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i) Summary of the project

This project is all about a survey of Fine numbers which is intimately related to

the Catalan numbers. Two manifestations are the identity C, = 2F, + F,_ijn >1

C _F
1+zC’ =~ = 1-zF

and the generating function identities F =

The project also gives a unified presentation and history of the so previous
results in the literature that mentioned the Fine numbers.

Among the settings that mention the occurrences of the Fine numbers, Dyck
paths, Ordered trees, Paths, Path pairs and non-crossing partitions are some of
them that will be discussed in section 2 of the paper with full fledged
explanation.

And finally the last section, section three presents the statistic relationship
between Fine paths and Dyck paths using both Ordinary and Bivariate

generating functions.
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iii) Definition of key terms
Dyck paths are paths starting and ending on the horizontal axis using
steps (1,1)and (1, —1), and never going below the horizontal axis.
A hill in a Dyck path is a pair of consecutive steps giving a peak of height 1.
A standard Young Tableau (SYT) is a Ferrer’s shape on n boxes in which each
box contains one of the elements of [n] = {1, 2, ...,n} so that all boxes contain
different numbers and the rows and columns increase going down and going to
the right.
A partition of [n] = {1,2,...,n} is a collection of non-empty subsets B;, called
blocks, such that U B; = [n] and B; N B; = ¢ for i+ j.1f x and y are elements
in the same block, then we write x~y.
A partition is non-crossing if a < b < ¢ < d and a~c, b~d imply a~b~c~d. If
we connect elements in the same block by arches, the non-crossing condition
guarantees that the arches never cross.
It is well-known that the non-crossing partitions, NCP(n), are counted by the
Catalan numbers.
Binary trees are ordered trees where every vertex has at most two children.
This is the Catalan enumerated set.
Two-Motzkin paths are paths starting and ending on the horizontal axis but
never going below it with possible steps (1,1), (1,0),and (1,—1), where the

level steps (1, 0) can be either of two colors. This is also the Catalan enumerated

set.
Regular Motzkin paths, counted by the Motzkin
sequence (1,1, 2,4,9, 21,51, ...... ;M1184) [12, p.238] arise when the level

steps have but one color [4].
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Section One

1.1Introduction

The Fine numbers seem to have first appeared in a paper of Terrence Fine [5]
where he studied an abstract theory of interpolation. He considered similarity
relations, i.e,, relations ~ on the set [n] = {1, 2, ..., n}, which are reflexive, symmetric
and such thatif a~b and a < x < b, then a~x and x~b.

For instance, assume n = 3, then there are five similarity relations
i) 1~1,2~2,3~3
ii) 1~2,2~3
iii) 1~2,3~3
iv) 1~1,2~3
V) 1~2,1~3,2~3

Their corresponding diagrams are

3 X 3 X | X
2 X 2| X | XX
10X 1ix|Xx
11213 1(2]3
3 X 3 X | X 3| X|X|X
2| X|X 2 X | X 2| X|X|Xx
1| x|x 1.X 1ixIxlx
11213 1123 11213

Fig 1.1

The lower boundary is a sub-diagonal (Catalan) path, and it is exactly a lattice path,

showing that the number of similarity relations is a Catalan number [5].

It makes intuitive sense that interpolation from a single point is meaningless, so
Fine excluded blocks consisting of a single element. Since the bijection between
Dyck paths and Lattice paths maps a similarity without singleton blocks to a Dyck
path with no hills.
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The number of similarity relations without singleton blocks are counted by the Fine

sequence. The first few terms of the Fine numbers are1,0,1,2,6,18,57,... and
generated by F(z) = %;:—g.

We would like to point out, as shown by the above example, that a similarity
relation need not be transitive.

The next appearance of the Fine numbers (with the exception of the first two)
was as diagonal sums of the Catalan triangle given in table 3 [10]. The connection
between these two appearances would probably not have occurred without Sloane’s
Handbook of Integer Sequences [11] which had just been published. Properties of
the Fine numbers arising from the study of similarity relations are considered also
by Strehl [13], Rogers [9], Kim et al [6], and Moon [8]. The next time the Fine
numbers appear in a new context is in a paper by Meir and Moon [7]. The context is
degrees of vertices in plane trees. Much more recent is the paper of Dobrow and Fill
[3] which discusses the move-to-root algorithm for binary search trees. The paper
[2] considers the enumeration of Dyck paths according to various statistics and the

Fine numbers make several appearances.
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1.2 Some occurrences of Fine numbers

Hereunder is the list of some occurrences of Fine numbers:

+

- F & F + + &

 +

-+ & & ¥ + +

+ +

Dyck paths with no hills.

Dyck paths with leftmost peak of even height.

Dyck paths with an even number of returns.

Dyck paths with no hills (i.e. Fine paths) with leftmost peak of height 3.
Plane trees with no leaves at level 1.

Plane trees with root of even degree.

Plane trees with no node of out degree 1 on the leftmost path.

Plane trees with root of degree 3 and no node of outdegree 1 on the
leftmost path.

Plane trees with no leaves at level 1 and leftmost leaf at level 3.

Plane trees with root of degree at least two and leftmost sub-tree has no
leaf at level 1.

Plane trees in which the leftmost sub tree has a leaf at level 1.

Plane trees having the leftmost leaf at even level.

Plane trees having at least one leaf at level 1 that is not the rightmost child
at the root.

Non-crossing partitions with no visible singletons.

Non-crossing partitions with an even number of visible blocks.
Non-crossing partitions with no visible singletons and first block has size 3.
Non-crossing partitions in which the size of the first block is even.
Non-crossing partitions in which the first block has at least two consecutive
points.

Non-crossing partitions in which the first point where a block ends is even.
Non-crossing partitions in which the first block has no cyclically
consecutive points (i.e. consecutive in the circular representation).
Two-Motzkin paths with no level steps at level zero.

Two-Motzkin paths having a red level step that precedes all green level

steps and all down steps.
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#

+ *

Two-Motzkin paths with an odd number of red level steps at level zero.
Two-Motzkin paths with no red level steps at the beginning or at the end
and having no consecutive red level steps at level zero.

APPs with no joint steps.

APPs with an odd number of joint E steps.

APPs with no joint E step at the beginning or at the end and having no
consecutive joint E steps.

APPs having an N step that precedes all E and T steps.

Parallelogram polyominoes with no columns of height 1.

Parallelogram polyominoes in which the number of edges shared by two
consecutive columns or two consecutive rows is at least two.

321 —avoiding permutations without fixed points.
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1.3 Fine-Catalan Identities

This is a list of the most useful Fine-Catalan generating function Identities or in
some cases, groups of identities. They involve either the Fine function F(z) or the
Fine numbers E,. All are easy to establish by algebraic manipulation. Many have

rather elegant combinatorial proofs. Let us introduce the main characters:

C= BT Z"=0n_+1 ( n )Z is the generating function for the Catalan
numbers. The first few numbersare1,1,2,5,14,42,132, ...
1
B=——= Z;":o(zﬁ)zn is the generating function of the central binomial
coefficients. The first few terms are: 1, 2, 6, 20, 70, 252, ...
11—V1-4
F=- ~ is the generating function for the Fine numbers.

z3—/1-4z
The first few terms are: 1,0,1,2,6,18,57,186, ...

Here is the list:
1

— 2 _

1 C=1+2C% = —
2. B=1+2zBC
3. B=——s=-—

1-zC 2—-C
4 F = 142z—1-4z

2z(2+z)

5. F=——=—— C=——, 2(F=C—F

1-z4C 1+zC 1-zF

6. Q+2)F=C+1
7. 3BF =2BC +F

8. 2E,+F,_,=C,

9. 2(n+ 1E, = (7n—5)F,_1 +2(2n—1)F,_,, n>2
10.z(z+ 2)F? —(1+22)F+1=0

11.BC = F + 3zBCF

12.B = (z€) = C + zC'

13.C(1+B) = 2B

14.—— = BC + z(BC)?

