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                                                   Abstract  

In t his w ork our de finition of  S emiring i s gi ven w ithout 
zero 0 a nd unity 1.  T he f ocus of  t he s tudy i s t o gi ve 
appropriate e valuation on Semirings w hich ha ve t heir ow n 
related p roperties w ith D istributive la ttices. We pr ove t hat 
for Arithmetic and Regular Semirings with unity 1 prime and 
irreducible ideal are equivalent. For arbitrary Semiring with 
unity 1 w e have be en a ble t o gi ve t hat e very i deal t o be  
intersection o f ir reducible ideals containing it . We work on 
commutative H emirings f or unde rstanding C onnectedness 
and Compactness of spectrum in terms of Zariski topology 
𝑡𝑡𝑧𝑧  and the smallest Alexandroff topology  𝑡𝑡𝑧𝑧�  containing  𝑡𝑡𝑧𝑧  . 
We give Connectedness and Compactness characterization 
of T opology 𝑡𝑡𝑧𝑧�  on G elfand Se miring r elating to  b e Se mi 
local and Local Semirings. And for Semirings in general we 
give t he e quivalency be tween I rreducibility of  𝑡𝑡𝑧𝑧  and 
connectedness of  𝑡𝑡𝑧𝑧� . 
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Introduction 
 

Recently, there a re m any B ooks on  C ommutative r ings a nd T opological pr operties of  
Spectral spaces of Commutative rings. But, current scientific researches on the shortest 
path problem in optimization, Formal language and Automata theory in computer science 
and Baysian Network in statistics needs the application of Distributive Lattices and  some 
special types of Commutative Semirings. In this paper we evaluate some basic concepts 
on S emirings ha ving distributive l attices t o be  c onsidered a s the m ain s ources of  
examples. We define Hemiring 𝒮𝒮 to be a Semiring with additively Commutative Monoid 
such t hat 0 ∙ 𝑎𝑎 = 𝑎𝑎 ∙ 0 = 0 for e very 𝑎𝑎 in 𝒮𝒮 and this enables u s t o g ive that t he 
corresponding pol ynomial S emiring 𝒮𝒮[𝑥𝑥] w ith 0 ∙ 𝑥𝑥𝑛𝑛 = 𝑥𝑥𝑛𝑛 ∙ 0 = 0 for e very 
indeterminate 𝑥𝑥 to be Hemiring (Theorem 2.4.1). 

By the consideration of our Semiring 𝒮𝒮 to be Hemiring with unity 1, we have been able to 
show th at f or A rithmetic S emiring 𝒮𝒮 all ir reducible ideals a re s trongly irr educible 
(Theorem 3.2.6) and for Regular Semiring 𝒮𝒮 strongly irreducible ideals are prime ideals 
(This is the direct result of Proposition 3.2.2), This tell us in a bounded distributive lattice 
every i rreducible i deal i s p rime ideal. We ha ve that ev ery i deal I in a  Semiring 𝒮𝒮 is 
intersection of irreducible ideals containing I (Theorem 3.8.2) and structure space 𝔖𝔖 this 
is t he c ollection of  a ll s trongly i rreducible ideals and C orresponding T opology δ is 
Compact T0−space.  

If space 𝔖𝔖 is on the set of all prime ideals 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝒮𝒮) over Commutative Hemiring 𝒮𝒮 with 
unity 1 the Topology δ will be called Zariski Topology tz  and the space (𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝒮𝒮), tz) is 
Spectral s pace ( Proposition 4.3.1 ). F or Zariski Topology tz  the s mallest A lexandroff 
Topology tz�  having tz  as a Subset has be en e valuated on G elfand S emirings. A nd 
Gelfand S emiring 𝒮𝒮 is S emi lo cal Semiring i f a nd onl y i f ( 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝒮𝒮),tz� ) i s C ompact 
(Theorem 4.2.3) and also Gelfand Semiring 𝒮𝒮 is local Semiring if and only if (𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝒮𝒮),tz� ) 
is Connected (Theorem 4.2.2). But, using the concept of m-Semiring we prove that for an 
arbitrary Semiring 𝒮𝒮 the (𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝒮𝒮),tz� ) is Connected if and only if Radical ideal 𝑟𝑟𝑟𝑟𝑟𝑟(0) is 
the only minimal prime ideal, in this case (𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(𝒮𝒮), tz) is irreducible (Theorem 4.3.3). 
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1. Preliminary notions on 
 

In t his section w e r ecall s ome de finitions a nd properties o f S emigroups, D istributive 
lattices and Topology. 

1.1.  Semigroups 
 

Definition 1.1.1 

Let S be a non-empty set with binary operation ‘+’ is called Semigroup (S, +) if 

1. for all 𝑎𝑎, 𝑏𝑏 ∈ S  we have 𝑎𝑎 + 𝑏𝑏 ∈ S 

2. for all 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 ∈ S we have 𝑎𝑎 + (𝑏𝑏 + 𝑐𝑐)  =  (𝑎𝑎 + 𝑏𝑏) + 𝑐𝑐 

Definition 1.1.2  

Semigroup (S, +) is cal led C ommutative Semigroup i f 𝑎𝑎 + 𝑏𝑏 = 𝑏𝑏 + 𝑎𝑎 for a ll 𝑎𝑎 
and 𝑏𝑏 in S. 

Definition 1.1.3 

A Semiring (S, +) is called Monoid if there exists a zero element 0 in S such that  

 0 + 𝑎𝑎 =  𝑎𝑎 + 0 for all 𝑎𝑎 ∈ S. 

Note:  

 In a Monoid (S, +), a zero element 0 is unique. 

Examples  

1) Let S = Z+ = {1,2,3, … } and ‘ + ’ be ordinary a ddition a nd f or a ll 
𝑎𝑎, 𝑏𝑏 and  𝑐𝑐 ∈ Z+ we h ave 𝑎𝑎 + 𝑏𝑏 ∈ Z+ and   𝑎𝑎 + (𝑏𝑏 + 𝑐𝑐) =
 (𝑎𝑎 + 𝑏𝑏) + 𝑐𝑐 thus, (Z+, +) is Semigroup.    

2) Let S = Z+ ∪ {0} and ‘+’ be ordinary addition for any 𝑎𝑎 and  𝑏𝑏 in Z+     
we have 𝑎𝑎 + 𝑏𝑏 = 𝑏𝑏 + 𝑎𝑎. 

Hence (S, +) is Commutative Semigroup, 

but, 0 ∈ S and 0 + 𝑎𝑎 = 𝑎𝑎 + 0 = 𝑎𝑎 for all 𝑎𝑎 ∈ S 

Therefore (S, +) is Commutative Monoid. 
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Definition 1.1.4 

1. A Semigroup (S, +) is called Left-Cancelative Semigroup if for all 𝑎𝑎, 𝑏𝑏 and 
 𝑐𝑐 ∈ S, 𝑎𝑎 + 𝑏𝑏 = 𝑎𝑎 + 𝑐𝑐 implies 𝑏𝑏 = 𝑐𝑐. 
2. A Semigroup (S, +) is called Right-Cancelative Semigroup if for all 𝑎𝑎, 𝑏𝑏 and 
 𝑐𝑐 ∈ S, 𝑎𝑎 + 𝑏𝑏 = 𝑐𝑐 + 𝑏𝑏 implies 𝑎𝑎 = 𝑐𝑐. 
3. A Semigroup (S, +) is called Cancelative if and only if (S, +) is both 

left-Cancelative and right-Cancelative.  

Theorem 1.1.1 

In a Commutative Semigroup (S, +) left- and right-Cancelative are equivalent. 

              Proof: - Let 𝑎𝑎, 𝑏𝑏 and 𝑐𝑐 be in S and  

Suppose (S, +) is left-Cancelative Semigroup;  

    that is 𝑎𝑎 + 𝑏𝑏 = 𝑎𝑎 + 𝑐𝑐 implies 𝑏𝑏 = 𝑐𝑐. 

But, 𝑎𝑎 + 𝑏𝑏 = 𝑏𝑏 + 𝑎𝑎 for any 𝑎𝑎, 𝑏𝑏 ∈ S  

this implies, for 𝑏𝑏 + 𝑎𝑎 = 𝑐𝑐 + 𝑎𝑎 we have 

  𝑎𝑎 + 𝑏𝑏 = 𝑏𝑏 + 𝑎𝑎 = 𝑐𝑐 + 𝑎𝑎 = 𝑎𝑎 + 𝑐𝑐  

    thus, 𝑏𝑏 = 𝑐𝑐 and (S, +) is also right-Cancelative. 

Conversely, suppose (S, +) is right-Cancelative 

                         that is 𝑎𝑎 + 𝑏𝑏 = 𝑐𝑐 + 𝑏𝑏 implies 𝑎𝑎 = 𝑐𝑐 

     But, 𝑎𝑎 + 𝑐𝑐 = 𝑐𝑐 + 𝑎𝑎 for any 𝑎𝑎, 𝑐𝑐 ∈ S 

    this implies, for 𝑎𝑎 + 𝑏𝑏 = 𝑎𝑎 + 𝑐𝑐 

                  𝑏𝑏 + 𝑎𝑎 = 𝑎𝑎 + 𝑏𝑏 = 𝑎𝑎 + 𝑐𝑐 = 𝑐𝑐 + 𝑎𝑎 thus 𝑏𝑏 = 𝑐𝑐  

     Hence (S, +) is also left-Cancelative.■ 

Remark:  

Every Group (G, +) is Cancelative Semigroup. 
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1.2. Distributive Lattices 
 

Definition 1.2.1 

Non-empty set  L with t wo c losed bi nary ope rations join (∨) and m eet (∧) is 
called lattice (L,∨,∧) if and only if  for all  𝑥𝑥,𝑦𝑦  and  𝑧𝑧 in L. 

i. 𝑥𝑥 ∧ 𝑦𝑦 = 𝑦𝑦 ∧ 𝑥𝑥 and  𝑥𝑥 ∨ 𝑦𝑦 = 𝑦𝑦 ∨ 𝑥𝑥  
ii. 𝑥𝑥 ∧ (𝑦𝑦 ∧ 𝑧𝑧) = (𝑥𝑥 ∧ 𝑦𝑦) ∧ 𝑧𝑧 and (𝑥𝑥 ∨ 𝑦𝑦) ∨ 𝑧𝑧 = 𝑥𝑥 ∨ (𝑦𝑦 ∨ 𝑧𝑧) 

iii. 𝑥𝑥 ∧ (𝑥𝑥 ∨ 𝑦𝑦) = 𝑥𝑥 and  𝑥𝑥 ∨ (𝑥𝑥 ∧ 𝑧𝑧)  

Definition 1.2.2 

A lattice (L,∨,∧) is called Distributive lattice if and only if, for all 𝑥𝑥, 𝑦𝑦 and 𝑧𝑧 in L 

    𝑥𝑥 ∧ (𝑦𝑦 ∨ 𝑧𝑧) = (𝑥𝑥 ∧ 𝑦𝑦) ∨ (𝑥𝑥 ∧ 𝑧𝑧) and  𝑥𝑥 ∨ (𝑦𝑦 ∧ 𝑧𝑧) = (𝑥𝑥 ∨ 𝑦𝑦) ∧ (𝑥𝑥 ∨ 𝑧𝑧) holds. 

Theorem 1.2.1 

In a lattice (L,∨,∧) the following are equivalent for all 𝑥𝑥,𝑦𝑦 and 𝑧𝑧 in L. 

1. 𝑥𝑥 ∧ (𝑦𝑦 ∨ 𝑧𝑧) = (𝑥𝑥 ∧ 𝑦𝑦) ∨ (𝑥𝑥 ∧ 𝑧𝑧) 
2. 𝑥𝑥 ∨ (𝑦𝑦 ∧ 𝑧𝑧) = (𝑥𝑥 ∨ 𝑦𝑦) ∧ (𝑥𝑥 ∨ 𝑧𝑧)  

   Proof: - Suppose 𝑥𝑥 ∧ (𝑦𝑦 ∨ 𝑧𝑧) = (𝑥𝑥 ∧ 𝑦𝑦) ∨ (𝑥𝑥 ∧ 𝑧𝑧) holds then 

                  (𝑥𝑥 ∨ 𝑦𝑦) ∧ (𝑥𝑥 ∨ 𝑧𝑧) = [(𝑥𝑥 ∨ 𝑦𝑦) ∧ 𝑥𝑥] ∨ [(𝑥𝑥 ∨ 𝑦𝑦) ∧ 𝑧𝑧] 

                                                     = [𝑥𝑥 ∧ (𝑥𝑥 ∨ 𝑦𝑦)] ∨ [𝑧𝑧 ∧ (𝑥𝑥 ∨ 𝑦𝑦)]  this implies 

(𝑥𝑥 ∨ 𝑦𝑦) ∧ (𝑥𝑥 ∨ 𝑧𝑧) = 𝑥𝑥 ∨ [(𝑧𝑧 ∧ 𝑥𝑥) ∨ (𝑧𝑧 ∧ 𝑦𝑦)] = 𝑥𝑥 ∨ (𝑥𝑥 ∧ 𝑧𝑧) ∨ (𝑦𝑦 ∧ 𝑧𝑧). 

Therefore, (𝑥𝑥 ∨ 𝑦𝑦) ∧ (𝑥𝑥 ∨ 𝑧𝑧) = 𝑥𝑥 ∨ (𝑦𝑦 ∧ 𝑧𝑧). 

 And also; if  𝑥𝑥 ∨ (𝑦𝑦 ∧ 𝑧𝑧) = (𝑥𝑥 ∨ 𝑦𝑦) ∧ (𝑥𝑥 ∨ 𝑧𝑧)  holds we have 

             (𝑥𝑥 ∧ 𝑦𝑦) ∨ (𝑥𝑥 ∧ 𝑧𝑧) = [(𝑥𝑥 ∧ 𝑦𝑦) ∨ 𝑥𝑥] ∧ [(𝑥𝑥 ∧ 𝑦𝑦) ∨ 𝑧𝑧] 

                                                     = [𝑥𝑥 ∨ (𝑥𝑥 ∧ 𝑦𝑦)] ∧ [𝑧𝑧 ∨ (𝑥𝑥 ∧ 𝑦𝑦)]  this implies 

(𝑥𝑥 ∧ 𝑦𝑦) ∨ (𝑥𝑥 ∧ 𝑧𝑧) = 𝑥𝑥 ∧ [(𝑧𝑧 ∨ 𝑥𝑥) ∧ (𝑧𝑧 ∨ 𝑦𝑦)] = 𝑥𝑥 ∧ (𝑥𝑥 ∨ 𝑧𝑧) ∧ (𝑦𝑦 ∨ 𝑧𝑧). 
Therefore, (𝑥𝑥 ∧ 𝑦𝑦) ∨ (𝑥𝑥 ∧ 𝑧𝑧) = 𝑥𝑥 ∧ (𝑦𝑦 ∨ 𝑧𝑧).■ 

Note:  

A lattice (L,∨,∧) is c alled D istributive i f a nd onl y if one  of  t he e quivalent 
conditions of Theorem 1.2.1 are satisfied. 
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Definition 1.2.3 

A lattice (L,∨,∧) is called bounded lattice if there exist 0 and 1 ∈ L  

Such that  𝑥𝑥 ∨ 1 = 1,  𝑥𝑥 ∧ 1 = 𝑥𝑥  and  𝑥𝑥 ∧ 0 = 0, 𝑥𝑥 ∨ 0 = 𝑥𝑥  for all 𝑥𝑥 ∈ L. 

