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Abstract

In this thesis we study the statistical properties of two-mode coherent and laser light
beams in a cavity coupled to two-mode vacuum reservoir. We obtain c-number Langevin
equations using the pertinent master equation. Making use of the solutions of the result-
ing c-number Langavien equations, we calculate the antinormally ordered characteristic
function defined in Heisenberg picture. With the help of this characteristic function, we
determine the QQ function for a two-mode coherent light as well as for a two mode laser
light. Then the Q function is used to calculate the mean and variance of the photon
number sum and difference.

On the other hand, using the aforementioned Q functions, we determine the Q func-
tion for the superposition of two-mode coherent and laser light beams. Finally, using the
resulting Q function, we obtain the mean and the variance of the photon number sum

and difference.
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Chapter 1

Introduction

There has been a considerable interest in the analysis of the statistical properties of two-
mode coherent and laser light beams. Coherent light is produced by a two-level laser
operating well above threshold. Coherent light has a number of different applications,
both in the scientific and non-scientific realms. Perfectly coherent light has Poissonian

photon statistics, with random time intervals between the photons [13].

A three-level laser may be defined as a quantum optical system in which three-level
atoms in a cascade configuration, initially prepared in a coherent superposition of the top
and bottom levels, are injected into a cavity coupled to a vacuum reservoir via a single-
port mirror [1l 2 B 8, O 111, 14, 15]. When a three-level atom in a cascade configuration
makes a transition from the top to the bottom level via the intermediate level, two pho-
tons are emitted. If the two photons have different frequency, then the three-level atom
is called nondegenerate three-level atom otherwise it is called degenerate [T}, 2] @, [10, [15].
Some authors have studied statistical properties of the light produced by a three-level
laser [[I]-[I5]]. It is found that a three-level laser produces squeezed light under certain

conditions [2],[8],[14],[15].

In this thesis, we consider a cavity coupled to a two-mode vacuum reservoir and driven



by two-mode coherent light. In addition, three-level atoms, initially prepared in a coher-
ent superposition of the top and bottom levels, are injected into the cavity. We first drive
c-number Langevin equations using the pertinent master equation. Employing the solu-
tions of the resulting c-number Langevin equation along with the correlation properties
of the noise forces, we calculate the antinormally ordered characteristics function with
the aid of which the Q function is determined. The resulting Q function is then used
to calculate the mean and the normally-ordered variance of the photon number sum and

difference of the two-mode light.

Finally, using the aforementioned Q functions we obtain the Q function for the su-
perposition of two-mode coherent and laser light beams. Moreover, we determine with
the aid of the resulting Q function, the mean and the normally-ordered variance of the

photon number sum and difference.



Chapter 2

Two-Mode Coherent Light

The first two sections of this chapter focus on developing c-number Langevin equations
and the Q function for a two-mode coherent light. In the last section, we seek to calculate

the mean and normally-ordered variance of the photon number sum and difference.

2.1 c-number Langevin equations

We now obtain c-number Langevin equations, associated with the normal ordering, for a
two-mode coherent light in a cavity. The master equation for the cavity modes driven by a

two-mode coherent light and coupled to a two-mode vacuum reservoir can be written as [§]

d
dt

where k is the cavity damping constant. The interaction of the cavity modes with the

5(t) = —ilH,, p(t)] + g[ZdﬁdT _atap — pata) + g[ziypiﬂ ~ Wby — pbTh,  (2.1)

driving modes can be described by the Hamiltonian
H, =ie(a’ —a+ bt —b), (2.2)

where ¢, considered to be real and constant, is proportional to the amplitude of the driving

coherent light modes. Using the above Hamiltonian the master equation for the cavity



modes driven by a two-mode coherent light and coupled to a two-mode vacuum reservoir

can be written as

d

~

K
a’

(t) = —e(ap—pa—a' p+pa’+bp—po+bt p—pbh)+ : (2apal —d*&ﬁ—ﬁamwrg(QBﬁBT—BTBp—ﬁBTé).
(2.3)

We use this master equation to derive the equations of evolution for the expectation values

of normally-ordered cavity mode operators. The time evolution of the expectation value

of an operator A, in Schrodinger picture can be expressed as [2]

d . dp(t) -
Ay =1 (Z—tA) (2.4)

Now taking into account Eq[2.3] along with Eq[2.4] one can write

d N . R R .
a@ = —cTrlapa — pa2 — a'pa + pata + bpa — pba + bl pa — pblal

+=Tr2apa’a — afapa — pataa) + gTr[zzSﬁBTa — bfbpa — pbTbal. (2.5)

K
2

Applying the cyclic property of the trace operation together with the commutation rela-

tions
[a,af] = [b,67 =1, (2.6)
[a,b] = [af,bT] = [a,bT] = 0, (2.7)
[a2,a!] = 2a, (2.8)
[a3,a1] = 3a2, (2.9)
we find
o) = ) +e. (2.10)

It can also be shown in a similar manner that

d » K
(0 = —5(b) +e, (2.11)
i( 2) = —r(a?) + 2¢(a), (2.12)

dt



d e .
T (0%) = —r(B) +2:(0), (2.13)
d o o R ~
o (@b) = —r(ab) + £[(@) + (b)) (2.14)
d ... At . .
—(@la) = —w(ata) +el(ah) + (@), (2.15)
C0) = —(BB) + el(B) + (B, (216)

The c-number equations corresponding to Eqs[2.10| 2.11], 2.12] 2.13], 2.14] 2.15], and [2.16],

which are in normal order, are

%@ = Sla)+e, (2.17)
d K

E<B> =50 +e, (2.18)
%<a2> = —kr{a?) + 2¢(a), (2.19)
S = () + 2:(8), (2:20)
“{af) = —wlaf) + elfa) + (3] 221

oy :
S ata) = —wfata) +e(@’) + (o) (222)
U8B = —r(58) +<[(8%) + (3)]. (2.23)

On the basis of Egs. and we can write

%a(t} = —ga(t) +e+ falt), (2.24)
L) = —25(0) +2+ f5(0), (2:25)

where f,(t) and fz(t) are noise forces. The formal solutions of these equations can be put

in the form

a(t) = a(0)e 2" 4 / t e 2 O f () + )dt, (2.26)
0

B(t) = B0)e ™= + / e O L5 (1) + el (2.27)



We next seek to determine the properties of the noise forces f,(t) and fz(t). We note that

Eq. and the expectation value of Eq. as well as Eq. and the expectation
value of Eq. will have the same form provided that

(fa(t)) = (f5(t)) = 0. (2.28)

Applying the relation 4 (a?) = 2(aZa) along with Eq. we find

d

(%) = —r(0) + 25(a) + 2(a(t) fult)) (2.20)

Comparison of this equation with Eq. leads to
(a(t)fa(t)) = 0. (2.30)
On account of Eq. along with Eq. [2.30] we see that
(@(0)fa(B)e™ " + / DU L) + e =0, (231)

so that taking into account Eq. and the fact that a noise force at a certain instant

does not affect a cavity mode variable at earlier time, we have

[ s =0 2.32)
Now on the basis of the relation [2]
[ e Omawnat = o 2.33)
we assert that
(f(t)g(t))y =2D(t —t'), (2.34)

where a is a constant and D is a constant or some function of the time t. It then follows

{(fa(t)fa(t)) = 0. (2.35)

Similarly, we can easily establish that

(fa(t) fs(t)) = (fa(t') (1)) = 0. (2.36)



Furthermore, using Eq. and its complex conjugate, we have

%(a*a) = —w(a’a) +e[(a”) + ()] + (" () fa(t)) + (fo" (H)a(t))- (2.37)

Comparison of this equation with Eq. shows that

(@ () fa(t)) + (fo" (t)a(t)) = 0. (2.38)

Now taking into account Eqs. [2.26] and the complex conjugate of Eq. [2.26] we find

[ OGO L0) + O =0, (2.39)
50 that assuming (£2(t') fo(E))=(fa* (£) fu(t')), we have
[ Ol <o (2.40)
We then see that
() £ul8)) = o () ult)) =0 2.41)

In a similar manner, we easily find

(f3() fs(t)) = (fa(t) f5(t)) = 0. (2.42)

The results described by Eqs. [2.28] [2.35] 2.36] 2.41] and 2.42] represent the correlation

properties of the noise forces f,(t) and fz(t) associated with the normal ordering.

