__STUDIES ON ELECTRON-PROTON
“-BREMSSTRAHLUNG AND RARE PION
DECAYS

A Thesis presented to
the School of Graduate Studies
Addis Ababa University

In partial fulfiliment of
the requirements for the degree of Master of Science in Physics

By
/ Abraham Gidey
CL/" /,_,__-,..———r—-*"'-"—-*--' }
June 2001
Addis Ababa




ACKNOWLEDGMENTS

I offer my deepest gratitude first and for most to my advisor Dr. Shashank Bhat-
nagar for his unlimited and constructive gnidance and for the important suggestion
and help with individual chapters. I am indebted to the Department of Physics,
Addis Ababa University for providing me both the facilities and conducive atmo-
sphere to carry out my editorial task. I am also grateful to Ato Ghion Abelneh, a
senior hardware expert, for providing me an access to some journals through the
internet.

Finally I wish to express my special thanks to my father Ate Gidey Meles and
all my friends Abraham Negussie, Fasil Setargew and Adugna Beyene for their

encouragement so I could complete the thesis.




ABSTRACT ~ *

P S L T 2 T S S R

In this thesis the frame work of Covariant Perturbation Theory is adopted to cal-
culate the transition probability and the differential cross section of one of the
fundamental processes in Quantum electrodynamics, namely, the Bremsstrahlung
from electron due to the interaction with the electromagnetic field of moving pro-
tc;n (ie. e+p > e+ p+ ). The matrix element My and the corresponding
traces of y-matrices which are specific to the process have been evaluated explic-
itly. It is noticed that the bremsstrahlung cross section due to a moving proton
is exactly identical to the corresponding result for bremsstrahlung cross section
due to stationary nucleus, when the target proton is taken to be mfinitely massive
compared to the incident electron. Furthermore, the theory is applied to calculate
the transition amplitude, the decay rate I' and the lifetime of pion decaying to
the electron-positron pair (.e. 7 — e¢te™). Comparison of the result obtained
with the experimental values of I" enabled us to determine the magnitude of the
dimensionless coupling constant responsible for the decay, % = 2.35%1071%, Be-
sides the result predicts that the decay 7% — ete™ proceeds through higher order

electromagnetic interactions.
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CHAPTER 1

Introduction

Since time immemorial physicists have always inquired into the nature of the
physical world and have always pictured it as being built up of fundamental build-
ing blocks of matter. During the second half of the twentieth century the knowledge
of the fundamental particles and their interactions has expanded at a rapid rate. A
number of new elementary particles have been experimentally observed in cosmic
rays and high-energy accelerators. Such experiments have provided deep insight
i to the structure of matter and the nature of interaction operative at the most
fundamental levels.

The structure of matter at its most fundamental level can be understood by
studying:

1) the scattering states,

i1) the bound states, and

iii} the decay of elementary particles.

This is particularly true at short distances (~10"'*m) where the system can
not be observed in the literal sense, and must be probed by indirect means. The
study of scattering processes, decay processes and bound states give us a lot of
information about the nature of interactions and forces operative at short distances.

This thesis is devoted to the study of the most fundamental processes occurring

in nature such as




1) Bremsstrahlung of an electron in the field of moving proton, and

ii) The elementary particles decays such as A — wp and 7% — e'e”

using the covariant perturbation theory in the language of Feynman diagrams.

The early part of this thesis will be based on the formulation of covariant
perturbation theory. The transition amplitudes and the cross sections for various
processes are caleulated in the framework of this theory. The theory describing
these processes, Quantum Electrodynamics can be solved to arbitrary orders of
interactions using the approach of Feynman diagrams [1]. The theory gives us
expressions for the transition amplitudes and cross sections for bremsstrahlung

process like

et+p—retpty

which is studied in this thesis.

In chapter 2, we introduce as a necessary preliminary the perturbative expan-
sion of the transition amplitude (S-matrix element) which can be solved to arbi-
trary orders of interaction strengths. We then introduce the propagation formula-
tion to describe the interaction of Dirac particles (such as electrons and positrons)
with the electromagnetic fields. In this chapter these propagator ideas are em-
ployed first to demonstrate the calculation of the transition amplitudes and cross
sections of processes such as bremsstrahlung from the interaction of 1‘elativ'isti—
cally moving electron with Coulomb field of a stationary nucleus. This frainework
is then generalized to study the bremsstrahlung from the relativistically moving

electron 1n interaction with the electromagnetic field of a moving proton in chapter




3.

[Furthermore the decay rates and liletimes of nuclei and clementary particles
have always been of considerable interest to physicists since the historical discovery
ol beta decay, where the nuclei of some atoms was found to emit electrons! It was
theoretically predicted by C.N Yang and T.D.Lee in 1956 that such decays were
found to violate parity conservation, and then the confirmation of parity violation
came from an experiment by Wu ef al. (1957) {2]. The study of such decays led
to the discovery of a new force of nature, the “weak force”. Thus in chapter 4 we

intend to study the elementary particle decays such as

A—-xp and 7’ — ete”

in the framework of covariant perturbation theory {developed in chapter 2). We use
the phenomenological forms of interaction Hamiltonian densities as inputs which
are motivated by symmetry considerations. We then calculate the decay rates of A

and 7 and try to predict the nature of interactions responsible for such processes.




CHAPTER 2
Evaluation of trausition amplitude for Compton scattering and

Bremsstrahlung processes

Bremsstrahlung is a German word that means “breaking radiation”. It is the
electromagnetic radiation emitted by an electron when it is scattered or deflected
by the electric field of a charged particle. Bremsstrahlung is one of the most
fundamental processes describing the interaction of radiation with matter. When
an electron is scattered by the field generated by proton or the field of atomic
nucleus it emits real photons since it involves acceleration of the projectile. Thesc
emitted photons are real photons since they satisfy Einstein’s condition, ¢? = 0,
where ¢ is 4-momentum of the photon. This radiation process can be described
in classical electrodynamics as the radiation of an accelerated charge. When the
charge is scattered, it changes it’s direction and ig thus accelerated.

Bremsstrahlung is common in nature. It is most commonly seen in nature
as Thick-target Bremsstrahlung. ‘This occurs whenever any charged particle, espe-
cially an electron, interacts with matter (the “target”), it loses energy and radiates
Bremsstrahlung [3]. It can also be observed during the interaction of energetic elec-
tron with ions{4].

This chapter is organized as follows: Before going directly to the Bremsstrahlung
processes, in section 2.1 we discuss the propagator formulation of the interaction

of Dirac particles such as electrons and protons. with the electromagnetic field Ay,




Similarly the photon propagator formulation will be discussed in section 2.2. In
section 2.3 we give short description of electron Compton scattering. This process
will be generalized to the Bremsstrahlung from the electron scatiering from the
electromagnetic field of a static nuclens in section 2.4.

2.1 Relativistic propagator formulation of the interaction of Dirac particles

To obtain the results of physical interest such as the cross-sections, transition
rate etc. we first calculate the transition amplitude (the S-matrix element) of the
process. When trying to adopt the above technique to analyze the interaction of
Dirac (spin%) particles with the electromagnetic field, we first consider the Dirac
equation of particle in electromagnetic field A4, = (4, ¢),(where A is the magnetic

vector potential and ¢ is the scalar potential) which is given as

0 | A
<7u5(1;_ " -m) U(w) = dey, AT (2) (2)
U

which is obtained from a free Dirac equation, by incorporating the minimal elec-

tromagnetic coupling through the prescription

e,

Pu = Pp =~ (2.2)

where in (2.1) ¥(2) is a four component column matrix wave function of the Dirac
particles, v, = (V;,74); Vi,V are 4x4 (raceless Hermitian Dirac matrices obeying

the antl-commutation relations

{fY,LIJ,YU} = 26;:1) M,V = 1, 2, ,4 (23)

and n is particle’s rest mass.
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The solution of (2.1) is

U(w) = / K (2, 47) [~ev, Au(2')] (o), (2.4)

In which K(z,2') is a Green function (electron propagator) satisfying

0
( -t m) K(z,2)) = —i*(x — 2). (2.5)
“ o,
Here §® (x — 2') is the four- dimensional Dirac-delta function.

The solution (2.4) can be checked and proved by substituting (2.4) into (2.1)
and making use of (2.5). However, even if we add to {2.4) any solution of the free
wave equation ¥o(z), the differential equation (2.1} will be satisfied. i.e. we can

write the complete solution of (2.1) as

Ue) = Gale) + [ Koo AN (26)

Where Wo{2} is the free plane wave solution to Dirac equation (in scattering prob-
lem, it may represent an incident plane wave).
We can obtain an approximate solution to {2.1) by iteration method in a form

of a series accurate to any desired order of interaction parameter ¢ as

W(a) = ole)+ / da! K (@, ) ey, A, (o)) To(e)

+ / [d"‘.’z:'d”‘w”K(x,m’)[—e’y“A#(a:’)]

x (2!, &"Y[—ev, Au (/)] ¥o(z) /// (2.7)

The first integral in the right denotes the first order interaction in e which can

be described as ( fignre 2.1), the incident particle of wave function Uo(z') gets




scattered at &' by the field A, (2') to give rise to ¥{x) (If there is only one interaction
point &', I the interaction volume V) . The second integral denotes the second
order interaction in e. (If there are only two interaction points &' and a” in V)

an< so on.

Scattered wave Scattered wave
time time
v 1V
Incident wave Incident wave
space space

Figure 2.1: Diagrammatic representation of the perturbation series for the scattered

wave.

