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Abstract

This project provides a practical overview of numerical solutions to the linear
one dimensional Advection equation using finite difference method. It presents a
number of schemes for solution of Linear Advection equation, which are based on
the finite difference method, the finite element method and the method of char-
acteristics. It also allow the reader to experiment with the consistency, stability
and convergency of finite difference scheme for linear Advection equation and an
example with working Matlab code for the scheme is presented.

The aim of this project is to find an optimal and stable solution of a linear advection
equation problems that can not be solved analytically easily on a given interval using
finite difference methods.
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Notations

O(h") - Discretization error or Truncation error.

A x - The local distance between adjacent points in space.
At - The local distance between adjacent time steps.

u™ - The n derivative of u

v



Chapter 1

Introduction to linear Advection
equation

In the field of physics, engineering, and earth sciences, Advection is the transport
of a substance or quantity by bulk motion. The Advection equation is the par-
tial differential equation that governs the motion of a conserved scalar field as it is
Advected by a known velocity vector field. It is derived using the scalar field’s con-
servation law, together with Gauss’s theorem, and taking the infinitesimal limit.
During Linear advection, a fluid transports some conserved quantity or material
via bulk motion. The fluid’s motion is described mathematically as a vector field,
and the transported material is described by a scalar field showing its distribution
over space. Advection requires currents in the fluid, and so cannot happen in rigid
solids. It does not include transport of substances by molecular diffusion.

One easily visualized example of Advection is the transport of ink dumped into a
river. As the river flows, ink will move downstream in a "pulse" via Advection,
as the water’s movement itself transports the ink. If added to a lake without
significant bulk water flow, the ink would simply disperse outwards from its source
in a diffusive manner, which is not Advection. Note that as it moves downstream,
the "pulse" of ink will also spread via diffusion. The sum of these processes is
called convection. Finite difference techniques were, historically, the most common
approach to solving partial differential equations(PDE’s) in meteorology.

Hyperbolic systems arise naturally from the conservation laws of physics. Writing
down the conservation of mass, momentum and energy yields a system of equa-
tions that needs to be solved in order to describe the evolution of the system. In
this lecture we will introduce the classical methods for numerically solving such
systems.



1.1 Definition and examples of linear Advection
equation

Definition 1.  The linear Advection equation, sometimes called the one-way wave
equation, is a Hyperbolic partial differential equation. It typically concerns a time
variable t with one spatial variable x. Linear Advection equation for u is defined
by:

ou ou -0 <x< o,

ot Yox 1o<t, (1)

where, u(x, 0) = g(x) and a is a positive constant.

The mathematical simplicity of (1.1) should be true the fact that it plays an
important role in a wide range of applications. Another application arises in the
study of the movement of traffic along a highway. In this case u(x,t) represents
the density of cars along the road and a is their speed.

1.2 Method of characterstics of linear Advection
equation

The solution of the Linear Advection equation can be written as:

0 6)
— 4+ - = i
(8t a@x u=20 (1.2)

The idea is to transform x,t to new variables r,s in such a way that the
derivatives transform as:

0

o,
ot 0x

a —
or
If this is possible then the above equation becomes g?_: 0, and this equation is
very easy to solve. With this goal in mind let x = x(r,s), t = t(r,s), in which
case using the chain rule, the r — derivative transforms as:
0 o0x 0 0to
— + P

or Or 0x or ot



Comparing this with (1.2), we require % = a and % = 1. Integrating these

equations yields z = ar + ¢(s) and t = r + p(s). To determine the s dependence
recall that the initial condition specifies the solution along the x — axis.

To make it easy to apply the initial condition in the transformed coordinates we
ask that the z — axis (t = 0) transform onto the s — axis (r = 0).

Specifically, we require that » = 0 imply that ¢t = 0 and x = s. Setting » = 0 and
t =0, we conclude ¢(s) = s and p(s) = 0, and so the change of variables

We are looking for is: z = ar +s,t =r.

Inverting this transformation, one obtains r =t and s = x — at. We are now able
to write (1.1) as 2 = 0, which means that u = u(s) = u(z — at). With the initial
condition we therefore conclude that the solution of the advection equation is:

u(z,t) = g(x — at). (1.3)

This is a traveling wave that moves with speed a. It is also seen that the solution
is constant along lines of the form x — at = constant. These lines are called char-
acteristics for the equation and the method we used to find the solution is known
as the method of characteristics.