We next proceed to obtain the solution of the coupled differential equations and

2.25, we introduce a new variable defined by
Zy = at)£[*(t). (2.43)

Applying Eq. [2.24] along with the complex conjugate of Eq. we obtain

%zi = 57k + ez + fult) £ (1) (2.44)



The formal solution of Eq. can be written in the form [2]

Z.(t) = ZL(0)e™ 2! + /Ot e 2t [ede 4 fa(t)Ef3(t)]d(), (2.45)

so that with the aid of Egs. and we finally obtain

a(t) = Ara(0) + A_B*(0) + E(t) + Fy(t), (2.46)
B(t) = ALB(0) + A_a*(0) + E(t) + Fy(t), (2.47)
in which
Ay = %{egtiegt}, (2.48)
E(t) = Qf {1 — e—St} , (2.49)
Fi(t) = F.(t) + F_(t), (2.50)
and
Fy(t) = Fi(t) — F* (1), (2.51)
With
Fi— % /0 t { L)+ fﬁ*(t’)} ' (2.52)

2.2 The Q function

We now proceed to obtain the Q function for the system under consideration. The Q

function for a two-mode light can be expressed as

1 d*z d*n o orl8)—ror® (£)rr® B(£)—mG*
Qa, B,t) = 5/77@27”715)6[ (®) (O) "B —nB* ()] (2.53)

where

o(z,m,t)=Tr (/3(0)6Z*&(t)ez‘ﬂ(t)e"*B(t)e”wt)). (2.54)



is the antinormally ordered characteristic function defined in the Heisenberg picture. Em-

ploying the Baker-Hausdorff identity, we can rewrite Eq. in normal order as
¢(z,m,t) = e =TTy (ﬁ(O)ez‘ﬁ(t)e_z*d(t)e”i’f(t)e_"*i’(t)), (2.55)
so that the corresponding c-number equation is
o(z,n,t) = e_z*z—"*"<eza*(t)—2*a(t)+nﬁ*(t)—n*ﬁ(t)>. (2.56)

Now we can rewrite Eqgs. and as

a(t) =d'(t) + E(t), (2.57)
B(t) = B'(t) + E(1), (2.58)
where
o/(t) = Ay (t)a(0) + A_(t)5°(0) + F1 (D), (2.59)
B'(t) = AL (H)B(0) + A_(t)a” (0) + Fy(2). (2.60)

Now taking into account Egs. and along with their complex conjugates, we have
b(z,m,t) = e # = mHE=E = E() <6za’*(t)—Z*a’(t)Jrnﬂ’*(t)—n*ﬂ/ (t) > (2.61)

With the aid of Eqgs. and along with Eqs. 2.48] [2.50 2.51], and [2.52] the equation

of evolution of the expectation values of o/ and ' can be written as

d / R,y
(1) = —S (1)), (262)
d / _ Ko
S4B(0) = — S48 (1), (263)

We immediately see that o/(¢) and '(t) are Gaussian variables. In addition, on account
of Egs. [2.59 and [2.60] along with the assumption that the cavity modes are initially in a

vacuum state, we have

{a () = (B (1)) = 0. (2.64)
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Thus we observe that o/(t) and f'(t) are Gaussian variables with vanishing means. In

view of this, Eq. can be expressed as [2]

Qb(Z, n, t) — efz*zfn*nJr(zfz*Jm,n*)E(t) X exp |:<% (ZO/*(t) . Z*O/(t) + nﬂ/*(t) . n*ﬁ/(t)) >] ’
(2.65)
ozt = emp| =21 @ (0) ) + 5 (2 0) + at0))
v (1@ OF0)  nla 05" - E0))
e (e 057(0) = (@) + £
—rrn(1+ 08 0) + 5 (P00 + )
+E(t)n — E(t)n*} )
(2.66)
Now on account of Eq. we have
(@) = (A (H)a(0) + A_(1)8*(0))*) + 2((A4 (1) (0) Fi(1)))
+2((A-(1)87(0)) F1(1)) + (F1(t) Fa (1)),
(2.67)
assuming that the cavity modes are initially in a two-mode vacuum state, we have
(@) = (Fi(t) Fa(t)), (2.68)
with the aid of Eqgs. [2.50] 2.51], [2.52] [2.35] 2.36], [2.41], and [2.42] we finally obtain
(a'?) = 0. (2.69)

Similarly, we can easily verify that

(B72(t)) = (B*(t)a (1)) = 0, (2.70)
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’ ’

(o ()5 (1) = (F1(t)F3(t) = 0, (2.71)
(@ (1) (1)) = (F (D Fi(t) =0, (2.72)
(BB (1) = (F () Fa(t)) = 0. (2.73)

Hence on account of Eqs. [2.69] [2.70] 2.71] [2.72land [2.73| the characteristic function can

be put in the form

P(z,n,t) = e FHEE— EgmnntnE—nE (2.74)

Now using Eq. in Eq. [2.53, we have

Qa, B,t) = ! @Cp—nexp{—z*z +2(a—E)—z(a" — E)}

2 T om

xexp{—n"n+n" (8 — E) —n(B* — E)},

(2.75)
Now carrying out the integration with help of the help of the relation
d’a . 2 *2
—exp(—ac” o + ba + cax + Aa® 4+ Ba™*)
T
1 " abc + Ac* + Bb? >0
= — Xexw a
Ny R RV
(2.76)
the Q function is found to be
1
Qa, B,t) = —ep [E(a +a"+ 8+ 5 — (a"a+ p°6) — 2E2} .
(2.77)

2.3 The photon number sum and difference

In this section, we seek to calculate the mean and variance of the photon number sum and
difference of the two-mode light applying the Q function. The photon number operators
for the two modes are defined by

fe = a'a, (2.78)
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fiy = b, (2.79)

where n, and n; are the photon number operator for mode a and mode b.

