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Preface:

The concept of prime spectrum or the topological space obtained by introducing a
topology on the set of prime ideals of a commutative ring with unity is studied well in the
field of commutative algebra. Since this paper focuses on semigroups, it is shown that we
can introduce a topology on the set of prime ideals of a commutative semigroup with unity
to obtain the prime spectrum of a semigroup, Spec( S ). However, as the main interest of
this work is on prime fuzzy ideals of a semigroup; it demands to introduce a topology on
the set of prime fuzzy ideals of a commutative semigroup with unity. Thus, this paper
made an attempt and introduced the required topology on the set of prime fuzzy ideals to
obtain the so called Spectrum of Prime Fuzzy Ideals of a semigroup, Fspec( S ). Some

interesting toplogical properties that the space Fspec( S ) satisfies are also proved in this

paper.

Sa’adu J.

ALAU. 1 H.V.K.
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Abstract: This paper has three parts: The first part deals with preliminaries on semi
groups, spectrum of prime ideals of a semi group and preliminaries on fuzzy sets that are
going to be used for the works in the following parts. In the second part primary fuzzy
ideals, semi prime fuzzy ideals and nil and prime radical of a fuzzy ideal are discussed
and their relationship with prime fuzzy ideals is investigated. It is also proved that the
nil and prime ideals coincide when the grade membership lattice is totally ordered. In
the last, a topological space called spectrum of fuzzy ideals, FSpec(S), is obtained by
introducing a topology on the set of prime fuzzy ideals of a semi group S. It is also
proved that FSpec(S) is compact and the non-fuzzy prime spectrum, Spec(S) , is dense in
FSpec(S). It is shown that if S and S’ are isomorphic, then FSpec(S) and FSpec(S’) are

homeomorphic.

Key words: Fuzzy ideal, Prime fuzzy ideal, Semi prime fuzzy ideal, Primary fuzzy ideal,
Radical of a fuzzy ideal, Compact topological space.
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PART ONE
PRELIMINARIES

1.1. PRELIMINARIES ON SEMIGROUPS
Definition 1.1.1
i. A semigroup is a non-empty set S together with an associative binary
operation on it: a(bc) = (ab)c for all a,b,c € S.
il. A monoid is a semigroup S with an element e € § such that ae = ea = a for
alla € S.
iii.  An abelian or commutative semigroup is a semigroup for which ab = ba for
all a,b €5.
Definition 1.1.2
Let T be a non-empty subset of S. T is called a subsemigroup of S, if for all x,y € T we
have xy e T. More compactly,
T is a subsemigroup iff T? < T.
Note that, T’=T7T = {ab | a, b e T}. Similarly, if M and N are subsets of S, then
MN={mn|meM,ne N }.
Corollary 1.1.3
Let S, and S, be subsemigroups of S. If § is abelian, then §,S, is a subsemigroup of S.

Proof: Let § be abelian. Leta, b € §,S5,. Then

a= a\az, a1€ S;, ;m € S,.

A.A.U. 5 H.V.K.
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b= bby, bje §,, b€ §,.
Now, ab = ajaabiba
=aibyazby € §,S,.
Hence the corollary.
Definition 1.1.4
A non-empty subset I of a semigroup S is called:
1. aleftideal, if SIc /.
ii. arightideal, if ISc .
iii.  anideal, if it is both left and right ideal.
Lemma 1.1.5
If 7 is an ideal of S, then 7 is a subsemigroup of S.
Proof: If 7 is anideal, then ST c 1.
Hence I c I, since I S. Thatis, I* c I
Lemma 1.1.6

Let {7.},, be subsemigroups of S. If the intersection is non-empty, 9] T 18 8

subsemigroup of S.
Proof: Suppose the intersection is non-empty.

Ifx,ye _mATj, thenx,y € T, forall i € A.

=xye T forall ie A.

=xye NT
ieA

Hence the lemma.
Forasubset X < SwithX # & and T a subsemigroup of S, denote:
[Xls =n{T | X< T}.
By Lemma 1.1.6, [X]s is a subsemigroup of S, it is called the subsemigroup generated by
X, and it is the smallest subsemigroup of S containing X.
Definition 1.1.7
If X = {x} is a singleton set, then [X]s = { x, xz, x’, ...} is called a monogenic

°,...}, itis called monogenic semigroup.

subsemigroup. If S= { x, x%, x
Definition 1.1.8
An ideal P # S of § is called a prime ideal if for all a, b € S,

aSbcP = aeP or belP.

AAU. 6 H.V.K.
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Definition 1.1.9

Anideal M # §is called maximal, if I is any ideal of S such that
McIcS,thenli=M or I=S8.

Theorem 1.1.10

Every ideal in a monoid is contained in a maximal ideal.

Proof: If I isanideal of § suchthat/ # S, let S be the set of all ideals of S which
contain /. S is non-empty, since / € S. Partially order S by set inclusion.

Let I' = {C, | i € A}be achain of ideals in S.

Put C=wC,.

ieA
Claim: C is an ideal of S.
Letae C.

Thena € C, for some i € A.
= as, sa€ C, foralls € S.
=asc €, md SaCC,.

=aScC and SacC.
But since a is arbitrary, we have CS < C and SC < C.
Hence the claim.

Sincel c C, foralli, I ¢ H\C‘,. =C. Sinceeach C, # §; e¢ C, foreveryi

= e¢ _k;a\C,.=C.

= C=S.
Hence C € S.
Clearly C is an upper bound of the chain I".
Therefore by Zorn's Lemma S contains a maximal element. But this maximal element is a
maximal ideal in S containing /.
Theorem 1.1.11
Every maximal ideal in a monoid is a prime ideal.
Proof: Let M be maximal.
LetaSh ¢ M and a g M.
Let [ be the ideal generated by a.
Then by the maximality of M, MU I=S8.

ALAU. 7 H.V.K.
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Since b=eb, be (MU b. But Mb — M, and since ab € M, Ib < M.
Hence b € M.
Hence M is prime.
Definition 1.1.12

Anideal C of § is called semiprime if x*eC = xeC.

