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Abstract

In this w ork our de finition of S emiring is given w ithout
zero 0a nd unity 1. T he focusof thestudyistogive
appropriate e valuation on Semirings w hich ha ve their own
related p roperties w ith D istributive la ttices. We pr ove t hat
for Arithmetic and Regular Semirings with unity 1 prime and
irreducible ideal are equivalent. For arbitrary Semiring with
unity 1 w e have been able to gi ve that e very i deal t o be
intersection o f irreducible id eals containing it. We work on
commutative H emirings f or unde rstanding C onnectedness
and Compactness of spectrum in terms of Zariski topology
t, and the smallest Alexandroff topology t, containing t, .
We give Connectedness and Compactness characterization
of T opology t, on G elfand Se miring r elating to b e Se mi
local and Local Semirings. And for Semirings in general we
give t he e quivalency be tween I rreducibility of ¢, and
connectedness of £,.
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Introduction

Recently, there are many B ooks on C ommutative rings and T opological pr operties of
Spectral spaces of Commutative rings. But, current scientific researches on the shortest
path problem in optimization, Formal language and Automata theory in computer science
and Baysian Network in statistics needs the application of Distributive Lattices and some
special types of Commutative Semirings. In this paper we evaluate some basic concepts
on S emirings ha ving distributive | attices t o be ¢ onsidered a s the m ain s ources of
examples. We define Hemiring § to be a Semiring with additively Commutative Monoid
suchthat 0ra=a-0=0 forevery a in § and this enablesustogive thatt he
corresponding pol ynomial S emiring S[x]w ith 0-x"=x"-0=0 fore very
indeterminate x to be Hemiring (Theorem 2.4.1).

By the consideration of our Semiring § to be Hemiring with unity 1, we have been able to
show th at f or A rithmetic S emiring § all ir reducible ideals a re s trongly irr educible
(Theorem 3.2.6) and for Regular Semiring S strongly irreducible ideals are prime ideals
(This is the direct result of Proposition 3.2.2), This tell us in a bounded distributive lattice
every irreducible ideal is prime ideal. We have thateveryideall ina Semiring S is
intersection of irreducible ideals containing I (Theorem 3.8.2) and structure space S this
is t he c ollection of all s trongly i rreducible ideals and C orresponding T opology & is
Compact T, _space.

If space S is on the set of all prime ideals spec(S) over Commutative Hemiring § with
unity 1 the Topology & will be called Zariski Topology t, and the space (spec(S), t,) is
Spectral s pace ( Proposition 4.3.1). F or Zariski Topology t, the s mallest A lexandroff
Topology t, having t, asa Subset has be en e valuated on G elfand S emirings. A nd
Gelfand S emiring § is S emi lo cal Semiringifandonlyif(spec(s).t,)is C ompact
(Theorem 4.2.3) and also Gelfand Semiring § is local Semiring if and only if (spec(S).t,)
is Connected (Theorem 4.2.2). But, using the concept of m-Semiring we prove that for an
arbitrary Semiring S the (spec(S),t,) is Connected if and only if Radical ideal rad(0) is
the only minimal prime ideal, in this case (spec(S), t,) is irreducible (Theorem 4.3.3).



1. Preliminary notions on

In this section w e r ecall s ome de finitions a nd properties o f S emigroups, D istributive
lattices and Topology.

1.1. Semigroups

Definition 1.1.1
Let S be a non-empty set with binary operation ‘+’ is called Semigroup (S, +) if
1. foralla,b €S wehavea+ b €S
2. foralla,b,c € Swehavea+ (b+c) = (a+b)+c

Definition 1.1.2

Semigroup (S, +) is called C ommutative Semigroupif a4+ b = b+ a forall a
and b in S.

Definition 1.1.3
A Semiring (S, +) is called Monoid if there exists a zero element 0 in S such that
O+a =a+0foralla €S.

Note:
In a Monoid (S, +), a zero element 0 is unique.

Examples

1) Let S=Z*={1,2,3,..} and ‘+° be ordinary a ddition and forall
a,band c€Zt weh ave a+b€Zt and a+(b+c)=
(a + b) + c thus, (Z*, +) is Semigroup.

2) LetS=Z%*uU{0}and ‘+ be ordinary addition for any a and b in Z*
we havea+b =b + a.

Hence (S, +) is Commutative Semigroup,
but,0 eSand0+a=a+0=aforalla €S

Therefore (S, +) is Commutative Monoid.



Definition 1.1.4

1. A Semigroup (S, +) is called Left-Cancelative Semigroup if for all a, b and
c€S,a+b=a+cimpliesb = c.

2. A Semigroup (S, +) is called Right-Cancelative Semigroup if for all a, b and
c€S,a+b=c+bimpliesa = c.

3. A Semigroup (S, +) is called Cancelative if and only if (S, +) is both
left-Cancelative and right-Cancelative.

Theorem 1.1.1
In a Commutative Semigroup (S, +) left- and right-Cancelative are equivalent.
Proof: - Leta, b and c be in S and
Suppose (S, +) is left-Cancelative Semigroup;
thatisa + b = a + c implies b = c.
But,a+b=b+aforanya,b €S
this implies, for b + a = ¢ + a we have
a+b=b+a=c+a=a+c
thus, b = ¢ and (S, +) is also right-Cancelative.
Conversely, suppose (S, +) is right-Cancelative
thatisa + b =c+ b impliesa =c
But,a+c=c+aforanya,c €S
this implies, fora +b =a + ¢
b+a=a+b=a+c=c+athusb=c
Hence (S, +) is also left-Cancelative.m
Remark:

Every Group (G, +) is Cancelative Semigroup.



1.2. Distributive Lattices

Definition 1.2.1

Non-empty set L with t wo ¢ losed bi nary ope rations join (V) and meet (A) is
called lattice (L,V,A) if and only if for all x,y and z in L.

1. xANy=yAxand xVy=yVx
il. xANyAz)=@xAy)Azand(xVy)Vz=xV (yVz)
iii. xAN(xVy)=xand xV (xAz)

Definition 1.2.2
A lattice (L,V,A) is called Distributive lattice if and only if, for all x,y and z in L
xANyVvz)=((xAy)V(xAz)and xV(yAz)=(xVy)A(xV z)holds.
Theorem 1.2.1
In a lattice (L,V,A) the following are equivalent for all x,y and z in L.

1. xANiyvz)=xAy)V(xAz)
2. xVyAz)=(xVy)A(xVz)

Proof: - Suppose x A (y Vz) = (x Ay) V (x A z) holds then

vy A(xvz)=[xVy)Ax]V[(xVy)Az]
=[xA(xVy)]VIzA(xVy)] thisimplies

v A@EVZ)=xV[zZAX)V(EZAY]=xV(xAZ)V(YAZ).