Note:  

Let (L,∨,∧) be bounde d l attice t hen (L,∨) and (L,∧) are C ommutative M onoid 
 with corresponding zero elements 0 and 1 respectively. 

Definition 1.2.4 

Let (L,∨,∧) be abounded lattice for 𝑥𝑥 ∈ L if there exist an element 𝑥𝑥′ ∈ L such that 

 𝑥𝑥 ∧ 𝑥𝑥′ = 0  and  𝑥𝑥 ∨ 𝑥𝑥′ = 1  then 𝑥𝑥′  is called Complement of 𝑥𝑥. 

Theorem 1.2.2 

In a bounded distributive lattice (L,∨,∧) if Complement exists, it is unique. 

Proof: - let  𝑥𝑥1 and  𝑥𝑥2 be Complements of  𝑥𝑥 

this implies 𝑥𝑥𝑖𝑖 ∧ 𝑥𝑥 = 0 and 𝑥𝑥𝑖𝑖 ∨ 𝑥𝑥 = 1 for  𝑖𝑖 = 1 and 2. 

Consider  𝑥𝑥𝑖𝑖 = 𝑥𝑥𝑖𝑖 ∧ 1 = 𝑥𝑥𝑖𝑖 ∧ (𝑥𝑥 ∨ 𝑥𝑥3−𝑖𝑖) = (𝑥𝑥𝑖𝑖 ∧ 𝑥𝑥) ∨ (𝑥𝑥𝑖𝑖 ∧ 𝑥𝑥3−𝑖𝑖) 

this is 𝑥𝑥𝑖𝑖 = 𝑥𝑥𝑖𝑖 ∧ 𝑥𝑥3−𝑖𝑖   for  𝑖𝑖 =1 or 2. 

                         Hence 𝑥𝑥1 = 𝑥𝑥2.■ 

Definitions 1.2.5 

• A lattice (L,∨,∧) is called Complemented lattice if and only if for all 𝑥𝑥 ∈ L there 
exists 𝑥𝑥′. 

• A C omplemented di stributive l attice (L,∨,∧) is ca lled B oolean al gebra and 
denoted by (𝐵𝐵,∨,∧, ′, 1,0).  

Notes:  

1. In Boolean algebra (B,∨,∧, ′, 0,1) for each 𝑥𝑥,𝑦𝑦 ∈ B, 𝑥𝑥 ∧ 𝑥𝑥 = 𝑥𝑥  and  𝑥𝑥 ∨ 𝑥𝑥 = 𝑥𝑥 
(𝑥𝑥 ∧ 𝑦𝑦)′ = 𝑥𝑥′ ∨ 𝑦𝑦′ and (𝑥𝑥 ∨ 𝑦𝑦)′ = 𝑥𝑥′ ∧ 𝑦𝑦′. 

2. Every lattice is poset with 𝑥𝑥 ≤ 𝑦𝑦, if and only if 𝑥𝑥 ∧ 𝑦𝑦 = 𝑥𝑥 equivalently 𝑥𝑥 ∨ 𝑦𝑦 = 𝑦𝑦 
thus, every finite lattice can be expressed by Hasse diagram. 
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1.3. Topology 
 

Definitions 1.3.1 

1. A Topology on a set X is a collection ℑ of Subsets of  X  having  
a) ∅ and X are in ℑ. 
b) The union of the elements of any sub collection of  ℑ is in ℑ. 
c) The intersection of two elements of  ℑ is in ℑ. 

          Set X; Topology ℑ  has been specified on it is called Topological space (X,ℑ). 

2. For Topology ℑ on a set X, a Basis is a collection 𝔅𝔅 of Subsets of X such that  
a) For each 𝑥𝑥 ∈ X there exist B ∈ 𝔅𝔅 and 𝑥𝑥 ∈ B 
b) If  𝑥𝑥 ∈ B1 and 𝑥𝑥 ∈ B2 for B1, B2 ∈ B then there exist B3 ∈ 𝔅𝔅 

Such that  𝑥𝑥 ∈ B3 and B3 ⊆ B1⋂B2. 
The Topology generated by basis  𝔅𝔅  denoted by ℑ𝔅𝔅. 

3. In a Topological space (X,ℑ) a Subset 𝒞𝒞 of a set X is called ℑ−open set  
if and only if  𝒞𝒞 is an element in ℑ. 

4. In a Topological space (X,ℑ) a Subset 𝔇𝔇 of a se t X is called ℑ−closed if and 
only if  X −𝔇𝔇 is an element in ℑ. 

5. A Subset ℭ in a Set X with Topology ℑ is called ℑ−clopen set if and only if ℭ 
is both ℑ−open and  ℑ−closed.    

6. For a Subset 𝒜𝒜 of a Topological space (X,ℑ) the interior of 𝒜𝒜 �int(𝒜𝒜)�  is  
defined a s the un ion o f ℑ−open sets co ntained i n 𝒜𝒜 and c losure of  𝒜𝒜 
(𝑐𝑐𝑐𝑐𝑐𝑐(𝒜𝒜) 𝑜𝑜𝑜𝑜 𝒜̅𝒜 )  defined as the intersection of ℑ−closed sets containing 𝒜𝒜. 

7. If 𝒜𝒜 is a Subset of the Topological space (X,ℑ) and 𝑥𝑥 is a point in X, we say 
𝑥𝑥  is a limit point of 𝒜𝒜, if every open set containing 𝑥𝑥 intersects 𝒜𝒜 in some 
point other than 𝑥𝑥 it self. 

We have the following Theorem whose prove is given at ([6], Chapter 2; Theorem 6.6) 

Theorem 1.3.1  

Let 𝒜𝒜 be a Subset of the Topological space (X,ℑ) and l et 𝒜𝒜′ be the set  o f al l  
limit points of 𝒜𝒜 then 𝒜̅𝒜 = 𝒜𝒜 ∪𝒜𝒜′.  

Corollary 1.3.1 

A Subset 𝒜𝒜 of a  T opological s pace (X,ℑ)  is ℑ−closed s et if  a nd o nly if  it 
contains all its limit points. 

Proof: - 𝒜𝒜 is closed if a nd onl y i f 𝒜𝒜 = 𝒜̅𝒜 if a nd onl y if 𝒜𝒜 = 𝒜𝒜 ∪𝒜𝒜′                                  
if and only if  𝒜𝒜′ ⊆ 𝒜𝒜.■ 
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Definition 1.3.2 

A Subset 𝒜𝒜 of a set X with Topology ℑ is said to be Dense in X if 𝒜̅𝒜 = X. 

Definition 1.3.3 

A Topological space (X,ℑ) is called Irreducible if every open Subset is Dense.  

Definition 1.3.4 

A Topological space (X,ℑ) is called Connected if and only if the only Subsets of 
𝑋𝑋 That are ℑ−clopen are ∅ and X itself. 

Now we can have the following Theorem as an alternative definition of Topology. 

Theorem 1.3.2 (kuratowski closure axioms) 

Topological space is a pair �X, � � consisting a set X and a map � :𝒫𝒫(X) → 𝒫𝒫(X) 
from the set of all Subsets of X in to itself such that 

a) ∅ � = ∅ 
b) 𝒜𝒜 ⊆ 𝒜̅𝒜 for all 𝒜𝒜 ⊆ X 
c) 𝒜̿𝒜 = 𝒜̅𝒜 for all 𝒜𝒜 ⊆ X 
d) 𝒜𝒜 ∪ℬ�������� = 𝒜̅𝒜 ∪ ℬ� for all 𝒜𝒜 and ℬ ∈ X 

Definition 1.3.5 

A C ollection 𝔒𝔒 of Subsets of a  Topological s pace (X,ℑ) is s aid to be  C over 
(Covering) of X, if t he union of  the elements of 𝔒𝔒 is equal to X, i f elements o f 
 𝔒𝔒 are all ℑ−open it is called ℑ−open Cover (Covering) of 𝑋𝑋. 

Definitions 1.3.6 

 A Topological space (X,ℑ) is said to be Compact if every ℑ_open Covering 
𝔒𝔒 of  X contains a finite sub collection that also Covers X. 

 A Topological s pace (X,ℑ) is sai d to b e N early-Compact i f ev ery ℑ−open 
Cover 𝔒𝔒 of X contains a  finite sub collection {𝒰𝒰𝑙𝑙 : 𝑙𝑙 = 1,2 …𝑛𝑛} such that 
X = ⋃ int(𝒰𝒰l���)n

l=1 . 
 A T opological s pace (X,ℑ) is s aid to be  A lmost-Compact i f ev ery ℑ−open 

cover 𝔒𝔒 of X contains a f inite sub collection {𝒰𝒰𝑙𝑙 : 𝑙𝑙 = 1,2 …𝑛𝑛} such t hat 
X = ⋃ 𝒰𝒰l���n

l=1 . 
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Definitions 1.3.7 

  A Topological space (X,ℑ) is called 

 𝑇𝑇0−𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 if a nd onl y i f f or a ny pair of  di stinct P oints 𝑎𝑎, 𝑏𝑏 ∈ X there exists        
a  ℑ−𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 set containing only one of the two points but, not the other. 

 𝑇𝑇1−𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠  if and only if for any pair of distinct points 𝑎𝑎, 𝑏𝑏 ∈ X each belongs 
to a ℑ−𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 set; this does not contain the other. 

 T2−space or H ausdorff s pace i f a nd onl y i f f or a ny pa ir of  di stinct poi nts 
𝑎𝑎, 𝑏𝑏 ∈ X belong respectively to disjoint  ℑ−𝑜𝑜𝑜𝑜𝑜𝑜𝑜𝑜 sets. 

Definitions 1.3.8 

 The T opology ℑ  is s aid to  b e A lexandroff if  it is  c losed under a rbitrary 
intersection. 

 Let ℑ  be a Topology on a set X and ℑ∗ be the collection of all ℑ−closed sets 
on X then  ℑ∗ is called CoTopology of  ℑ.  

Theorem 1.3.3 

If a Topology ℑ on X is Alexandroff Topology then CoTopology ℑ∗ is Topology. 

Proof: - Clearly ∅ and X are in ℑ∗ 

Let 𝔈𝔈1 and 𝔈𝔈2 be in ℑ∗ this implies there exist ℑ−open sets 𝒞𝒞1 and 𝒞𝒞2 

such that 𝒞𝒞1
c = 𝔈𝔈1 and 𝒞𝒞2

c = 𝔈𝔈2 

this means 𝔈𝔈1 ∩ 𝔈𝔈2 = 𝒞𝒞1
c ∩ 𝒞𝒞2

c = (𝒞𝒞1 ∪ 𝒞𝒞2)c . 

But, 𝒞𝒞1 ∪ 𝒞𝒞2 is ℑ−open, therefore, 𝔈𝔈1 ∩ 𝔈𝔈2 is ℑ−closed  

hence,𝔈𝔈1 ∩ 𝔈𝔈2 ∈ ℑ∗. 

Let ⋃𝔈𝔈 be the arbitrary union of elements of ℑ∗ 

but, each 𝔈𝔈 = 𝒞𝒞c  for some 𝒞𝒞 ∈  ℑ  

this implies ⋃𝔈𝔈 = ⋃𝒞𝒞c = (⋂𝒞𝒞)c . 

Since ℑ is Alexandroff the arbitrary intersection ⋂𝒞𝒞 is in ℑ  

this means (⋂𝒞𝒞)𝑐𝑐 ∈ ℑ∗ therefore, ⋃𝔈𝔈 ∈ ℑ∗■ 
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2. Types of Semirings and properties 
 

In this portion we give some basic properties of Semirings of type Distributive lattices to 
be considered as the main sources of examples.  
 

2.1. Definitions on Semirings 
 

Definition 2.1.1 

A system (𝒮𝒮, +,∙) for a non-empty set 𝒮𝒮 is called Semiring if and only if 

1) (𝒮𝒮, +) is Semigroup 
2) (𝒮𝒮,∙) is Semigroup 
3) Multiplication(∙) is distributive over addition(+), this means for all  

 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 ∈ 𝒮𝒮, 𝑎𝑎 ∙ (𝑏𝑏 + 𝑐𝑐) = (𝑎𝑎 ∙ 𝑏𝑏) + (𝑎𝑎 ∙ 𝑐𝑐) and (𝑎𝑎 + 𝑏𝑏) ∙ 𝑐𝑐 = (𝑎𝑎 ∙ 𝑐𝑐) + (𝑏𝑏 ∙ 𝑐𝑐). 

Definitions 2.1.2 

 If (𝒮𝒮, +,∙) is Semiring and (𝒮𝒮, +) is Monoid then (𝒮𝒮, +,∙) is called Semiring with 
zero 0. 

 If (𝒮𝒮, +,∙) be a Semiring and (𝒮𝒮,∙) is Monoid then (𝒮𝒮, +,∙) is called Semiring with 
unity 1. 
Examples  

1) Let 𝒮𝒮 = Z+ and ‘ +’ be  or dinary a ddition a nd ‘ ∙’ be or dinary 
Multiplication, then (Z+, +) and (Z+,∙) are Semigroups. 
Let 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 ∈ 𝑍𝑍+ then (𝑎𝑎 + 𝑏𝑏) ∙ 𝑐𝑐 = (𝑎𝑎 ∙ 𝑐𝑐) + (𝑏𝑏 ∙ 𝑐𝑐) and also 
𝑎𝑎 ∙ (𝑏𝑏 + 𝑐𝑐) = (𝑎𝑎 ∙ 𝑏𝑏) + (𝑎𝑎 ∙ 𝑐𝑐) , Hence  (Z+, +,∙) is Semiring. 

2) Let (L,∨,∧) be a bounded distributive lattice for 𝒮𝒮 = L and,  
Define 𝑎𝑎 + 𝑏𝑏 = 𝑎𝑎 ∨ 𝑏𝑏 and 𝑎𝑎 ∙ 𝑏𝑏 = 𝑎𝑎 ∧ 𝑏𝑏 for 𝑎𝑎, 𝑏𝑏 ∈ L we have  
𝑎𝑎 ∙ (𝑏𝑏 + 𝑐𝑐) = 𝑎𝑎 ∧ (𝑏𝑏 ∨ 𝑐𝑐) = (𝑎𝑎 ∧ 𝑏𝑏) ∨ (𝑎𝑎 ∧ 𝑐𝑐) = (𝑎𝑎 ∙ 𝑏𝑏) + (𝑎𝑎 ∙ 𝑐𝑐) and 
(𝑎𝑎 + 𝑏𝑏) ∙ 𝑐𝑐 = (𝑎𝑎 ∨ 𝑏𝑏) ∧ 𝑐𝑐 = (𝑎𝑎 ∧ 𝑐𝑐) ∨ (𝑏𝑏 ∧ 𝑐𝑐) = (𝑎𝑎 ∙ 𝑐𝑐) + (𝑏𝑏 ∙ 𝑐𝑐). 
Hence (L,∨,∧) is Semiring and also since (L,∨,∧)  is bounded and there 
exists 0,1 ∈ L, such that  𝑎𝑎 ∨ 0 = 0 ∨ 𝑎𝑎 = 𝑎𝑎 and  𝑎𝑎 ∧ 1 = 1 ∧ 𝑎𝑎 = 𝑎𝑎 
Therefore (L,∨,∧) is Semiring with zero element 0 and unity 1. 

