = 0 , 

E7:~ Vj + Ei'!i n Vm+n+i + V2m+2n+l - V2m+2n+Z = 1, 

all Vi ;0, 0, ; = 1,2, ... ,2m + 2n + 2. 

The constraints in equation (4.33) are now of the form in problem (4.1) in order to satisfy as­

sumption 1. Let us introduce an artificial variable A in the constraints of (4.33) such that the sum 
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n Oll IS zero and the coefficient of ). in the of the coefficients in each homogenous constraint a d f" 

last constraint must be unity. 

We then consider the problem: 

A -+ min 

s. t. 'E j!.1 uijVj + Vn+i - b jVzm+2n+2 + kjA = 0 i:::; 1,2, "', m, 

'Ej""l Uj j Vn+ m +i - v2m+n+i - Cj V2m+Zn+ 2 + km+JA ;; 0 j:::; 1,2, "', n , 

'f. '}=l CjVj - r.?!l bi Vn+m+ i + km+n+1A::; 0, (4.34) 

",Zm+2n+l Q ( .t.. j=l Vj - v 2m+," +2 + Q - (2m + 2n + 1))A = 0, 

",~m+2n+2 V . + ). - 1 
iJ}= l J - . 

all v, '" 0, i = 1,2, .. · ,2m + 2n + 2, A 2: O. 

If the sum of the coefficients in a particular constraint of (4.33) is zero, the artificial variable A 

need not be added to that constraint. That is, the corresponding k is of value zero. The minimum 

value of). in (4.34) is zero if and on ly if the system of inequalities in (4.27) has a solution. The 

problem (4. 18) is now in Karmarkar's form and assumptions 1 and 2 are also sati sfied by the 

solving th is problem by Kannarkar's algorithm. We obtain optimal solution to the primal and 

dual problems of the original linear program simultaneously. One di sadvantage of thi s approach 

of combining the primal and the dual into a single problem is the increase in dimension of lhe 

system of equations which must be solved in each iteration. 

Examplc2 : To illustrate the use of duality in concept with the foregoing transformations consid· 

er the fo llowing linear programming problem. 

2Xl + Xz -+ max 

s. t. Xl - Xz $ 2, 

Xl + 2xz $ 4, 

Xl'XZ 2: O. 

The dual to thi s problem is given as follows: 
2Yl + 4yz -+ min 
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s. t. YI + Yz ~ 2 , 

-y, + 2y, " 1, 

Adding slack vari ables (X3,X4) and (Y3'Y4) in the primal and dual problems respective ly, we 

need to detenn ine a solution to the fo llowing system in order to and a pai r of primal and duol op­

timal so lution simultaneously as follows: 

Xl - Xz + xJ = 2 , 

Xl + 2XZ+X4=4 , 

Let us now introduce the bounding constraints by: 

Adding slack variabl e 51 thi s constraint becomes: 

y, + y, - y, = 2 , 

_y, + 2y, - Y. = 1, 

L1::1 Xi + L1:::1 Xi + 51 :::; Q. 

Next we introduce slack variable 5z with restriction 5z = 1 using this variables, we have that 

This yields the system: 

L1::1 Xi + L1::1Yi + 51 + 52:::; Q + 1. 

Xl - Xz + X3 - 252 = 0 , 

Xl + ZX2 + X4 - 45z == 0, 

y, + y, - y, - 25, = 0 , 

_y, + 2y, - Y. - 5, = 0 , 

ZXl + Xz - ZYI - 2yz ::: 0 , 

L1:::1 Xi + L1:::1 Yi + 51 - Q5z ::: 0 , 

L1:::1 Xi + L1::1 Yi + 51 + 52 == Q + 1 , 

Xl'XZ' Yl,Yz,51'SZ '2! o. 
. . I hange the variables by: 

After th iS we use a transfonnatJon 0 c 
, x . = (Q + l )v; j = 1,2, .. ·4, 

J 
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This gives the system: 

Yj ; (Q + l )v..; 

s, ; (Q + l)v" 

s, ; (Q + l)vlO' 

i = 1,2,·",4, 

VI + Vz + V3 - 2VIO = D, 

V t + 2vz + V4 - 4v1o = 0, 

Vs + 2V6 - V7 - 2v t o ::;; 0, 

-vs + 2V6 - va - VlO = D, 

2Vl + Vz - 2vs - 2V6 = D, 

L[,,'1 Vi - QVlO :;;: 0, 

"£12\ Vi = 1. 

all v; '" 0, i ; 1,2,'" ,10. 

