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Abstract

In this work our purpose is to calculate the pion radiative decay constant using the
formulation of Bethe-Salpeter equation under covariant Instantaneous Ansatz(CIA)
after inclusion of both leading(LO) as well as next-to-leading(NLO) terms in the BS
wave function of the pion. In this process we also calculate the pion Bethe-Salpeter

Normalizer which is an extremely lengthy calculation.
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Chapter 1

Introduction

Pseudoscalar meson is a meson with total spin 0 and odd parity with JP¢ classification
O**. Among all of the mesons known to exist, the pseudoscalars are perhaps the
most well known in a sense. The masses of the pion, kaon, eta and eta prime particles
are known with great precision. However, the decay properties of the pseudoscalar
mesons, particularly of eta and eta prime, are somewhat contradictory to the mass
hierarchy. While the eta prime meson is much more massive than the eta meson,
the eta meson is thought to contain a larger component of strange and anti-strange
quarks than the eta prime meson, which appears contradictory. The presence of an
eta(1405) state also brings glueball mixing into the discussion. It is possible that the
eta and eta prime mesons mix with the pseudoscalar glueball which should occur, in
its pure state, somewhere above the scalar glueball in mass. This is one of a few ways
in which the unexpectedly large eta prime mass of 957.78 MeV/c? can be explained,

relative to its model-predicted mass around 250 to 300 MeV /c?.

Pseudoscalar mesons are commonly seen in proton-proton scattering and proton-

antiproton annihilation. The lightest Pseudoscalar meson was first proposed to exist
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Figure 1.1: Pseudoscalar mesons consisting of up, down and strange quarks only form
an octet

by Yukawa in the 1930s as the primary force carrying boson of the Yukawa Potential
in nuclear interactions, and was later observed at nearly the same mass that he
originally predicted for it. In the 1950s and 1960s, the pseudoscalar mesons began
to proliferate, and were eventually organized into a multiplet according to Murray
Gell-Mann’s ”Eightfold Way”. Gell-Mann further predicted the existence of a ninth
resonance in the pseudoscalar multiplet, which he originally called X. Indeed, this
particle was later found and is now known as the eta prime meson. The structure of
the pseudoscalar meson multiplet, and also the ground state baryon multiplets, led
Gell-Mann (and Zweig, independently) to create the well known quark model.

QCD is the correct gauge theory of strong interactions. It is based on the gauge
group SU(3). In addition to the gauge fields, QCD involves fields of spin % particles

known as quarks. There are quarks of six types, or flavors. Quarks of each flavor come



in three colours which furnish the defining representation 3 of the SU(3) gauge group.
The quantum field theories that have proved successful in describing the real world
are all non-Abelian gauge theories, theories based on principles of gauge invariance
more general than the simple U(1) gauge invariance of quantum electrodynamics.

A great deal of attention has been dedicated to the electromagnetic decays of
the neutral pseudoscalar mesons 7 and 7 and calculations of such observables in
the framework of different models. Since the great percentage of photons in the
background of heavy-ion collisions is due to the decays of 7°(n) — 2v these pro-
cesses deserve special attention[1]. The two-photon decay of mesons can be used to
identify the flavor of quark-antiquark states and provide an important tool for explor-
ing the structure of these simplest bound states in QCD and for studying the non-
perturbative(long distance) behavior of strong interactions[2]. Calculating hadron
structure from QCD alone is very difficult, we can use specific models of hadron dy-
namics to gain some understanding of hadronic structures at low energies. A realistic
description of pseudoscalar mesons at the quark—gluon level is an important element
in advancing our understanding of hadron dynamics and reaction processes at scales
where QCD degrees of freedom are relevant. The pseudoscalar mesons, Especially the
pion have for a long time been a major focus of attempts to understand the internal
structure of hadrons from nonperturbative QCD][3].