The mean photon number for mode a can be written in terms of the QQ function as

Ny = /andZBQ(a,ﬁ.t)aa* -1, (2.80)
Thus substitution of Eq. into Eq. [2.80) we get
1 2
Mg = —e °F /d%d%[exp(—ﬁ*ﬁ—i—Eﬁ—i—Eﬁ*)><e:cp(—a*a+Ea+Ea*)(a*a—l)]. (2.81)
T

Eq. can be equivalently written as

1 2 0
Ty = ——26_2E Pa d*ad®p [exp(—ﬁ*ﬁ—i-Eﬁ—i-Eﬁ*) X exp(—aoz*oH—Eoc—l—Eoz*)} -1,
T a a=1
(2.82)
Upon carrying out the integration with the help of Eq. [2.76 we obtain
_ 0 1 E? 9
Ny = ——eaxp|—exp| — — F —1, (2.83)
da a a w1

Differentiating and applying the condition a = 1, the mean photon number for mode a

finally takes the form

Mg = B2 (2.84)

With the aid of Eq. [2.49] we can write
42 o\
o = — (1 - e2t) , (2.85)

and at steady state the mean photon number for mode a takes the form

o 4e?
Ng = ? (286)
With the same procedure, we can easily establish that
4 2
iy = — (2.87)

K2
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We are also interested in the mean of the photon number sum and difference of the

two-mode light. We define the photon number sum and difference by

fia (t) = fia(t) = (8). (2.88)

Upon taking the expectation value of Eq and applying Eqs. and the mean

of the photon number sum and difference can be written in the form

4?42
Aa(t) = — £ (2.89)

K2 K2

We next proceed to calculate the variances of the photon number sum and difference of

mode a and mode b. The variances of the photon number sum and difference are given
by
An = (32) — (ie)?. (2.90)
In view of Eq. [2.88, Eq. takes the form
Ani = An? + An} 4 2ng, (2.91)

in which

An? = ((a'a)?) — n? (2.92)
is the variance of the photon number for mode a,
An? = ((b'0)?) — n? (2.93)
is the variance of the photon number for mode b, and
ngy = (a'abth) — ngiy,. (2.94)

with 7, = (ata) and iy, = (b'b). Using the commutation relation [@.4T] = 1, we can write

An? = (a*a™) — a2 — 3n, — 2. (2.95)
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The first term on the right side of Eq. can be expressed in terms of the QQ function

as

(a%a'?) = /andQBQ(a, B,t)aa?, (2.96)
On account of Eq. 2.77, we have
1
(a%a?) = —2e’2E2 /d2ad26[exp(—ﬁ*ﬁ + EB + EB*) x exp(—a*a + Ea + Ea*)a*a?],
T
(2.97)
or
A2 At2 1 —2FE? 0 2 12 * * * *
(a*a') = ¢ Bm d“ad*Blexp(—p*F+ ES+ EB*) X exp(—ac*a+ Ea+ Ea™)]
a=1
(2.98)
Hence carrying out the integration, we get
02 E? + aE*
@) = 2 {xp(—ﬂ (2.90)
da? a el
Upon carrying out the differentiation and applying the condition a = 1, we get
(a*a™) = B* + 4E* + 2. (2.100)
With the aid of Eq. [2.84] we can write
(a*a™) = n2 + 4n, + 2. (2.101)
Now substituting Eq. [2.101]in Eq. [2.95] we obtain
An? = n,. (2.102)
Following the same procedure, we easily obtain
An} = my, (2.103)

and

Nap = N2 + Mg — My — Nl (2.104)
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Upon the combination of Eqs. 2.102] [2.103] and [2.104] the variances of the photon number

sum and difference to be
An% = fig + iy + 2[7ig + g — iy — Ty (2.105)

With the aid of Eqgs. [2.86 and [2.87, we obtain the variances of the photon number sum
and difference

An% = —. (2.106)



Chapter 3

Two-Mode Laser Light

In this chapter we seek to study the statistical properties of the light produced by a
nondegenerate three-level laser light. Three-level atoms intially prepared in a coherent
superposition of the top and bottom levels are injected into a cavity at a constant rate

and removed from the cavity after they have decayed due to spontaneous emission.

We first obtain c-number Langevin equations using the pertinent master equation for
the cavity mode variables associated with the normal ordering. Using the solutions of the
resulting c-number Langevin equations and the correlation properties of the noise forces,
we calculate antinormally ordered characteristics function with the aid of which the Q
function is determined. Moreover, we determine the mean and variances of the photon

number sum and difference for the cavity modes employing the Q function.

3.1 c-number Langevin equations

We now obtain c-number Langevin equations, associated with the normal ordering, for a
two-mode laser light in a cavity. The master equation for the cavity modes of a nonde-

generate three-level laser coupled to a two-mode vacuum reservoir can be written as [§]

16
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1 1 P -
AT §Apg?3 <2eﬁﬁa —aatp — paal ) + —Apg? <2bpbT —bbp — ﬁb%)

1 -~ -~ ~ 1 ~ ~ ~
—§p((l(? (Qeﬁﬁzﬂ —bfatp — pb*d*) — §p£2 (Qb,aa — abp — [)db)

1 1 [ o s -
+§/<;(2&ﬁdT —alap — pal a) + §K(ZbﬁbT —blbp — ﬁb*b),
(3.1)

where k is cavity damping constant
20°ra

A= R

(3.2)

is the linear gain coefficient. We use the above master equation to derive the equations of

evolution for the expectation values of normally-ordered cavity mode operators. To this
d,. dp(t) .
—(a) =Tr| ——= 3.3
g =1r("0a), (33

—(a) = —Ap(O)Tr (2a paa — aalpa — ﬁaafa)

end, employing the relation

and we obtain

+=(ApY) + K)Tr (2bpra — pb'ba — b*bpa>

1
—éApfw) [Tr(Qa pbfa — blatpa — pbfata )]
L o Dana aPan andn
—§Apca Tr| 2bpaa — abpa — paba
1 ssata — atasa — sataa
+§/£ Tr| 2apa'a — a'apa — pa'aa

(3.4)

Applying the cyclic property of the trace operation and the commutation relations



we get
d 1 1
206 = —=(k — Ao a) — = A0 (pt
(@) = =S (k= Apl)a) — S A (B,

Following the same procedure, it can also be easily verified that

d -

1
(0)

) = — 55+ AQ)B) + 5 AR,

a2 0) it

S = (s — Ad) @) — Ao e,

S0 = —(n+ ABDNP) + An (D),
d ot OViata) — 24,0 atity — L 4,040 (0
%<a CL> = _("i - Apaa)<a a> - _Apzzc <CL b > - éApca <6Lb> + Apaa7

o 1 .
) = (s + ApQ)p1E) + S ApDal) + Z A0,

S ath) = —3 26+ A9 — A {alh) + 5Apg?<a*2> - %Ap£2><82>,

2 2

A 1 - 1
@b = — 5 (25 + ApD — A ab) + 2 ApD (ata) — 2 ApD (D) + 3 A2

18

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)
(3.12)
(3.13)
(3.14)
(3.15)

(3.16)

We note that the c-number equations corresponding to Eqs. [3.9, B.I0[3.11] 3.12] B.13]

3.14} [3.15 and [3.16, which are in the normal order, are

d

Do) = 2 (5 — Ap) () — 540087
T48) = =5+ AdD)(8) + 5AnDa),
%) = (5 = Ap)(a?) — A2 (5%a),

S = ~(s + A + A ),
a*a) = (s — ApY)(a*a) — 2 (0" 5%) — £ Ap (af) + A2,

L8y =~ + 4B (B'5) + 5 AR (50) + 5 A0 (o),

(3.17)

(3.18)
(3.19)
(3.20)
(3.21)

(3.22)
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d, ..
E@é@—

(aﬁ> = —1(% + Ap0 — ApD)(aB) + Ap(o) (0Fa) — QApEfi’ (B*B) + %Apﬁf?- (3.24)

On the basis of Egs. and the complex conjugate of [3.18] we can write [2]

5+ ApD — A (@) + S AN ) — SANDE), (3.23)