Finally introducing the artificial vari ables A with constant coefficients such that the sum of the 

coefficients in each homogenous constraint is zero and accommodating A in the final equality 

constraint as well (so that assumption A holds) we gel the fo llowing problem: 

A --+ min 

s. t. Vi + Vz + V3 - 2vt o + A. ;:: D, 

Vt + 2vz + V4 - 4v1o == 0, 

Vs + 2V6 - V7 - 2VtO +A = 0, 

-Vs + 2V6 - va - VlO + A = 0, 

2Vi + Vz - 2vs - 2V6 + 31 = 0, 

Lf" v; - QVlO + (Q - 9)), ; 0, 

L121 Vi + A = 1 , 

all v; '" 0, i ; 1,2,'" ,10. 

The problem is now in the required form (4.1) and it sati sfies assumptions 1 and 2 using Kar­

markar' s algo rithm to solve this problem will yield a pair of primal and dual optimal so lutions to 

the original linear program. 
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4.6. Description of Karmarkar's Algorithm 

Step 1.lnitialization 

1 
compute r = ~)' " nln- l , 

Step2. Main step 

_ n-1 (1 1 1)T a - - and Xo = - - ... -
3n n'n' 'n' 

Start from k = 0 if a! iteration k if ,T Xl< ;;: 0 stop otherwise, define: 

Step3.computeYn,w = Yo - ar II ~: II ' where cp = [I - pT(ppT)- 1 P}E. 

Step 4: compute x = D"Ynew and k=k+l until cT 
Xk <_ 2-L

. 
H1 ,TD Y Ie new 

StepS.Optimal Rounding Routine 

Starting with XI< determine an extreme point solution X for problem (4.1) 

cT X :5 cf XI< < Z-L using earlier purification scheme terminate with X an optimal solution 10 

problem (4.1). 
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Appendix 

A.I.Programming for Solving a Linear Optimization Problem by Means of 

Kllrmllrkar Projective Algorithm 

Remov e ("Global ' t " )i 

(t lnputt ) 

C= {_, _,_,_, _) ; 

aA :; [(_ , _, _ , _ , _), (_ , _ , _ , _, _J L , _, _, _, _J,J; 
e :: ( I , 1,I/ l ,!}; 

it = m i 

P:dnt l ~ c=n t cJ ; 

Prin t ' "A= • I aA If MatrixFonn) ; 

P:d n t( "e= " , e] i 

n ; Len9th[aA[[I[II ; 

(., Ini tializationt ) 

dDO :; Di dgonalMatrix[ Table [~ , {i, 1 , nJ II ; 
dDO I l ltat:J:ixFoDR 

XO ; Table l~ t (i, l t nl] ; 

x[D] :; xO i 

Pxint[ ' x[OI; ' , xIOI"HI ; 

yO :; xO; 

y[OI ; yO; 

dD[OI ; dDO ; 

uU[OI ; aA.dD[OI ; 

("'Itexation·) 

1 
r ; 7=;==;7 

1 n(n - l) 

n - l 
a=-i 

3 n 

hint[ "J: = . , r II HI ; 

hint( "a: " all H1; 

k :; 0 ; 
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lfhile [k ~ it , 

w[kJ = c.x[kl ; Pdnt[ ' w( ' , k, ' J = ' , w[kJ[ ; 

If[w[kl ~ 10-', Bzeak[lI ; 

uUlk l = aA.dDlkJ /I H; 

Pdnt[ ' U( ' , k , ' J = ' , uU[kJ /I nat<ixFomJ ; 

pp[k l = l\ppend[uU[k[. el ; 

Pdnt ["P( ", k , ' J = ", pp[kJllnatdxFomJ; 

gG [kJ = (Tzanspose [pP [kll . lnvene [pP [kJ . Tzanspose [pP [kill · pP \kJ) /I H; 

Pdnt[ "G( ', k , ' J = ', gG[kJ IInatdxFomJ ; 

v\kJ = (IdentityMatdx\nJ - gG\kJ) . dD\kJ . c ; 

Pri nq ' v( ", k , ' )= ", vlk)) ; 

( 
v[kJ ) 

y\k d J = y\OJ - au HODll\v\kll II H; 

( 
dD\kl ·y\kdl ) 

x\k . 1J = e.dD\kJ.ylk . 1J I/H ; 

Prinq ' x( ", k +l , ' )= ' , xlk +ll) ; 

dD\k d J =DiagonalHatdx\x[kdJI ; 

