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ABSTRACT

Control theory is an area of applied mathematics that deals with principles,laws,
and desire of dynamic systems. Optimal control problems are generalized
form of variation problems. A very important tool in variational calculus is
the notion of Gateaux-differentiability. It is the basis of the development of
necessary optimality conditions.

ELDE is a necessary optimality condition to solve variational problems.
The solution of ELDE is an extremal function of a variational problem.
Characterizing theorem of convex optimization is the necessary and sufficient
condition of many convex problems. i.e Let (P) be given, S is convex set, f is
convex function and xy € S. Then zop € M (f,S) if and only if f'(xg, x—x¢) >
0,Vz € S. In an OCP our aim is to find the optimal state function z*(¢) and
the optimal control function w*(¢) which optimize the objective functional
in t € [a,b] by using necessary and sufficient optimality conditions. The
necessary optimality conditions for (z*(¢),u*(t)) to be extremal solutions of
optimal control problem is the validity of :- Pontryagin minimum principle, of
ELDE with TR, and ODE conditions. To determine whether the extremals
are optimal solutions of OCP or not; sufficient optimality conditions are
required; (e.g checking the convexity of the objective functional and the
convexity of the feasible set). QOCP is a non linear optimization where the
cost function is quadratic but the differential equation is linear. In quadratic
control problem since the objective function is convex then the extremals
are the optimal solution of the problem. Linear QOCP is an important
type of quadratic control problem that simples the work of feed back control
system. OCP can be solved by different methods depending on the type
of the problem. This paper mainly considers solving QOCP by using the
method of lagrange multiplier and shooting method.
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Introduction

Optimal control is a part of dynamic optimization which aims to determine
control variables so that an optimal value of the objective function is obtained
while satisfying some constraints related to the problem system. OCP is
formulated in the form of differential equations. It consists of state variables
which represent condition of the system over time and control variables
which is the decision variables to be determined in order to obtain the
optimal value of the objective function. There are three kinds of necessary
optimality conditions for (z*,u*) to be extremal solutions of an OCP. These
are Pontryagin minimum principle, validity of ELDE with TR, and ODE
conditions. To determine whether the extremals are optimal solutions of
OCP or not sufficient optimality conditions are required like checking the
convexity of the objective functional and the convexity of the feasible set.
This paper briefly tries to see how to solve linear OCP and QOCP. Linear
OCP is an optimal problem where both the objective function and the
differential equation are linear. QOCP is an optimal problem where the
objective function is quadratic and the differential equation is linear. Linear
optimal control is widely applied in manufacturing firms and quadratic optimal
control is applied in space science. This paper also focuses on a special case
of the general nonlinear optimal control problem called linear QOCP. This
paper consists of four chapters.

1. chapter-1: It consists of definiteness of matrices, convex analyses, necessary
and sufficient optimality conditions, to solve optimization problems,
and shooting method for BVP.

2. Chapter-2: It includes variational problems with fixed end points,
variational problem with free right end point. The chapter particularly
focuses on how to find optimal solution of a variational problem, using
optimality conditions and it also contains applications of variational
calculus.

3. Chapter-3: It is the main chapter of this paper which includes definitions
and theorems on OCP. This chapter focuses on how to find optimal



control function and optimal state function for a given separated linear
and QOCP by using lagrange multiplier function.

. Chapter-4: It is the last chapter in this project and introduces about
the numerical methods that are used to solve a given OCP by using
shooting method.



Chapter 1

Preliminaries

1.1 Vector or linear Space

Definition 1.1.1. [Vector Space]

A vector space is a non-empty set V of objects, called vectors, on which
are defined two operations, called addition and multiplication by scalars (real
numbers), subject to the ten axioms (or rules) listed below. The axioms must
hold for all vectors u, v, and w in V and for all scalars ¢ and d. [1]

(a) The sum of w and v, denoted by w + v, isin V.
(b) u4+v=v + u.
) (u+v)+w=u+ (v+ w).

(d) There is a zero vector 0 in V such that v + 0 = wu.

f) The scalar multiple of u by ¢, denoted by cu, isin V.

(g) c(u + v) =cu+ cv
(h

)
)
)
(e) For each u in V| there is a vector -u in V such that u + (-u) = 0
()
)
) (¢ + d)u = cu + du
)

(
(i) (cd)u = c(du)

() 1u = u

Definition 1.1.2. [Subspace]

A subset U of the vector space V is a subspace of V if it is closed under
the linear operations. That is x +y € U whenever z,y € U and ax € U for
each o« e Kand x € U.



Example 1. The set, R" is a vector space.
Example 2. C[a,b] is a vector space.
Example 3. C'[a,b] is a vector space.
Example 4. C*[a,b] is a vector space.
Example 5. PWSJa,b] is a vector space.
Example 6. PWC[a,b] is a vector space.

Example 7. The vector space C*[a, b] is a subspace of Cl[a, b] or the vector
space PWSJa,b] is a subspace of C[a,b].

1.2 Normed space

Definition 1.2.1. [Normed space]

Let V be Linear space over the field R. Then the real valued functional
Il : V' — R is said to be norm on V if and only if for each f,g € V and
AeR

N1. ||[f|l=0 < f =0 (Nonnegativity)
N2. [|Af|l = M| f]] (Positive Homogeneity )

N3 |If +gll < I/ + llgll (Triangular Inequality)

The pair (V,]|.||) is called normed linear space simply normed space. [4]
Each normed space V' can be consider as metric space by definition of the
canonical metric in the following way.

d(l’,y) - HﬂU—yH, T,y € V

Example 8. Let V' = ([0, 1] be the space consisting of all continuous real
valued function defined on the bounded and closed interval [0, 1] with || f||2 =

1 1/2
(fo |f(1)]? dt) is a normed space.



1.3 Definiteness of matrices

A symmetric matrix is a matrix B such that BT = B. Such a matrix is
necessarily square. Its main diagonal entries are arbitrary, but its other
entries occur in pairs—on opposite sides of the main diagonal. [1] and [6]

Definition 1.3.1. [Definiteness of matrices|
An n x n symmetric matrix, B is said to be:

a. positive definite (PD) iff 47 By > 0 for any nonzero vector y € R™.

b. positive semi-definite (PSD) iff y* By > 0 for any nonzero vector y €
R™.

c. negative semi-definite iff —B is PSD.
d. negative definite iff —B is PD.

Remark 1.

e If all the leading determinants of symmetric matrix, B are non-negatives,
then B is PSD and vice versa.

e If all the leading determinants of symmetric matrix, B are positives,
then B is PD and vice versa.

e [f all the eigenvalues of symmetric matrix, B are non-negatives, then B
is PSD and vice versa.

e [f all the eigenvalues of symmetric matrix, B are positives, then B is
PD and vice versa.

1.4 The concept of convex sets and convex
functions

Definition 1.4.1. [Convex sets]

A set M in the Euclidean n-dimensional vector space is said to be convex
if the line segment joining any two points of the set also belongs to the set.
In other words, if m; and my are in M, then am; + (1 — a)my, must also
belong to M for each « € [0, 1]. [5]

Example 9. M = {x: x solves Problem P below} is a convex set.

4



Problem P: minimize ¢!z
subject to: Ax =b, x>0

; where ¢ is an n-vector, b is an m-vector, A is an m X n matrix, and z is an
n-vector.

Definition 1.4.2. [Convex functions]
A real-valued function ¢ on (a,b) is said to be convex provided for each
pair of points z1, 23 in (a,b) and each o with 0 < a < 1, [4] and [5]

dlax; + (1 — a)zs) < ad(xy) + (1 — a)p(xs).

If we look at the graph of ¢, the convexity inequality can be formulated
geometrically by saying that each point on the chord between (x1, ¢(x;)) and
(22, p(x2)) is above the graph of ¢.

Example 10. Let f:[1,7] = R. Then f(z) = 2* — 22? — x 4+ 2 is a convex
function in the interval [1, 7].

1.5 Notions on derivatives of functionals

1.5.1 Functions of several variables

Definition 1.5.1. [Partial Derivatives]
Let L : R® — R. Then the partial derivatives of L at the point (x,, Y., 2o)
are defined as follows. [2]

L(xo+h7yn,20)_L($07yo,20) __ 0L

1. L;L’(xoa Yo, Za) - liInh—>0 h = 9z
i L(xo,Y0+h,z0)—L(20,Y0,20) __ OL
2. Ly(xoa Yo, Zo) - hmh—>0 ( ;)L ( ) B
_ 1 L(z0,Yo,20+h)—L(20,Yo0,20) __ OL
3. Lz(xou Yo, ZO) — hInh—>0 h — 9z

provided that these limits exist.