15.B' = 2B3
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16.F = 2zBCF?
17.F =1+ z(C — 1F

Here are a few auxiliary results to the above identities

L zes = 2 ()

2n+s
iy _ (2n+
ii. [z"]BCS =( n °)

iii. Fn~%Cn where C,, = nLH(ZJl) and [z"|F = E,.
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Section two
2.1 Generating functions and Dyck paths

Recall: The number of Dyck paths of length 2n is the Catalan number C,, = nl? (21?)

& C(2)=C= ) (C,z" Satisfies the following equation

n=0

1 1—/1-4z
1-zC 2z
1+ V1i—-4z

ie.zC?-C+1=0 @CzT

o C=1+2zC%*=

(1)

1—1—4z
Hence C = >

this is because the positive sign gives us negative numbers.

AgainfromC=1+ZC2<:)%=%+zC

ol=t01-2c=2
C C

1
1-zC

0=

The following table shows some values of C* for s > 0.

Table-2.1

< [0S = S (2n+ts
Claim: [z"]C — ( n )
Proof: FromC =1+ 2C? & C — 1 = zC?
Lettingw = C — 1 we have,

o w=2z(1+w)?

e ow) =1 +w)?0or ¢(2) = (1+2)?



A Survey of the Fine numbers | 2011

Now we can see that w is the solution to the functional equation w = z¢(w) and hence,

[z"]C5 = [2"] (sz) = [z"]F(w), where F(w) = (1 + w)® or F(z) = (1+2)°

& [2]C° = [2"IF(w(2) = = [2"IF (D)$(@)"

== [z"s(1+2)° "1 (1 + 2)>"

_Sr,n-1 2n+s—1 _ S (2n+s-1\ _ _S 2n+s
_n[z 10 +2) _n( n—1 _2n+5(n )

Definition: The Fine numbers are the numbers counting different combinatorial objects
and the first few terms are given by 1,0,1,2,6,18,57, ... and generating function

11—\/1—42
z3—1-4z

Let’s consider the number of Dyck paths of length 2n with no hills.

F(z) =

Let E, be the number of such paths of length 2n.
Example: F, = 6 there are six Dyck paths of length 8 with no hills. These are:

NN AN
A AN

Fig 2.1

Let F(z) = . [ ~" be the generating function for {F, },5

=0
We can find its generating function as follows:

Take any hill free Dyck path of length 2n.

Case-1: The path is an empty path that is counted by 1.

Case-2: Non-empty hill free Dyck path.

Here we have n up steps and n down steps, so we can mark each up step with a z.
Since the path is non-empty, it must start with an up step. The section of the path
between the first up step and the first down step returning to the horizontal axis

must be a non trivial Dyck path, so that we do not have a hill.
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Once the path returns to the horizontal axis, it must again avoid hills, so the
generating function for this part of the path is F.
More formally, the path has a unique factorization of the form (up step, non-trivial

Dyck path, down step, hill free path).

Fig. 2.2
ThenF =1+ z(C—1)F =1+ z(zC?)F (2)
e F(1-2z°C»)=1
S F = l - ! = by identity (1
T 12207 T (1-20)(142C) 14z Y'CeDH y (1)
o F = 11T &
1ty 23—V1-42
2z
_ 1 1114z
Thus F' = 1-22C2 ~ 142 7z3—Vi-4z (3)

Proposition 2.1.1: The generating function for Dyck paths whose initial peak is at
height k is z*C*.
Proof: Every Dyck path whose initial peak is at height k has a unique factorization

of the form k up steps and k Dyck paths each between the consecutive down steps.

Fig.2.3
Thus by the multiplication principle the appropriate generating functionis  z*Ck.

Proposition 2.1.2: The Fine numbers count the number of Dyck paths whose first
peak has even height.
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Example: Let's consider the Dyck paths of length eight 8 whose first peak has even
size, we have six such paths (F, = 6).

These are:

N AN AN
VAAVNVAVAVAVIN

Fig.2.4
Proof of proposition 2.1.2: Let F(z) = Y.,y F,z"
Where F,, = the number of dyck paths whose first peak has even height .
& F(z) = (z6)° + (zc)? + (zo)* + (zc)® + -+
=1+4z%2C% +z*C* + -

1
T 1-z2¢2

Proposition 2.1.3: The generating function for Dyck paths whose first peak has odd
height is zCF.
Proof: From preposition 2.1, the generating function of such paths is given by
zC + (zC)3 + (zC)° + -

=zC(1+ z>C%* + z*C* + z°C® + --+)

= zCF
Proposition 2.1.4: The bivariate generating function (t,z) for Dyck paths by
number of hills (marked by t) and number of up steps (marked by z) is given by

VD =1F

Proof: The Dyck path could possibly be a hill free path which is the Fine path and
hence counted by F.

10
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Or the Dyck path with at least one hill can be obtained by concatenating a no-hill
Dyck path, a hill (the first one; marked by tz), and an arbitrary Dyck path.

Thus the appropriate generating function is given by

Y =F+Ftzy
oY1 —-tzF)=F
F
< l/) - 1—tzF

For the number f,; of Dyck paths of length 2n with exactly k hills we obtain the

values from table 2.2 below.

Table-2.2

nNk 0 1 2 3 4 5 6
0 1

1 0 1

2 1 0 1

3 2 2 0 1

4 6 4 3 0 1

5 18 13 6 4 0 1

6 57 40 21 8 5 0 1

The infinite lower triangular matrix (f}, » ), k>0 is a Riordan array.

Namely (fn,k)n,kZO = (F: ZF)-

There is an involution on the set of Dyck paths which will be called the hill-killer
involution. First we partition the set D,, of Dyck paths of length 2n into

A, = set of Dyck paths in D,, with no hills.

B,,= set of Dyck paths in D,, that start with a hill and have no later hills.

C,, = set of Dyck paths in D,, that have at least one non starting hill.
Note that |A,| = F, and |B,,| = F,,_;.
We define the mapping ¢p: B, UC,, — A, UB, in such a way that for Dyck
path a = pudy € B, UC,, where§ is a Dyck path,y is a hill free Dyck path,
while u and d are the steps (1, 1)and (1, —1), respectively, we set ¢ (a) = ufdy.

11
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For a pictorial definition we have the following figure:

Fig 2.5
Clearly, the restriction of ¢ to B, is the identity mapping and the restriction of ¢ to
C, is a bijection between C, andA,. Consequently, |C,| =|A,| =F, and,
therefore,

C,=2F,+F, 1 forn>=1. (4)
Let¢p~1: A, UB, — B, UC, be the inverse mapping of ¢.
Now the mapping : D,, — D,, defined by

¢ (@) ifa€ A,
Y(a) =3 ¢(a) =a if a € B, is an involution on D,, called the hill-

¢ (a) if a €Cy

Killer involution. Its fixed points are the paths in B,,.