Now a number of recent studies have been carried out on pseudoscalar mesons at
quark level of compositeness [2-5]. These studies have revealed that various mesons

have many different covariant structures in their wave functions whose inclusion was



also found necessary to obtain quantitatively accurate observables[3], and it was no-
ticed that all Dirac covariants do not contribute equally and only some of the covari-
ants are relevant for calculation of mass spectrum and decay constants. Towards this
end, a power counting rule for incorporating various Dirac covariants in the struc-
ture of hadron-quark vertex function for a meson was developed where covariants
are incorporated order by order in powers of the inverse of meson mass M, so as to
systematically choose among different covariants from their complete set and write
wave functions for different mesons . Recently, we have used this generalized hadron
quark vertex function to calculate leptonic decay constants of pseudoscalar mesons
such as 7, K, D, D, and B [6] as well as vector mesons [7] in the QCD oriented frame-
work of Bethe-Salpeter Equation under covariant Instantaneous Ansatz(CIA) which
is a Lorentz -invariant generalization of Instantaneous Approximation (IA) and which
for the qq system ensures an exact interconnection between 3D and 4D forms of the
BSE[7].

Furthermore, a number of recent studies in the framework of BSE [8,9] have been
carried out on two photon decays of mesons. The decay into two photon is considered
as an interesting experimental playground in the mesonic physics of the near future.
Two photon couplings also provide a useful probe of the internal structure of mesons.
The classic light G states such as 7° 1,1 etc. have been observed to have v par-
tial widths consistent with quark model predictions. However, mesons thought to be
non-qq states have v+ widths far from ¢q quark model predictions. For this reason,
it is clearly important to have accurate quark model predictions of v+ widths for all
experimentally accessible gg mesons.

In this thesis, we are primarily interested in studying the application of our BSE



Figure 1.2: Triangular quark loops generating the decay 7° — 2~

framework with the generalized vertex function described above to decays of a meson
into two photons and calculating the Pion radiative decay constant Fp and Bethe-

Salpeter normalizer for a pion which is a very lengthy calculation.

This thesis is organized as follows: Chapter 2 is devoted to a review of gauge
theories QED and QCD. In chapter 3 we present the derivation of Bethe-Salpeter
equation. In chapter 4 we calculate the radiative decay constants of pion after in-
corporation of NLO covariants in BS wave function. The calculation has also been
done for pion BS normalizer in this section. Chapter 5 is devoted to summary and

conclusion. We see the decay process in fig.1.2.



Chapter 2

Gauge Theory

2.1 Gauge Theories : QED and QCD

One of the most profound insights in theoretical physics is that interactions are derived
from symmetry principles. The present belief is that all fundamental interactions
originate by imposition of local gauge invariance on a free matter Lagrangian. This
in turn is related with conservation of physical quantities(such as electric charge, color,
etc.) The connection between symmetries and conservation laws is best discussed in
the framework of Lagrangian field theory. In classical mechanics the particle can be

obtained from Lagrange‘s equations[13], i.e

4oL 0L
dt 04"  Oq

(2.1.1)

where ¢; are the generalized coordinates of the particles, t is the time variable. The
Lagrangian is

L=T-V, (2.1.2)

where T and V are the kinetic and potential energies of the system respectively. It
is straightforward to extend the formalism from a discrete system, with coordinates

q(t), and generalized velocities ¢;(t) to a classical field with generalized coordinates



¢(x) and generalized velocities 0,¢(z). The Lagrangian for a classical field is

£ = £(6(2),0,0(x)). (2.1.3)

where the field ¢ is a function of the continuous space-time variable x,, and the

corresponding Euler-Lagrange equation for ¢(z) is

of 0 , 0L

L:/£ﬁ@ (2.1.5)

Here £ is the Lagrangian density and L is the total Lagrangian for the system. We
know that the invariance of Lagrangian under space translations, time transforma-
tions and rotations, leads to the conservation of linear momentum, energy and angular
momentum respectively[13]. We are now interested in internal symmetry transforma-
tions on the Lagrangian. We first briefly discuss gauge transformations in connection
with electromagnetism as well.