PrintJ ' D( ft , k t l , ' ) = ' ,dD[k +l)II Mat:dKl'oDll) i 

k =kd] ; 
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mear p Imlzahon Prob-A.2. Programming for Solving Maximization of a L' 0 t' . . 

lem by Means of Khachian's Ellipsoid Method 

Remove , - G1obal ' l' - I; 
« Line arAlgeb:ra ' Mat:I:i)lft"anipulation ' i 

( t lnpuh ) 
(* the positivity condition should not be oonsidezed in the input ; 

it wi ll be automatically add in oouzse of the :running p:roqram ; 
Heze we consideE only p:rob1ems with positivity beoause we use the dual p:rob1em't ) 

aA = ({_, _, _, _, _, _) , (_ , _, _, _, _, _1, (_, _, _, _, _ , _1, (_' _, _, _, _, _) 1; 

b = (_, _,_,_} ; 

c = {_ ' _, _, _ , _ , _1; 
l: = v ; 
it = t ; (dlumbel: of iteJ:ations'I J 
( ... This input is only fOl: the cp:aphio put in the case nO = 2. ) 

n = nO = Length[aA[ (1) II; 
paA = aA ; 

pb = h i 

I£lnO == 2, 
(al , a2 ) = {5 , 3} ; (1' choice of the b:readth of pictuze ; (xO- al , xO +al) t ) 

(.61. .6 2) = (5 , 3) ; ( 'II choice of the heigth of piotw::e; (yO - .61 , yO +Pl) . , 
nn = 100 ; Jm\ = 100 ; (1' numbe:r: of points of the rasteJ: to fill the f easible sehll ; 

(w----------------------------------------------------_______________ w, 
PJ:in t , . To solve the lineal: optimization pJ:oblem ; " ) i 

tax = Table f{i , (i, l , nO)); 

PJ: int [ " ., c.tax , • -i min" , ; 

pJ:int ( " s , t."] ; < ' , pbllilll , Ii , 1 , nOII ; 
Table (PJ:intl " ., paA[[iJl.tax , 

{ i :t 0 , it! (1 , .. . ,. , nO , . ) . ( ; Pr int , . 

P:.:intl · • ) ; 
PJ:int( "A = . , aA /I MatJ:ixFo:on) ; 

PJ: inq "b = ., bl ; 
t ... Uaximization by the Mathernati c a c OJml4Jld · Maximi z e · ... ' 

c onstz aint = Table [paAllill . tax ~ pbl lill , (i , 1 , LengthlpaAl) I 
tamax = PzependlconstJ:aint , o. taxl ; 

maxi = Uaximi z e [tamax , taxI ; 

xmax = tax / . maxi [ (21] ; 
P:.:inq " The maximal. va1ue is f( x... ... ) = . , maxi[[lll) ; 

.' t ' blemisrrivenby , ' j ; 
PJ:int[ . The solution of the lineal: max~za 10n pJ:o ~ 
PJ: int , . x,..,.,. = " , xmaxl ; 
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(xl , x2) 0 (xmaxIl1]] -.1 , xmaxlllll • • 2) ; 

(yl , y2 ) 0 (xmax ] ]211 - PI , xmax]] 2 11 ' ~2) ; 

printl " ) ; 

pxint (' -------------------------------
Print " ' ) ; --------- ----------. ); 

(t---------------------------------------------------------------7) 
(rnew set t ings for the extended inequality .ysteat ) 

m ;: Length I ilA) ; 

ol#_, l _ 1 :: Table (O , {i / I / JI} , {j i l , ).}) ; 

aA :: BlockMat rix( {(ilA , 0 1m , mlJ I {- IdentityMatrix (nl , 0 [n , mil , {{-oj I {b}} , {o In , nJ , - Tnns on I aAll 
(Dim , n ] , - IdenlityMatrix lm)} )) ; P , 

Print! ' The new Mcttrix is A :;: • I aA II HatrilCFoDlli i 

b ;: J oin Ib , Flat ten( 0 (1 , nil , {O] , - c , Flatten(o(l , -III i 
P:dnt ( ' The new right side i s b :: I, b I ; 
lax :: Tahl e ({i, {i , l , nO)l ; 

tay ;: Tahle l'l , I i , I , m)) i 

v.u: =Jo i n(tax , t ay}; 

Tohl . ] aA ] ]i ]] . va< , b ]] i ]] , (i , I , L. ngth]bll] II TohleF.DO 

R:: n * m; 

pO' ;: 1; (t ____ ____ ______________________________ t ) 

(t Ini tializati ont ) 

hBO: Di agonalllat :ri x (Table (r2
, (i , l , n} )) ; 

hint IhBO I J Mat:rixFo:r:m) ; 