Remark 2. Second-Order Partial Derivatives
Based on definition 1.5.1, the partial derivatives would generate 9 new second
order partial derivatives.

e (L,), usually denoted by L, or ?)27%

e (Ly), usually denoted by Ly, or ?;TQ

e (L), usually denoted by L., or f?;_g

z

b}



%L
dyox

(Lz), usually denoted by L, or

(L), usually denoted by L, or gjaLx

%L
0xdy

(Ly), usually denoted by L, or

e (L,), usually denoted by L, or %

e (L.), usually denoted by L., or %
e (L.), usually denoted by L, or %
1.5.2 Differentiation under the integral sign
Sometimes a function L of a single variable is defined as a definite integral
d
of a function I of two variables like L(z) = / l(z,y)dy.
Theorem 1.5.1. Let R be a rectangle consisting of all points (x, y) for which
a <x <bandc <y < d. Suppose that L is a function of two variables
d
defined on R such that L and L, are continuous on R. Then / L(z,y)dy is
a differentiable function of x, and ‘
d [? 4oL
— [ L dy = — dy.
i /. (z, y)dy / 5 (% Y)dy

c

d [?e™
Example 11. Find — / —dy
de |, vy

d 2 Ty 2 Ty
Solution: By theorem 1.5.1, — [ “—dy :/ 9 <6—> dy
dr Ji y 1

2 xy
€
1 X

]

1.5.3 Total differential
Definition 1.5.2. [Total Differential]



e Let f : R?> — R be partially differentiable with respect to x and y
where x = x(t) and y = y(t). Then the total derivative of L. = f(x, y)
with respect to t is:

dL _OLdr  OLdy
dt  Ordt Oydt

o Let f: R® — R be partially differentiable with respect to x, y, and z
where x = x(t), y = y(t), and z = z(t). Then the total derivative of L
= {(x, y, z) with respect to t is:

dL _9Ldr  9Ldy  OLd:
dt  Ordt Oydt Ozdt

The proof of the total differential in two variables is found in [§].

Remark 1.5.1. [VL(-), DL(-), VAL(-)]
Let L : R?> — R be partially differentiable with respect to each of its

arguments. For a point py = (20,0, 20) € R* and a nonzero vector h =
(hl, hg, hg) S RS, then:

i. The gradient of L: The gradient of L at p,, denoted by VL(p,), is a

ii. The directional derivative of L: The directional derivative of L at p,

L(p, 4+ €h) — L(p,
in the direction of h, denoted by D L(p,; h), is given by DL(p,; h) = lin% (po + €h) (po)
€E—>

€

If so, DL(p,; h) = VL(po)h" = Lyhy + Lyha + L.h3.

iii. The generalized chain rule of L: Let L : R® — R be partially
differentiable with respect to each of its arguments, a point P, =

(%0, Yo, 20) € R, and a nonzero vector h = (hy, ho, h3) € R3. Then
generalized chain rule:

d
&L(}?O -+ eh = Lm(>h1 + Ly()hz -+ Lz()hg
= VL(p,+eh)"h

iv. The Hessian of L: The Hessian of L at p,, denoted by VZL(p,) is an

me ny sz
n x n symmetric matrix given by V2L(p,) = |Lsy Ly, Ly |-
La:z Lyz Lzz



Example 12. Consider a quadratic function ¢ : R" — R given by ¢(z) =
s2” Az — BTz where A is n X n symmetric matrix and B is a column matrix.
Show that:

(a) Vg(z) = Az — B.
(b) Viq(z) = A.

Proof.

Let vector x be the usual column vector such as z = (z;);, B is a column
matrix such as B = (b;)i=;, and symmetric matrix A = (a;)i,;_,. Here we
could take the derivative of the scalar sum in

q(z) =27 Ax — BTz = z”: x; z”: Tiaj; — z": by, z”: T
=1 =1 =1 =1

(a) To show Vq(r) = Az — B: The derivative with respect to the k'
variable (product and sum rules of derivative) is then:

TAx 2BT1:)

If we arrange these derivatives into a column vector, we get:

Dim Tii Y Tiag biy
n n

Do Tilai + Y Tiag bay
n n

Dic1 TiGzi + D Tias b3y

0 1

N —

D i Titni + 35 T ] b
(Az + (2"A)") — B

wl»—*wh—*

(A+ A"z )—B:%(QAJ:)—B:Ax—B



(b) To show VZq(x) = A: We can take the partial derivatives of V().

0 0 <
Viq(z) = 5. (AT = B) = 92r > aiz;
=1

Lk

= (akj)Z:j:I = A.

]

1.5.4 Derivatives of functionals-functions of functions

Definition 1.5.3. [Gateaux Derivative]
Let V = C'[a,b] be a real vector space. The Gateaux derivative of a
functional I : V' — R at x, € V in the direction of a nonzero § € V' is given

(wo + €0) — I(xo) if the limit exists. [3]
€

/ . .
by I (xm(;) - 11_1;%
Remark 1.5.2. i ['(x,;—0) = —I(x,;0)

ii. Let § > 0 and define G : (—0,9) — R by G(v) = I(z, + 7). Then
G'(0) = I'(z,;0).

n n

0
L(v, )t = / SoLO e

i, —
dy Jm m

1
Example 13. Let I : C'[0,1] — R given by / (xz—l—;'EQ) dt. Find the

0
Gateaux derivative of I at p,(t) = €' — 1 in the direction of §(t) = t.

1 . 1 % — 1
Here by the above remark, I'(p,; 0) = / (2p05 + 2p'05> dt = 2/ (ett +et — t) dt = 62 .
0 0

1.5.5 Optimality conditions

Derivatives help us to find optimality conditions for optimization problems.
3]

Definition 1.5.4. Let problem, P, be unconstrained optimization problem
subject to x € R"; where L : R" — R.
Problem P: minimize L = c¢'x

subject to: x € R"

; where ¢ is an n-vector and x is an n-vector.

9




i. A point x, is said to be a local minimizer of L, if there is a neighbourhood
N of z, such that L(z,) < L(x);V(z) € N.

ii. A point z, is said to be a global minimizer of L, if L(z,) < L(x);V(z) €
R™.
Theorem 1.5.2 (Necessary optimality conditions). i. First order
necessary optimality condition
Let L be differentiable function in N and x, be a local minimizer of L.
Then VL(z,) = 0.
ii. Second order necessary optimality condition

Let L be twice differentiable function in N and z, be a local minimizer

of L. Then VL(z,) = 0 and V2L(z,) > 0.

A point z, is said to be a global minimizer of L, if L(z,) < L(x);V(z) €

R™.
Theorem 1.5.3 (Sufficient optimality condition). Let L be twice continuously
differentiable function over N, and z, be a local minimizer of L over N. If

VL(z,) =0 and V2L(z,) > 0, then x, is strict local minimizer of L means
L is locally convex over N.

Remark 3. If L is convex function, then any local minimizer is a global
minimizer.

Definition 1.5.5. Let problem, P, be unconstrained optimization problem
subject to x € S; where L : S — R.

Problem P: minimize L = ¢’z
subject to: x €S

; where ¢ is an n-vector and x is an n-vector.

i. A point z, is said to be a local minimizer of L on S, if there is a
neighbourhood N of z, such that L(z,) < L(z);¥(x) € NN S.

ii. A point z, is said to be a global minimizer of L, if L(z,) < L(x);V(z) €
NNS.

10



x=a x=b

Figure 1.1: Shooting Method

Figure 1.2: Shooting Method

1.6 Shooting method

In numerical analysis, the shooting method is a method for solving a BVP
by reducing it to an IVP. It involves finding solutions to the IVP for different
initial conditions until one finds the solution that also satisfies the boundary
conditions of the BVP. In layman’s terms, one "shoots” out trajectories in
different directions from one boundary until one finds the trajectory that
"hits” the other boundary condition. The shooting method was developed
with the goal of transforming an ODE BVP into an equivalent IVP so that
we can solve it using the Range-Kuta Method. With initial value problems,
we start at the initial value and march forward to get the solution. This
method does not work for BVP because there are not enough initial value
conditions to solve the ODE to get a unique solution. The shooting method
was developed to overcome this difficulty.