1.2. THE PRIME SPECTRUM OF A SEMIGROUP
In the rest of the desertation we assume that S to be a commutative semigroup with
identity.
Definition 1.2.1
If I is anideal of S, then the radical of I, denoted by r( I), is defined by:
(/)={xeS|x"el forsomen>0}.
Lemma 1.2.2
r( I) is an ideal containing I.
Proof: Clearly I < r([1).
seS, xenl) = ses8, x"el forsomen.
= (sx)" = s" € I (since S is abelian)
=Sisk € 1l).
Lemma 1.2.3
If P isa prime ideal of S, then r(P)=P.
Proof: xe r(P) = x" € P (by definition of the radical)
= x ed
Hence 1( P) < P. Hence the result.
Let X be the set of all prime ideals of S. For each subset 7 of S, let V( T')
denote the set of all prime ideals of § which contain 7. That is,
V(T)={PeX| Tc P }.
Theorem 1.2.3
i.  If I isthe ideal generated by T, then V(T)=V(I)=V(1(1)).
ii. V()=0.
iii.  If { T; }ic 4 1s any family of subsets of S, then
V(UT, ) = aV(T)

iv. V(INnJ)=V(IJ)=V(I) vuV(J)foranyideals / and J of §.

AAU. 8 H.V.K.
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Proof:
i. Since I =(T), wehave T c I
Then P e V(1)
=.J & P
=T ¢ P (sihce T ¢ L)
=Pe V(T)
Hence V(I) < V(T).
If PeV(T);thenT < P.
=4I = P
=l P
=>Pe V(I)
Hence V(T) c V(7). Therefore V(T)=V(I).
To prove V(1) =V(1([1)); the inclusion V(r(/)) < V(1) is obvious, since I < r(I).
On the other hand, let P € V([1).
=5 P
= #{IycHLY=P
= PeV(r(Il)). Thus V(1)< V(x(I)).
Hence V(T)=V(I)=V(1(I)).

ii.  Since no prime ideal contains e, we have V(e) = .

i. PeV(UC) e UCCP.

o T < P forall ie A.
< PeV(T;) forall i e A.
< Pe Q\V(Tr)

Hence V(L' C,) = nV(T).
ieA ieA

iv. Since/J c I and IJ < J, wehave IJ < InJ.
Therefore V(INJ)c V(I J).
On the other hand, since / nJ < Iand InJcJ, we have:
V(I)cV(InJ)and V(J)cV(INnJ).
Thus V(1)U V(J) < V(I J). Hence V(1)U V{J) € V(InT)c V(IJ).

AAU. 9 ' HVK.
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Now,let Pe V(IJ). ThenlJcCP.
= Ic P or JCP. (since P is prime )
= Pe V(I)or Pe V(J).
= Pe V(I)uV(J).
Therefore V(IJ) < V(I)uUV(J) and V(IJ)cV(INJ).
Hence V(INJ)=V(IJ)=V(I) OV(J).
These results show that the sets V( T') satisfy the axioms for closed sets in a topological
space.
Definition 1.2.4
The topological space X is called the prime spectrum of S, written Spec(S).
Definition 1.2.5
Let § and 7 be semigroups. A map f: S — T is called a homomorphism of semigroups if for
allx,ye S
Sxy) =[x ).
If § and T are monoids, with identity elements, 1s and 1t respectively,

then f'will be called a homomorphism of monoids only if we have the additional property:
flg) =11

1.3. PRELIMINARIES ON FUZZY SETS
Let L be a bounded lattice with the least element 0 and the greatest element 1.
Definition 1.3.1
An L- fuzzy set A is a function A: U — L; where U is a non-empty set.
A(x) is the membership grade of x e U.
Any subset 4 of U can be considered as a fuzzy set A: U — L given by
l, ifxed
24 = {0, otherwise
which is the characteristic function of the set 4. This function can be generalized such that
the values assigned to the elements of the universal set fall within a specified range and

indicate the membership grade of these elements in the set in question. Such a function is

called a membership function, and the set defined by it is called a fuzzy set.

ALAU. 10 H.V.K.
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Hence a fuzzy set is a generalization of crisp sets whose membership grade assumes any
value in L. Thus membership in a fuzzy set is not a matter of affirmation or denial, but
rather a matter of degree.
We denote the set of all L-fuzzy sets A: U—> L by LY.
Definition 1.3.2
If A e LY then 4 is said to have the supremum property if every subset of A(U) has a
maximal element.
Definition 1.3.3
Let A, B e LY. If A(x) < B(x) for all x € U, then we say that 4 is contained in B(4 < B ).
Definition 1.3.4
Let 4, B e LY. Define AuBand AnB e LY as follows: V x € U,
(Aw B)(x) = A(x) v B(x).
(A B)(x) = A(x) A B(x).
Then AU B and A N B are called the union and intersection of A and B, respectively.
The operations on fuzzy sets can be generalized in more than one way. The above
particular definition of union and intersection is referred as the standard fuzzy union and
the standard fuzzy intersection. These standard fuzzy operations perform precisely as the
corresponding operations for crisp sets when the range of membership grades is restricted
to the set {0,1}.
The intersection of two fuzzy sets 4 and B is specified in general by a binary operation on
L; that is, a function of the form:
i:LxL— L.
Thus (AN B)(x)=i[4(x),B(x)] VxeU.
In order for any function to qualify as a fuzzy intersection, it must posses appropriate
properties. Functions known as #-norms do posses such properties. We may thus use the

terms ¢-norms and fuzzy intersections interchangeably.

Definition 1.3.5

A t-norm (fuzzy intersection ) is a function i: Lx L — L satisfying at least the following
axioms; Va,b,c e L.

Axiom (i1): i(a,]) = a. (boundary condition)

Axiom (i2): b<c = i(a,b) < i(a,c). (monotonicity)

Axiom (i3): i(a,b)=i(b,a). (commutativity)

AAU. 11 H.V.K.
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Axiom (i4): i(a,i(b,c) =i(i(a,b),c). (associativity)
Hence the class of #-norms form the most general class of fuzzy intersections.
Consideration of additional requirements reduces the general class of fuzzy intersections to

a special subclass.

Definition 1.3.6
Let Ae LY. For «ae L, define A, as follows:

A, ={x|xelU,A(x)za}.
A, is called the a—cut (or a—levelset )of 4.
It can be easily verified that for any, 4, B e LY
1. AcBael = A4, c B,

ii. a<p,apfel=A4,cB,

ii. A=B< A4,=B;, Vael
Definition 1.3.7 (Extension principle)
Let f be a mapping from XintoY,andlet Ae L*,Be L', The L-fuzzy sets f(A)e L
and f7'(B)e L*, defined by Vye Y,

Vid@lxe X, f(x)=y if f7() = D

0 otherwise

S :{

and Vxe X,
£ (B)x) = B(f(x)),

are called, respectively, the image of A under f and the pre-image (or inverse image) of

B under f.

AAL. 12 S | ® § HVK
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PART TWO
PRIME FUZZY IDEALS OF A SEMIGROUP AND RELATED CONCEPTS

2.1 PRIME FUZZY IDEALS

Prime ideals play important role in the study of commutative rings as well as semigroups.