Remark: Relation (4) follows at once also from the identity
1+ C = (2+2)F, (5)
Proof: Dyck paths have first peak either of odd or of even height. Consequently, by
preposition 2.1.2 and 2.1.3, we have,
C=F+2zCF
& C=F+zF(1+2zC?
=F+2zF +2z°FC*=F +zF +F—1 byidentity 5
©1+C=2+2)F

F, 4
Proposition 2.1.5: —~-
C, 9

Proof: From C, = ﬁ (27?) we have,

1 2n+2 2
. Cnt1 1o maanai) 1. @ne2)@n+1) . AL
llmn_)ooc = li 1—2n—l T_l —5 =4,
n n—co m(n) n-ooo (M+2)(n+1) n—oo 1+;

Now, from equation (4) we have, C,, = 2E, + F,,_4

12
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a1 :2F_n+b=2F_n+b£
Cn Cn Cn Cn—l Cn

. . F . .
Letting 11_)r£1o C—" = L for the case where the limit exists, then
n n

1=2L+-L=>Lol=2
4 4 9

For the case where the limit doesn’t exists we can consider the following theorem
[2, p. 496];

Suppose that A(z) = Y a,z" and B(z) = ) b,z" are power series with radii of

convergence a > 8 > 0, respectively. Suppose lim,,_,, bZ‘l =b. If A(b) # 0, then

C,~A(b)b,, where Y c,z" = A(z)B(2).

We know that from equation (5), 1 + C = (2 + z)F so we can take
— 1 —

A(z) = @D and B(z) =1+C

Thus A(z)B(z) = F and A G) = %because lim,, 0, bZ—‘l = lim, 0, C’;—‘l = %

=b
Hence F, ~ % C,

Some examples of Fine numbers

1. Plane trees with root of even degree.

Example: Consider plane trees with root of even degree on four edges.

There are F, = 6 such plane trees.

Fig 2.6
Proof: We can construct plane tree with root of even degree recursively by adding a

single vertex (a root) to an existing plane tree.
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We know that plane trees are counted by the Catalan numbers and it has a

1—V1-4z

generating function C = 1 + zC? = »

So the functional equation of the above recursive relation is

F(z) =1+ 2z%C%* + z*C* + -

F(z)—1

o = 1+2°C*+2*C +
F(z)—-1

z2¢2 = F(Z)

o F(z)(1-2z°cH)=1
_ 1
1-z2C?

_ 1114z . . :
o F(z) = P This is the generating function for the Fine

S F(z) =

numbers.
2. Plane trees with no leaves at level 1.

(i.e. Plane trees with no end nodes at height 1)
Example: Consider Plane trees with no leaves at level 1 on four edges.

There are six such plane trees F, = 6.

INARCTRS

Fig 2.8
Proof: The set of plane trees with no leaves at level 1 is the subset of general plane

trees such that there is no leaf at level 1.
So we can find its generating function as follows;

i.e. we construct these like plane trees by taking or fixing the root and concatenating

a non-empty plane trees above the level 1.
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So the generating function for this counting problem is
1+2z(C—1)+2z%(C—1)>+2z3(C —1D* + -
ButC =1+ zC? & C — 1 = zC? from identity (1)
Thus1+2z(C—1)+2z*(C—-1)>+23(C— 1D)* + -
=14+ 2(zC?) + z%(2C%)? + z3(zC?)3 + -
=1+2z2C*+z*C* + -
=F
3. Non-crossing partitions of [n] ( NCP(n)), where the first block has even size.
Example: NCP(4) = 6

These are;

Fig 2.10
Proof: We present a bijection between the set of non-crossing partitions and the
well known Catalan enumerated set of plane trees on n edges.
Number the nodes in preorder (the worm climbs the tree, as Martin Gardner puts it)
starting by labeling the root by zero. Then looking on this as a family tree put a
siblings in the same block.

Example: Let n =10 and consider the non-crossing partition of 10

{1,6,7},{2,3,4},{5},{9,10}

Fig 2.11

15
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Therefore NCP(n) = C, = nl: (2:)

Now, from the bijection, to a non-crossing partition of [n] where the first block has
even size there corresponds a plane tree with root of even degree.

Thus if we partition the set of plane trees to those with root of even degrees and
those with root of odd degrees as well as the set of NCP(n) in to those where the
first block has even size and those where the first block has odd size, clearly we can
see that there is a bijection between the set of plane trees with root of even degrees
and the set of NCP(n) where the first block has even size.

Hence the set of NCP(n) where the first block has even size is the Fine number
enumerated set.

4. NCP(n) with no visible singletons.

Example: Letn = 4, then NCP(4) = 6

Fig 2.12
Proof: We use again a bijective proof.
NCP(n), where the first block has even size is the Fine number enumerated set.
Add one more arch to NCP(n) where the first block has even size with visible
singletons so that there will be no visible singletons and size of the first block
becomes odd.
Conversely, remove the last one arch from NCP(n) with no visible singletons which
have the first block of odd size. Then the resulting NCP(n) will be with the first
block of even size.
So, this is a bijection between the sets NCP(n) where the first block has even size
and NCP(n) with no visible singletons.

Hence, NCP(n) with no visible singletons is the Fine number enumerated set.

16
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5. Standard Young Tableaux (SYT) of shape (n,n) where there is no column of
consecutive integers.
Example: We have six such standard young tableau of shape (4,4).

These are:

Fig 2.13

Proof-1: It is well known that the set of sequences of n 1's and n — 1's such that
every partial sum is non-negative integers is the Catalan enumerated set (Appendix
equation number 2). So, there is a bijection g between this set and standard young
tableau of the shape (n,n). Again there is a simple bijection f between the
sequences and the set of Dyck paths.

Now, the composition fog of the two bijections is the bijection between the set of
standard young tableau of the shape (n,n) and the set of Dyck paths of length 2n.

Example:

Fig 2.14

It is an immediate observation that fog maps the column of consecutive numbers to
hills. Thus a Standard young tableaux of shape (n,n) where there is no column of
consecutive integers corresponds to a Dyck path without hills.

Hence this set is a Fine number enumerated set.

17
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Proof-2: (Alternative proof)

Partition SYT of shape (n,n) into three disjoint subsets.

A,,= SYT where there is no column of consecutive integers.

B, = SYT where only the first column is consecutive.

C,= SYT with at least one non- starting column of consecutive integers.

First let T € C,, and | 2k —

we define 2k

1| be the last column of consecutive integers, then

l/} a; | ay a1 | 2k—1| ¢ Crn—k
by | by b1 | 2k |dy dn—k
1 aq +1 a2+l (05 7) ar—1 | C1 Cn—k
+1 +1
by +1|b,+1|b3+1 b,_1t1| 2k |d; 7

If TeA, and k the smallest positive integer such that 2k is in the kt® column, then we

define

1/) a1 | a Ag—1 | A | C1 | -+ | Cn—k
by | by b1 |2k |dy]| ... |dy_k

az'l as — 1 ay — 1 2k —1 ] Chn—k

by —1|b,—1 b,_1—1 2k dyq dn_k

Thus ¢ : A, — C, is a bijection
Therefore [A,,| = |C,|

And o fixes B,,.

Ifwelet|A,| =E, = |C,|

Then | B,| = F,_1 which is obtained just by removing the first column.

18
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Now, since SYT of shape (n,n) is Catalan enumerated set, we have,
Co = An| + | Byl + |Gy
s C, =2E+F,_; vn=>1
S Y16zt =21 Fo 2" + Y51 F_1z™ by Snake-0il method
©C—-1=2(F—-1)zF
©C-1=2+2)F -2

©C+1=2+2)F

C+1
S F=—
24z

1 1
= (et )
1 (2—z0)_ 1 (2—261+ZC)
T 24z \1-2C) ~ 2+z \1-zC 1+zC
_ 1 (2+zc—z2cz)

24z 1—2z2¢?

1 [24+zC(1-zC
S F = —(—( z ))
24z 1—z2¢?

—F ;(“Zc(%)) _ 1

24z \ 1-z2¢? 1-z2¢?

6. Binary trees where the root and each direct right descendant of the root has out

degree 0 or 2.

Example: We have six such binary trees on four edges.