To obtain K(z,a'), we first solve K (z,2') in (2.5) for ' == 0. Expressing K (z)
in terms of its 4 — D Fourier transform, such that

1
(2m)

K(x) = fddpeip'mg(p). (2.8)

Where f]:(p) is the four dimensional Fourier transform of K(x) and substituting
{2.8) into (2.5) ylelds

1
(2m)*

f d*pliy,py + m)e??k(p) = —i6'(z) ;d'p = d*pdpo. (2.9)

And inserting the integral representation of 4-D §—function, which is

l 1 ipr 1
61(’17) = W/d“pe" (210)







in equation (2.9), we get the form of electron propagator in momentum space as,

—1

kp)=-—— 2.11
(p) = v (2.11)
Rationalizing the denominator in (2.11), and putting in (2.8), we get
K(a) = — / gip P ) (2.12)
o (am)! P+ m? ' '

Making use of the transitional invariance of K{x), without loss of generality we

write

N =i (=VuPu + M) e o :
K(x—a)= L / d'p p;:‘mg e =), (2.13)

First splitting the space and time part of the integrand and integrating by
choosing the appropriate contour of complex integration the above equation be-

comes

1 [ PF ey _
A / T e C I iy 4 7 — m)e ) (2.14a)

for t < ¥, i.e. for backward propagation in time, and

’ 1 dzﬁ ip-(F—a . —iE(t—~¢’ ‘
I((:B — [B) = (—2?)5 /—QECP(Q{ ¥ )(—E')’ipi + ')’4[’/‘ + m)e Bt t'). (Zlfﬂ))

for t > ¥, i.e. forward propagation in time.
The bracketed ¢uantities in the integrand of equations (2.14a) and (2.14b) can
be expressed in terms of 4 x 1 positive and negative energy free Dirac spinors u{* ()

and 9(7) respectively. Therefore by making use of the relation

2 i
s —{s —¥Y;p; + B —1m
3o ()5 () 27:24 (2.152)
§=1 ‘
2 .
and Z ul® ()t (ﬁ) —ib ;714E +m (2.15Db)
a=1




and replacing

1 \ 1
7 Lim —

(273 f S L VA

P

we obtain

T Yo (35 (Fe 7 ) 9 16
Kz — ) E}I_IEOZZ EV (p)o'H(p)e <t (2.16a)
poos=1
and
o — (s) (s) ip(z—x") / ¢
K(x — 2} +\;]—I.I;OEZ 5V Y\ (p) M (Pe >t (2.16D)
Fos=l

Putting K(z — z') from (2.16a} and (2.16Db) in the first order approximation

(first order in €) of (2.7}, we obtain

Wa) = Wolo) + Y O ey e
P’
130 G i i @)e ¥ (2.17)
e

where
t .
" M _ g ! P
Gt = —e f 3 f dt"/E—,I;u( WpYe ' oy, Ay 2y Wo (a)
and
Gﬁ_”,s’(t) = fdsm#fdt HWU(S 1P @' A#(iL")\IIQ(.’U").
Thus

O (+o0) = f & f dt! ,/E”’{/ N (@)e Py A (o) Wol)  (2.187)

But Gy ,{+00) can again be expressed as

+oc

Gy (ro0) = i f at (1 H, () i) (2.18)

— 00
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where

i) = [IHE) ) = e A )
Here H(t') = —iel(x ')y, A (z")¥{(2') is the Hamiltonian density describing the
interaction of Dirac field ¥(z) with the electromagnetic field A, (). And H;(') is
the interaction Hamiltonian.
We recall that in the interaction picture the wave function @(t) of a system at

any time ¢t is related to the initial wave function ®(tg) at to by the equation
@(t) — UI (t, t(])‘l)(t[)) (‘219&)
Here Uj(t,t0) is the time evolution operator which satisfies the equation,
d _
%EUI(t,tU) = H,;Uj(t,t0) (2.19b)
subjected to the initial condition
[’r](t;tO)Jt:to =1 (2190)
The differential equation (2.19b) together with the initial condition (2.19¢} is
equivalent to

Ur(t,to) = 1 — g:fH;(t’)UI(t',to)dt’ (2.19d}

where H(t) is the perturbation. We can also obtain an approximate solution by

applying iteration method to (2.19d) as

Ur{t,te) = L1+ (- )/dtHI )+ (—i fdtfdt"hn YH (")

tht1
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This series is known as Dyson series [5]. Using this series we can compute U (2, fo)
to any desired order of interaction. Suppose the system is known to be in state |i)
at t = —oo. The transition amplitude for {inding the system in state | f) at { = oo

is then

{f|U(c0, —c0)]i) (2.20a)

This motivates us to define what is known as scattering matrix or S-matriz by

S =U(c0,—00) ; B(o0) = SB(-~00) (2.20b)

Therefore the perturbative expansion of the transition amplitude (S-matrix ele-

ment) would be

S'fi = S’_,(F[:) +‘S'_(f:, -+ Sr.(fg) + ... (2200)
where SJ(C?) = bp
v _ . ‘ "
s = () [avgimen)
oo t
s = ot [ @ [arnmeme

Since Hy(t) is Hermitian the S-matrix is unitary so that probability would be
conserved.

Thus we note that Cf _(400) in (2.18a) or (2.18b) is nothing but the Sffli)
matrix element or the first order correction to the transition amplitude for {inding
the system in positive energy state |f) characterized by 4-momentum p' and spin

" if it were initially in state |¢) characterized by (p, s ) having wave function ¥o(2).
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Similarly we see that,

Crorl N ()/.dwf dt VE’V o () Au(a ) Wola) (2.21)

is identical to the S}? matrix element or the first order correction to the transition

amplitude for finding the system in negative energy state | f} characterized by (p',¢)
if it was in state [¢) characterized by (p, s ) having wave function Wo(a').

Similarly following the same argument above the second order correction to

the transition amplitude Sg) is found to be

2 N A ,,’ ax'—(s
‘J(‘i): /‘d‘iﬂl\/‘dd’ p' (

[y, A Jl{a! ")y, Au{2”) Wo(2") (2.22)

where we get two orders of interactions.

2.2 Wave function of single photon

A photon moving in a source free space {where it is not interacting with parti-
cles or the electromagnetic current density 7, = 0) can be described by a 4-vector

potential A, = (A,i¢) which satisfies the Maxwell equation
0,8 A — By (B = = . (229
Under Lorenz gauge A, satisfies
Oy A, =0 (2.24)
this reduces (2.23) to a simpler form as

Dy Ay = 0 (2.25a)
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Le.
[(1*A, =0 (2.25h)

where (0% = 8,8, is the d’Alembertian operator.

The solution to (2.25) is
A, = ——=e %, (2.26)

where & and w are the 4~-momentum and energy of photon, J#—V is the normaliza-
tion constant and ¢, is the polarization vector of the photon. We can see that the

solution (2.26) satisfies (2.25) if k% = O.i.e.
K = |k2| —w? =—m?
= 0 (2.27)
which implies a free photon (we call it real photon) is massless. The Lorenz
condition (2.24) together with {2.26) implies for a real photon k-& = 0. The
argument of the exponential in (2.26) i.e. —k.z, is a Lorenz scalar and hence is
the same in all inertial frame.

But if the photon is interacting with a charged particle the electromagnetic

current density in (2.23) would not be zero. So under Lorenz gauge (2.24) becomes
O%A, = jo. (2.28)
The differential equation (2.28) has a solution

Au(a) = / 4! Dl — o)j (') (2.29)
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where Dp(x — ') a photon propagator satisfying
(2 Dp(e — 2') = 6z — 2) (2.30)
Making use of (2.30) one can easily see that the solution (2.29} satisfies (2.28).

To determine the explicit form of Dp(x — z'), let’s first express Dp(z — 2') in

the form of Fourier integral as

1 ot
Dp(z —a') = ) f d ke @ D (k). (2.31)

Setting &' = 0 from (2.30) and (2.31} we will have

*Dp(z) = 6*x) (2.32a)
1 "
and Dp(z) = . / d ke D (k). (2.32h)
(2m)

If we replace (2.32b) in (2.32a) we get

(PDp(s) = "(2;[? / (k)@ D (k). (2.33)

And comparing (2.33) with the 4-Dirac delta function which is given by

1 il {m
§Mz) = oy f d*ket ) (2.34)
we see that
—1
Dr(k) = - (2.35)

So that putting (2.35) in {2.31) we finally see the photon propagator Dp{x —a'} is

]. ik lz—a' '_"-L B
Dp(x—2') = 2y / dtket =) [F] (2.36)

We shall use the results in the previous sections combined with the appropriate

parameters to analyze and calculate cross-sections, transition rate etc. in the

following chapters.
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2.3 Compfon Scattering (v+€ — v +¢€)

In this section and the following the propagator ideas {electron and photon
propagators) have been utilized to illustrate the techniques involved in the calcu-
lation of transition amplitudes, cross sections etc. of processes like bremsstrahlung
due to static nuclens. However we first give a brief derivation of calculation of S}?
for the process of Compton scattering. Since the velocity of the particles in these
processes is comparable with the speed of light ¢, it is necessary to treat the process
relativistically. The theory describing the processes, Quantum Electrodynamics ,
can be solved to arbitrary orders using the approach of Feynman diagrams.

Compton Scattering is scattering of photon by a free electron. we consider
the scattering of a photon of 4— momentum k by a free electron of 4 —momentum
pi. After collision, the electron and photon recoil with 4-momentums p; and &'
respectively. This scattering process involves real photons (k% = 0). Real photons
are produced during the scattering processes and escape the interaction region. A
real photon is described by two polarization 4-vectors (e(A), A = 1,2). A photon

of given momentum % and polarization A is represented by the plane wave as

1
V2wV

in which the first term describes the wave function of emitted or out gong photon,

Ap = [eﬂ (Ae™#** 4 Ep (/\)e”"w] (2.37)

and the second term describes the wave function of absorbed or in going photon.

. . _ | L . L. . T
Here e+k = 0 and £,&,, = 6;,,. And the factor Jaov s ot malization constant. Here

w 1s the photon frequency and V is the interaction volume. During the Compton

scattering, though there are two interaction points corresponding to points of emis-
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sion and absorption, it is impossible to tell which (absorption or emission) takes
. , . : 2

place earlier or later. The S-matrix element for this second order process (S}i)) can

be expressed in two different ways, which correspond to processes A and B in the

figure 2.2 (Feynman diagrams).For the process A, the perturbative expansion of

K, e T Pr Py
K\/\/\/\/\,\/\ x’ ¥’ K\/\f\,\f\i'\i\
q N
X M &,1\(/’\;’,\/\/\/‘ v
A K.e
Pi P '1
A B

Figure 2.2: Lowest order diagram for (k) + &(p;) — (k") + e(pf) (Compton
scattering). (k',€') and (k,e) represent the momentum and polarization f-vector

for the emitled and absorbed photon, respectively.

the wave function ¥(x) in powers of e is given by (2.7). Since the process involves
two interaction points (photons), it is second order process. According o equation

(2.22) the transition amplitude for the process A is given as

(2)JA — (ue)zh/\dlliﬂ./\d:lmn'"

X[ An(@)k(, 2") [y, Ay (’b")]\/ it U(‘“)(ﬁ ) (2.38a)

T )

Similarly for the process B

s®, = f & f a2 T )

% b, A @ (e, )MAA)MGWMWM”“, (2.38b)
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where we replaced ¥p(a") the incident free electron wave function which is

Tk Ny gt - e
Uo{2') = ‘/WU(S ;) e (2.39)

and k(a',2") is electron propagator representing the internal fermion line (electron

of momentum g, and is given by equation (2.13) i.e.

1 —1 +m o
k({ﬂf,i‘") . (2 34 fd4q Agni# . eaq-(m - ). (2'40)
T gt +m

Inserting (2.40) in (2.38a) and integrating it over @’and &’ yields

—ie?m(2n) 6 (p; + K — pi— k)
Vidww' B'EV4

ey [ CHPHR) MY 2.41
v (pr)e ((p,-—l—k)z—l—m? eu'™ (py). (2.41a)

S‘f(f) J A =

where the bold terms € =v,,6, , p = v, py and k= 7v,k,

oimilarly, the contribution from the diagram B will be

—ie2m (2 )48 (py + B — pi — k)

Vdww B VA
_(Sn’) — _‘?:(p; - k’) + m ' (S) = ;
u Py e ( s —R)2 ro ) < (p:) (2.41b)

S)s =

The total transition amplitude for the Compton scattering contributed by both

the diagrams in figure 2.2 is then given by
Si =824+ 595 (2.42)

Once the transition amplitude is determined, one can further calculate the
transition probability per unit time (the square of the transition amplitude per

unit time) and the cross-section for the Compton scattering.
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2.4 Bremsstrahlung from interaction with static- nucleus

Whenever any charged particle, especially an electron, interacts with matter
(the “target”), it loses energy and radiates Bremsstrahlung [3,4,5]. Any electron
or any charged particle, on passing through a nuclear Coulomb field will emit
photons through it’s interaction with the Coulomb field. The radiation process
can be described in classical electrodynamics as the radiation of an accelerated
charge.