The concept of prime ideals has been satisfactorily fuzzified and studied from several

angles in the case of rings[5-10]. But so far, not much attention has been paid to the

problem of proper fuzzification of the prime ideals of a semigroup. The present paper and
its sequel [12] is an attempt to fill this gap in the study of fuzzy ideals of semi-groups.

One of the earliest attempts to define prime fuzzy ideals of a semigroup to our

understanding was made in [1]. But, as is shown in [4], this prime fuzzy ideal inherits

three serious drawbacks:

» They are two valued and hence are not really fuzzy

» One of the two values is 1. This restricts fuzziness to the extreme.

» In many important cases, such as when the valuation lattice is a Boolean algebra,
even the characteristic function of a prime ideal fails to satisfy the definition of a
prime fuzzy ideal.

These drawbacks have been removed by redefining primeness of fuzzy ideals of a
semigroup in a different way [4]. This paper also fuzzifies the concept of semiprime ideals
and nil and prime radicals of a semigroup and studies their interconnections.

In continuation of the study of prime fuzzy ideals undertaken in [4], we now define and
discuss the properties of primary and semiprime fuzzy ideals. In particular we prove that
they satisfy the properties of proper fuzzification proposed in [11]. Nil radical and prime
radical of a fuzzy ideal are defined. They are proved to be identical when the grade
membership lattice is totally ordered. Moreover , they are shown to be the smallest prime
fuzzy ideals, when the underlying fuzzy ideals are primary. Analogous result is
established, for a primary fuzzy ideal with supremum property, when the grade

membership lattice is not necessarily totally ordered.

ALAU. 13 H.V.K.
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We have defined semiprime fuzzy ideal. This definition too satisfies the criteria of
fuzzifica-tion proposed in [11]. We have also given some eight characterizations of
semiprime fuzzy ideals. In particular we show that C is semiprime fuzzy ideal if and only
if it is the intersection of all prime fuzzy ideals of S, which contain C. This immediately
leads to the result that the prime fuzzy radical of a fuzzy ideal J of § is the smallest
semiprime fuzzy ideal of § containing J.
The definitions and the conclusions are analogous to the corresponding concepts in ring
theory, developed in [5-10].
Throughout this paper S stands for a non-empty semigroup and L for a lattice with the
least element 0 and the greatest element 1. Unless stated otherwise, L is complete and
completely distributive in the sense that it satisfies the following law:
vi{agi lie I} A vibjljeJ}= vi{ainbj|iel,jeJ}forall a;, b €L.
Every distributive upper continuous lattice has this property [2]. A complete totally
ordered set has this property [3]. In particular the closed unit interval [0,1] has this
property.
Since papers [1,4] are not easily available, we supply here sketches of the proofs of some
relatively more important results where arguments are not quite mundane.
Definition 2.1.1:
A fuzzy set 4: § — Lis called a fuzzy ideal of §,ifA(xy) 2 A(x) vAQy)Vx, y € S.
Definition 2.1.2:
A non-constant fuzzy ideal P: S — L is T-prime , if for any fuzzy ideals 4 , B of S, we
have:

AoyB P = AcP or BcP.
Where Tisat-normonLand Aor B (x) =v {Aw) TBW) |u, ve Sanduv =x }
Vxeld.
When T = A we get the prime fuzzy ideal of [1].
Proposition 2.1.3:
If P: S — L is T-prime fuzzy ideal , then there exists atleast one element in S, whose
grade of membership is 1.
Proof: Since P is non-constant, let P(a) # P(b) for some a, b € S.
Case 1: Let P(a) < P(b). We claim that P(b) = 1.
IfP(b) #1, let A: S — L be a fuzzy ideal defined as follows:

AAU. 14 H.V.K.
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A= {1, if P(x) 2 P(b)
0, otherwise
Let B: §— L be a fuzzy ideal defined by B(x)=P(b) Vx € §. Letx,y € S.
If A(x)=1, then A(x) T B(y) = P(b) < P(x) < P(xy). If A(x)=# 1, then
A(x) T B(y) £ A(x) AB(y) = 0 < P(xy).
Hence Aop BcCP.
Butas A(b)=1 > P(b), Az P andas B(a) = P(b) > P(a), B P.
This contradicts the hypothesis that P is T-prime.

Case 2: 1If P(a) and P(b) are not comparable , then P(ab) > P(a) and
P(ab) = P(b). If P(ab) > P(a), then by the previous discussion P(ab)= 1.
If P(ab) = P(a), then P(ab) > P(a). This contradicts the assumption that
P(a) and P(b) are not comparable.

Hence the result.

Proposition 2.1.4 [4] :

If P:S— L isaT-prime fuzzy ideal , then| Im P |=2.

Proof: Leta,b € §, such that P(a) < 1.

Let A: § — L be the characteristic function of the ideal (a) of § generated by

the element @ and B: S — L be the constant fuzzy ideal B(x) = P(a).
Let x,ye §. If x € (a), then
A@x) T B(y) = P(a) < P(x) < P(xy).
If x ¢ (a), then
A(x) T B(y) < A(x) AB(y) = 0<P(xy).
Hence Aor BC P. But clearly 4 & P,as A(a)=1> P(a).
Since P is T-prime, BC P. Therefore, P(a) = B(b) < P(b). Similarly, P(b) < P(a).
Hence P(a) = P(b).
Theorem 2.1.5[4] :
Let P be a prime ideal of §, and o be a T-prime element of L. Then the
fuzzy ideal P defined bellow , is T-prime.

i

. P ol e
2% Sk ,./;\30 s g;-»._,\_
Px)=1, if xeP e = ¢\
s \%)
: | FHV.K
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A= {1, if P(x)= P(b)
0, otherwise
Let B: §— L be a fuzzy ideal defined by B(x)=P(b) Vx e S. Letx,y € S.
If A(x)=1, then A(x) T B(y) =P(b) < P(x) < P(xy). If A(x)=1, then
A(x) T B(y)< Ax) AB(y) = 0 < P(xy).
Hence Aor BcP.
Butas A(b)=1 > P(b), Az P and as B(a) = P(b) > P(a), B ¢ P.
This contradicts the hypothesis that P is T-prime.
Case 2. If P(a) and P(b) are not comparable , then P(ab) > P(a) and
P(ab) = P(b). If P(ab) > P(a), then by the previous discussion P(ab)= 1.
If P(ab) = P(a), then P(ab) > P(a). This contradicts the assumption that
P(a) and P(b) are not comparable.
Hence the result.
Proposition 2.1.4 [4] :
If P:S— L isa T-prime fuzzy ideal , then| Im P |=2.
Proof: Leta,b € §, such that P(a) < 1.
Let A: S — L be the characteristic function of the idcal {(a) of § generated by
the element @ and B: §— L be the constant fuzzy ideal B(x) = P(a).
Let x,y € S. If x € (a), then
A(x) T B(y) = P(a) < P(x) < P(xy).
If x ¢ {(a), then
A(x) T B(y) < A(x) AB(y) = 0<P(xy).
Hence A oy BC P. But cleartly A & P,as A(a)=1> P(a).
Since P is T-prime, B< P. Therefore, P(a) = B(b) < P(b). Similarly, P(b) < P(a).
Hence P(a) = P(b).
Theorem 2.1.5[4] :
Let P be a prime ideal of §, and o be a T-prime element of L. Then the
fuzzy ideal P defined bellow , is T-prime.
P:S—>L ”’({C Al =
Px)=1, ifxeP il .»\_“