If ] nO " 2, px I 0] 0 (0 , 0) ; pB]O ] 0 ((, ' , 0) , (0 , , ' )] ] ; 

1· -------------------------------------------------------------. ) 
(t Dr"wlnIJ till' initial t' il.:cll' wit h the radius r and {'entIe 0 t } 
If lnO :: 2 , pi 0) : ContouzPlot I (u , v) . Inver.e lpB 1011 . {u , v} - 1, {u , xl , x2} , {,. , y1 , y2}, Contour . .. {O} , 

ContourShadinq ~ False , PlotPoints ~ 100 , ContourStyle .... (RGB ColOJ: 10 , 0, 1) , Thickness \O ,0091} , 

Di splayFunct ion ~ Identity)) ; 

(t----------------------------------------------------__ _____ t) 

xO : Table IO , Ii , 1 , nl1 ; 

x lO) : xO; 

bB ]O] 0 bBO; 

k : 0 ; 
• 0 And]' ohl . ] aA] li ]] .xO , b II i )] , (i , I , L.ngth]aAllll ; 

(t Those cons t :raints whi ch ar e satisfi ed by xO : 0 t ) 
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(f to collect and to calculate the dist f h .. anee 0 t e centre 0 and the hyperplanes of all those 
constramts which are not in If' the centre 0 yi 1 t th . l oa es e constlalntSr) 

vion :: {) i (t table of list nUllber for violating conlluintt) 

Yio :: () i (t list of distances of Yiolating constraintst I 
viomax :: 0 i (tmaximlln. of distancest I 
v:: 0; (t v is the number of violatinq constraint with lUXimal distance, ) 

i :: 1; 

lIItileli n engthlaAl , 

Jflwllill == False , 

vion :: Append[vion, iJ; 

vio = Appendlvio , Abs I aAllill.XIOI-bllilll" HI · 
HOlJlllaAl lill I ' 

fAblaA llill.XIOI-bllilll .. laAllill .XIOI -b llilll .11 
J s H 1_'11 .111 ~ Haxlnol , nomax = Abs . ; v=' ; 

01Jll = • HOlJlllaAll'lll 

i: i +lJ i 

(.-----------------------------------------·1 
av;; allll'l l ; (tnozmal TectOI of hyperplane of violating constraint with maximal distancet ) 

bv=bllvll; 
It coordinate of veclor b belonging to the violationq constraint with maxUnal distance., ) 

Iflav .bBIO ) .av <0, P:rint{ ' In the ball Do lies no feasible point- I ; BnaklJl ; 

PIinq l quadratic fonn:: . , av,bBIO).dV! i 

(.-------------------------------------------------------------. ) 
(t Iteration t ) 

It l it" is the number of iterations ; inputt ) 

k:: 0; 

While lk H t , 
Prinq "Eigenvalues of B(- / k , ' J : ", EiqenYalues[bBlklll ; 

Iflav .bB Ikl. av < 0, hint! ' In the ball B, lies no feasible point ' I; Breaklll ; 

Printl "xj ', k , . ) :: . , x[klJ i 

W = And I Tahle I aAll i JI.xlkl ~ b Iii II , [i , 1, Lengthl aAllll ; 
Printl "w :: ' ,wl; 
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p 

If(Inte:uection l (False) , wI :: () , B:z:eaklJ I; 
('ti.e . the centJ::e of the ellipse is feasible't) 

(t now we make the same as befoxe fox k = 0 t ) 

vion = (J ; 

vio : (O) ; 

viomax = 0 i 

v = 0 i 

i = 1 ; 

WhUe I i ~ Length I aA] , 

Iflwllill == False , 

vion = Appendlvioo, i) i 

[ [ 
aAllill·xlk) - bllill [ I 

vio = Append vio , Aha HOlJlllaAl(illl /IN ; 

[ [
aAlli ll .Xlk) - b ll i ll [ .. [aAll i ll . Xlk) - b ll i ))] .. ]]. 

