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In this thesis the frame work of Covariant Perturbation Theory is adopted to cal-

culate the transition probability and the differential cross section of one of the 

fundamental proCesSE'B in Quantum electrodynamics, namely, the Bremsstrahlung 

from electron due to the interaction with the electromag11etic field of moving pro-

ton (i.e. e + p ---7 e + p + ,). The matrix element M fi and the corresponding 

traces of ,-matrices which are specific to the process have been evaluated explic-

itly. It is noticed that the bremsstrahlung' cross section due to a moving proton 

is exactly identical to the corresponding result for bremsstrahlung cross section 

due to stationary nucleus, when the target proton is taken to be infinitely massive 

compared to the incident electron. Furthermore, the theory is applied to calculate 

the transition amplitude, the decay rate f' and the lifetime of pion decaying to 

the electron-positron pair (i.e. "lr0 
---7 c+e-). Comparison of the result obtained 

with the experimental values of f' enabled us to determine the magnitude of the 

dimensionless coupling const,ant responsible for the decay, 9
4

' = 2.35 X 10-15 • Be-
IT 

sides the result predicts that the decay "lr0 
---7 e+ e-- proceeds through higher order 

electromagnetic interactions. 



,. , , { ( , ,. < , ( , , 

" , ( ; ( .-

TABLE OF CONT~.NrS' 

, , , , 
'(" '(' 

, " 

. , . - . , )' """"'.:' -1 < 

CHAPTER 1. INTRODUCTION""" """""'"'''''''''''' """.""" ......... 

CHAPTER 2. EVALUATION OF TRANSITION AMPLITUDES FOR 

COMPTON SCATTERING AND BREMSSTRAHLUNG 

PROCESSES .......... " .......... " ....... "." .... "" .. " ................ ,, 4 

2.1 Relativistic propagator formulation of the interaction of Dirac 

pmticles with electromagnetic field All ... """ .. """" .. ".,, " ...... 5 

2.2 Wave fimction of single photon" ..... "". " .......... "."""" " ... 12 

2.3 Compton Scattering (y + e- ---+ y + e) " .. "" .. """""" .. "" .. ,, ... 15 

2.4 Bremsstrahlung due to interaction with static nucleus .... "" .. """. 18 

CHAPTER 3. BREMSSTRAHLUNG FROM ELECTRON 

SCATTERED BY A MOVING PROTON """"""""" ... 24 

3.1 The transition probability and the cross section .... ,," """" .. " ... 24 

3.2 The massive target approximation (mp» m,) """ .. "" .. "" .. ".43 

3.3 The soft photon limit (k ---+ 0) " .... " """""" " .. "" ...... " .. " . .47 

CHAPTER 4. THE HYPERON AND THE NEUTRAL 

PION DECAY" .. " '" " .. " ". " .. " ... " ........ "" " .. " .... " ... 50 

4.1 Hyperon decay (A---+ 1( + p) ...... """." .. " ... "." " .. "" .. " ......... 51 

4.2 Pion decay (no ---+ e- + e +) .... " .. " .... "",, .... ,," _" ...... " ...... ". 60 

4.2.1 The transformation properties" " .. ""." .... " ............ 61 

4.2.2 The transition probability and the decay rate .............. 63 

4.2.3 The massive pion approximation (m. » m,) .. " ...... " .. 70 

CHAPTER 5. CONCLUSION ... " ..... "" .. " .......... " ...... _ .. " .. "" ... " 72 

REFERENCES ...................................................................... 74 



CHAPTER 1 

Introduction 

Since time immemorial physicists have always inquired into the nature of the 

physical world and have always pict.ured it as being built up of fundamental build­

ing blocks of matter. During the second half of the twentieth century the knowledge 

of the fundamental particles and their interactions has expanded at. a rapid rate. A 

number of new elementary particles have been experimentally observed in cosmic 

rays and high-energy accelerators. Such experiments have provided deep insight 

in to the structure of matter and the nature of interaction operative at the most 

fundamenta.llevels. 

The structure of matter at its most fundamental level can be understood by 

studying: 

i) the scattering states, 

ii) the bound states, and 

iii) the decay of elementary particles. 

This is particularly t.rue at short. distances (~10-14m) where the system can 

not be observed in the literal sense, and must. be probed by indirect. means. The 

study of scattering processes, decay processes and bound states give us a lot. of 

information about. the nature of interactions and forces operative at short dist.ances. 

This thesis is devoted to the study of the most fundamental processes occurring 

in nature such as 



i) Bremsstrahlung of an electron in t.he field of moving prot.on, and 

ii) The elementary particles decays snch as A -> 7[-P and 7[0 -> ele-

2 

using the covariant, perturbation theory in the lang,1wge of Feynman diagTams, 

The early part of this thesis will be based on the formulation of covariant. 

perturbation t.heory, The transition amplitudes and t.he cross sections for various 

processes arc calculated in the framework of this theory, The theory describing 

these processes, Quantum Electrodynamics can be solved to arbit.rary orders of 

interactions using' the approach of Feynman diagTams [lJ, The theory gives us 

expressions for the transition amplitudes and cross sections for bremsst.rahlung 

process like 

which is st.udied in this thesis, 

In chapter 2, we introduce as a necessary preliminary the pert.urbative expan­

sion of the transition amplitude (S-mat.rix element) which can be solved to arbi­

trary orders of interaction strengths, vVe then introduce the propagation formula­

tion to describe the interaction of Dirac part.icles (such as electrons and positrons) 

with t.he electromagnetic fields, In t.his chapt.er these propagator ideas are em­

ployed first to demonstrate the calculation of the transition amplit.udes and cross 

sections of processes such as bremsstrahlung n'om the interaction of relat.ivisti­

cally moving eledron with Coulomb field of a stationary nucleus, This framework 

is then generalized t.o study t.he bremsstrahlung from the relativist.ically moving 

electron in interaction with the electromagnet.ic field of a moving proton in chapt.er 
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3. 

Furthermore the decay rates and lifetimes of nuclei and elementary particles 

have always been of considerable interest to physicists since the hist.orical discovery 

of bet.a decay, where the nuclei of some atoms was found t.o emit. electrons! It. was 

t.heoretically predicted by C.N Yang and T.D.Lee in 1956 that such decays \vere 

found to violate parity conservation, and then the confirmation of parity violation 

came from an experiment by VVu et al. (1957) [2]. The study of such decays led 

to the discovery of a new force of nature, t.he "weak force". Thus in chapt.er 4 we 

intend to study the elementary particle decays such as 

and 

in the framework of covariant perturbation theory (developed in chapter 2). VVe use 

the phenomenological forms of int.eraction Hamiltonian densities as inputs which 

are motivated by symmetry considerations. vVe then calculate the decay rates of A 

and 7l'0 and try to predict the nature of int.eractions responsible for such processes. 



CHAPTER 2 

Evaluation of transition amplitude for Compton scattering and 

Bremsstrahlung processes 

Bremsstrahlung is a German word that means "breaking radiation". It is the 

electromagnetic radiation emitted by an electron when it is scattered or deflected 

by the electric field of a charged particle. Bremsstrahlung is one of the most 

fundamental processes describing the interact.ion of radiation with matter. '~Then 

an electron is scattered by the field generated by proton or the field of atomic 

nucleus it emits real photons since it involves acceleration of the projectile. These 

emitted photons are real photons since t.hey satisfy Einstein's condit,ion, q2 = 0, 

where q is 4-momentum of the photon. This radiation process can be deBcribed 

in classical electrodynamics as the radiation of an accelerated chargB. '~Then the 

chargB is scattered, it changes it's direct.ion and is thus accelerated. 

Bremsstrahlung is common in nature. It is most commonly seen 1Il nature 

as Thick-target Bremsstrahlung. This occurs whenever any ellal'ged particle, espe­

cially an electron, interact.s with matter (the "target"), it loses energy and radiates 

Bremsstrahlung [3J. It can also be observed during the interaction of en~rgetic elee­

tron with ions[4J. 

This chapter is organized as follows: Before going directly to the Bremsstrahlung 

processes, in section 2.1 we discuss the propagator formulation of the interact.ion 

of Dirac particles such as electrons and protons. witli the electromag1letie field Jl/L. 
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Similarly the photon propagator formulat.ion will be discussed in sedion 2.2. In 

section 2.3 we give short descript.ion of electron Compt.on scat.t.ering. This process 

will be generalized to the I3remsstrahlung from the electron scattering from the 

electromagnet.ic field of a static nucleus in section 2.4. 

2.1 Relativistic propagator formulation of the interaction of Dirac particles 

To obtain the results of physical interest. such as the cross-scetions, t.ransition 

rate etc. we first calculate the transition amplitude (the S-matrix clement.) of the 

process. vVhen trying to adopt the above technique to analyze the int.eract.ion of 

Dirac (spin~) particles with the electromagnetic field, we first consider the Dirac 

equation of particle in electromag11etic field A/I = (A, ¢),(where A is the mag11etic 

vector pot.ential and ¢ is the scalar pot.ential) which is given as 

(2.1) 

which is obtained from a free Dirac equation, by incorporating the minimal elcc-

tromagnet.ic coupling through the prescription 

(2.2) 

where in (2.1) \Ii(x) is a fom component column mat.rix wave function of the Dirac 

particles, I ~ = (li,14); li,14 are Llx4 traceless Hermitian Dirac mat.rices obeying 

the anti-commutation relations 

f.1.,v=1,2, ... ,4 (2.3) 

ancl "Tn is particle's rest mass. 
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The solution of (2.1) is 

(2.11) 

In which K(x, x') is a Green function (electron propagator) satisfying 

(2.5) 

Here 6(4) (x - x') is t.he four- dimensional Dirac-delt.a funct.ion. 