Therefore, (x Vy)A(xVz) =xV (Y AZz).

And also; if xV(yAz)=(xVy)A(xVz) holds we have

(AP V(xAz) =[x Ay)VX]A[(x Ay)Vz]
=[xV(&xAY)]A[zV (x Ay)] this implies

xXAYVaAD)=xA[2V)ANCZVY)]=xA(xVZ)A(YV2).
Therefore, (x Ay)V(xAz) =xA(yVz)m

Note:

A lattice (L,V,A) isc alled D istributive i fa nd onl y if one of t he e quivalent
conditions of Theorem 1.2.1 are satisfied.
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Definition 1.2.3
A lattice (L,V,A) is called bounded lattice if there exist 0 and 1 € L
Suchthat x V1 =1, xAl=x and xA0O=0,xVvVO0=x forall x € L.
Note:

Let (L,V,A) be bounded lattice then (L,v) and (L,A) are C ommutative M onoid
with corresponding zero elements 0 and 1 respectively.

Definition 1.2.4
Let (L,V,A) be abounded lattice for x € L if there exist an element x’ € L such that
xAx'=0 and xVx'=1 then x’ is called Complement of x.
Theorem 1.2.2
In a bounded distributive lattice (L,V,A) if Complement exists, it is unique.
Proof: - let x; and x, be Complements of x
this implies x; Ax = 0and x; Vx = 1 for i = 1 and 2.
Consider x; =x; Al =x; A(xVxz_;) = (; Ax)V (x; Axz_;)
this is x; = x; A x3_; for i =1 or 2.
Hence x; = x,.m
Definitions 1.2.5

e A lattice (L,V,A) is called Complemented lattice if and only if for all x € L there
exists x'.

e A C omplemented di stributive I attice (L,V,A) is ca lled B oolean al gebra and
denoted by (B,V,A, ', 1,0).

Notes:

1. In Boolean algebra (B,V,A,’,0,1) foreachx,y EB,x Ax =x and x Vx = x
(xAy) =x'Vy'and(xVy) =x"Ay"

2. Every lattice is poset with x < y, ifand only if x Ay = x equivalently x Vy =y
thus, every finite lattice can be expressed by Hasse diagram.



1.3. Topology

Definitions 1.3.1

1. A Topology on a set X is a collection J of Subsets of X having
a) @andXareinJ.
b) The union of the elements of any sub collection of J is in J.
c) The intersection of two elements of J is in J.

Set X; Topology 3 has been specified on it is called Topological space (X, J).

2. For Topology J on a set X, a Basis is a collection B of Subsets of X such that
a) Foreach x € X there exist B € Band x € B
b) If x € B; and x € B, for By, B, € B then there exist B; € B

Such that x € B; and B; € B;NB,.
The Topology generated by basis B denoted by Jg.

3. Ina Topological space (X,J) a Subset C of a set X is called I_open set
if and only if C is an element in 3.

4. Ina Topological space (X,J) a Subset D of a set X is called J_closed if and
only if X — D is an element in J.

5. A Subset € in a Set X with Topology J is called J_clopen set if and only if €
is both J_open and J_closed.

6. For a Subset A of a Topological space (X,J) the interior of A (int(c/l)) is
defined a s the union o f J_open sets containedin A and c losure of A
(clu(A) or A ) defined as the intersection of J_closed sets containing A.

7. If A is a Subset of the Topological space (X,J) and x is a point in X, we say
x isalimit point of A, if every open set containing x intersects A in some
point other than x it self.

We have the following Theorem whose prove is given at ([6], Chapter 2; Theorem 6.6)
Theorem 1.3.1

Let A be a Subset of the Topological space (X,J) and let A’ be the set of all
limit points of A then A = A U A'.

Corollary 1.3.1

A Subset A ofa T opological s pace (X,J) is J_closed s etif andonlyif it
contains all its limit points.

Proof: - A is closed ifandonlyif A = A ifandonly if A =cAUA
ifand only if A' € A.m
6



Definition 1.3.2

A Subset A of a set X with Topology < is said to be Dense in X if A = X.
Definition 1.3.3

A Topological space (X, 3J) is called Irreducible if every open Subset is Dense.
Definition 1.3.4

A Topological space (X, ) is called Connected if and only if the only Subsets of
X That are J_clopen are @ and X itself.

Now we can have the following Theorem as an alternative definition of Topology.

Theorem 1.3.2 (kuratowski closure axioms)

Topological space is a pair (X, _) consisting a set X and a map : P(X) = P(X)
from the set of all Subsets of X in to itself such that

a) @ =0

b) ACSAforall A S X

¢) A=dAforall A S X

d) AUB=AUBforall Aand B € X

Definition 1.3.5

A Collection © of Subsets of a Topological s pace (X,3J) issaid to be Cover
(Covering) of X, if the union of the elements of O is equal to X, if elements of
D are all J_open it is called I_open Cover (Covering) of X.

Definitions 1.3.6

% A Topological space (X,3) is said to be Compact if every I_open Covering
D of X contains a finite sub collection that also Covers X.

% A Topological space (X,J) issaid to be Nearly-Compactifevery J_open
Cover O of X contains a finite sub collection {U;:l = 1,2...n} such that
X = UL, int(W).

% A Topological space (X,J) is said to be Almost-Compactifevery J_open
cover O of X contains a finite sub collection {U;:l = 1,2...n} such t hat
X=UL U



Definitions 1.3.7
A Topological space (X, J) is called

» Ty_space if and only if for any pair of distinct Points a, b € X there exists
a J_open set containing only one of the two points but, not the other.

» T;_space if and only if for any pair of distinct points a, b € X each belongs
to a J_open set; this does not contain the other.

» T,_space or Hausdorffspaceifand onlyifforany pairof distinct points

a, b € X belong respectively to disjoint I_open sets.
Definitions 1.3.8

v" The T opology J issaidto be A lexandroffif itis closed under a rbitrary
intersection.

v' Let 3 be a Topology on a set X and J* be the collection of all I_closed sets
on X then J* is called CoTopology of 3.

Theorem 1.3.3
If a Topology J on X is Alexandroff Topology then CoTopology J* is Topology.
Proof: - Clearly @ and X are in J*
Let €, and €, be in J* this implies there exist J_open sets C; and C,
such that ¢, = €, and G,° = G,
thismeans &, N €, = C;° N C,° = (C; U C,)°.
But, C; U G, is 3_open, therefore, €; N €, is J_closed
hence,G; N €, € J".
Let U € be the arbitrary union of elements of J*
but, each € = C¢ forsome C € J
this implies UE = U C° = (N C)°.
Since J is Alexandroff the arbitrary intersection N C is in J

this means (N C)¢ € J* therefore, U € € I*m



2. Types of Semirings and properties

In this portion we give some basic properties of Semirings of type Distributive lattices to
be considered as the main sources of examples.