The name “shooting method” is analogous with the target shooting: as
shown in Fig.1.1 and 1.2, we shoot at the target and observe where we hit the
target. Based on the errors, we can adjust our aim and shoot again hoping
that we will hit closer to the target. We can see from the analogy that the
shooting method is an iterative optimization method. Let us see how the
shooting method works using the second-order ODE given f(a) = f, and

11



f(b) = fp, as well as

F (x,ﬂx)’ df(x)) _ Pf(x)

dx dx?

1. The first step is we start the whole process by guessing f'(a) = «, then
together with f(a) = f, , we turn the above problem into an IVP with
two conditions all at the value z = a. This is the aim step.

2. Second by using Runge-Kutta method, to integrate to the other boundary
b to find f(b) = fs. This is called the shooting step.

3. Thirdly now we compare the value of fz with f,. Usually, our initial
guess is not good, and f, # fz, but what we want is fz — f, = 0;
therefore, we adjust our initial guesses and repeat the process until the
error is acceptable, at which time we can stop. This is the iterative
step.

Due to the applications of BVP in real-life phenomena, the shooting method
has proven itself useful and efficient in handling BVP. The shooting method
works by first reducing the BVP to an IVP, then one/two initial value guesses
are made. The IVPs are then solved using an iterative solution, and this
process is then repeated until the second boundary condition is reached to a
satisfactory level.

We know that a smooth function Y : [a,b] — R™ is said to be an

approximate solution of the differential equation = f(z,X(2)),X(0) =X,
2

with an error at most 7 if
1Y (2) = X(2)|| < 7;V(2) € [a, 0]

with deviation at most € if Y(2) is continuous and satisfies the differential
inequality
ay
— — X <
1%~ Fe Xl <

Range-Kutta Method
Let P:a=2,<2z <+ < zs1 < zs = b be a partition of the interval
[a,b]. An approximate solution of the IVP

dX(z)
dz

= f(2,X(2)); X(a) = X,

12



on [a,b] is given by the following iterative scheme.
o i+1 i h .
X7 = Xy X = X7 4 2k + 2k + 2k + k)i = 0,12,

where h = b_Ta and

. h 4 k h 4 k 4
b= f(z0, X0, ke = flat o Xhe) ks = f(ait 5, X4h) ha = f(zith, X'+ hks)
which is an error E = O(h®) at each iterative step. Then we can use ode45
in MATLAB to solve the IVP at a discrete set of points in the interval [a, b].
[22], [23], and [24]

13



Chapter 2

Variational Calculus

Variation calculus is a field of analytic mathematics that study with optimization
problem maximizing or minimizing functional, which are mapping from a set

of functions to the real numbers. Functional are often expressed as definite
integrals involving functions and their derivatives. The aim is to find an
extremal function at which the functional attain a maximum or minimum
value, where the rate of change of the functional is zero.

2.1 Variational problems with fixed end points

Definition 2.1.1. Let a, b, a, f € R. Assume, a < band L : R xR x
[a,b] — R be continuous and continuously partially differentiable with respect

the first two components. Further more, let J be a functional such that
J: Cla,b] — R, where

min J(x) = / L(x(t),%(t),t)
st S={xeCa,b|z(a) =a, z(b) =73}

then this type of optimization problem is called variational problem with
fixed end points.

Assume the linear subspace U in the vector C'|a, b]
U = {ueC'a,b] |u(a) = udb =0)}

Consider the function, yo(t) = i:g (t —a) + « then we get S = yo + U that

is S is linear manifold in C'(a,b]. J'(zg,u) = 0,Vu € U is the necessary
condition xy to be the optimal(minimize) point of J on the region S.

14



Theorem 2.1.1. Let a, b, a, f € R. Assume, a < band L : R x Rx[a,b] —
R be continuous and continuously partially differentiable with respect the
first two components. Further more, let J be a functional such that J :

C'la,b] — R, where
b
min J(x) = / L(x(t), %(t), £)
st S={reCa,b]|z(a) =a, z(b) =B}

And assume u € U then the Gateaux derivative of J at xg € U in the direction
of u is

b
J,<J]0, U) = /(Lm(xo,i’o,t)u + L$($0,J]0,t)u>dt
Proof. suppose x € S, such that ©(¢) = J(z + eu)
O'e) = J(z 4+ ew)u=J(x + cu,u)
0'(0) = J(z,u)
> dL
! = — = — |

@ (O) = d€ |g:0 /a dE |s—0 (21)

b
d
J(z,u) = / d—gL(y + eu, & + eu,t)dt

) b OLd OLd , . . OLdt
V(o) = /(dxdg(a; Few) 4 Sl 4 i) + S

b
J(z,u) = /(Lx(x,x',t)u + Li(x, &, t)u)dt (2.2)
Take x = =z, then the equation 2.2 become
b
J,(l’o,u) == /(Lx(xo,fo,t)u + Lm(l’o,l'(),t)u)dt

Therefor, J(xg,u) is the Gateaux derivative of J in the direction w. ]

Corollary 2.1. Let a, b, o, f € R. Assume, a <band L: R x R x [a,b] —
R be continuous and continuously partially differentiable with respect the
first two components.

min J(x) = / L(x(t), %(t), £)
stS={xre Cl[a, b | z(a) = o, x(b) = 5}
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And assume any vector u € U then the Gateaux derivative of J at g € U in
the direction of w is

b
Iy, u) = / (Lo (o, 9, £) — L (29, G0, ))u)dt + La(zo, 0, )ul’, Yu € U

Proof. By using by part integration on the integral f;(Li(xO,x'o,t)u)dt we
have get,

b b
d
/(L:t(xo’ﬂfo,t)u)dt = Lg(z, @, t)u® — / %Liwt

b b
d
J(zo,u) = / L, (0, Zo, t)udt + Lg(z,d,t)ul? — / angudt

then,

b
d
J(zo,u) = /(Lx(xo,:éo,t) - ELi)udt + La(x, 2, t)ul’, Yu e U

Fundamental Lemma of Variational Problems
Lemma 2.1.1. If J is continuous function on an open interval (a,b) and h

is a smooth function on (a,b) which compactly supports f,such that

/bJ(m)h(m)dm =0, then J(z) = 0

2.1.1 Optimality condition for VP-with fixed end points

Theorem 2.1.2. If yy € S is a solution of variational problem with fixed end
points, and if J is Gateaux-differentiable at x in the direction of u, Yu € U,
then J(xg,u) = 0,Vu € U.

Proof. Since U is a sub space of C'[a, ], then v € U and —u € U.

T(wo,—u) = Tim 20+ H=w) = J@o)
’ t—0 t

. J(xo + M) — J(xp)
/ — =
oo ) = =3

J(xo+ Au) — J(zo)
A

, for A = —t

/ o — T
J(xo, —u) }\12%
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J(zo,—u) = J'(xo,—u)
If zy € S is a minimizer of J over the space S, then J(zg) < J(zo+tu)Vu € U
implies
J(zo +tu) — J(zg) > OVueU
J

J(zo +tu) — J(zo) -
; =
lim J(zo +tu) — J(xg) > 0
t—0
J(wo,u) >0 ————— ()

Since U is a subspace of C'[a,b], then —u € U

Form (%) and (**) we have get
J(zg,u) = 0, Vu e U

]

2.2 The Euler Lagrange Differential Equation
If x¢p € S is a solution of a V' P fixed end points,then
J(zo,u) =0, Yue U
This implies,
/ (Ll ity + Ly(e.d.0a)dt = 0
b ’ d
/a (Lo, i, 1) — 5 Lal,,O)udt + Lafa, &, 6)ul} = 0

Since u(a) = 0 and u(b) = 0 we have
b d
/ (Lalar,,0) — Ll 0)udt = 0

@it = 0.