Calt) =~ (5 — Ap)a(t) — L ApD (1) + fult), (3.25)
d
SB(0) = 55+ ABD)B (1) + S A at) + F3(0), (3.26)

where f,(t) and f;(t) are noise forces. The formal solutions of these equations can be put
in the form

t , 1
a(t) = a(0)e (AR / A A2 >><t—t>{fa<t'>—EAp;?ﬁ*wﬂdt', (3.27)
0

Br(t) = B7(0)e 3= An 4 / Bt doic) e~ ”[f( )+2Aﬂca <>}dt'. (3.28)

0
We now proceed to determine the properties of the noise forces. We note that Eq.

and the expectation value of Eq. as well as Eq. and the expectation value of
Eq. will have the same form provided that

{(fa(t)) = (f5(t)) = 0. (3.29)
Applying the relation 4 (a?) = 2(aZa) along with Eq. (3.25), we find
%(CVZ) = —(r — Apy))(a®) — Apl (B ) + 2(a(t) fu(t))- (3.30)

Comparison of this equation with Eq. leads to

(a(t) fa(t)) = 0. (3.31)

On account of Eq. along with Eq. |3.31} we see that

(0) 1 [t 1 (0) "
(a(0) faft)e 3t et — 5 / A= ApO) (B (¢) ful1)

+/ A () £ () = 0,
0
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so that taking into account Eq. and using the fact that a noise force at time ¢ does

not affect the cavity mode variables at earlier time, we get

<fa(t/)fa(t)> = 0.
Similarly, we can easily establish that
(fa(t) f5(8)) = (f2(t) fa(t)) = 0.

Furthermore, using Eq. and its complex conjugates, we have

d 1 1
Slata) = —(x— Ap)(a"a) — 5 Ap0 (0" B%) — S ApDap)

dt
Ha' () fa (1)) + (fa(H)a(?)).

Comparison of this equation with Eq. shows that
(@ (1) fa)) + (fa(B)alt)) = Aply).
Now taking into account Eq. and its complex conjugate, we have
[ e o) + 0] = 40,
0

so that assuming (f(t') fo(t))=(f(t) fa(t')), we have

t IR YN (O NP % 1
e O g ey = A0
0
and in view of Eqs. [2.33] and [2.34] this can be rewritten as

(0) (0)

t t
/e—é(n—Apaa)(t—t’)<f;(t)fa(t’)>dt':/ e~ 2 (r= A )=t 45051 — ¢')ay!.
0

0
It then follows that

(o) fa()) = ApQ)o(t = 1),

It can also established in a similar fashion that

(f3 () fs(t) =0,

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)
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(Fult) (1)) = 3 APD6(t 1), (3.41)

The results described by Eqgs. |3.29] [3.32] [3.33] [3.39] [3.40, and represent the correla-

tion properties of the noise forces f,(t) and fz(t) associated with the normal ordering.

We next proceed to obtain the solutions of the coupled differential equations Eqs. [3.25
and following the procedure described in [I]. To this end, we rewrite these equations

in matrix form as

d 1
() = —5 M (1) + F(1), (3.42)
where
a(t)
I — , 3.43
g (5*@) o
k—Apl)  ApY
M= < —Apgg) f-@+Ap§c))> ’ 4
fa(t)
P4 — . 3.45
0= (50) o

To solve Eq. we need to find the eigenvalues and eigenvectors of M such that,

applying the eigenvalue equation

MV, =\ V;, (3.46)
where
V= (Un U12> 7 (3.47)
V21 V22
with the normalization condition
v+ = 1. (3.48)

Equation can be rewritten as

(M —AI)V; =0, (3.49)
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where [ is an identity operator. Equation has a non-trivial solution provided that
|M — M| =0, (3.50)
along with Eq[3.44] we find the characteristic equation

)\2 - (2"i + Apgc Ap ))\ + (( Apaa )(K + Apcc ) + A2pg%)pca)) 0.

(3.51)
Solving this quadratic equation for A, the eigenvalues of the matrix M to be
1
M= g [(% + Ap) — Ap)
+\/ (26 + Apl — Ap)2 — 4((k — AP (5 + ApD) + 4202 o ||
(3.52)
and
1 ©) _ 4,0
Ag = 2 (QI{ + Ap Apaa)
—\/(2/—@ + AptD — ApN2 — 4((k — AP\ (k4 ApD) + 4280 | .
(3.53)
In view of the relation
PO 4 0 — 1, (3.54)
PP = Pl ol (3.55)
Eqgs. and can be rewritten as
1
A1 =3 [2/4; + An+ V] (3.56)
1
Ao =3 [2/1 + An — 1/] (3.57)

where

n=p —p, (3.58)
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v = \/ A2 — 4420 )0 (3.59)

With the aid of Eqs. [3.44] 3.54] [3.56] and [3.57] we have

(A + v)vyy — 24pQvy = 0. (3.60)

Using Eqs. [3.46] [3.47], and [3.60] along with the normalization condition given by Eq. [3.48]

we easily find the corresponding eigenvectors to be

2404
V11 = P 5 (361)
VAT 02+ 24p9)
A
Vo1 = v (362)

=
\/(A + )2+ (24p)
Similarly we can also easily show that the elements of the eigenvector corresponding to

A9 to be

24p
s = L (3.63)
VA -2+ 24,)
A—v
Vo2 — 5 (364)
VA =02+ 24,)
Now substitution of Eqs. [3.61], [3.62] [3.63] and [3.64] into Eq. yields
24,9 24,0
A2 A (0) A2 A (0)
v R e % A (3.65)
Va2 1)’ /a2 +2450)
in which
A= A+ (3.66)
And the inverse of the matrix V' is found to be
1 A_\AZ + 2A o —2Ap} A% + 2A o
vol— v P A P (3.67)

0
140y \ — A2 1 2Ap(0) 24901/ 42 + 2Ap(0))
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Applying the identity operator I = VV ! in Eq. [3.42 we have

d | —1
(1) =~ VVTIMVVTLI() + F(2). (3.68)

Multiplying both sides from the left by V=1, we get

CVLIW) = —3 DV LI0) +VE(D), (3.69)
where
D=V MV = 7 (3.70)
0 X

in which A\; and A\, are the eigenvalues of the matrix M. We note that Eq. has a

well defined solution for \; > 0 and Ay > 0. The solution of this equation can be written as

J(t+71)=Ve 2POV-1(t) + / Ve PV P+ 1) dr (3.71)
0
Since Eq. describes a diagonal matrix, we observe that
e
JHDT (6 ’ O ) , (3.72)
0 e%)\QT
» ) Sh(r—1) 0
o T D(r—7) _ <6 » ) , (3.73)
0 67)\2(777’)
from which follows
Ve_TlDTv—l — <p1(7-) Q1(7-)> (3 74)
q2(1)  pa(7)
and
yedou-ry- = (T =T) ol Tl)) (3.75)
Gt —1) par —71)
where
A+ S A S
— T2 _ T o5 MT 3.76
pi(7) = SEeTHT — So e (3.76)
AL A
palr) = SheTNT - oo (3.77)
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2ApL0 - 24p) _
a(r) =~ e TN 4 e, (3.78)
2Ap£a 71)\27' 2Apg?l) ;1)\17'
QQ(T) = 5 76 2 , (379)
A, - N A - /
p(r—1) = 2—;671A2(T’T) - 5671/\1(7-77- ), (3.80)
Ay - N A - ,
po(r — 1) = 2_567%(777) _ 2_V€71)\2(T7T )’ (3.81)
214 ((IOC) - / 2A g%) —1 /
a(r—7)=- QPV ez R pr ez M=), (3.82)
2Ap(0) =1 ’ 2Ap(0) =1 /
o o 2Pea S Xo(r—1) 2P S (r—T)
@t —1") 5, ¢ 5, ¢ . (3.83)
With the aid of Eqs. [3.43] [3.44] [3.45] 3.71], [3.74], and we finally obtain
alt+ 1) =pi(n)alt) + ¢ (7)B*(t) + G1(t + 1), (3.84)
Bt 4+ 1) = pa(T) B (t) + qo(T)x(t) + Go(t + 7), (3.85)
where
Gi(t+7) = / (7 = T fa(T" + 1) + qu (7 — 7) [5(7" + t)]d7, (3.86)
0
Gt +7) =/ a7 — T f5(T" + 1) + qo(7 — 7') (7' + t)]dT". (3.87)
0
Furthermore, upon setting ¢ = 0 and 7 = ¢, the cavity mode variables «(t) and 3(t) take
the form
a(t) = p1(t)a(0) + qi(t)3°(0) + G1(t), (3.88)
B7(t) = p2(t)57(0) + q2(t)(0) + Ga(2). (3.89)