If Ah. HODll(aA( (iJ II ~ HaxlVl.o) , noma>( = Ah . Ho:cnlaAll i lll ' v = .L , 

i :i+l l ; 

a.:aAlly) ) ; 

b. : bl ly)) ; 

P:rint, "v = ., v , • av = . , aAllvll .· by = . , bllvlll ; 
bB lk) .av 

dlk ) :- /lH ; 
V av .bB(k).av 

Pdnt( "d( " , k , IJ = ·, d(kll ; 

11k) : 0 ; 

( t "",)1 [k] ~bv .y av . bB (kl . av liN it ) 
I V . I V 

P:tinq ".l.( " , k ," J = ", .l.[kll i 
l +n*.llk] 

alk) : /I H ; 
nd 

n' 
'lk) : - (1- (J. lk) )') /I H; 

0 2 - 1 
Pl:int( "6( " , k , ") = ., 6 1klJ i 

I 
2 (1 . n · J.lkJl 

(J kJ = /IN ; 
(nd) . (ld l k ) ) 

P:dnt( "o( ", k , ") = . , alkll i 
x lk< 1) : x lk) . a lk) . d lk) "N; 
IflnO " 2 , px)k< 1) : (x)k dll (1) ) , xlk d II 12) II ) ; 

P:t:int( l x( l , k t l , ") = ·, xlk +lJ) ; 

"":xll) ; 
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p ,',' Ib bBlkdl d lkl (bBlkl-alkl '" 1 Ion Blkl · " , 11· (bBlkl .") 1 . 
av.bBlk] . av /I Nt 

pB Ik d I dakoH.'rixlbBlk >II , (I , I) , (2 , 2)( ; 

pdnt( ' 8( ", k +l , ' J = ' , bB(k+lII1HatrixFom./lH) ; 

If I nO := 2 , P (ll t 1) ;: Contow:Plot( (u I v] - pxll!. t 111 . Innue (pBI 11. t ill . ( (u , y) - px I k . I) J - 1, 

{u , xl, x2} , {'" y1 , y2} , Contours -+ {O] , Contom:Shading -+ False , PlotPoints -+ 100 , 

ContourStyl e -+ (RGBColor(ll (k + 1). 0, 1/ (k + 1)) , Thicitness (O .OO!J n , Displayrunction ... Identity)) ; 

xxk o x(k>ll ; 

sleps : k t 1 i 

printl ' -------------------------------------------' ); 
bkd l ; 

If lnO :: 2, 

'I", d0l>1.lplj(, (j, 0, k)( ; 
poi;: J\f?pend I Tabl e I GJ::aphics ((RCBColo:!: (11 j , 0, 11 j I , PointSh:e I 0,02 1. Pointjpx Ij III ), (j I Lk) J , 

Graphics I (RGBColor(O , 0 , I) , Poi ntSize(O .02) , pointlpx lO) J} II ; 

(tDefinition of constraint function.t) 

Clearlx , y, u , vI ; 
con.t 0 T0I>1' lpaAlliJ I. (x , y) - pbllill , (i , I , L,ng'hlpb III ; 
poscon :: {-x, - Y) i (t positivity condition f01: the variabl es in the fom 1 a t) 

constl: Join (const , posconl ; 

nc: Lenqth lconstll i (t nwlhez of conltzaintu) 

Do Igl i Jlx _, L I : const iii II ' (i, 1, LenIJth(const)}) ; 

IJ ILengthlconst l + 1) Ix , Y I : - x; 

IJILength! const) + 21Ix_ , L) : - y; 

conin : Tabl elq li) lu , v I i a , (i , 1 , nc)) ; (t _____________ ____________ _______ _______ ____ t ) 

(tCalculation the zastez of points in the lqual:e (xa-a1 ,xa+ a21 · (ya-~1 , ya+ft2 1) 

p : D; q: D; 

!iSl( : {} i lisy : D; 
While lp :{ nn , 

x : x1 +p t ((x2-xiJ/Mli 

!iSl( : Appendllisx , x) ; 

p:p+1 l i 

While (q 1 rrm , 

ro yl . q.lly2 - yl j /"",) ; 

lisy: Append llisy, yl ; 

qq>l l ; . hili xll (j , I , L.ngthlli,ylll , II ; 
li. 0 F1ott.nlT0I>1, ({liox II i II ' 1hyllj Il) , (1 , I , L.ng' , , (* _____________________________________ ___________ r) 
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(tGtaphict) 

a : Table (ContourPlot 1!l1 i llx , y) , {x , xl , xl} I {f, fl , y2] , ConloUI. -I {OJ , ContourShading -I rille , 

PlotPoints ~ 100 , ContoUlStyle -I (RGBColor (1 , 0, 0) , Thiciness (0 . DUn , Displayf'unction -I Ident ity) , {i , 1, nc} I ; 
p : 1; lisco! = OJ 
lIhil. [p < L.ngth[li.[ , 