2.1. Definitions on Semirings

Definition 2.1.1
A system (S, +,-) for a non-empty set S is called Semiring if and only if

1) (8,+) is Semigroup

2) (8,7 is Semigroup

3) Multiplication(+) is distributive over addition(+), this means for all
a,bceS,a-(b+c)=(@'b)+(a-c)and(a+b)-c=(a-c)+ (b-c).

Definitions 2.1.2

» If (§,+,") is Semiring and (S, +) is Monoid then (S, +,) is called Semiring with
zero 0.

> If (§,+,") be a Semiring and (S,") is Monoid then (S, +,) is called Semiring with
unity 1.
Examples

1) Let $=7Z% and‘ + be or dinary a dditiona nd ¢ -> be or dinary
Multiplication, then (Z*, +) and (Z",") are Semigroups.

Leta,b,c € Zt then (a + b) - c = (a-c) + (b - ¢) and also
a-(b+c)=(a-b)+ (a-c),Hence (Z*,+,) is Semiring.

2) Let (L,V,A) be a bounded distributive lattice for § = L and,
Definea+b=avbanda-b=aAbfora,b €L wehave
a-(b+c)=anbVvc)=(@Ab)V(aAnc)=(ab)+ (a-c)and
(a+b)-c=(avb)Ac=(anc)V(bAc)=(a-c)+ (b-c).
Hence (L,V,A) is Semiring and also since (L,V,A) is bounded and there
exists 0,1 € L, suchthat avO0=0Va=aand aAl=1Aa=a
Therefore (L,V,A) is Semiring with zero element 0 and unity 1.

3) For My, = {(‘Cl Z)

are S emigroups w here ‘+’and ‘-’ are de fined by or dinary m atrix
addition and multiplication respectively.

Let0 = (8 8) € M, and for all (Ccl Z

a,b,c,deZtu {0}} (M52, +) and (M3y2,7)

) € Mx2



wme(s 03 §-(10 419

Andalso(o 0)+(a b)=(0+a 0+b)=(a b)

0 0 c d O+c 0+d c d
Let] = (é 2) € MZXZ for all (Z Z) € MZXZ

(0 DG =it obrra)=( g
¢ D6 D=C1tae toraD=C

€.

Since is di stributive ove r ‘+’, (M55, +,7) is S emiring w ith Zero

element 0 = (8 8) and unity [ = (é (1))

Definition 2.1.3

A S emiring (S, +,") is ¢ alled H emiringi fandonlyif (§,+) is C ommutative
Monoid and forallx € §,0-x =x-0=0.

Example

Let S = {0,1} and define ‘+’and ‘-’ by

o 4
_ oo
_ o
__ o
R

and 0
1

let x,y,z€S;,if x=y=z=0then x+(y+2z)=(x+y)+z=0if
one of x,y, z is different from O,we have x + (y+z) = (x+y)+z =1,
hence (S, +) is Semigroup.

Since0+0=0and0+1 =1+ 0 =1, then (5, +,) is Monoid.

Letx,y,z€S x-(y-z)=((x-y)-z=1

andx-(y+z)=x-y+x-z=1=Kx+y) z=x2z+y-z

Therefore; (S, +,7) is Semiring with zero 0 but, x -0 =0-x = 1.
Remark:

In a Semiring (S, +,7) it is not always true that x -0 = 0-x = 0 forall x € §.

10



Theorem 2.1.1

Let (S, +,7) be Semiring with zero 0 and (S, +) is Cancelative Monoid then for all
x €ESwehave x-0=0-x=0.

Proof:-Consider x-0=x-(04+0)=x-0+4+x-0
butx -0=(x-0)+0
this impliesx -0 = (x-0)+ (x-0) =(x-0)+0
from (S, +,7) is Cancelative we have x-0 =0
Similarly; 0-x =(0-x)+0and (0+0)-x=(0-x) + (0-x)
hence 0 x+0-x=0-x+0means0-x =0
Therefore,x-0=0-x=0.m
Definition 2.1.4

For a Semiring (S, +,") with zero 0, a number n € Z* is called characteristics of §
(char(S) = n) if the following holds.

1) foralla € §,0 =na =a+ a+:- +a (n-times)
2) fora€eSandm € Ztif 0 =ma =a+a+- +a(m-times) thenn < m

Note:
For a Semiring (8, +,") with zero 0 if char(S) does not exist then (S, +,7) is
Semiring of characteristics zero (char(s) = 0).

Example

Let Z, ={0,1,2..,n—1} for n € Z* with ‘+’ and ‘- be a ddition a nd
multiplication modulo n on Z, respectively; then (Z,, +,") is Hemiring w ith
unity 1 but, nx = 0 for all x € Z,,.

Let m € Z* such that mx = 0 for all x € Z* impliesm - 1 = 0 and
m = 0 mod n means, n divide m.

Therefore, n < m and char(Z,) = n.

11



Theorem 2.1.2
Every Semiring (S, +,) with (8, +) is Commutative Monoid and
char(S8) = n (finite) is Hemiring.
Proof:-Suppose char(§) =n forn € Z*
Let x and y be elements in §
x0=x-ny=x-y+y+--+y)
=@+ y+-+x-y)=n-y)=0
O-x=ny-x=Q+y+-+y)x
=)+ )+-+@x)=nly x)=0
Hencex:-0=0-x=0forallx €S
Therefore, (S, +,) is Semiring.m
Definition 2.1.5
A Semiring (S, +,7) is called Commutative Semiring if and only if

1 (§,+) is Commutative Semigroup
2 (8, is Commutative Semigroup

Example

Semiring (Z7, +,7) is Commutative

But, for (M,,, +,") we have (; (2)) , (i (1)) € M2

GG D=G =G =G DG o
thus, (M, 5,") is not commutative.

Therefore, (Myy,, +,) is not commutative.

12



2.2. ldempotent Semirings

Definitions 2.2.1

» An Additive idempotent element of a Semiring (8, +,") is x € § such that
x+x=x.

» A Multiplicative id empotent e lement o fa S emiring (S, +,") is y € § such that
yy=y

» An element a in a Semiring (S, +,") is called idempotent element if and only if
a is both additive and multiplicative idempotent.

Example

Let (S,*) be Semigroup defined by the following table of lists.

—_ O %
oo o
(SRR Y

let S be the set of all endomorphisms of S then § = {0, T, A, B}
where 0(0) =0and 0(1) =0,T(0) =0andI'(1) =1,
A(0) =1and A(1) = 1,B(0) = 1and B(1) = 0.

Now; let us define ‘+’ and > on S asif x,y,z € Sthen x + y = z ifand
only if z(a) = x(a) *y(a) forall a€S,and x-y =z ifandonlyif
z(a) =xoy(a) = x(y(a)) foralla € S.