A.AU. 15 D k | PRV k.
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=a,ifxeP
Conversely every T-prime fuzzy ideal of S can be realized like this.
Proof : Clearly P : § — L is a fuzzy ideal.
LetA:S— L and B:S— L be any two fuzzy ideals such that AP and B ¢ P.

Let a, b € § such that A(a) ¢ (a) and B(b) £ P(b) .
Therefore P(a) # 1 # P(b).
Hence P(a) = P(b) =o. Consequentlya ¢ P and b ¢ P. Since P is prime,
there exists s € § such that asb ¢ P. i.e, suchthat P(ash) =o. Butasaisa
T-prime element of L, A(a) ¢ o and B(sh) ¢ o implies A(a) T B(sbh) % a.

Hence A or B (asb) « P(asb). Thus Aor B @ P.

Hence P is T-prime
For converse, consider a T-prime fuzzy ideal 4: S — L. By Propositions 2.3 and 2.4,
ImA={l,o0} wherea<1l.Let4,={xe§ | AXx)=1}.
Clearly 4, is a proper ideal of S and A(x) =1, ifx € 4, and A(x)=a ,ifx & 4,.
We claim that 4, is a prime ideal of § and o is a T-prime element. If 4; is not prime, then
there exist ideals B and C of S suchthat BoC < 4 butB ¢ 4,andC ¢ A,
Consider the characteristic functions y, and y...
If y,°7c(x)=1, there is a pairu, v € Ssuchthatu € B,ve Candx =uv € BC c 4,
and hence A(x) = 1. Since y, o, y. assumes only two values, 1or0, y, ¢, 7. c 4.
If be B~A4,then y,(b)=1and A(b)=c and hence y, ¢ A.Ifc € C~ A4, then
Xc(c)=1and A(c) =a and hence . & A. This contradicts the hypothesis that 4 is
T-prime.

Hence 4, is prime.

To prove that a is a T-prime element of L, let 3, y € L such that B Ty < «. Consider the
constant fuzzy ideals D: S~ L and E: § — L definedby D(x)=f and E (x) =Y,
V xe §.
Then forall x, ye S, Dx)T E)=BTy < a < A(xy). Hence DorE ¢ A. Since A
is T-prime, we have, Dc A or EcA.

If D < A, choose x & A;. Then B = D(x) < A(x) = . Similarly if E < A, then we have
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Al
Hence the theorem.
Theorem 2.5 clearly shows that Definition 2.2 of prime fuzzy ideal fails to satisfy the
criteria of proper fuzzification [11] and needs to be changed. We therefore accept the
following definition of prime fuzzy ideals.
Definition 2.1.6 [4]:
A non-constant fuzzy ideal P: S — L is prime, if forallx, y € Sand o e L, the following
condition is satisfied:
P(xsy) 2 a,Vse § > Px)za or P@y)2a
Lemma 2.1.7 [4]:
A non-constant fuzzy ideal P : S — L is prime (in the sense of Definition 2.6 ), iff its
every non-empty level cut is either a prime ideal of S or § itself.
In view of Theorem 2.1.5 and Lemma 2.1.7, it is obvious that every T-prime fuzzy ideal
is a prime fuzzy ideal of a semigroup. In [4] we find an example of a prime fuzzy ideal of a
semigroup of natural numbers which is not T-prime.
Definition 2.1.8 [4]:
A non-constant fuzzy ideal P: S — L is completely prime, if
P(xy)=P(x) or P(xy)=P(y),Vx,ye S
Definition 2.1.9 [4] :
Let f:S— §' beahomomorphism of semigroups. A fuzzy ideal Jof § is said to be
f-invariant, if f{x) =f(y) implies J(x) = J(»).
Lemma 2.1.10 [4] :
If Jis f-invariant, then f(J) (f(x)) =J(x) VxeS.
Proposition 2.1.11:
i. f7'(J") isan f-invariant fuzzy ideal of S.
Further let f be an epimorphism. Then the following hold:
. fF(J)=J"
iii. If J is frinvariant, then f~ f(J)= J.

This proposition leads to the following Correspondence Theorem:

Correspondence Theorem 2.1.12:
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If /55— §' is an epimorphism of semigroups, then there is a one to one correspondence
between the ideals of S ' and f~invariant ideals of S. If.Jis an f-invariant fuzzy ideal of S,
then f'(J) is the corresponding fuzzy ideal of S* IfJ' is a fuzzy ideal of S/, then f~'(J")

is the corresponding fuzzy ideal of S.

2.2 PRIMARY FUZZY IDEALS
Definition 2.2.1:
An ideal Q of a semigroup S is primary, if xyeQ = xeQ, or )" €(Q, for some positive
integer n.
We define its fuzzy analogue as follows:
Definition 2.2.2:
A fuzzy ideal Q: § — L is primary , if xyeS= Q(xy) = O(x) or Q(xy) < Q") for
some positive integer n.
The following propositions are immediate consequences of Definition 2.2.2.
Proposition 2.2.3:
A fuzzy ideal is primary, iff each of its level cut is primary.
Proposition 2.2.4:
Let O be an ideal of S. The characteristic function yp is a fuzzy primary ideal of § iff O
is primary.
Proposition 2.2.5:
Every prime fuzzy ideal is primary.
The following example shows that a primary ideal may not be prime.

Example(I): Let N be the multiplicative semigroup of positive integers, L = [0,1],

p € N be a prime and neN. Let < p" > the ideal of N generated by p".
Define a fuzzy ideal as follows:
JN—>L
Jx)=0ifxe<p" >

J(x) = L ifxe <pﬂ> - <p1'l+1>
n+1

It is obvious that J is primary but not prime.