The lowest order diagrams for electron Bremsstrahlung in a Conlomb field can

be given as in the figure2.3.

Nucleus

Nucleus

Figure 2.3: The two lowest order diagrams for electron Bremsstrahlung in coulomb

field.

The Feynman diagrams in this process are similar to those for Compton scat-
tering (for instance figures 2.2A and 2.3A) except that the incident or the incoming

photon is now from the static Coulomb field of charge ze, which leads to the second
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order transition amplitnde Sff), to be

S{(i?)JA = /dl,bf/dl .r,r\/— zpfq (3-') )’7!‘ Zj)‘/eik"‘h'

I ?fyq—‘_rn .T*'
X(Tw‘)?/dq () e e

I gieia () (5, ‘
EVep " (7%) (2.44)

This equation is similar to the transition amplitude for Compton scattering,
But for this case, the vector potential at 2”,A,{2") is the coulomb field which has

only the fourth component, namely

— Y —iez

A= ( A ) A4), with A =0 and A4 = m, (245)

which reduces vy, A, to v, A, After replacing (2.45) in (2.44), terms can be re-
collected as

]
8(2) — —em /ffd4mfdtlmifd4
Al (2m) 2w B BV !

—iq +m
qf2 + 7TL2

w, —2eY,

Xe_i(pf'}'k'fq )3‘ ﬁ(‘g )(ﬁf)e( )e“i(q'_pi)“r ( 47-[_[7‘]

Jul () (2.46)

where the bold terms € =v,€, and q' = 1,4,
The integral over 2’ contributes the delta function (27)6*(ps + k — ¢'). Next

integrating again over ¢’ leads to replacing of ¢’ by py + k. We thus get,

- 2 .
(2) _ —ie*m 5 () —i(ps+k) +m
S = —— { d*2"u €
N T #) ((pf YR )

—ize

—i k--p;).at — . b
X(47r|""|)e Upsth-p)ey () (). (2.47)
Expressing the potential 4?|?‘| in terms of it’s Fourier transform, ;q%; where ¢

—
— =
g =

is the three momentum of the coulomb photon ( ¢+ k — ), we will have

KA ” :ZC ‘—'?:('Pf+kfpi)-‘-1:”_,_, <t . _ize P -
f it (47r|7|) SCCRTE] Cee e B LD
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where in the above cquation the integral was split into it’s time part, which con-
tribute the term 278(1Y +w — F) and the space part which yields the term in the
bracket.

Putting equation (2.48) in (2.47) and rearranging terms, we get

S| e3mz  2mé(E +w— E)_ﬁ(s,)(_, e [—i(pf+k) +m

A= — — — 2 ) 2:| ’Ydu'(lg)(ﬁ’i)'
VA E EVE |5} + &k — ) (py +K)?+m

(2.49)

Similarly, Ség)J B, the contribution for the transition amplitude by the second

diagram in figure 2.3 can be obtained by the same argument above, and it is found

to be
emz 2B Y w—E)_ —i(p; — k) +m )
S|y = a* (g en®) ().
N G 5z + K B s |, — k)*+m? "

(2.50)
Therefore the lowest order S-matrix element {transition element) for the bremsstrahlung:
in the coulomb field of nucleus will be the sum of the transition elements con-

tributed by the two diagrams. Thus
S| = 53 4 5@, (2.51)

e*mz  2m6(F' +w — E)
VWEEV? |5} + & — Pl

—’i(pf-]-k) +m
(pr +K)* +m? V7

5]

—i{pi —k)+m
(p: — k)% +m?

where F = 7 (p}) |e(

Note that only the energy é—function (describing energy conservation) has sur-
vived. l.e. the 3- momentum is not conserved, because the field is due to static

potential source (the stationary nucleus) which does not move.
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The quantity of interest is the differential cross section for scattering of electron
in to a solid angle df), with the emission of a photon of energy w in to a solid angle
d(2.,. The differential cross-section do is defined as

_ ISnPP vdPp, VdPk BV
T (2m)s (2m) pi

(2.53)

Srl? . . . e vdd 3
where l—% is the transition probability per unit time, Eﬁr} d E;‘_‘r)’g are the

density of final states of scattered electron and the emitted photon in a voluime V'

[p:]
BV

respectively, and is incident flux of the incoming electron, By making use of

(2.52) the differential cross section (2.53) becomes

e m22® (2m) 6% (B + w — E)( L )lF_PM (2.54)
g% BT e |

o= 0 F

So far the spin orientation of electron and polarization of photons have not
been considered. The way in which the calculation proceeds depends on the ex-
perimental set up for which the calculation is being performed. If the incident
photon and electron are not. polarized and the polarization of the scattered elec-
tron and photon are not measured, then we must sum over the final state spins s’
and £ and average over the initial spins s and ¢ of electron and photon respectively.

Taking the advantage of the matrix relation.

2 .
> ) = e, (255)
s=1

2m

the quantity |#)” in (2.52) can be expressed as

. 1 —i(ps+k)+m —i(p; — k) +m —i(P; +mn
If 2 — —_ t » O S A . S
o 2Z:Mﬁm+W+W“ Mo +m? )\ 2m
—i{pr+k)+m . €#i(pi —k)+m —i(Pr +m
(pr + k)2 m2 (ps — k)2 + m? T 2m

JCES
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But noting that
(ps + k)* +m? = 2p; « k) and  (p; — k) +m? = —2(k - p), (2.57)

|F|* can further be decomposed in to three parts as

1

F|? =
|1 2bn?

(F1+ Fy + F3) (2.58)
where

R o= 2 Ztv —i(Pr+K) + m)y, (—iP; + m)~, (2.59a)

X (—z(PerK)—l—m)e( —iPy 4+ m)]

Fy, = Fipi— —ps) (2.59b)
Fy = tr| — K)+m)e (—iP; +m
x74(—i(Pf+K)+m)e( —iP; +m)]. (2.59¢)

Choosing £4 = 0 one can evaluate each cumbersome expressions (we will deal with
the techniques of evaluating the traces further in detail when dealing with a more

general case, Bremsstrahlung from moving proton) to arrive at

8 :
Fyo= (pr k)? Y 12e ps)*(EF + 2Bw + p; - py + k- pi +m’) (2.60a)
re c

—2{e-pi)(e - pr)(k-pr) — (k- pi){k - pr) + 2Bw(k - py)]

Iy = Fi(p < —py) (2.60b)
Py = = Y {le-p)e-pr)lk-ps k- py— 2pipy — BB — 2m?
(k-pr)k-ps) & ‘

—(e ps)? (k- pi) + (€ p)? (k) + (k- pi)(k - pf) — M

~wlw(p; - ps) — Bk -ps) — Bk ps)] (2.60c)
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Therefore for the evaluation of the cross section (2.54), using the property of

Dirac function that
(2n)2 (B +w— F) =2rT6(K +w — E) (2.61)

and replacing d®p; by |p;| B'dE'dS),(from the relation, E? = p? 4+ m?) in (2.54),

and integrating it as

6?22 2m)6(E — K dQ.d*k

10 = ooy f( AT e D) | AT R g

pi(2 ‘IT;JF K~ v

we get
do  o®m?2® |py I3k d*k 5 63

dQe N 2 lp1| — 2 —3 47 ( ' al)

pr+ k — pi
do a*m?z® |py| w|F) (2.63)
e e 2 . 1 00D

dS2,dwdS2, w2 |p 57 + -

where we replaced d?k = w?dwd(), (here df), represents the solid angle where the

2
N 4
photon goes), and o = e

The result (2.63b) is therefore the differential cross section for scattering of
electron and at the same time producing a photon of energy w per unit energy

interval and per unit solid angle of photon d€,.




CHAPTER 3

Bremsstrahlung from electron scattered by a moving proton

3.1 The transition amplitude and the cross section

In this chapter we return to the general discussion of scattering formulation
responsible for ernission of radiation from an accelerated electron moving in the
electromagnetic field of a moving proton (see fig.3.1). We further calculate the
relativistic transition amplitude and the cross-section for this process. The details
of trace calculation will be explicitly shown during these calculations. We will try
to estimate and analyze the result for various assumptions (such as my, >» m,) and
soft photon limits at the end.

When an electron interacts with electromagnetic field of a moving external
particle it emits bremsstrahlung, Here we intend to analyze radiation emitted
(Bremsstrahlung) from an electron interacting with moving proton i.e. photon

radiated from e-p scattering,.

etp—etpty

We calculate the cross-section for this process using methods similar to the one
in bremsstrahlung from the interaction of electron with a stationary nucleus.

The two lowest order bremsstrahlung diagrams of the process are shown in the

figure 3.1.




Fs
"
x f ’I x
Py q :
P gy eleciron

cleciron
proten

Figure 3.1: Feynman diagrams for bremsstrahlung from an electron interacting with

moving proton.

These diagrams represent the scattering of an electron by a proton in which the
scattered electron additionally emits a real Bremsstrahlung photon. The internal
fermion line in figure 3.1 represents the virtnal electron. The diagrams in figure
3.1 are similar to those for bremsstrahlung from the interaction of electron with
coulomb field except that in this process the target (proton) is moving during the
interaction.

The expression for transition amplitude for this process is the same as (2.44)

Le.

. . ’ _fatf _ W ’Y ,Ey T
S(B) - —4 2 f d4. S 1‘ i M (3") ip1s.a } Ltk
—1 =Yg I\ oot

/ my (s} RYE ,—.m”
x E‘l‘/u (plt)?pl (3]‘)

but the difference arises from the source of the potential A,(z"). The source

of the potential in this case is not from static coulomb field but from the moving

proton. The photon exchanged during the process is described by using the photon
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propagator which is given by (2.29) or

A" = [ Dyl =o'y (3.2)

where D;(y — ") is the photon propagator given by (2.36) and J,(y) is the clec-
tromagnetic transition current density of the proton of mass m,, and charge e.