These are:

SN

Fig 2.15
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Proof: If we let F(z) to be the generating function for this counting problem, we can

find it as follows:

Fig 2.16
Since the out degree of the root is either 0 or 2, the leftmost sub-tree must be non-

empty and we need the same binary tree on level 1 of the right most sub-tree.
Hence the functional equation becomes

©F=142z(C-1)F

©SF(1-zC+2z)=1

1

SF= 1—2(C—1)

1 11-v1-4z

T 1-22¢2 T z3-—+/1-4z

Thus the given set is Fine number enumerated set.
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2.2 Path pairs

Definition-1: The set of all path pairs (APP) is the set of all pairs of paths such that;
i) Both paths are composed of unit east and north steps.
ii) Both paths start at (0,0) and have a common end point.
iii) The upper path never goes strictly below the lower path.

Example: Let APP(n) = The set of all path pairs of length n.

Forn = 2,APP(2) = 5 these are;

[

We can encode a path pair as follows;

|

Fig 2.17

A= step apart, upper path goes north, lower path east;
T = step together, upper path goes east, lower path north;
E = both steps east;
N = both steps north.
Example: ANTEATEN is the code for the path pair below:

N
T.;H

Fig 2.18
Remark: Reading from the left we must never have more T's than A's and at the end
the number of T's is the same as the number of 4’s.
Definition: By a joint step of a path pair we mean a pair of superposed steps (one
from each path of the pair).
Example: In the pair of paths encoded ANTEATEN both E's and the last N's

represent joint steps.
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Preposition 2.2.1: If APP(n) is the set of path pairs of length n,
Then |APP(n)| = Cy,41.
Proof: We present a bijective proof by constructing a bijection between the set of
Dyck paths of length 2n + 2 and APP(n).
As before let uand d denote the steps (1,1)and (1,—1) respectively. Then we
convert a path pair to a Dyck path by converting;

A— uu, T dd E » du,and N - ud

And adding a u to the start and a d to the end of the resulting word.
Consider the following path pair ATEAT of length 5.
The above operation gives us uuddduuudd which is a Dyck path of length 12.

Fig 2.17

Thus APP(n) is the Catalan enumerated set where |APP(n)| = C,41-

Remark: Let us remove the condition on the APP’s that the two paths have a
common end point.
Let a,, , be the number of such path pairs of length n having end points k+/2 apart.

Some values of a,, ,is given in the table below.

Table-2.3
n/k 0 1 2 3 4 5 e
0 1
1 2 1
2 5 4 1
3 14 14 6 1
4 42 48 27 8 1
5 132 165 110 44 10 1
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Observe thata, 1, = ap -1 + 20, + Ay 41, VK = 1 (D)
This is because of the two paths can get one step further apart (4), both go E or N,
or become one step closer (T). Similarly, a,, 119 = 2a,0 + a, 1

k+1
Claim: a, , = nil (2n+2 (2)

Proof: We use induction on k and the above recurrence relations.
_ 1 ron42y )
For k = 0,we have a, o = m( n ) = (41 So, the statement is true.

. . _k 2n+2
Assume that it is true for all k — 1 and less. 1.e. a4y, 1 = 1 \nek+1

Now, Gy 41 k—1 = Qn k-2 + 2an,k—l + an K

S Apk = Api1k—1 — Ank—2 — 2an,k—l

k+1—1(2(n+1)+2)_k—2+1 2n+2 Y\ _ 2k 2n+2
n+2 \n+1—(k-1) n+1 \n—k+2 n+1 \n—k+1

k2n+4 2n+2 Y\ _ 2n+2
n+2 \n—k+2 n+1 n—k+2 n+1 \n—k+1

k (2n+4)! k=1 (2n+2)! 2k (2n+2)!

n+2 (n—k+2)!(n+k+2)! n+1 n—-k+2)!(n+k)! n+1n-k+1)(n+k+1)!

(2n+2)! [ k (2n+4)(2n+3) . k=1 (n+k+2)(n+k+1) +

T ikt 42 m—k12)(n—k+1)  ntl (n—k4+2)(n—k+1)

=2kn+1n+r+2n-£+2

(2n+2 ktl _ kt1 (2n+2

n+1 n+1
Remark: The matrix A = (a, x )» x>0 is @ Riordan Array and can be written
A= (C%C?
From the lower triangular matrix A = (d(z), h(z)), the first column generates d(z)
anditis; d(z) =1+ 2z + 5z% + 1423 + 42z* + --

= C(2)? = C?

Again the second column gives us the generating function for zd (z)h(z)

© zd(2)h(z) = 0+ z + 42° + 1423 + 48z* + -
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(=1 d(Z)h(Z) = alll + a2,1Z + a3'1Z2 + a4'1Z3 + -
= (az‘o - Zal'o) + (a3‘0 - 2a2,0)Z + (a4'0 - 2a3’0)Z2 + (a5,0 - 2a4'0)23 + -

= az’o + a3'OZ + a4‘0Z2 + a5‘0Z3 il Z(al‘o + az’oz + ag,ozz + a4,OZ3 + “')

=5+ 14z + 422> + 13223 + - — 2(2 + 5z + 14z% + 4223 + --+)

= d@h() = 57 - 2
P d(Z)h(Z) _ d(z)—1-2z—2zd (z2)+2z — d(z)(1-2z)—-1

z2 72

o h(Z) _ d(z)(1-2z)-1

z2d(z)
_ c(1-2z)-1 _ C?—22C%-1
© h(z) = 222 - 2202
_Cc?=2(c-1-1
- z2C?
_ C2-2C+1 _ (c-1)? _ (zC?%)? — 2
z2(2 z2C? z2C?

Thus 4 = (d(2), h(2)) = (C?, C?)
This in turn, yields the following two properties of the matrix A.

i) The generating function of the diagonal sums of 4 is
Yoo Coip = [2"1C*f(2%C?),  where f(2) = i

CZ
= [2"] 1-z2(2

Thus the generating function is 1_i262 =F(C? = F(%) = FZ—_Zl, by identity (17)
Thus, these diagonal sums are Fine numbers.

2

=C

ii) The generating function of the alternating row sums of the matrix 4 is T

The alternating row sums of A is given by

1
Sk D an e = [2"]d@f (2h(2)), f(2) = -
_ c?
=[] 142zC?2
2 2
Thus the generating function is C—Z . C
1+zC c
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Proposition-2.2.2: The number of path pairs of length n with no joint steps is the
Fine number F,.

Proof: We consider again the bijection between APP(n) and the set of Dyck paths of
length 2n + 2, defined in the proof of preposition 2.2.1.

It is easy to see that, in this bijection, to joint E steps there correspond valleys at
level zero and to joint N steps there correspond peaks at level two.

Example: Consider the following:

Fig 2.18

Now consider a path pair of length n with no joint steps.

ATAT Dyck path of length 10 with no peaks at level 2 Removing the first
and the last steps,
we obtain a Dyck
path of length 8
with no hills.

Fig 2.19
Thus, to a path pair of length n with no joint steps there correspond elevated Dyck
path (i.e. with the exception of the end points, they stay strictly above the horizontal
axis) of length 2n + 2, with no peaks at level 2.
Removing the first and the last step of this Dyck path, we obtain a Dyck path of
length 2n with no hills.

25



A Survey of the Fine numbers | 2011

Remark: Having no valleys at level 0 and no peaks at level 2, guarantees that the
paths to stay above the horizontal axis and to be a hill free while removing the first
and the last step.

Therefore, the set of all path pairs of length n with no joint steps is the Fine number
enumerated set.

Definition: Fat path pairs (denoted FPP) is the subset of path pairs meeting only at
the origin and the end point. They are usually called parallelogram polyominoes.
Claim-1: There is a bijection between APP(n)and FPP(n + 2).