Example 1.

,0<z <1,
0, otherwise

9(x)= {

From (1.3) the solution is:
1,0<x—at <1,
0, otherwise

or equivalently,

lat <z <1+ at,

0, otherwise

u(z,t) =

u(z,t) =

Example 2. Solve the following linear advection equation using analytically

u;+2u, = 0. From equation(1.3) we have a = 2. And the general analytic solution
for the given equation becomes: u(z,t) = g(x — 2t).

N =

2u; — u, = 0. By rearranging of the equation we get: u; — %um =0.a=—3.
Then the general analytic solution for the given equation becomes:
u(z,t) = g(z + 3t).

u; + bu, = 0, u(z,0) = e”. From equation(1.3) we get a = 5. and the general
solution of the given equation becomes u(x,t) = g(xz — 5t).

Using the initial condition u(z, 0) = €, we get the general solution u(z,t) = e®5.
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1.3 Boundary Conditions

The unbounded spatial interval used in (1.1) is not going to make it into our
numerical algorithms which we will discuss below. To compute the solution we
need to specify left (1) and right (zg) endpoints for the spatial grid. In this case
the grid points are x; = x + ih, where 1 =0,1,2,.... N+ 1 and xny + 1 = xp.

1.4 Finite Differnce Method

In mathematics, finite-difference methods (FDM) are numerical methods for
solving differential equations by approximating them with difference equations,
in which finite differences approximate the derivatives. FDMs are thus
discretization methods. The finite difference approach is one of the premier
mathematical tools employed to solve partial differential equations. It is a means
of obtaining numerical solutions to partial differential equations.

The most common finite difference methods for the solution of partial differential
equation which we use are:

e Explicit method
e Implicit method

o Lax-wendroff method



These are closely related but differ in stability, accuracy and execution speed. In
the formulation of a partial differential equation problem, there are three
components to be considered:

e The partial differential equation.

e The region of space-time on which the partial differential equation is
required to be satisfied

e The boundary and initial conditions to be met

The application of finite difference method to a particular differential equation
problem includes the following steps:

e Construction of a discrete finite difference model of the problem:

— coverage of the computational domain by a space-time grid,

— construction of a system of finite difference equations using different
methods

e Analysis of the finite difference model

e Numerical computations using Matlab



Chapter 2
First-Order Methods

2.1 Grid(Mesh) point

The mesh (grid) is the set of locations where the discrete solution is computed.
These points are called nodes, and if one were to draw lines between adjacent
nodes in the domain the resulting image would resemble a net or mesh. Two
key parameters of the mesh are Ax the local distance between adjacent points in
space, and At, the local distance between adjacent time steps Obtain a system
of equations with finite dimension, we must solve the equation on some bounded
domain. The domain is partitioned in space and in time and approximations of
the solution are computed at the space or time points.

One way to numerically solve Linear Advection equation is to approximate all the
derivatives by finite differences. We partition the domain in space using a mesh
X, ..., 7 and in time using a mesh %, ...., t;.

We will compute the solution over the two-dimensional region r; < = < zpg,
0 <t <T, where x;, , xr , T are specified at the time the computation is carried
out. The discretization of the given differential equation is obtained by dividing
the given domain into a finite number of elements. We assume a uniform partition
both in space and in time, so the difference between two consecutive space points
will be h and between two consecutive time points will be k. The domain is
partitioned in space and in time and approximations of the solution are computed
at the space or time points.



The usual formulas are used, namely,
tj = Jk,

Xi:XL+ih

fory=0,1,2,..,.M and for 1i=0,1,2,..,.N +1,

where k= T/M and h=(xg — x.)/(N +1).

Here, Ax is usually called grid spacing, and A't is called time step since t usually
represents time.

At the grid points a function wu(x,t) is to be approximated by a grid function
u(xj,tj). A value of u(x;j,t;) can be denoted by wuj;.

2.2  First order forward and backward finite difference
methods

Accuracy of a finite difference formula is a fundamental issue when discretizing
differential equations. Truncation (or discretization) error is caused when approxi-
mations are used to estimate some quantity. The error between the numerical
solution and the exact solution is determined by the error that is committed by
going from a differential operator to a difference operator.