L r,t) —
Lo@it) — &

17



Let u(t) = h(t)(t — a)(b—t) > 0 where h € C*[a, ]

d

Lx a.at -
(Lol ,6) — &

is the Euler Lagrange differential equation(ELDE)

Theorem 2.2.1. (Necessary condition on optimal)
Let a, b, o, 5 € R. Assume, a < b and L : RxR X [a,0] — R be
continuous and continuously partially differentiable with respect the first

two components.
Assume the V P:

min J(z / ),))dt

= {UCECl[ab]IfC() a, x(b) =5}

suppose zy be an optimal solution the V' P.
The necessary condition for xy to be extremal solution of the variational
problem is that x( should satisfy the FLDE given by

CLa(ro(t),d0(0),1) = Lalaolt), o(t), 1), ¥ € [ab]  (FLDE)

Definition 2.2.1. (local minimizer points) Suppose S = xy +u and zy € S.
A point zq is called algebraically local minimizer point of J on region S if
and only if Vu € U there exists an € > 0 such that z( is a minimizer point of
J on [zg — eu, g + cu]. Then we have get the following theorem

Theorem 2.2.2. Let a, b, «, B € R. Assume, a < band L : R x Rx[a, b] —
R be continuous and continuously partially differentiable with respect the
first two components.

b
min J(z) — / (L(x(t), (1), £))dt

st. S = {zeCa,b] | z(a) =a, x(b) =73}
If z is algebraically a local minimizer point J on the region S then ( satisfies

CLa(ro(t),a0(0),1) = Lalaolt), o(t), 1), ¥ € o8] (FLDE)

18



2.3 Convexity of VP

For x( to be a minimizer point in the case of convexity we can able to apply
a sufficient condition instead of necessary condition. Suppose

L : RxR x[a,b] = R, be convex Vt € [a,b]. We need to say L be convex
function with regard to the first two components. We need to show J be
convex VP function. New take z,y € S and the value with respect x, y is
given as follow

i) = / (L(x(t), (1), £))dt

b
W) = [ (Wo.gt0). )i
since L is convex on the first two component, we have

take integral to both sides and we get

/bL()\x A= Np i+ 1=Nigt) < /b MLz, 3.8) + (1= Ly, 3.1)

this implies J is convex.

Proposition 2.1. (Necessary and sufficient optimal conditions)
L: R x Rx[a,b] = R be continuous and continuously partially differentiable
with respect the first two components and xy be an optimal solution of the

(VP)

b
mxin J(z) = / (L(z(t), (t),t))dt

st.S = {zeCa,b] | z(a) =a, 2(b) =5}
i If the ELDE condition holds

ii L is convex with regard to the first two components forallt € [a, b(i.e
if the Heissiean matrix of L with regard to the first two components is
positive semi-definite Vt € [a, b]).

then x( is the optimal solution of the V P.

Theorem 2.3.1. Let L be convex with regard to the first two components
Vt € [a,b]. Then zy € S is a minimizer point of J on region S if and only if
Zo 1s a solution of ELDE.
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Proof. i Let xyp be a minimizer of J on space S. Then by the Thorem
2.2.1 ELDFE holds

ii Let now the ELDE be true for xg by (i). Let; L, = L,(xo,%o,t) and
L; = Li(zo,%o,t), t € [a,b], then from the validty of ELDFE we have

d
L,(z,&,t) — %Lm(:c,:b,t) =0

Forue U= {u€ C'a,b] | u(a)=0,u(b) = 0}
/(Lx(x,x',t)—%Lx(x,x',t))udt _

b
/(Lx(w,i,t) - %Lx(x,ﬁﬁ,ﬂ)l&dt + Liulg = 0

b
/ (Lyu + Lgu)dt = 0

J/(.I‘o, U) =0

This implies J'(zg,u) = 0 >0, Vu € U. If we set = xg + uthenu =
x — o there fore we get J'(zg,z — x¢)Vx € S By the characterizing
theorem of convex optimization ,we have that g is the minimizer point

of J on space S.
O

2.4 Variational problems with free end points

Let L be continuous and continuously partially differentiable with regard to
the first two components. Then we assuming the following V' P With one free
end point:

b
mmin J(x) = / L(x(t),x(t),t)
st D={xe€Ca,b] | z(a) = a}

With value of left boundary point is known, but the value of the right
boundary point is not known(free). Simply D is a linear manifold in the
vector space Cl[a, b] In order to place a necessary conditions for the solution
of the problem, we assume that we have already found a solution xy(t) of
(PV)

LetS={xe€D : z(b) =x0(b)} C D
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that is, D = {z € C'[a, ] | z(a) = o, zo(b) = x(b)} If ¢ is a minimum point
of J on the region S (as in the VP with fixed end points) ELDE holds,
that is %Li(xo, Zo,t) = Lg(wo,Z0,t) is a necessary condition for zy to be a
minimum point of J on the region S. More over the continuity of L, implies
the continuity of %Liﬂ. We consider the subspace

V = {vec1)ab] | v(a) =0}

As in section (2.1) for z to be a minimizer point of J on the region D then
following equation must hold

b b
0= J(zg,w) = / (Lx(x,x',t)v—%Lx(a:,x',t)O)dt :/ (Lw(x,x',t)—iLi(x,x',t))vdt—|—L¢U|Z

dt
because of P
L,——L, =0
dt Y
, this implies
Lol =0

= Li(0(b), 20(b), b)v(b)) — La(wo(a), Zo(a), a)v(a)) = 0
L;i(xo(b), 2o(b),b)v(b) =0, sincev(a) =0
Yo € V then, Li(zo(b),Zo(b),b) =0, Sincev(b) >0

We call this condition transversality condition(TR).

Theorem 2.4.1. (Necessary and sufficient optimality conditions) Let L be
continuous and continuously partially differentiable with regard to the first
two components and xy be a solution of the V P.

b
min J(x) = / L(x(t), (t), t)dt
st D= {x € Ca,b] | z(a) = a}
i If the ELDE and TR conditions hold and

ii L is convex with regard to the first two components forallt € [a, b(i.e
If the Heissiean Matrix of L with regard to the first two components is
positive semi definite forallt € [a,b]). Then z( is optimal solution of
the problem.

Then z, is optimal solution of the problem.
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2.5 Bolza problem

The following class of variational problem is called special Bolza Problem.
J(x) = g(x(a), a) + h(x(b),b) + [} L(x,&,1)

min J(z)
st xeS={reCablr(a) =1, z(b) =z}

Theorem 2.1. Let L be continuous and continuously partially differentiable

with regard to the first two components. if xo is minimizer of J(x) over S then

4 Li(zo, 20,t) — Ly (w0, T0,t) =0 (ELDE)

the following holds: . ag ST R IR
f g Li(xo(a), 2o(a), a) = g'(xo(a)), Li(xo(b),d0(b),a) = —h'(zo(b))  (TR)

Theorem 2.2. (Necessary and sufficient condition) Let g and h be conver,

K be convex set,L be convexr with regard to the first two components for each

t € [a,b].If for each o € K the conditions

4L Li(zo, 40, t) — Ly(wo, 0, t) =0 (ELDE)

Li(wo(a), #o(a), a) = ¢'(zo(a)), Li(zo(b),0(b),a) = = (xo(b))  (T'R)

Then xq is the minimum point of J(x) on K.
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Chapter 3

Optimal Control Theory

3.1 Introduction

Optimal Control theory is an area of applied mathematics that study about
the principles,laws, and desire of dynamic systems.The subject of Optimal
Control is concerned with dynamic systems and their optimization over time.
System is entity which respond to relevant inputs according to certain laws
such as physical laws. Dynamic system is a system that evolves over time
such as moving object, production process, population growth, etc.

Example 3.1.1. e Consider the moving object :- the trajectories are
x(t) = position at a time ¢ and x(t) = velocity at a time ¢ and the
input(control) is u(t) force at a time ¢ is Dynamic system .

e Consider the Manufacturing Firm :-the trajectories are x(t)= inventory
level at a time ¢ and z(t) = rate of change of inventory level at a time
t,and the control is u(t) = production level at a time ¢ is a dynamic
system.

Controlled Dynamics is when a suitable external force (input), called
control, is applied to influence (or regulate) the dynamics to achieve a desired
goal. Let the system is given by

o(t) = x(t) t>0
z(0)=1 =zat)=¢e,t>0

Can we influence the dynamics/ motion of this system so that z(1) = 0.For
instance, if a control u is included to the above dynamics as:

o(t) =x(t) +u 0<t<l1
z(0) =1 = z(t) =€t >0
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et—e

we find a constant u so that z(1) = 0 as u(t) = 1% and 2(t) = =
Letting x(t) to be the quantity of interest at time ¢, a continuous time
dynamics is modeled by a differential equation of the form:

(t) = Y(x(t),u,t) t>0 (ODE)
x(0) =z (1C)

x(t) is called state of the system.