Proof: Take a path in APP(n) and add an A at the beginning and a T at the end.
Example: APP(2) = {NN, NE, EN, EE, AT} which becomes by the operation
defined above is FPP(4) = {ANNT, ANET, AENT, AATT}

I — 1

Fig 2.20
Claim-2: The generating function for FPP is z2C?.
Proof: The bijection between APP(n) and Dyck paths of length 2n + 2 defined in
preposition 2.2.1 gives us the generating function of APP(n) that is
Ynso [APP(n)|2" = 30 Cny12” = Cy + Coz + C32° + Cuz® + -
=1+ 2z + 5z + 142> + 42z* + -
= (2
So, the generating function for FPP(n) is
= |FPP(m)]2" = $25|APP(n — 2)| 2" = Tz Co 17"
= C12% + C23 + C32* + Cy2° + -
=22+ 223+ 5z% + 142> + -
=2z%(1+ 2z +52% + 1423 + )

— ZZCZ
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Claim: There is a bijection between APP and the set of all 2-Motzkin paths.
Proof: The bijection between the two sets is as follows:

up < A, down < T, and the 2 colors for the level steps correspond to E and N .

Example:
ATENAET udhhuhd
Fig 2.21

Question: What happens if there are no level steps on the horizontal axis in 2-
Motzkin paths?

Answer: It gives us the Fine number enumerated set.

We can consider the bijection in the above claim between APP(3) and the set of 2-

Motzkin paths of length 3 as an example:

I I 1 l

ool ol
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From the bijection clearly we can see that, to joint E or N steps there correspond
level steps on the horizontal axis and to path pair with no joint steps there
corresponds 2-Motzkin path where there are no level steps on the horizontal axis.
Thus the set of 2-Motzkin paths where there are no level steps on the horizontal axis
is a Fine number enumerated set by preposition 2.2.2.

From the above example we can see that 2-Motzkin paths where there are no level

steps on the horizontal axis are only two—the third Fine number.

NN

Fig 2.23

By placing other restrictions or modifications on the APP, we obtain interesting
sequences. Some of them are the following:
a) The subset APP of APP(n) with no E steps.
This subset gives us the well known Motzkin sequence 1, 1, 2, 4,9, 21, 51...
Example: For n = 3 we have four APP with no E steps.

= APP;(3)

These are

Fig 2.24
Proof: The bijection between APP(n) and 2-Motzkin paths defined in the above
Claim takes a path pair with no E steps to a 2-Motzkin path with no 2 colored level
steps which is a regular Motzkin path.

ie.up —> A, down < T, levelsteps <— N
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So, the corresponding Motzkin paths of the above example are the following:

I SV NN

Fig 2.25

They are four which is the third Motzkin number.
b) The subset APPgy of APP(n) with no E or N steps.
This subset gives us the aerated Catalan numbers 1,0, 1,0, 2,0, 5, 0, 14, 0, 42...
Proof: Forn = 3, we don’t have any such path pair, since every path pair of odd
length has at least one E or N step.

i.e. APPgy(3) =0
For n = 4, we have two such path pairs.

i.e. APPgy(4) = 2.

These are:

Fig 2.26
From the bijection between APP and 2-Motzkin paths we can observe that the 2
color level steps correspond to E and N steps. Thus having this correspondence, the
subset APPgy of APP mapped to Dyck paths found in Motzkin paths of even length.
So through this bijection we recover path pairs with only A and T steps and hence
APPgy is the aerated Catalan enumerated set.
c) Removing the restriction that the upper path never goes strictly below the
lower path, we obtain the central binomial coefficients. 1, 2, 6, 20, 70, 252, ...
Proof: Now, since the restriction is removed, there are 2n steps for either of the two
paths. Choosing either n east steps or n north steps there will be (2:) total
number of path pairs.

1
Thus, the generating function is Zflozo(znn)z" = N which is the generating
s 4

function of the central binomial coefficients 1, 2, 6, 20, 70, 252, ...
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d) The subset APPy of APP with no joint N steps is the Catalan enumerated
set.
Example: We have five such path pairs—the third Catalan number (C; = 5)

These are:

Fig 2.27

Define APPy = the subset of APP with no joint N steps,

1 = the set of all Dyck paths of length 2n + 2 with no peaks at level 2,
¢ = the set of all Dyck paths of length 2n.

From the bijection between APP(n) and Dyck paths of length 2n + 2 defined in
preposition 2.2.1, we can see that to joint N step there corresponds a peak at level 2.
This implies there is a bijection f: APPy — 1) between APPy and y.

Again there is a bijection g between i and ¢.

The bijection g: Y — ¢ is defined as follows:

Let P be a Dyck path from 1, we obtain a Dyck path P from ¢ using the following
steps.

1) Let S be a sub-Dyck path of P between two consecutive points on the x-axis with
S having no peaks at height 1. To each § add a Dyck path of length 2 immediately
to the left. This step produces a Dyck path P.

2) Let S be a maximal sub-Dyck path of P. From each such S remove the left-most
up step and the right-most down step to produce a sub-Dyck path §*. This step
produces a Dyck path P* of length 2n+2.

3) From P*, remove the left-most Dyck path of length 2 to produce P.

To obtain P from P we reverse the procedure as follows:

1) Attach a Dyck path of length 2 to the left of P to produce P*.
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2) Let S* be a maximal sub-Dyck path of P*with S* having no peaks at height 1. To
each such S* add an up step at the beginning and down step at the end to
produce sub-Dyck path S. This step produces a Dyck path P.

3) From P eliminate each Dyck path of length 2 that is to the immediate left of
each S. We now have a unique element P of ).

For example, we obtain a Dyck path of length 16 starting with a Dyck path of

length18 with no peaks at level 2 as follows:

o>
1

Fig 2.28
Now, the composition gof is the bijection between APP(n) with no joint N steps

and the set of all Dyck paths of length 2n.

Hence APP(n) with no joint N steps is the Catalan enumerated set as desired.
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Definition: The subset of APP with no joint steps is called the Fine pairs.

Example: Let n = 3, there are 2 Fine pairs.
These are:

Fig 2.29

Claim: The number of Fine pairs is the Fine number E,.
(Restatement of proposition 2.2.2)
Proof: These Fine paths can be viewed as a concatenated fat pairs.
Thus we find the generating function as follows:
i. Since the Fine pairs could possibly be empty, it contributes to the generating
function 1.
ii. Ifitisjusta FPP, then it contributes zC?.
iii. If it is a collection of two FPPs, then it is counted by (z2C?)? = z*C* and so on.

Thus the generating function is

1
T 1-z2¢2

=1+2z°C*+2z*C*+z°C® + - =F
Consider APP(n)= the set of all path pairs of length n.
We have seen that |[APP(n)| = C,41.
Let three partitions of APP(n) are given as the following:

a, = the subset of APP(n) with no joint steps.

B, = the subset of APP(n) whose first joint step is E.

6, = the subset of APP(n) whose first joint step is N.
From preposition 2.2.2, we have |, | = F,.
Again, since the steps E and N are equally likely to be chosen first, |3,| = |5,
Claim: B, | = [6,| = Fy44
Proof: There is a simple bijection between £3,, or §,, and a,, ;1.