The solution (2.4) can be checked and proved by subst.it.ut.ing (2.4) int.o (2.1) 

and making use of (2.5). However, even if we add t.o (2.4) any solut.ion of t.he free 

wave equat.ion Wo(x), the differential equation (2.1) will he satisfied. I.e. we can 

write t.he complet.e solution of (2.1) as 

(2.6) 

Where wo(x) is t.he free plane wave solut.ion to Dirac equat.ion (in scatt.ering proh-

lem, it. may represent. an incident plane wave). 

vVe can obtain an approximate solut.ion t.o (2.1) by it.erat.ion method in a form 

of a series accurate to any desired order of int.eraction parameter e as 

w(x) wo(x) + .I d4x' K(x, xl)[-eJ~A~(XI)]WO(X') 

+.1.1 d4x'd4x" K(x,xl)[-e"A,(x' )] 

x [((x', x")[-eJyAy(xl)]wO(X") +.1.1.1 ... (2.7) 

The first. integral in the right. denot.es the first oreler interact.ion in e which can 

be described as ( figure 2.1), t.he incident. particle of wave function wo(x' ) get.s 
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scatt.ered at x' by t.he field AJ'(X') t.o givc rise t.o Ij) (:I;) (If there is only one int.eradion 

point x', in the int.eract.ion volume V) . The second int.egral denot.es the second 

order int.eraction in e. (If there are only two int.eract.ion points x' and :1''' in V) 

and so 011. 

Scattered wave Scattered waye 

time time 

v v 

Incident wave Incident wave 

space space 

Figure 2.1: Diagrammatic repn;sentation of the perturbation series 1m' the scattered 

wave. 

To obtain [((x, x'), we first solve [((x, x') in (2.5) for X'= O. Expressing [((x) 

in terms of its 4 - D Fourier transform, such that 

(2.8) 

"Vhere k(p) is the four dimensional Fourier t.ransform of [((x) and substitut.ing 

(2.8) int.o (2.5) yields 

And insert.ing the integl'al representat.ion of 4-D o-function, which is 

(2.10) 
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in equation (2.9), we get the form of elcdron propagator in momentum space as, 

(2.11) 

Rationalizing the denominator in (2.11), and putting in (2.8), we get 

(2.12) 

Making use of the transitional invariance of [((x), without loss of generality we 

write 

}(( • _ J) = ~ J d4 (-hl,PI' + m) ip·(x-x') 
X X ()4 P 2 2 e . 21r P + m 

(2.13) 

First splitting the space and time part of the int.egTand and int.egTat.ing by 

choosing the appropriate contour of complex integration the above equation be-

COIne.s 

I 1 J d3jJ_.( __ x') . 'E(t-t') K(x - x) = -- --e'P x (-2"1.p· + "I E - m)e' .. 
(21r)3 2E '" /4 

(2. 14a) 

for t < t', i.e. for backward propagation in time, and 

1 J d3
jJ '-(x -') "E(t t') [((x - x') = -- --c'P' ·-x (-i"l.p. + "I E + m)e-' .-. .. (21r)3 2E '" /4 . 

(2.lt1b) 

for t > t', i.e. forward propagation in time. 

The bracketed quantities in the int.egTand of equations (2.14a) and (2.14b) can 

be expressed in terms of 4 x 1 positive and negative energy free Dirac spinors v(s) (j!) 

and v(s) (P) respectively. Therefore by making use of the relation 

2 
-hiPi + 14E - m L v(S) (j!)ds)(j!) (2.15a) 

2m 
s=l 

2 
-hiPi + 14E + m 

and L u(s) (p)'[jJs) (j!) (2.15b) 
09=1 

2m 



and replacing 

we obtain 

K(x - x') 

J((x - x') = 

. 1 L 11m -
\1----)00 " 

fI 

and 

2 

+ lim '" '" ( m )11(8) (PJU(8) (PJeip.(x-x'), t > t ' v --J 00 L.-t L.-t E ,; 
jl 8=1 

9 

(2.1Ga) 

(2.1Gb) 

Putting J((x - x') from (2.1Ga) and (2.1Gb) in the first order approximation 

(first order in e) of (2.7), we obtain 

(2.17) 

0 1 (t) v,s' 

-= 
and 

Thus 

+= 

0 + ( ) - - J 3-,1 J I J m ;-(8')(-/) -ip'.x' A (-') (-') ti' ,8' +00 - e d x dt E'11 u p e "fl , I' X Wo x (2.18a) 

-= 

But 0;,8,(+00) can again be expressed as 

+= 

0;,8,(+00) = -i J dtl(J[Hj(t')[i) (2.18b) 

-= 
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where 

H(t') = -ici[J(:c'h,A,(:C')i[J(X') 

Here H(t') = -iei[J(x'h~AI'(x')i[J(x') is the Hamiltonian density describing the 

interaction of Dirac field i[J(x) wit.h the electromag11et,ic field A" (:1,'), And H/ (t') is 

the interaction Hamiltonian, 

Vve recall that. in the interaction picture the wave function iP(t) of a system at 

any time t is relat.ed to t.he init,ial wave function iP(to) at to by the equation 

(2,19a) 

Here [h(t, to) is the time evolution operator which sat.isfies the equation, 

(2.19b) 

subjected to the initial condition 

[h(t, to)Jt~to = 1 (2.19c) 

The differential equation (2.19b) together with the initial condition (2.19c) is 

equivalent to 

t 

U1(t, to) = 1- i J H](t')[h(t', to)dt' (2.19d) 

to 

where H](t) is the perturbation. We can also obt.ain an approximate solution by 

applying iteration method to (2.19d) as 

t t ~ 

[h(t, to) = 1 + (-i) J dt' H](t') + (_i)2 J dt' J dt" H](t')H](t") 

fu ~ fu 

t t' tn-l 

+ ...... + (-i)" J dt! J ..... J dtIlH/(t')H](t") ... H/(t,,) +(2.19c) 

to to to 
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This series is known as Dyson series [5J. Using this series we can compute [11(1., /.0) 

to any desired order of int.erac:tion. Suppose the syst.em is known t.o be in st.at.e Ii) 

at. t = -00. The t.ransition amplit.ude for finding the system in st.at.e If) at. I. = 00 

is t.hen 

(2.20a) 

This motivates us to define what. is known as scatt.ering mat.rLx or S-rna/.l'i,r by 

S = lh(oo, -00); ep(oo) = Sep(-oo) (2.20b) 

Therefore the perturbative expansion of the transit.ion amplitude (S-mat.rix ele-

ment) would be 

(2.20c) 

where SJ~) 
00 

(-i) J dt'UIHI(t')li) 
-00 

00 t' 

S;~) (_i)2 J dt' J d/." UIHI(t')H/ (t") Ii) 
-00 -00 

Since HI(t) is Hermitian t.he S-matrLx is unit.ary so that. probability would be 

conserved. 

Thus we note t.hat C;,.'(+oo) in (2.18a) or (2.18b) is not.hing but. t.he S;:) 
matrix element. or the first order correct.ion t.o the transit.ion amplitude for finding 

the system in positive energy stat.e If) charact.erized by 4-momentum p' and spin 

s' if it. were initially in state Ii) characterized by (p, s ) having wave function wo(x'). 
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Similarly we see that, 

co ,- ( ) - 'J 3,-,1 J I {l!!;rn ,-(8')(,-1) ip',x' A (J) (J) C~ ,-00 -c d.r df, --u pC 'I' i' a, \[10 J, 
1),8 E'" (2.21) 

-co 

is identical to the SJ!) mat.rix element or the first order correction to the transit.ion 

amplitude for finding the system in negative energy st.at.e If) eharacterized by (pi ,8' ) 

if it was in state Ii) characterized by (p,8 ) having wave function \[Io(a;I). 

Similarly following the same argument above the second order correction t.o 

the transition amplitude Sf:) is found to be 

Sf:) = (_C)2 J d4jJ' J d4xl'J E'":V c- ip
"X'V(8') (f!) 

X bl'Al1 (x') ]k(x' , x") bvA.,(x")] \[10 ( x") 

where we get two orders of interactions. 

2.2 Wave function of single photon 

(2.22) 

A photon moving in a source free space (where it is not interacting with part i-

cles or the electromagnetic current. density jll = 0) can be described by a 4-vector 

potential All = (A, i¢) which satisfies the Maxwell equat,ion 

(2.23) 

Under Lorenz gauge Av satisfies 

(2.24) 

this reduces (2.23) to a simpler form as 

(2,25a) 
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l.e. 

(2.25h) 

where 0 2 _ ovov is the d' Alembertian operator. 

The solution to (2.25) is 

(2.26) 

where k and ware the 4-momentum and energy of photon, v'~v is the normaliza-

tion constant and EI• is the polarization vector of the photon. vVe can see that. the 

solution (2.26) satisfies (2.25) if k 2 = O.i.e. 

o (2.27) 

which implies a free photon (we call it real photon) is massless. The Lorenz 

condition (2.24) together with (2.26) implies for a real photon k· E = O. The 

argument of the exponential in (2.26) i.e. -k.x, is a Lorenz scalar and hence is 

the same in all inertial frame. 

But if the photon is interading with a charged particle the electromaglletic 

current density in (2.23) would not be zero. So under Lorenz gauge (2.24) becomes 

(2.28) 

The differential equation (2.28) has a solution 

(2.29) 



where DF(x - x') a photon propagator satisfying 

(2.:30) 

Making use of (2.30) one can easily see that the solution (2.29) satisfies (2.28). 

To determine the explicit. form of DF(x - x'), let's first express [)F(X - J;') in 

the form of Fourier integ;ral as 

(2.31) 

Setting x' = 0 from (2.30) and (2.31) we will have 

84 (x) (2.32a) 

and _1_ J d4keik.(x) D (k). 
(2'n/ F 

(2.32b) 

If we replace (2.32b) in (2.32a) we get 

(2.33) 

And comparing (2.33) with the 4-Dirac delta function which is given by 

(2.3 /1) 

we see that 

(2.35) 

So that putting (2.35) in (2.31) we finally see the photon propagator DF(x - x') is 

(2.36) 

We shall use the results in the previous sect.ions combined with t.he appropriate 

parameters to analyze and calculate cross-sections, transition rate etc. in the 

following chapters. 
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2.3 Compton Scattering (y + e --> "'I + e) 

In this section and the following t.he propagator ideas (elec:tron and photon 

propagat.ors) have been ut.ilized t.o illust.rate t.he t.echniques involved in t.he c:alc:u-

lation of transit.ion amplitudes, cross sections etc. of processes like bremsstrahlung 

due to st.atic nucleus. However we first. g1ve a brief derivat.ion of ca1c:ulation of Sj:l 

for t.he process of Compton sc:att.ering. Since t.he velocity of t.he part.icles in t.hese 

processes is comparable wit.h the speed of light. c, it. is necessary t.o treat. the process 

relat.ivist.ically. The t.heory describing the processes, Quant.um Electrodynamic:s , 

can be solved t.o arbitrary orders using t.he approach of Feynman diagTams. 