As (Ax , At) —> (0,0) the numerical solution obtained with any useful scheme
will approach the true solution to the original differential equation. However, the
rate at which the numerical solution approaches the true solution varies with the
scheme.

The principle of finite difference methods is close to the numerical schemes used
to solve ordinary and partial differential equations.

Finite difference methods consists in approximating the differential operator by
replacing the derivatives in the equation using differential quotients.

The domain is partitioned in space and in time and approximations of the solution
are computed at the space or time points.

Now, using the derivative of a function u(x,t) at h gives:

u(x + h,t) — u(x,t)
h

w09 = im,
If h is sufficiently small then the derivative of u(x) becomes:

u(x + h,t) — u(x,t)
h

u'(x) = (2.1)



Now consider the Taylor series, a way to approximate the value of a function
by taking the sum of its derivatives at a given point, expansion of a function around
a point x = xg.

The Taylor series expansion of a function u(x) at z = x¢ is given by the formula:

2 u™ (x,
u(z) =Y n(! )(x — )" (2.2)

n=0

where,
o u(z9) = at * = xg
o u’(zg) = u(wp)
If we let © = ¢ + h, then © — x¢y = h, and the series can be written as follows

d"u
dx™
o

u(zg +h) = i u® <I)h”

/
= u(zo) + — (ff‘)) h+ O(h?)
where, O(h?) is the remaining terms of the series with leading term of order the
error h? incurred in neglecting this part of the series expansion when calculating
u(zo + h).

Now, we will replace the first order g—z
u'(x) ~ %H(‘TO), and so on and now selecting an appropriate value for h, and
indicating that the error introduced in the calculation is of order h.

Now, from the above equation and using Taylor series expansion for first order

derivatives for A > 0:

at x = xg, by the expression

u(zo + h) = u(z) + v/ (z0)h + O(h?)
And for A < 0 the Taylor series expansion becomes:
u(zo — h) = u(zy) — u'(z0)h + O(R?)

Rearranging the above equations for solving first order and second order deriva-
tive with Taylor series gives the following results:

(o) = Wt =uz0) 1 O (b)), for h > 0
()= “E=uzo=l) 1 O (h), for h < 0

For small space size h then O(h) — 0 and the above equations become:

u(zo + h) — u(xg)
h

(2.3)

v (zo) =



Equation (2.3) is called a first order forward finite difference approximation to
u'(zg). This approximation is named as forward finite difference approximation
since we start at xy and step forwards to the point xq + h.

u(xg) — u(zg — h)

- (2.4)

v (zg) &

Equation (2.4) is called the backward difference formula because it involves the
values of u at zg and x¢ — h.

The order of magnitude of the truncation error for the backward difference ap-
proximation is the same as that of the forward difference approximation.

Next, To obtain first order central difference method adding equation (2.3) and
equation (2.4) and we get:
u(xo + h) -u(xg — h) =2hu'(x) + O(h?)

u(xo+ h) —u(zg — h)

= (2.5)

v (zg) =
This is the central difference approximation to u'(zo).

Note that in order to find the first order forward difference, first order backward
difference and first order central difference method with respect to time(t) we use
the same method as we have seen above with respect to space(h).



Chapter 3

Finite difference methods in solving
Linear Advection equation

The derivation of finite difference schemes(FDS) for solving the linear advection
equation involves approximating the partial derivatives.

3.1 Upwind Scheme

There are many different discretizations for the linear advection equation: Here
we will look at some of the most important principles. Because the advection
equation describes a transport phenomenon, from x = 0 to x = 1 if a > 0, it is
important that the scheme picks up this behavior correctly.

Equation(1.1) describes a wave propagating along the x — azis with a velocity a.
This equation is also a mathematical model for one-dimensional linear Advection.
Consider a typical grid point ¢ in the domain. In a one-dimensional domain, there
are only two directions associated with point i — left (towards negative infinity)
and right (towards positive infinity). If a is positive, the travelling wave solution of
the equation above propagates towards the right, the left side of 7 is called upwind
side.