3.2 The Q function

Here we wish to obtain the Q function for the cavity modes produced by the system under
consideration. The Q function for a two-mode light can be expressed as

2 2
Qo B.t) = - / T2 4 pyeltal-sa Qa0 -n8" ()] (3.90)

2 T
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where

¢(z,m,t) =Tr (ﬁ(o)e—mt) e (1) g=n"b(t) eW) : (3.91)
is the antinormally ordered characteristic function defined in the Heisenberg picture. Em-
ploying the Baker-Hausdorff identity, we can rewrite Eq. in normal order as

¢(z,m,t) = e =TTy (ﬁ(O)eZ&T(t)eZ*&(t)e"wt)e"*i’(t)>, (3.92)
so that the corresponding c-number equation is

oz 1) = eZ*zn*n<€za*(t)Z*Q(t)+nﬂ*(t)n*ﬂ(t)>' (3.93)

Now taking into account Egs. and along with their complex conjugates, Eq.
[3.93] can be put in the form

d(z,m,t) = 6—Z*Z—n*n<eza’*(t)—Z"O/(lt)Jrnﬁ’*(t)—n*ﬂ/(t)>7 (3.94)

where
o/ (t) = p1(t)(0) + q1(t)B*(0) + G (1), (3.95)
B'(t) = p2()B(0) + ga(t)a”(0) + G5(t). (3.96)

With the aid of Eqs. [3.56] [3.57] [3.80} [3.81] [3.82] [3.83] [3.86] and [3.87] we have

ol (1)) = 55— A’ (1)) — 50" (1), (3.97)
SB(0) =~ s+ o) + oD (1) (3.98)

We see that Egs. and are linear differential equations for o/(¢) and §'(t). On the
other hand, taking into Eqs. [3.86] [3.87, 3.29, and the assumption that the cavity modes

are initially in a vacuum state, we have

(o/(t)) = (B'(1)) =0 (3.99)



27

Thus we observe that o/(t) and '(t) are Gaussian variable with vanishing mean. In view

of this, Eq. can be expressed as

Bz 1) = €T x eap K% (w’*(t) — al(t) + B (1) - n*ﬁ'<t>)2>}, (3.100)

or

(a0 + )

| —

S(z,m, 1) = exp{ - z*z(l + <o/*(t)o/(t)>> +
v (o @) - 03 (0))
2 (a8 0) ~ (a0 1)

—rn(L o)) + 5 (R0 + o) ) |

(3.101)

Now on account of Eq. we have

(@) = ((p1(£)a(0)+a1 (1) 87(0))*) +2((p1 () (0) G1()))+2((a1 (1) B7(0)) G1 (1)) +(G1 (1) Ga (1))
(3.102)
With the aid of Eqs. [3.86] [3.32 [3.33] along with the assumption that the cavity modes

are initially in a vacuum state and the fact that a noise force at a given instant does not

affect the cavity mode variables at earlier time, we obtain

(a2(t)) = 0. (3.103)
Similarly, we easily get
(B"2(t)) = (8" (1) (1)) = 0, (3.104)
(@' (1)B'(1)) = (G1(t)Ga(1)), (3.105)
(@ (1) (t)) = (GI(1)G1 (1)), (3.106)

(BT 0)B(1)) = (G5(1)Ga(t)). (3.107)
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Hence on account of Eqgs. [3.103], [3.104], [3.105], [3.106] and[3.107] the characteristics function

can be put in the form

$(z,m,t) = exp|-Uz"z + Tz"n" + T*zn — Vii'y, (3.108)
where
T = (G1(t)Ga(t)), (3.109)
U =1+ (Gi(1)Gi(1)), (3.110)
V =1+ (G}(t)Ga(t)). (3.111)

In order to have a mathematically manageable analysis, we take p(O)aC:p(O)Ca. Hence in

view of this as well as Eqgs. [3.54] and [3.58, we can write Eqgs. [3.56] [3.57] .59}, and
as

24p 0 =24p0 = A\/1—n2v=v" = An Ax = A"t = A+ A\ = k + An, Ay = K.
(3.112)
With the aid of Eqs. [3.86] [3.87 [3.39] .40l [3.41], and [3.112] we can write Eqs. [3.109

3.110, and [3.111] as

_ AV —1P(26 + An + A) (3.113)
4k(k + An)(2k + An) '

RA(L —n)(4k + 34An+ A)

k(K + An)(2k + An)
RAY (1 =)

4k(k + An)(2k + An)’

Now using Eq. in Eq. we have

U=1+

(3.114)

V=1+ (3.115)

1 d?z d?
Qs = = [T | Uk o T) - sla” o)
T T T

p[ Vit (B 4 2T) — (8 — zT*} ,
(3.116)
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so that carrying out the integration with the help of Eq. the Q function is found to
be

Qa, p,t) = Wexp — Pa*a+ R*aff + Ra™ 5" — Sp* 5|, (3.117)
where
S = ﬁ (3.118)
pP= ﬁ (3.119)
R= ﬁ (3.120)

3.3 The photon number sum and difference

In this section, we seek to calculate the mean and variances of the photon number sum and
difference of mode a and mode b applying the Q function. The photon number operators
for the two modes are defined by

ha = a'a, (3.121)
iy = Db, (3.122)

where n, and n, are the photon number operator for mode a and mode b. The mean

photon number for mode a can be written in terms of the Q function as
Ny = /d2ad2BQ(a,B.t)(aa* —1). (3.123)

On account of Eq. we see that
__ SP—-R'R

Ng
7T2

/dzad2ﬁexp[ — Pa*a+ R*aff + Ra* 5" — Sﬁ*ﬁ} (*a—1). (3.124)

This equation can be rewritten as

P - *
72 da Ob

— 1.
a=b=0

Xexrp [R*ozﬁ + Ra™ 3" — Sﬁ*ﬁ}

(3.125)
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Upon carrying out the integration with the help of Eq. [2.76] we obtain

0 amm(—;gﬁ——> ~ 1. (3.126)

a=b=0

"= Baan P\ SP - R°R

Performing the differentiation and putting the condition a = b = 0, we readily obtains

__ 5
~ SP—R*R

With the aid of Eqs. [3.118] [3.119] [3.120], [3.113], [3.114] and [3.115], we can write

Al —n)dr +3An+ A)
Mo = et An)(2n + Ay) (3.128)

(3.127)

Ng

It can also be shown in a similar manner that

A0 -9
 A(k+ An)(2k + An)

(3.129)
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Figure 3.1: Plots of the mean photon number for mode a [Eq. [3.128] versus
n( solid curve) and the mean photon number for mode b [Eq3.129] versus 7
(dashed curve) for A =25 and k = 0.8.