Thus

G -a")
Dy(y —=2") = /W(q,g)d4ff (3.3)

Jly) = iely, ¥ (3.4)

or

- m a' —ipog.g B H
Jy(y) = e E”iz/ 7il )(p f)e P2slly /EV ()( ) P2y (35)

Substituting (3.3) and (3.5) in (3.2) implies

g’ (=z"-y) 1 , .
) f/z&ibd"‘ € T ( ) /énf/ﬁ(ﬂ(ﬁzf)eﬂpw.y%/
2
/ u’8 (7 VeP2Y
x E_Z“/ (p ) N (3'5)

To solve the integral (3.2), we first integrate (3.5) over y and ¢'. We first. collect

terms in (3.5) as

12 ; 3 *1 T
AU CDH - ————?ﬂ—nim—h d4 ! fd"f w{—q'—pas +r2i) igh.w’!
(@) @m)1V /T a( ] dve )l
xa(s,)(ﬁz,f)’)fuu(s)@i)- (3.7)

and making use of the property

[t = (o) s - gy — ), (3.9
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(8.7) will reduce to

1€y d
(2 YV /B E),

e N H_ Y, L, V7 s .
X(;}ﬁ)ew @ P Yy, (). (3.9)

Ay (") L' (2 Y 6 (P — P2y — @)

Again using the properties of delta function (3.8), and noting that ¢ = pa; — pay,

we get,
A, (2") = (ie)'imy (2m)? T (g )y, ) (g ) P2~ P2
2" = . v ; .
(@m)*V \/Ba By (2)* [pas — pay?
(3.10)
Making use of (3.10) the transition amplitnde (3.1) becomes
s, — (—1€e)%my iemy (2m)*
U8 T OV BB, (25 2w EL B VP
—1 (s —iy.q +1my
< d"ﬂ ”d4. ,ndnt '(3 }
(271_)4 f ra T dqu (plf)e ¢ + 'TTL% Yo
% ul®) (Do) (D)
|p2i — P2 f|2
xu(s)(ﬁli)eim’-(fm;~k+q)eicc”-(ﬁ qﬂwi*mri—pu)_ (3_ ]_1)

The integrals over £’ and g will be carried out using the delta function properties:

f dtal e D — (amytt (g — piy — k),

(3.12a)
| 1
— [(M) ee'w”'(;q"kpzi*mﬁri’li) (3121))
g +mj

q=py stk
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and
fd4$"e‘“""("q+P2i—P21i'Pu) = (20)* 6 (prs + poy + k — pui — pui)
(3.12¢)

so that (3.11) becomes

—e*myimy (2m)*6*(p1s + p2s + & — pri — pi)
2w E B By FLVE \pai — P21|2

iy —iy.q -+ m _ .
w*)(pyy)e (_c;:]r_—ﬁi_l) Vo {7 D210 (p2s) } 1w (p1:)(3.13)
1

5P 4

where g = py5 + k.
Denoting w717 by #, «®(pr:) by w1, u®N(zy) by W, and wCH(Fy) by ug,
and since w4 (Pap )y, u® () is a 1 x 1 matrix we can shift it’s position in (3.13)

and rearranging the terms in (3.13) we get

SO, = —e*mymy(2m)*8° (pyy + pag + k Pl; - Pzi)ﬂfg%,uﬂ.
2wE) B} By ELVE |pg; — pay|
_ ~ify.(p1f+k‘)+ml>
e - 3.14
1 ( (plf + k)?, + 7”:% ’Yu 1 ( )

Similarly one can obtain Sf(j'z)] g (the second diagram in fig 3.1) by interchanging

the order of potential in (3.1) (ie. exchangingy, A, and v, A,). Following the same

argument above it is found to be

—&®mymg (2m)46* (p1s + pas + k — p1i — pas)

2wEL By EAV® Apa; — poy|

— —?”Y(plt - k) + Ty )
) , 1
Uy Yy ( (P — F)? ) €1 (3.15)

The total transition amplitude for the process is then the sum of the amplitudes

contributed by both diagrams in figure 3.1. That is

SO = 50|, 4 5O,
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Hence

3 4 ed ) b M — T
e'myma(2m)* 8" (p1s ‘HJ'er +k p1,2 Pi) [ty y, u2,
V2B BBy By |py; — oy

—(y ) m,) (*i’Y- (pr — k) + ml) }
‘ v €7 1.
{ ( (p1y + k)2 + mi T T (pii — k)2 + m2 1

(3.16)

‘9152 ) ‘ =

This is the total transition amplitude for bremsstrahlung from electron scattered
by moving proton. The delta function in (3.16) expresses the overall 4-momentum
conservation.

Using the Dirac delta function property

[(2m)*8* (p1y + poy + k— pri — st)iz = (2n)*VT8" (p1s + pas + k — p1i — pai)

the transition probability per unit time 7' will be

2
(2)

’Sﬁ ‘ ~ eSmim3(2my* V8 (p1y + pog + k — pri — pa:) v (3.17)
T 2w By Ei EQE-EVE’ |p2i - p2f|4

where x? is the square of the term in the squared bracket of (3.16), It is given as

_ _ —iy.(pis + k) 4+ my —17.(pr: — k) +my
2ty et e [ YL 4oy ey,
X 27 U2 1{ (plf + k)2+7n¥ v T Ty (pli — k)2 +m% ul}
(3.18)
The differential cross-section do is given hy
SHPVdpy Vdipa, Vd*k 1

T (2u)* (2m)% (27)® Fine
where Fj,. is the incident flux. The problem is now reduced to that of evalnating

x?. Quite often we are not. interested in the transition probability to a particular
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spin state. But what s really observable is the transition amplitude to final states
withoul any regard to the spin orientations of electron, proton and polarization
of emitted photon. So we must sum (3.18) over final spin orientations of electron
(87), proton (s)) and photon polarization (¢) and average over the initial spin

orientations of the incident electron (s;) and proton (s3). This gives a factor of

1
I

(XIS
B =

The spin sums are carried out by making use of the projection operators given

by (2.55) i.e.

2 (_@"’Y,upjt + 7n’)a,@ .

Z u(p )ﬁg) (p) = 2 ’
s=1 '
Denoting the terms in (3.18) as
N = ﬂ;’yl}uz (320&)

M = € , , 1 3,901
( (p1y + K)? +mj} Yot (p1; — k)2 +m? & )

so that x? in (3.18) will become

x: = i SN0 (N Muy)? (3.21a)

s18) sp8 €

1 _
- SO ar My (3NN Mu, (3.21b)
£ 878} sp8h
1 -
= >0 N*N)(5 > MuyT Modyr,) (3.21¢)
€ aysh 813

where M = ~,M*,. Making use of the notation (3.20a) and noting that (y,)? =1,
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The sum over s1 and &) will be carried out as follows;

Z NTN = Z 1[2"747473’7411’2@2’7“11/2 (3.21d)

8250 25
- S u (3210

$29%
—iy. Dy +m —iy. m
. (—iv.p2s +ma) U( v-P2s + 2)% (3.211)
2my 2ms

where at (3.21e} use has been made the relation v,v/ v, = —7,. Aud in (3.21f) we

used the relation (2.55), Therefore

ZNJrN = [ PaiawP2ray + My, Y, (3.21g)

3252

where the bold letters represent a 4 x 4 matrix as py; = v.pa;, Pas = 7.p2s- And
we denote v, as v.a, = a,, where @, is a unit four vector in the direction of v.

And using the relation that, for any 4-vectors A, B, C and D
tr{ABCD) =4{(A- BY(C- DY+ (A-DYB - C)—(A-CYDB - D)] (3.22)

we get the trace for (3.21g) to be
Z N i—jV = p?b‘pZy + prp‘Zu pz-p;(sPU o 'TTL%(S#U] : (323)
s34}
where we denote psy by ph and py; by py.
Replacing (3.23) in (3.21¢) and using (2.55) again, the x? term in (3.21¢) will

become

1
e T T

x= th [M W“*’”])M( iy ) | (3.24)

711 2ITLl




After inserting M from (3.20b) in (3.24) we get

1
2 ’ ! ’ a2
X' = Gt [P2uPhy, + PouPhy — P2.P260 — Mabpo ]
e~y (o1 p+HRYHmy oy A—1r.{pri—k)tmy e .
[i ];:‘plf l) £ L k"Pli = ] (—?‘/‘I’-pli +'m’1)
Xt
'Yv(“i’)‘-(P +k)+’nl!( —i. i—kHm o : .
X [ l::’rlf — < T(plk‘;’u} ks } (—W-Plf + In’l)
(3.25)

where use has been made of the relation

74(ABC) v, = ~-CBA (3.26)

for an arbitrary set of 4-vector A, Band C. And in the denominators we used the

relation

(p1y + k)2 +m? =2(pis k) and  (pi — k)2 4+ m? = —2(k - py). (3.27)

Now the next step will be determining the trace in (3.25). But y? it sclf is

composed of three traces as

2

X = 26,”12.”12 [szpf% + pzﬁpgu o p2-p:'25,uu - 7n§6u§] (X1 + Xo + X_3) (3.28)
PARRS |
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where, (denoting piy by py and py; by p;).

e[—i(ps +k)+m] 7, [—ip: +m]
" (TL? Dt / (3.292)
Pyl = X7, {—i(ps + k)+m] e [—ipy +m]
1 ¥, [—(p; — k)+m) €[—ip; + m) |
% = G (3.29b)
€ XE [_T-.(Pi - k) + 7n,] Yy [*ip,r 4 ‘ITL]
r )

¥, [=i(pi — k)+m] e {—ip; + m|
XY, [=i(py + K) +m] € [-ip; + m]

» — - t!
Xs = W puy) k- pr) Z " +

€ [-i(ps + K)+m] vy, [~ip; +m]

\ %€ [—i(p; — k)+mly, [—ip; + m|} J

(3.29¢)
When evaluating the traces, the symmetry properties of these traces are important.
Some are described by exactly the same formulas with only different inferpretation
of the momenta involved. For example by using the cyclic permutation rule of a

trace and properties of y— matrices
#r(ABC) = tr(CAB) = tr(CBA) (3.30)

X 18 the same as x; except that k& in x; is replaced by —k in x, and p; replaced
by py. Or we can say that x, is the same as x; except that p; in y, is replaced by

—py in X, (or viceversa).i.e.

X2 = x1{p; © —ps) (3.31a)
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Similarly the second trace in x3 can be obtained by interchanging p; and —py. ie.
Y, [—i(pi — K}+in] € [—ip; 4- m]

-1 Z
X3 = P t’l‘
k- k. pi ) .
e pis) i) < XY [~i(ps +K) +ml € [—ipy +m]

+x1(pi «» —pg)} (3-31b)

Y, [=i(ps — k}-+m] € [—ip; + m)

-1
Xz — Zt'r
k - kg ) .
(k- p1g)(k - pri) ¢ X7, [—t(ps + k) +m] € [—ip, + m]

+xi(p: < —ps)} (3.31b)

These and other symmetry properties will be used repeatedly in the forthcoming
trace calculations so that we can reduce the actnal evaluation of all the laborious
traces.

We chose ¢ in such a way that ¢ is perpendicular to the plane formed by a, —a,.
And hence a, - ¢ =0 and a,, - ¢ = 0.

The trace x; by itself is composed of 18 matrices. We use the notation 7y, = -
a,. Where a,, is a unit four vector with i component is 1, and the rest components
are gero, i.e. a, = (0,..,1,..0,.). Which implies a, - a, = .