The transformations which A and ¢ may undergo while preserving F and B as
well as the form of Maxwell‘s equations are called gauge transformations. The electric

and magnetic fields are given in terms of scalar potential ¢ and vector potential A

[12,13]as
. . 9A
E=— S — 2.1.
Vo2 (2.1.6)
and
B=VxA (2.1.7)
If we transform
, ON(T,t
b— ¢ =¢— (7, 1) (2.1.8)



and

A— A = A4 VAZ 1), (2.1.9)

Where A(Z,t)is an arbitrary function, we see thatE and B and hence Maxwell‘s
equations remain unchanged. These gauge transformations can be combined into a

single equation by introducing the 4-vector potential [12,13]
A, = (A,i9). (2.1.10)

The gauge transformations (2.1.6) and (2.1.7) can be combined into a single trans-

formation equation[12,13],
Ay — A=A, — 0\ (x). (2.1.11)
Maxwell‘s equations can also be written in a covariant form using the 4-current j,,

where j, = (J,icp) [12,13] as
a,uF/,w = jl/7 (2112)

where we have defined the field strength tensor

F., =0,A, —0,A,. (2.1.13)
which is invariant under the gauge transformation A,. That is
E, =F,. (2.1.14)

This will preserve the form of Maxwell‘s equations. Now the Lagrangian for electro-

magnetic field is given by

1
Lo = —ZFj,, (2.1.15)

Since the F),, is invariant under the gauge transformation on A,,, £.,, is also invariant

under the gauge transformations(2.1.11).



There are two types of gauge transformations

1. Global Gauge Transformations, which are transformations that do not vary from
point to point in space-time. and

2. Local Gauge Transformations, which are transformations that vary from point
to point in space-time . Maxwell’s equations are invariant under the local gauge
transformations on A,(z). We now discuss quantum electrodynamics, the gauge

theory of electromagnetic interactions.

2.2 Quantum Electrodynamics:

It is well known that the best understood particle interaction, quantum electrody-
namics, is based on the concept of local gauge invariance[14]. Lets consider free Dirac
Lagrangian

£ = (@) (3,0, + m(e). (2.2.1)
We transform the Dirac field

/

U(x) — P (x) = exp(ia)(x) (2.2.2)

and

- -/

U(@) = U (2) = () exp(—ia), (2.2.3)

where « is a real constant and has the same value at all space-time points. These are

global gauge transformation on v and 1. The Lagrangian £ would transform as

’

£ = =" (@) (3B + m) (). (2.2.4)

It can be easily checked that
£ =£ (2.2.5)
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since « is constant and the derivatives of field transform as,

0, (z) — exp(ia)d, ) (x). (2.2.6)
Therefore, £ is invariant under global gauge transformation on ¢(x). From eqn(2.2.3),
we see that the phase a can be chosen arbitrarily. Lets now try to generalize global
gauge transformations to local gauge transformations, where ov = () which varies

from point to point in space-time[14]. Lets now consider the local gauge transforma-

tion on ¢ (z) i.e

/

(z) = ¢ (2) = exp(io(x))ih(x), (2.2.7)

where a(z) now depends on space and time.

() — 0 (x) = b(x) exp(—ia(x)). (2.2.8)

The set of phase transformations {U(z) = exp(ic)}, forms a unitary U(1) group,

which is abelian since elements of this group can commute [13]i.e.

[U(ar), Ulas)] = 0. (2.2.9)

It is observed that the Lagrangian £ is not invariant under the above local gauge

transformations. Since the term 0,1 (z) transform as,

0, 0(x) — exp(ia(x))0,(x) + iexp(ia(z))y(x)d,o(z), (2.2.10)

where the second term in eqn(2.2.10) breaks the invariance of £. Lets modify £
to incorporate a term it)(z)y,1(x)A,(x) and also pullout ” e ” from «(x) so that

a(x) = eA(x). The modified Lagrangian becomes

£ = — (@) (3,0, + m)p(x) + ied(2) 30 (@) Ay (). (2.2.11)
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This modified Lagrangian is invariant under the combined local gauge transformations
on ¢ and A,(x).

We transform

() — exp(if(x))P(z) = exp(ieA(z))(x), (2.2.12)
U(@) = ¥(x) exp(—ieA(z)) (2.2.13)

and
Au(x) = A, (z) = Au(z) + 9\ (2) (2.2.14)

The Lagrangian also transforms as

£ = = (@) (30, + m) () +ied (2) 7,0 (x) A, (2). (2.2.15)