Proposition 2.2.6:
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Let £ § = S’ be a homomorphism of semigroupsand 0: S — L and Q':§' > L
be fuzzy ideals
(a) IfQ'isprimary, thensois f™'(Q").
(b) Letf be an epimorphism and Q be f - invariant. Then Q is primary, iff fQ) is
primary.,
(c) Let f be an epimorphism. Then Q' is primary iff /™' ( Q') is primary.

2.3 RADICAL OF A FUZZY IDEAL

Recall that if 7 is an ideal of S, then its radical (nil radical) is defined as
I={xe8| el n>0}.

Definition 2.3.1:

If J: §— L isa fuzzy ideal , then the fuzzy set J: S — L defined by

VJ(x) = v {J&") |n>0} is called the fuzzy (nil) radical of J.

The following results are the direct consequences of Definition 2.3.1.

Proposition 2.3.2:

If J: S— L isafuzzy ideal, then VJ is a fuzzy ideal.

Proposition 2.3.3:

If 7 isanideal of S, then V(z,)= z,,

Proposition 2.3.4:
IfP:S—> Lisprime, then VP = P.
Proposition 2.3.5:
Forany 0 <a <1, and a fuzzy ideal J: S — L, (W ) = Y (Jz) . Here L is a totally
ordered set and,

Jo={xeS|Jx)>a} and (W), = {xe8 | WVE > a}
IfJ, = {xeS | J&x) 2o }and (W )y ={xe S| VW) =a},then Vo) < (VJ)q .
The following example shows that the last set containment may be strict, when the level
cuts are not strict.

Example(II): Consider the fuzzy ideal J : N — [0,1], given in Example (I).

Since J(p") = for n =1,2,..., we observe that

n+1

VJ(p) = sup { Ll |n=1,2,... } =1. Therefore p € (VJ)..
n+
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But,

n

< 1 foreachn = 1,2,....
n+l

p'eJ;, forany n; as J@p") =

Hence pe¢ .\/J.

Proposition 2.3.6:
If f:§ — S’ isanepimorphism of semigroups andJ : S — L isa fuzzy ideal, then
f() cNf(J). Further if J is ffinvariant, then f (V) = \F(J).
Proof: Clearly fiJ), and f(\VJ) are fuzzyidealsof S'. If x' € §' and fix) = x'
forsomex € S, then f(x") = x'", foralln =1,2,....
Hence, f (V) (x') =v {v{J@) | n>0} | xe f(x')}
=v{v{J&) | xe ff(¥)} | n>0}
<v {v{Ja) | e (")} | n>0)
Sviv{p) lye f(X")} | n>0)
=v{f(N)X")| n>0}.
= NfO) ).
Now if J is finvariant and x, € f~'(x") is a fixed element, then J(x") = J(x,")
Vxe f7'(x')and J(x) =J(x,") Vx e f'(x'").
Hence IN)) () = v {v{J&") | n>0} | xe f(¥') }
=v {v{J")| xe f(x)} | n>0}
=v { Jx") | n>0}
= ¥ (53
On the other hand,
O @) =v {v{J@|xe f'(x'")} | n>0}
=v { Jw") | n>0}
= VJ (%)
Therefore the Proposition .

The following propositions are direct consequences of Definition 2.3.1.

Proposition 2.3.7:
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If f:5—S'is a homomorphism of semigroups and J: S’ — L is a fuzzy ideal, then
N =AY,
Proposition 2.3.8:
If J: §— L and K: § — L are fuzzy ideals, then the following hold:
(@ YO =\J
(b) If J <K, then \J = VK
) VUNK) =VJ nK.
Propostion 2.3.9:
If J: § — L is a fuzzy ideal with supremum property, then Vo) = (VT e
Here J, ={xe § |J(x)2 a }.
Proof: x € V(Jy) = x" € J, for some n> Q.
= J(x") = o for somen>0.
= V{J6") 130} 2a
= xelH.
On the other hand, if x (W ) , thenVJ (x) >a.
Let 7= {x" | n>0}. Then by supremum property there exist y € 7, such that VJ(x) = J(y).
Therefore there exists a positive integer n, such that J(x") = o.
Therefore xe V(J o).
Hence the proposition.
Proposition 2.3.10:
If P:S—Lisprime, then \P=P.
Proof: Observe that P(x) = P(x") Vx e Sand n=12.........
Theorem 2.3.11:
If Q:8— L isa primary fuzzy ideal with supremum property, then \Q is the smallest
prime fuzzy ideal containing Q .
Proof : Q isprimary = Q, is primary
= V(Q,) is prime .
= (VQ)q is prime
= Q is prime.
Moreover if P is any prime fuzzy ideal and Q < P, then \/Q = \P=P.

Hence the theorem. rarSy LY ¢
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Theorem 2.3.12:
If L is a totally ordered set (e.g L=[0,1])and Q:§ —L is a primary fuzzy ideal , then
VQ is the smallest prime fuzzy ideal containing Q.
Proof: Since L is totally ordered, a fuzzy ideal P: § — L is prime iff P(xy) = P(x) v P(y).
Similarly Q: § — L is primary iff Q (xy) < Q(x)v Q(y") for some positive integer 7.
Now, VO () =v { Q(x"y") | n>0}
Ssv{Oox"HvOWr™)| n>0}, where m dependsonn.
SVEQGM [n>03] v [VO(y™) | n>0}].
=NQ () vNQ ().
On the other hand \/Q being a fuzzy ideal, we have\’Q (xy) = \/Q (x) v \’Q ).
Hence \/Q is prime. The rest of proof is similar to that of Theorem 4.12.
Definition 2.3.13:
LetJ: S — L be a fuzzy ideal and P : § — L denote a prime fuzzy ideal Containing .J.
The fuzzy ideal r(J) =n{P | J< P } iscalled the prime fuzzy radical of J.
Proposition 2.3.10 immediately leads to the following result:
Proposition 2.3.14:
IfJ:S— L isafuzzy ideal , thenVJ <t (J).
The following Theorem shows that prime radical coincides with the nilradical when the
grade membership lattice is a totally ordered lattice.
Theorem 2.3.15:
If L is a totally ordered setand J: S — L is a fuzzy ideal ,then Y J=r1 (J).
Proof: If\J # r(J), then there exists an elementa € S , such that VJ (a) <r(J) (a).
Let VJ (@) = o . Then by Proposition 4.5, a ¢ V(J,).
Therefore there exists a prime ideal P of S such that J,< P and ag¢P.
This offers a prime fuzzy ideal P : § — L, defined as follows:
P(x)=1,if x € P and P(x) =a, otherwise.
Since L is totally ordered, x ¢ P implies J(x) < @= P(x) and hence J < P. Therefore
r( /) < P. But this leads to the following contradiction:
VJ (@) < 1(J)a) < P(a) == VJ(a).
Hence the result.
2.4 SEMIPRIME FUZZY IDEALS
Definition 2.4.1 [14] :
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A fuzzy ideal C:S— L is called semiprime fuzzy ideal, if C(x 2= 0{x); ¥x &8

Proposition 2.4.2:

1.

ii.

iil.