From Fig. [3.1] we see that the mean photon number of mode a is greater than that

of mode b.

We define the operators representing the photon number sum and difference of mode

a and mode b by
Ny = Ng + Np. (3.130)

Upon taking the expectation value of Eq. [3.130] and applying Eqs. [3.128 and [3.129, the

mean of the photon number sum and difference can be written in the form

A(L = n)(4n + 3An + A) £ A*(1 - n?)

A 1 An)(2n + A (3.131)

ny =
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Figure 3.2: A plot of the mean of the photon number difference [Eq. (3.131]

versus 7 for A =25 and x = 0.8.

From Fig. [3.2] we see that the mean photon number difference is positive. This

indicates that the mean photon number of mode a is greater than that of mode b, and we

observe the mean photon number difference decreases as 7 increases.

The variances of the photon number sum and difference are given by

In view of Eq. (3.130] Eq. [3.132] takes the form

An = (fg) — (fa)” + () — (7)” £ 2[(Rat) — (fra) (M),

can be expressed as

An? = An? 4+ An} 4 2ny,

in which

(3.132)

(3.133)

(3.134)

(3.135)
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is the variance the photon number for mode a,
An? = ((b7h)?) — n2, (3.136)
is the variance the photon number for mode b and
ngy = (aTabth) — ngiy,. (3.137)
Using the commutation relation [a.a'] = 1, we can write
An? = (a*a'?) — A2 — 3n, — 2. (3.138)

The first term on the right side of Eq. |3.138| can be expressed in terms of the Q function

as

(a%a?) = /d&QdﬁzQ(a,ﬂ,t)a*ZOzQ. (3.139)
On account of Eq. we have
P _ *
(a2al?) = Sﬁ# /danﬁ%xp{ — Pa*a+ R*af + Ra*B* — Sﬁ*ﬁ} a*?a?, (3.140)
or
P _ *
<d2&T2> = S#EQ/d@2dﬁ2€.’1}p|:—POC*OC+R*055+ROZ*6*—Sﬁ*ﬁ+a&2+b0é*2:|
s da db a=b=0
(3.141)
Hence carrying out the integration, we get
A2~ 12 * d 0 * )2 2 1\—1
(a*a"*y = (SP—R R)%% ((SP — R*R)* — 45%ab)~2 (3.142)
a=b=0

Then performing the differentiation, we find
S 2
20" =2 ——r-— . 14
(a%a”) (SP—R*R) (3.143)
With the aid of Eq. [3.127] we can write as

(a2a™?) = 2(n, +1)% (3.144)
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Therefore, substitution of Eq. into Eq. [3.138 yields
An? =02 + i, (3.145)

Following the same procedure, we easily obtain

An; = i + My, (3.146)
and
1

Nap = ﬁa'ﬁb + 'f_la + 'r_lb +1-— m (3147)

With the aid of Eqgs. 3.118L 3.119, 13.120}, (3.113} 3.114L and [3.115 we can write
Ap? A%(1—n)*(4x + 3An + A)?> Al —n)(4k + 3An + A) (3.148)

“ (4(k + An)(2k + An))? 4k + An)(2k + An) ’
AYL = n?)? A (1 —n?)
An? = 3.149
" (4(k + An)(2k + An))? + 4k + An)(2k + An)’ ( )
A%2(1 —n?)(2 An+ A)?

gy = A=) R Ay 1+ A) (3.150)

(4(k + An)(2k + An))?
Now substituting Eqs. [3.148] 3.149] and [3.150]in Eq. [3.134] we get the variances of the

photon number sum and difference

An? — A%(1 —n)2(4k + 3An + A)? AY(1 —n?)?
0 (4(k + An)(2K + An))2 (4(k + An)(2K + An))2
A(1 = n)(4k + 345 + A) A2(1 = )

A4(k + An)(2k + An) 4(k + An) (2K + An)
A%(1—n*)(2k + An + A)?

+2 (4(k + An)(2k + An))?

(3.151)

From Figl3.3] we observe that the variance of the photon number difference is greater
than the mean of the photon number difference. Furthermore, we have also observed that

the photon number statistics is super-Poissonian.
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Figure 3.3: Plots of the variance of the photon number difference (dashed curve)
and the mean of the photon number difference (solid curve) versus 7, for A = 25
and ~ = 0.8.



Chapter 4

Superposition of Two-Mode

Coherent and Laser Light Beams

In our system, we let the driving coherent light into the cavity in such a way that it
has no direct interaction with the three-level atoms, this can be possible if the driving
coherent light strike the inside part of the port-mirror along perpendicular direction while
the three-level atoms enter and leave the cavity, at a constant rate, along one part of the

cavity box, as it is shown in Figure 4.1

In this chapter we seek to determine the ) function for the superposition of two-mode
coherent and laser light beams. With the help of this (Q function, we calculate the mean

and the variance of the photon number sum and difference.

36
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Figure 4.1: Schematic representation of a nondegenerate three-level laser (red)
and a driving coherent light (blue).

4.1 The Q Function

We proceed to obtain the QQ function for the superposition of the two-mode light beams
produced by the nondegenerate three-level laser and two-mode driving coherent light.
Suppose p’ (&T,IST,d, IS) is the density operator for a two-mode light beam. Then upon
expanding this density operator in the normal order and applying the completness relation

for two-mode coherent states,

A d*nd?z,
I'= [ ——5—"a; 2) (% 7l (4.1)
T
we have
. d’n,d?z [PPSR
p= /% Z Chtmn|Nas 26) (26, nal@™ba™b". (4.2)

kimn
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We can rewrite Eq. in the form

o d277ad22b sk % ~min
P :/T > Cramntly 23" 00 2) (26, mal @™ 0", (4.3)
klmn

from which follows

d*ned®z, o\" 9 \"
N a xk _xl
P _/T E Crimn," 2 <7}a+ 3772) (Zb+ 82{,‘) M4 26) (2, Nal, (4.4)

klmn

where we have used the fact that

Amin o \" o \"
|T]a7 Zb) <Zb7 T]a|a’ b" = <77a + %) (Zb + 6_2’;) |77a7 Zb> <Zb777a" (45)

*
a

Now in view of the relation

M0 26) (2bs Ta| = 15(%)15(%) |04 05) (Op, Oa|[)<_zb>D(_77a)a (4.6)
Eq. can be rewritten as
. d*nad?z, ok o\" o\" - . . . .
' :/T Z Cklmnnakzbl<7]a+a_n;) (%"‘82;) X D(1a) D(21) po,,0,D0(—26) D(—1a)-

klmn
(4.7)

where po, 0, = [0a,05)(05,04|. Following the same procedure the density operator for

another two-mode light can be written as

) Py o o \™ o \"
p”:/—2 Z Ck./l/m/n/)\a Xb (Aa_‘_a)\;;) (Xb+8XZ) |)\a7Xb><Xb7)\a" (48)

™
k'l'm/n!

We now realize that the density operator for the superposition of the first two-mode light

and another one is expressible as

A*nad? myd® Ny d? kel o\" o\"
/ - Z Chimn'la 2 (Ua + 8_77;) (Zb T3 )
0

>
Il

*
klmn b

ot o \" "
*k!  *l
X Z CrrmmAa Xy ()\a + —a)\z> (Xb + 5XZ)

E'l'm/'n!