Compt.on Scat.t.ering is scat.tering of photon by a free electron. we consider 

t.he scatt.ering of a phot.on of 4- momentum k by a free electron of 4-moment.um 

Pi. After collision, the electron and phot.on recoil with 4-moment.ums P f and k' 

respectively. This scat.t.ering process involves real photons (k 2 = 0). Real phot.ons 

are produced during the scatt.ering proc:esses and esc:ape t.he interaction reg1on. A 

real photon is described by t.wo polarizat.ion 4-vecl:ors (E(A), A = 1,2). A photon 

of given momentum k and polarizat.ion A is represent.ed by the plane Wave as 

A/~ = 1 [10 (A)C- ik
.
x + 10 (A)e ik

.
X

) 
v2wl1 I' JI 

(2.:37) 

in which the first. term describes the wave function of emit.ted or out going photon, 

and t.he second term describes t.he wave function of absorbed or in going photon. 

Here E·k = 0 and E"Ev = 0IIV' And t.he factor b is normalizat.ion c:onstant .. Here 
r y2w\' 

w is t.he photon fi:equency and 11 is the int.eraction volume. During t.he Compton 

scattering, t.hough there are t.wo interaction points corresponding to points of emis-
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sion and absorpt.ion, it is impossible to tell which (absorption or emission) takes 

place earlier or later. The S-mutrix clement for this second order process (8;:») call 

be expressed in two different ways, which correspond to processes A and B in the 

fig;ure 2.2 (Feynman diagTams).For the process A, the perturbative expansion of 

K',! 

q 

P, 
A 

PI 

K,c 

K ' , ,& 

x' K,t; 

q 

P, 
H 

Figure 2.2: Lowest m'der diagram f01' "((k) + e(pi) -t "((k') + e(pt) (Compton 

scattering). (k',c') and (k,c) l'cpresent the momentum and polwizati.on 4-vcctor 

for the emitted and absorbed photon, 1'espectively. 

the wave function w(x) in powers of e is given by (2.7). Since the process involves 

two interaction points (photons), it, is second order process. According Lo equation 

(2.22) the transition amplitude for the process A is given as 

Similarly for the process B 

(2)J 8ft B = 

(2.38b) 
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where we replaced WO(J;II) the inc:idcnt free electron wave func:t.ion which is 

( /I) _ fjf;m (s') (~.) ir'"'' Wo X - -1/. p, e 
EV 

(2.:39) 

and k(x', x") is eledron propagator represent.ing t.he int.ernal fermion line (electron 

of momentum q, and is given by equation (2.13) i.e. 

k( .1 .If) = ~ J d4 -itl,ql' + rn iq.(x'-x") 
X , X ()4 q 2 2 e . 27r q +m 

Inserting (2.'10) in (2.38a) and integrating it. over x'and x" yields 

O(2)J 
~Jfi A 

-ie2m(27r)484 (PI + k' - Pi - k) 

v' 4ww' E' EV'I 

-(s')(-') , (-i(Pi+k ) + m) (s)(~.) 
1/. PI € ( )2 2 €1/. p,. 

Pi+k +m 

Similarly, t.he cont.ribution from the diagTam B will be 

O(2)J 
')fi B 

-ie2m(27r)484(PI + k' - Pi - k) 

v' 4ww' E' EV4 

-(s') (_.) (-i(Pi - k') + m) , (s) (~.) 
1/. PI E (p )2 2 £'u. p, i-k +m 

(2.'10) 

(2.41a) 

(2.41b) 

The total transition amplitude for the Compton scattering contributed by bot.h 

the diagrams in figure 2.2 is t.hen given by 

(2.42) 

Once t.he transit.ion amplitude is det.ermined, one can further calculat.e t.he 

transit.ion probabilit.y per unit time (the square of the transition amplitude per 

unit. t.ime) and the cross-sedion for t.he Compton scattering. 
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2.4 Bremsstrahlung from interaction with static- HUelOllH 

VVhenever any charged particle, especially an electron, interacts with matter 

(the "target"), it loses onergy and radiates Bremsstrahlung [3,4, 5J. Any electron 

or any charged particle, on passing through a nuclear Coulomb field will emit. 

photons t.hrough it's interaction with the Coulomb field. The radiation process 

can be described in classical electrodynamics as the radiation of an accelerated 

charge. 

The lowest order diagTams for electron Bremsstrahlung in a Coulomb field can 

be given as in the fig;ure2.3. 
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Figure 2.3: The two lowest m'der diagrams Jar electTon Bl'Cmsstmhl'llng ,in cO'l/lomb 

field. 

The Feynman diagTams in this process are similar to those for Compton scat-

tering (for instance figures 2.2A and 2.3A) except that the incident. or the incoming 

photon is llOW from t.he static Coulomb field of charge zc, which leads to the second 
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order transition amplitude S~2), to be 

(2.44) 

This equation is similar to the transit.ion amplitude for Compton scat.tering'. 

But for this case, the vector pot.ent.ial at. x",Au(x") is the coulomb field which has 

only the fourth component., namely 

'1 -O>A=O Wit 1 and (2.45) 

which reduces ,,,Au to '4A4' After replacing (2.45) in (2.M), terms can be re-

collected as 

S (2)J 
fi A 

The integ,Tal over x' cont.ributes t.he deJl;a function (27r)4 04(pt + k - q'). Next. 

integ,l'ating again over q' leads t.o replacing of q' by Pt + k. We t.hus get, 

L,(2)J -
ufi A -

(2.47) 

Expressing the pot.ential 4~1~1 in terms of it.'s Fourier transform, li:I~; where q 

is the three moment.um of t.he coulomb photon (7/ = Pi + k' - pt), we will have 

(2.48) 
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where in the above equation the integ,Tal was split, int.o it's time part., which con-

t.ribul.e the t.erm 21r/i(E' + w - E) and the space part which yields the t.erm in the 

bracket. 

Putting equation (2.48) in (2.47) and rearranging terms, we get 

(2.49) 

Similarly, S~2) J B, the contribut.ion for t.he transition amplitude by t.he second 

diagTam in figure 2.3 can be obtained by the same argument, above, and it. is found 

to be 

(,(2)J _ e
3
mz 21r/i(E'+W-EL(s')(~) [-i(Pi-k)+m] (s)( .... ) 

,0, B - --7 u. PI "14 ( €11. p,. 
" V2wE' EV3 1P1 + k - Pil2 Pi - k)2 + m 2 

(2.50) 

Therefore the lowest. order S-matrix element (t.ransition element) for t.he bremsst.rahlung· 

in the coulomb field of nucleus will be the sum of the transition element.s con-

t.ributed by the two diagTams. Thus 

')(2)J - L~(2)J + ('(2)J 
l fi - ofi A lJfi B (2.51) 

e
3
mz 21r6(E'~ w - B) F (2.52) 

V2wE'EV3 1P1 + k - Pil2 

where F -(s')(~) [ (-i(pr+k) +m) + (-i(Pi -k) +m) ]. (s)(~) 11 Pr € "14 "14 € U. Pi· 
(Pr+k)2+m2 (Pi- k )2+m2 

Note that only the energy /i-function (describing energy conservation) has SUl'-

vived. i.e. the 3- momentum is not conserved, because the field is due t.o static 

potential source (the stat.ionary nucleus) which docs not. move. 
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The quantity of interest is the differential cross section for scattering of electron 

in to a solid angle do'c with t.he emission of a photon of encrr,.y w in t.o a solid angle 

do'T The differential cross-section dcr is defined as 

d _ 18f ;l2 l1d3pf l1d3 k El1 
cr - 7' (27r)3 (21lV Pi ' 

(2.53) 

ISHI 2 
. . 1 . . Vd

3
Pj d Vd3k . '. I, where ~ is the t.ranslt.lon proba .)]lit.y per unit tune, (2,,)' an (2")3 ale t. 1e 

density of final st.ates of scattered e1ec:t.ron and the emitted photon in a volume 11 

respectively, and ~:! is incident flux of the incoming electron, By making use of 

(2.52) the differential cross section (2.53) becomes 

(2.54) 

So far the spin orientation of electron and polarization of photons have not. 

been considered. The way in which t.he calculation proceeds depends on t.he ex-

perimental set up for which t.he calculation is being performed. If t.he incident. 

photon and electron are not. polarized and the polarization of t.he scattered elec-

t.ron and photon arc not measured, then we must sum over t.he final st.at.e spins s' 

and € and average over the initial spins sand € of elect.ron and photon respectively. 

Taking the advantage of the matrix relation. 

(2.55) 

the quantity 1F12 in (2.52) can be expressed as 

11"12 __ 1 L [( -i(pt+k)+m -i(Pi - k)+m ) (-i(Pi + m) - tr € "14+"14 € 
2 E (pf+k)2+ m2 (Pi- k )2+m2 2m 

(
"14 -i(Pf+k)+m€+€-i(Pi-k)+m"l4) (-i(Pf+m)l. (2.56) 

(Pf + k)2 + m2 (pi - k)2 + m2 2m 
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But. not.ing that. 

and (Pi - k)2 + m 2 = -2(k. Pi), (2.57) 

IFI2 can further be decomposed in to three parts as 

2 1 
(2.58) IFI = [;2(Fl + F2 + F3 ) 

2m 

where 

1 
(2.59a) FI ( )2 L t1"[€( -i(P I+K) + mh4( -iPi + mh4 

PI·k c 

X (-i(P I+K)+m)€( - iP 1+ m)] 

F2 F;(Pi --> -PI) (2.59b) 

F3 ( )~ ) Lt1"[r4(-i(Pi -K)+m)€(-iPi +m) 
PI' k Pi' k c 

Xi4(-i(P I+K)+m)€( - iP 1+ m)]. (2.59c) 

Choosing 1':4 = 0 one can evaluat.e each cumbersome expressions (we will deal wit.h 

the techniques of evaluat.ing the t.races further in detail when dealing wit.h a more 

general case, Bremsstrahlung from moving proton) to arrive at. 