There are many different discretizations for the linear advection equation. Now,
from those discretizations for upwind scheme, we use a forward difference in time
and a backward difference in space of using the above equations and substituting
in (1.1) we have the following result:

u +au, =0

u(zi, tjn) —ul@i, ty) | ulw,ty) —u(ziq,t;)
2 ta h

+O(h) + O(k) =0

10



u(@i, i) —w(@s ty) | u(wit;) — u(wia,t))
+a
k h
Where Tij = O(h) + O(k‘)
Dropping the truncation error and rearranging the terms we obtain what is known
as the upwind scheme:

+Tij:0

i=1,2,3,..,N+1,

3.1
§=0,1,2,...M—1, (31)

ui,j-‘,—l = (1 — )\)U” —I— Aui—l,ja fOT {
Where, A = %

Example 3. Solve u; + 4u, = 0, with the initial conditions.
u(z,0) = z(4 — ) and u(z,0) =0, We have a = 4.

let us assume that we use an upwind scheme method with h = 2 and k£ = 0.5.

Let the number of time steps up to which the computations are to be performed

be 4. Then,we have A = “—f = &1'5) =1.

Now using an upwind scheme formula is given by equation(3.1) we get:

Wi = (1 = Nuj + A1y = Aoy, 0 =1,2,3 and j =1,2,3
The boundary conditions give the values u(0,5) = 0 = u(4,7) , for all j and the
initial conditions give the following values.

uw(z,0) = x4 —x),up0 =0,u1 0 =3

U2,0 = u(2, 0) = 4,U3,0 = 37U4,0 =0

Now using first order central difference approximation method to u.(z,0) = 0
which gives u; 1 = u;1 = ;1 = u;_10. We have the following results:
For j =1: to giVG Ui j+1 = /\ui_Lj.

O’izliul’gzlb(]’l:o,
.Z.:2IU272:U171:3,
.Z.:?)ZU372:U271:4.

For j = 2 to calculate u; 3 = u;_12 .
.Z'ZliULg:'LLO’Q:O,
.’L.ZQZUZg:U,LQ:g,

L Z.:3ZU3’3ZUQ72:4.

11



For j = 3 to calculate u; 4 = u;—13 .

e 1=1:u14=1uy3=0,
® iIZZUQ74=U1,3:3,

o 1 =3:u3s = Uz =4

Stencils for the upwind scheme.

12
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Matlab Code for Upwind Scheme

cle;
clear all;
close all;

a = 1;

j = 0;

for j=100:100:1000
J

%j = j+1;

h = 10./j;

k = 0.5%h;

n = j+1;

x = hx[0:j]—5;
for i=1:n
uexact (i) = 1 + H(x(i)+1-1) —H(x(i)—1-1)
end
for i=1:n
u(i) = 1 + H(x(i)+1) -H(x(i)-1);
end
uo = u
for t = 0:k:
for i =
u

end

plot (x,u, '—rs ', 'LineWidth ' 2)

hold on;

plot (x,uexact ,'=b"' 'LineWidth ' 2)

axis(|—-5 5 0.99 2.01])

set (gca, 'FontSize' 30);
xLabel('x','FontSize',30, 'fontweight','b");
yLabel('u','FontSize' 30, 'fontweight','b");
legend ( 'Upwind ', 'Exact');hold offpause (0.1)
error (j/100) = sum(abs(u—uexact))/j;

end

figure;

loglog (10./([100:100:1000]) ,error ,'—r ", 'LineWidth' 3);

hold on

13

)

Y



3 set(gea, 'FontSize' 30);
w xLabel('h','FontSize' 30, 'fontweight','b');
a yLabel('error','FontSize' 30, 'fontweight','b");

2 : ! = !
[ L} B i
d s Upwind
{ ! —Exact
1.8t # 9
;
1.6 |
-] i i
1.4} ]
1 &
! 'é] |
8
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3.2 Downwind Scheme

Now from those discretizations for downwind scheme we use the first order
forward differences for both space and time and substituting in (1.1) we have the
following result:

U +au, =0

i)t‘ - i)t' % 7t' - ’i7t'
U(ZL’ ]+1)k UJ(CC ]) —|—CLU($ +1 ])h u(m ]) +O(h) +O(l{3) -0
w(@i tjvn) —u(@i, ty) | u(wig,ty) — ul@s, b)
+a
k h
Where, Tij = O(h) + O(k)
Now dropping the truncation error and rearranging the terms, one obtains the
downwind scheme, given as:

+7_z‘j:0

i=0,1,2,3,...N

3.2
§=0,1,2,...M—1, (3:2)

Uijr1 = (14 MNugg — Mig, for {

X tin)

T

(% ,t5) 53{:}1,3’/.:)

Stencils for the downwind scheme.