LetC:S§— L bea fuzzy ideal . C is semiprime , iff its level cuts

Co={xeS§ | Cx) 2 a} aresemiprime ideals of §, Voe L.

Let C be an ideal of S. C is semiprime iff its characteristic function yc is a semi
prime fuzzy ideal of S.

Let /: S— S’ be a homomorphism . If C': S'— L is a semiprime fuzzy ideal of

S, then f~' (C") is a semiprime fuzzy ideal of S.

iv. Let f: § — §' be an epimorphism and C: § — L be an f- invariant semiprime
fuzzy ideal of S. Then f( C ) is a semiprime fuzzy ideal of S '. Thus by the
Correspondence Theorem, there is one-to-one correspondence between semiprime
fuzzy ideals of S’ and those of S which are f- invariant.

v.  Every prime fuzzy ideal is a semiprime fuzzy ideal .

vi.  Intersection of semiprime fuzzy ideals is a semiprime fuzzy ideal.

In particular, intersection of prime fuzzy ideals is a semiprime fuzzy ideal.

Proof:

i.  If each level cut is semiprime and x € S, choose o =C(x >). Thenx * € C, and
hence x € C, . Therefore, C(x) > a = C(x%) > C(x).
The converse is immediate consequence of the fact that an ideal C of § s
semiprime iff x’ € C, implies x eC.

ii.  Obvious.

iii. Letx e S, thenwehave /™ (C)x%) =C(f(x))=C(fx)) = C(fx)) = £ (C)R).
Therefore, ' (C") is semiprime.

iv. Letx' € §' and flx) = x' for some x € §, then by Lemma 2.10 we have the
following:
O G = f(C)fx?) = Cx?) = C) = C)fw) = A C)).
Hence f( C) is semiprime.

v.  Obvious.

vi.  Obvious.

Remark: The above proposition shows that Definition 5.1 of semiprime fuzzy
ideal is a “ proper” fuzzification of the concept of (crisp) semiprime ideal, in the

sense of [11]
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Theorem 2.4.3:
IfC: 85— L isa fuzzy ideal, then the following are equivalent:
(a) C is semiprime.
(b) Each level cut of C is semiprime.
(c) C(x") = C(x), forall integers n >0 and x € S.
(d) ngC:> Jc C, for all fuzzy ideals J . § — L.
() J" cC, forn> 0 =JcC, for all fuzzy ideals J.:S§— L.
H C= VC, where \C is the fuzzy nilradical of C.
When L is totally ordered, each of the above statements is equivalent to the
following :
(g) C coincides with its prime fuzzy radical.
(hy C=n{P | Pe C}, where C 1is a class of prime fuzzy ideals (obviously

containing C).

Proof:
i. (a) © (b). This is already proved.
ii.  (c) = (a). This is obvious.
iii.  (a) = (c). We prove this result by induction.
Clearly, the result holds for » = 2. Let k> 2 be any integer.
Let C(x")= C(x), hold V xe § and ¥ n, 1<n<k We claim that C(x “") = C(x).
Case (1): If kis odd, let k =2m +1. Then C(*"!) = C((x™')?) =C(x™*).
Since m +1 < k, by induction hypothesis C(x"*") = C(x).
Case (2): If k is even, let k = 2m. Then again by induction hypothesis,
&) 2 = el ™ =80 )=l
This proves the result.
iv. (a) = (d).
Clearly J?c C= J*(x %) < C(x*) =C(x), forall x € §.
ButJ’(x ) =v {J0) AJ2) | x* = yz } = J(x), forall x € S.
Hence Jc< C.
v. (d)=(a).

Letx € Sand C(x 2) =a and <x?> be the ideal generated by x 2,
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Then x > € C, and hence <x®> c C, Let ] be the fuzzy ideal defined as
follows:
L85> L
Jz)=a,ifze<x>
= (), otherwise.
ThenJ%Ez)=v {Ju) A J¥): z= w} =0, ifze <x*>

2>‘

=0,ifze <x
Therefore, J?c C and hence by hypothesis J < C.
But then, o =J(x) < C(x) < Cx ) =a.
Hence C(x %)= C(x).
vi.  (e) = (d). This is obvious .
vii.  (d) = (e). Here again we prove the result by induction.
Clearly the result holds for n = 2. Let k> 2 be any integer and let the result
hold for each integer n, 1 <n < k. We claim that J*'«c C= J< C, and
hence (e).
If k is odd, let k = 2m +1. Then J**' = J 2" D= (/™2 Thus in either case,if
JHc C, thenJ ™' < C. Since m+1 <k, the induction hypothesis ensures that
JcC.
vill.  (¢) = (D).
Observe that,
Clx)=C("), Vxe S & n>1 =Cx) =v{CE") | n>1 } =\C ).
ix. (BH={(e)
Cx)=VCEx) =v{CK) |n 21} 2 Cx") = CE).
Hence C(x) = C(x").
x. (g)=@®.
If L is totally ordered, then by Theorem 4.16, YC=1(C).
Hence (g) equivalent to (f).
xi. (g)=(h)
By the definition of fuzzy prime radical, it is obvious that by setting
C={ P | Cc P},where P isaprime fuzzy ideal, we have
C=n{P|PeC )
xii.  (g) = (h).
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Let C be a class of prime fuzzy ideals of C suchthat C = n { P| Pe C }.
Then since P (x *)= P(x) V Pe C , we have C(x %) = C(x).

Hence (h) = (a) = (g).

This completes the proof of the theorem.

Corollary 2.4.4:

If L is totally ordered, the prime radical of a fuzzy ideal C of S is the smallest semi prime

fuzzy ideal of S containing C.