(PI \)2 L[2(£. pd(2EE' + 2Ew + Pi' PI + k· Pi + m?) 
, 

(2.GOa) 

-2(E' Pi)(E' PI)(k. PI) - (k· Pi)(k. PI) + 2Ew(k. PI)] 

(2.(iOb) 

-W[W(Pi . PI) - E(k . PI) - E'(k· Pi)] (2.GOc) 
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Therefore for the evaluation of the cross section (2.54), using t.he property of 

Dirac funct.ion t.hat. 

(27f )2{j2(E' + w - E) = 27fTo(E' + w - E) (2.61) 

and replacing d3pt by IPfl E'dE'drle(l'rom t.he relat.ion, E2 = p2 + m?) in (2.M), 

and int.eg,l'at.ing it as 

(2.62) 

we get 

ahn2z2 1ptl 1F12 d3 k 

7f2 IPil IPI + T - Pif w 
(2.63a) 

or 
ohn2z21ptl w 1F12 

7f2 IPil IPI + T - Pif (2.63b) 

where we replaced d3 k = w2dwdrl, (here drl, represents t.he solid angle where the 

photon goes), and a = ::. 

The result. (2.63b) is therefore the differential cross section for scat.tering of 

electron and at the same t.ime producing a phot.on of energy w per unit. energy 

int.erval and per unit solid angle of photon drl,. 



CHAPTER 3 

Bremsstrahlung from electron scattered by a moving proton 

3.1 The transition amplitude and the cross section 

In this chapter we return to the general discussion of scattering formulation 

responsible for emission of radiation from an accelerated electron moving in the 

electromagnetic field of a moving proton (sec fig. 3. 1). V';e further calculate the 

relativistic transition amplit.ude and the cross-section for this process. The details 

of trace calculation will be explicitly shown during these calculations. We will t.ry 

to estimate and analyze the result for various assumptions (such as mp » me) and 

soft photon limits at the end. 

vVhen an electron interacts with electromaglletic field of a moving external 

particle it emits bremsstrahlung. Here we intend to analyze radiation emit.t.ed 

(Bremsstrahlung) from an electron interacting with moving proton i.e. photon 

radiated from e-p scatt.ering. 

e+p-tc+p+, 

We calculat.e t.he cross-section for this process using met.hods similar t.o t.he one 

in bremsstrahlung from t.he interaction of electron with a st.at.ionary nucleus. 

The two lowest. order bremsstrahlung diagTams of t.he process are shown in t.he 

fig"llre 3.1. 
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Figure 3.1: Feynman diagrams f07' bl'emsstrahl1lng from an electron interac{ing with 

moving pl'oton. 

These diag;rams represent. the scattering of an electron by a proton in which t.he 

scatt.ered electron additionally emits a real Bremsstrahlung phot.on. The internal 

fermion liue in figure 3.1 represents the virtual electron. The diag;rams in fig;ure 

3.1 are similar to those for bremsstrahlung !i'om the int.eraction of electron wit.h 

coulomb field except that in this process the target. (proton) is moving during the 

interaction. 

The expression for transition amplitude for this process is the same as (2.44) 

l.e. 

0(2)J 
')fi A 

(3.1) 

but. t.he difference anses from the source of the potential Av(x"). The source 

of the potential in this case is not from static coulomb field but from the moving 

proton. The photon exchanged during the process is described by using the photon 
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propagator which is given by (2.29) or 

(:3.2) 

where Df(Y - x") is the photon propagator given by (2.36) and Jv(Y) is the clec-

tromagnetic transition current density of the prot.on of mass m2, and charge c. 

Thus 

J eiq;~: )-,;") ( ~; )d4cj (3.:3) 

Jv(y) ie\fJ, v \fJ (3.4) 

or 

Substituting (3.3) and (3.5) in (3.2) implies 

(3.5) 

To solve the integTal (3.2), we first integTate (3.5) over Y and cj. '\Ie first collect 

terms in (3.5) as 

(3.7) 

and making use of the property 

(3.8) 
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(3.7) will reduce to 

(:3.9) 

Again using the properties of delta funct.ion (3.8), and noting that q' = P2i - P2!, 

we get, 

A (.11) _ (-ie)2m2 (2'if) 
4 

-("){ri) (.)(~.) i(p" -P2f)'x" 
v X - (2 )411 ~E' (2 )41 1211. \l'2f 'Y"U P2. e . 

1': I V D2"'2 'if P2i - P2f 

(3.10) 

Making use of (3.10) t.he transition amplitude (3.1) becomes 

C;(2)J -
lfi A -

X '11.(s) (Pli )ei:l: I
, (-PI! -k+q) e iXII

.( - q+P2i-P2/+Pli) . (3.11) 

The illtcg;rals over x' and q will be carried out using the delta. funct.ioll properties: 

(3.12a) 

(3.12b) 
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and 

(3.12e) 

so that (3.11) becomes 

-e3mlm2 (27f)404(pl/ + P2f + k - Pli - P2i) 

y!2wE1E;E2EW5 Ip2i - P2fl
2 

(2)j Sfi A = 

'fj,(8') (Plf) E (-i7·q + .:nl
) ,,, {fj.(s) (P2f h ,,11(8) (P2i) } 1/(s) (Pli)(3.13) 

q +m l 

where q = Plf + k. 

and since fj.(S) (P2f h"U(8) (P2i) is a 1 x 1 matrix we can shift it's position in (3.13) 

and rearranging the terms in (3.13) we get, 

(3.14) 

Similarly one can obtain si2
) j B (the second diagmm in fig 3.1) by interehanging 

the order of potential in (3.1) (i.e. exchanging ,,,A,, and, ~A~). Following the same 

argnment above it is found to be 

S (2)j _ 
fi B -

(3.15) 

The total transition amplitude for the process is then the sum of the amplitudes 

contributed by both diagmms in figure 3.1. That is 
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Hence 

(3.16) 

This is the total transition amplitude for bremsstrahlung from elect.ron scattered 

by moving proton. The delta funct.ion in (3.16) expresses the overa1l4-momcntulll 

conservation. 

Using the Dirac delt.a funct.ion property 

the transition probability per unit time T will be 

(3.17) 

where X2 is the square of the t.erm in t.he squared bracket of (3.16), It is given as 

(3.18) 

The differential cross-section da is given by 

d _ JSfiJ
211d3

Plf l1d3
p2f l1d3k 1 

a - T (21f)3 (21f)3 (21f)3 Fine 
(3.19) 

where Fine is the incident. flux. The problem is now reduced to that. of evaluating 

X2. Quite oft.en we are not. int.erested in the transit.ion probability to a particular 
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spin state. But. what is really observable is t.he transition amplitude t.o final stat.es 

without any regard to t.he spin orient.at.ions of electron, prot.on and polarization 

of emitted photon. So we must sum (3.18) over final spin orient.ations of electron 

(sD, proton (s~) and photon polarizat.ion (f) and average over the initial spin 

orientations of the incident. electron (stJ and proton (S2)' This gives a factor of 

1 1 1 
2'2 4' 

The spin sums are carried out by making use of the projection operat,ors given 

by (2.55) i.e. 

Denoting the terms in (3.18) as 

N (3.20a) 

1.1 

so t.hat X2 in (3.18) will become 

(3.21a) 

(3.21b) 

(3.21c) 

where 1\1 = 14111+"(,1' Making use oft.he notation (3.20a) anel not.ing that ("('1)2 = 1, 



The sum over 8, and s; will be carried out as follows; 

L Uil4'U'l~14U~U~,I"'2 
S2S~ 

- L 112( v'u;Ti';'I! U2 
S23~ 
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(3.21d) 

(3.21e) 

(3.21£) 

where at (3.21e) use has beenl11ade the relation l 4lt'4 = -'v' And in (3.2lf) we 

used the relation (2.55). Thereforc 

(3.21g) 

where the bold letters represent a 4 x 4 matrL'C as P2i = I,P2i, P2J = I·P2J· And 

we denote Iv as I.au = au, wherc au is a unit four vector in the direction of v. 

And using the relation that, for any 4-vectors fl, B, C and D 

tr(ABCD) = 4[(fl. B)(C. D) + (fl. D)(B· C) - (fl. C)(B. D)] (3.22) 

we get the trace for (3.21g) to be 

(3.23) 

where we denote P2f by P2 and P2i by P2. 

Replacing (3.23) in (3.21c) and using (2.55) again, the X2 term in (3.21c) will 

become 

(:3.24) 
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After inserting M from (3.20b) in (3.24) we get 

where use has been made of the relation 

(3.26) 

for an arbitralY set of Ii-vector A, Band C. And in the denominators we used the 

relation 

and (PH - k? + 'Tn? = -2(k. Pli)' (3.27) 

Now the next step will be determining the trace in (3.25). But. X2 it. self is 

composed of three traces as 



where, (denot.ing PI! by P! and Pli by Pi)' 

E [-i(P! + k)+m] 'I' [-ipi + m] } 

X'v [-i(PI + k)+m] E [-ip! + m] 

'I' [-i(Pi - k)+m] E [-ipi + m] 

XE[-i(pi - k) +mhv [-iP! +m] } 
,~[-i(pi - k)+m] E [-ipi + m] 

X'u [-i(P! + k) + m] E [-ipI + m] 

-1 '" t1" 
(k. Plj )(k . PH) L.. + , 

E [-i(P! + k)+m] 'I' [-ipi + m] 

XE [-i(Pi - k)+mhv [-iP! + m]} 
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(3.29a) 

(3.29b) 

(:1. 29c) 

'Nhen evaluating the traces, t.he symmetry properties of t.hese traces aTe import.ant. 

Some are described by exact.ly t.he same formulas with only different interpretation 

of the momenta involved. For example by using the cyclic permut.ation rule of a 

trace and properties of ,- matrices 

tT(ABC) = tT(CAB) = tT(CBA) (3.30) 

X2 is the same as Xl except that k in Xl is replaced by -k in X2 and Pi replaced 

by PI' Or we can say that X2 is the same as Xl except. that Pi in Xl is replaced by 

-PI in X2 (or viceversa).i.e. 

(3.:na) 
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Similarly the second trace in X3 can be obtained by interchanging Pi and -PI' i.e. 