Since (§,+) and (§,) are Semigroups and ‘-’ is distributive over ‘+’ from
definitions. Thus (S, +,") is Semiring and this kind of Semiring is known
as *_Semiring.

Now the following table implies the properties of de fined operators ‘+’
and ‘-’ by

+ O TI' A B -0 I' A B
O OTr A B O 0 O A A
r or A B r or A B
A OT A B A O A A O
B 0T A B B OB AT

Thus O, T' and A arei dempotent elements but, B isonl y a dditive
idempotent in (S, +,).

13



Remarks:

a) If a Semiring (S, +,") possesses zero 0 and unity 1 then 0 +0=0and1-1 =1,
implies 0 and 1 are trivial additive and multiplicative idempotent respectively.

b) In Semiring (S, +,) withzeroO fory €S, y-0=y-(0+0)=(y-0)+ (y-0)
and 0-y=(0+0)-y=(0-y)+(0-y), hence 0-y and y-0 are triv ial
additive idempotent elements.

Definition 2.2.2

A Semiring (S, +,) is called idempotent Semiring if and only if all elements of §
are idempotent elements.

Example

Let (L,V,A) be ad istributive |l attice since x Vx =xV (x A(xV y)) = x and
xAx=xA(xV(xAy))=xforany x,y € L therefore, (L,V,A) is idempotent.

2.3.  Sub Semirings

Definition 2.3.1

Let (§,+,) be a Semiring and 8 is non-empty Subset of S then 8 is said to be a
Sub Semiring of §, if 8 itself is a Semiring.

Example

Let (L,V,A) be a Distributive lattice; this is given by the following Hasse diagram.

1
a b
c
d
e f
9
h

0 Figure 2.1
Thus, 8 = {1,a,c,d, e, g, h, 0} is Sub Semiring of Semiring(L,V,A).
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Note:
Let (S, +,") be a Semiring and 81, 8, be Sub Semirings of § with
81 N 8, = {x| x € 81 and 38,} then for 8; N 8, # @, 8; N 8, is Sub Semiring of §.
Example
For Z° = Z* U {0} then (Z°, + -) is Semiring and
let 2Z° = {0,2,4 ...},3Z° = {0,3,6 ...} then
27° N 3Z2° = {x| x € 2Z° and x € 3Z°}, implies
27° N 3Z° = {x| 2 divide x and 3 divide x}
Therefore, 2Z° N 3Z° = {x| 6 divides x} = {0,6 12, ...} = 6Z°
is Sub Semiring of Z°.

Let X be non-empty Subset of a Semiring § and .81, 3, ... 8, be the collection of all Sub
Semirings of § such that X € g; forall i € Z* U {0} since X # @ we have N[-, 8; # @.
let x,y € NI, 8; this implies x,y € ; for each i € Z* U {0} thus, x + y and x - y are in
each 8; andhence x +y and x -y are el ementsin N}, 8;.Therefore, N}, 8; is Sub
Semiring of § and called Sub Semiring of § generated by X denoted by < X >.

Definition 2.3.2

Let 8; and 8, be Sub Semirings of a Semiring § then < {8; U 8,} > exist and
called join of 8; and &, denoted by < 81, 8, >.

Example
Let (Z°, +,") be Semiring with 2Z° and 3Z° are Sub Semirings of Z°
Since 2Z° € < 27°,3Z° > and 3Z° c < 279,320 >

Let x # 1 and x € 2Z° this implies x =2n+ 1 forsome n € Z* so
x=Q2Mn-1)+2)+1=2(n—-1)+3thusx € <22°32° >

Therefore, < 2Z°,3Z° > = 7° - {1} ={0,2,3,...} =< 2,3 >.
Definition 2.3.3

Let §1,8,...8, beS emiringsan dt heset & X8, X ..xX8, ={(s1,5, ...,8,)| s; €
S; for i =1,2..n} with component w ise operations of a ddition and multiplication is
Semiring and known as Direct product Semiring, denoted by [[iL; S;.

15



Example 1
Let §; be the lattice 1I and S, be the lattice given by a b
° 0
§1 x 8, =1{(0,0),(0,a),(0,b),(0,1),(1,0),(1,a),(1,b),(1,1)} and
Clearly, (0,0) < (0,a) <(0,1) <(1,1) and (0,0) < (0,a) < (1,a) < (1,1)
(0,0)<(0,b) <(0,1)<(1,1)and (0,0) < (0,b) <(1,b) < (1,1)

(0,0<(1,0<1a)<((11)and(0,0)<(1,00<(1,b) <(1,1)

Hence (1,1)
1,0 (1,b)
(0,a) (0,b)
Figure 2.2

(0,0)
is the Hasse diagram of §; X §,. This is bounded distributive lattice and
81 X &, is direct product Semiring of §; and §,.

Theorem 2.3.1

Let 81,85, ... 8, be Sub Semiring of Semirings Sy, Sy, ... 8, respectively for
n € Z* then [, 8; is Sub Semiring of []/-; §;

Proof: - Let x € [, &; this implies x = (x1, xp, ... x,,)| x; € 8; forall
i €Z" and hence x; € §; forall i =1,2,...n

this means x € [[I.; §; , hence [[L;8; S [[[;S;.m

16



2.4.  Polynomial Semirings

Definition 2.4.1

Let (S, +,") be a Semiring and x an indeterminate, the polynomial Semiring is the
set S[x]={ap+ax+-+a,x"|a;€Sandi=0,1,..nforn€Z’} and
if P(x)=ap+ax+-+a,x" and Q(x)=by+ bix+-+b,x™ are
elements in §(x) then P(x) = Q(x) if and only if a; = b; for each i with m = n.

Theorem 2.4.1
Let (S, +,") be a Hemiring and S[x] be polynomial Semiring with indeterminate x
if0-x"=x"-0=0and for Q(x) = qo + q1x + -+ g, x™,
P(x) = py + p1x + -+ p,x™ define ‘+’ and ‘-’ on S[x] by

P(x) +Q(x) = (po + qo) + (p1 + q1)x + -+ (p, + g,)x™ where n >m and
q, =0 for i=m+1,..,n and

P(x)-Q(x) = co+ c1x + =+ Cpynx™*™ where ¢; = ¥ 4y Piq; for
j=01,..,m k=01,...,nandi =0,1,....m+n
Then (S[x], +,7) is Hemiring.
Proof: - Since § € S[x]; S[x] # @
Let P(x) = py + p1x + -+ + p,x™ and
Q(x) = qo + q1x + -+ + g x™ € S[x]
P(x)+ Q(x) = (po + qo) + (p1 + q1)x + -+ (P + @u)x"
= (qo +po) + (g1 + p)X + -+ (g, +P)x" = Q(x) + P(x)
Sincep; + q; = q; + p; € S[x] foralli =0,1,...n
We have P(x) + Q(x) = Q(x) + P(x) € S|[x]
Consider 0 = 0 + Ox + --- + 0x™
Clearly P(x) + 0 = 0 + P(x) = P(x) forall P(x) € S[x]
Let R[x] =1y +rx+ -+ 1r,x* € §[x] then