Downwind Scheme Matlab Code

1 % [u,err ,x,t] = explicit downwind(t_0,t f MN)
2 %
s % solves the heat equation u t + u x = 0 [0,2xpi|

%
5 % If IT'm going to use the FFT to analyse the solution then

I'd like to take

15
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% N of the form 2°k. This will also have the advantage of
making sure there's
% always a meshpoint at x = pi

function [u,x,t] = explicit downwind(t 0,t f MN)

% define the mesh in space

dx = 2xpi/N;
x = 0:dx:2x%pi;
x = x';

)

% define the mesh in time

dt = (t_f—=t_0)/M;
t =t 0:dt:t_f;

r = dt/dx;

% choose the wave number of the initial data and give its
decay rate

u = zeros (N+1M+1);

u(:,1) = x<=pi;

% 1 want to do the unstable forward—time, forward space

scheme :
%
% uw new(j) = u old(j) — r*x(u_old(j+1)—u_old(j))
% for j=1M
% u(:,j)"
% u(1:N;j+1) = u(1:N,j)—r*xdiff(u(:,j));
% u(N+1,j+1) = 0;
% end
for j=1M

for k=1:N
u(k7J+1> - u(kvj)_r*(u(k+17j)_u(kvj));

end

u(N+1,j+1)=0;
end

16



3.3 Lax—Wendroff Method

The Lax—Wendroff method, named after Peter Lax and Burton Wendroff, is a
numerical method for the solution of partial differential equations, based on finite
difference methods. The upwind scheme in the previous section is only first order
accurate.

For practical problems, however, first order accuracy is often not enough. There
are various schemes that give higher-order results, the best known being the Lax-
Wendroft scheme.

One of the most well known second order schemes for approximating the advection
equation is the Lax-Wendroff scheme and is derived as follows:

Uz‘,j+1 = Aui+1,j + Buij + Oui_Lj. (33)

Note: equation(3.3) is called upwind scheme if A=0 and Downwind scheme if
C=0.
The coefficients A, B and C are constants and determined by requiring that
the truncation error associated with this approximation.
To calculate the error note that uy = —au,, uy = —auy = —a(uy), = a’uy,, and
_ _ .3
Uttt = — G Ugge-
With this and Taylor’s theorem, one finds that:

1 1
U,(I'Z‘, tj+k) = U(ZEZ', tj) + kut(xi, t]) + EkQUtt(Ii, t]) + 6k3uttt(:ﬁ,~, tj) + ...
1 1
= u(w;, t;) — akug(x;, t;) + §a2k2um(a:i, t;) — aask?’uxm(xi,tj) + ...
Similarly,
1, L3
W(Tizh, tj) = ulw;, t;) & hug(x;, t;) + §h Uy (T4, 15) £ éh U (Ti, ) + ..

Now, when u(z;,t;) and the truncation error 7;; are in the difference equation, the
form of the equation is:

U(l’i, tj+k) = A'LL(.I'Z'+}L, t]) + B’U/(l'l, t]) + CU(ZEZ',}L, t]) + kTij

1
Tij = —(w(wi, tiw) — Au(wion, t;) — Bu(zi, ty) — Cu(wiop, t;))

k
1 h 1 h? )

17
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11

12

13

14

Note that as 7;; must go to zero as h and k go to zero and the coefficients goes

to zero in the above as possible and we get the result:

u:1—A—B—-C=0,
Up : A+ A—-C =0,
Upz : =N+ A+C =0.

Solving these equations and we get the result:

1 1
ui,j+1 = —5)\(1 — )\>Ui+1,j + (1 — /\2)uij + 5)\(1 + )‘)ui—l,j-

The truncation error in this case is:

1h? ,

1
6(—k2a2 + ah? ) Uge (T3, 1) + ...
= w(k?) + w(h?).