-1 '" { L.. tr (k . PII )(k . PH) , 

+XI(Pi +-> -PI)} 

'I' [-i(Pi - k)+m] E [-ipi -+- m] } 

X'v [-i(PI + k) + m] E [-ipI + m] 

-1 '" { L.. tr 
(k. plf)(k· PH) , 

(3.31b) 

'I' [-i(pi - k)+m] E [-ipi + m] } 

x'v [-i(PI + k) + m] E [-ip! + m] 

(:3.31b) +XI(Pi +-> -PI)} 

These and other symmetry properties will be used repeatedly in t.he forthcoming 

trace calculat.ions so t.hat. we can reduce the actual evaluation of all the laborious 

t.races. 

Vlfe chose E in such a way that (is perpendicular to t.he plane formed by ai' -avo 

And hence ai' . E = 0 and av • E = O. 

The t.race XI by itself is composed of 18 matrices. Vlfe use the not.ation 'I' = ,. 

aw \Vhere ai' is a unit four vector wit.h /LtI'component is 1, and the rest components 

are zero, i.e. a~ = (0, .. ,1, .. 0, .). vVhich implies a~ . av = {j~u. 

\Vhile evaluating t.he traces we will use the following relations as a tool. For 

any 4-vectors A,B,O and D 

AB 2A· B-BA 

t7'(AB) 4(A. B) 

tr(ABCD) 4[(A. B)( O· D) + (A· D)(B . 0) - (A· O)(B . D)] (3.32c) 

(3.:12e) 



vVe first evaluat.e t.he four traces without. a factor '111, which are 

TJ tT(EPIal,piavPIEPI) 

T2 - .t1.( Ep Ial,piaukEp I) 

The first. t.race 'II is evaluated as: 

TJ == t7'(EPIa~PiavPIEPI) 

= 2(E' PI )tT(a~PiavPIEPI) - (-m?)tT(a~PiavPI)' i by (3.32a,eJ) 

= 2((. PI) [2(E' PI)tT(al,PiauPf) - (-m2)t7'(a~PiavE)1 ) 
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(:ua) 

(:3.34) 

(3.35) 

(:3.36) 

(3.37a) 

+ 4m2 [(ai' . Pi)(au . PI) + (a~ . PI )(au . Pi) - (ai' . al,)(Pi . PI)], i by(3.32a,e} 

(3.37b) 

= 2( E • PI ){8( E • PI)[( a~ . Pi) (au' PI) + (ai' . PI )( au . Pi) 

- (a·u . al,) (Pi . PI)] + 4m2[(al, . Pi)(au . E) + (ai' . E)(au • Pi) 

- (au' al,)(Pi' E)]} i by (3.32c) 

= 16(E . PI )2[(Pi~PIv)(PII,Piu) - 011U(Pi' PI )]- 8'1112((. PI )[OI'V((' Pi)] 

+ 4m
2 

[(Pii'PIv)(PII,PiU) - 0IW(Pi' PI)] 

(3.:37c) 

(3.37d) 

where in the last line we have used the fact that. since ai' and au are unit 

'I-vectors along /1/" and vthclirectioll so that we have 

Pij1 and Pi . at} = Piv 

Ph' and PI' av = PIu, 

(3.38a) 

(3.38b) 



36 

SiIllilarly \ve can evaluate the 2nd trace 12 as 

(3.39a) 

Applying (3.32d), the trace tT( al'Piavktp I) in (3.39a) will be 

pil'kv(E' PI) - 46Jw (k. Pi)(E' Pr) + 46IW (E' Pi)(k. Pr) 

+4kJ,Piv(E' PI) - 4kl,Prv(£' Pi) + 4kvPfJ,(E' Pi). (3.39b) 

Then replacing (3.39b) in (3.39a) anclusing (3.32c) we get 

T2 tr(EPtaI'Pia"ktpr) 

8(£. Pt)2pil,k" - 8(E' Pr)2(k. Pi)6l'v + 8(£. Pi)(£' pt)(k· PI)6I'v 

+8(£. PI)2pivkJ, - 8(E' Pi)(E' Pr)kJ,Pru + 8(£. Pi)(£' PI)kvPIJ' 

(3.:39c) 

Similarly 

T3 - t7'(EkaI'P,auPtEPr) 

= 8(E' pdpivkl' - 8((. pt)2(k. Pi)6l'v + 8(E' Pi)(E' PI)(k. PI)611V 

+ 8(E' Pt )2PiJ,kv - 8(E . p;)(E' Pr )k"PtJ' + 8(( . p;)(( . PI )kl,Ptv 

Note that T3 = Tdwith j1. <-T v] 

(3AO) 



T4 , can be similarly evaluat.ed as 

T4 - t1'( Eka"piaukEp I) 

= 2(E' PI)t1'(EkaI'Piavk) - t1'(ka"PiavkP/) 

= -2(k . PI )t7'(kal ,Piav) 

= -S(k . PI ) [Pivk" + pil'kv - (k . Pi)81w1 

Then the sum t.races TJ ,T2' T3 and T4 aft.er rearranging terms will be 

S{2((. PI)2[(Pi"Plu)(PII,Piv) - 8I'v(Pi' PI) 
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(M1a) 

(3.41b) 

(3.41c) 

+pil'kv + Pivkl' - (k. Pi)8"v + 2((. Pi)(E' PI)(k. PI )81",1 

+(k· Pi)(k· PI)8Iw } - Sm2
(E' Pi)(E' PI)8J", 

+4m
2
pi"Plv + 4rn

2
pivPI" - 4m

2 
(Pi . PI )81'v 

+Sm2pil'kv + Sm?kl,Piv - Sm2(k . Pi)8lw 

-S(k· PI )Pivkl' - S(k. PI )Pil,kv' (3.'12) 

Vie next. evaluat.e traces with coefficient. (-im)2. They are all the product. of six 

4 x 4 mat.rices. There are 13 possible products of such kind ( Ts - Tl7) anel t.he 



trace TIs involves a factor of m". These t.races are: 

n 

'16 

T7 

Ts 

To 

TIO 

1'-11 

1'12 

TI3 -

TI4 

T15 

'T16 

'Ii7 

The trace To can be evaluated as: 

t7.( EPra/,p;av E) 

t7'(Pra/,p;av) 

tr(EPra/,p;av E) 

(EPfa~PiavPfE) 

tr(EPfa~avkE) 

t7'(Eka~PiauE) 

17'( Eka~auPfE) 

tr(Eka/,aukE) 

tr(Ea~PiavPfE) 

tr(Ea/,piavkE) 

tr(EPfa~avEPf) 

tr( Eka/,av EPf) 

.t1'( Ea/,Piau Ep f) 

t1'(Ea~avPfEPf) 

t1'( Ea/,av kEp f) 

4Pi~PfU + 4PiuPfl' - 4(Pi' Pf )Oltv. by(3.32c) 
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(;).4:1) 

(3A/1) 

(3.45) 

(3.46) 

(3.4 7) 

(3.48) 

(3.'19) 

(3.50) 

(3.51) 

(3.52) 

(3.53) 

(3.54) 

(3.55) 

(3.56) 

(:l.57a) 

(3.57b) 

(:l.57c) 

We proceed further to evaluat.e the rest. of the traces T6 - TIs using techniques 
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similar to the ones used in evaluation of the more complex ancllonger traces TJ -

'rl . These traces are evaluated as follows: 

T6 

T7 

78 

L1'(€pjal,Piavpj€) = tr(pfal,avPf) 

-4m201w 

tr(€Pfapavk€) =4kvPfp +4(k· Pt)opv - 4kl,pjv 

tr(€kal,piav€) = 4kpPiv + 4kvPip - 4(k. Pi)OIW 

tr(€kapavpt€) = 4kpptv + 4(k. Pj )OIIV - 4kvPtl' 

T7(P. <-> v) 

tr(€kapavk€) = 0 

(3.58a) 

(3.58b) 

(3.59) 

(3.60) 

(3.61a) 

(3.G1b) 

(3.62) 

(3.G3a) 

(3.63b) 

(3.6'la) 

(3.64b) 

(:3.65) 
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+4(p; . Pt )0I'V (3m) 

116 (3.68a) 

(3.68b) 

(3.69a) 

(3.69b) 

The last trace, with a factor of m4, which contributes to Xl is 

(3.70) 

The other traces involving coefficient m, m3 contains an odd number of ,-matrices 

and contributes nothing to Fl. Adding all the above results 1-18, and recalling 

that traces 5-17 have coefficient. -m2 , Xl will become 

Xl (k. !If)2 L{2(f' pd[(p;I'Ptv) + (P;vPfl') - O!'U(p;' PI) + kvPil' + kl,p;v 
, 

(:3.71 ) 
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(3.72) 

Following similar' arguments as above 

16 
(k )(k ) I:{((. Pi)((' pt)[(k. Pi)O/w - (k. PI)0I'" + 2(Pi' PI)o/w 

. Plt . Pli , 

-2pi/,Pju - 2PivPII' + 2m20,wl + (E' PI )2(k. Pi)O/W - (E . Pi)2(k. PI )0I'V 

(3.73) 

The overall trace of the matrices in X2 involved in this specific process is now 

determined. And it. is the characteristic factor to the bremsstrahlung process from 

interaction with moving proton. 

Compiling all the above results of trace calculations, the transition probability 

per unit time will be as given as in (3.17), where X2 is as given in (3.28), and 

Xl,X2' X3 in equations (3.71 )-(3.73). 

Wfe next evaluate the cross-section in which the initial proton is at rest ([12 = 

(0, im2)) often called lab-system. Then the incident fhu:: J<ine will become 

(3.74) 

which implies 

dCf = e6m~mH21f)4S1(PI + p~ + k - Pi - P2)X2 d3pI d3p~ d3k 

'2I..uE;E2E~ Ip2 - p~14Ip';l (21f)3 (21f)3 (21f)3' 
(3.75) 

The integTa.l can be carried out by split.ting Dirac-delta function into the space and 



time parts as 

(3.76) 

where w is thephoton energy, E1, E2 and E;, E& are the initial and the final energies 

of electron and proton respectively. Writing' 

(3.77) 

(3.75) becomes 

da 

(3.78) 

Vole first integmte (3.78) over P2 using the delta function, 03(pJ + ll'~ + k' - ll'i-

ll' 2) and then over E; using the delta function o(E; + E& + w - E1 - E2) to get 

2 
,vhere a = !rr' 

da m~ a3m~ IFfl X2 d3k 

E2E& 7[2 Ill';! Ip2 - p~14 W 
(3.79) 

Once we have this expression, the substit.ution of X2 in (3.79) will lead to the 

differential cross-section for bremsstrahlung process due to the interaction of an 

electron with a moving proton. 