While evalnating the traces we will use the following relations as a tool. For

any 4-vectors A, B,C and D
AB = 24.B-BA (3.32&).

tr(AB) = 4(A.B) (3.32b)
tr(ABCD) = 4[(A.B)(C- D)+ (A-D)B-C)— (A C)B - D)] (3.32)
tr(Ag.. Ap) = (A Atr(AsAg Ay — (A - Agdir (A Ay AL) H{3.32d)

o+ (A] ! An)f;’l'(AgA3...Anm1). (3320)




We first evalnate the four traces without a factor m, which are

Ty = lr(epsa,pia,Prepy) (3.33)
T, = .tr{epsa,pia, kepy) (3.34}
Ty = tr(ekayp;a,prepy) (3.35)
Ty = .r(eka,p;a kep;) (3.36)

The first trace 1} is evaluated as:

= t7'(€Pfa#Piaqu€Pf)
= 2(e pp)tr(a,pia,preps) — (—md)tr(aupia,pyr), s by (3.92a,e,f) (3.37a}
=2 ps) [2(e- po)tr(aupia, ps) — (—mP)ir(aupia,e)] )

+ 4m®{(a, - p:)a, - py) + (@ - ps} ey - 2s) — (@, - @) (0 pr)], j0y(3.82a,c)

(3.37b)
= 2{c - prHB(e pollaw - pi)av - pr) + (op - pr)law - pi)
— (v @) (i - pp)) + 4m?((ay - piay - €) + (ay - €)(ay - pi)
= (ay - 0, )(pi - ©)]} 5 by (3.52c) (3.37¢)
= 16(e * 97 ) [(Pippro) (Pribiv) — 1o (i - ps)] — 8mP (e py) 10 (€ - 1))
+ 4 (D4 ps0) PP} — S0 (pi 1)) (3.37d)

where in the last line we have used the fact that since o, and a, are unit

th

d-vectors along ut* and v™direction so that we have

pira, = piyp and  piea, =D (3.38a)

preay = pp oand ppea, = Pro. (3.38D)




Similarly we can evaluate the 2" trace T as

T, = tr(ep;a,piackep,) = 2(c - py)ir(a,pakep;) — (=m?)ir(a,p;a k).

(3.392a)

Applying (3.32d), the trace tr(a,p;a.kep,) in (3.39) will be

tr(a piavkep;) = piuky(e-pp) — 46,k - pi)(€ - pr) -+ 46,0(e - p:i}(k - py)

+4k;1piu(6 ! pf) - 4k,upfu(e . pz) + 4kupf,u(€ b pz) (3~39b)

Then replacing (3.39b) in (3.39a) and using (3.32¢) we get

Ty = tr(epsa,piaskep;)
= 8(6 ) pf)2pi,uk’v - 8(6 ' pf)2(k 'pi)‘syv + 8(6 ' pi)(c ' pf)(k ' pf)(sﬂv
+8(E ' pf)zpiukﬂ - 8(E * p,;)(e * pf)k;tpfv + 8(6 ' pi)(E ' pf)kb'pflf
+4m?pieky + AMPEupiy — Am* (k- p)6u. (3.39¢)
Similarly

Ty = t’r‘(ekappiaupfﬁp,r)
= 8(e pr)?piwky — 8(c - psY2(k - i) 4 8(c - pi) (e pr)(k - s
+8(c - ps)pukv — 8(e  pi)e - pp)kupsy +8(c - pi)(e - r)kupso

+ 4m2k‘,tpiu + 4m2pi,tkl, —4m?(k . D)6 (3.40)

Note that T3 = Ty[with g1 < v]
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Ty, can be similarly evaluated as

Ty = tr(ekaypia, kepy)

= 2(e - py)tr(eka,p;a k) — tr(ka, piaykp;) (3.41a)
= —2(k - pp)tr(ka,pia,) (3.41b)
= —8(k - py)lpik, + Pk — (k- pi)6p] (3.41c)

Then the sum traces 11,7y, Ty and Ty after rearranging terms will be

T+ T+ T5+Ty = 8{2(c 'Pf)2[(Pz'pru)(prP£v) - 5,u~u(Pi 'Pf)
FPiky -+ Pivky — (ki) + 2(e - pi){e - pr) (k- Pp)bu]
bk pi)(k - Py)j} — Bm (e pi){e - Pr)éyuy
+4m?pipro + 4P piPry, — 4P (pi - pr)Suw
+8m’piuky + 87k, i, — 8m*(k - pi)dy

—8(k - prlpaky — 8(k - pr)piko. (3.42)

We next evaluate traces with coelficient (—#m)%. They are all the product of six

4 X 4 matrices. There are 13 possible products of such kind ( Ty — Ty7) and the




trace Tiz involves a factor of m?.

Ty

g
Ty

T7

Ty

el
1

mn
12

Tia

-
T 14

The trace T can be evaluated as:

These traces are:

= tr{epra,pia, €)

If

(epfaﬂp.,;aupfe)

tr(ep,a,a, ke)

= tr(eka,p;a,c)

H

tr(eka,a,pre)

= tr(eka,a, ke)

If

tr(ea,p;a,pse)

I

tr(ea,p;a, ke)

= tr(epsa,a,ep;)

tr(eka,a, €p;)

i

tr(ea,pia,€p;)

Il

tr(ea,a,prep;)

i

tr(ea,a, kep;)

= tr(ea,a,€).

T5 = tr(epfa_upiaue)

= t"”(pt‘appiaU )

= 4pi,upfv + 4pivpf,u - 4(}91' ) pf)éfw'
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(3.57a)
(3.57D)

by(3.32¢) (3.57c)

We proceed further to evaluate the rest of the traces Tg - Ths using techniques
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similar to the ones used in evaluation of the more complex and longer traces Ty -

1. These lraces are evalnated as follows:

TG t’?‘(epfaﬂpiau pfe) = tr(pfa#au pf)
= —4m26,w

Tr = tr(epsaua ke) =4k,pr 4+ 4k - prlou — 4kup s

|
=
I

t'T(eka;tPiauE) = 4kppiu + 4kupiy - 4(k * pi)6;w

Ty = tv‘(eka#aupfe) = 4k,,pfv + 4(k : pf)é;iu - 4kvpfp
= Tr(p o v}

Tio = tr{ekaja ke) =10

Tll = tr(eaﬂpiaupfe) = 4pi,upfv + 4pivpf,u - 4(pi * pf)(syu

= Ts(p o)

Ty = tr(eaupia ke) = dkyps, + 4kupiv — 4k - pi}dpy

= Ta(p —w)

T3 = tr(ep,aua,ep;) = 8(e - py) 8, + 4M26 0

(3.61a)
(3.61Db)

(3.62)

(3.63a)

(3.63b)

(3.64a)

(3.64b)

(3.65)




TM = tv‘(ekaﬂav Epf) = *4}3;;va - 4(}“‘ ' pf)(syu + 4kupfy

(3.66)
Ty, = t7'(€a;epia,,epf) = _8(6 . 'pi)(f . pf)dlw - 410;';:10;1; - 4piupf,u
+4(pi * pf)‘s;w (367)
Te = tr{ea,a,preps) = 8(c- Pr)26,m + 4?1126#U (3.68a)
= Ty o v) (3.68b)
Ty, = tr(eaja kep;) = —4(k - ps)bu — dkupyy, + 4k, ps (3.69a)
= Tu{p o v). (3.69b)
The last trace, with a factor of m?, which contributes to y; is
Tig =tr(eaya €) = 47?145#”
(3.70)

The other traces involving coefficient 1, m? contains an odd number of v—matrices
and contributes nothing to Fi. Adding all the above results 1-18, and recalling

that traces 5-17 have coeflicient —m?, x; will become

8
X1 = m Z{Z(E 1) [Py so) + (DavPsre) — S (ps » Pr) + Kby + Ky

—(k 'pi)‘snv - m25#U] + 2(c 'Pi)(e pr)k pf)‘slw

€

(ki) (k- pr)buw — (b p)kupiw — (k- pr)kupi} (3.71)
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X2 = X1{(pi & —ps)-

(3.72)
Following similar’ arguments as above

Xo (k- Plfl)?k *P1i) 2{(6 pi) (e Pk pi)duw — (K- pr)éuv + 2(pi  py) S

—2pipro — 2PwPry + 2780} + (€0 pr )k pi) 6w — (€ i) (k- P )b

—(k ' p:.)(k ' pf)(s,uu - 'Tnzk;xku} - 16k;lkv(pi . pf) + S(k ! pi)kvpf#

+8(k - pi)kyupry + 8(k - pr)pydy + 8(k - prikypio. (3.73)

The overall trace of the matrices in v? involved in this specific process is now
determined. And it is the characteristic factor to the bremsstrahlung process from
Interaction with moving proton.

Compiling all the above results of trace calculations, the transition probability
per unit fime will be as given as in (3.17), where v? is as given in (3.28), and
. X1 X2 X3 in equations (3.71)-(3.73).

We next evaluate the cross-section in which the initial proton is at rest (py =

(0,im3}) often called lab-system. Then the incident flux Fj,, will become

Ti P

BV BV

JFinc = El-‘[ 3

which implies

_ S mimi(2n)' 8 (py oy +k — pi— po)x* dpy Py &k
2w By By \pr — ph|* | 74| (2m ) (2m)3 (2n)?

(3.75)

The integral can be carried oul by splitting Dirac-delta function into the space and




time parts as
Elpr+py+hk—pi—p) = E@F+7Po+ k= Pi—T2)
x8(Ey + By +w — By — Ey) (3.76)

where w is thephoton energy, Ey, Fp and £, [, are the initial and the final energies

of electron and proton respectively. Writing

d*pis = |py|" dpsdQe = |py| B dE;dQ, (3.77)
(3.75) becomes
6,,.2, .2 A | = 2
= - Tlm?(zw,) 4lpi!X 0 877+ Tot k — Pi— Pa)
2wE By |pa — py|” 1 P4| (27)
X8(Ef + By + w — By — By pyd B1dQ.dk. (3.78)

We first integrate (3.78) over py using the delta function, 6 (57 + P+ k — 7 —
P'2) and then over B} using the delta function 6(E] + Fj + w — £y — E») to get

do oy ofmiip|  x* &k
dQ. BBy 7wt | Tl py—ph)* w

(3.79)

where o = %.

Once we have this expression, the substitution of x? in (3.79) will lead to the
differential cross-section for bremsstrahlung process due to the interaction of an
electron with a moving proton.

This result i1s more general as compared with bremsstrahlung process from
interaction with static proton target (Coulomb potential). The process in the pre-
vious chapter 1.e. the bremsstrahlung from electromagnetic field of static nucleus

will be used as a very valuable cross-check which vertfies the correctness of our

results.
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3.2 The massive target approximation (m,>>m.)