(P()+ Q)+ R(x) = ((po + q0) + (p1 + q1)x + -+ + (Pp + q)x™) + R(x)
17



= (o +q0) +70) + (1 + q1) +71)x + -+ ((Pn + gn) +1,)x"
(Po + (g0 +70)) + (p1 + (g1 + 7)) + -+ (p + (g + 12"
=P(x) + (Q(x) + R(x))
Thus (S[x],+) is commutative Monoid.
P(x)-Q(x) =cy+c1x+ -+ Ccpinx™t™ € S[x], since each¢; € §
Consider (P(x) . Q(x)) "R(x) =C(x)-R(x)
Where C(x) = ¢y + ¢1X + 4+ iy X™ ™ and ¢; = Xy D ;)
This implies C(x) * R(x) = hy + hix + -+ + Ry ypi x™ T H2
Ry = Nities €11 = Divims(Dktjmi Prdi )11 = Divims(Dkrj=i P 11)
= Yke+(s—k)=s Pk 2j+1=s—(q; 1)) and
P() - (Q() - R()) = P(x) - T(x)
Where T(x) = tg + tyx + -+ 1, x™ % and t; = ¥4 q;1
P(x) - (Q(x)-R()) = P(x) - T(x)
= by + byx + -+ by g ypyx" VD
Where bs = Yjti=s Pkti = Zie(s—k)=s Pk 2j+1=s—k (q; 1))
Implies (S[x],") is Semigroup. and P (x) - (Q(x) + R (x))
= (Po + p1x + -+ ppx™) - ((qo +10) + (p1 +11)x + -
+ (@ + 7 )x™) This means
P(x) (Q(x) +R(x)) = T(x) =ty + tyx + =+ + tyypx™™
Where t; = ¥, 1= P (@ + 1) = X sr=i(py i +1;70)
= X +k=i Pj Qi + Xj+k=i PjTic>
But (P(x) . Q(x)) + (P(x) . R(x)) = C(x) + H(x) where
Cx)=co+cx+ -+ Cpymx™™, H(x) = hy + hyx + -+ hy,x" T

With ¢; = X k=i pjqr and hy = X 1= DTk
18



Thus t; = c; + h; Foralliand
P(x) - (Q(x) + R()) = (P(x) - Q(x)) + (P(x) - R(x))
Similarly, (P(x) + Q(x)) - R(x) = (P(x)-R(x)) + (Q(x) - R(x)) and
0-P(x)=0-py+0-pyx+--+0-p,x™ =
Po0+px-0+--+p,x"-0=P(x)-0
But, 0- pg+0-p;x+--+0-p,x"
=0 p)+O-p)x+--+O0-p)x"=0+0-x+-+0-x"=0
Therefore, (S[x], +,7) is Hemiring. m
Corollary 2.4.1

Let (S, +,7) be Hemiring with unity 1 and 1-x = x - 1 = x for any indeterminate
x then ( S[x], +,7) is Hemiring with unity 1 it self.

Proof: -Let 1 be unity in § this means 1 € §[x] and

let P(x) = ag + a1x + - + a,x™ € S[x]
sincel-P(x)=1-gp+1-ayx+--+1-a,x"
we have 1+ P(x) = P(x) and also
Px)'1=ay-1++ax""1=ay++a,(x"-1)
From the hypothesis we have x' - 1 = 1-x! = x! fori € Z*
this means P(x) -1 = P(x) thus 1-P(x) = P(x) -1 =P(x)
hence, 1 is unity in §[x] and from Theorem 4.2.1
(S[x], +,) is Hemiring with unity 1.m

Definition 2.4.2

Let (S, +,) be Hemiring and ( S[x], +,-) be the polynomial Semiring then for any
indeterminate y (S[x][y], +,-) is Hemiring and called polynomial Semiring of
indeterminate x and y. Analogously, for indeterminate x{, x5, .... x, forn €
Zt,(S[x1], [x2], ... [%,], +,7) is Hemiring and called polynomial Semiring of

indeterminate X1, Xp, ... X,
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3. ldeal theory of Semiring

Now let us take an assumption that our Semiring (S, + -) to be Hemiring with unity 1 and

S denote (S, + ). We will see how id eals of S emirings will b e e xpress in terms o f
irreducible or\and prime ideals.

3.1. Definitions on ideals

Definitions 3.1.1

» A non-empty Subset I of Semiring (S, +,7) is called a right |or left ideal of §
if and only if
a) [1is Sub Semiring of §
b) ax €Ellorxa €1 forall x €S and a €1

> A non-empty Subset I of a Semiring (§,+,") is said to be ideal of § if I is both
right and left ideal of S.

» The smallest ideal generated by a s ingle element a is called principal ideal and
denoted by < a >.

» Forideals Aand B ina Semiring S, the product AB={ab:a € Aandb € B}
Theorem 3.1.1

For ideals A and B in § the product AB is ideal if and only if
AB =< {ab:a €A, b € B} >
Proof:-From the definition of AB it is enough to show

Sub Semiring < {ab:a € A, b € B} > is ideal

Let x € S and ¢ € AB implies ¢ = Y[, a;b; fora; € Aand b; € B
xc =xQjz;a;b;) = X1 xa;b; € AB, Since A isideal and also
cx = (X-q a;b)x = Y7, a;b;x € AB since B is ideal

Hence AB is ideal.m

Definitions 3.1.2

1 Let M be a proper ideal in a Semiring S then M is maximal ideal if and only if
for any ideal | we have M € | implies[ =M or [ = S.

2 Let N be a proper ideal in a Semiring § then N is minimal ideal if and only if
for any ideal I we have I € N implies I = {0} or I = N.

3 For an ideal I of Semiring § Radical ideal of | (rad(l)) defined by
rad() ={a: a™ € [ forsomen € Z*}.
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Remark:

1) Let Aand B be idealsin § then AN Bisanidealin§ and ABS AN B
2) for anideal I inaSemiringS,if 1 €1 then [ =S§.

3.2. Prime and Irreducible ideals

Definitions 3.2.1

1) Anideal P is called Prime ideal if and only if AB € P for any two ideals A
and B implies A € P or B € P.

2) Anideal I is called Irreducible if and only if A N B =1 for any two ideals A
and B implies A =1or B=1.

3) Anideal I is called Strongly irreducible if and only if AN B € I for any two
ideals A and B impliesA € Ior BC 1.