This result is more general as compared with bremsstrahlung process from 

interaction with static proton target (Coulomb potential). The process in the pro-

vious chapter i.e. the bremsstrahlung' from electromag110tic field of static nucleus 

will be used as a very valuable cross-check which verifies the correctness of our 

results. 
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3.2 The massive target approximation (mv»lIle) 

Comparing the masses of t.he proton and electron, the proton (17Ip = m'2 = 

938.31l1ev)call be assumed to be massive as compared wit.h eleetro11 (me = n1.1 = 

0.511\1 ev) so that the prot.on can be assumed to be at. rest before and after the 

interaction. 

p; (3.80a) 

and 

P2 (3.80b) 

Then the parameters associated with the proton will become 

(3.81a) 

(3.81b) 

(3.81c) 

Making use of (3.81a,b,c) the first. term in X2 (3.28) will reduce as 

(~~.82) 

Then X2 (3.28) becomes 

(3.83) 



vVe further note that 

(P2vP21') (PiI'Plv) = (Pi.P2)(PI.P2) = (-m2El)(-m2E~) = m~Ed'J~ (3.84a) 

(P2vP21') (PivP II') = m~E1E~ (3:8L1b) 

(P2vP21,)8I'v 2 (3.84c) = P2·P2 = -m2 

(P2vP2/' )(kl,Piv) = m~E1W (3.8 L1cl) 

(P2vP2/,)(kvPil') = (k. P2)(Pi.P2) = (-m2W)( -m2El) = m~E1W (3.811e) 

(P2VP21')(kvkl,) = (P2' k)(P2' k) = m~w2 (3.84f) 

Xl - 2m~(k '!If)2 ~{2(E' PI)2[2E1E~ +Pi' PI + 2E1w + (k. p;) +m2] 
, 

-2((. Pi)(E' PI)(k. PI) - (k. p;)(k. PI) - 2(k. PI)E1w} (3.85) 

(3.86) 

-W[W(Pi' PI) - E'(k. Pi) - E(k . PI )]. (3.87) 
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From the above results comparing (3.85) with (2.60a), (3.86) wit.h (2.60b) and 

(3.87) with (2.60c) one can easily see that. 

(3.88) 

(3.89) 

(:3.90) 

Therefore the X2 t.erm in (3.83) will then be reduced t.o 

(3.91) 

which is identical to (2.58). 

If we replace (3.91) in to t.he expression for the differential cross section given 

by (3.79), and making' use of (3.81a), we will get 

(3.92) 

But since the conservation of momentum and energy is guaranteed by the Dirac-

delta function {j4(pf + P~ + k - Pi - P2), we can see that. 

(3. 93a) 

1
_. -I 14 
P2 - P2 (3.93b) 

(3.93c) 

Therefore (3.92) becomes 

(:3.94) 
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which is identical to (2.63). This verifies therefore the differential cross section 

for bremsstrahlung process due to an int.eract.ion of elect.ron wit.h a moving prot.on 

reduces t.o the differential cross sect.ion for bremsstrahlung process due t.o an int.er-

action of elect.ron with the coulomb field of st.ationary nucleus, under the limiting 

The sum over polarization of photons, ( can be performed by labelling t.he 

angle bet.ween vectors k and PI as B I , the angle between k and Pi as Bi and the 

angle between the planes (k,PI) and (k,pi) as 'P [6]. As shown in figure 3.2 

Figure 3.2: Kincmat'ics of the Brcmsstmhlung p1'Ocess fl'Orl! a static lwcle'lls(6j. 

Since k . ( = 0, by choosing k as a unit vector along z a.'lis we can set the 

two possible polarization vectors (, along X and y axes, and hence ( = CT',O) = 

(El' (2, 0, 0) we can express t.he sum I:((' PI)2 as 

(3,95) 
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~(E' PI)2 
2 2 

Plx+P11I 

Ip/12 
- p}z 

2 ~ 2 
- Ip/I - (PI' k) 

Ip/1 2 
(1 - cos2 01) 

Ipfl
2 

sin2 Of (3.96) 

Similarly 

(3.97) 

and also 

(3.98) 

Once F is determined the differential cross-section can be given as equation (2.63). 

3.3 The soft photon limit (k --> 0) 

Further simplification of the result for the bremsstrahlung cross section clue to 

a moving proton is possible in the limiting case of soft photon. The soft. photon 

limit is the limit as the photon momentum approaches zero (k --> 0) [7J. In the 

soft photon limit consider the term F in (2.52) or 

(3.99) 

will be reduced as follows: 

Using the relations 



i) for t.wo vectors A and B 

AB = -BA+2A.B (3.100) 

ii) the Dirac equation 

'fj(s'l(p!) liP! + m] = 0 or lip, + m]u(sl(Pi) = 0 (3.101) 

iii) in the denominators 

2k· P! (3.102a) 

2k· Pi (3.102b) 

(3.99) becomes 

(3.103) 

Since the delta function 8( E - E' +w) reqUIres E = E' as w ---> 0, the momenta for 

the incident and the scat.l:ered electrons will have the same magnitude. Therefore 

the cross section (3.92) will be 

(3.104) 

But the differential cross section (d~") 0 for the lowest order scatt.ering of an 

electron by an external static coulomb pot.ential (Mott scattering) is given by [2,8] 

(3.105) 

which is the bare elastic term which describes the cross section for the scattering 

of electron without any emission of photon. Therefore by making use of (:3.105) 
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the differential cross section (3.104) will become 

(3.106) 

where we replaced d3 k by w2dwd[l~ 

The above result (3.106) implies the differential cross section in the soft photon 

limit,(3.104) can thus be factorized int.o the product of t.he elast.ic term (i.e. bare 

cross section without any external phot.ons) and the term elescribing production of 

photon. This latter term has an addit.ional factor a and is thus a first oreler t.erm 

as compared to the leading term. 



CHAPTER 4 

Application of covariant perturbation theory to some elementary 

particle decays 

The basic interactions of elementary particles can be classified into four cate-

gories. These are the st.rong, electromagl1etic, gravitational and weak interactions. 

But. gravitational interactions turn to be of little interest in our specific work. 

The distinction between the interactions is justified by large differences in t.heir 

relat.ive strength and in their certain properties. What is remarkable is that. aU four 

classes of interaction are characterized by dimensionless coupling constant that dif­

fer by many order of magnitude; the dimensionless constant that. characterizes t.he 

strength of electromagnetic interaction is the fine structure constant :; = Ct = 1~7 

(where e is the electron charge, and we have set n = c = 1). The strong interac­

tions are characterized by strong interaction coupling constant ~: ",14. Roughly 

speaking the strong int.eractions are 1000 times stronger than the electromagl1ctic 

interactions. In cont.rast. t.he constant t.hat. charact.erizes t.he weak int.eraction pro­

cesses is ~: '" 10-11 [9, 10J. Thus t.he weak int.eractions are 109 times weaker t.han 

electromagl1et.ic interaction. 

Anot.her important propert.y t.hat differentiates the weak from elect.romagl1et.ic 

and strong interactions is the range of interaction. The range of electromagllet.ic 

int.eractions is infinit.e and for strong int.eraction it. is ~ 1O-13crn. But the rangB is 

the smallest. (~ 1O-16crn) for weak int.eract.ion [10J. 
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The ot.her distinguishing feat.urc of weak int.eraction worth mentioning here is 

its violation o[ some of the symmctry principles that govern electromagnetic and 

strong int.eraction. In particular weak int.eraction processes do not conserve parity 

[11]. 

In this chapter we shall content ourselves with a description of some of the 

elementary particle decays (such as hyperon decay and pion decay) in the frame 

work o[ the covariant perturbat.ion t.heory and t.ry to predict the nature of the 

decay mechanism responsible for such fundamental processes occurring in nature. 

vVe use phenomenological forms of interaction Hamiltonians as inputs which are 

obtained through various symmet.ry considerat.ions. 

It. is found that the weak scattering experiments are extremely difficult to 

perform because of very smaU cross-sections (10-44 t.o 10-38cm2) in contrast to 

the cross-section ranging over micro barn t.o milli barn (lba1'7L = 1O-24cm2) for 

electromagnetic or strong interaction [10]. But what is of gTeat.er significance [or 

decay processes is t.he typicallifet.ime and decay rat.e. Vie shall try t.o analyze the 

decay processes such as A-hyperon decay (A -7 P+1[-) and t.he neut.ral pion decay 

(1[0 -7 e+ + e-) in t.he fort.h coming sections. 

4.1 Hyperon decay (A -7 P + 1[-) 

As a first. example of element.ary part.icle decay, we shall examine and analyze 

t.he decay of A-hyperon (known t.o be spin- !, mass, mil = 1115.6M ev ami charge­

o ) into a proton p, and pion 1[-, (known to be spin 0, mass, "Tn,,- =139.6j"'Iev and 
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charge (-e)) [12). That. is 

(4.1) 

as an illustration of the techniques to be applied to the study of pion decay III 

section 4.2. 

Non-conservation of parity is a universal property of weak interactions. Evi-

dence for the non-conversation of parity was first provided by experiments on the 

decay of A- hyperon [13L 

In the A- hyperon decay above, we consider the direction of A on a plane 

(mirror) perpendicular to p - 7r- plane shown in figure 4.1 

p 

plan e 

" 

p 1a n e 
p 

Figure 4.1: A-hyperon decay. Pm'ity conservation would require that t.he two decay 

configurations (which m'e lIVi1'roT Teflection to each othe1) be physically Teaiizable 

with the same transition pTobability. 

If parity is conserved, t.he probability of the pion being emitt.ed to one side 

of the plane should be the same as the probability of being emit.ted to the other 
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side. That is, if decay of the A is invariant under reflection of co-ordinate syst.em 

(i.e. parity transformation), t.hen processes which are related by reflection hy t.he 

plane mirror P must. be equally probable. But experiment.aily, more pion 1T- from 

11.- decay are emitt.ed to one side of the mirror plane than to the other [13J. Thus 

this experiment clearly demonstrates parity violation in the decay of A- hyperon. 