The bijection is as follows:

Map the first joint E or N step to A and then add T at the end of the resulting word.
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Example: Letn = 3,
Then B3 = {EEE,EEN, ENE, ENN, EAT, ATE}
This becomes ay, = {AEET, AENT, ANNT, AATT, ATAT}

1t

i.e. ﬁg -

Fig 2.30

S |Bul =1 8nl = lapi1l = Fria
& |APP(n)| = lay| + 1B,] + 1 6l
S Cpy1 = 2F 4 + By
The hill-killer involution takes the first joint E or N step and toggles E and N.
The converse of the above bijection is as follows.
First remove the last T from a path pair in «, .1 and change one A to E or N in
such a way that the resulting word is a path pair and have the first joint E or N step

respectively.
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2.3 0dd Blocks
Recall: The number of NCP(n) is counted by the Catalan number and has a

. . B 1- «— @ _ ¢
generating function C(z) = 1+ zC(2) = and F(z) = The@) = Toec
c c
o F =
1-V1-4z
1+ZC 1+ ( o )
_ c 2
- 14loViztz T 314z
2
< 3F =2C ++V1 —4zF
3F 2c
S s F
< 3BF = 2BC+ F whereB = =Y o(zn)z

Thus we have 3BF = 2BC + F
i 2 2n-1y , 1
Claim: [z"](zBF) = 5( "n ) + an—1
Proof: We know that [z"|BC* = (Znn+5)
From 3BF =2BC+F
& zBF = ngC + %zF

& [2"](zBF) = [zn](zBC)+§[zn]zF

Wi WlN

[z"~1BC + 1 S [z"YF
(Z(n 1)+1)+ F,

(Zn 1)+ Fn "

Consider the NCP(n) in which points 1 through n arranged in order around a circle.

The non-crossing condition can be viewed as; if for each block we form the convex

hull generated by the points in the block, then these convex hulls must be disjoint.
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Example:

19/256/3/4/7/8/10

Fig 2.31
Question-1: How many NCPs have 1 as a singleton block?

Solution:
i) Let’s fix 1 in a singleton block and it is done in one way, so that it is generated

by z.
ii) Again we need the remaining elements to be partitioned in such a way that they

are non-crossing. Which is generated by C.
Thus the generating function for the number of NCPs having 1 as a singleton block
by multiplication principle is

2C =230 Gz = X Cuz"* = X, Gy g 2"
There are C,,_; NCPs having 1 as a singleton block on [n].
Question-2: How many singleton blocks are there counting over all NCP(n)?
Solution: Fixing each of the elements of [n] in a singleton block, we will find the
same generating function zC forall 1,2,3,...,n
Then by addition principle there are total of C,_{+C,_1 + ....+C,_1 =nC,_4
singleton blocks over all NCPs.
& ¥, nC,_;z" = z(zC) = zB

Thus zB is an appropriate generating function for this counting problem.
— _ 2(n—-1 2 2
& [2"](zB) =nC,—4 = ne= 1)+1( “ )) (G

Theorem 2.3.1: The generating function O for the total number of odd blocks in all

of NCPs iszBF. And the total number o, of odd blocks in all of NCP(n) is

0, = [2z"](zBF) = (2" 1)+ “F,_,.
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Proof-1:

i) As we have seen above the generating function for the total number of singleton
blocks in all of NCP is zB.

ii) The generating function for the total number of NCPs where 1 is in a block of size
3isz3C3.

If we fix 1 in a block of size3, i.e. where i and j are another two elements in a block,

then we need the rest also to be NCP.

So, we have z3 for the three elements and C3 for the remaining partitions. Thus
z3C3 is the appropriate generating function for the total number of NCPs where 1
is in a block of size 3. But we may have also any element instead of 1 in a block of
size 3 and hence similar argument as above gives us the same generating function
holds for either 1 or 2 or ... or n is in a block of size 3.

Thus the generating function for the total number of blocks of size 3 is given
by %z(z3C 3)'. We divide it by 3 since the order is immaterial.
& %z(z3C3)' = §Z[322C3 +323C%C']

= 2(zC)%(C + zC")

= z(zC)?B by identity 12
iii) Similar argument shows that the generating function counting blocks of size

2m + 1is z(zC)*™B.
So, 0 = zB + (2zC)?zB + (zC)*zB + (z€)°zB + ---

& 0 =2zB(1+ (z0)% + (z0)* + (zC)6 + --)

1
1-(zC)?

<=>0=zB( )=zBF=§zBC+§zF

2 — 1
& 0, = [2"](2BF) = (4) +5Fas

n
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Proof-2: (Alternative proof of theorem 2.3.1)
The generating function O for the total number of nodes of odd out degree in all

plane trees is zBF. And the total number of nodes of odd out degree in all plane
trees on n edges is 0, = [z"](zBF) = (2" 1) + - Fn 1-

Claim: The generating function of plane trees with root of odd degree is zCF.
Proof:
i) Since the plane trees with root of even degree is a Fine number enumerated set,

the generating function for the plane trees with root of odd degree is
1 c

1-2C  14zC
142C—C(1-2C)
1-z2¢2

C—F=

_ 1420—C+zC?
T 1-z2¢2
_ 1+20—C+C—1
T 1-z2¢2

zC
1-z2C?

= zCF

ii) Alternative proof:

Also recursively we can find the generating function as follows:

Fig 2.32
e zC+23C3 + 25C° +
=zC(1+ z%C?* + z*C*)
= zCF

Now we prove the theorem that the total number of nodes of odd out degree over all
plane trees is = (2" 1) + - Fn 1-

i) The total number of roots of odd out degree over all plane trees is generated

by zCF.
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Since the root of odd degree is always of odd out degree, zCF generates the total
number of roots of odd out degree.

ii) The generating function for the total number of non-root nodes over all plane
trees at height k is z¥*1C2k+1F,

Example: For k = 3

z3C%(zCF)

Fig 2.33

For every k, Zktlc2k+lp generates the total number of non-root nodes over all
plane trees at height k.
Now by taking the sum over all possible k,
The generating function for the total number of nodes of odd out degree is
zCF + Y, zKY1C?KHF = zCF + zCF ¥, z*C%*
= zCF + zCF ¥,,,(zC?)k

= 2CF + 2CF (£55)

zC?
— 2CF (1 + 1_262)
1—zC%+42zC?
= zCF ( 1—z(C? )
_ zCF
T 1-zC2

2 1 2 r2n—1 1
& zBF =22BC +;zF © [2"]2BF = 5( " )+§Fn_1

n—1

= zBF by identity 3

Remark: From the bijection between plane trees on n edges and NCP(n), defined
in section 2.1 there correspond to the node of odd out degree, the odd block, the set

of its descendants.

Therefore, 2 (2"__1) + an_l is also the number of blocks of odd size over all NCP(n).
3\n-1 3
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Proposition 2.3.2: The total number of nodes of odd degree (i.e. out degree +1,
except at the root) over all plane trees with n edges is 4? CmH+ %Fn_lz 20,,.

Proof:

i) The generating function for the total number of roots of odd degree in all plane
trees is zCF.

This can be shown recursively that it is so by adding the new root with odd degree

to an already existing tree.

Z
Z
Z& Z

Fig 2.34
the generating function is = zC + z3C3 + z°C> + -
=2zC(1 + (z0)?* + (zO)* + (z0)° + -++)
= zCF (1)
ii) The generating function for the total number of non root nodes of even out
degree (and hence of odd degree) at height k > 1 in all plane trees is zX C2*F.
We know that plane trees with root of even degree are counted by Fine numbers.

For k = 1, we have plane trees of the following form:

zC%F
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For k = 2, again we have the following form:

&~
&

AN

Fig 2.35

SN

Z2C4F

Therefore, for any k > 1, the generating function becomes z*C?¥F. (2)
Thus the generating function for the counting problem in the preposition is just
taking the sum of (1) and (2) over all possible k.

© ZCF + Y51 2¥C?*F = zCF + F Y5, ZFC?*

= zCF + F Y51 (2C?)*

= 2CF + F (1_;2 - 1)

=zCF+F (1i522)

= 2CF + zCF (—)

= zCF + zCFB Dby identity 3
=zCF(1+ B)
= zCF(2B) = 2zFB = 20 by identity 13
Therefore the total number of nodes of odd degree over all plane trees with n edges

. 2 ron— 1
is 20, = 2(5 (Zn"_ll) +3F1)

= 4?(2:—_11) + %Fn—l
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Now using the bijection between plane trees and NCP we see directly that a node of

odd out degree corresponds to a block of odd size, the set of its descendants.