If[Union[And[Tahl.[g[i[[li.[[p , I[Lli.[[p, 211[ <0, Ii , l , no[[11 0 [Tm) , 

liseol ~ Jppend[liseol, (RGBColor[O . 9, I , O[ , PointSi,,[O . Oll[ , Point[ [lis [[p , III , li'lIp, 2[ 1111 11 ; 

p ~p d [ ; 

d ~ Graphics [ (RGBColor [0 , 0, I [ , PointSi" [0 . OJ[ , Point["""il [ ; 

ShO'ol( Craphicslliscol] , a, poi , qua , d, Axe. -I True , AlpectRatio -I AutllMtic, Displayfunction -I $DisplayFunotionl 1 i 

2 • ..r,;; ! . ! Ta.ble!PIint !'The volume of qadIic( ', i t 'I is " "H I {I t 0, k} i 
</ D.t[Inrem[bB[ili [ . n. G_[ ~ [ 
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A.3. Programming for Finding a Feasible Poilll by Mealls of KIUlchitm 's Ellip­

soid Method 

Remo ve ( "Global ' . tt ] ; 

( *Input.) 

aA: {{_ ' _ , _ ' _ ' _} , {_ I _ , _ , _ , _} , {_ I 

b= {_ , _ , _ , _} i 

_} , { I - ' -

c = { _ ' _ , _ , _ , _} 1* vector to de::cribe the objectlv function. ) 

it . t ; (,number of iterlltionH) 

» ; 

{a.l , a2 } = {4 , 5} i 1* choice of the brudth of picture ; (xO-al , xO+a.l) . ) 

{,sI , P2} = {4 , 5} ; 1* choice of the heigth of pieture ; (yO -,Bl , yO+,tIl) .) 

po:: = 2 ; (* pos=l mellns xt.O , yitO ; pO!'l.2 "'.lIn:: without nonnegOlitive condition. ) 

nn = 100 ; mm = 100 ; (*nuMbe r of points of the raster t o fill the feasible at' ) 

r = d ; ( H.ilIdius of the initial bdh) 

It----- ---------------------- -------.) 
(*--------------------------------------*1 
n . Lengt h [oAt [1111 ; 

h x = Tllble[{i , ii , 1 , n}] ; 

Pr i nt [ liTo solve the linear optilliut!on problelll : " ] ; 

Print[ tI 

Pri n t[tI 

" , c . tax , " ... lIIin " ] ; 

s . t . " ] ; 
Tabl e [Print[tI " ~A[[i]] . hx , " j " , b[l!])) , {i , 1 , Lengthl~A]}) ; 

If[pos ::l , Print[ " {t z:. 0 , ie{I "" , " , n , "} " )] ; 

Print [ li n] i 

Print[ " A .. " aA II MatrixFou] ,' 

Print [ nb = " b) ; 

Print [ tI c '" " c] ; 

n = Length [oA [[1111 ; 

(*Initia lization* ) 

bBO .. OiagonaH1atrix IT<illble [r
2, {i , I , n}) II NJ ; 

bBO II Matrixf'orMi 

(* -------------------------------------------------------------. ) 
. . 1 - ' th t h ~ radlU S r ~nd c~ntr. 0 . ) 

( l r,li' 1.n'1 th o? inltlal Cll e - WI 
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If In == 2, p 101 = Contou:d'lot( (u , YJ .lnYm, IbBOI. (u , vJ - 1, (u , -5, 5J ' (v , -5, 5), Contour • • (0), 

Contow::Shading -+ False , PlotPoints -+ 100 , ContoW::Style -+ (RGBColorIO , 0, 1) , ThicknenIO .009J} , 

DisplayFWlction -+ Identity) I i 
1·-----------------------------------------------------------. ) 
KO =TableIO , (i , 1, nJI ; 

KIOI =KO; bBIOI =bBO ; 
k ;: 0; 

w = And I Table I aAll i II·KO , b IIi) I. (i , 1, Length I aAll I I ; 
(t Those const:raints which are satisfied by xU ;: 0 t I 

• 
nonnl zJ := ~ '~, (zllil!)'; 

(t to collect and to calculate the distance of the centre 0 and the hyperplanes of all those 

constraints which are not in Wi the centre 0 violates the constraintst ) 

vion :: (}; (t table of list nUlllhex £Ol: violatinlj constuinlt I 
, i o :: {} i (tlist of distances of violating constraintst) 

vi omax :: 0; (tmaximum of distancest ) 
, :: 0 i (t V is the mober of Yiolating constraint with JnaXiJIal disliUlCet I 
i :;1 ; 

lIhile [i <Lengthl aAJ, 

I£[Wllill == False , 

vion :: App end[vion, i); 