Comparison of eqn(2.2.11) and eqn(2.2.15) shows that the Lagrangian in eqn(2.2.11)
is invariant under the combined local gauge transformations on v(z), () and
A, (z)fields. It was seen that initially free Dirac Lagrangian was not invariant under
local gauge transformations. To make £ locally invariant requires introduction of a
carrier gauge field A,(x) which should couple to matter fields ¢ and ¢ through a
term ey (z)y,10(x)A,(x) in the Lagrangian, where ”e” plays the role of a coupling
constant between matter fields and electromagnetic (A, )fields. A simple( minimal)
prescription to make the Dirac Lagrangian locally invariant requires replacing 0, by
D, [12,13] that is,

D, =0, —ieA,(x). (2.2.16)

we can then write the full locally invariant QED Lagrangian as

1
£QED = _w(D,LL + mW - ZF}LVF/JJ/' (2217)
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In summary, we see that by imposing the local phase invariance on the free Dirac La-
grangian, leads to the introduction of a carrier gauge field which couples to matter in a
mathematically self consistent manner and hence describing the interactions between
charged particles and e.m field. This is a simple example of how electromagnetic

interactions are generated by a gauge principle.

2.3 Quantum chromodynamics ( QCD ):

QCD is a theory of strong interaction (color force) describing the interactions of
the quarks and gluons making up hadrons. We now discuss the non-Abelian gauge
theory such as QCD. We can infer the structure of quantum chromodynamics from
local gauge invariance. QCD is based on the extension of the QED idea but the U(1)
gauge group is replaced by the SU(3) group of phase transformations on the quark
color fields[13].

Lets consider a free Dirac Lagrangian for a given quark flavor

£ = —r(yu0u + m)r — Vp(1u0u + M)V — Ya(yu0u + m)ie. (2.3.1)

We can write £ as

L= —@Z)(Vuau + m)@/), (2‘3-2)
YR
where ¢ = |, | and ¢ = (11—% b5 z;@)
Ya
mp 0 0
are a triplet of color fields each of which is a 4 x 1 Dirac spinor and | ¢ ,,. o
0 0 mg

is a mass matrix. Let ¢ transform as

Y — ) = U U = exp(ia(z)), (2.3.3)
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while v should transform as,

) — P =yUT. (2.3.4)
VY = PUTUY = gy, (2.3.5)
where UTU =1 and | U |= 1[15]
U = exp(ia(x)). (2.3.6)
H = a(I)+ \a*(x). (2.3.7)

Since 1 is a 3 x 1 matrix, a(x) should be a 3 x 3 matrix, which can always be expressed
as a linear superposition of a unit matrix and eight Gell-Man matrices Ay, ..., Ag which
are 3 x 3 traceless matrices and are the generators of SU(3) group[13]. Thus we can
write a(x) as

a(z) = a,l + N (z), (2.3.8)

where o, and o*(z)(a = 1,...,8) are arbitrary parameters. Pulling out a constant g

from a(x) and expressing it as a(x) = gf(z), we can write
U = exp(igh,). exp(igA“0*(z)). (2.3.9)

We can explore the consequence of requiring £ to be invariant under SU(3) local

gauge transformations of the form

P(z) = ¢ () = Up(z) = exp(igh” (z)\")¥ (), (2.3.10)

where U is 3 x 3 unitary matrix. A summation over the repeated suffix is implied.

A® with a=1,....8 are a set of linearly independent traceless 3 x 3 matrices, and 0
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are arbitrary parameters. The group is non-abelian since the generators \* do not

commute with each other[13,15]. In general,
A% NY] = i fape NS, (2.3.11)

where fu. are the structure constants of the SU(3) group[14]. To impose SU(3) local
gauge invariance on the free Dirac Lagrangian, we follow the same steps as in the
previous section.

We consider transformations
() — exp(igh®(x) A\ )Y(x). (2.3.12)
Then 0,1 would transform as,
0, (x) — exp(igh® (z)A*) 0,0 (x) + igA\*P(x)0,0%. (2.3.13)

The term 0,0 breaks the invariance of £[13], we then proceed exactly as for QED.
That is, we introduce eight massless gauge fields Af, now we first obtain the general

transformation property of non-abelian gauge fields. Consider the transformation
Oy — D,y = 0, — ig\"Aj (), (2.3.14)

where D), is a covariant derivative introduced to make £ locally invariant. We let