3) For ℳ2×2 = ��𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑� �𝑎𝑎, 𝑏𝑏, 𝑐𝑐,𝑑𝑑 ∈ Z+ ∪ {0}� (ℳ2×2, +) and (ℳ2×2,∙) 

are S emigroups w here ‘+’and ‘ ∙’ are de fined by or dinary m atrix 
addition and multiplication respectively. 

Let 0 = �0 0
0 0� ∈ ℳ2×2 and for all �𝑎𝑎 𝑏𝑏

𝑐𝑐 𝑑𝑑� ∈ ℳ2×2 
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We have �𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑� + �0 0

0 0� = �𝑎𝑎 + 0 𝑏𝑏 + 0
𝑐𝑐 + 0 𝑑𝑑 + 0� = �𝑎𝑎 𝑏𝑏

𝑐𝑐 𝑑𝑑� 

 

And also �0 0
0 0� + �𝑎𝑎 𝑏𝑏

𝑐𝑐 𝑑𝑑� =  �0 + 𝑎𝑎 0 + 𝑏𝑏
0 + 𝑐𝑐 0 + 𝑑𝑑� = �𝑎𝑎 𝑏𝑏

𝑐𝑐 𝑑𝑑� 

 

Let I = �1 0
0 1� ∈ ℳ2×2 for all  �𝑎𝑎 𝑏𝑏

𝑐𝑐 𝑑𝑑� ∈ ℳ2×2  

 

�1 0
0 1� ∙ �

𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑� = �1 ∙ 𝑎𝑎 + 0 ∙ 𝑐𝑐 1 ∙ 𝑏𝑏 + 0 ∙ 𝑑𝑑

0 ∙ 𝑎𝑎 + 1 ∙ 𝑐𝑐 0 ∙ 𝑏𝑏 + 1 ∙ 𝑑𝑑� = �𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑� and 

 

�𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑� �

1 0
0 1� = �𝑎𝑎 ∙ 1 + 𝑏𝑏 ∙ 0 𝑎𝑎 ∙ 0 + 𝑏𝑏 ∙ 1

𝑐𝑐 ∙ 1 + 𝑑𝑑 ∙ 0 𝑐𝑐 ∙ 0 + 𝑑𝑑 ∙ 1� = �𝑎𝑎 𝑏𝑏
𝑐𝑐 𝑑𝑑�; 

Since ‘∙’ is di stributive ove r ‘+’, (ℳ2×2, +,∙) is S emiring w ith  Zero 

element 0 = �0 0
0 0� and unity I = �1 0

0 1�. 

Definition 2.1.3 

A S emiring (𝒮𝒮, +,∙) is c alled H emiring i f a nd onl y i f (𝒮𝒮, +) is C ommutative 
Monoid and for all 𝑥𝑥 ∈ 𝒮𝒮, 0 ∙ 𝑥𝑥 = 𝑥𝑥 ∙ 0 = 0. 

Example  

  Let 𝒮𝒮 = {0,1} and define ‘+’and ‘∙’ by   
+ 0 1
0 0 1
1 1 1

   and   
∙ 0 1
0 1 1
1 1 1

 

let 𝑥𝑥, 𝑦𝑦, 𝑧𝑧 ∈ 𝒮𝒮; if 𝑥𝑥 = 𝑦𝑦 = 𝑧𝑧 = 0 then 𝑥𝑥 + (𝑦𝑦 + 𝑧𝑧) = (𝑥𝑥 + 𝑦𝑦) + 𝑧𝑧 = 0 if 
one of 𝑥𝑥,𝑦𝑦, 𝑧𝑧 is different from 0,we have 𝑥𝑥 + (𝑦𝑦 + 𝑧𝑧) = (𝑥𝑥 + 𝑦𝑦) + 𝑧𝑧 = 1, 
hence (𝒮𝒮, +) is Semigroup. 

Since 0 + 0 = 0 and 0 + 1 = 1 + 0 = 1, then (𝒮𝒮, +,∙)  is Monoid.  

  Let 𝑥𝑥,𝑦𝑦, 𝑧𝑧 ∈ 𝒮𝒮     𝑥𝑥 ∙ (𝑦𝑦 ∙ 𝑧𝑧) = (𝑥𝑥 ∙ 𝑦𝑦) ∙ 𝑧𝑧 = 1 

  and 𝑥𝑥 ∙ (𝑦𝑦 + 𝑧𝑧) = 𝑥𝑥 ∙ 𝑦𝑦 + 𝑥𝑥 ∙ 𝑧𝑧 = 1 = (𝑥𝑥 + 𝑦𝑦) ∙ 𝑧𝑧 = 𝑥𝑥 ∙ 𝑧𝑧 + 𝑦𝑦 ∙ 𝑧𝑧 

  Therefore; (𝒮𝒮, +,∙) is Semiring with zero 0 but, 𝑥𝑥 ∙ 0 = 0 ∙ 𝑥𝑥 = 1. 

Remark: 

 In a Semiring (𝒮𝒮, +,∙) it is not always true that 𝑥𝑥 ∙ 0 = 0 ∙ 𝑥𝑥 = 0 for all 𝑥𝑥 ∈ 𝒮𝒮. 

 



11 
 

Theorem 2.1.1 

Let (𝒮𝒮, +,∙) be Semiring with zero 0 and (𝒮𝒮, +) is Cancelative Monoid then for all 
𝑥𝑥 ∈ 𝒮𝒮 we have  𝑥𝑥 ∙ 0 = 0 ∙ 𝑥𝑥 = 0. 

Proof:-Consider  𝑥𝑥 ∙ 0 = 𝑥𝑥 ∙ (0 + 0) = 𝑥𝑥 ∙ 0 + 𝑥𝑥 ∙ 0 

  but 𝑥𝑥 ∙ 0 = (𝑥𝑥 ∙ 0) + 0 

      this implies 𝑥𝑥 ∙ 0 = (𝑥𝑥 ∙ 0) + (𝑥𝑥 ∙ 0) = (𝑥𝑥 ∙ 0) + 0 

  from (𝒮𝒮, +,∙) is Cancelative we have  𝑥𝑥 ∙ 0 = 0 

  Similarly;  0 ∙ 𝑥𝑥 = (0 ∙ 𝑥𝑥) + 0 and (0 + 0) ∙ 𝑥𝑥 = (0 ∙ 𝑥𝑥) + (0 ∙ 𝑥𝑥) 

  hence 0 ∙ 𝑥𝑥 + 0 ∙ 𝑥𝑥 = 0 ∙ 𝑥𝑥 + 0 means 0 ∙ 𝑥𝑥 = 0 

  Therefore, 𝑥𝑥 ∙ 0 = 0 ∙ 𝑥𝑥 = 0.■   

Definition 2.1.4 

For a Semiring (𝒮𝒮, +,∙) with zero 0, a number 𝑛𝑛 ∈ Z+ is called characteristics of 𝒮𝒮 
(char(𝒮𝒮) = 𝑛𝑛) if the following holds. 

1) for all 𝑎𝑎 ∈ 𝒮𝒮, 0 = 𝑛𝑛𝑛𝑛 = 𝑎𝑎 + 𝑎𝑎 +⋅⋅⋅ +𝑎𝑎 (𝑛𝑛-times) 
2) for 𝑎𝑎 ∈ 𝒮𝒮 and 𝑚𝑚 ∈ Z+ 𝑖𝑖𝑖𝑖 0 = 𝑚𝑚𝑚𝑚 = 𝑎𝑎 + 𝑎𝑎 +⋅⋅⋅ +𝑎𝑎 (𝑚𝑚-times) then 𝑛𝑛 ≤ 𝑚𝑚 

Note: 

For a Semiring (𝒮𝒮, +,∙) with zero 0 if char(𝒮𝒮) does not exist then (𝒮𝒮, +,∙) is 

            Semiring of characteristics zero (char(𝒮𝒮) = 0). 

Example  

Let Zn = {0,1,2 … , n − 1} for n ∈ Z+ with ‘+’ and ‘∙’ be a ddition a nd 
multiplication modulo n on Zn  respectively; then (Zn, +,∙) is Hemiring w ith 
unity 1 but, nx = 0 for all 𝑥𝑥 ∈ Zn . 

Let m ∈ Z+ such that mx = 0 for all 𝑥𝑥 ∈ Z+ implies m ∙ 1 = 0 and  

m ≡ 0 mod n means, n divide m. 

Therefore, n ≤ m and char(Zn) = n.  
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Theorem 2.1.2 

 Every Semiring (𝒮𝒮, +,∙) with (𝒮𝒮, +) is Commutative Monoid and 

 char(𝒮𝒮) = 𝑛𝑛 (finite) is Hemiring. 

 Proof:-Suppose char(𝒮𝒮) = 𝑛𝑛  for 𝑛𝑛 ∈ Z+ 

   Let 𝑥𝑥 and 𝑦𝑦 be elements in 𝒮𝒮 

  𝑥𝑥 ∙ 0 = 𝑥𝑥 ∙ 𝑛𝑛𝑛𝑛 = 𝑥𝑥 ∙ (𝑦𝑦 + 𝑦𝑦 + ⋯+ 𝑦𝑦) 

    = (𝑥𝑥 ∙ 𝑦𝑦) + (𝑥𝑥 ∙ 𝑦𝑦) + ⋯+ (𝑥𝑥 ∙ 𝑦𝑦) = 𝑛𝑛(𝑥𝑥 ∙ 𝑦𝑦) = 0  

  0 ∙ 𝑥𝑥 = 𝑛𝑛𝑛𝑛 ∙ 𝑥𝑥 = (𝑦𝑦 + 𝑦𝑦 + ⋯+ 𝑦𝑦) ∙ 𝑥𝑥 

= (𝑦𝑦 ∙ 𝑥𝑥) + (𝑦𝑦 ∙ 𝑥𝑥) + ⋯+ (𝑦𝑦 ∙ 𝑥𝑥) = 𝑛𝑛(𝑦𝑦 ∙ 𝑥𝑥) = 0 

  Hence 𝑥𝑥 ∙ 0 = 0 ∙ 𝑥𝑥 = 0 for all 𝑥𝑥 ∈ 𝒮𝒮 

  Therefore, (𝒮𝒮, +,∙) is Semiring.■  

Definition 2.1.5 

A Semiring (𝒮𝒮, +,∙) is called Commutative Semiring if and only if 

1 (𝒮𝒮, +)  is Commutative Semigroup 
2 (𝒮𝒮,∙) is Commutative Semigroup 

Example 

Semiring (Z+, +,∙) is Commutative 

But, for (ℳ2×2, +,∙) we have �1 2
2 0� , �2 0

1 1� ∈ ℳ2×2 

 �1 2
2 0� ∙ �

2 0
1 1� = �4 2

4 0� ≠ �2 4
3 2� = �2 0

1 1� ∙ �
1 2
2 0�, 

 
thus, (ℳ2×2,∙) is not commutative. 
 
Therefore, (ℳ2×2, +,∙) is not commutative.   

 
 

 



13 
 

2.2. Idempotent Semirings 
 

Definitions 2.2.1 

 An Additive idempotent element of a Semiring (𝒮𝒮, +,∙) is 𝑥𝑥 ∈ 𝒮𝒮 such that 
𝑥𝑥 + 𝑥𝑥 = 𝑥𝑥. 

 A M ultiplicative id empotent e lement o f a  S emiring (𝒮𝒮, +,∙) is y ∈ 𝒮𝒮 such t hat 
𝑦𝑦 ∙ 𝑦𝑦 = 𝑦𝑦. 

 An element 𝑎𝑎 in a Semiring (𝒮𝒮, +,∙) is called idempotent element if and only if  
𝑎𝑎 is both additive and multiplicative idempotent. 

Example  

Let (S,∗) be Semigroup defined by the following table of lists. 

∗ 0 1
0 0 1
1 0 1

  

let 𝒮𝒮 be the set of all endomorphisms of  S then 𝒮𝒮 = {0, Γ, A, B} 

where  Ο(0) = 0 and Ο(1) = 0, Γ(0) = 0 and Γ(1) = 1,  

 A(0) = 1 and A(1) =  1, B(0) = 1 and B(1) = 0. 

Now; let us define ‘+’ and ‘∙’ on 𝒮𝒮 as if  𝑥𝑥,𝑦𝑦, 𝑧𝑧 ∈ 𝒮𝒮 then  𝑥𝑥 + 𝑦𝑦 = 𝑧𝑧 if and 
only if  𝑧𝑧(𝑎𝑎) = 𝑥𝑥(𝑎𝑎) ∗ 𝑦𝑦(𝑎𝑎) for a ll 𝑎𝑎 ∈ S, a nd 𝑥𝑥 ∙ 𝑦𝑦 = 𝑧𝑧 if a nd on ly i f 
𝑧𝑧(𝑎𝑎) = 𝑥𝑥 ∘ 𝑦𝑦(𝑎𝑎) = 𝑥𝑥�𝑦𝑦(𝑎𝑎)�  for all 𝑎𝑎 ∈ S. 

Since (𝒮𝒮, +) and (𝒮𝒮,∙) are Semigroups and ‘∙’ is distributive over ‘+’ from 
definitions. Thus (𝒮𝒮, +,∙) is Semiring and this kind of Semiring is known 
as ∗−Semiring. 

Now t he f ollowing table implies the pr operties of  de fined operators ‘+’ 
and ‘ ∙’ by        

+ Ο
Ο  Ο

Γ
Γ

A
A

B
B

Γ  Ο Γ A B
A  Ο
B  Ο

Γ
Γ

A
A

B
B

                 

∙ Ο
Ο Ο

Γ
Ο

A
A

B
A

Γ Ο Γ A B
A Ο
B Ο

A
B

A
A

Ο
Γ

 

Thus Ο, Γ and A are i dempotent elements but , B is onl y a dditive 
idempotent in (𝒮𝒮, +,∙). 
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Remarks:  

a) If a Semiring (𝒮𝒮, +,∙) possesses zero 0 and unity 1 then 0 + 0 = 0 and 1 ∙ 1 = 1, 
implies 0 and 1 are trivial additive and multiplicative idempotent respectively.   

b) In Semiring (𝒮𝒮, +,∙) with zero 0 for 𝑦𝑦 ∈ 𝒮𝒮, 𝑦𝑦 ∙ 0 = 𝑦𝑦 ∙ (0 + 0) = (𝑦𝑦 ∙ 0) + (𝑦𝑦 ∙ 0) 
and 0 ∙ 𝑦𝑦 = (0 + 0) ∙ 𝑦𝑦 = (0 ∙ 𝑦𝑦) + (0 ∙ 𝑦𝑦), hence 0 ∙ 𝑦𝑦 and 𝑦𝑦 ∙ 0 are triv ial 
additive idempotent elements.  

  Definition 2.2.2 

A Semiring (𝒮𝒮, +,∙) is called idempotent Semiring if and only if all elements of 𝒮𝒮    
are idempotent elements. 