Lax—Wendroff method Matlab Code

% [u,err ;x,t] = lax_ wendroff(@Qf,t 0,t f MN)

%

% solves the heat equation u t + u x = 0 [0,2%pi]|
%

(3.4)

% If T'm going to use the FFT to analyse the solution then

I'd like to take

% N of the form 2°k. This will also have the advantage of

making sure there's

% always a meshpoint at x = pi

%

% f.m is the function that contains the initial data

function [u,u_ exact,x,t| = lax wendroff(f,t 0,t f MN)

% define the mesh in space

dx = 2xpi/N;
x = 0:dx:2%pi;
X = x';

18
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45

% define the mesh in time

dt = (t_f—t_0)/M;
t =t 0:dt:t_f;

c = 1/2;

% display ('this number should be between —1 and 1 for
stability: ')

mu = cxdt/dx;

% choose the wave number of the initial data and give its
decay rate

u = zeros (N+1M+1);

u(i,1) = f(x):

u_exact(:,1) u(:,1);
% 1 want to do the Lax Wendroff scheme:
%
% u_new(j) = u_old(j) — (mu/2)*(u_old(j+1)—u_old(j—1))
% + (mu~2/2)x(u_old(j—1)—2xu_old(
j)+u_old(j+1))
for j=1M
for k=2:N
w(le,j+1) = u(l, i) — (mu/2)(u(ked,j)mu(k—1,j)) + (
mu~2/2)*x(u(k+1,j)—2%u(k,j)+u(k—=1,j));
end
% 1 code in the exact values at the endpoints.
u(l,j+1)=1;
w(N+1,j+1)=0;
X = x—cxt(j+1);
u_exact (:,j+1) = £(X);
end
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1.8
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1.4

3.4 Implicit Method

Implicit methods playe a central role in solving partial differential equations(PDEs).
In order to illustrate implicit method we use a backward difference in time and a
centered difference in space ). The resulting finite difference equation becomes:

ut(Xiatj)+ aux(Xi,tj) = O

u(Xiatj)_ u(Xi,tj_]) + au(xi+l 5t_])_ u(xi*latj) —

0
k 2h
Rearranging and collecting like terms, we get:
?»uiﬂ J +2ui,j - Xuifl,j =2ui,j71. (35)

The implicit nature of the approximation means that the numerical solutions at
time level t = t; depend on all values at t = t; ;.

Consequently, the numerical domain of dependence of (x;,t;) is the entire x-axis,
and this clearly satisfies the Courant-Friedrichs-Lewy (CFL ) condition which we
will discuss below.

Example 4.  Solve the linear advection eqation given below with a = 1 in the range
for 0 < x < 10, 0 < t < 7. Use 100 points along the x-axis. For the number of
time points we try M =72 (4 =0.98), M = 100 (2 = 0.7), M = 200, and M =
400.

ou Ou
+

ot o0x
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The numerical result of the given example with the conditions M = 72, M = 200
and M = 400 are the following:

Solution

Solution

Solution

10

0
— Implicit: M =72
- — - Exact
-1 I I I |
0 1 2 3 5
X-axis
1+
0
—— Implicit: M = 200
- — — Exact
_-I T T T |
0 1 2 3 5
X-axis
1 [
0 77777777
— Implicit: M = 400
- - — Exact
-1 T T T |
0 1 2 3 5
X-axis

21

10



In general, the above methods we discussed can be summarized simply
as follows

methods for solving X +al=
USiIlg Uij+1 = AUMJ + BuiJ + Clli_l’j
Method Coeflicients Truncation Errors CFL Conditions
upwind A=0,B=1-1,C=1 O(h)+ O(k) A<l
Lax—Wendroff A= —%(1 -1),B=1-1%C= %(1 +1)  O(h%)+ 0(k}) L< 1

3.5 Numerical Domain of Dependence for Advection
equation

3.5.1 The Courant-Friedrichs-Levy (CFL) Condition

The Courant-Friedrichs-Levy (CFL) Condition comes from work done around
1928which used finite difference methods to prove the existence of solutions
of certain PDEs. The CFL condition states that a necessary condition for the
convergence of a numerical method is that the numerical domain of depend-
ence contains the analytical domain of dependence. It is important to note
that the CFL condition is not a sufficient condition for the convergence of

the approximate solution to theexact solution.