Comparing the masses of the proton and electron, the proton (m, = my =
938.3Mev)can be assumed to be massive as compared with electron (m, =my =
0.51Mev) so that the proton can be assumed to be al rest before and after the

interaction,

Pr = Pp=0 (3.80a)
and
P2 = Py =(0,imy). (3.80b)

Then the parameters associated with the proton will become

By = Ey=my (3.81a)
pZup’mt = PP (381}))
papy, = —mi (3.81c)

Making use of (3.81a,b,c) the first term in x? (3.28) will reduce as

pZUPI."Zy + P2ppio,u - p?tplzfs,uv - 'Tngé;w = 2102,,1)2,1. (382)

Then 2 (3.28) becomes

1
X’ — [2papad (1 + X0 + X0). (3.83)
1

26m2y
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We lurther note that

(P2vpP2)Piwpro) = (Pep2)(prp2) = (—maBy)(—mals)) = mi By B (3.84a)

(p2up2p) (piupf,u) = FTL%ElEi (384}))
(PawpPap)buw = Papa= —ms (3.84c)
(p2up‘2;z)(k,upiu) — 'fn%Elw (384(1)

’ (pQUP‘Z;z)(kupi,u) = (k‘ ' pg) (P:P‘z) = (—TTLQLU)(ﬁngl) = ‘WI-%E](.U (384@)

(Propoy)koky) = (p2-k)(p2- k) = miw? (3.84f)
X1 = 2-m2 Z{z V2E\By + pi - py + 2Bw + (k- p;) + m?
- (6 : Pi)(f - Pf)(k 7)) = (k- pi)(k - ps) — 2k - p) Byw} (3.85)

Xe = Xa{ps © —py)

(3.86)

Xz = 2m (A plfl P Z{ ¢ pi)(e-pe)l—(k - pi) + (k- ps) — 2(p; - py)

—4B By = 2m*) — (e pr) (k- pi) + (¢ p)*(k - ps) + (k- p) (k- py) — mPw?

—wlw(p: - ps) — E'(k - p:) — E(k - py)]. (3.87)




From the above results comparing (3.85) with (2.60a), (3.86) with (2.60b) and

(3.87) with (2.60c) one can easily sce that

xi = 2miF (3.88)
X = 2miF (3.89)
X3 = 2miF. (3.90)

Therefore the x¥? term in (3.83) will then be reduced to

1
X = s [ Bt F] = | P (3.91)
'm,1

which is identical to (2.58).
If we replace (3.91) in to the expression for the differential cross section given

. by (3.79), and making use of (3.81a), we will get

do  o®m} lpy| |F° &%

Pt iy 3.92
dfle 7 | Tul |py — ph)* w (3:92)

But since the conservation of momentum and energy is guaranteed by the Dirac-

delta function 6*(py +p4 + k — p; — py), we can see that

o2 o' = W@ Py, i(Fa — B! (3.930)
= i —pl (3.93D)

= 4
= m+kfﬁ,- (3.93¢)

Therefore {3.92) becomes

do _o*md |py|  |FPP &%

- 2 |5 ., a7
dsl, ™ |7l lﬁf+'lﬂ_]3‘i\ W

(3.94)
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which is identical to (2.63). This verifies therefore the differential cross section
for bremsstrahlung process due to an imteraction of electron with a moving proton
reduces to the differential cross section for bremsstrahlung process due to an inter-
action of electron with the coulomb field of stationary nucleus, under the limiting

Case My >> Me.

The sum over polarization of photons, ¢ can be performed by labelling the
angle between vectors & and py as §; , the angle between k and p; as §; and the

angle between the planes (k,ps) and (k, p;) as ¢ [6]. As shown in figure 3.2

Figure 3.2: Kinematics of the Bremsstrahlung process from o static nucleus/6).

Since k- € = 0, by choosing k& as a unit vector along z axis we can set the
two possible polarization vectors €, along 2 and y axes, and hence € = (€,0) =

(€1,€2,0,0) we can express the sum > (e ps)? as
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Z(C 'Pf)z = p%m +p3?‘y
= ‘pf“z - p?’z
= |pr2 ~ (ps- k)z

= Ipl* (1 - cos?0))

= |p;¥sin?8; (3.96)

Similarly
Z(ﬁ cpi)? = |pyl” sin’ 6 (3.97)

and also
S e pi)le- p7) = sl Ipyl sin Oy sin 6y cosep (3.98)

€

Once F is determined the diflerential cross-section can be given as equation (2.63).

3.3 The soft photon limit (k — 0)

Further simplification of the result for the bremsstrahlung cross section due to
a moving proton is possible in the limiting case of soft photon. The soft photon

limit is the limit as the photon momentum approaches zero {(k — 0) [7]. In the

soft photon limit consider the term F' in {2.52) or

—i(pst+k) +m, —1(
(pf _i_k)g _}_,,ng )74 +74( (p

. . ('Y i k + 9 JRYN
lim k_,QF = lim 0 {’U( )(pf) !:E( Ii_ h’) ) n)"{' U( )(p;)}

i — k)% 4 m?

will be 1‘ed1}ced as follows:

Using the relations




i) for two vectors A and I3

AB — —-BA+24.B (3.100)
i1) the Dirac equation

() [ip; +m] = 0 or lip: + ] (F) =0 (3.101)

ili) in the denominators
(ps + k> +m? = 2. p; (3.102a)
(i — k) +m? = 2k-p; (3.102b)

(3.99) becomes
€EPr B ?

F = @) (@ )y @) | - —2 3.103
W (T (B) | o o Eop ( )

Since the delta function §(% — E'+w) requires £ = F' as w — 0, the momenta for
the incident and the scattered electrons will have the same magnitude. Therefore

the cross section (3.92) will be

do  oPm2a? [l )y (5)] {E'Pf _ E'Pir@_ (3.104)

dQe_ w2 |pf——pt| Icpf kpz W

But the differential cross section ( e

) for the lowest order scattering of an

electron by an external static coulomb potential (Mott scattering) is given by [2, §]

d (#)( O (5
( i ) = dam?s? [#0 ) )l . (3.105)
df2, 57— 7

which is the bare elastic term which describes the cross section for the scattering

of electron withoul any emission of photon. Therefore by making use of {3.105)
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the differential cross section (3.104) will become

d do v [ E€p copi )
a'wdQ(Zng - (dQJO (;ﬂ)z {k ; ok -;i} ’ (3.106)
where we replaced d*k by w?dud§),

The above result (3.106) implies the differential cross section in the soft photon
limit,(3.104) can thus be factorized into the product of the elastic term (i.e. bare
cross section without any external photons) and the term describing production of
photon. This latter term has an additional factor c and is thus a first order term

as compared to the leading term.




CHAPTER 4
Application of covariant perturbation theory to some elementary

particle decays

The basic interactions of elementary particles can be classified into four cate-
gories, These are the strong, electromagnetic, gravitational and weak interactions.
But g,l‘avita,tional interactions turn to be of little interest in our specific work.

The distinction between the interactions is justified by large differences in their
relative strength and in their certain properties, What is remarkable is that all four
classes of interaction are characterized by dimensionless coupling constant that dif-
fer by many order of magnitude; the dimensionless constant that characterizes the
strength of electromagnetic interaction is the fine structure constant f% =0 = 5
(where e is the electron charge, and we have set h = ¢ = 1). The strong interac-
tions are characterized by strong interaction coupling constant %[2- ~14. Roughly
speaking the strong interactions are 1000 times stronger than the electromagnetic
interactions. In contrast the constant that characterizes the weak interaction pro-
cesses is i;—: ~ 107119, 10]. Thus the weak interactions are 10 times weaker than
electromagnetic interaction.

Ancther important property that differentiates the weak from electromagnetic
and strong hlteractions is the range of interaction. The range of electromagnetic

interactions is infinite and for strong interaction it is ~ 10~ 3¥¢m. But the range is

the smallest (~ 107 %cmn) for weak interaction {10].
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The other distinguishing featurc of weak interaction worth mentioning here is
its violation of sonte of the synnnetry principles that govern electromagnetic and
strong interaction. In particular weak interaction processes do not conserve parity

[11].

In this chapter we shall content ourselves with a description of some of the
elementary particle decays (such as hyperon decay and pion decay) in the frame
work ol the covariant perturbation theory and try to predict the nature of the
decay mechanism responsible for such fundamental processes occurring in nature.
We use phenomenological forms of interaction Hamiltonians as inputs which are

obtained through various symmetry considerations.

It i1s found that the weak scattering experiments are extremely difficult to
perform because of very small cross-sections (107 to 107*¢m?) in contrast to
the cross-section ranging over micro barn to milli barn (1barn = 10-#em?) for
electromagnetic or strong interaction [10]. But what is of greater significance for
decay processes is the typical lifetime and decay rate. We shall iry to analyze the
decay processes such as A-hyperon decay (A — p+77~) and the neutral pion decay

(m® — e* + ) in the forth coming sections.

4.1 Hyperon decay (A —p+717)

As a first example of elementary particle decay, we shall examine and analyze
the decay of A-hyperon (known to be spin- %, mass, my = 1115.6Mev and charge-

0 ) into a proton p, and pion 7, (known to be spin 0, mass, ;- =139.6Mev and
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charge (—e)) [12]. That is
A—p+a. (4.1)

as an illustration of the techniques to be applied to the study of pion decay in
section 4.2,

Non-conservation of parity is a universal property of weak interactions. Evi-
dence for the non-conversation of parity was first provided by experiments on the
decay of A- hyperon [13].

In the A- hyperon decay above, we consider the direction of A on a plane

{(mirror) perpendicular to p — 7~ plane shown in ligure 4.1

P
A T
A
7—-'(_"’_‘
e
plane
.
-
A
-——_"""_”_’
plane \

Figure 4.1: A-hyperon decay. Parity conservalion would require that the two decay
configurations (which are mirror veflection to each other) be physically realizable

with the same transition probebility.

If parity is conserved, the probability of the pion being emitted to one side

of the plane should be the same as the probability of being emitted to the other
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side, That is, if decay ol the A is invariant under reflection of co-ordinate system
(i.e. parity transformation), then processes which are related by reflection by the
plane murror P must be equally probable. Buf experimentally, more pion = from
A- decay are emitted to one side of the mirror plane than to the other [13]. Thus
this experiment clearly demonstrates parity violation in the decay of A~ hyperon.
This suggests that the decay mechanism involved in this process is weak decay.
The interaction Hamiltonian density that can account for this process is taken

to be [11]

Hine = ¢F Vplg + g'v5) Ua (4.2)

where W, ¥y and ¢, are now the relativistic wave functions for spin—% proton and
spin—%hyperon) and charged spin-0 pion. g and g’ are the coupling constants of
interaction responsible for such decay to be determined experimentally.

Next we shall see that the interaction (4.2) is not invariant under parity trans-

formation unless ¢ =0 or ¢’ = 0.