 Example  

Let (L,∨,∧) be a d istributive l attice si nce 𝑥𝑥 ∨ 𝑥𝑥 = 𝑥𝑥 ∨ �𝑥𝑥 ∧ (𝑥𝑥 ∨ 𝑦𝑦)� = 𝑥𝑥 and 
𝑥𝑥 ∧ 𝑥𝑥 = 𝑥𝑥 ∧ �𝑥𝑥 ∨ (𝑥𝑥 ∧ 𝑦𝑦)� = 𝑥𝑥 for any 𝑥𝑥,𝑦𝑦 ∈ L therefore, (L,∨,∧) is idempotent. 

 

2.3. Sub Semirings 
 

Definition 2.3.1 

Let (𝒮𝒮, +,∙) be a Semiring and 𝓈𝓈 is non-empty Subset of 𝒮𝒮 then 𝓈𝓈 is said to be  a 
Sub Semiring of 𝒮𝒮, if 𝓈𝓈 itself is a Semiring.  

Example 

Let (L,∨,∧) be a Distributive lattice; this is given by the following Hasse diagram. 

                            

 

                

 

 

 

                          

           Thus, 𝓈𝓈 = {1,𝑎𝑎, 𝑐𝑐,𝑑𝑑, 𝑒𝑒,𝑔𝑔,ℎ, 0} is Sub Semiring of Semiring(L,∨,∧).  

1 

𝑏𝑏 𝑎𝑎 

𝑐𝑐 

𝑑𝑑 

𝑓𝑓 𝑒𝑒 

 
0 

ℎ 

 Figure 2.1 

𝑔𝑔 
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Note: 

Let (𝒮𝒮, +,∙) be a Semiring and 𝓈𝓈1, 𝓈𝓈2  be Sub Semirings of 𝒮𝒮 with  

           𝓈𝓈1 ∩ 𝓈𝓈2 = {𝑥𝑥| 𝑥𝑥 ∈ 𝓈𝓈1 𝑎𝑎𝑎𝑎𝑎𝑎 𝓈𝓈2
�} then for 𝓈𝓈1 ∩ 𝓈𝓈2 ≠ ∅, 𝓈𝓈1 ∩ 𝓈𝓈2 is Sub Semiring of 𝒮𝒮. 

Example 

 For  Z0 = Z+ ∪ {0} then (Z0, + ∙) is Semiring and  

let 2Z0 = {0,2,4 … }, 3Z0 = {0,3,6 … } then 

 2Z0 ∩ 3Z0 = {𝑥𝑥|  𝑥𝑥 ∈ 2Z0 and 𝑥𝑥 ∈ 3Z0 �}, implies  

  2Z0 ∩ 3Z0 = {𝑥𝑥|  2 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑥𝑥 𝑎𝑎𝑎𝑎𝑎𝑎 3 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑥𝑥�}  

 Therefore, 2Z0 ∩ 3Z0 = {𝑥𝑥| 6 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑥𝑥�} = {0,6 12, … } = 6Z0  

 is Sub Semiring of Z0.  

Let X be non-empty Subset of a Semiring 𝒮𝒮 and 𝓈𝓈1, 𝓈𝓈2 … 𝓈𝓈n  be the collection of all Sub 
Semirings of 𝒮𝒮 such that X ⊆ 𝓈𝓈𝑖𝑖  for all 𝑖𝑖 ∈ Z+ ∪ {∞} since X ≠ ∅ we have ⋂ 𝓈𝓈𝑖𝑖𝑛𝑛

𝑖𝑖=1 ≠ ∅. 
let 𝑥𝑥, 𝑦𝑦 ∈ ⋂ 𝓈𝓈𝑖𝑖𝑛𝑛

𝑖𝑖=1  this implies 𝑥𝑥,𝑦𝑦 ∈ 𝓈𝓈𝑖𝑖  for each 𝑖𝑖 ∈ Z+ ∪ {∞} thus, 𝑥𝑥 + 𝑦𝑦 and 𝑥𝑥 ∙ 𝑦𝑦 are in 
each 𝓈𝓈𝑖𝑖  and he nce 𝑥𝑥 + 𝑦𝑦 and 𝑥𝑥 ∙ 𝑦𝑦 are el ements in ⋂ 𝓈𝓈𝑖𝑖𝑛𝑛

𝑖𝑖=1 .Therefore, ⋂ 𝓈𝓈𝑖𝑖𝑛𝑛
𝑖𝑖=1  is Sub  

Semiring of 𝒮𝒮 and called Sub Semiring of  𝒮𝒮 generated by X denoted by < 𝑋𝑋 >. 

Definition 2.3.2 

Let 𝓈𝓈1 and 𝓈𝓈2 be Sub Semirings of a  Semiring 𝒮𝒮 then < {𝓈𝓈1 ∪ 𝓈𝓈2} > exist and 
called join of 𝓈𝓈1 and 𝓈𝓈2 denoted by < 𝓈𝓈1, 𝓈𝓈2 >.   

Example  

Let (Z0, +,∙) be Semiring with 2Z0 and 3Z0 are Sub Semirings of Z0 

Since 2Z0 ⊆ < 2Z0, 3Z0 > and 3Z0 ⊆ < 2Z0, 3Z0 > 

Let 𝑥𝑥 ≠ 1 and 𝑥𝑥 ∉ 2𝑍𝑍0 this implies 𝑥𝑥 = 2𝑛𝑛 + 1 for s ome 𝑛𝑛 ∈ Z+ so 
𝑥𝑥 = (2(𝑛𝑛 − 1) + 2) + 1 = 2(𝑛𝑛 − 1) + 3 thus 𝑥𝑥 ∈ < 2𝑍𝑍0, 3𝑍𝑍0 >  

Therefore, < 2Z0, 3Z0 > =  Z0 − {1} = {0,2,3, … } = < 2,3 >.  

Definition 2.3.3 

Let 𝒮𝒮1,𝒮𝒮2 … 𝒮𝒮n  be S emirings an d t he set  𝒮𝒮1 × 𝒮𝒮2 × … × 𝒮𝒮𝑛𝑛  = {(𝑠𝑠1, 𝑠𝑠2, … , 𝑠𝑠𝑛𝑛)| 𝑠𝑠𝑖𝑖 ∈
𝒮𝒮𝑖𝑖   𝑓𝑓𝑓𝑓𝑓𝑓  𝑖𝑖 = 1,2 …𝑛𝑛�} with c omponent w ise operations of  a ddition a nd multiplication is 
Semiring and known as Direct product Semiring, denoted by ∏ 𝒮𝒮i

n
i=1 . 
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Example 

Let 𝒮𝒮1 be the lattice            and 𝒮𝒮2 be the lattice given by  

 

                 𝒮𝒮1 × 𝒮𝒮2 = {(0 �, �0), (0 �, �𝑎𝑎), (0, 𝑏𝑏), (0,1), (1,0), (1,𝑎𝑎), (1, 𝑏𝑏), (1,1)} and  

  Clearly, (0 �, �0) ≤ (0 �, �𝑎𝑎) ≤ (0 �, �1) ≤ (1 �, �1) and (0 �, �0) ≤ (0 �, �𝑎𝑎) ≤ (1 �, �𝑎𝑎) ≤ (1 �, �1) 

    (0 �, �0) ≤ (0 �, �𝑏𝑏) ≤ (0 �, �1) ≤ (1 �, �1) and (0 �, �0) ≤ (0 �, �𝑏𝑏) ≤ (1 �, �𝑏𝑏) ≤ (1 �, �1)  

 (0 �, �0) ≤ (1 �, �0) ≤ (1 �, �𝑎𝑎) ≤ (1 �, �1) and (0 �, �0) ≤ (1 �, �0) ≤ (1 �, �𝑏𝑏) ≤ (1 �, �1)  

       Hence         
 

  

 

 

 

 

 

is the Hasse diagram of 𝒮𝒮1 × 𝒮𝒮2. This is bounded distributive lattice and 
𝒮𝒮1 × 𝒮𝒮2 is direct product Semiring of  𝒮𝒮1 and 𝒮𝒮2. 

Theorem 2.3.1 

Let 𝓈𝓈1, 𝓈𝓈2, … 𝓈𝓈𝑛𝑛  be Sub Semiring of Semirings 𝒮𝒮1,𝒮𝒮2, … 𝒮𝒮𝑛𝑛  respectively for 
𝑛𝑛 ∈ Z+ then  ∏ 𝓈𝓈𝑖𝑖𝑛𝑛

𝑖𝑖=1  is Sub Semiring of  ∏ 𝒮𝒮𝑖𝑖𝑛𝑛
𝑖𝑖=1  

Proof: - Let  𝑥𝑥 ∈ ∏ 𝓈𝓈𝑖𝑖𝑛𝑛
𝑖𝑖=1  this implies 𝑥𝑥 = (𝑥𝑥1, 𝑥𝑥2, … 𝑥𝑥𝑛𝑛)| 𝑥𝑥𝑖𝑖 � ∈ 𝓈𝓈𝑖𝑖   for all       

 𝑖𝑖 ∈ Z+ and hence 𝑥𝑥𝑖𝑖 ∈ 𝒮𝒮𝑖𝑖  for all  𝑖𝑖 = 1,2, …𝑛𝑛  

              this means 𝑥𝑥 ∈ ∏ 𝒮𝒮𝑖𝑖𝑛𝑛
𝑖𝑖=1  , hence  ∏ 𝓈𝓈𝑖𝑖𝑛𝑛

𝑖𝑖=1 ⊆ ∏ 𝒮𝒮𝑖𝑖𝑛𝑛
𝑖𝑖=1 .■  

 

 

 

 

1 

0 
𝑎𝑎  𝑏𝑏 

1 

0 

(1,1) 

(1,𝑎𝑎)  (0,1) 

 (1,0) 
(0,𝑎𝑎) 

(0,0) 

(0, 𝑏𝑏) 

(1, 𝑏𝑏) 

Figure 2.2 
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2.4.  Polynomial Semirings 
 

Definition 2.4.1 

Let (𝒮𝒮, +,∙) be a Semiring and 𝑥𝑥 an indeterminate, the polynomial Semiring is the 
set 𝒮𝒮[𝑥𝑥] = { 𝒶𝒶0 + 𝒶𝒶1𝑥𝑥 + ⋯+ 𝒶𝒶𝑛𝑛𝑥𝑥𝑛𝑛  | 𝒶𝒶𝑖𝑖 ∈ 𝒮𝒮 𝑎𝑎𝑎𝑎𝑎𝑎 𝑖𝑖 = 0,1, …𝑛𝑛 𝑓𝑓𝑓𝑓𝑓𝑓 𝑛𝑛 ∈ Z0 �} and 
if 𝑃𝑃(𝑥𝑥) = 𝑎𝑎0 + 𝑎𝑎1𝑥𝑥 + ⋯+ 𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛  and 𝑄𝑄(𝑥𝑥) = 𝑏𝑏0 + 𝑏𝑏1𝑥𝑥 + ⋯+ 𝑏𝑏𝑚𝑚𝑥𝑥𝑚𝑚  are 
elements in 𝒮𝒮(𝑥𝑥) then 𝑃𝑃(𝑥𝑥) = 𝑄𝑄(𝑥𝑥) if and only if 𝑎𝑎𝑖𝑖 = 𝑏𝑏𝑖𝑖  for each 𝑖𝑖 with 𝑚𝑚 = 𝑛𝑛. 

Theorem 2.4.1 

Let (𝒮𝒮, +,∙) be a Hemiring and 𝒮𝒮[𝑥𝑥] be polynomial Semiring with indeterminate 𝑥𝑥 

if 0 ∙ 𝑥𝑥𝑛𝑛 = 𝑥𝑥𝑛𝑛 ∙ 0 = 0 and for 𝑄𝑄(𝑥𝑥) = 𝑞𝑞0 + 𝑞𝑞1𝑥𝑥 + ⋯+ 𝑞𝑞𝑚𝑚𝑥𝑥𝑚𝑚 , 

𝑃𝑃(𝑥𝑥) = 𝑝𝑝0 + 𝑝𝑝1𝑥𝑥 + ⋯+ 𝑝𝑝𝑛𝑛𝑥𝑥𝑛𝑛  define ‘+’ and ‘∙’ on 𝒮𝒮[𝑥𝑥] by  

𝑃𝑃(𝑥𝑥) + 𝑄𝑄(𝑥𝑥) = (𝑝𝑝0 + 𝑞𝑞0) + (𝑝𝑝1 + 𝑞𝑞1)𝑥𝑥 + ⋯+ (𝑝𝑝𝑛𝑛 + 𝑞𝑞𝑛𝑛)𝑥𝑥𝑛𝑛  where 𝑛𝑛 ≥ 𝑚𝑚 and 
 𝑞𝑞𝑛𝑛 = 0  for  𝑖𝑖 = 𝑚𝑚 + 1, … ,𝑛𝑛  and  

   𝑃𝑃(𝑥𝑥) ∙ 𝑄𝑄(𝑥𝑥) = 𝑐𝑐0 + 𝑐𝑐1𝑥𝑥 + ⋯+ 𝑐𝑐𝑚𝑚+𝑛𝑛𝑥𝑥𝑚𝑚+𝑛𝑛    where 𝑐𝑐𝑖𝑖 = ∑ 𝑝𝑝𝑘𝑘𝑞𝑞𝑗𝑗𝑖𝑖=𝑗𝑗+𝑘𝑘  for  

  𝑗𝑗 = 0,1, … ,𝑚𝑚,  𝑘𝑘 = 0,1, … ,𝑛𝑛 and 𝑖𝑖 = 0,1, … ,𝑚𝑚 + 𝑛𝑛 

Then (𝒮𝒮[𝑥𝑥], +,∙) is Hemiring.  