167/234/5/8/910

Fig 2.36

There are 4 nodes of odd out degree in the above plane tree.
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Section three

3.1 Fine path statistics using Ordinary generating functions

Definition: A Fine path is a Dyck path without hills.

In this section we will see behavior of certain statistics. And also we compare the
results for Fine paths and Dyck paths.

Definition: A return, denoted by Xp, (to the horizontal axis) consists of a non-trivial
path, a point on the horizontal axis, and another path (possibly trivial).

First we consider the statistic number of returns.

Remark: We are assuming that all paths are equally likely to be chosen.

From the definition, we can see that, the generating function for the total number of

returns of all Dyck paths of a given length is

(€ -1¢ (1)
S(C-1DC=C-Cc="—=-C=°-"—C
& [z - e =[] (<2 )
=["1(£F) - [2"]c

= [z"1](C - 1) - [z"]C

n+l = Cn
To find the expected number of returns, we divide the total number of returns by

the total number of paths.

2n+2y__1 (Zn)
_ Chy1—G Tl+2 n+l ntlizn
o E(XR) = c T @)
" n+lvn
1 (2n+2)! 1 (2n)!
_ n+2(n+D)!(n+1)! n+lnn!
- 1 (2n)!
n+lnlin!

_ (@2n+2)(2n+1) _
T (n+2)(n+1)

_ 3n(n+l) _ 3n
T m+2)(n+1)  n+2

:)E(XR)=%—>3
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Claim: There is a well-known bijection (called “glove bijection”), between Dyck

paths and plane trees.

Proof: The number of returns of a Dyck path corresponds to the degree of the root

of the corresponding tree.

Example: Consider the set of Dyck paths of length 6 and the set of plane trees on 3
edges.

/\/\/\/\/\
AK\/\ -

Fig 3.1

Thus E(degree of the root) = ?

We can observe that there are 9 total number of returns in all Dyck paths of length 6
which corresponds to the total number of degree of the roots in all plane trees on 3
edges given in figure 3.1 above.
In the same way, if we consider Fine paths instead of Dyck paths above, the
generating function becomes
(F-1)F=F>-F (2)

However, in this case exact results in closed form do not seem to exist and so we

settle for asymptotic results as n gets large.

Denote [z"]|F? = g,,.

Now, from the functional equation F =1 + z(C — 1)F and F = %
_F F— F—1+4zF
<:>C_1—ZF<:> _(C_l)F (__1)F (1ZF )F

© (F—1)(1 —2zF) =zF(F — 1+ zF)
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© F —zF? — 1+ zF = zF? — zF + z%F?
&S F(—z—-z-2)+F(1+z+2)—-1=0
© F?(2z+2z)-F(1+22)+1=0

© z?F? 4+ 2zF> =F(1+22) -1

S Ggnor+29,1=F, +2F,_4 forn=>1

2 F,_ _ F
<:gn 2 I'n 2+2.9n 1__" +2
Fn—2 Fn—l Fn—l Fn—l

Letting lim,, _,q, 2& e = L we have,

. F
& lim 222 Jim 222 4 2 )im &2 = |jm 42
n—ooo Fp—2 n—oo Fp—1 n—oo Fp_1 n—oo F—q
1 F 4 F, Cp_ F
S-L+2L=4+2 (Zr-o1tlxle 1 =4
4 Cn 9 Foo1 Gy Fpq
9
S-L=6
4
8
S L=-
3
(F —F) gn_Fn In 8 5
@EX =——1=——1=—
(Xp) = [n] F, F, 3 3

Next, we consider the statistic height of the first peak, denoted Xj.

i) The generating function for Dyck paths whose initial peak is at height k is z*C*
(Preposition 2.1.1)

Claim: The generating function for the sum of heights of the first peaks at height k
over all Dyck paths of length 2n is kz*C*.

Proof: Since the height of each such Dyck path is k and the total number of such
paths is [z"](zC)¥, the appropriate generating function for the sum of heights of
paths of the first peaks at height k over all Dyck paths of length 2n is kz* C*.

Then the generating function for the sum of the heights of the first peaks of all Dyck
paths of length 2n is just taking the sum over all possible k.

o0
Z kzkCk = z2C + 2z%C% + 3z3C3 +
k=1

’

=2C (1—12C)

= (zC)C? = (zC?*)C

(1 zC)Z

=(C-1DC=C*=¢C (3)
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This is the same as the result obtained at the statistic ‘number of returns” and

therefore,

3n
Exw) =773

Alternatively, there are several bijections on the set of Dyck paths that show the
statistics of “height of first peaks” and “number of returns” are equidistributed.

ii) For Fine paths we might expect the number of returns to be smaller (as we saw
g compared to 3) while the height of the first peak to be larger than for Dyck paths.

We proceed as in the case of Dyck paths.

Claim-1: The generating function for Fine paths whose initial peak is at height k
isz*C*"1F, k=>2.

Proof: Every Fine path has no first peak at height 1.

Let the height of first peak is at height k > 2, then these k up steps are counted
by zk.

Then we decompose the path after the first down step to the small Dyck paths and
the final path must be a hill free path.

This gives us the appropriate generating function zXC*~1F.

Or pictorially:

Fig 3.2
Claim-2: The generating function for the sum of the heights of the first peaks at

height k is kz*C*~1F.
Proof: The height is k and the number of such paths is [z"]z¢KCk~1F
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Therefore the generating function is kz*C*~1F.
Hence, taking the sum over all possible k, we will find the generating function for
the sum of the heights of the first peaks of all Fine paths of length 2n is
>, kzKCK=1F = 222CF + 323C?F + 4z*C3F + -
= z2CF(2 + 3zC + 4z°C? + 5z3C3 + --)

=2°CF (% [(1—;)2] - 1) =2°CF (% [(1—;)2] B 1)

2
_ .2 2—zC \ __ z°CF(2—zC)
=2k (<1—zc)2) T (1-20)2

= z?C3F(2 — zC) = z*C?*F(2C — zC?)
=z2C?F(2C€ - (€ - 1)) = z%C*F(C + 1)
=zF(C+1)(C—1)=2zF(C*—-1) =F(2C?* - 2)

=F(C—-1-2z)=F(C—-1)—zF

== —zF (4)
— [ZH(%—ZF) — Froy1—Fna
o EXy) = T = -
= P, 115
Fine paths versus Dyck paths statistics is summarized in the following table.
Table-3.1
Generating | Closed formula for Asymptotic
Statistics function the expected number | value.
Total number of returns of Dyck Cn1=Cn _ 30
Cy n+2
paths of length 2n. S 3
z
Total number of returns of all Fine E
paths of length 2n. (F-1F In—Fn 3
Fy
The sum of the heights of the first Cns17Cn _ 30
Cn n+2
peaks of all Dyck paths of length 2n. | C? — C 3
The sum of heights of the first peaks E
of all Fine paths of length 2n. 1 F L 4
z E,
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3.2 Fine path statistics using bivariate generating functions

We find the Bivariate generating function for the sum of the heights of the first
peaks over all Dyck/Fine paths of length 2n.
Mark each up step by z and each up step before the first peak by t.

i. For Dyck paths denote the bivariate generating function by A.

Fig 3.3

Then we obtain the bivariate generating function

1
— (5)

ii. For Fine paths denote the bivariate generating function by Q.

A(t,z) = A=

Fig 3.4
Thus the generating function is

Qt,z)=Q=1+tz(A— DF

1
1—ztC

=1+tz( —1)F

t2z2¢

©Q=1+——F (6)

Differentiating (5) and (6) with respect to t and setting t = 1, we obtain again the
expressions in (3) and (4) respectively.