. [. [aAllill .KIOI - bllill\IIN\' 
V10 = Append no , lib. NonnlaAllilll ' 

aAllill.KIOI-bllill\ . ' \aAlli)I.KIOI - bllill\ , v _i \ \ ' If[Ah.\ . ~ Maxlnol , v ...... = lib. NonnlaAllilll , - , 
NomlaAll·11l 

i : i +l} i 

1.-----------------------------------------· ) 
av :: aA Ilv II ; (tROmal vector of hyperplane of yiolating constxaint with max:mal distancCt ) 

bv =bllvll ; . . . 
(t cooldinate of yectOt b belonging to the violationg constxaint WIth aaxUaal dIstanCet) 

Iflav.bBIO) .av < 0 , Pdntj "In the ball 80 lies no feasible point"] ; Bxeaklll ; 

Pdntj "quacb:atic fom = ", av .bBIO) .av) i 

(.-------------------------------------------------------------. ) 
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I I' Iteration 1') 

(I' " it " is t h e number of iterations ; inputI' ) 

k = 0 ; 

W'hHe Ik :S it , 

p:rint( "Eigenvalues of B( ", k ," J : ", Eigenvalues(bB (kll) ; 

Iflav .hB (kl. av < O, P:rint( " rn the ball. Do lies no feasible point" ) i B:reak lll ; 

Printl "x( " , k , " ) = ", x(kll ; 

w . I\nd[Tah1e [aAllill ox [kl < hi [ill , (i , 1, L.n,th [""III1 ; 

Print( "w = ., wi ; 

If (Inte:rsect ion( {False ) , wi := {} , Break III i 

(ti . e. the centre of t he ellipse is feasibleI') 

I * now we make the same a s before for k = 0 1' ) 

'lion = {} i 

vio = {OJ ; 

viomax = 0 ; 

v = 0 ; 

i = 1 i 

While I i :S Length (aA I , 

IfIWlli 11 == False , 

vion = Appendlvion , il ; 

I 
aA[ [illo xlkl -h [ [illl"_l o 

vio = Append(vio , Abs No:cn(aAll i lll ' 

o h oil laAllill oXlkl - bll i lll o - olI o 

I I 
aAl(l.ll·xlkl - Ill. l ::t Max {vio) , viomax = Jilis No:cnlaAl( i lll ' Y - 1. , 

If Abs No""laA[ Iii II 

i = i + l } ; 

... aA I Ivl); 
hV = )I{{v)) i 

Print ( "v = ., v , " 
av = ", aA llv() ,· by = ", bllvl)l i 

bB lkJ .av 
d lkl =_ "N ; 

..y av.bD lk) . av 

P:rint( " d (", k ," ) = ", d lk)) i 

Alk l = 0; 
(I' av . lt[k)·bv '" ay.bBlk( .ay I/N i * ) 

av . a V 

P:rint{ ";l( ", k , " ) = ", Alk() i 

l + n t Alk) 
a lkl = "N; 

nd 

n' , 'Ikl ' __ I1 - IAl kl) )" N; 
n 2 - 1 
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pxint( "6{", k, "I :; " 6(kll ; 
2 {I .. tl{kll 

,Ikl ~ {ndl' (ldlkll"H; 

print( 'a( ', k,' );; ', alkll; 
,Ikdl ~ ,(kl' -Ikl ' dlklll H; 

prinl l'x{', ktl , ' ) = ' ,x(k+1lli 

)0( :; )((1\ ; 

{,I , ,21 ~ {lO<lllll - ai , lO<lllll"21 ; 

{yl , y21 ~ (lO<I1211 -II , lO<1l211 ' 121 ; 

bB{k dl dlkl (bBlkl-'lkl paJ:titionlbBlkl ·" , 11.(bB{kl,"I) . 
., .bBlkl·" //' , 

PIint[ 'B( ' , k t l ,' ) = ', bBlk +1JIIKatIixFomJ/V) ; 
Ifln " 2, plk . 11 ~ contourl'lotJ {(u, _l-xlkdll . In""' lbBIk • Ill · {(u , _I -x{k ' III - 1, {u , xl , x21 , 

{Y , y1 , y2} , Contours '" {O} , ContourShadinq ... fUlt , PlotPoints ... 100 , 

contoUIstyle -t {RGBCO!OI Il/lk + 1) , 0, 11 (k t 111 , ThieMenlO , OM I} , OirplayFunction ... Identity II ; 

xxk ~xlk dl ; 

steps:k. t l ; 
print" ------------------------------------------.'I; 

k ~kd l ; 
If ln ,,2 , 

qu, dahl' lplil , (i , D, kll ; 
poi ~ App.nd I Tahl . lllnphi" IIRGHC,lOI III i , 0, 11 ii , Pointsize 10 .021 ' P,int {,{j 1111 , {j , 1, k II ' 