D, transform as,

Dyt — (Dyth) = U(@) Dy (2.3.15)
Substituting eqn(2.3.14) into eqn(2.3.15) then we obtain
8,U — igh” AU = —igU (X A™). (2.3.16)
Multiplying this equation both sides by U~! from the right, then we get

(0, U~ —igh¥ AV = —igU(X" AU, (2.3.17)
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We can rewrite this equation as,

1 é(@MU)U‘l. (2.3.18)

Lets denote \?. A" = A,(r), where A, is a 3 x 3 matrix. Thus, the transformation

property of non-abelian gauge fields A, is given by
AL UAU™ — %(aMU)U—l. (2.3.19)
Using this gauge fields the covariant derivative can be written as,
D, =0, —igAj(). (2.3.20)
Then, we replace 9, byD,, in the Lagrangian and we obtain
£ = =)0+ m)y(x) — igi ()7, A" U(x) Aj (2). (2.3.21)

To obtain the gluon field strength tensor, we consider two covariant derivative D,
and D, that is, we make use of the relation connecting G, with the covariant deriva-
tives[15]

G, = [D,,D,). (2.3.22)

We find the commutator of these two covariant derivatives is

D,,D,| = —ig(0,A, —0,A, —ig[A,, A])[15]. (2.3.23)
Thus we get the gluon field strength tensor G, [15] as,
G = (0,4, —0,A, —ig[A,, A)). (2.3.24)

This is the general expression of the field strength tensor for both QED and QCD.

We first see the invariant of G, this field tensor should transform as,

G — G, = (0,4, — 0,4, —ig[A,, A)). (2.3.25)
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Using the transformation of A, (x), we can write G;W as,

!

Gy = 0,UAU = —(Q,U)U )] = [0,(UAU ™ = ~(9,U)U™")]

1
9

Q| =

i

—iglUA U™ — J

(0,U0) U1, UA U — =(0,U) U] (2.3.26)

Q| =

-1

We expand the above equation and using 0, = U(9,)U~" we cancel a number of

terms and we get,

G, =U[(8,A, —9,A, —ig[A,, AU (2.3.27)

nZ

Thus, we see that the gauge field tensor in QCD transform as|14],

G, — G, =UGU™" 2.3.28
p p

!

Using this gauge field strength we can find the free gauge field Lagrangian £ ., . i1

can be written as:

/

£ }lTT[G/ G, = —lGa G?, = Lgaugefield. (2.3.29)

gaugefield — v~y 4 mv

To write the Lgquge fieta in terms of the structure constant fu. we solve the commutator

of A}, and Ay,
[A,, A" = AZAg[Ab, 2.

(A, A]* = AL A fape X" (2.3.30)

The £ jquge fieta becomes[15]

1
£gaugefield - _Z[auAg - 8VAZ + gfabcAZAlC/] [aqu - aVAZ + gfamnAZLAm
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1 a a (& a a C m n
£gaugefield = _Zl[(aﬂAV_aVAM)2+29fabCAZAV(a#AV_aVAu)+92fabcfamnAzAz/Au AZ/]
(2.3.31)
Finally, we may add to £ a gauge invariant kinetic energy term for each of the Aj

fields. The final gauge invariant QC'D Lagrangian is then

1 a a
- >G4,Gl,. (2.3.32)

£QC’D = _77;(’7118;1 + m)¢ + Zgl/_)’Yu)‘a@Z)Az 4

which can be written as,
n SR a a 1 a a
Loop = = (1,0, + M)y + gy NP AL — Z[(auAu — 9,A%)?

420 fape AL AC(D, A% — 8, A%) + G Fave famn AL AL AT AT, (2.3.33)

p v

This is the Lagrangian for interacting colored quarks q and vector gluons A,,, with
coupling specified by g. Besides the fact that the matter field couples to the gauge
field, the other complicating feature of the non-abelian case is that the gauge field

couples to itself.