Proof: - Since 𝒮𝒮 ⊆ 𝒮𝒮[𝑥𝑥];  𝒮𝒮[𝑥𝑥] ≠ ∅ 

Let 𝑃𝑃(𝑥𝑥) = 𝑝𝑝0 + 𝑝𝑝1𝑥𝑥 + ⋯+ 𝑝𝑝𝑛𝑛𝑥𝑥𝑛𝑛  and  

𝑄𝑄(𝑥𝑥) = 𝑞𝑞0 + 𝑞𝑞1𝑥𝑥 + ⋯+ 𝑞𝑞𝑚𝑚𝑥𝑥𝑚𝑚 ∈ 𝒮𝒮[𝑥𝑥]  

   𝑃𝑃(𝑥𝑥) + 𝑄𝑄(𝑥𝑥) = (𝑝𝑝0 + 𝑞𝑞0) + (𝑝𝑝1 + 𝑞𝑞1)𝑥𝑥 + ⋯+ (𝑝𝑝𝑛𝑛 + 𝑞𝑞𝑛𝑛)𝑥𝑥𝑛𝑛   

    = (𝑞𝑞0 + 𝑝𝑝0) + (𝑞𝑞1 + 𝑝𝑝1)𝑥𝑥 + ⋯+ (𝑞𝑞𝑛𝑛 + 𝑝𝑝𝑛𝑛)𝑥𝑥𝑛𝑛 = 𝑄𝑄(𝑥𝑥) + 𝑃𝑃(𝑥𝑥)  

Since 𝑝𝑝𝑖𝑖 + 𝑞𝑞𝑖𝑖 = 𝑞𝑞𝑖𝑖 + 𝑝𝑝𝑖𝑖 ∈  𝒮𝒮[𝑥𝑥]  for all 𝑖𝑖 = 0,1, …𝑛𝑛  

We have 𝑃𝑃(𝑥𝑥) + 𝑄𝑄(𝑥𝑥) = 𝑄𝑄(𝑥𝑥) + 𝑃𝑃(𝑥𝑥)  ∈  𝒮𝒮[𝑥𝑥] 

Consider 0 =  0 + 0𝑥𝑥 + ⋯+ 0𝑥𝑥𝑛𝑛  

Clearly 𝑃𝑃(𝑥𝑥) + 0 = 0 + 𝑃𝑃(𝑥𝑥) = 𝑃𝑃(𝑥𝑥)  for all 𝑃𝑃(𝑥𝑥) ∈ 𝒮𝒮[𝑥𝑥] 

Let  𝑅𝑅[𝑥𝑥] = 𝑟𝑟0 + 𝑟𝑟1𝑥𝑥 + ⋯+ 𝑟𝑟𝑧𝑧𝑥𝑥𝑧𝑧 ∈ 𝒮𝒮[𝑥𝑥]  then 

  �𝑃𝑃(𝑥𝑥) + 𝑄𝑄(𝑥𝑥)� + 𝑅𝑅(𝑥𝑥) = �(𝑝𝑝0 + 𝑞𝑞0) + (𝑝𝑝1 + 𝑞𝑞1)𝑥𝑥 + ⋯+ (𝑝𝑝𝑛𝑛 + 𝑞𝑞𝑛𝑛)𝑥𝑥𝑛𝑛� + 𝑅𝑅(𝑥𝑥) 
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   = �(𝑝𝑝0 + 𝑞𝑞0) + 𝑟𝑟0� + �(𝑝𝑝1 + 𝑞𝑞1) + 𝑟𝑟1�𝑥𝑥 + ⋯+ �(𝑝𝑝𝑛𝑛 + 𝑞𝑞𝑛𝑛) + 𝑟𝑟𝑛𝑛�𝑥𝑥𝑛𝑛  

   �𝑝𝑝0 + (𝑞𝑞0 + 𝑟𝑟0)� + �𝑝𝑝1 + (𝑞𝑞1 + 𝑟𝑟1)�𝑥𝑥 + ⋯+ �𝑝𝑝𝑛𝑛 + (𝑞𝑞𝑛𝑛 + 𝑟𝑟𝑛𝑛)�𝑥𝑥𝑛𝑛  

       = 𝑃𝑃(𝑥𝑥) + (𝑄𝑄(𝑥𝑥) + 𝑅𝑅(𝑥𝑥))  

Thus  (𝒮𝒮[𝑥𝑥], +)  is commutative Monoid. 

   𝑃𝑃(𝑥𝑥) ∙ 𝑄𝑄(𝑥𝑥) = 𝑐𝑐0 + 𝑐𝑐1𝑥𝑥 + ⋯+ 𝑐𝑐𝑚𝑚+𝑛𝑛𝑥𝑥𝑚𝑚+𝑛𝑛  ∈ 𝒮𝒮[𝑥𝑥], since each 𝑐𝑐𝑖𝑖 ∈ 𝒮𝒮 

Consider �𝑃𝑃(𝑥𝑥) ∙ 𝑄𝑄(𝑥𝑥)� ∙ 𝑅𝑅(𝑥𝑥) = 𝐶𝐶(𝑥𝑥) ∙ 𝑅𝑅(𝑥𝑥) 

Where 𝐶𝐶(𝑥𝑥) = 𝑐𝑐0 + 𝑐𝑐1𝑥𝑥 + ⋯+ 𝑐𝑐𝑚𝑚+𝑛𝑛𝑥𝑥𝑚𝑚+𝑛𝑛  and 𝑐𝑐𝑖𝑖 = ∑ 𝑝𝑝𝑘𝑘𝑞𝑞𝑗𝑗𝑘𝑘+𝑗𝑗=𝑖𝑖  

This implies 𝐶𝐶(𝑥𝑥) ∙ 𝑅𝑅(𝑥𝑥) = ℎ0 + ℎ1𝑥𝑥 + ⋯+ ℎ𝑚𝑚+𝑛𝑛+𝑧𝑧𝑥𝑥𝑚𝑚+𝑛𝑛+𝑧𝑧  

ℎ𝑠𝑠 = ∑ 𝑐𝑐𝑖𝑖𝑟𝑟𝑙𝑙𝑖𝑖+𝑙𝑙=𝑠𝑠 = ∑ �∑ 𝑝𝑝𝑘𝑘𝑞𝑞𝑗𝑗𝑘𝑘+𝑗𝑗=𝑖𝑖 �𝑟𝑟𝑙𝑙𝑖𝑖+𝑙𝑙=𝑠𝑠 = ∑ �∑ 𝑝𝑝𝑘𝑘𝑞𝑞𝑗𝑗𝑘𝑘+𝑗𝑗=𝑖𝑖 𝑟𝑟𝑙𝑙�𝑖𝑖+𝑙𝑙=𝑠𝑠   

= ∑ (𝑝𝑝𝑘𝑘 ∑ (𝑞𝑞𝑗𝑗𝑗𝑗+𝑙𝑙=𝑠𝑠−𝑘𝑘 𝑟𝑟𝑙𝑙)) 𝑘𝑘+(𝑠𝑠−𝑘𝑘)=𝑠𝑠 and  

𝑃𝑃(𝑥𝑥) ∙ �𝑄𝑄(𝑥𝑥) ∙ 𝑅𝑅(𝑥𝑥)� = 𝑃𝑃(𝑥𝑥) ∙ 𝑇𝑇(𝑥𝑥)  

Where 𝑇𝑇(𝑥𝑥) = 𝑡𝑡0 + 𝑡𝑡1𝑥𝑥 + ⋯+ 𝑟𝑟𝑚𝑚+𝑧𝑧𝑥𝑥𝑚𝑚+𝑧𝑧   and 𝑡𝑡𝑖𝑖 = ∑ 𝑞𝑞𝑗𝑗 𝑟𝑟𝑙𝑙𝑗𝑗+𝑙𝑙=𝑖𝑖   

𝑃𝑃(𝑥𝑥) ∙ �𝑄𝑄(𝑥𝑥) ∙ 𝑅𝑅(𝑥𝑥)� = 𝑃𝑃(𝑥𝑥) ∙ 𝑇𝑇(𝑥𝑥) 

= 𝑏𝑏0 + 𝑏𝑏1𝑥𝑥 + ⋯+ 𝑏𝑏𝑛𝑛+(𝑚𝑚+𝑧𝑧)𝑥𝑥𝑛𝑛+(𝑚𝑚+𝑧𝑧) 

Where 𝑏𝑏𝑠𝑠 = ∑ 𝑝𝑝𝑘𝑘𝑡𝑡𝑖𝑖𝑘𝑘+𝑖𝑖=𝑠𝑠 =  ∑ (𝑝𝑝𝑘𝑘 ∑ (𝑞𝑞𝑗𝑗𝑗𝑗+𝑙𝑙=𝑠𝑠−𝑘𝑘 𝑟𝑟𝑙𝑙)) 𝑘𝑘+(𝑠𝑠−𝑘𝑘)=𝑠𝑠  

Implies (𝒮𝒮[𝑥𝑥],∙) is Semigroup. and 𝑃𝑃(𝑥𝑥) ∙ �𝑄𝑄(𝑥𝑥) + 𝑅𝑅(𝑥𝑥)� 

     = (𝑝𝑝0 + 𝑝𝑝1𝑥𝑥 + ⋯+ 𝑝𝑝𝑛𝑛𝑥𝑥𝑛𝑛) ∙ ((𝑞𝑞0 + 𝑟𝑟0) + (𝑝𝑝1 + 𝑟𝑟1)𝑥𝑥 + ⋯ 

                           + (𝑞𝑞𝑚𝑚 + 𝑟𝑟𝑚𝑚)𝑥𝑥𝑚𝑚) This means  

 𝑃𝑃(𝑥𝑥) ∙ �𝑄𝑄(𝑥𝑥) + 𝑅𝑅(𝑥𝑥)� =  𝑇𝑇(𝑥𝑥) = 𝑡𝑡0 + 𝑡𝑡1𝑥𝑥 + ⋯+ 𝑡𝑡𝑛𝑛+𝑚𝑚𝑥𝑥𝑛𝑛+𝑚𝑚   

Where 𝑡𝑡𝑖𝑖 = ∑ 𝑝𝑝𝑗𝑗 (𝑞𝑞𝑘𝑘 + 𝑟𝑟𝑘𝑘)𝑗𝑗+𝑘𝑘=𝑖𝑖 = ∑ �𝑝𝑝𝑗𝑗 𝑞𝑞𝑘𝑘 + 𝑝𝑝𝑗𝑗 𝑟𝑟𝑘𝑘�𝑗𝑗+𝑘𝑘=𝑖𝑖  

 = ∑ 𝑝𝑝𝑗𝑗𝑞𝑞𝑘𝑘𝑗𝑗+𝑘𝑘=𝑖𝑖 + ∑ 𝑝𝑝𝑗𝑗 𝑟𝑟𝑘𝑘𝑗𝑗+𝑘𝑘=𝑖𝑖 , 

But �𝑃𝑃(𝑥𝑥) ∙ 𝑄𝑄(𝑥𝑥)� + �𝑃𝑃(𝑥𝑥) ∙ 𝑅𝑅(𝑥𝑥)� = 𝐶𝐶(𝑥𝑥) + 𝐻𝐻(𝑥𝑥)  where 

     𝐶𝐶(𝑥𝑥) =  𝑐𝑐0 + 𝑐𝑐1𝑥𝑥 + ⋯+ 𝑐𝑐𝑛𝑛+𝑚𝑚𝑥𝑥𝑛𝑛+𝑚𝑚 , 𝐻𝐻(𝑥𝑥) = ℎ0 + ℎ1𝑥𝑥 + ⋯+ ℎ𝑛𝑛+𝑧𝑧𝑥𝑥𝑛𝑛+𝑧𝑧   

    With 𝑐𝑐𝑖𝑖 = ∑ 𝑝𝑝𝑗𝑗𝑞𝑞𝑘𝑘  𝑎𝑎𝑎𝑎𝑎𝑎𝑗𝑗+𝑘𝑘=𝑖𝑖  ℎ𝑖𝑖 = ∑ 𝑝𝑝𝑗𝑗 𝑟𝑟𝑘𝑘𝑗𝑗+𝑘𝑘=𝑖𝑖   
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Thus  𝑡𝑡𝑖𝑖 = 𝑐𝑐𝑖𝑖 + ℎ𝑖𝑖   For all 𝑖𝑖 and 

  𝑃𝑃(𝑥𝑥) ∙ �𝑄𝑄(𝑥𝑥) + 𝑅𝑅(𝑥𝑥)� = �𝑃𝑃(𝑥𝑥) ∙ 𝑄𝑄(𝑥𝑥)� + �𝑃𝑃(𝑥𝑥) ∙ 𝑅𝑅(𝑥𝑥)�  

Similarly, �𝑃𝑃(𝑥𝑥) + 𝑄𝑄(𝑥𝑥)� ∙ 𝑅𝑅(𝑥𝑥) =  �𝑃𝑃(𝑥𝑥) ∙ 𝑅𝑅(𝑥𝑥)� + �𝑄𝑄(𝑥𝑥) ∙ 𝑅𝑅(𝑥𝑥)� and   

         0 ∙ 𝑃𝑃(𝑥𝑥) = 0 ∙  𝑝𝑝0 + 0 ∙ 𝑝𝑝1𝑥𝑥 + ⋯+ 0 ∙ 𝑝𝑝𝑛𝑛𝑥𝑥𝑛𝑛 = 

𝑝𝑝0 ∙ 0 + 𝑝𝑝1𝑥𝑥 ∙ 0 + ⋯+ 𝑝𝑝𝑛𝑛𝑥𝑥𝑛𝑛 ∙ 0 = 𝑃𝑃(𝑥𝑥) ∙ 0 

But, 0 ∙  𝑝𝑝0 + 0 ∙ 𝑝𝑝1𝑥𝑥 + ⋯+ 0 ∙ 𝑝𝑝𝑛𝑛𝑥𝑥𝑛𝑛  

             = (0 ∙  𝑝𝑝0) + (0 ∙ 𝑝𝑝1)𝑥𝑥 + ⋯+ (0 ∙ 𝑝𝑝𝑛𝑛)𝑥𝑥𝑛𝑛 = 0 + 0 ∙ 𝑥𝑥 + ⋯+ 0 ∙ 𝑥𝑥𝑛𝑛 = 0  

                          Therefore, (𝒮𝒮[𝑥𝑥], +,∙) is Hemiring. ■ 

Corollary 2.4.1 

Let (𝒮𝒮, +,∙) be Hemiring with unity 1 and 1 ∙ 𝑥𝑥 = 𝑥𝑥 ∙ 1 = 𝑥𝑥 for any indeterminate 
𝑥𝑥 then ( 𝒮𝒮[𝑥𝑥], +,∙) is Hemiring with unity 1 it self. 

 Proof: -Let 1 be unity in  𝒮𝒮 this means 1 ∈ 𝒮𝒮[𝑥𝑥] and  

let 𝑃𝑃(𝑥𝑥) = 𝑎𝑎0 + 𝑎𝑎1𝑥𝑥 + ⋯+ 𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛 ∈ 𝒮𝒮[𝑥𝑥]  

since 1 ∙ 𝑃𝑃(𝑥𝑥) = 1 ∙ 𝑎𝑎0 + 1 ∙ 𝑎𝑎1𝑥𝑥 + ⋯+ 1 ∙ 𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛  

we have 1 ∙ 𝑃𝑃(𝑥𝑥) = 𝑃𝑃(𝑥𝑥)  and also 

 𝑃𝑃(𝑥𝑥) ∙ 1 = 𝑎𝑎0 ∙ 1 + ⋯+ 𝑎𝑎𝑛𝑛𝑥𝑥𝑛𝑛 ∙ 1 = 𝑎𝑎0 + ⋯+ 𝑎𝑎𝑛𝑛(𝑥𝑥𝑛𝑛 ∙ 1) 

From the hypothesis we have 𝑥𝑥𝑖𝑖 ∙ 1 = 1 ∙ 𝑥𝑥𝑖𝑖 = 𝑥𝑥𝑖𝑖  for 𝑖𝑖 ∈ 𝑍𝑍+ 

this means 𝑃𝑃(𝑥𝑥)  ∙ 1 = 𝑃𝑃(𝑥𝑥) thus  1 ∙ 𝑃𝑃(𝑥𝑥) = 𝑃𝑃(𝑥𝑥)  ∙ 1 = 𝑃𝑃(𝑥𝑥) 

hence, 1 is unity in 𝒮𝒮[𝑥𝑥] and from Theorem 4.2.1 

( 𝒮𝒮[𝑥𝑥], +,∙) is Hemiring with unity 1.■ 

Definition 2.4.2 

Let (𝒮𝒮, +,∙) be Hemiring and ( 𝒮𝒮[𝑥𝑥], +,∙) be the polynomial Semiring then for any 
indeterminate y  (𝒮𝒮[𝑥𝑥][𝑦𝑦], +,∙) is Hemiring and called polynomial Semiring of 
indeterminate 𝑥𝑥 and 𝑦𝑦. Analogously, for indeterminate 𝑥𝑥1, 𝑥𝑥2, … . 𝑥𝑥𝑛𝑛  for 𝑛𝑛 ∈
Z+,( 𝒮𝒮[𝑥𝑥1], [𝑥𝑥2], … . [𝑥𝑥𝑛𝑛 ], +,∙)  is Hemiring and called polynomial Semiring of 
indeterminate 𝑥𝑥1, 𝑥𝑥2, … . 𝑥𝑥𝑛𝑛 . 
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3. Ideal theory of Semiring 
 

Now let us take an assumption that our Semiring (𝒮𝒮, + ∙) to be Hemiring with unity 1 and 
𝒮𝒮 denote (𝒮𝒮, + ∙). We will s ee how id eals of S emirings w ill b e e xpress in  terms o f 
irreducible or\and prime ideals.  