""phi" { {RIlBC,l" {O , 0, 11 , p,intS,,'1 0.021 ' P,intJx{Om II ; 

(tDefinition of constuint fW\otiontt) 

Clear Ix, y, u, vi i 
con.t ~ Tahl.laAllill . {x , fl , Ii , I , L.n,thlblll ; 
poscon = {-X I _y} ; (tpositiYily condition fOI the uriables in the fom ~ 0 t) 

constl :: Joinl const , posconl ; 

nc = Length lconst1j ; (tnumbex of constuintlt I 

"I!lillx_ , yJ ~ con.tJ lill , Ii , 1, L.n,thicon.tlll ; 
Doiglillx_, yJ ; posconlli _Lengthiconstlll , Ii, Lengthlconstl + 1, neJl ; conin ~ Iflp" ~~ 1, Tahl.I,\ill

u
, _I - bllill <0, (i , 1, nell , Tahl'I,lillu , _I - bllill <0, Ii , 1, L.n,thlco"'tllll ; 

( . -----------------------------------------------------.) {. ______________ ___________________ __________ . I 

(tCaleulation the :raster of points in the s'JUue (xO-o:1 ,xO+o:2) , (yO -~1,yO+~2 f ) 
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p=Oiq;: Oi 
li .. , (J ; li.y' (J ; 

Whilel p :!: fUl , 

x : x1 .pt ({x2-xlJ /nn) ; 

!isx ;: Appendllisx , xl ; 

p =ptl) i 

While I q ~ 111ft , 

y 'yl · q. lly2-yl)/ ... ) ; 

lisy :; Append(lisy , y] ; 

q : rp l) ; 

li. , Fl.tten [Iable I(lioxll i)) , li'ylll))), (i, I , L.ngth)lio.)) , (j , I , Length)li.y))) , I) ; 

(.------------------------------------------------. ) 
(t Graphict ) 

Ifl pos :: 1, 
a =rable IContourPiotllJlillx , y) -hili)) , {x. xl, x2} , {Y t yl , y2} , Contour. ~ {B} , contourShadinq .. Fabe , 

PlotPoints ... 100 , ContourStyle ... {RGBCoioI (1 , 0, 0) , Thi cinesslO . 0111} , Displayrunct ion ... Identi tV] , 

(i , l , noll) ; 

If (pol :: 2, 
II :; Table I ContourPlot Iql i Jlx , I] - b II ill , {x , xl , x2}, {y , yl , y2] , Contours '" {O] , ContollIShadinq ... Fabe . 

plotPoints ... 100 , Contow:Styie ... {RGllColor(l , 0, 0( , Thickness (0 .011 J) I DisplayFunction" Identity) . 

{i. 1, Lengthiconsllllii 

I :; 1; liscol: {} ; 

lflpol ;:= 1, 

lIhile!r :s: Length(lisj , 
If[Uni.n)And)lable)g(illli."" IJI , l;'((" 2J1) - bJli)) <0, (i , I , noll)) 0 (,rue) , 
liscol ;: Append [liscol , {RGBColor I 0,9 , 1, 0( . PointSize I 0.0151 ' Point I (lisII I

, 111 , li s lit , 21111111 ; 

t:t +lI1 ; 

Ifl pos :: 2, 

While It :S: Lengthllis1 , 
If)Uni.n )And)'able)g[illli'I)' , I)) , li. ))" 2ll) - bJli)) <0, (i , I , L.ngth["",tll))) 0 (1m) , 

li".l dppend )li".l , (RGBC.lor)D . g, I , 0) , p,intSi,,)D. 015) , p.int [(1;' JI' , I)) , li·ll' , 2) II Il)) ; 

taoill ; 
d : Gtaphics I (RGBColotID .3, O.l, 0.11 , pointSbelO,Dll , Pointlxxk)} I i 
Show I Guphics (liscoll , 4 , poi , qua , Axes -t True , AspectRatio -I AUt_ti c, Displayruncti on -t SDisplayfunct ionl I i 

2 • .r,;;; ! . ! 
Tahle!Print! ' The ,olume of qauic (I, i, ' I is " -J ' II G 1ft I , [1 . D. kl i Detlln,eIlelbBl11 1nt.-a"2 
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