2.4 Feynman Rules For QCD

To see Feynman rules for QCD we take the Lagrangian of the gauge field L jqugeficia
from eqn(2.3.31) where we have three terms we see the Feynman rules for each terms.
First we start with the first term that contains only the free gluon fields, that is given
by

£ freegiuon = —i(@uAﬁ — 0,A;)(0, A7, — 0,A7). (2.4.1)
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Using this Lagrangian we can obtain the free gluon propagator, to find the free gluon

propagator we use the Euler-Lagrange equation, given by

0L, 0L g
— = 0. 2.4.2
A% 0(0,A2) ( )
Substitute eqn (2.4.1) into eqn (2.4.2) we get
0%2A%6,, — 0,0,A% = 0. (2.4.3)

Imposing Lorentz gauge condition 9, A% = 0 this equation becomes
0% A%, = 0. (2.4.4)

Now we take the fourier transform of A¢

A%(z) = ﬁ / d'ks explika) A% (k). (2.4.5)

Using the fourier transform of A% eqn (2.4.4) becomes

—k*A%6,, = 0. (2.4.6)

Now taking the inverse of eqn (2.4.6) we can obtain the propagator for free gluon
field[15], that is

D,, = —%. (2.4.7)
Next, we see the second term in eqn(2.3.31). In this term we see that there is inter-
action between three gauge fields and we solve the vertex function for this 3-gauge

fields. From eqn (2.3.31) the Lagrangian for the interaction of 3-gauge fields is given
by

1
L3_g = _§gfabcAzAlc,(aﬂAZ - 0,A}). (2.4.8)
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Using all permutations of a,b,c we can rewrite £3_, as,

£3-g = =9 fare(0uAD) ALAT = 9 fact (DAL)AL AL — g foea (0 A7) AL AL
~9foac(OuA) AL AT — 9 fear (0, A7) AL AT — g fean(DuAD) ALAL (2.4.9)

Using the fourier transform of A2 JA%, A¢ from eqn (2.4.5) we again write £3_, as,

£3—g = _igfabc[(k3 - kl)AbAaAc + (lfl — kg)AcAaAb + (k’g — l{fg)AaAbAc]. (2410)

v 14 14 v v v v 14 14

The 3-gluon vertex function in covariant form is then given by[15]
—ig favel(ky = ka)p0ary + (Ka = kg)yOap + (ks — ky)adp,]. (2.4.11)

Similarly we can see the interaction between 4-gluon fields from the third term of eqn
(2.3.31). Using this term we can find the 4- gluon vertex function. The Lagrangian

for 4-gluon fields is given by

La-g = 9" fave fade AL A5 ALAS,. (2.4.12)
we can rewrite £4_,
£4*g = 92fnabfnchZAI;AZAg- (2413)

Using all permutations of a,b,c and d we again write Ly,
1
‘£4—9 = _192 [fnabfncd((AaAc) (AbAd) - (AaAd)(AbAC))—f—

FracTrba((A®AP)(A°AT) — (A"AT)(A"A)) + fraafme((A"A")(ATAS) — (ATAP)(A"A°)].
(2.4.14)
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L’

Figure 2.1: 3-gluon and 4-gluon vertex function

Finally the 4-gluon vertex function in covariant form is[15]

1
_192 [fnabfncd(éupéucr - 6#05147) + fnacfnbd((suufspo - 5/105;)1/) + fnadfnbc(éuu(spa - 51/05pu)] .

(2.4.15)

We can also see that the 3-g and 4-g vertex functions in fig.2.1.



Chapter 3

Bethe-Salepeter Equation

Bethe-Salpeter equation is a relativistic equation for bound state problems and the
simplest n-body equation that follows from field theory, explicitly covariant and In-
trinsically non-perturbative. The Bethe-Salpeter equation is a direct application of
the Feynman rules, and a resummation of the finite set of diagrams by using integral
equation.

Among the various approaches used in meson physics, the formalism of Bethe-
Salpeter and Dyson-Schwinger equations (DSEs) plays a traditional and indispens-
able role. The Bethe-Salpeter equation (BSE) provides a field-theoretical starting
point to describe hadrons as relativistic bound states of quarks and/or antiquarks.
For instance, the DSE and BSE framework has been widely used in order to obtain
nonperturbative information about the spectra and decays of the whole lightest pseu-
doscalar nonet, with an emphasis on the QCD pseudo-Goldstone boson the pion[16].
Moreover, the formalism satisfactorily provides a window to the next-scale meson
sector, too, including vector, scalar[17] and excited mesons. Finally, electromagnetic
form factors of mesons have been calculated with this approach for space-like mo-