Note:

From the definition above any prime ideal is strongly irreducible ideal and any
strongly irreducible ideal is irreducible ideal.

Example
Let I =< 2,3 >1in (Z%+,") ThismeansI = {2x +3y :x,y € Z°}
Let z € Z° z(2x + 3y) = 2(zx) + 3(zy) € I this implies
I is right ideal of Z° and also (2x + 3y)z = 2(xz) + 3(yz) €1
implies I is left ideal of Z°; therefore, I is ideal.

Theorem 3.2.1

Ina C ommutative Semiring § anideal I isprimeidealifandonly if ab €1
implies thata € 1 or b € I foralla,b € S.

Proof:- Suppose I is prime ideal and let ab € |
Let A=<a > and B =< b > but,
ABC{Xiia;b;:a; €A,b; € B} = {¥iL 1 (x;a)(yib) 1 x;, ; € S}
={YXi1(xqy)(ab) + x;,y; €S} =D,z (ab) : z; € S} =< {ab} >
Since ab € I we have AB € 1.
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But, I is prime ideal this implies
AcClorBCSIthusa€e I or b el
Therefore, ab € I impliesa €1 or b € 1.
Conversely, suppose ab € [ impliesa € lorb €1
Let AB € Iand A & I implies there exista € Abut, a & |
For arbitrary b € B we have ab € AB € I implies that b € I,
Therefore, B € [.m
Examples
a. Anideal ] =< 2,3 >in (Z% +,) is prime ideal.
Since (Z°, +,") is a Commutative Semiring
Letab €l ={2x +3y:x,y € Z°}
This implies ab = 2x + 3y for some x,y in Z°.
Suppose a € I =< 2,3 >=7°—1{0,1} Thismeansa = 1
Thus ab = b € I therefore, < 2,3 > is prime.

b. Letl=<p > forsome p € Z% then I is primeifandonly if p is
prime. let, ab € I implies p divide ab and so
p divide a or p divide b for I to be prime ideal.
Hence I is prime if and only if p is..

Corollary 3.2.1

A non zeroideal I of (ZF,+,") is prime ideal ifand only if 1 =< p > for some
primep or [ =< 2,3 >,

Proof:-For [ =< p > is principal from the above example p is prime
Suppose I is not principal

Let a be the smallest element of I thus a is prime and also there
exist b € I such that b > a and (a,b) =1

If a > 2 then choose the smallest j € Z* such that 2) € I,
but, 2J = 2i71 - 2 since I is prime either 2 € [ or 2I71 € |
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This is contradiction; therefore, a = 2.

If b > 3 there exist the smallest k € Z* such that 3¥ €
but, 3% = 3.3%1 since I is prime either 3 € I or 3k7! € 1
this is contradiction therefore, b = 3

Hencel =< 2,3 > .m

Definition 3.2.2

Anideal | of a Semiring S is called Subtractive if and only if fora € ,a+ b €1
implies b € .

Example

A non zero prime ideal I of (Z*,+,") is Subtractive if and only if
[ =< p > for some prime number p.

Clearly < p > is Subtractive

Since2+1=3and2€< 23>, 3€<2,3> but,1 €<2,3>

Therefore, < 2,3 > is not subtractive.

Theorem 3.2.2

In a Semiring § for an ideal P the following are equivalent.

1)
2)

3)
4)
5)

P is prime ideal.
If <a>,<b > areprincipal ideals and < a >< b >C P
then a € Por b € P.
aSbh € P implies a € Por b € P where aSh = {axb : x € §}.
If 1,1, are right ideals and I;I, € P thenl; € Por I, € P.
If J;,], are leftideals and J;]J, € P then J; €S Por J, € P.
Proof:-Suppose P is prime ideal
Consider < a >< b >C P implies either <a >SS Por < b >C P
this means either a € Por b € P.
Suppose < a >< b >C Pimpliesa € Por b € P
Let aSb € P, since P is ideal $as§bS € P and SaSShS € P
this implies < a >< b >CS P
Therefore, eithera € Por b € P.
Suppose, asSb € P implies a €P or b € P
Let I;I, € P for right ideals I; and I, and suppose I; € P
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This implies that there exists an element a in I; but not in P
Since for all b € I,; aSb € 1,1, € P this means b € P
Hence I, € P ; with similar analogy J;J, € P

Implies J; €SP or J, € P

For J; and ], be left ideals

Clearly if P satisfies condition 4 or 5 then P is prime.m

Definition 3.2.3

Anideal P is called c ompletely prime ideal if and only if for a,b € S,ab € P
impliesa € P or b € P.

Notes:

e Every completely prime ideal is prime ideal but, the converse is not always true.
e In a Commutative Semiring every prime ideal is completely prime ideal.

Definition 3.2.4

A non-zero Subset M of a Semiring § is an m_Systemifandonlyif a,b € M
implies that there exist an element x in § such that axb € M.

Theorem 3.2.3
An ideal P is prime ideal if and only if the set Complement of P is m_system.
Proof:-Suppose P is prime ideal
Leta,b €S —P if axb € P forall x € § we have aSb € P
implies a € P or b € P contradiction thus, there exist x € §
such that axb € § — P.
Conversely, let M be m_system and let axb € S — M forallx € S
Suppose a,b € M implies there exist x € § such that axb € M
This is contradictionthusa € S —M or b €S — M
Therefore if M = P¢ we have P is prime.m
Definition 3.2.5

An ideal P in the Semiring S is completely Simi-prime if a®> € P implies a € P.
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Lemma 3.2.1

A prime ideal P is completely prime if and only if ab € P implies ba € P.
Proof:-let P is completely prime and ab € P impliesa € Por b € P
Hence ba € P.
Conversely, Suppose ab € P implies ba € P foralla,b € §
Let ab € P implies abS < P this means abx € P forallx € §
Now we have a(bx) € P implies bxa € P hence bSa € P
Therefore, a € P or b € P since P is prime.m
Proposition 3.2.1
If an ideal P is completely Semi-prime then ab € P implies ba € P.
Proof:-Consider (ba)(ba) = b(ab)a
But, ab € P implies b(ab) € P since P ideal,
and also b(ab)a € P implies (ba)(ba) € P thus ba € P.m
Theorem 3.2.4
A prime ideal P is completely prime if and only if it is Completely Semi-prime.
Proof:-Suppose P is completely prime
this means ab € P impliesa € Por b € P.
Letb = athenab = a® € P impliesa € P
Conversely, take P as Completely Semi-prime.
By Proposition 3.2.1 ab € P implies ba € P and

by Lemma 3.2.4 p is Completely prime.m

Definition 3.2.6

A non -empty Subset Lofa Semiring § iscalled i_system ifandonlyif for
a,b € Lwehave <a>N<b>NL=*0Q.
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Theorem 3.2.5
The following conditions are equivalent for an ideal I in Semiring §