From (6) we have

= 01+ )

= z2CF[t"?] = Z?CF[tF21 ¥% ,(zO)"t™

1-tzC
= z?CF (zC)*~2 = zkKC*k~1F, as before.
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Then[tkz"]|Q = [z"]zKCK—LF = [z *]Ck-1F=[z""*]Ck1(

1 ZZCZ)

— [Zn—k]Ck—l Zg(c_ (ZZCZ)oc — [Zn—k]zzzo 72X Ck+20—1
= [gn—k—2x VZkJCk+2x 1

n—k

lz J n—k—2c k=142 r2n+k—1+20¢\, n .
o Lz 125-= =0 3 h 1i2e 1+Zo<( )Z by generalized LIF

l k—1+2a 2n—k—1—2a)

a 0 2n—k—1-2a n—1

The first few values are given in the following table

Table-3.2

Remark-1: The row sums are the Fine numbers.

i.e. Zk[tk] Q= Zk Zka_lF

_ kck-1 — F k=l(=)=2c=
=FYrz"C _cZk(ZC) _C(l—ZC)_CC_F

Remark-2: Deleting the first two rows and columns yields the Riordan
Array (CF, zC).
Let the R.A is denoted by (d(z), h(2))
i.e. after deleting the first two rows and columns we will have the generating
function for the first new formed column

d(z) =1+ z+3z% + 823 + 24z* + ---

ButC =1+z+2z%+52%+14z* + --and F = 1 + 0z + z* + 223 + 62*
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© CF=1+z+32z>+82z%+24z* + -
o d(z) =CF
Again the second column generating function is
zd(z)h(z) = zdh = z(CF)h = z> + 223 + 6z* + -
© zCFh=F -1

F-1 z2C-z C-1 zC?
S h = = =—=—=2zC
zCF zC C C

Therefore (d(z), h(z)) = (CF, zC)
Now we consider the statistic number of peaks, denoted by X,

We use the method of bivariate generating function.

i) Let A(t, z) be the bivariate generating function for Dyck paths according to semi-

length (marked by z) and number of peaks (marked by t).

Fig 3.5
Hence A(t,z) =A=1+z(A—-1+1t)A
Note: A(1,z) = C.
By implicit differentiation we have,

92 _ 2 2 _
= o (14 2zA% — zA + zthd)

a2 oA Gy
= ZZAE—ZE-FZA-*-ZtE—E(ZZA—Z-FZt) + zA

@%(1—22&+z—2t)=z/1

oA zA

at  1-2zA +z—zt

(6/1) zA(1,z) zC
S|\ — = =
ot/ =1 1-2z4(1,z) 1-2zC

_ zC _ zC — 7BC = B_—l
 1-(1—V1—4z) Vi-4z bt =7
1.2 1:2n
1 a1 GO +1
s 0) = £1(3),, = 2= Ay
- n+ivn
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ii) In the case of Fine paths, in similar manner, for the bivariate generating function
I['(t,z)wefind, T=1+zA—-1)T
Note: I'(1,z) =F

By implicit differentiation, we have:

or 0 oA ar ar
E—E(l +ZAF—ZF) —ZFE-FZ}\E—ZE

ar E
(:)E(l—z)\+z) —ZFE

ar 2zl A
at  1—zA+z ot

(6F) zF (al)
e (— = —
at t=1 1—zC+z \ot t=1

2F z2BCF 7z2BCF

zBC = 1-z(C-1) - 1-z2C?

= 1-zC+z
= z2BCF?
But from F = ;2 we have, = = 1 — z2(2
1-z2C F
_F’ ’
& =227 + 22°CC)
PN % =22C(C + zC") = 22CB

& F = 2zBCF?

or _ 2 2 1 : :
=3 (at)tZI = z’BCF* = —zF (by identity 16)

Now, [2"] (%)t:1 = [z"] GzF’) =2[z"']F = nF,

[zn)(&
Then, E(X,) = % =2
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Dyck path versus Fine path statistics using bivariate generating function is

summarized in the following table.

Table-3.3

Statistics Generating function Closed formula for E(X),)
Dyck path according to its B_—l n+1
semi-length and the 2 2

number of peaks.

Fine path according to its %ZF, g

semi-length and  the

number of peaks.
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Appendix

Hereunder is the list of some of the concepts along with their proofs, used in the
paper, so that it would make sense taking their advantage in the proof of theorems.
1) Dyck paths of length 2n are the Catalan number enumerated set.

Proof: We consider Dyck paths are lattice paths in the nxn square grid consisting
only north and east steps and such that the path doesn’t pass below the line y = x in
the grid.

i) There are a total of (2;') paths from (0,0) to (n,n) with north and east steps in
an nxn grid, if these are the only directions in which we are permitted to travel. We
choose n steps in the north direction and the remainder must travel east.

ii) Now consider paths which cross below the line y = x. There must be a first place
where the path crosses below the diagonal. Take the position the path after the first
‘bad’ step and interchange the north and east steps which is equivalent to reflecting
this portion of the path in the liney = x — 1.

Now we have a situation where, for the 2n steps, n + 1 are in one direction and
n — 1 are in the opposite direction.

The over all effect then is to take (n,n) - (n+1,n—1) or to create an
(n+ 1)x(n —1) grid. On this grid there are (nz_"l) ways of choosing a path. Since
each path that crosses the diagonal can be uniquely transformed like this there is a
one-to-one correspondence.

So the total number of such paths is given by (nzfl). Thus the total number of Dyck
paths, i.e. those which lie entirely above or touch but don’t cross the line y = x, will

be equal to the total number of paths (= (*")) minus the number of paths which

cross below the line y = x, (=(,*",))

. 2n\ _ (2n _ 2n)! . 2n)! _ (@2n) 11y _ @2n)! n+l-n
L€ (Tl ) (n—l T alml (-DIn+D)! nl(n-1)! (n n+1) T nl(n-1)! (n(n+1))

_ L Gmr L(Zn)
n+1 nln! n+1 \n

Now the rotational transformation of 45° clockwise direction sends these like lattice

paths to the Dyck paths of the form used in this paper.
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2) The sequences ofn 1's andn — 1's such that every partial sum is non negative
integers (—1 denoted by - simply) is the Catalan enumerated set.
Proof: Bijective proof
We present a simple bijection between this set of sequences and a well known
Catalan enumerated set of Dyck paths of length 2n.
i.e. 1 — up step

—1 +— down step
The condition that every partial sum is non-negative in the sequence implies, we
cannot have more number of —1's than 1’s when reading from left to the right and
finally we will have equal number of 1's and —1’'s which directly corresponds to the
property of Dyck path.
Thus the set of these sequences is the Catalan enumerated set.
3) Standard Young Tableau (S.Y.T) of the shape (n,n) is the Catalan enumerated
set.
Proof: There is a bijection between the set of Standard Young Tableau of the
shape (n,n) and the set of sequences defined in (1) above.
Itis as follows:
Given a Standard Young Tableau T of the shape (n, n),
Define the sequence a; a,as; ... ... a,, by

_{1 if a; appearsinrow 1of T
U= 1-1 if a, appearsinrow 2 of T

4) [z"1BC* = (1)

Proof: Consider the path from (0,0) to (n,n + s) with (1,0) and (0,1) steps. Every
such path can be factored by cutting it at the last time it returns to the main diagonal; the
first part is counted by B and the second part can be further factored into s parts (each
going up by “one diagonal”), each counted by C.

5) An infinite lower triangular matrix A is called a Riordan array if its Bivariate

9(2)

generating function G (t, z) is of the formG (¢, z) = A—th@)’

We denote A = (g(z), h(2)).
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