menta.
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When dealing with bound states composed of light quarks, then it is unavoidable
to use the full covariant BSE framework. Nonperturbative knowledge of the Greens
function, which makes part of the BSE kernel, is required. Very often, the problem
is solved in Euclidean space, where it is more tractable, as there are no Greens
function singularities there. Different approaches have been developed to reduce
the computational complexity of the full four dimensional (4D) BSE. The so-called
instantaneous [18] and quasi-potential approximations can reduce the 4D BSE to
a 3D equation in a Lorentz-covariant manner. In practice, such 3D equations are
much more tractable, since their resolution is less involved, especially if one exploits
the considerable freedom in performing the 3D reduction. Also note that, contrary
to the BSE in the ladder approximation, these equations reduce to the Schrodinger
equation of nonrelativistic Heavy-Meson Effective Theory and nonrelativistic QCD.
However, the interaction kernels of the reduced equations often correspond to input
based on economical phenomenological models, and the connection to the underlying
theory (QCD) is less clear (if not abandoned from the onset). We now introduce the

one-particle Dirac propagator in an external field.

3.1 One Particle Dirac Propagator In An External
Field

We recall the Schrodinger‘s equation[19]

(@% ~ H)y(z) = 0. (3.1.1)

The propagator K (Z,t; % ,t ) satisfies the equation(for t > t'):
0

(i — H)K(7,; 7o) =107 - )t —t). (3.1.2)
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If replacement is conducted between the Schrodinger hamiltonian and the Dirac
hamiltonian since both these equations are linear in time derivatives, eqn(3.1.1) for

a Dirac particle will be:

(2% —ap— pm)y(z) = 0. (3.1.3)

This is the Dirac equation in the absence of A, field. In the presence of A, field, with

using minimal coupling prescription[19]

Py — Pu — eA,ua (3.1.4)
V=V —ied (3.1.5)
and
2 2 e (3.1.6)
ot ot ' o
Eqn(3.1.3) becomes
0 g 7=

(i —ep +id.V + eAd — pm)(x,t) = 0. (3.1.7)

ot

To make this equation covariant we multiply by —/3 from the left on both sides of the

above equation and obtain,

(&u - ieAu +m)y(z,t) = 0. (3.1.8)

Lets consider K (xz,t;2',t") be the full Dirac propagator, then K(z,t;z ,t) would

satisfy the equation[19],

<i% —iedy+m)K(z,t;2 1) = —id*(x — ). (3.1.9)

We can also write the above equation as,

(@, —ied, +m)K (z,2) = —id*(x — 2), (3.1.10)
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where 7,,.0, = @. We can call equation (3.1.10) the full propagator equation. Whereas

the propagator for free Dirac particle satisfies the equation,
@y +m)K,(z,2") = —id*(x — 2). (3.1.11)
We can also write eqn(3.1.10) as
(@, +m)K (z,2) = —id*(x — 2') +ied,(2) K (z,z). (3.1.12)
This can in turn be written as

(Putm)E (z,2') = —i/d4$"(54(3§'—$//)(54($”—:L’/)—G—ie/d41‘,,1§{#($//)[(($”’x/)(54($”_x)_
(3.1.13)

But we have also (@, + m)K,(v,7") = —id*(x — 2"), then eqn(3.1.10) becomes

@+ m)K (2, 7) = / & (@ + m) Kz, YoM — &)

e / 2 (P +m) Ko, 2 ) A (VK (2 2). (3.1.14)

The complete Dirac propagator K(z, a:") can thus be written as,

1" /

K(z,z) = Ky(z,2) — e/d4:1:”Ko(x,a:")Au(x”)K(x LT ). (3.1.15)
We can also write K (z",z') as

1" i 1 !

K ) [ 1 0

" " !

VK (z ,x). (3.1.16)
This can be written in a symbolic form by making substitutions;

r=1,12 =22 =32 =4 (3.1.17)
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Figure 3.1: Single particle propagation
Therefore K (1,2) is given by an infinite series;

K(1,2) = K,(1,2) — e/d43Ko(1,3)Au(3)Ko(3, 2)

—e/d43/d44KO(1,3)4#(3)&(3,4)4#(4)}(0(4, 2) + ... (3.1.18)

In Dirac particle case, both the time directions (1 e7) and (let) are allowed.