This suggests that the decay mechanism involved in this process is weak decay. 

The interaction Hamiltonian density that. can account for this process is (.aken 

to be [l1J 

(4.2) 

where Wp , W A and q,,, are now the relativistic waVe functions for spin-~ proton and 

spin-~hyperon) and charged spin-O pion. g and g' are the coupling constant.s of 

interaction responsible for such decay to be determined experimentally. 

Next we shall see that t.he int.eraction (4.2) is not. invariant. under parit.y t.rans­

formation unless 9 = 0 or 9' = O. 

Since W p, W A and qJ" transform under parity as 

Wp -> 1Ip'Y4Wp(-X,t) and thus Wp -> 11;W p(-x,th4 (4.3) 

WA -> 1IA'Y4WA(-x,t) andthus WA -> 11i,WA(-x,th4 (4.4) 

q,,, -> 1Inq,,,(-x,t) andthus q,;; -> 11;q,;(-x,th4 (4.5) 

where 11 is a phase factor and 11 = ±1. This implies that. the interaction density 

(L1.2) transforms under parity transformation as 
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Therefore 

i) [or g oF 0 and g' = 0 , if we choose the phase factors in snch a way that 

77;77;77A = 1, then the 'Hillt transforms like scalar density. Hence parity is conserved. 

Or 

-1 , again 'Hint t.ransforms like 

scalar density. That is, for either cases 

(4.7) 

t.hus parit.y is conserved. However, if g and g' are non-vanishing, the 'Hint cannot 

t.ransform like a scalar densit.y, no mat.t.er how we choose 77;,77; and 17A . This is 

what. we mean by saying t.he interaction is not. invariant. under parity, or parit.y is 

not. conserved [11]. 

We now approach t.he hyperon decay (A ---> p + 7f-) using t.echniques encoun-

tered in covariant perturbation theory. where the interaction density is as given in 

(4.2), wit;h 

¢: 1 . 
(/1.8) e-tp",x 

.J2 Brr V 

'l1p - --v e-1Pp"x nI' . EpV P 
(11.9) 

'l1A (4.10) 

are the relativistic wave [unction of 7f- ,p, and A respectively. 

The first order correction to t.he transition amplit,ude, S-mat.rix element for 

t.his decay is then 
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-i J d,IX'Hint(X, t) 

-i J d4xr/;;,iJlp (g + g'''(5)iJI h· (4.1'2) 

Substituting (4.8), (4.9) and (4.10) in (4,1'2) we get 

This integ;ral can be solved using the Dirac delta integration 

(4.14) 

to obtain, 

(4.15) 

Note that the appearance of 4-dimensional delta function expresses both the 

conservation of energy and momentum. 

Once the transition amplitude is determined, the transition probability per 

unit time ISi l' for A-hyperon to decay into p andn- will be 

where 

('1.17) 

If the A-hyperon is polarized with its spin orientation charaderi7.ed by a vector 'W 

and if we want to measure the decay rate without any regard to the spin orientation 
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of prot.on, t.hen we must. sum t.he t.ransition probability over the proton spin stat.cB. 

Then t.he summation for t.he square of the matrix element 1\tJ Ji will be 

proton Bpins proton spins 

Vlfe evaluate the above summation as 

proton spins protonspinB 

proton Bpins 

where UA = v-A14 and we used t.he relation 

(4.20) 

The summation over spins of proton can be carried out using t.he relations 

(4.21) 
proton spins 

and 

( 4.22) 

to get. 

t {( * '*) (-if.PP + mp) ( ') 
l' 9 - 9 15 2 9 + 9 15 mp 

proton spins 

x (-if.PA+mA) (1+ if5(')"W))}. 
2m" 2 

(4.23) 

The differential decay rat.e (dW) for t. he process is given by 

(/1.24) 
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Inserting (4.23) in (,1.16)and t.hen t.o (4.24), dW becomes 

(4.25) 

where I: IM,;l2 is as given as (4.23). Squaring the Dirac delt.a funct.ion we 
proton spins 

get. 

(4.26) 

Making use of (4.26) the dW in (4.25) will become 

4m m IM,012 p" t 

(4.27) 

The above expression is the different.ial decay rate for polarized A in any Lorentz 

frame. oWe now calculat.e the different.ial decay in rest. frame of A-hyperon where 

(4.28) 

We first int.egrate (4.27) over the pion moment.um Pp by splitt.ing the delta funet.ion 

as 

and rewrit.ing d3p" as 

(4.30) 

so t.hat. t.he int.egral over dp would be 

(4.31) 
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where we ~et t.he above result, usin~ the Dirac clelta fundion integ;ration, 

j dX8[J(a:)] = I 11 df(x) 

dx X=:l'Q 

(4,:n) 

Applying' equations (/1.28),(4.29),(4.30) ancl (4.31) clifferent,ial clecay rate will be 

In rest frame of A-hyperon t.he t.race (4.23) can be evaluateclusing the proper-

ties 

fl' [1511'Iv] 0 forP,#v ( 4.:)4a) 

t1' [(')'. a)b· b)] 4a' b (4,34b) 

1511'15 - -II' (4,34c) 

(15)2 1 ( 4,34c1) 

t1'(l) 4 ( 4.34e) 

2 Re(ab*) - a*b+b*a. (;1. 34f) 

The relation (4,34f) is for any arbitrary variables a an b where a* ancl b* are the 

complex conjug'ates of a ancl b. By making use of (4,34a-f) that, 

proton 6piliS 

( 4.35) 

where () is the angle between 15' pand W. 
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To compute t,he toLal decay rate r, we t.ake dvV from (4,33) and inte[';rate over 

the diJIerenLial solid angle dn. we get. 

(4.36) 

Assuming t.he hyperon is polarized wiLh spin along the positive z-axis and 

noting that p' can take any direc(.ion, and thus 0 can take any angle between 0 and 

27[, Then the cosO term in (4.35) vanishes as we integ;rate over all Lhe angles. So 

after rearranging terms in equation (4.36) we get 

(4.37) 

This is the decay rate for the A-hyperon decay to proton and negatively charged 

pion in terms of measurable quantities. 

If we insert the corresponding experimental results for decay raLe r, momentum 

1P1 [12,14J ,and E; = 1P12 + rn2 i.e. 

1P1 101Mev 

rnA 1115.6Mev 

'1Ilp 938.3M ev 

943.4Mev (4.38) 

in equation (4.37) we obtain 

(4.39) 
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Thus the dimensionless coupling constants I~~' and I~;' for the decay are small by 

many orders of mag,11itude as compared to the: elc:ctromag,11c:t.ic coupling const.ant (t 

= 1~7 RJ 10-2 . This suggests that the interaction responsible: for Hyperon decay is 

weak. We now extend this formulation to calculate the decay rate for the process 

1[0 -> e- + e+ in the next section. 

4.2 Pion decay 

In this section we will calculate the decay rate and the corresponding,' life time 

of neut.ral spin less pion, 1[0, into an electron-positron pair. The mass of the 

neutral pion is 135.0kJev, which is 4.5M ev lower than the mass of charged pion 

(1[±). Mllch experimental effort has been devoted in recent years to the study of 

decays 1[0[19, 20] . More than 98% of t.he neutral pion is observed to decay into two 

photons [12,15, 15Lwhile it is found t.o decay rarely in to e-e+ pair with less t.han 

1% probability [15 - 19]. Thus we are interested in studying such rare decays as 

1[0 -> eO' + e+ in this thesis. 

The effective Hamilt.onian density [7] for the latter decay (1[0 --) e- + c+) IS 

taken as 

(4.40) 

where g is the coupling constant. to be determined experimentally and f5 is the 

Dirac 4 X 4 matrix given by 

('1.41) 
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Figure 4.2: Feynman diagram /01' the decay 1[0 -> e- + e+ 

61 

And also ([J(x) and ¢(x) are the free rclat.ivistic electron and neutral pion wave 

functions respectively. That. are given by 

([J(x) {if; (p ) -iP2x . --v 2 e 
EV 

(4.42a) 

([J(x) J ~~u(pl)e-iPX (4.'12b) 

¢(x) 
1 +. 

(4.'12c) e tP?f',X 

y!2E"V 

where V(P2) is the positron spinor. 

4.2.1 The transformation properties of ?-lillt.We shall now invest.igate the trans-

formation properties of the interaction Hamiltonian density ?-lillt. in equation (4.40). 

First we can easily see that the interaction Hamiltonian density is invariant, under 

Lorentz transformation. It can be verified as follows: the Lorentz transformation 

operator ,chor> transforms the free electron wave function ([J(x) in one frame to 
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\[I' (x') in another frame as 

\[I'(X') (4.'13a) 

and 

(4.'13b) 

with the properties 

C'+ _ ,)-1 
14-,JLor/4 I Lor (4.43c) 

')-1 c' 
I Lor 15,J Lor 15 (4.'13d) 

which implies 

(4.44) 

and hence, the Hamiltonian density in both frames would be 

( 4.45) 

The above equation shows the invariance of the interaction Hamiltonian density 

responsible for the decay process under Lorentz transformations. 

Next. we shall see how the interaction Hamiltonian density transforms under 

parity transformation (space inversion). Tile parity transformation, Sp = 1/1'1'4' 

transforms \[I (x) and </>( x) as 

(4A6a) 

(4.46b) 

(4.46c) 
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Accordingly the Hamilt.onian densit.y t.ransforms as 

If we choose the phase factors in such a way t.hat. 7);'1)~7)A = -1, t.hen t.he 'Hint t.rans-

forms like scalar density, which means t.hat t.he interaction Hamiltonian density is 

invariant under parity. 

4.2.2 The transition probability and the decay rate The first order /) - ma-

t.rix clement responsible for the decay nO --> e- + e+ is 

( 4.'l8) 

Replacing (4.42) in (4.t18) as 

(4.49) 

and integrating over x we get. 