In Optimal control theory we need to obtain a control w(¢) which forces
the state z(¢) from initial state to the desired terminal state where and
u(t) = control variable which are related by a differential equation. & =
Y(z,u,t),t € [a,b] where u(t) € A, for some non empty set A called the set
of admissible control. A optimal control problem is used to obtain a control
u(t) and the corresponding trajectory z(t) over [a,b] such that (x(t),u(t)) is
a solution of a differential equation

Definition 3.1.1. A Optimal Control problem is used to characterize a
control function u(¢) and the corresponding trajectory function z(t) over the
interval time horizon [0, 7] such that (z(t), u(t)) is a solution of a differential
equation
(t) =¢Y(z,u,t) 0<t<T (ODE)
z(0) = o, x(T)=xzpr (IC)
u(t) e A 0<t<T

where z(.) is a piecewise smooth function and u(.) is a piecewise continuous
function

One often interested not merely in finding arbitrary control u(t) and the
corresponding trajectory x(t) that solves the control problem but wishes to
do so in a "best” possible manner say minimize the cost associated with the
operation

In general, the subject of Control Theory is by itself a wide area in applied
mathematics which deals with the principles(laws), analysis, and design of
control of a dynamic system. There are various issues that need investigation
in the subject of control theory. Controllability is among these issues. The
controllability question is: Given a dynamic system with a state equation
& = ¢(x,u,t). can we bring the state of the system from its current state
o to an arbitrary prescribed target state x; by applying some admissible
control A over a finite time? i.e., does there exist an admissible control w(t)
that steers the system from initial state xo to a given terminal state xr by
some time 77 If an admissible u exists, the system is said to be controllable
and the problem is to find such u(t) or characterize it. In Optimal Control we
assume that the system is controllable (with various alternative admissible
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controls) and our concern is to find the best control among those admissible
controls.

3.2 Optimal Control Problems [OCP]

Solution of a control problem depends on the choice of the control u. consider

the CP
T=r+u 0<t<1

z(0)=1,2(1) =0 If u is constant,the solution of this CP is
u(-) € €0, 1]

u(t) = 1% and x(t) = 6 —< If we choose an exponential u, then the solution

isu(t) =e " and z(t) = (1 —t)e',0 < t < 1.0ther types of the control u can
lead to other possible solutions. So, a natural question is what is the best
control? In deed, one often interested not simply in finding certain control
u(t) that solves a control problem, but wishes to do so in a best possible
manner, say, minimize the total cost of operation.

Suppose the cost of exerting a control u(t) while the system is in state x(t) at
a time t be f(z,u,t), then the total cost over [0,T] is given by fOT f(z,u,t)dt.
Thus the OCP that solves an optimal control u(¢) and the corresponding
trajectory x(t) is given as:

min fOT [, u,t)dt

st &=z, u,t) t€[0,T]
z(0) = xg, 2(T) = zr
u(t) € A te0,7)

This is called the OCP with fixed endpoints. If the end condition x(7T") = xr
is not prescribed, then it is called the OCP with free endpoint or free at right
side..

Remark 4. A variational problem can be converted into OCP consider the
following variational problem and setting u(t) = 2(t) :

min fOT Lz, &, t)dt
st x(0) =z, x(T) = zr

Thus, the corresponding OCP is :
min fOT L(z,u,t)dt

st @ =u,tel0,T]
x(0) =z, (T) = zp
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3.3 Optimality Conditions for OCP

In this section we study a method to characterize and solve OCP of the
following type:

min p(x O),a:(T)—i—fO flz,u,t)d

= xut) tE[O,T]
.) € PWSJo,T]
)C PW

Co,T]

E

3.3.1 Lagrange Approach for OCP

To characterize the optimal control ©* and corresponding optimal trajectory
x* that solves the OCP with free endpoint(fE) of the form:

min fOTf(x,u,t)dt
st &=v¢(z,u,t) (ODE)
z(0) = zg (1C)
ut)e A 0<t<T

and with Fixed endpoint(FE) of the form:

(OCPyp)

min fOT f(x,u,t)dt

st = Q/J(SL’, u, t) <ODE)
(OCPpg) x(0) = xo,2(T) = a7 (BC)
u(t) € A 0<t<T

In Lagrange method or approach, corresponding to the (ODE) constraint,
we take a piecewise smooth function A : [0, 7] — R", called costate function,
and define the following Lagrange function: L(z,&,u,\t) = f(z,u,t) —
Mp(z,u,t) + Ax, Then, the corresponding Lagrange functional is

T
Sa(w,u) = / L(z, &, u, \ t)dt
0
That is, the Auxiliary Lagrange Problem for the given (OCPyp) is

min  Fy(z,u)
(ALP) st xz(0) = x (1C)
ult)e A, 0<t<T

The Auxiliary Lagrange Problem for the given (OCPpg) is

min Sa(x,u)
(ALP) st z(0) =xzp,z(T) =27 (BC)
u(t) € A, 0<t<T
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The relation between the (OCP/g) and (OCPpg) to (ALP) is given in
the following Lemma.

Lemma 3.3.1. (Lagrange Lemma) If (u*,z*) are optimal solutions of the
ALP, for some \, and satisfy the ODE, then u* is an optimal control and
x* is the corresponding optimal trajectory (optimal state) for the OCP.

So, to characterize the optimal control u* and corresponding z* for the
OCP, it suffices to characterize optimal solutions of the ALP that satisfy
the ODE.In order to characterize the solutions u* and z* of the OCP, the
Lagrange approach looks for the following three conditions:

1. First take = and A (say x = x*, A = \*) as fixed parameters, then find
the conditions on «* that minimizes the Lagrange

T
Sa(x* u) = / L(z*, &, u, \*, t)dt
0
over A. This will be handled by Pontryagin min (max) Principle.

2. take u and X as fixed parameters, (say, v = u* and A = \*), find the
conditions on z*(.) that solve the problem:

min  L(x, &, u*, \*, t)dt

s.t z(0) = xg (1C)
u(t) € A, 0<t<T
This is VP with free Endpoint. So, ( ELDE) and (TR) will be applicable

to it.
min  L(z, &, u*, A", t)dt
st x(0) =z, x(T) =20 (BC)
u(t) € A, 0<t<T
This is VP with fixed Endpoint. So, ( ELDE) and (BC) will be
applicable to it.

3. u* and corresponding z* that result from (1) and (2) should satisfy the
ODE: & = ¢(z,u,t) and IC: 2(0) = .

Theorem 3.1. Let x and X\ be fized. u*(.) € A is a minimizer of §x(x,u) =

fOT L(z, &, u, \ t)dt if and only if u*(.) is minimizer of L(x, &, u, A\, t) over A.

Proof. (=)By contrary, suppose there is some @ € A such that L(x, &, 4, A\, t) <
Lz, u* M), [ Lz, @0, t) < [i L(z,@,u", A1), §a(z, @) < F(z, )
which is contradiction to u* is optimal point for §(z,u).

(<) suppose u* be optimal point for Fx(z,u) over A. then Fi(z,u*) <
Sx(z,u) for all w € A. hence,L(z,%,u*, \,t) < L(z,&,u,\t) for all u €
A. O
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Recall that L(z,&,u, A\, t) = f(x,u,t) —¥(z,u,t) + Ax. This implies that u*
mathcal A minimizes L(x, &, u, A, t) over A if and only if «* minimizes f(x, u,t)—
Y(x,u,t) over A. To simplify the description of optimality conditions, we
define the following function corresponding to the OCP:

H(z,u, A\ t) = f(x,u,t) — (z,u,t)
called Hamiltonian function for the OCP.

Definition 3.3.1. Given an Optimal Control problem OCP

min fOT [z, u, t)dt
(OCP) st T =1(x,u,t) (ODE)
z(.)eS,ul.)e A (IC)

we define the Hamiltonian of the OCP by
H(ZL‘, u, )\7 t) = f(xa u, t) - w(fl% u, t)
where z(.) € S, u(.) € A, A(.) the costate function, t € [0,77] .

Note that from Theorem (3.1), the definition of H and the above definition,
u* is a minimizer of §x(z,u) over A iff u* is a minimizer of H(x,u, \,t) over
A. Therefore, we have the following Theorem.