Since U, ¥y and ¢, transform under parity as

UV, — m,74P,(-2,t) andthus ¥, ?);@p(—m,t)% (4.3)
T — MY Pa(—2,t) andthus Uy — g U (—z, 1)y, (4.4)
by = fotby(—,t) andthus §F — 14— Dy, (45)

where 7 1s a phase factor and 7 = 1. This implies that the interaction density

{4.2) transforms under parity transformation as

Hine(@,8) = mianada (—a:, ) Tp(—2,1) (9 — 9"75) Ua (-2, 0). (4.6)
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Therefore
i) for ¢ # 0 and ¢’ = 0, if we choose the phase factors in such a way that
Tyxtia = 1, then the Hipn, transforms like scalar density. Hence parity 1s conserved.
Or
ii) for g = 0,¢" # 0 and choosing i, = —1 , again Hine transforms like

scalar density. That is, for either cases

Hint(m:t) -7 Hint(_ma t)) (47)

thus parity is conserved. However, if g and g’ are non-vanishing, the H;,; cannot
transform like a scalar density, no matter how we choose #n;,7; and ), . This is
what we mean by saying the interaction is not invariant under parity, or parity is
not conserved [11].

We now approach the hyperon decay (A — p+ 77) using techniques encoun-

tered in covariant perturbation theory. where the interaction density is as given in

(4.2), with

1 .
P T 4.8
s S5,V (48)
mp _

Vo (4.9

_‘;Eq
I

T, = _gi; _upet i (4.10)

are the relativistic wave function of 77 ,p, and A respectively.
The first order correction to the transition amplitude, S—matrix element for

this decay is then




S}li) = #/d“mH,—nt(m,t) (4.11)

S = —i / d* oy V(g + ' 75) - (4.12)

Substituting (4.8), (4.9) and (4.10) in (4.12) we get

(n s 4 . 1 —ipg-w Mp __ —tpp-.x ! A +ipp-x
S = z/d x __ZEﬂVe "/EPVUPE P (g 4+ g'yg) E,\Vu’\e (4.13)

This integral can be solved using the Dirac delta integration

f dbae AP P E = (91)46% (pp — pr — 1) (4.14)

to obtain,

1 my, my _ ]
. A 4.15
Q.EWV Ep‘/ E,\Vﬂp(g + g 75)“‘ ( )

S8 = —i(2n)*6* (oa — px — 1) \/

Note that the appearance of 4-dimensional delta function expresses both the
conservation of energy and momentum.

Once the transition amplitude is determined, the transition probability per

[Sral?

£~ for A—lyperon to decay into p and 7~ will be

unit time

Spt @)Y 8ma — pr — po)| mp m
| gf:] — |( 7[-) (p\r pl pp)l 1 In’p T lAd—fJZ (416)
T T WLV BpV LV

where

My = Uylg + g'vs)un- (4.17)

If the A—hyperon is polarized with its spin orientation characterized by a vector w

and if we want to measure the decay rate without any regard to the spin orientation
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of proton, then we must sum the transition probability over the proton spin states.

Then the stunmation for the square of the matrix element M, will be

Z | M| = Z [y + o vsyual” [p(9 + o' vs)ual - (4.18)

proton spins proion spins

We evaluate the above summation as

S = D (et + g e Falg + grvs)ual (4.192)
proton spins proton spine
= 3 Tl Tl d s (4.19b)

proton spins

where Ty = u}v, and we used the relation

TYs5Va = —V4Vs 8O that gl*"rs‘}"i = —Af'dgt*"Y{)- (420)

The summation over spins of proton can be carried out using the relations

5 - (T2 L) (4.2)
P

proton spins

and

o —tY.pa - my L4y (y - w) ‘
UAUA = ( T ) ( 5 (4.22)

to get

2 . . —iY.Pp + M
§ , ‘*Mfi| = t?‘{(g — g 75) TLp T (94“9’"75)
2my,

% (ﬁ—ﬁ———*”'p“ +mf‘) (wl (Y “’)> 1. (4.23)

proton spins

2mip 2
The differential decay rate (dW) for the process is given by

Syl Vd*p, Vdip,

;]
W= Gy (e

(4.24)
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Inserting (4.23) in (4.16)and then to (4.24), dW becomes

1 2
dW = = |(27T)4(54(p,\ — P — pp)l

1 mp my Vd®p, Vdp, 2
My 4.25
“QBV EpV EAV (20)* (2n)? DL 1My (4.25)

proton spins

where 30 |Mp|® is as given as (4.23). Squaring the Dirac delta function we

proton spins

get
|(27T)454(p1\ —Pr - pp)|2 = (271-)4‘/‘1164(@\ = Pr -~ Dp)- (4.26)

Making use of (4.26) the dW in (4.25) will become

1 d P d Pa 2
dW = (2m)*6* (pr — px L 4, My
( 7T) (pf\ p: )2E Q'Ep(z,n_ 32EA 27T Z m’P | f |
proton spins
(4.27)
The above expression is the differential decay rate for polarized A in any Lorentz

frame. We now calculate the differential decay in rest frame of A—hyperon where

a=0 Po=—Py=7 and BEy=— \/ |Fa]® +mE — my. (4.28)

We first integrate (4.27) over the pion momentum p, by splitting the delta function

as
[ a0~ B~ )6 ~ B By) = S~ B~ ). (429)
and rewriting d%p, as
*p = |B:|” d2d |p,| (4.30)

so that the integral over dp would be

B, 5,
lpd ma

/d Ip| 8(ma — By — E,) = (4.31)




where we get the above result using the Dirac delta function integration,

/ A (@) = o — (4.32)

Applying equations (4.28),(4.29),(4.30) and (4.31) differential decay rate will be

1.1 7] 2
/= Qdm Aeil” . 4.33
dw 2 (ar)? (m,\)Qd dmym, § | M g (4.33)

proton spine

In rest frame of A—hyperon the trace (4.23) can be evaluated using the proper-

ties

tr [vsv,1,) = 0 forp#v (4.34a)
tr((y-a)(y-b)] = 4a-b (4.34D)
Vsh¥s = ~Vu (4.34c)

(7s)? = 1 (4.344)

ir(1) = 4 (4.34e)
2Re(ad®) = a'b+ba. | (4.34f)

The relation (4.34f) is for any arbitrary variables a@ an b where a*and b* are the

complex conjugates of a and b. By making use of (4.34a-[) that

dmpym, Z IMal® = |g|® (2B,ma + 2myma)
profon spins

+1¢' PP QEymp — 2mpmy) + 4 Re(gg’*)p, cos 0

(4.35)

where ¢ is the angle between P ,and W.
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To compute the total decay rate T, we take dW from (4.33) and integrate over

the differential solid angle d§. we get

_ 11 |} 2 .
— [ aw = Ma?. (436
F(A - pt7) f W = i i, Y0 M (436)

proton spins

Assuming the hyperon is polarized with spin along the positive z-axis and
noting that p can take any direction, and thus # can take any angle between 0 and
2w, Then the cos® term in (4.35) vanishes as we integrate over all the angles. So

after rearranging terms in equation (4.36) we get

W g ey ()

_ 1
PR =T = Ty ) (By -+ my)

This is the decay rate for the A--hyperon decay to proton and negatively charged
pion in terms of measurable quantities.
1f we insert the corresponding experimental results for decay rate I', momentum

9] [12,14] ,and E? = 161° +m? e

I'(A — p4a) =246 x 10%!
Pl = 101Mev

mp = 111b.6Mev

my, = 938.3Mev

B, = 943.4Mev o (4.38)

in equation (4.37) we obtain

|’| ro00sl?l 101 (4.39)

g7
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1a1?

1?2
and 2L for the decay are small by
da 47 3 v

Thus the dimensionless coupling constants
many orders of magnitude as compared to the electromagnetic coupling constant «
1

= fa7 1072, This suggests that the interaction responsible for Hyperon decay is

weak. We now extend this formulation to calculate the decay rate for the process

0

7% — ¢~ + et in the next section.

4.2 Pion decay

In this section we will calculate the decay rate and the corresponding life time

0

, into an electron-positron pair. The mass of the

of neutral spin less pion, 7
neuntral pion is 135.0Mev, which is 4.6Mev lower than the mass of charged pion
(m%). Mnch experimental effort has been devoted in recent years to the stndy of
decays m°[19, 20] . More than 98% of the neutral pion is observed to decay into two
photons [12,15, 16] while it is found to decay rarely in to e e’ pair with less than
1% probability [15 — 19]. Thus we are interested in studying such rare decays as
¥ — e + et in this thesis .

The effective Hamiltonian density [7] for the latter decay (1% — e™ 4+ ¢™) is

taken as
Hint = 196(1')75‘1’(1’)(15(1’) (4'40)

where g Is the coupling constant to be determined experimentally and -, is the

Dirac 4 x 4 matrix given by

Yo = N1V Y3 Va- (4.41)
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Figure 4.2: Feynman diagram for the decay 7% — e~ 4 e

And also T{z) and ¢{z) are the free relativistic electron and neutral pion wave

functions respectively. That are given by

U(z) = f %v(pg)e_im'm (4.422)

Ta) =/ gyum)e (4.42b)
1 .
Hz) = —m—etPrE (4.42¢)

V2EV

where v{p;) is the positron spinor.

4.2.1 The transformation properties of H;,,We shall now investigate the trans-

formation properties of the interaction Hamiltonian density H;.. in equation (4.40).
First we can easily see that the interaction Hamiltonian density is invariant under
Lorentz transformation. It can be verified as follows: the Lorentz transformation

operator Sp,, transforms the free electron wave function ¥{x) in one frame to
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W'(z') in another frame as

V(") = Sp,¥(x) (4.43a)
and
V() = ¥ @)stm (4.43D)
with the properties
TSt Ys = Stor (4.43¢)
StorYsSLor = s (4.43d)
which implies
T (o) = Ta)S;h (4.44)

and hence, the Hamiltonian density in both frames would be

T2 )W (2)¢ (2") = T @)y, T () p(x) (4.45)

The above equation shows the invariance of the interaction Hamiltonian density
responsible for the decay process under Lorentz transformations.

Next we shall see how the interaction Hamiltonian density transforms under
parity transformation (space inversion ). The parity transformation, 8, = 1,v,,

transforms ¥(x) and ¢(x} as
Voz) — (") =079,V (—2,t) (4.46a)
o) — T(a') = niT (-, )y, (4.46b)

and go(@) - ¢L(0) = ned (o, t). (4.460)
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Accordingly the Hamiltonian density transforms as
Hmt(q’ t) 719”17(14’ ( ‘T‘) t)ﬁ(‘fﬂ:t)%‘y(*m,t)- ({147)

If we choose the phase factors in such a way that nynzn, = —1, then the H;y, trans-
forms like scalar density, which means that the interaction Hamiltonian density is

invariant under parity.

4.2.2 The transition probability and the decay rate The first order 5— ma-

trix element responsible for the decay 7% — e™ + et is

S f & [igB (@)rs ¥ (@)b()] (4.48)

Replacing (4.42) in (4.48) as

+1pﬁ- i}
(1) 4 f tp)E : f —ipy-®
/d E "/ﬂ(pl)e v /l’q,Y.) E ‘/ (p2)6 ¥ ‘\/Q—ﬁ (4'49)

and imtegrating over x we get

M) _ o Ngdi 1 my my . _
St = —i{2m) 6" (pz — p1 pg)'\/QEﬂV BV Ezvzgu(pl)fysv(pg). (4.50)

The appearance of the 4-dimensional delta function expresses the conservation
of both energy and momentum in the decay process. It is convenient to deline a

covariant matrix clement denoted by My; as

My; = igti(p1 }vsv{pa) (4.51)

which is invariant under Lorentz transformations, (see equation 4.45)
If the experimental setting is adjusted in such a way that the distribution of

electron and positron is measured without any regard to their spin orientation,
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then we must sum the transition probability over the spin states of the final states

51 and sop.