a) lis Strongly irreducible ideal
b) <a>nN<b>C limpliesa €lorb €l
¢) The set Complement of Iin§ (§ — 1) is an i_system
Proof:-Suppose 1 is strongly irreducible ideal and
let<a>N<b>Climpliess<a>CSlor<bh>Ccl.
Thus,a €lorb € 1.
Suppose < a >N< b >C I impliesa €Elorb € 1.
LetabeS —land<a>N< b >CS 1
this implies a € [ or b € I contradiction.
Sowe have x E< a >N< b > suchthatx & |
Therefore, S — 1 is i_system.
Suppose, S — I isi_system
let A, B be ideals in S suchthat ANB €1 with B Z L.
This implies, there exist b € Band b & I thus
bZAand a€S —1. Now let a€ A with a € § —1 suchthat
<a>N<b>N(S-D)#0 but <a>SA and bS B but,
<a>N<b>CANBCI hence, <a>N<b>N(S—-0)= 0
contradiction. Therefore,a ¢ § —land A C |.m

Definition 3.2.7
A Semiring S is said to be Arithmetic if for ideals A, B and C we have
AuBNC)=(AUB)N(AUC()
Theorem 3.2.6
In any Arithmetic Semiring § every irreducible ideal is strongly irreducible
Proof:-Let A, B and C be ideals of S and suppose that AN B € C
then, for C; = CU Aand C, = CU B we have
CiNnC,=(CUA)N(CUB)=CU(ANB)=C

if C is irreducible C; = CorC; = CHence A CorB S C.m
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Corollary 3.2.2

Ina d istributive lattice a nid eal is ir reducible if a nd o nly if itis s trongly
irreducible

Proof:-It is enough to show distributive lattice is arithmetic
let A, B and C be ideals and
a € A, b € B, c € Cbe arbitrary.
Now aV(bAc)=(aVb)A(aVc)
let X,Y be ideals and define XUY = {x V y}
and XNY={xAy}forxeX,yeY
Consider AU(BNC)={av((bAc)}={(avb)Ar(aVc)}
This impliessAU(BNC) =(AUB)N(AUC).m
Definitions 3.2.8

» An element a of Semiring S is called Regular if there is b € S such that aba = a.
» A Semiring S is said to be Regular Semiring if each element in S is regular.

Proposition 3.2.2

A S emiring § isregularifandonlyif RNL=RL istruefore veryr ight
ideal R and left ideal L.

Proof:-Suppose S is regular.
For all a € R N L there exist x € § such that a = axa
clearly a € L and ax € R thus a = axa € RL hence RN L = RL.
Conversely, Suppose RL = RN L
Leta € S consider< a >.=f{as+na:s€Sandn € Z*}
<a>,=<a>NS§=<a>-5=asimpliesa € a$
Similarly < a >= {sa + na : s € § and n € Z*} implies

a € Sa and Hence a € aS N Sa = aS%a. Therefore, there exist
x € § such thata = axa.m
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RESULTS

a) Ina Regular Semiring § an ideal [ is Strongly irreducible if and only if Iis prime.
b) Ina Distributive lattice P rime, C ompletely p rime, Irre ducible a nd Strongly
irreducible ideal are the same.

Lemma 3.2.2

If a is none zero element of § and A is an ideal not containing a then there exist
an irreducable ideal B containing A but not a.

Proof:-let {B,}be t he c ollection of a ll ideals ¢ ontaining A butnot a
now by the application of Zorn’s lemma we can find an ideal B
this is maximal and A € B but a € B.

Forideals C; and C, let B=C; N C; implies a € C; or a € C,
and A € C{,A € C,.

ifa ¢ C; thenwehave C; € {B,}and B = C;
Therefore, B is irreducible.m
Theorem 3.2.7
Any ideal A in Semiring S is intersection of all irreducible ideals containing it.
Proof: -let {A;} be the set of all irreducible ideals containing A

Clearly § < {A;} implies {A;} # @ and A S NA; for all A; € {A;}
let A is proper ideal, implies, there exist a € § such thata & A.

By Lemma 3.2.2 there exist irreducible ideal containing A but, not a.
Hence B € {A;}impliesNA; S A.

Therefore, A= NA;.m
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4. Topological properties of Semirings

Now for the clarification of the concept, our Semiring (S, + -) is Commutative Hemiring
with unity 1 and § denote (S, + -). The main concern of the topic is on the evaluation of
the connectedness and compactness of the prime spectrum spec(S).

4.1. Structure space & and Zariski Topology t,

Let S be the collection of all strongly irreducible ideals of a Semiring S to get a
Topology § on S. We take an assumption that §, = {S : x &€ S and S € G} for every x
in § to be as an open base of G. By taking the assumption of the Topological space (S, 6)
first let us see the following proposition.

Proposition 4.1.1

Let U be a Subset of & then we have U = {S': NgeyS S S and S’ € S}

Where U is the closure of U by §&.

Proof: -Let B ={S : NseySE S and S € &}
For S’ € B with &, to be an open base of S’ this implies x & S’
thus, there exist strongly irreducible ideal S in U not containing x.
This implies, S € 8, and S is limit point of U therefore, S € Wand B € U.
Conversely, letS & pand x € NgeyS — S impliesx € Sandx ¢ S’

Since S’ € §,andS & &, forall SEU wehave U N5, = @andS ¢ U
thus U C B.m

Theorem 4.1.1

The Structure space S with the Topology 6 is T, _space.

Proof: -By Kuratowski closure axioms it is sufficient to verify

a) UC
by U=1
c) UUB=UUB
d § =5,

&=l
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For Subsets U, B and strongly irreducible ideal S;and S,
Let Y € U, this implies NgeyS S Y thus Y € U

Therefore, U € U .

!

Clearly U € U,let XeEU implies Ng' ¢
but, NsexS € X implies X € U hence

1)
Il
=l

Since S UUB and B € UUB

wehave U € HWUB and B CUUB thus UUB < UUB.

LetS € HUB with S¢ U and S¢ B

With Sy = Ng'exS €S and Sp = Ng'ezS € S.

From S is strongly irreducible Sgyy = Syy N Sg € S

hence, S ¢ U U B.

From S; €S; and S, €S,

S, €S, implies S; €S, and S, €S, implies S, € S;.

But, from the definition of closure operation we have S; = S,.m

The Topological space (S, §) is Compact also and proof'is given at ([3], Theorem 9)

For an ideal I in Topologies coming next we use ker(I) to denote the intersection of all
open sets containing I and (I), represent the collection of all prime ideals containing 1.
And a Iso m ax(S) m eans t he se t o f maximal i deals an d min(S) means t he set ofal l
minimal deals.