Theorem 3.2. (Pontryagin Minimum Principle) By considering x and X
as fized parameters, if u* € A is a minimizer of §x(x,u) over A iff u* is a

minimizer of H(x,u, \,t) over A. That is, H(xz,u*, \,t) = HSll;l H(z,gaj\l,t)

Proof. m

Assuming we have optimal control u*, we look for the conditions on
corresponding optimal, trajectory z* Situation (2) and (3)

Theorem 3.3. (Hamiltonian Dynamics) Let u* be an optimal control and
x*(.) is the corresponding optimal trajectory for the above OCP, then there is
a co-state \*(.) such that z*(.) and A\*(.) are solutions of the following ODE

A= H,(x,u*, \t) ... (ADJ)
ANT) =0 .. (TR)
T =(z,u*,t)) ... (ODFE)
z(0) = xo (1C)
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Proof. As stated in description of Situation (2) above, z* is a solution of the
VP :

min [ Lz, &,u*, \*, t)dt

s.t z(0) = zg

L(z,#,u,\t) = H(z,u,\,t) + \i = L, = H, and L; = \. By (ELDE)
gives that A = H,(x,u*, \*,t) and from (TR) of VP with free end, gives that
L;(T)=X\T) =0. O

Thus, collecting the above results together the necessary optimality conditions
for the OCP with Free Endpoints:

min fOT [, u,t)dt
st ©=1¢(z,u,t) (ODE)
x(0) = xg (1C)
u(t) e A 0<t<T

(OCP)

where the Hamiltonian is H(z,u, A\, t) = f(z,u,t) — \)(x, u,t) .

Theorem 3.4. (Necc. Opt. cond. for the (OCPyg)) If u*(.) is an optimal
control and x*(.) is corresponding optimal trajectory of the above (OCPyp),
then there is a costate A*(.) such that the followings hold:

A. (PMP) u*(.) is the minimizer of H(x*, u, \*,t) over A.

A= Hy(z,u*, \t) ...— (ADJ)

. . : S AT)=0 ..~ (TR)

B. z*(.) and X*(.) are solutions of : b = (1) . (ODE)
z(0) = zo T (1C)

Theorem 3.5. (Necc. Opt. cond. for the (OCPrg)) If u*(.) is an optimal
control and x*(.) is corresponding optimal trajectory of the above (OCPrg),
then there is a costate \*(.) such that the followings hold:

A. (PMP) u*(.) is the minimizer of H(x*, u, \*,t) over A.
A= Hy(x,u* \ 1) (AD.J)

B. x*(.) and \*(.) are solutions of : & = (x,u*,1)) ...—~ (ODE)
z(0) =xg,z(T) =27 ...— (BC)
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3.3.2 Bolza Optimal Control Problem

To characterize the optimal control v* and optimal trajectory z* that solves
the Bolza OCP with Initial and terminal cost of fixed endpoint.

min o(2(0),2(T)) + fi f(z,u,t)dt
s.t & =(z,u,t), t €[0,T]
z(0) =z, x(T) = xr
u(.) e A

(BOCPrp)

To characterize the optimal control u* and optimal trajectory x* that solves
the Bolza OCP with Initial and terminal cost of free endpoint.

min o (z( ) + fo (x,u,t)d
(BOCP,;) %! i ¢%£ﬁi;€m7q
u(.) € A

Using Lagrange method, exactly as described in Section (3.3.1), with L(x, &, u, A\, t) =

f(z,u,t) — Mp(x,u, t) + A, and the Lagrange functional

Salz,u) = p(x(0),2(T)) + /0 L(x, &, u,\, t)dt

Let o(x(0), z(T))=g(x(0),0)+ h(x(T),T) Then

Sa(z,u) = g(2(0),0) + h(x(T),T) —i—/o L(x,2,u, \, t)dt

all previous results hold , except now the Situation 2 is take v and A as fixed
parameters, (say, u = u* and A = \*), find the conditions on z*(.) that solve
the problem:

min ¢(z(0),0) + h(z(T),T) + L(z, &, u*, \*, t)dt
s.t ( ) = 950 (IO)
u(t) € 0<t<T

This is Bolza VP with free Endpoint. So, ( ELDE) and (TR) will be
applicable to it.

), T) + Lz, 2,u*, \*, t)dt
o Uﬁsz (BC)
() 7 O0<t<T

min  g(x(0),0) + h(x(T
s.t z(0) =
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This is Bolza VP with fixed Endpoint. So, ( ELDE) and (BC) will be
applicable to it. Thus, given BOCP with initial and terminal cost of the
form :
min (2(0),2(T)) + fi| f(z,u,t)dt
s.t & =Y(z,u,t), t €0,T]

z(0) =z

u(.) € A

and letting the Hamiltonian: H(z,u, A\,t) = f(z,u,t) — Mp(z,u,t) , we have
the following necessary optimality conditions:

(BOCP,p)

Theorem 3.6. If u*(.) is an optimal control and x*(.) is corresponding
optimal trajectory of the above (BOCPyg), then there is a costate \*(.) such
that the followings hold:

A. (PMP) u*(.) is the minimizer of H(x*, u, \*,t) over A.

A= H,(z,u*, \,t) ..— (ADJ)
B. z*(.) and \*(.) are solutions of : i(z>wjszﬁ‘ig§§T)) : (O<17;ER;
z(0) = xg "= (1C)

3.3.3 Sufficient conditions for OCP

Theorem 3.7. (Necessary and sufficient optimality conditions) Let L be
continuous and continuously partially differentiable with regard to the first
two components and x* be a solution of the (VP )with Fized endpoint

min fab L(x, &, t)dt
st xe8={xeCla,bl:x(a)=1x, z(b) =x}

e [f the ELDE condition holds and

e L is convex with regard to the first two components for allt € [a,b] (i.e
If the Hessian matriz of L with regard to the first two components is
positive semi definite for all t € [a,b] .

Then x* is optimal solution of the problem.

Theorem 3.8. Let L be convex with regard to the first two components for
all t € [a,b]. Then z* € S = {x € C'a,b] : z(a) = x4, x(b) = x} is a
minimum point of L on 8 = {z € C'a,b] : x(a) = x4, z(b) = x3} if and only
if x* is a solution of ELDE.
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Theorem 3.9. Let L be continuous and continuously partially differentiable
with regard to the first two components and x* be a solution of the (VP)with
free endpoint

min fab L(z,&,t)dt
st z€8={reCa,b:x(a)=umax,}

e [fthe (ELDE) and (TR) condition holds and

e L is convex with regard to the first two components for all t € [a,b] (i.e
If the Hessian matriz of L with regard to the first two components is
positive semi definite for allt € |a,b] .

Then x* is optimal solution of the problem.

Theorem 3. 10 Let o(x (0) x(T))=g(x(0),0)+ h(z(T),T) Then Fr(zx) =
g(2(0),0) + h(z —l—fo (z, 2, \, t)dt on § = {x € C'a,b] : z(a) =
Zq, (b)) = xp}. Let g and h be convexr, S be convex set,L be differentiable
and convex with regard to the first two components for each t € [a,b] (i.e If
the Hessian matrixz of L with regard to the first two components is positive
semi definite for all t € [a,b] ) .If for each x* € S the conditions

e [f the (ELDE) condition holds and
e (TR) condition holds i.e L;(x(a),x(a),a) = g.(z(a)) and Ly(x(b),z(b),b) =
—ha(2(D)).
Then x* is optimal solution of the problem on S .

For convex(or partially convex)problems the Characterizing theorem of convex
optimization can be used in order to get sufficient conditions.The following
special case is particularly easy and many practical OCP have this structure.Let
L(z,%,u, \t) = G(x, %, \t)+W (u, A, t). We will denote this types of problems
as separated problems. Now consider the following optimization problem :

b
S(x,u):/ fx,u,t)dt
in

m §(x,u)
(LOCPyg) st & =1(z,u,t)
r(a)=z, u(.)eA

And the corresponding Lagrange problem is:

b
Sa(z,u) = / (f(z,u,t) + A — Mp(2, u, t))dt =

So we have the following types of optimization problems:
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min  Fa(z,u) = f; G(x, &, \Xt) + W (u, A\, t)dt
s.t x(a) =z, u(.)e A

(Separated Problem)

min g(z) = fab G(z, &, \t)dt
s.t z(a) = x, u(.) e A

(Variational problem)

min  w(u) = f; W (u, \, t)dt

s.t z(a) = x, u(.) e A
(Normal optimization problem)
Theorem 3.11. Let Fy(z,u) = fabG(:L',:i:, At) + W(u, A\, t)dt — min is
separable control problem. If x* is a solution of Variational problem g(x)

And u* is a solution of Normal optimization problem w(u) then (x*,u*) is a
solution of Separated Problem §y(x,u).