PART THREE
SPECTRUM OF PRIME FUZZY IDEALS
In the remaining part of this paper, S stands for abelian monoid with identity element e and

X for the set of all prime fuzzy ideals of § with membership grades in a fixed lattice L.
If 4: § — L is any fuzzy set then let V(4) = { PeX|A c P }. When A4 = y, , where a €S,
then we denote ¥(4) by ¥(a). Thus V(a)= {PeX|P(a)=1}.
Proposition 3.1:
Let A: S — L and B: § — L be two fuzzy sets, then

(a) If A < B, then V(B) < V(A)

(b) ¥(4) L V(B) < (AN B)

() Mx)vw W x,)c W x,~,), forall (crisp) ideals / and J of §

(d) M(4) = V(J) = V(\J ), where J is the fuzzy ideal generated by 4 and \J is the nil

radical of J.
(e) If {A4,|ie A} isafamily of fuzzy subsets of S, then
Mufd]ieA)) = n{V(4)|ieA}

() fTc S, then V(x,)=n{V(a)| aeT}

Proof: The result (a) is an obvious consequence of the definition of the symbol F( . ) and

the result (b) is is the application of (a) to the set containments A "Bc Aand A N B C B.
{c) Sincey; M ¥ = L. the resulf (b)assures: FLx )Y 1) © W2 )
On the other hand, let y,., < P, for P € X. Then P(x) =1 forallxe InJ.

Suppose ¥, ¢ Pand y, ¢ P. Then there exist xe / and y € J such that

P(x) =1 #P(y).
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By the definition of prime fuzzy ideal, there exists s € § such that P(xsy) = 1.
But as/ N J is a fuzzy ideal, xsy € I nJ . Therefore 1 = y,, (xsy) < P(xsy).

This contradiction leads to the conclusion that either y, < P or y,c P and that

W Xins) © )0z,
(d) To prove that ¥(4) = V(J), recallthat J= n{ I | T € S }, where § is the set of
all fuzzy ideals of ' containing 4. Hence A c P iff J < P.
Toprove F(J)= V(\J ), observe that when P is prime fuzzy ideal of S,
P(x") = P(x) for all x € S and for all natural numbers n.
Hence, J c P = Jix") cP(x")=P(x)
= v{Jx") |n21} < P(x), forallx e S.
= (W)@®) < P@x), forallx e S.
= VJ — P
On the other hand
NJ ¢ P = v{Jx")|n=1} < P(x) forallx €.
= Jx)< P(x),forallx € S.
= Jd g P.
() Pe V(u{4, |lieA}) & u{4, |ieA} c P.
< A c P forallieA

& Pe V(A) forall ieA

& Pen{V(4,)|ieA}

(f) IfTc S, then apply (e) to the identity y, = U{y,, laeT} .

This completes the proof.
The similarity between the set of (Crisp) prime ideals of § and the set of fuzzy prime ideals
of S ends here. In general equality does not hold in (b) above. For crisp situation the
equality holds when 4 and B are ideals. The following examples show that the equality
does not hold even for fuzzy ideals.

Example (III) Let N be the multiplicative monoid of natural numbers and
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S = N[x, y] be the multiplicative monoid of polynomials over N in two
indeterminates. If a, b € S, let (@) and (a,b) denote ideals of S generated by {a}
and {a, b} respectively.

Let P:S— [0,1] be define as follows

050 ,if ae <x>
P(a)=4030 ,if ae <x,y>~ <x>
0, every whereelse .

Then by proposition P is prime.
LetJ:§ — [0, 1], be defined as follows:

045 ,if ae x>
J(a)= 4040 , if ae et s~ exts
0, every whereelse .

Let K : S — [0, 1] be defined as follows:

065 ,if ae <x*>
K(a)=4020 ,if ae <x*,y’>~<x*>
0, every whereelse .

Then

045<0.50=P(a) , if ac <x*>
JNK(a)=14020<030 =P(a), if ae <x*,y’>~<x*>
0 < P(a), every whereelse .

Therefore JN K < P. ButJz Pas J(y*) > P(y*) and K ¢ P as K(x*) > P(x*).
ThusPe V(/NK), butP ¢ V(J) v V(X).

Example(IV): Let L = { 0, & £, 1} be the Boolean algebra of four elements and N
be the multiplicative monoid of natural numbers. Consider the fuzzy ideal J: N —

I. defined as follows:
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Lif xe 6N
a,if xe2N ~ 6N
B.if xe 3N ~6N

0, everywhereelse

J(x) =

Define K: N — L as follows:
K(x) = B, when J(x) = ¢ and K(x) = @ when J(x) = B ; K(x) = J(x) everywhere else.
Clearly J n K is the characteristic function of the ideal 6N. If P is the characteristic
function of 2N, then Pisa prime fuzzy ideal containing J N K butJ(3) =8 > 0= P(3)
and K(3) =a>0=P(3).
Thus the strict inequality may hold in proposition 4.1(b) even if we restrict our selves to
two valued prime fuzzy ideals .
For this reasons, unlike in a crisp situation, { ¥(4) | A < § } does not form a system of
closed sets for a topology on the set X of prime fuzzy ideals.
However, as proved in the remaining part of this work, we overcome this difficulty by
going down to still small subsets of S, namely fuzzy ideals generated by singletons.
Let X(a) =X~ V(a). Then X(a)={P e X|P(a)=1}.
LetR={X(@a)|aes }.

Theorem 3.2:
(a) 13 is a base for a topology on X.
(b) If S is monogenic; then B is the actual topology on X.
(c) The open subsets of X are precisely X( y,) where T'is any subset of S.
(d) If L is totally ordered (e.g. [0,1]) then the topology on X is completely determined
by fuzzy semi prime ideals [ | of S.
Proof: (a) Let P be a prime fuzzy ideal of S. Since P(e) is the least element of P(S), if
P(e) = 1, P is constant and hence not a prime fuzzy ideal.
Therefore V(e) =@ and X(e) =X.
Hence w{X(@a)|aeS }=X
Leta,b € S. We claim V(a) U V(b) = V(ab).
Let P be a prime fuzzy ideal such that P (a) = 1. Then P (ash)=1foralls € §.
Since e € S, we have P (ab) = 1. Hence V(a) < V(ab). Similar result holds when
P(b)=1.

AAU, 29 H.V.K.