The domain of dependence of the solution of a PDE at position Xi and time
tj is the set of points at a previous time that influence the solution at position
Xi and time tj.

Given a spatial location x = xj, and time t = t;j, the grid points along the
x-axis that contribute to the solution at (xi,tj) form what is known as the
numerical domain of dependence for the solution at (Xi,t ] ).

For the linear Advection equation the domain of dependence for (Xi,tj) is
the single point  (x(, 0), where x0= xj— atj.

In other words, the exact solution at (xj,tj) is determined solely by the value
of the initial condition at X0 = xj— atj.

If the computed solution is to have any hope of producing the correct answer,
it is essential that the numerical domain of dependence bound the domain of
dependence. This gives rise to the following principle.
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3.6 Von Neumann (or Fourier) Analysis of Stabil-
ity
3.6.1 Stability

A numerical solution is said to be stable if it does not magnify the errors that
appear in the course of numerical solution process. Stability guarantees that the
method produces a bounded solution whenever the solution of the exact equation
is bounded.

The numerical domain of dependence must bound, or contain, the domain of de-
pendence for the problem.

The stability of a finite difference schemes for hyperbolic partial differential equa-
tions can be analyzed by the Von Neumann or Fourier method.

The stability analysis applies directly to the methods used to solve the Advection
equation. Assume that the solution equation (1.1) be of the form :

where, I = \/—1. The function w; is determined from the difference equation,
and the requirement for stability is that w; remain bounded as j increases. Now
for upwind scheme in equation(3.1) substitute in equation(3.6) on upwind scheme
method and we get the result:

wijyr = (1 — Ny + Mg 5
wj+1€rmil — (1 o )\)wjerxif + )\wjerxi_ll

Cancelling terms and using the half angle formulae we get:

w; = kw,
where k =1 — A + Acos(rh) — IAsin(rh).

k* = (1 — XA+ Acos(rh) — I\sin(rh))(1 — X + Acos(rh) + I sin(rh))
=1 — 2\ + 2Xcos(rh) — 2X\%cos(rh) + 2\?
=1 —2X\(1 — cos(rh)) — 2X*(cos(rh) — 1)

Now using half-angle formula cos(rh) = cos(2 + 2) = cos*("2) — sin*(“) and
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cos?’ (L) =1 — sin?(2), we get:

K*=1- 2%(2sin2(%)) - 22 (— 2sin2(%))
rh
2
=1 - 41— k)sinz(%)

=1 — 4sin ( )+4x2sin2(%h)

Now for the salution to be stable and by solving the inequality, divide both
sides by Asin 2(2) we get:

0 < 1— XA and which gives 0 < A < 1, scince A>0
To guarantee that w; remains bounded we require |k|*> < 1. This implies that
the condition 0 < A(1 — Q) sinz(%). This holds, irrespective of the value of r, if
A < 1, and this is the stability condition for the upwind scheme method.

In a similar way for lax-wendroff method for stability condition substitute equa-
tion (3.4) in equation (1.1) and we get the stability condition A < 1.

When choosing a method for solving a differential equation problem it is nec-
essary to have some knowledge about how to analyze the result.
The solution method should have certain properties. In most cases, it is not possi-
ble to analyze the complete solution method. The most important properties are
summarized below.

Consistency is used to indicate the accuracy of the method. Consider the
expression of equation(2.3) to follow the consistency condition that is satisfied
by:

T —0ash —0and k — 0.

Since finite difference of a partial differential equation is consistent, if the
difference between partial differential equation and finite differential equation
vanishes as the space and time step size approach zero.

Consistency deals with how well the finite difference equation approximates the
partial differential equation and it is the necessary condition for convergence.
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Summary

Using an finite difference numerical scheme, Upwind, Downwind, Lax-wendroff,
for the first order time and space derivatives we derived a difference equation
equivalent to the linnear Advection equation up to an error of order (A x) , which
lead to analyzing the stability of this scheme we arrived at the condition aAt < AxX.

We also observed that the those derived schemes uses two previous time steps
to compute the values of the numerical solution at a particular grid point, thus
one needs the values of initial values to run the scheme. These we were able to find
from the initial conditions by finite difference, Upwind, Downwind, Lax-wendroff
e approximation,approximation methods which does not add smaller order errors
to the numerical scheme.
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