Proof. O

3.4 Linear optimal control problems

In this section we consider optimal control problems, where the functions ¢
and f are linear with respect to x and wu,and the differential equation is also
linear. That is optimal control problem of the following type:

b
F(z,u) = TT(b) +/ (cTx 4 d"u)dt

min S(z,u)
(LOCPfE) st & =Ax+ Bu,t e [a, b]
z(a) =z, u(.) e A=[-1,1]

This type of problem is called Linear Optimal Control problem. Then we get
the lagrange function

L(z,&,u,\t) = " o+d ut+ N (i—Ar—Bu) = ' 24+ T2\ Az+d"u—\"Bu
So,we have G(z,2,\,t) = cTo + M@ — M Az And,also, W (u, \,t) = dfu —

M Bu. Obviously G is convex(since it is linear) with respect to the pair of
variables (z, &) and W is also convex (since it is linear) with respect to u.
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Theorem 3.12. If u*(.) is an optimal control and x*(.) is corresponding
optimal trajectory of the above (LOCP;yg), then there is a costate N*(.) such
that the followings hold:

A. (PMP) u*(.) is the minimizer of H(x*, u, \*,t) over A.
A=—AT\+c¢ ..— (ADJ

)
B. z*(.) and \*(.) are solutions of : ;\(i) Xx_—kTBu : (O(ggg
CL'(CL) = Tq — (]C)

3.5 Quadratic optimal control problems

In this section we consider optimal control problems ,where the functions ¢
and f are quadratic with respect to x and w,and the differential equation
is linear. That is problem of the following type: §(x,u) = 327 (b) A\ z(b) +
YTz(b) + f:(%xTC'x + 'z + 2w Dx + dTu)dt

min Sz, u)
(QOCP;p) st &= Ax+ Bu,t € [a,b]
z(a) = x, u(.) e A

This type of problem is called Quadratic optimal control problem.Then its
Lagrange function is given by

L(z,i,u,\t) = 127Cx+ Tz + 2w Dr + d"u+ N'(& — Az — Bu)
= LTCx+ o+ N(¢ — Az) + 2u" Dz + d"u — A" Bu

So, G(z, @, A\, t) = a7 Cu + "o + N (& — Azx) W(u, A\ t) = su” Dx + d"u —
AT Bu Obviously G is convex with regard to z and &, W is convex with regard
to u. So we have a sufficient condition for (z*,u*) to be a solution of our
optimal control problem.

Theorem 3.13. If u*(.) is an optimal control and x*(.) is corresponding
optimal trajectory of the above (QOCP;y), then there is a costate X*(.) such
that the followings hold:

A. (PMP) u* = D™'BTX — D~'d, over A.

A=Cz—A"\+¢ ..— (ADJ)
—_— T —
B. z*(.) and \*(.) are solutions of : )\(b)g +/\B f r . : (O<g§;
&= Az + Bu .
z(a) =z, "= (1C)
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So From Theorem (3.13) we have the following system of differential
equation
&= Az + BD"'BT\ — BD'd,
A=Cz—ATA +¢,
z(a) = x4, and \0) = — N 2(b) —

x A BD~™ 1BT —BD'd
A c
x(a) = x4, and A(b

The above system of differential equation is differential equation with boundary
value problem If we have the solution (x*, \*) of this system of differential
equations,then we can calculate the control function u* by substitute A* in
the equation u* = D™'BT\* — D71d.

If A\ = 0,we have optimal control problem of the form: §(z,u) = YTTz(b) +
[P(3a"Cx + Tx + 2T Da + du)dt

min Sz, u)
(QOCP,;;) st &= Ar+ Bu,t € [a,b)
z(a) = x, u(.) e A

So From Theorem (3.13) we have the following system of differential equation

&= Ar+ BD'BT\— BD™d,
AN=Cz— AT\ +c,
z(a) = x4, and A(b) = =T

#\ (A BD'BT\ («\  (-BDd
A)\C AT A" c
z(a) = x4, and A(b) = =T

The above system of differential equation is differential equation with boundary
value problem. If we have the solution (z*, \*) of this system of differential
equations,then we can calculate the control function u* by substitute \* in
the equation u* = D™'BT)\* — D71d.

From the quadratic control problem,if T = 0,c = 0,and d = 0 then we get
F(z,u) = 227 (b) Az(b) + ff(%xTC'x + sul' Dz)dt

min Sz, u)
(LOCPsg) st &= Ax+ Bu,t € la,b]
z(a) =, u(.) € A=[-1,1]

35



which is called Linear-Quadratic optimal control problem.
So From Theorem (3.13) we have the following system of differential
equation
(i = Az + BD'BT),
A= Cz— AT ),
(z(a) = 24, and A\(b) = =7

=) ()

z(a) = x4, and A(b) =0

The above system of differential equation is differential equation with boundary
value problem. If we have the solution (z*, A*) of this system of differential
equations,then we can calculate the control function u* by substitute A* in
the equation u* = D' BT\ *.
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Chapter 4

Numerical Implementation for

QOCP

Using Pontryagin’s minimum principle, optimal control problems are converted
to two point BVP.

Yy =F(t,y,\),y(0)=A
N =G(t,y,\),\T) =B

There are many ways of solving two point BVP but for this project we will
be using the shooting method technique. Here the above two point BVP
convert to an IVP.

y' = F(t,y,A),y(0) =
N = G(t,y, \), \(0) =

Since guessing is not very efficient we will use an ODE solver to solve our IVP
at each guess. We can then implement a root finding algorithm to approach
the correct solution after the first initial guess on the IVP. We can relate
this process to root finding by defining the shoot function. Note A(«,t) is
the solution to the IVP at time ¢. Then the shooting function to be defined
as f(a) = Ma,T) — B. For each root finding algorithm method there will
be a corresponding shooting method if we combine the root finding method
and compute the shooting function.

Example 4.0.1. Find the optimal state function and the optimal control
function of the following quadratic optimal control problem.

"1 1
Tz, u) = YTz (b) + / (§xTC'x +cfr + éuTDx)dt
0
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min Sz, u) 10
st &= Ax+ Bu,t € [0,1] WhereA:(O 1>,B:
#(0)=(5.3)T  u()eA=[-11]

o) e=olo )=o) =)

Solution 4.0.1. Since the given optimal control is quadratic optimal control
problem with d = 0 from the Minimum condition, we have

17y (11 A1
e 5 )

(I). From Validity of ODE:

. . —1pTy __ 1 -1 )\1 i -1 0 T
t = Ax+Bu = Ax+BD B)\_Aq:—i—(_l 1><)\2 =lo 1) la +

(IL.) From Validity of (EIDE) we have :

\ T - 10 T . -1 0 )\1 1
e mees (0 () (2 ) ()
(III.) From TR and (IC) Condition we have

2 —1 -1

A1) =T = ( 3 ) and 2(0) = (5=, )T

3

So,we let’s solve the following system of differential equations
( (=1 0\ (& 1 -1\ (A
T = + ,
0 1 ) -1 1 )\2
/-\ _ 10 T B -1 0 )\1 i 1 7
0 1 i) 0 1 )\2 0
=1 =2
z(0)= (2|, and X1) = [ 2
\ 3 3

This system of differential equations can be write as

0
1
0

( [iy -1 0 1 -1\ /n 0
B2 | _ 1 -1 1 I 0
M 0 1 0 M 1
Xo 1 0 =1/ \\ 0

) ( ) ()
A2(1) =

O)
L 0



Now,First obtain the solution of the homogeneous system part:

10 1 -1\ [z

a0 1 -1 1| [

(332)_ 1 0 0N
0

To find the solution of the homogeneous system part first compute the
eigenvalues the matrix for the homogeneous system par of the system. let
|A — aly|| = 0 ,which is

—1—-a 0 1 —1
0 l—a -1 1 . 3,2 — (o 2_9)) —
1 0 1-a 0 =0= (a—1)(a’+a*—3a—3) = (a—1)(a+1)((a*=3)) =0
0 1 0 11—«
Hence oy = 1, as = —1, a3 = v/3 and a3 = —/3 are the eigenvalues the

matrix for the homogeneous system par of the system.we have to solve the
following