The differential decay rate (dW) for this process is given by

Ingl2 Vd3p1 1/(13}92

7 — . 4'52
h T (2n)* (2n)3 (4:52)

If we square (4.50) and use the property
|(20)*6* (pr - p1 — p2)| = (@) VT8 (P — p1 — p2), (4.53)

we get
1 d’p d*py

7 = (2746 (. — py — my ] s o S o 4.54
dW = (2m)*6*(p» — 11 pg)%?fr mymy E] M| B, @y Byon ) (4.54)

91,82
The expression (4.54) gives the differential decay rate for a pion decay to an

electron-positron pair in any Lorentz frame. We note that apart from g’; the
equation (4.54) is completely relativistically invariant. To show this we note that
for the 4-momentum p = (7, ip°), the phase space factors for the final states can

be expressed as

3 (n? — . p2+7n2
d*p d3pfdp° (p || )

28 2\/Jof? + m?

for p°positive. (4.55)

which can be re-expressed as

&*p / d4 8(p° — \J181" +m?) + 6(p° + /lp1” + m?) (4.56)
) = 'p :
2k P°>o 2 \/ |T312 +m?

Using the delta function property, that lor arbitrary variables z and a

5(:132—(12):Qilla[c‘i(m—a)+6(w+a)], (4.57)
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equabion {4.50) becomes

3,
@_P = f d*pb (poz — |ﬂ2 — m2) (4.58)
2K
pero
But we know that
p* = |p* - p**. (4.59)

Therefore equation (4.58) becomes

d3p

55 f dipé (p2 +m?). (4.60)

poro

d%p; d3py
oA and s

This verifies that terms can be expressed in a Lorentz covariant form.

The above equation proves apart from T?l— the relativistic decay rate given by

7

equation {4.54) is Lorentz imvariant. Furthermore the dependence of dW on El_ 18
readily understandable from point of view of the special theory of relativity which
requires that faster moving pion must decay more slowly due to time dilation.

We can now work out the differential decay rate in the rest system of the pion,

so that

z 7

Pr =10 =P = —Pa and Fr = my. {4.61)

We integrate equation (4.54) using the same technigues nsed in  A—hyperon decay

to obtain

dQumqym, Z | M) (4.62)

where we used the Dirac delta function integration

f dwble — a) f(x) = f(a) (4.63)
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to facilitate the integration over py as
/a‘,?’pg('i‘l(pﬂ — 1 — po) = 6(mg — By — By). (4.64)
We rewrote d®p; from (4.54) in terms of the differential solid angle d(2 as
= |pI” d |p| d2 (4.65)

and also the integrated over p in equation (4.62) using the Dirac delta function

property (4.32}, to obtain

By By
R

f d1p| 8mr — By — Fp) = (4.60)

Application of the equations (4.61),(4.63),(4.64),(4.65) and (4.66) yields (4.62).
To compute the total decay rate T, we take the equation (4.62) and iutegrate

over the differential solid angle dQ2. We then obtain

T(n® > e +e') = %(_4#@%—2 [ dQ dmym, > Mgl (4.67)

81,82

The above equation can be generalized to a decay of the type 1 — 2 + 3, whose

decay rate in the rest frame of particle | can be expressed as

Il —2+3)= % f e Yy ME" [ em). (468

T
( 1 final spins external
fermion

The above total decay rate is quite general, but the difference for different
particles of types 1, 2, 3 arises mainly from the matrix element Mj;.

Going back to the pion decay, the term 3 |Mp;]” can be evaluated as follows:
81,52

From equation (4.51) we have

YoMl = (=ig)?) 0 fap)vsu(p))? (4.69a)

51,97

= 0" Ua(P2) (T6)ap us(Pr )Ty (P1) (V) vs(p2). (4.69D)

51 8%
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. C s . .
Where summation has to be carried ont over the repeated indices. The summation

over spins s; and sy can be performed using the matrix relation

2 L
Z ul) (ﬁ)ﬁ—g) (7 = ( M) (4.70)
=1 af

2m
2 (6 (8) _ ip+m her _ (4 71)
oSN pYoy Py = - where p=v-p :
; ’ 2/

to obtain

S M = 0 (1) (i—&i—"f)ﬁ s (B) - e

2m 2m
81,92

This equation can be reduced to trace of a matrix using the following matrix

relation: For any arbitrary malrices A, B, C, D, the product
/LzrﬁBﬁ'yC"ycSDJa = Eaa (473)

is the sum of diagonal clements of the matrix E, where the summation is to be

carried out over the repeated indices. Therefore
Boe = tr{E). (4.74)

Then the expression (4.69b) will be

2
. g . .
E , IMfi\z = _47_n2_t7' [vs (—ips -+ m) 7y5 (6pa2 + -m)] . (4.75)

31,82

The trace in the square bracket can be expanded and evaluated as

tr iy (—ip1 +m) v5 (ip2 +m)] = tr[ygp1vsp2] — im tr [v; Py

+im ()" pa] + m* tr {(5)"] 4.76)
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Since (75)” = 1, (a unit 4x4 matrix), and the trace of odd number of 7 - matrices

is zero, thus

tr lysprys) = 0 (4.772)

and & [(15)°p2] = 0. (4.77b)

We can also evaluate the first trace in equation (4.75) as

tr ['75P175P2] = tr ["r’a"r’ppl,u’Ys’YUqu] (4.77¢)

= tr o (%) vop ] (4.77d)

= —tr[pipa) (4.77e)

= —4py - pe (4.77%)

where we have used the relation 57y, = —,5 and the notation +,pi, for py and

Y,Poy for py. And at the last step we used the relation that, for two arbitrary

vectors A and B such that ,4, = A and ~,B, = B, we have
tr[AB] =4A. B. (4.78)
And the last trace in equation {4.75) is a trace of a unit 4x4 matrix. Therefore
tr[1] = 4. (4.79)

Making use of equations (4.77a,b,f), (4.78) and (4.76) the expression (4.75) be-

coImnes

2
{
3 Myl = :ﬁr;i(—fipl  py + 4m?). (4.80)

81,82
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But in #° rest frame, using (4.61) the dot product of the 4-momenta, py - P2 is

prope = (Pr,iFn) - (Do, ikn) (4.81a)
= Py pa— Bl (4.81b)
= —|p”—~ B (4.81c)

Inserting (4.81c) in (4.80) and using the relation |p]* = E? — m?, we will have

2
Y Mgt = ﬁr—bg(4|ﬂ2+4E2+4m2) (4.81d)
1,82
2712
_ W (4.81e)
™m?

Finally replacing (4.81¢) in (4.67) and then to integrating {4.67) over dQ2 (which

gives rise to the factor of 47) will lead to the result

g E* |pl

T’ —e +e)= p—

(4.82)

9 - ¢~ +e*. The corresponding

This is the total decay rate for the process w
half-life (7) for the process is equal to the reciprocal of the total decay rate. And

is given as

1 T2
Ly 48
TET T g (4.53)

As it stands, (4.82) or {4.83) contains an arbitrary constant g whose value needs to
be determined from experimental results. Recently there have been many experi-
ments conducted to determine the decay rate for the process [15 — 19]. The most
recent observation of neutral pion decay to electron-positron pair has reported {2]]
that the decay rate for such process is T' = 7.38 x 10857, in which the momentum

for each decay product (i.e. €', e7) in the rest frame of the pion is |p] = 67Mev.
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Therefore if we insert the experimental results in equation {4.82), the coupling
constant for the process will finally calculated to be

g2

= =2.35x 107", (4.84)
47

But since it is shown that the pion decay conserves parity through the process
(see equation 4.47), obviously the decay process is not purely Weak decay. This has
been verified by many experimentalists that the decay process proceeds through

the electromagnetic interaction via a 2-photon intermediate state [22 — 23].

Therefore since this process is electromagnetic decay. Expressing the coupling

£

7= implies

constant (4.84) in terms of the clectromagnetic coupling constant o =

that the decay 7° — e~et is the higher order electromagnetic process.

4.2.3 The massive pion approximation (m,>>m,)Comparing the masses of

the neutral pion ( m, = 135Mev) and electron (m = m, = 0.511Mev), we can

approximate m < 0. So that
B = | +m? o | (4.85)
mplying
|&| = | (4.36)
and from energy conservation we have

E“- = My = E] + Eg (4.87&)

= 25, (4.87D)




CHAPTER B
Conclusion

In the first part of this thesis we studied the propagator formulation of Dirac
particles in interactions with the electromagnetic fields. We then give the tran-
sition amplitude to any desired order of interaction strengths. The calculation
of the transition amplitude and the cross section for one of the basic Quantum
electrodynamic processes, bremsstrahlung due to the interaction of relativistically
moving electron with Coulomb field of nucleus using the Covariant Perturbation
Theory is then described.

This theory is then generalized to evaluate the {ransition amplitude and the
differential cross section for bremsstrahilung of an electron scattered in the elec-
tromagnetic field of a moving proton. It is noticed that the matrix element My,
or ¥ and the corresponding traces of y—matrices appearing in the calculation are
quite complex. However they have been explicitly evaluated in the thesis. Tt 1s also
noticed that, if we assume the target (proton) fo be infinitely massive compared
to the projectile (electron) i.e. my, >> m,, the results for bremsstrahlung cross
section due to a moving proton are exactly identical to the corresponding results
for bremsstrahlung cross section due to a stationary nucleus.

With the physical background of the subject introduced iu chapter 1, we also
undertook a systematic analysis of the experimentally observed decay process in

the framework of covariant perturbation theory. It is discussed in section 4.1
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that the hyperon decay process violates the conservation of parity. This violation
of parity has also been confirmed by experiments{13]. Furthermore the transition
probability and the decay rate are determined explicitly. The decay rate computed
was then compared with the experimental results [12,14], and it is noticed that
the nature of the interaction responsible for A-hyperon decay is weak.

The other decay process studied in this thesis is the decay of neuntral pion
into an electron-positron pair. Through the analysis of the phenomenologically
determined interaction Hamiltonian density [7] responsible for the pion decay, it
is shown that the process can conserve parity. The matrix element My; and the
corresponding traces of y-matrices are calculated and used to evaluate the transi-
tion probability and the decay rate of the pion decay. Inserting the experimental
results for the pion decay {15 — 19] we were able to determine the exact value of
the dimensionless coupling constant responsible for the decay process. And it is
obtained to be ;%i— = 2.35 x 10715, Moreover the quantitatively computed coupling
constant together with the experimental evidence [22, 23] enabled us to decuce that

0

the nature of interaction responsible for the decay process 7° — e*e” is higher

order electromagnetic interaction process.
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