/

X

Na + Aay 2p + Xb><Xb + 2, M0 + Aa



39

The Q function for the superposition of two-mode light beams is defined as

{o, B1p1B; @)

Qla*, 5%, a, B) = = : (4.10)

Now inserting Eq. in Eq. we have

P, d? 2 d2 Ao 0 o o \" o\"
Q(a*v 5*7 «, B) = / d ’ 6 X Z Ck’lmnnakzbl (na + 8_77*) (Zb + a >

g klmn &
o o\™ o \"
X Z Ck”l’m’n’Aak Xbl ()\a + W) <Xb + 8)(*)
E'lUm/n! a b

><<oz,ﬁ

Eq. can be rewritten as

Lo d? 2, d2 Ao L o \" o\"
Q(OZ*, 5*7 «, 6) - / d ° X Z Oklmnnakzbl (na + a_n*) (Zb + a >

/Bﬂa>7

Na + Aay 25 + Xb> <Xb + 2, M0 + Aa
(4.11)

7T6 klmn ZZ
. o \" a\"
Crotrmm A Ng + =
I o) N ()
2 2
| (@l + Aa) ‘<ﬁ|zb+xb> |
(4.12)
where
2 2
<O,/,ﬁ 77a+)\aazb+Xb><Xb+Zb777a+)\a ﬁ7a/> = <a|na+>\a> ‘<B|Xb+zb> y (413>
2
T exp[ = [ + Al + 0% (7 + Aa) + a(na + w}, (4.14)
2
'wm L) = e:cp[ 1B = o 4 202 4+ B (xo & ) + B + >] (4.15)
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On account of Egs. and [£.15] one can write
. d*nd® 2y d® Mo d® X b . a\" a\"
Q(O[ 75 y Oy 5) = / Z Oklmnnakzbl <77a + 8_7’]2) (Zb + ) )

6 *
T Zp

klmn
! !

Lo o\" a\"
. //)\*k ] Y 7
X Y Cormn N X ( a+a)\2> (Xb+5XZ)

k'l'm'n’

Xexp[ - ‘a|2 - |77a + /\a|2 + a*(na + /\a) + a(na + )\a)*:|

xeasp[ 1B = o+ 2+ B O+ 28) + Bl + zb>*],

(4.16)
Eq. can be rewritten as
. o d*nad? 2y d® Mo d? s, ko o\"
Q(a 75 70576) = fl/ 7-‘-6 kal%lelmnnakzbl<na+ anz)
8 n
X f3 (Zb + &zg‘) fa
o o\™ o \"
xk! %l
X k/;n/ Crrmm Ny X (Aa + 8_)\;;) fs <Xb + 8X2> fe:
(4.17)
where
fi = exp[—a“a — 73], (4.18)
f2 = €$p[a*(7la + )‘a) + ﬂ*(Xb + Zb)]7 (419)
fz = exp[n*(a —na — Aa)l, (4.20)
fa = explz; (B — x» — )], (4.21)
fs = exp[Ay (@ —na — Ad)], (4.22)
fo =exp[x; (B —xo — )] (4.23)

Now using the binomial expansion

0\" <~ ol Lo
L R n- 1.24
("”ay) Z:;k!(k—n)!$ Dy (4.24)
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and in view of Eq. [£.24] we get

Xb ox; 6 — kl(n' — k:)!Xb ox;F 6 %) Je '
o\", <& om! e O :
)\a - — 7T Mk = — Na m 4.2
( +8>\;) fs kz::k!(m’—k)!)\“ i ls = (@ = )" fs, (4.26)
o\" - n! p OF
— n— = — n 42
(Zb + &z;j) fa 2 K — l{;)!zb 8zg‘kf4 (B = xp)" f1, (4.27)
a\" = m! , OF
ot 52 = ) ——f3 = (a— A\)"" f5. 4.2
(n +8n2) f3 ;kl(m_kﬂna g3 = (@ = Aa)" fy (4.28)
Upon substituting Eqs. [4.25] [4.26], [4.27] and [4.28] in Eq. we obtain
. o d*nod? myd? N, d? ok " "
Q(Oé 7ﬂ 7O[,ﬂ): fl/ 1 ;—6 beZZCklmnnakzbl<Oé—)‘a> Xf3(/8_Xb) f4
klmn
X Y Crormw NG (04 - 7la> f5 <5 - Zb) Je
E'l'm'n’!
(4.29)
Eq. [£:29] can be rewritten as
1
At g0 d) = = [ EndadAd Q50— A f )
XQ(/\Za XZ: Q= MNa, 6 - Zb)
Xexp[— |04—71a - >‘a|2 - |ﬁ_zb _Xb|2:|a
(4.30)
where
QUi e~ o —xi) = 3 Gt (o0 ) (53 (431)
v ’ 7 klmn m ' ’

! !

x % Ch 'm/n' \ xk! " "
QN X — Moy B — 2) = Z k7ZT2 )\ak Xbl (a — na> <5 — zb) , (4.32)

k'U'm/n/
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and
Ji X fa X fa X fax f5 X fe _63719{— ‘@—Ua—)\a\z_ fﬁ—zb—Xb\zl- (4.33)
Furthermore, on account of Eq. one can write
* * 1 * *
Q(na72baa_/\a76_Xb): ﬁexp E(Zb _)‘a_Xb+na)

X exp {E(a + B) — (am; + BZZ)}

xexp |:77;)\a + 25 X0 — 2E2} ,

(4.34)
and in view of Eq. [3.117], we have
QA% Xpy @ — 1a, B — 23) = —5 e {P&m + Rz, + Ry + SXbe]

xe:vp[ —a(R*z+ PX)) — B(R™'n, + Sx;) + R*aﬁ] .
(4.35)

Upon substituting Eqgs. and in Eq. and carrying out the integration, one

obtains

Qo grap) = S e B - P 9)

Xexp[ — Pa*a+ o (EP+ R*— ER)+ a(R*'B+ EP — ER*)]

xexp[ — SB*B+ B*(ES — ER) + B(ES — ER*)]
(4.36)

4.2 The photon number sum and difference

In this section, we seek to calculate the mean and variance of the photon number sum and

difference of the superposed two-mode light beams applying the QQ function. The photon
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number operators for the superposed two mode light beams are defined by
fe = a'a, (4.37)
Ay = bTD, (4.38)

where n, and n, are the photon number operator for mode a and mode b. The mean

photon number for mode a can be written in terms of the ) function as

iy = / PadB0(a, B.t)(aa” — 1), (4.39)
Taking into account Eq. [4.36] the mean photon number can be put in the form
SP—R*R
g = ——5— / dodfexp {E2(R +R*"—P— S)}
T

xewp{ — Pa*a+a*(EP+ Rp*— ER)+ a(EP+ R*[5 — ER*)] a*o

xexp{ -SG5+ 5*(ES — ER) 4+ B(ES — ER*)] — 1.