—1—« 0 1 -1 U1 0
0 l—a -1 1 vl |0
1 0 1—« 0 vs|] |0
0 1 0 -1 -« Uy 0
For a = —1,we have
00 1 -1 U1 0 -2
02 -1 1 |[w| 1o o]
10 2 0| lw| o787 1]¢
01 0 0 Uy 0 1
For @ = 1,we have
-2 0 1 -1 U1 0 0
0O 0 —-1 1 ve | |0 2]
10 0 o |fw| T lo]T™T1]C
0o 1 0 -2 on 0 1
For a = \/g,we have
-1-v3 0 1 —1 v 0 1—-+3
0 1-v3 -1 1 s 0 1+V3 | o
pu— K pu—
1 0 1-v3 0 Vs of =" 1 €
0 1 0 —-1-+3 on 0 1
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For a = —\/g,we have

—1+v3 0 1 -1 vy 0 1++3
0 1+v3  —1 1 v | |0 I VR .
1 0 1+v3 0 | = o] T 8= 1 |°
0 1 0 —-1++v3/) \wu 0 1
So the general solution of the homogeneous system par of the system is given
by
1 (t) —2 0 1-3 1++/3
x2(t) _ 0 —t 2 1+ \/§ V3t 1 - \/§ —V3t
NG ar | 1 |e¢ +as 1€ +as q e’ tay q e
Ao(t) 1 1 1 1
x ky
To obtain the particular solution of the system suppose ;E\Q = ZQ This
1 3
Ao ky
implies that
ki 10 1 -1\ [k [0 0 10 1 -1\ [k
kBl 10 1 -1 1 k:2+O:>O_01—11 k2+
k] 11 0 1 0 ky 1 of {1 0 1 0 Ky
k4 0 1 0 -1 ko 0 0 0 1 0 -1 ko
0 —ki1 4+ ks — k4 0 —ki+ ks — ky 0
Ol | ke—ks+ky . 0 N ko —ks+kys | | O
0 ki + ks 1 ki + ks -1
0 kz + k’4 0 k? + k4 0
Hence, k1 =0, ks =0, k3 = —1 and ky = 0,
T kl 0
T . k‘g . 0
Ml LA | -1
Ao ky 0
So, The general solutions for the system of differential equation
1 (1) —2 0 1-+/3 1++3 0
wa(t) | 0 —t t 1++/3 V3t 1-3 —V/3t 0
(D) =ar| | |e€ +as 1 e +as 1 e tay 1 e + 1
Ao (1) 1 1 1 1 0
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(21(t) = —2a1e7" + as(1 — V/3)eV3 + ay(1 + V3)e V3,
To(t) = 2age’ + as(1 + v/3)eV? + ay(1 — v/3)e V3,

(21(0) = —3,22(0) = —3
apd
A (1) = are™! + age! — azeV3t — qqe V3 — 1,
Xo(t) = are™! + azel + azeV3 + age V3, When we solve the above

\)\1<1) = _?27)\2<1) = _?2

system of linear equations,we obtain the following results a; = 1.4, ay =
12.3, a3 = —0.2 ;and a4 = —0.4 Hence,

Ai(t) = 14e~! + 123! + 0.2¢V3 4+ 0.4e~V3 — 1,
A3(t) = 1de ' +12.3¢! — 0.2eV3t — 0.4~ V3t,

But from Minimum condition we have, v* = D~!BT\*

up) _ (A=A
us) 0
wi(t) = —24.3¢7V3 0.8V — 1,
O
us(t) =0,

Hence The optimal control function and the optimal state function of the
problem are:

(21(t) = —2.8¢71 — 0.2(1 — V3)eV3 — 0.4(1 + V3)e V3,
25(t) = 24.6¢" — 0.2(1 + v/3)e¥3 — 0.4(1 — /3)e™ V31,

wi(t) = —24.3¢7V3 4 0.8eV3 — 1,
(u3(t) =0,

Example 14. We consider the optimal control problem:

mind(u); J(u) = %fotf u?(t)dt

sitx(t) = —x(t) +u(t),u(t) € Rt € [0,1y]
:B(O) = Lo x@f) =y

withty =1,2,=—1, 2y, =0 and V(¢) € [0,¢f],z(¢) € R.
SOLUTION First application of Pontryagin minimum principle, we

1
have the Hamiltonian H(z,p,u) = p(—x + u) +p°§u2 and the Pontryagin
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w(t) = VpHIt] = —x(t) + u(?),
minimum principle { p(t) = =V, H[t] = p(t), where [t] = (z(t), p(t), u(t)).
0=V, H[t] = p(t) + p°u(t),
If p° = 0, then p = 0 by the third equation and so (p, p®) = (0, 0) which is not.
Hence any extremal x, p, p°, u given by the Pontryagin minimum principle is
said to be normal, that is p° = —1.. We do not consider the transversal
condition when the target x; is fixed. We can just retrieve the Lagrange
multiplier by the relation p(t;) = X. By concavity V, H[t] = 0 since we have
convex objective function and the control satisfies u(t) = u[z(t), p(t)] = p(t)
where we have introduced the smooth function on Rx R : ulz, p| = p. Second
we have the control in feedback form, we introduce the following smooth two
points BVP:

8
~~
o
S~—
I

To, S.tx(ty) = 2y

The unknown of this BVP is the initial covector p(0). Indeed, fixing p, =
p(0), then according to the Cauchy-Lipschits theorem, there exists a unique
solution denoted z(.z,, po) = (x(-, o, Po), P(-; To, Po)) satisfying the dynamic
2(t) = (—x(t) + p(t), p(t) together with the initial condition z(0) = (z,, po).
Here our goal is thus to find the right initial covector p, such that z(ts, z,,p,) =

xy. Thirdly solving the shooting equation; from p(t) = p(t), we get

p<t7 Lo, po) = etpo

which leads to

2(t, To, Do) = Posinh(t) + x.e".

Solving x(tf, o, po) = ¢, We obtain

—t
«  Tp—xo€
po_

2
= ~ 0.313
sinh(ty) e?—1

. To compute p}, we have solved the linear shooting equation
S(po) = mu(2(ts, o, p0)) — Tf = posinh(ty) + zpe ™ — zp

with 7, (x,p) = x. Solving S(p,) = 0 is what we call the shooting method.
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Conclusion

This paper tries to give optimal solutions of the variational problems and
OCP by using optimality conditions with shooting method. The optimal
solutions are summarized as follows.

a)consider variational problem:

min fabL(l’,i’,t)dt
s.t (x,2) € S

Let L is continuous and continuously partially differentiable with respect to
the first two arguments and let yg is a solution of the variational problem.
For yo to be a solution of the variational problem then (ELDE) and (TR)
condition(for the problem of free right end point) hold and if L is convex with
regard to the first two components for all ¢ in [a,b] then yq is the optimal
solution of the problem.

From the given practical examples of minimizing length of a curve and
minimizing surface area of solid revolution; variational calculus gives us
economical advantage interims of time and material resources.

Consider an optimal control problem:

min fab L(x,u,t)dt
st (x,u) €R

The necessary optimality conditions for *(¢) and u*(t) to be extremal functions
of the problem are the validity of

e Pontryagin minimum principle

e Euler Lagrange Differential Equation(ELDE) and Transversalis condition(TR)(for
the problem of free right end point).

e The ordinary differential equation(ODE)

And a sufficient optimality condition for the extremals x*(¢) and u*(t) to
be the optimal solutions of the problem is the convexity of the separated
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problems.i.e the convexity of g with regard to x and &, and the convexity of
W with regard to u. If these necessary and sufficient conditions are satisfied
then the extremals z*(t) and u*(¢) are the optimal solution of he problem.
In the case of Quadratic optimal control problems; the separated problems
g and W are convex with respect to (x, %) and u respectively(i.e a sufficient
condition holds). If the three necessary conditions are satisfied then the
extremals z*(t) and u*(¢) are the optimal solutions of the problem.

Using Pontryagin’s minimum principle, optimal control problems are converted
ton two point BVP. There are many ways of solving two point BVP but for
this project we have discussed the shooting method technique. The idea of
the shooting method is to convert the two point BVP into an IVP. It is
convenient to solve this IVP since it has one condition on one hand of the
interval and another condition on the other end of the interval; where we can
guess the condition at the beginning of the interval.
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