3.1. Definitions on ideals 
 

Definitions 3.1.1 

 A non-empty Subset Ι of Semiring (𝒮𝒮, +,∙) is called a right |or � left ideal of 𝒮𝒮  
if and only if  

a) Ι is Sub Semiring of  𝒮𝒮 
b) 𝑎𝑎𝑎𝑎 ∈ Ι |or 𝑥𝑥𝑥𝑥 ∈ Ι�  for all  𝑥𝑥 ∈ 𝒮𝒮  and  𝑎𝑎 ∈ Ι 

 A non-empty Subset Ι of a  Semiring (𝒮𝒮, +,∙) is said to be ideal of 𝒮𝒮 if Ι is both               
right and left ideal of  𝒮𝒮. 

 The smallest ideal generated by a s ingle element 𝑎𝑎 is cal led p rincipal ideal and 
denoted by  < 𝑎𝑎 >. 

 For ideals  A and  B  in a Semiring  𝒮𝒮, the product AB = {𝑎𝑎𝑎𝑎 ∶ 𝑎𝑎 ∈ A and 𝑏𝑏 ∈ B } 

Theorem 3.1.1 

For ideals A and B in 𝒮𝒮 the product  AB  is ideal if and only if  

 AB =< {𝑎𝑎𝑎𝑎:𝑎𝑎 ∈ A, 𝑏𝑏 ∈ B} > 

Proof:-From the definition of AB it is enough to show 

Sub Semiring  < {𝑎𝑎𝑎𝑎:𝑎𝑎 ∈ A, 𝑏𝑏 ∈ B} > is ideal 
Let 𝑥𝑥 ∈ 𝒮𝒮 and 𝑐𝑐 ∈ AB implies 𝑐𝑐 =  ∑ 𝑎𝑎𝑖𝑖𝑏𝑏𝑖𝑖𝑛𝑛

𝑖𝑖=1  for 𝑎𝑎𝑖𝑖 ∈ A and 𝑏𝑏𝑖𝑖 ∈ B 
𝑥𝑥𝑥𝑥 = 𝑥𝑥(∑ 𝑎𝑎𝑖𝑖𝑏𝑏𝑖𝑖𝑛𝑛

𝑖𝑖=1 ) = ∑ 𝑥𝑥𝑎𝑎𝑖𝑖𝑏𝑏𝑖𝑖𝑛𝑛
𝑖𝑖=1  ∈ AB, S ince A is i deal an d a lso 

 𝑐𝑐𝑐𝑐 = (∑ 𝑎𝑎𝑖𝑖𝑏𝑏𝑖𝑖𝑛𝑛
𝑖𝑖=1 )𝑥𝑥 = ∑ 𝑎𝑎𝑖𝑖𝑏𝑏𝑖𝑖𝑥𝑥𝑛𝑛

𝑖𝑖=1 ∈ AB since B is ideal  
Hence AB is ideal.■ 

Definitions 3.1.2 

1 Let M be a proper ideal in a Semiring 𝒮𝒮 then M is maximal ideal if and only if 
for any ideal Ι we have  M ⊆ Ι  implies Ι = M  or  Ι = 𝒮𝒮. 

2 Let N be a proper ideal in a Semiring 𝒮𝒮 then N is minimal ideal if and only if 
for any ideal Ι we have Ι ⊆ N implies Ι = {0}  or Ι = N. 

3 For an ideal Ι of Semiring 𝒮𝒮  Radical ideal of  Ι �rad(Ι)� defined by 
 rad(Ι) = {𝑎𝑎 ∶  𝑎𝑎𝑛𝑛 ∈ Ι for some 𝑛𝑛 ∈ Z+} . 
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Remark: 

1) Let A and B be ideals in 𝒮𝒮 then A ∩ B is an ideal in 𝒮𝒮 and AB ⊆ A ∩ B 
2) for an ideal  Ι  in a Semiring 𝒮𝒮, if  1 ∈ Ι  then  Ι = 𝒮𝒮. 

 

3.2. Prime and Irreducible ideals 
 

Definitions 3.2.1 

1) An ideal P is called Prime ideal if and only if  AB ⊆ P for any two ideals 𝐴𝐴  
and 𝐵𝐵 implies 𝐴𝐴 ⊆ 𝑃𝑃 or  𝐵𝐵 ⊆ 𝑃𝑃. 

2) An ideal Ι is called Irreducible if and only if  A ∩ B = Ι for any two ideals A  
and B implies A = Ι or  B = Ι.  

3) An ideal Ι is called Strongly irreducible if and only if A ∩ B ⊆ Ι for any two 
ideals A and B implies A ⊆ Ι or  B ⊆ Ι. 

Note: 

From t he de finition a bove a ny pr ime i deal is s trongly i rreducible ideal a nd a ny 
strongly irreducible ideal is irreducible ideal. 

Example 

Let  Ι =< 2,3 > in  (Z0, +,∙)  This means Ι = {2𝑥𝑥 + 3𝑦𝑦 ∶ 𝑥𝑥,𝑦𝑦 ∈ Z0 } 

Let 𝑧𝑧 ∈ Z0, 𝑧𝑧(2𝑥𝑥 + 3𝑦𝑦) = 2(𝑧𝑧𝑧𝑧) + 3(𝑧𝑧𝑧𝑧) ∈ Ι this implies  

Ι is right ideal of  Z0 and also (2𝑥𝑥 + 3𝑦𝑦)𝑧𝑧 = 2(𝑥𝑥𝑥𝑥) + 3(𝑦𝑦𝑦𝑦) ∈ Ι 

implies Ι is left ideal of  Z0; therefore, Ι is ideal.  

Theorem 3.2.1 

In a  C ommutative Semiring 𝒮𝒮 an i deal Ι is pr ime i deal i f a nd onl y if 𝑎𝑎𝑎𝑎 ∈ Ι 
implies that 𝑎𝑎 ∈ Ι  or  𝑏𝑏 ∈ Ι for all 𝑎𝑎, 𝑏𝑏 ∈ 𝒮𝒮.  

Proof:- Suppose Ι is prime ideal and let 𝑎𝑎𝑎𝑎 ∈ Ι  

Let  A =< 𝑎𝑎 >  and  B =< 𝑏𝑏 > but, 

   AB ⊆ { ∑ 𝑎𝑎𝑖𝑖𝑏𝑏𝑖𝑖𝑛𝑛
𝑖𝑖=1 : 𝑎𝑎𝑖𝑖 ∈ A , 𝑏𝑏𝑖𝑖 ∈ B} = {∑ ( 𝑥𝑥𝑖𝑖𝑎𝑎)(𝑦𝑦𝑖𝑖𝑏𝑏)𝑛𝑛

𝑖𝑖=1 : 𝑥𝑥𝑖𝑖 ,𝑦𝑦𝑖𝑖 ∈ 𝒮𝒮}  

    = { ∑ (𝑥𝑥𝑖𝑖𝑦𝑦𝑖𝑖)(𝑎𝑎𝑎𝑎)𝑛𝑛
𝑖𝑖=1 ∶  𝑥𝑥𝑖𝑖 ,𝑦𝑦𝑖𝑖 ∈ 𝒮𝒮} = {∑ 𝑧𝑧𝑖𝑖(𝑎𝑎𝑎𝑎)𝑛𝑛

𝑖𝑖=1 ∶  𝑧𝑧𝑖𝑖 ∈ 𝒮𝒮} =< {𝑎𝑎𝑎𝑎} >   

Since 𝑎𝑎𝑎𝑎 ∈ Ι we have AB ⊆ Ι.  
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But, Ι is prime ideal this implies 

A ⊆ Ι  or  B ⊆ Ι thus 𝑎𝑎 ∈  Ι  or  𝑏𝑏 ∈ Ι  

Therefore, 𝑎𝑎𝑎𝑎 ∈ Ι  implies 𝑎𝑎 ∈ Ι  or  𝑏𝑏 ∈ Ι. 

Conversely, suppose 𝑎𝑎𝑎𝑎 ∈  Ι  implies 𝑎𝑎 ∈ Ι or 𝑏𝑏 ∈ Ι 

Let AB ⊆ Ι and A ⊈ Ι implies there exist 𝑎𝑎 ∈ A but, 𝑎𝑎 ∉ Ι  

For arbitrary 𝑏𝑏 ∈ B we have 𝑎𝑎𝑎𝑎 ∈ AB ⊆ Ι implies that 𝑏𝑏 ∈ Ι,  

Therefore, B ⊆ Ι.■ 

Examples 

a. An ideal Ι = < 2,3 > in (Z0, +,∙)  is prime ideal. 

Since (Z0, +,∙)  is a Commutative Semiring 

Let 𝑎𝑎𝑎𝑎 ∈ Ι = {2𝑥𝑥 + 3𝑦𝑦 ∶ 𝑥𝑥,𝑦𝑦 ∈ Z0}   

This implies 𝑎𝑎𝑎𝑎 = 2𝑥𝑥 + 3𝑦𝑦  for some 𝑥𝑥,𝑦𝑦 in Z0. 

Suppose 𝑎𝑎 ∉ Ι =< 2,3 > = Z0 − {0,1}  This means 𝑎𝑎 = 1 

Thus 𝑎𝑎𝑎𝑎 = 𝑏𝑏 ∈ Ι therefore, < 2,3 > is prime. 

b. Let Ι =< 𝑝𝑝 > for s ome  𝑝𝑝 ∈ Z0, then Ι is prime i f a nd onl y if 𝑝𝑝 is 
prime. let, 𝑎𝑎𝑎𝑎 ∈ Ι implies 𝑝𝑝 divide 𝑎𝑎𝑎𝑎 and so 
𝑝𝑝 divide 𝑎𝑎  or  𝑝𝑝  divide 𝑏𝑏  for Ι to be prime ideal. 
Hence Ι is prime if and only if 𝑝𝑝 is . 

Corollary 3.2.1 

A non z ero ideal Ι of (Z+, +,∙) is prime ideal if and only if  Ι =< 𝑝𝑝 > for some 
prime 𝑝𝑝 or  Ι =< 2,3 >. 

Proof:-For Ι =< 𝑝𝑝 > is principal from the above example 𝑝𝑝 is prime 

                                   Suppose Ι is not principal  

Let 𝑎𝑎 be the smallest element of  Ι thus 𝑎𝑎 is prime and also there 
exist 𝑏𝑏 ∈ Ι  such that 𝑏𝑏 > 𝑎𝑎 and (𝑎𝑎, 𝑏𝑏) = 1 

If  𝑎𝑎 > 2  then choose the smallest  j ∈ Z+ such that 2j ∈ Ι,  

but, 2j = 2j−1 ∙ 2  since Ι is prime either 2 ∈ Ι or 2j−1 ∈ Ι 
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This is contradiction; therefore, 𝑎𝑎 = 2. 

If  𝑏𝑏 > 3  there exist the smallest  k ∈ Z+  such that  3k ∈ I 

but, 3k = 3. 3k−1  since I is prime either 3 ∈ I or 3k−1 ∈ I 

this is contradiction therefore, 𝑏𝑏 = 3 

                                    Hence I =< 2,3 > .■ 

Definition 3.2.2 

An ideal I of a Semiring 𝒮𝒮 is called Subtractive if and only if for 𝑎𝑎 ∈ I,𝑎𝑎 + 𝑏𝑏 ∈ I  
implies 𝑏𝑏 ∈ I.  

Example 

A non zero prime ideal  I of  (Z+, +,∙) is Subtractive if and only if 

I =< 𝑝𝑝 >  for some prime number 𝑝𝑝. 

Clearly  < 𝑝𝑝 >  is Subtractive  

Since 2 + 1 = 3 and 2 ∈< 2,3 > ,  3 ∈< 2,3 >  but ,1 ∉< 2,3 > 

Therefore, < 2,3 >  is not subtractive.  

Theorem 3.2.2 

In a Semiring 𝒮𝒮 for an ideal P the following are equivalent. 

1) P is prime ideal.  
2) If   < 𝑎𝑎 > , < 𝑏𝑏 >  are principal ideals and < 𝑎𝑎 >< 𝑏𝑏 >⊆ 𝑃𝑃  
 then  𝑎𝑎 ∈ P or  𝑏𝑏 ∈ P.  
3) 𝑎𝑎𝑎𝑎𝑎𝑎 ⊆ P implies  𝑎𝑎 ∈ P or  𝑏𝑏 ∈ P where  𝑎𝑎𝑎𝑎𝑎𝑎 = {𝑎𝑎𝑎𝑎𝑎𝑎 ∶ 𝑥𝑥 ∈ 𝒮𝒮}. 
4) If  I1, I2 are right ideals and  I1I2 ⊆ P then I1 ⊆ P or  I2 ⊆ P. 
5) If  J1, J2  are left ideals and  J1J2 ⊆ P then  J1 ⊆ P or  J2 ⊆ P. 
 Proof:-Suppose P is prime ideal 
  Consider < 𝑎𝑎 >< 𝑏𝑏 >⊆ P implies either < 𝑎𝑎 >⊆ P or < 𝑏𝑏 >⊆ P             
  this means either 𝑎𝑎 ∈ P or 𝑏𝑏 ∈ P. 

 Suppose < 𝑎𝑎 >< 𝑏𝑏 >⊆ P implies 𝑎𝑎 ∈ P or  𝑏𝑏 ∈ P 
  Let 𝑎𝑎𝑎𝑎𝑎𝑎 ⊆ P, since P is ideal 𝒮𝒮a𝒮𝒮b𝒮𝒮 ⊆ P and 𝒮𝒮a𝒮𝒮𝒮𝒮b𝒮𝒮 ⊆ P   

this implies < 𝑎𝑎 >< 𝑏𝑏 >⊆ P 
 Therefore, either 𝑎𝑎 ∈ P or  𝑏𝑏 ∈ P. 