(4.40)
One can write the above equation in the form
P — R*
Ng = —wi/dQQdﬁzexp E* R+ R —P-25)
2 OP
Xea:p[ — Pa*a+a"(EP+ Rp*— ER)+ a(EP+ R — ER*)}
xexp[ - SE*B+ B*(ES — ER) + B(ES — ER*)] — 1.
(4.41)
Upon carrying out the integration with the help of Eq. [2.76] we obtain
0 e E°P
= _ j = * EQP_ — 1. 4.492
fi, = —(SP — R*R)e 8P{—SP—R*R} (4.42)
Then performing the differentiation, we find
Na S — 1+ E~ (4.43)

~ SP—R'R
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With the aid of Eqs. [3.118] [3.119], [3.120], [3.113], [3.114] [2.49] and [3.115], we can write
J— 2 —kt 2
Al 77)(4/<a+3A7]+A)+45 (1_€2> | (4.44)

“ 4k + An)(2k + An) K2

Following the same procedure, we easily obtain

. A2(1 —7?) 42 A
nb_4(m+An)(2ﬁ+An)+?(l_e ) . (4.45)

Figure 4.2: Plots of the mean of the photon number for mode a at steady
state[Eq. 4.44] versus 7 (solid curve) and the mean of the photon number for
mode b at steady state [Eq. 4.45] versus 1 (dashed curve) for A = 25,x = 0.8,
and ¢ =0.2.

From Fig. we see that the mean of the photon number of mode a is greater the mean

photon number of mode b.

We are also interested in the mean of the photon number sum and difference of the

two-mode light. We define the photon number sum and difference by

e = Py & . (4.46)
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Upon taking the expectation value of Eq. and applying Eqs. [1.44] and the mean

of the photon number sum and difference can be put in the form

ny =

AL — )4k + 340 + A)  4e? ( A1 —n?) 452) (44T

A(k + An)(2k + An) 2 A(k+ An) (26 + An) K2

Figure 4.3: A plot of the mean of the photon number difference [Eq. [4.47]
versus 7 for A =25, k =0.8, and ¢ = 0.2.

From Fig. [4.3| we observe that the mean of the photon number difference is positive. This
indicates that the mean photon number of mode a is greater than that of mode b. In
addition, we see that in general the mean of the photon number difference decreases as n

mcreases.

We next proceed to calculate the variance of the photon number sum and difference
of mode a and mode b. The variance of the photon number sum and difference are given
by

Ank = (A2) — (s (4.48)
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In view of Eq. [£.46] Eq takes the form
And = (i) — (a)” + () — ()* £ 2[(fuaitn) — (1) ()], (4.49)

a

This can be rewritten as

An% = An? + Anj £ 2ng, (4.50)
where
Ang = (i7) — (fa)?, (4.51)
Any = (i) — (fw)?, (4.52)
and
Nap = (@1ab1D) — (fa) (). (4.53)

Using the commutation relation [a.a'] = 1, we can write
An? = (a*a'?) — n? — 3n, — 2. (4.54)

The first term on the right side of Eq. can be expressed in terms of the QQ function

as

(a%a?) = / da*dB*Q(a, B, t)a*a’. (4.55)
On account of Eq. 4.36}, we have
P—-R'R
(a%a?) = S—ZRe;Ep [EQ(R +R*— P — S)]
m

X / dondBZe:Up[ — SB*B+ B*(ES — ER) + B(ES — ER")

xea:p{ — Pa*a+a*(EP + RB* — ER) + o(EP + R*B — ER*)| ™.
(4.56)
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One can also put the above equation in the form

P _ *
(a%a'?) = S—QRRe:Ep {EZ(R + R —P— S)}
s

X aa—; danﬁze:L’p[ — SB*B+ B*(ES — ER) + B(ES — ER*)}

xeq:p{ — Pa*a+a*(EP+ Rp*— ER)+ a(EP+ R — ER*)} :

(4.57)
and hence carrying out the integration, we get
212 E2P 0 eB*r
a“a')y = (SP — R*R)e” . 4.
(a*a™) = (S R*R)e 8P2{SP—R*R} (4.58)
Upon carrying out the differentiation, we obtain
(a%a™) = B* + 2E% (R + 1) + 2(R, + 1) (4.59)
Now substituting Eq. in Eq. yields
An? = E* + 2FE* (R, + 1) + 72 + fa. (4.60)
With the aid of Eqs. and [4.44] we get
2e : 2e 2
An? = Zl—e % 2 =1 —e %
= (Ba-e) w2(Ea-e)
y (A(l—n)4r +34An+A) 4_52(1 e
| 4(k+ An)(2k + An) K2
N [A(L—n)(4ks +34An+ A) 4_52(1 ey 2
| 4(k+ An)(2k + An) K2
N [A(L —n)(4rs +34An+ A) 4_52(1 ey
4(k + An) (2K + An) K2 ’
(4.61)

at steady state, we find

An? — Al —n)r+3An+A)  4e*]1 AL —n)(4k +34n + A) 4_52+1
@ 4(k + An)(2k + An) K? 4(k + An)(2k + An) K?
16e 82
kR
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Following the same procedure, we easily obtain

2 2 2 2 2 2
T E S
n(2k+ An) k2 | |4(k+An)(26+ An) K
+1654 8e?
K4 K2’
(4.63)
and
— —12e2 [A(1 —n)(4k + 3An + A) A%(1 —n?)
b K2 4(k 4+ An)(2k + An) A(k + An)(2k + An)
A2(1—nH) 26+ An+ A2 16e*  24¢2
(45 + An)(2k + An))2 K K2
(4.64)

Now inserting Eqs. 4.63 and in Eq. [4.50] we obtain the variance of the photon

number sum and difference

N Al =n)(4k +3An+ A)  4e? A(l—n)(4l€+3A7]+A)+4_€2+1
= | 4k + An)(2k + An) K2 4(k + An)(2k + An) K2
A% (1 —n?) 4e? A% (1 —n?) 4e? 32et 16¢?
S TR | [
A4k + An)(2k + An) K% | |4(k+An)(2k+ An) K2 k4 K2
:|:2{_1252 [A(l —n)(4r + 34An + A) A%(1 —n?) }
K2 4(k + An)(2k + An) 4(k + An)(2k + An)

AL =n*)2k+An+ AP 16t 24e°
(4(k + An) (2K + An))? k4 k2 |
(4.65)

From Figl4.4 we observe that the variance of the photon number difference is greater than
the mean of the photon number difference. Furthermore, we have also observed that the

photon number statistics is super-Poissonian.



49

Figure 4.4: Plots of the mean of the photon number difference (dashed curve)
and variance of the photon number difference (solid curve) versus 7 for A = 8,
k=0.8, and ¢ = 0.2.



Chapter 5

Conclusion

Applying the c-number Langavin equations, we have calculated the antinormally ordered
characteristic function. Then using this characteristic function, we have determined the
Q functions for the two-mode coherent and laser light beams. The resulting QQ function
of the two-mode coherent light is then used to calculate the mean and the variance of the
photon number sum and difference . Our result shows that the mean photon number of
mode a and mode b for the two-mode coherent light are the same. Moreover, the variance

of the photon number sum and difference are also the same.

We have also calculated that the mean and normally-ordered variance of the photon
number sum and difference for two-mode laser light. These results show that the mean
photon number of mode a is greater than that of mode b. From the result of the variance
of mode a and mode b, we have seen that both these are in chaotic state. Furthermore,

we have also observed that the photon number statistics is super-Poissonian.

Finally, using the aforementioned Q functions, we have determined the Q function

for the superposition of two-mode coherent and laser light beams. Using the resulting Q
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function, we have calculated the mean photon number sum and difference and the vari-
ance of the photon number sum and difference of the two-mode light. These results show
that the mean photon number of mode a is greater than that of mode b and the variance

of the photon number difference is greater than the mean of the photon number difference.
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