Definitions 4.1.1

1) In the structure space G, if we replace the concept of strongly irreducible ideal
by prime ideals then & = spec(S) the prime spectrum of § and the Topology
6 will be called Zariski topology t,.

2) For the Zariski Topology t, the smallest Alexandroff Topology containing t,
is denoted by t, and CoTopology of t, is denoted by ,".
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4.2. Gelfand Semirings and Topological properties

In this part; we put some topological properties of Gelfand Semiring relating to its
locality and semi locality properties.

Definitions 4.2.1

> A Semiring § is called Gelfand Semiring ifevery prime ideal P of S is
contained in a unique maximal prime ideal pg(P).

> A Semiring § is Semi local Semiring if it has a finite number of maximal
ideals.
> A Semiring § is local Semiring if it has only one maximal ideal.
Lemma4.2.1

Let S be Semiringand M is prime ideal of § with ker(M) is t, clopen then
M € max(S).

Proof: - Suppose P is prime ideal and ker(P) is t, clopen then
(P)y € ker(P) for (P), be the set of prime ideals containing P.
But, t, is T,_space implies {P} = (P), N ker(P)
Thus {P} = (P),.Therefore, P is maximal.m
Theorem 4.2.1
A Semiring S is Gelfand if and only if for every M € max(§), ker(M) is
t,_clopen.
Proof:-let M is maximal ideal and P € ker(M)

For Q€ (P); wehave PS QS us(Q)andP € ker(ug(Q)) this
implies, ps(Q) =M and Q € ker(M) hence, (P), S ker(M).
Therefore, ker(M) is t, clopen.

Conversely,l etPispr imea nd M;,M, be maximali deals
containing P but, (P), € ker(M;) and (P), S ker(M,)
implies M; € ker(M;,) and M, € ker(M;).

Therefore, M; = M, and § is Gelfand.m
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Theorem 4.2.2
Let S be a Gelfand Semiring then the following are equivalent

I. (spec(S),t,) is Connected
II. § islocal Semiring

Proof:-Suppose (spec(S),t,) is connected and let M is maximal ideal.

Thus ker(M) is £, clopen, since (spec(S), t,) is connected
the only t,_clopen subsets are @ and spec(S).

since ker(M) # @ we have spec(S) = ker(M)

thus, M is the unique maximal ideal.

Conversely, suppose S is local Semiring and

M be the maximal ideal

Let U be non-empty t, clopen Subset of spec(S)

thus, for P € U we have (P), € U, implies M € U

and ker(M) = spec(S).

Therefore, U = spec(S).m

For the semi locality of Gelfand Semiring, we have the following Theorem and the proof
is given at ([7], Theorem 4.3)

Theorem 4.2.3
Let S be a Gelfand Semiring then the following are equivalent

a) (spec(s),t,) is compact

b) (spec(S),t,) is nearly-compact
c) (spec($),t,) is almost-compact
d) S is Semi local Semiring

e) (spec(8),t, Nt,") is compact
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4.3. Compactness and Connectedness of the prime spectrum

Definition 4.3.1

A Semiring § is an m_Semiring if each prime ideal P contains only one minimal
prime ideal y5(P).

Lemma4.3.1
Let S be a Semiring, if P is prime ideal of § with (P), is t,_clopen then
P € min(S).
Proof:-Suppose P is prime ideal and (P), is t, clopen then ker(P) < (P),
But, t, is T, _space implies that {P} = (P), N ker(P)
Thus {P} = ker(P); therefore P is minimal.m
Theorem 4.3.1

A S emiring § is m_Semiring ifandonlyiffor every N € min(S), (N)gis
t,_clopen.

Proof:-Let N is minimal ideal and P € (N), for Q € ker(P)
We have Q € P thus ys(Q) € P
implies ys(Q) = N and Q € (N),
hence; ker(P) € (N),.
Therefore, (N), is t, clopen.

Conversely let P is prime and N, N, be minimal ideals contained
in P then (N;), and (N,), are t, clopen and P € (N;), and

P € (N2)o
Now we haVe ker(P) c (Nl)o and N2 € (Nl)o

Therefore, Ny = N,.m
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Corollary 4.3.1

If § is an m_Semiring and (spec(S),t,) is connected then there exists a unique
minimal ideal.

Proof:-let S be m_Semiring
By Theorem 4.3.1 for every minimal ideal N,
we have (N), is t, clopen
But, since (spec(§), t,) is connected (N), = spec(S)
Therefore, N is unique.m

Corollary 4.3.2

If Sisa Semiring with a unique minimal p rime id eal N then (spec(S),t,) is
Connected.

Proof:-Since (N), is t, clopen
Let U € spec(S) be a non trivial t, clopen Subset.
For N € U we have (N)y € Uand (N), = spec(S)
this implies U = spec(S) contradiction.
If N¢ U we have N € spec(§) — U
thus, (N), € spec(§) — U and spec(S) = spec(s) — U.
Therefore, U = @ contradiction.m

Definition 4.3.2

A Topological s pace (X,J) iscal led spectral sp acei fan d onlyi f it is
homeomorphic to the prime spectrum of a Commutative Ring.

Now we will have the following proposition and its proof is given at ([5], Theorem 3.1)

Proposition 4.3.1

If § is Semiring then (spec(S),t,) is a spectral space.
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Theorem 4.3.2

Let § bea Semiring then (spec(S),t,) is an irreducible space ifand onlyif
rad(0) is a prime ideal. Further, in such case rad(0) is the unique minimal prime
ideal of S.

Proof:-Suppose S be a Semiring with spec(S) is irreducible space
By Proposition 4.3.1 there exist a Commutative ring A
such that spec(S) is homeomorphic with spec(A).

Hence, spec(A) is irreducible space.

But, in a Commutative ring A spec(A) is irreducible if and only if rad(0)
is prime ideal.”

And ker(rad(0)) = rad(0)*, implies rad(0) is minimal prime ideal.
Let N be a minimal prime ideal in § since spec(S) is irreducible

we have N = rad(0) = spec(S).

Hence N = rad(0).m

Theorem 4.3.3
Let S be a Semiring then the following are equivalent

1 (spec(S),t,) isconnected

2§ has a unique minimal prime ideal

3 (spec(8),t,) is an irreducible space

4 rad(0) is the unique minimal prime ideal

Proof:-From Corollary 4.3.1 and Corollary 4.3.2 conditions 1 and 2 are

equivalent and from Theorem 4.3.2 conditions 3 and 4 are
equivalent. Now from the proof of Theorem 4.3.2 we have
equivalence between conditions 2 and 4.
Therefore, conditions 1,2,3 and 4 are equivalent.m

" Introduction to commutative algebra (I.G.MACDONALD (1969)) chapter 1 exercises 19.
" Since; in commutative ring every prime ideal contains rad(0) as its subset.
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