Suppose, 𝑎𝑎𝑎𝑎𝑎𝑎 ⊆ P  implies  𝑎𝑎 ∈ P  or  𝑏𝑏 ∈ P  
  Let  I1I2 ⊆ P  for right ideals I1 and  I2  and suppose  I1  ⊈ P 



24 
 

  This implies that there exists an element  𝑎𝑎 in I1 but not in P 
  Since for all  𝑏𝑏 ∈ I2;  𝑎𝑎𝑎𝑎𝑎𝑎 ⊆ I1I2 ⊆ P this means 𝑏𝑏 ∈ P 
  Hence  I2 ⊆ P ; with similar analogy J1J2 ⊆ P  
 Implies  J1 ⊆ P  or  J2 ⊆ P 
  For  J1 and  J2 be left ideals  
 Clearly if P satisfies condition 4 or 5 then P is prime.■   

Definition 3.2.3 

 An i deal P is c alled c ompletely p rime id eal if a nd o nly if  fo r 𝑎𝑎, 𝑏𝑏 ∈ 𝒮𝒮, 𝑎𝑎𝑎𝑎 ∈ P 
 implies 𝑎𝑎 ∈ P  or  𝑏𝑏 ∈ P.  

Notes: 

• Every completely prime ideal is prime ideal but, the converse is not always true. 
• In a Commutative Semiring every prime ideal is completely prime ideal. 

Definition 3.2.4 

 A non-zero Subset M of a  Semiring 𝒮𝒮 is an  m−System i f and only i f 𝑎𝑎, 𝑏𝑏 ∈ M  
 implies that there exist an element 𝑥𝑥 in 𝒮𝒮 such that  𝑎𝑎𝑎𝑎𝑎𝑎 ∈ M.  

Theorem 3.2.3 

 An ideal P is prime ideal if and only if the set Complement of  P is m−system. 

 Proof:-Suppose P is prime ideal 

  Let 𝑎𝑎, 𝑏𝑏 ∈ 𝒮𝒮 − P  if  𝑎𝑎𝑎𝑎𝑎𝑎 ∈ P  for all  𝑥𝑥 ∈ 𝒮𝒮  we have  𝑎𝑎𝑎𝑎𝑎𝑎 ⊆ P 

  implies 𝑎𝑎 ∈ P or  𝑏𝑏 ∈ P contradiction thus, there exist  𝑥𝑥 ∈ 𝒮𝒮 

  such that 𝑎𝑎𝑎𝑎𝑎𝑎 ∈ 𝒮𝒮 − P. 

  Conversely, let M be  m−system  and let  𝑎𝑎𝑎𝑎𝑎𝑎 ∈ 𝒮𝒮 − M  for all 𝑥𝑥 ∈ 𝒮𝒮 

  Suppose  𝑎𝑎, 𝑏𝑏 ∈ M  implies there exist  𝑥𝑥 ∈ 𝒮𝒮 such that  𝑎𝑎𝑎𝑎𝑎𝑎 ∈ M 

  This is contradiction thus 𝑎𝑎 ∈ 𝒮𝒮 − M  or  𝑏𝑏 ∈ 𝒮𝒮 − M 

  Therefore if  M = Pc  we have P is prime.■ 

Definition 3.2.5 

 An ideal P in the Semiring 𝒮𝒮 is completely Simi-prime if 𝑎𝑎2 ∈ P implies 𝑎𝑎 ∈ P. 
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Lemma 3.2.1 

 A prime ideal P is completely prime if and only if 𝑎𝑎𝑎𝑎 ∈ P implies 𝑏𝑏𝑏𝑏 ∈ P. 

  Proof:-let P is completely prime and 𝑎𝑎𝑎𝑎 ∈ P implies 𝑎𝑎 ∈ P or 𝑏𝑏 ∈ P 

   Hence 𝑏𝑏𝑏𝑏 ∈ P. 

   Conversely, Suppose 𝑎𝑎𝑎𝑎 ∈ P implies 𝑏𝑏𝑏𝑏 ∈ P for all 𝑎𝑎, 𝑏𝑏 ∈ 𝒮𝒮 

   Let 𝑎𝑎𝑎𝑎 ∈ P implies 𝑎𝑎𝑎𝑎𝒮𝒮 ⊆ P this means 𝑎𝑎𝑎𝑎𝑎𝑎 ∈ P for all 𝑥𝑥 ∈ 𝒮𝒮 

   Now we have 𝑎𝑎(𝑏𝑏𝑏𝑏) ∈ P implies 𝑏𝑏𝑏𝑏𝑏𝑏 ∈ P hence 𝑏𝑏𝑏𝑏𝑏𝑏 ⊆ P 

                                    Therefore, 𝑎𝑎 ∈ P or 𝑏𝑏 ∈ P since P is prime.■ 

Proposition 3.2.1 

 If an ideal P is completely Semi-prime then 𝑎𝑎𝑎𝑎 ∈ P implies 𝑏𝑏𝑏𝑏 ∈ P. 

  Proof:-Consider (𝑏𝑏𝑏𝑏)(𝑏𝑏𝑏𝑏) = 𝑏𝑏(𝑎𝑎𝑎𝑎)𝑎𝑎 

   But, 𝑎𝑎𝑎𝑎 ∈ P implies 𝑏𝑏(𝑎𝑎𝑎𝑎) ∈ P since P ideal,  

and also 𝑏𝑏(𝑎𝑎𝑎𝑎)𝑎𝑎 ∈ P implies (𝑏𝑏𝑏𝑏)(𝑏𝑏𝑏𝑏) ∈ P thus 𝑏𝑏𝑏𝑏 ∈ P.■  

Theorem 3.2.4 

 A prime ideal P is completely prime if and only if it is Completely Semi-prime.  

  Proof:-Suppose P is completely prime 

   this means 𝑎𝑎𝑎𝑎 ∈ P implies 𝑎𝑎 ∈ P or 𝑏𝑏 ∈ P. 

   Let 𝑏𝑏 = 𝑎𝑎 then 𝑎𝑎𝑎𝑎 = 𝑎𝑎2 ∈ P implies 𝑎𝑎 ∈ P 

   Conversely, take P as Completely Semi-prime.  

   By Proposition 3.2.1 𝑎𝑎𝑎𝑎 ∈ P implies 𝑏𝑏𝑏𝑏 ∈ P and 

   by Lemma 3.2.4  p is Completely prime.■ 

 

Definition 3.2.6 

 A non -empty Subset L of a  S emiring 𝒮𝒮 is cal led i−system if a nd onl y i f for 
 𝑎𝑎, 𝑏𝑏 ∈ L we have  < 𝑎𝑎 >∩< 𝑏𝑏 >∩ L ≠ ∅. 
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Theorem 3.2.5 

 The following conditions are equivalent for an ideal I in Semiring 𝒮𝒮 

a) I is Strongly irreducible ideal 
b) < 𝑎𝑎 >∩< 𝑏𝑏 >⊆ I implies 𝑎𝑎 ∈ I or 𝑏𝑏 ∈ I 
c) The set Complement of I in 𝒮𝒮 (𝒮𝒮 − I) is  an i−system 

 Proof:-Suppose I is strongly irreducible ideal and 
  let < 𝑎𝑎 >∩< 𝑏𝑏 >⊆ I implies < 𝑎𝑎 >⊆ I or < 𝑏𝑏 >⊆ I.  

Thus, 𝑎𝑎 ∈ I or 𝑏𝑏 ∈ I. 
  Suppose < 𝑎𝑎 >∩< 𝑏𝑏 >⊆ I implies 𝑎𝑎 ∈ I or 𝑏𝑏 ∈ I. 
  Let 𝑎𝑎, 𝑏𝑏 ∈ 𝒮𝒮 − I and < 𝑎𝑎 >∩< 𝑏𝑏 >⊆ I  
  this implies  𝑎𝑎 ∈ I or 𝑏𝑏 ∈ I  contradiction. 
  So we have  𝑥𝑥 ∈< 𝑎𝑎 >∩< 𝑏𝑏 > such that 𝑥𝑥 ∉ I 
  Therefore, 𝒮𝒮 − I  is 𝑖𝑖−𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠. 

Suppose, 𝒮𝒮 − I  is 𝑖𝑖−𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 
  let A, B be ideals in 𝒮𝒮 such that  A ∩ B ⊆ I  with  B ⊈ I. 
  This implies, there exist  b ∈ B and  b ∉ I thus  

𝑏𝑏 ∉ 𝐴𝐴 and 𝑎𝑎 ∈ 𝒮𝒮 − I. Now let  𝑎𝑎 ∈ 𝐴𝐴  with 𝑎𝑎 ∈ 𝒮𝒮 − I  such t hat 
< 𝑎𝑎 > ∩< 𝑏𝑏 >∩ (𝑆𝑆 − I) ≠ ∅ but < 𝑎𝑎 >⊆ 𝐴𝐴  and 𝑏𝑏 ⊆ 𝐵𝐵 but, 
< 𝑎𝑎 >∩< 𝑏𝑏 >⊆ 𝐴𝐴 ∩ 𝐵𝐵 ⊆ I hence, < 𝑎𝑎 >∩< 𝑏𝑏 >∩ (𝑆𝑆 − I) =  ∅  
contradiction. Therefore, 𝑎𝑎 ∉ 𝒮𝒮 − I and 𝐴𝐴 ⊆ I.■ 

Definition 3.2.7 

 A Semiring 𝒮𝒮 is said to be Arithmetic if for ideals A, B and C we have  

A ∪ (B ∩ C) = (A ∪ B) ∩ (A ∪ C) 

Theorem 3.2.6 

 In any Arithmetic Semiring 𝒮𝒮 every irreducible ideal is strongly irreducible 

  Proof:-Let A, B and C be ideals of  𝒮𝒮 and suppose that A ∩ B ⊆ C 

   then, for  C1 = C ∪ A and C2 = C ∪ B we have  

   C1 ∩ C2 = (C ∪ A) ∩ (C ∪ B) = C ∪ (A ∩ B) = C 

   if C is irreducible C1 = C or C2 = C Hence A ⊆ C or B ⊆ C.■  
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Corollary 3.2.2 

 In a  d istributive lattice a n id eal is ir reducible if  a nd o nly if  i t is  s trongly 
 irreducible 

  Proof:-It is enough to show distributive lattice is arithmetic 

   let A, B and C be ideals and  

   a ∈ A, b ∈ B, c ∈ C be arbitrary. 

   Now  𝑎𝑎 ∨ (𝑏𝑏 ∧ 𝑐𝑐) = (𝑎𝑎 ∨ 𝑏𝑏) ∧ (𝑎𝑎 ∨ 𝑐𝑐) 

   let  X, Y  be ideals and define  X ∪ Y = {𝑥𝑥 ∨ 𝑦𝑦}  

   and  X ∩ Y = {𝑥𝑥 ∧ 𝑦𝑦} for 𝑥𝑥 ∈ X,𝑦𝑦 ∈ Y 

   Consider  A ∪ (B ∩ C) = {𝑎𝑎 ∨ (𝑏𝑏 ∧ 𝑐𝑐)} = {(𝑎𝑎 ∨ 𝑏𝑏) ∧ (𝑎𝑎 ∨ 𝑐𝑐)} 

   This implies A ∪ (B ∩ C) = (A ∪ B) ∩ (A ∪ C).■  

Definitions 3.2.8 

 An element 𝑎𝑎 of Semiring 𝒮𝒮 is called Regular if there is 𝑏𝑏 ∈ 𝒮𝒮 such that 𝑎𝑎𝑎𝑎𝑎𝑎 = 𝑎𝑎. 
 A Semiring 𝒮𝒮 is said to be Regular Semiring if each element in 𝒮𝒮 is regular.  

Proposition 3.2.2 

 A S emiring 𝒮𝒮 is r egular i f a nd on ly i f R ∩ L = RL  is tru e fo r e very r ight 
 ideal R and left ideal L. 

  Proof:-Suppose 𝒮𝒮 is regular.  

   For all  𝑎𝑎 ∈ R ∩ L there exist  𝑥𝑥 ∈ 𝒮𝒮 such that  𝑎𝑎 = 𝑎𝑎𝑎𝑎𝑎𝑎 

   clearly 𝑎𝑎 ∈ L  and  𝑎𝑎𝑎𝑎 ∈ R thus 𝑎𝑎 = 𝑎𝑎𝑎𝑎𝑎𝑎 ∈ RL hence  R ∩ L = RL. 

   Conversely, Suppose RL = R ∩ L 

   Let 𝑎𝑎 ∈ 𝒮𝒮 consider < 𝑎𝑎 >r= {𝑎𝑎𝑎𝑎 + 𝑛𝑛𝑛𝑛 ∶ 𝑠𝑠 ∈ 𝒮𝒮 𝑎𝑎𝑎𝑎𝑎𝑎 𝑛𝑛 ∈ Z+}  

   < 𝑎𝑎 > r =< 𝑎𝑎 >r∩ 𝒮𝒮 =< 𝑎𝑎 >r ∙ 𝒮𝒮 = 𝑎𝑎𝑎𝑎 implies 𝑎𝑎 ∈ 𝑎𝑎𝑎𝑎 

  Similarly < 𝑎𝑎 >l= {𝑠𝑠𝑠𝑠 + 𝑛𝑛𝑛𝑛 ∶ 𝑠𝑠 ∈ 𝒮𝒮 𝑎𝑎𝑎𝑎𝑎𝑎 𝑛𝑛 ∈ Z+} implies  

  𝑎𝑎 ∈ 𝒮𝒮𝒮𝒮 and H ence 𝑎𝑎 ∈ 𝑎𝑎𝑎𝑎 ∩ 𝒮𝒮𝒮𝒮 = 𝑎𝑎𝒮𝒮2𝑎𝑎. Therefore, there exist              
 𝑥𝑥 ∈ 𝒮𝒮 such that 𝑎𝑎 = 𝑎𝑎𝑎𝑎𝑎𝑎.■ 
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 RESULTS  

a) In a Regular Semiring 𝒮𝒮 an ideal I is Strongly irreducible if and only if  I is prime. 
b) In a  Distributive lattice P rime, C ompletely p rime, Irre ducible a nd Strongly 

irreducible ideal are the same. 

Lemma 3.2.2 

If 𝑎𝑎 is none zero element of 𝒮𝒮 and A is an ideal not containing 𝑎𝑎 then there exist 
an irreducable ideal B containing A but not 𝑎𝑎. 
 Proof:-let {B𝑎𝑎} be t he c ollection of  a ll ideals c ontaining A but not  𝑎𝑎 
  now by the application of Zorn’s lemma we can find an ideal B 
  this is maximal and A ⊆ B but 𝑎𝑎 ∉ BR. 

For id eals C1 and C2 let B = C1  ∩ C2 implies 𝑎𝑎 ∉  𝐶𝐶1  or 𝑎𝑎 ∉ 𝐶𝐶2  
and  A ⊆ C1, A ⊆ C2. 

if 𝑎𝑎 ∉  𝐶𝐶1 then we have 𝐶𝐶1 ∈ {B𝑎𝑎} and B = 𝐶𝐶1  

                        Therefore, B is irreducible.■ 

Theorem 3.2.7 

Any ideal A in Semiring 𝒮𝒮 is intersection of all irreducible ideals containing it. 

Proof: -let  {Ai} be the set of all irreducible ideals containing A  

Clearly 𝒮𝒮 ⊆ {Ai} implies {Ai}  ≠  ∅  and A ⊆  ⋂Ai for all Ai ∈ {Ai} 
let A is proper ideal, implies, there exist 𝑎𝑎 ∈ 𝒮𝒮 such that 𝑎𝑎 ∉ A.  