(4.50) 

The appearance of the 'i-dimensional delta function expresses the conservat.ion 

of bot.h energy and moment.um in the decay process. It is convenient to define a 

covariant. matrix element denot.ed by M Ji as 

(4.51) 

which is invariant under Lorentz t.ransformations, (see equation 4.45) 

If t.he e.xperiment.al sett.illg is adjusted in such a way t.hat, the distribution of 

electron and positron is measured without any regard to their spin orient.ation, 



then we must sum the transition probability over the spin states of the final states 

The differential decay rate (dW) for t.his process is g;iven by 

( 4.52) 

If we square (4.50) and use the property 

(4.53) 

we get 

(4.5 /1) 

The expression (4.54) gives the differential decay rate for a pion decay to an 

electron-positron pair in any Lorentz !i.·ame. We not.e that apart !i.·om i- the 
• 

equation (4.54) is completely relativistically invariant. To show this we note that 

for the ii-momentum p = (p, ipO), the phase space factors for the final states can 

be expressed as 

for pOpositive. (4.55) 

which can be re-expressed as 

(4.56) 

Using the delta function property, that for arbitrary variables X and a 

1 
o(x2 _a2

) = 21
a
l [o(x-a)+o(x+a)], (4.57) 
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equation (4.56) becomes 

_ J d4po (po2 - IP12 - m 2) 
pO>o 

But. we know that 

(4.59) 

Therefore equation (4.58) becomes 

(4.60) 

This verifies that terms d
E
3P1 and d

E

3P
2 can be eX1Jressed in a Lorentz covariant. form. 

I 1 ~2 

The above equation proves apart. from i. the relativistic decay rate given by 

equation (4.54) is Lorentz invariant .. Furthermore the dependence of dW on lL is 

readily understandable from point of view of the special theory of relat.ivity which 

requires that faster moving pion must. decay more slowly due to time dilation. 

We can now work out. the differential decay rat.e in the rest syst.em of the pion, 

so that 

0r = 0 and (4.61) 

Vie int.eg;rate equation (4.54) using t.he same techniques used in A-hyperon decay 

to obtain 

(4.62) 

where we used the Dirac delta function integration 

J dxo(:,; - a)f(x) = f(a) 
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t.o facilit.at.e t.he int.eg;rat.ion over P2 as 

( 4.6{!) 

vVe rewrot.e d3pl !i'om (4.5 l1) in t.erms of t.he different.ial solid angle dO as 

(4.65) 

and also t.he integTat.ed over p in equation (4.62) using t.he Dirac delta funct.ion 

propert.y (4.32), t.o obt.ain 

(4.66) 

Applicat.ion of the equat.ions (4.61),(4.63),(4.64),(4.65) and (4.66) yields (4.62). 

To compute the total decay rate r, we take the equation (4.62) and integTate 

over the differential solid angle dO. Vie then obtain 

(4.67) 

The above equation can be generalized t.o a decay of the type 1 -> 2 + 3, whose 

decay rate in the rest frame of part.icle 1 can be expressed as 

1 1 Ipi J L 2 II f(l -> 2 + 3) = --( )2 -( )2 dO IMr;! 
2 41f 'ln1 

jina·l spins external 
fermion 

(2m;). (4.68) 

The above total decay rate is quite general, but the difference for different. 

particles of t.ypes 1, 2, 3 arises mainly from the matrix element kIri . 

Going back to the pion decay, the term 2:= IMril2 can be evaluat.ed as follows: 

From equation (4.51) we have 

(4.69a) 
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I b . I t tl t d I'll ·ll·ces 'file slunnlat.ion V\'here summation las to e cm'l'1et ou over lC repea e t . 

over spins 81 and 82 can he performed using the mat.rix relation 

2 (-ip+m) L 1l.~)(p)U~8)(P) (4.70) 
2111 a.B 

3=1 

2 Cp+m) L v~)(P)V~8)(P) - \vhere P="Y'P (4.71) 
2m a{3 

s=l 

to obt.ain 

( 4.72) 

This equation can be reduced to t.race of a mat.rix using t.he following mat.rix 

relation: For any arbitrary matrices A, B, C, D, the product. 

is the sum of diagonal elements of the matrix E, where the summation is t.o be 

carTied out over the repeat.ed indices. Therefore 

EM = treE). (4.H) 

Then the expression (4.6910) will be 

(4.75) 

The trace in the square bracket can be expanded and evaluated as 
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Since (5)2 = 1, (a unit. 4x4 matrix), and t.he trace of odd number of ,- mat.rices 

is zero, t.hus 

(4.77a) 

'Ne can also evaluat.e t.he first. t.race in equat.ion (4.75) as 

tT b5PJ/5P2] tT h51~Pl!'15Ivp2v] (4. 77c) 

- tT ['IIPl!' (5)2,vP2v] (4. 77cl) 

-tT [PlP2] (4.77e) 

- -tipl . P2 (4.77f) 

where we have used t.he relation 15111 = -'1.,5 and t.he not.at.ion I ~Pll' for PI and 

IvP2v for P2' And at. t.he last st.ep we used t.he relat.ion that., for t.wo arbit.rary 

vectors A and B such t.hat. IIIAII = A and IvBv = B, we have 

tT[AB] = 4A· B. (4.78) 

And the last t.race in equation (4.75) is a t.race of a unit. 4x4 mat.rix. Therefore 

tT [1] = 4. (4.79) 

Making use of equations (4.77a,b,f), (4.78) and (4.76) t.he expression (4.75) be-

comes 

(t1.80) 
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But, in 7[0 rest frame, using (4,61) the dot product. of the 4-moment.a, PI . P2 is 

PI' P2 (t1.81a) 

(4.81b) 

(4.81c) 

Inserting (4.81c) in (4.80) and using the relation 1P12 = E2 - m2
, we will have 

( 4.81d) 

(4.81e) 

Finally replacing (4.81e) in (4.67) and then to integrating (l1.67) over dO (which 

gives rise to t.he factor of 47[) will lead to t.he result, 

This is the total decay rate for the process 7[0 -> e- + e+. The corresponding 

half-life (T) for the process is equal to the reciprocal of the total decay rate. And 

is given as 

(4.83) 

As it stands, (4.82) or (4.83) contains an arbitrary constant, g whose value needs to 

be determined from experimental results. Recently there have been many experi-

ments conducted to determine the decay rate for the process [15 - 19]. The most 

recent observation of neutral pion decay to electron-positron pair has reported [21] 

t.hat the decay rate for such process is r = 7.38 X 108 S~-I, in which the momcntum 

for each decay product (i.e. e+, c) in the rest frame of the pion is 1P1 = 67 Mev. 
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Therefore if we insert the experimental results in equation (4.82), t.he coupling 

constant for t.he process will finally caleulated to be 

9
2 

- = 2.35 X 10-15
. 

4n 
( 4.8l1) 

But since it is shown that. the pion decay conserves parity through t.he process 

(see equation 4,47), obviously the decay process is not. purely Weak decay. This has 

been verified by many experimentalists that the decay process proceeds t.hrough 

the electromagnetic interaction via a 2-photon intermediate state [22 - 23]. 

Therefore since this process is electromagnetic decay. Expressing the coupling 

constant (4.84) in terms of the electromagnetic coupling constant. a = ~: implies 

that the decay nO --> e- e+ is t.he higher order electromagnetic process. 

4.2.3 The massive pion approximation (m1f»me)Comparing t.he masses of 

the neutral pion ( 111" = 135klev) and electron (m = me = 0.511klev), we can 

approximate m ~ O. So that 

(4.85) 

implying 

lEI = 1P1 (4.86) 

and fro111 energy conservation we have 

(4.87a) 

2E. (4.87b) 



CHAPTER 5 

Conclusion 

In the first part of this thesis we studied the propagator formulation of Dirac 

particles in interactions with the electromagnetic fields. vVe then give t.he t.ran­

sition amplitude to any desired order of interaction strengths. The calculation 

of the transition amplitude and the cross sect.ion for one of the basic Quantum 

electrodynamic processes, bremsstrahlung due to the interact.ion of relativistically 

moving' electron with Coulomb field of nucleus using the Covariant Perturhation 

Theory is then described. 

This theory is then generalized to evaluate the transition amplitude and the 

differential cross sect.ion for bremsstrahlung of an electron scattered in the elec­

tromagnetic field of a moving proton. It is noticed that. the matrix element M fi 

or X and the corresponding traces of ,-matrices appearing in the calculation are 

quite complex. However t.hey have been explicitly evaluated in the thesis. It. is also 

noticed that, if we assume the target (proton) to be infinitely massive compared 

to the project.ile (elect.ron) i.e. '/nl' > > '/ne, the results for bremsstrahlung cross 

sect.ion due to a moving proton are exactly identical to the corresponding results 

for bremsstrahlung cross section due to a stationary nucleus. 

With the physical backgl'Olllld of the subject introduced in chapt.er 1, we also 

undertook a systemat.ic analysis of the experimentally observed decay process in 

the framework of covariant perturhation theory. It is discussed in sec:tion 11.1 
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that the hyperon decay process violates t.he conservation of parity. This violation 

of parity has also been confirmed by experiments[131. I:<lu·t.hermore t.he t.ransit.ion 

probability and the decay rate are det.ermined explicitly. The decay rate comput.ed 

was t.hen compared with t.he experiment.al results [12,141, and it. is noticed that. 

t.he nature of the interaction responsible for A-hyperon decay is weak. 

The ot.her decay process st.udied in this thesis is the decay of neutral pion 

int.o an electron-positron pair. Through the analysis of the phenomenologically 

det.ermined interaction Hamiltonian densit.y [71 responsible for t.he pion decay, it. 

is shown t.hat. t.he process can conserve parit.y. The matrix element. j\ll Ii and t.he 

corresponding traces of ,,(-matrices are calculat.ed and used t.o evaluate t.he trans i-

tion probability and t.he decay rat.e of t.he pion decay. Insert.ing the experimental 

results for the pion decay [15 - 191 we were able t.o det.ermine t.he exact value of 

t.he dimensionless coupling const.ant. responsible for t.he decay process. And it. is 

, 
obt.ained t.o be J" = 2.35 X 10-15

. Moreover t.he quant.it.atively comput.ed coupling 

const.ant. t.oget.her wit.h the experiment.al evidence [22, 231 enabled us t.o deduce t.hat 

t.he nat.ure of int.eract.ion responsible for the decay process 1fo --+ e+ e- is higher 

order electromagnet.ic int.eraction process. 
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