Sa'adu Jemal | Spectrum of Prime Fuzzy Ideals of a Semigroup

Hence V(a) v V(b) c V(ab).
On the other hand, if P (ab) = 1, then P (asb) = P (sab) > P (ab) for all s € S. The
primeness of P then forces us to conclude that either P(a)=1 or P (b)=1.
Hence W(ab) < V(a)wv V(b).
Hence the claim.
It then follows that;
X(ab) = X~ V(ab)
= X(a) N X(b)
Thus B is closed under intersection and hence forms a base for topology on .X.
A typical open set in this topology will be U{ X(a) |a € T'}, for some T'cS.
Therefore we get,
U{X@)|aeT}=u{X~Wa)|ae T}
=X~N{Wa) |aeT}
=X~V 2r)
=X(%r)-
This proves the result (¢ ).
In particular, when S is monogenic, then there exists a, € S such that (7' )=(a,); and
hence:
U{X@) |a € T}=X(r) =X Hiry) = XCH 10y) =X Zpay) = X ().
Hence U{X(a)|ae T} u{X@a)|aeT} el
This proves the result (b).
Finally, Let L*, be the set of all fuzzy subsets of S and P(X) be the power set of X.
Define a function ¥: L* — P(X), by V(A)={P | A c P}. Clearly Proposition 4.1 proves
that ¥ is not injective.
Let W: P(X) - L°, W(ES)=n{P|PeS}. Then
WoeV(A)=n{P| Ac P }.
If Jis a fuzzy ideal of S and r(.J) is the prime fuzzy radical of J, then W oV (J) = 1(J).
But if L is totally ordered, then r( /)= N J[ ]. Further, if J is semi prime, then W=,
But then W o¥(J) =J and hence V" will be injective on the subset consisting only of semi

prime fuzzy ideals.

4 £
& w‘&-."“_‘,
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Since VJ is always semiprime, and a typical closed set W 2r)= W xay) = W Xyry)s the

closed sets ( and hence the open sets ) are determined by the action of V on the set of the
( characteristic functions of ) semi prime ideals.

Definition 3.3:

The topological space X is called the fuzzy spectrum of § and is denoted by Fspec( S ).

The topological space of ( crisp ) prime ideals of S is denoted by Spec(S).

Proposition 3.4:

If f is a subset of Fspec(S), then the closure of f is f= V(X rio 10ery )» Where
Qi={xeS|Qx)=1}.

If P, Q € Fspec S, then {P} = {0} iff P, =Q,. Thus Fspec(S)isnota 7,-space.
Proof: Clearly % per; (0) =1, iff Q (x)=1 for all Q € f. Therefore, if P € f, then

Xrig0ery EP andasaresult Pe V(Zﬁ{Q||Qef} I

Thus V(.0 0ery ) 18 a closed set containing f, and hence contains f.
On the other hand, let ., o, P and P ¢ f.If X(a) is a basic open set containing P,

then P (a) # land hence a ¢n{Q, |Qe f}. Therefore there exists

Qe f, suchthat Q(a)#1.
In other words every open set containing P contains at least one Qe f. Therefore Pis
either in f or is a limit point of f.

Hence V(¥ 10ery ) € £

Hence the proposition.
Theorem 3.5:
Fspec(S) is compact and Spec(S) is dense in Fspec(S).
Proof: To prove the compactness of Fspec(S), it is sufficient to consider cover of basic
open sets.
Let { X (a) |a € T}, be one such open cover of X, where ' §. Then:
X=0{X(@a)|aecT}
=X~n{V() |aeT}.
=X~V( 1)

= X'V X(r))
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Hence V( z.,)=0.
We claim that (T) = S.
If (T') +#85, then as e € S, there exists a prime ideal P of S, that contains (7). Clearly
Xy S Xp- Since y, is a prime fuzzy ideal, we have absurd result y, < V( %) = 9.
Hence the claim.
Therefore, there exists € S, a,,4a,, . ..,a, € T and natural numbers «,, «,, ..., ,such
that e = sa,“a,” --a,”. Consider 4= {a,,a,,...,a,}. Since ee(d4), we have
(4)=8§ and consequently ¥ ,, = ¥s.
Therefore V( x,) = V( x(4y) = V(x5) =@ and
WEX(a)|i=1,2,...;0}=u{X~Va,) ]| i=1; 2, . casn }
=X~n{V(a)|i=1,2,...,n}
=X~ V(x4)
= X
Thus {X(a,) |i=1, 2,...,n }is a finite subcover of X
Consider the subset Y of Fspec () given by Y= { ., |P eFspec (§)}.
A typical closed subset F of Fspec (S ) is F = V( yx;), where T S. Hence a typical closed
subset F" of induced subspace Y of Fspec (S ), willbe F'= FNY ={y,|T < P}.
With the usual identification of a prime ideal P of S with the fuzzy ideal y,, Y can be
thought of as Spec(S) with topology defined by the closed sets {P |7 < P} .
Finally let Pe Fspec(S ) be any prime fuzzy ideal not in ¥ and let X(a) be any basic open
set in Fspec(S ) containing P. Let P, ={xe S |P(x)=1}. Then Xp, € Y. But Pe X(a)
implies P(a)#1; and hence ag P, and thus Z», € X(a).
Thus every Pe Fspec(S ) is either in Y or a limit point of Y. Thus Fspec(S ) is a closure of ¥
and, under the above said identification, of Spec(S).
Hence the theorem.

Theorem 3.6:
If Sand S’ are isomorphic semigroups, then Fspec(S') and Fspec(S ' ) are homeomorphic.

Proof: Let /:S — S beanisomorphism of semigroups. Consider
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/" : Fspec(S ") — Fspec(S)
defined by /" (P)= f'(P).
By Proposition, 1~ is well defined. As for the continuity of f~, observe that if V(a) is a

basic closed set in Fspec(S ), then /™ ( V(a) ) is a basic open set in Fspec(S'). For,

ST(V@)={ P'e Fspec(S)| f'(P) eV(@}.
={ P'e Fspec(S' )| f(P)a)=1}
={ P'e Fspec(S") | P f (a) =1}
= V(f(a).
Similarly the inverse g:§ —S of f, induces a continuous map
g’ : Fspec(S) — Fspec(S')
g (P)=g ' (P)=f(P).
Clearly g" is the inverse of f' and hence f'(and g") give the required

homeomorphism.
Theorem 3.7:

If f:5—S8 is epimorphism of semigroups and all prime ideals of S are f — invariants,
then Fspec(S) and Fspec(.S') are homeomorphic.

Proof: Propositions, , ensures that [ : Fspec(S’) — Fspec(S) , f (P')=f"(P') and
g :Fspec(S) — Fspec(S') , g (P)=g '(P). In the light of the proof of Theorem
3.5, it is routine matter to prove that f~ and g~ are continuous inverses of each other.

Theorem 3.8:
Let M be the Category of abelian monoids and J be the Category of compact topological

spaces. Then the correspondence which associates a monoid S in M with a topological
space  Fspec(S) and a morphism f:S—Sin M with a morphism
[ : Fspee(S') — Fspec(S) defines a contra varient functor F : M — 3

Proof: Observe that if f:S—>S and g:5'—>S" are two morphism in then
(gof) = f o g andif I: S—§ is the identity on S in M, then I~ is the identity

on Fspec(S).
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