By Lemma 3.2.2 there exist irreducible ideal containing A but, not 𝑎𝑎.  

Hence B ∈  {Ai} implies ⋂Ai ⊆ A . 

Therefore, A =  ⋂Ai.■  
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4. Topological properties of Semirings 
 

Now for the clarification of the concept, our Semiring (𝒮𝒮, + ∙) is Commutative Hemiring 
with unity 1 and 𝒮𝒮 denote (𝒮𝒮, + ∙). The main concern of the topic is on the evaluation of 
the connectedness and compactness of the prime spectrum spec(𝒮𝒮). 

 

4.1. Structure space 𝕾𝕾 and Zariski Topology tz 
 

Let 𝔖𝔖 be the collection of all strongly irreducible ideals of a Semiring 𝒮𝒮 to get a 
Topology 𝛿𝛿 on 𝔖𝔖. We take an assumption that 𝛿𝛿𝑥𝑥 = {𝑆𝑆 ∶ 𝑥𝑥 ∉ 𝑆𝑆 𝑎𝑎𝑎𝑎𝑎𝑎 𝑆𝑆 ∈ 𝔖𝔖} for every 𝑥𝑥 
in 𝒮𝒮 to be as an open base of 𝔖𝔖. By taking the assumption of the Topological space (𝔖𝔖, 𝛿𝛿) 
first let us see the following proposition. 

Proposition 4.1.1 

 Let 𝔘𝔘 be a Subset of  𝔖𝔖  then we have 𝔘𝔘� = {S′ : ⋂ SS∈𝔘𝔘 ⊆ S′  and S′ ∈ 𝔖𝔖} 

 Where 𝔘𝔘� is the closure of 𝔘𝔘 by δ. 

 Proof: -Let  β = {S′ : ⋂ SS∈𝔘𝔘 ⊆ S′  and S′ ∈ 𝔖𝔖} 

  For S′ ∈ β with 𝛿𝛿𝑥𝑥  to be an open base of  S′  this implies 𝑥𝑥 ∉ S′  

  thus, there exist strongly irreducible ideal S in 𝔘𝔘 not containing 𝑥𝑥. 

  This implies, S ∈ δx  and S′  is limit point of 𝔘𝔘 therefore, S′ ∈ 𝔘𝔘� and β ⊆ 𝔘𝔘�. 

  Conversely, let S′ ∉ β and 𝑥𝑥 ∈  ⋂ S − S′S∈𝔘𝔘  implies 𝑥𝑥 ∈ S and 𝑥𝑥 ∉ S′  

Since S′ ∈ 𝛿𝛿𝑥𝑥and S ∉ 𝛿𝛿𝑥𝑥  Rfor a ll S ∈ 𝔘𝔘 we h ave 𝔘𝔘 ∩ 𝛿𝛿𝑥𝑥 = ∅ Rand S′ ∉ 𝔘𝔘� R 
thus 𝔘𝔘� ⊆ β.■ 

Theorem 4.1.1 

 The Structure space 𝔖𝔖 with the Topology δ is T0−space. 

 Proof: -By Kuratowski closure axioms it is sufficient to verify  

a) 𝔘𝔘 ⊆ 𝔘𝔘� 
b) 𝔘𝔘� = 𝔘𝔘� 
c) 𝔘𝔘 ∪ ℬ�������� = 𝔘𝔘� ∪ ℬ� 
d) S1� = S2��� 
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For Subsets 𝔘𝔘,ℬ and strongly irreducible ideal S1and S2 

Let  Y ∈ 𝔘𝔘 , this implies ⋂ SS∈𝔘𝔘 ⊆ Y  thus  Y ∈ 𝔘𝔘 �   

  Therefore,  𝔘𝔘 ⊆ 𝔘𝔘 � .  

Clearly 𝔘𝔘� ⊆ 𝔘𝔘� , let  X ∈ 𝔘𝔘 �   implies  ⋂ S′S ′ ∈𝔘𝔘� ⊆ X    
 but,  ⋂ SS∈𝔘𝔘   ⊆ X   implies  X ∈ 𝔘𝔘 �   hence  𝔘𝔘� = 𝔘𝔘�. 

  Since  𝔘𝔘 ⊆ 𝔘𝔘 ∪ ℬ  and  ℬ ⊆ 𝔘𝔘 ∪ ℬ   

we have  𝔘𝔘 � ⊆  𝔘𝔘 ∪ ℬ��������  and  ℬ�  ⊆ 𝔘𝔘 ∪ ℬ��������  thus  𝔘𝔘� ∪ ℬ�   ⊆ 𝔘𝔘 ∪ ℬ��������. 

 Let S ∈  𝔘𝔘 ∪ ℬ��������  with  S ∉ 𝔘𝔘�  and  S ∉ ℬ�   
 With S𝔘𝔘 = ⋂ S′ ⊈ SS ′ ∈𝔘𝔘   and  Sℬ = ⋂ S′S ′ ∈ℬ ⊈ S. 

From  S  is strongly irreducible Sℬ∪𝔘𝔘 = S𝔘𝔘 ∩ Sℬ ⊈ S  
 hence,  S ∉ 𝔘𝔘 ∪ ℬ��������. 

From  S1 ⊆ S1�   and   S2 ⊆ S2��� 
 S1� ⊆ S2���  implies  S1 ⊆ S2���  and   S2��� ⊆ S1�   implies  S2 ⊆ S1� . 
 But, from the definition of closure operation we have S1 = S2.■ 

The Topological space (𝔖𝔖, δ) is Compact also and proof is given at ([3], Theorem 9) 

For an ideal I in Topologies coming next we use ker(I) to denote the intersection of all 
open sets containing I and (I)0 represent the collection of al l prime ideals containing I. 
And a lso m ax(𝒮𝒮) m eans t he se t o f maximal i deals an d min(𝒮𝒮) means t he se t of al l 
minimal deals. 

Definitions 4.1.1 

1) In the structure space 𝔖𝔖, if we replace the concept of strongly irreducible ideal 
by prime ideals then  𝔖𝔖 = spec(𝒮𝒮) the prime spectrum of  𝒮𝒮 and the Topology 
δ will be called Zariski topology tz . 

2) For the Zariski Topology tz  the smallest Alexandroff Topology containing tz  
is denoted by  tz�  and CoTopology of  tz�  is denoted by  tz�

∗. 
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4.2. Gelfand Semirings and Topological properties 
 

In this part; we put some topological properties of Gelfand Semiring relating to its 
locality and semi locality properties. 

Definitions 4.2.1 

 A S emiring 𝒮𝒮 is c alled Gelfand S emiring i f ev ery p rime i deal P of  𝒮𝒮 is 
 contained in a unique maximal prime ideal μ𝒮𝒮(P). 
 A Semiring 𝒮𝒮 is Semi local Semiring if it has a finite number of maximal 
 ideals. 
 A Semiring 𝒮𝒮 is local Semiring if it has only one maximal ideal.  

Lemma 4.2.1  

 Let 𝒮𝒮 be Semiring a nd M is p rime id eal o f 𝒮𝒮 with ker(M) is  tz�−clopen then  
 M ∈ max(𝒮𝒮). 

 Proof: - Suppose P is prime ideal and ker(P) is tz�−clopen then 

   (P)0 ⊆ ker(P) for (P)0 be the set of prime ideals containing P. 

     But, tz is  T0−space  implies  {P} = (P)0 ∩ ker(P) 

   Thus  {P} =  (P)0.Therefore, P is maximal.■  

Theorem 4.2.1 

 A Semiring 𝒮𝒮 is Gelfand if and only if for every M ∈ max(𝒮𝒮), ker(M) is 

 tz�−clopen. 

  Proof:-let  M  is maximal ideal and  P ∈ ker(M) 

For Q ∈  (P)0 we h ave  P ⊆ Q ⊆ μ𝒮𝒮(Q) and P ∈ ker�μ𝒮𝒮(Q)� this 
implies, μ𝒮𝒮(Q) = M and Q ∈ ker(M) hence, (P)0 ⊆ ker(M). 
Therefore, ker(M) is tz�−clopen. 

Conversely, l et P is pr ime a nd  M1, M2  be maximal i deals 
containing P but, (P)0 ⊆ ker(M1) and (P)0 ⊆ ker(M2) 
implies M1 ∈ ker(M2)  and  M2 ∈ ker(M1). 

   Therefore,  M1 = M2  and  𝒮𝒮  is Gelfand.■ 
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Theorem 4.2.2 

 Let  𝒮𝒮  be a Gelfand Semiring then the following are equivalent 

I. (spec(𝒮𝒮), tz�)  is Connected 
II. 𝒮𝒮  is local Semiring 

 Proof:-Suppose  (spec(𝒮𝒮), tz�)  is connected and let  M is maximal ideal. 

  Thus ker(M) is tz�−clopen, since (spec(𝒮𝒮), tz�) is connected 
  the only tz�−clopen subsets are  ∅ and spec(𝒮𝒮). 

since  ker(M) ≠ ∅  we have spec(𝒮𝒮) = ker(M)   
thus, M  is the unique maximal ideal.  

  Conversely, suppose 𝒮𝒮 is local Semiring and 
  M be the maximal ideal 
          Let U be non-empty  tz�−clopen  Subset of  spec(𝒮𝒮)  
  thus, for P ∈ U we have (P)0 ⊆ U, implies M ∈ U  

and ker(M) = spec(𝒮𝒮). 
  Therefore, U = spec(𝒮𝒮).■ 

For the semi locality of Gelfand Semiring, we have the following Theorem and the proof 
is given at ([7], Theorem 4.3) 

Theorem 4.2.3 

 Let 𝒮𝒮 be a Gelfand Semiring then the following are equivalent 

a) (spec(𝒮𝒮), tz�) is compact 
b)  (spec(𝒮𝒮), tz�) is nearly-compact 
c) (spec(𝒮𝒮), tz�) is almost-compact 
d) 𝒮𝒮 is Semi local Semiring 
e) �spec(𝒮𝒮), tz� ∩ tz�

∗� is compact 
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4.3. Compactness and Connectedness of the prime spectrum 
 

Definition 4.3.1 

A Semiring 𝒮𝒮 is an m−Semiring if each prime ideal P contains only one minimal 
prime ideal γ𝒮𝒮(P). 

Lemma 4.3.1 

 Let 𝒮𝒮 be a Semiring, if  P is prime ideal of  𝒮𝒮 with (P)0 is  tz�−clopen then 

 P ∈ min(𝒮𝒮). 

 Proof:-Suppose P is prime ideal and (P)0 is tz�−clopen then ker(P) ⊆ (P)0  

            But, tz is T0−space implies that {P} = (P)0 ∩ ker(P) 

            Thus {P} = ker(P); therefore P is minimal.■ 

Theorem 4.3.1 

A S emiring 𝒮𝒮 is m−Semiring if a nd onl y i f f or every N ∈ min(𝒮𝒮), (N)0 is 
tz�−clopen. 

  Proof:-Let N is minimal ideal and  P ∈ (N)0 for Q ∈ ker(P)  

    We have Q ⊆ P  thus  γ𝒮𝒮(Q) ⊆ P  

   implies γ𝒮𝒮(Q) = N  and  Q ∈ (N)0 

   hence; ker(P) ⊆ (N)0. 

   Therefore, (N)0 is  tz�−clopen. 

Conversely l et P is p rime and N1, N2 be minimal i deals co ntained 
in  P then (N1)0 and (N2)0 are tz�−clopen and P ∈ (N1)0 and 
P ∈ (N2)0 

   Now we have  ker(P) ⊆ (N1)0 and N2 ∈ (N1)0 

   Therefore, N1 = N2.■ 
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Corollary 4.3.1 

 If 𝒮𝒮 is an 𝑚𝑚−Semiring and (spec(𝒮𝒮), tz�) is connected then there exists a unique 
 minimal ideal. 

  Proof:-let 𝒮𝒮 be m−Semiring  

By Theorem 4.3.1 for every minimal ideal  N,  

we have  (N)0 is  tz�−clopen 

    But, since (spec(𝒮𝒮), tz�) is connected  (N)0 = spec(𝒮𝒮)  

   Therefore, N is unique.■  

Corollary 4.3.2 

 If 𝒮𝒮 is a  S emiring w ith a  u nique m inimal p rime id eal N then (spec(𝒮𝒮), tz�) is 
 Connected. 

 Proof:-Since (N)0 is  tz�−clopen 

  Let  U ⊆ spec(𝒮𝒮)  be a non trivial  tz�−clopen Subset.   

  For N ∈ U we have  (N)0 ⊆ U and  (N)0 = spec(𝒮𝒮) 

  this implies U = spec(𝒮𝒮) contradiction. 

  If  N ∉ U  we have N ∈ spec(𝒮𝒮) − U 

  thus, (N)0 ⊆ spec(𝒮𝒮) − U and  spec(𝒮𝒮) = spec(𝒮𝒮) − U. 

  Therefore, U = ∅ contradiction.■  

Definition 4.3.2 

 A Topological s pace (X,ℑ) is cal led spectral sp ace i f an d only i f it is 
 homeomorphic to the prime spectrum of a Commutative Ring. 

Now we will have the following proposition and its proof is given at ([5], Theorem 3.1) 

Proposition 4.3.1 

 If  𝒮𝒮 is Semiring then (spec(𝒮𝒮), tz) is a spectral space.  
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Theorem 4.3.2 

Let 𝒮𝒮  be a  S emiring t hen (spec(𝒮𝒮), tz) is an  i rreducible sp ace  if a nd only i f 
rad(0) is a prime ideal. Further, in such case  rad(0) is the unique minimal prime 
ideal of  𝒮𝒮. 

            Proof:-Suppose 𝒮𝒮 be a Semiring with  spec(𝒮𝒮)  is irreducible space 

  By Proposition 4.3.1 there exist a Commutative ring A  

  such that  spec(𝒮𝒮) is homeomorphic with  spec(A). 

  Hence, spec(A) is irreducible space. 

But, in a Commutative ring A spec(A) is irreducible if and only if  rad(0)  
is prime ideal.* 

  And ker�rad(0)� = rad(0)†
P, implies rad(0) is minimal prime ideal. 

  Let N be a minimal prime ideal in 𝒮𝒮 since spec(𝒮𝒮) is irreducible 

  we have N� = rad(0)��������� = spec(𝒮𝒮).  

Hence N = rad(0).■ 

Theorem 4.3.3 

 Let 𝒮𝒮 be a Semiring then the following are equivalent  

1 (spec(𝒮𝒮), tz�)  is connected 
2 𝒮𝒮 has a unique minimal prime ideal 
3 (spec(𝒮𝒮), tz)  is an irreducible space 
4 rad(0) is the unique minimal prime ideal 

 Proof:-From Corollary 4.3.1 and Corollary 4.3.2 conditions 1 and 2 are  
  equivalent and from Theorem 4.3.2 conditions 3 and 4 are   
  equivalent. Now from the proof of Theorem 4.3.2 we have   
  equivalence between conditions 2 and 4. 
  Therefore, conditions 1,2,3 and 4 are equivalent.■ 

 
 
 
 

                                                            
*  Introduction to commutative algebra (I.G.MACDONALD (1969)) chapter 1 exercises 19. 
†  Since; in commutative ring every prime ideal contains rad(0) as its subset. 
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