3.2 Two Particle Dirac Propagator

We now generalize to two-particle Dirac propagator with particles in mutual inter-
action. First define 2-particle free propagator for simultaneous propagation of two
free particles. The free propagator for simultaneous propagation of two particles from
(3,4) — (1,2) is

Koo(1,3) Ko (2,4) = K,(12;34). (3.2.1)
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Figure 3.2: Propagation of two non interacting particles and two particles of the

propagator interact through a single photon.

Lets consider the two particles a and b interact through the exchange of a single
photon. The Coulomb interaction between these particles is

i (3.2.2)

However, this Coulomb interaction is non-covariant. To write the mutual interaction

between these two particles in a covariant form lets take the fourier transform of this

equation in momentum space

: (3.2.3)
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we can write this equation in covariant form
2
€ 2 a —1 b
— = = V(=5 )V 4 = P1 — P2,
Tab migz

where ¢ is the momentum exchanged between the two electrons. Thus

2

e ’

= —eQVZ(DF(x —x ))72 = 1(5,6), (3.2.4)
ab

where the RHS in the above equation is interaction potential and Dp(z — m’) is the

photon fourier transform of propagator on momentum space and is given as

Dp(z — 1) = @%yl/d‘lq(;—;) exp(ig(z — 2)). (3.2.5)

To generalize a single particle propagator to a two particle propagator consider si-
multaneous propagation of two particles for two charged particles propagating from
space-time points (1, 2) to (3,4) and interacting through a photon exchange connect-
ing them at space-time vertices 5 and 6, we can write the first order correction to the
propagator

K1(12;34) = /d45/d46K0(12;56)](5,6)[(0(56;34). (3.2.6)

This is first order correction to two particle propagator due to simultaneous interac-
tion of both Dirac particles through exchange of a single photon. Similarly we can

write

K5(12;34) = /d45/d46/d47/d48K0(12;56)[(5,6)[(0(56;78)[(7, 8)K,(78;34).
(3.2.7)
which is second order correction to two particle propagator. If we iterate one quan-
tum exchange between two particles, we can write the two particle propagator as an

infinite series;
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Figure 3.3: Two particle propagation

K(12;34) = K,(12; 34) +/d45/d46K0(12;56)](5,6)[(0(56; 34)

+/d45/d46/d47/d48f(0(12;56)[(5,6)[(0(56; 78)1(7,8)K,(78;34) + ... (3.2.8)

which can in turn be written as
K(12;34) = K,(12;34) +/d45/d46K0(12; 56)1(5,6) K (56;34), (3.2.9)

where K(56,34) is the full two-particle propagator for simultaneous propagation of
two-particles from (3,4)to(5, 6), thus we arrive exactly to an integral equation written
symbolically as

K=K, + K,IK. (3.2.10)
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which is complete Green‘s function for two particles as a sequential action of

Moller interaction in ladder approximation.

To find the two particle wave function we can use the full two particle propagator.
Consider the wave function (1, 2) which can be written in terms of the initial wave

function (3, 4) as,

Y(1,2) = /d33/d34ﬁ“ﬂb}((12;34)¢(3,4). (3.2.11)

Substitute eqn(3.2.9) into eqn(3.2.11)and we obtain

¥(1,2) = /d33/d34ﬁ“6”[K0(12;34)+/ d45/d46K0(12;56)](5,6)[(0(56; 34)|1(3, 4).
(3.2.12)

The complete two particle wave function is
Y(1,2) = (1, 2) +/d45/d46Ko(12;56)[(5,6)w(5,6). (3.2.13)
3.3 Derivation Of Bethe-Salpeter Equation

To obtain BSE we use eqn(3.2.13). Lets operate this equation both side by Dirac

operator
(@ +m)(P, +m). (3.3.1)

Then, we obtain

(@ +m) (@, +m)y(1,2) = (@, +m)(@), + m)ve(1,2)
+(<2z+m)(@z+m)/d45/d46K0(12;56)1(5,6)¢(5,6). (3.3.2)
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If two particles after interaction form a bound state, then
,(1,2) = 0. (3.3.3)
Equation(3.3.2) is then reduced to

@+ m)(@,+ m)p(1,2) = (@ -+ m)(@, + m) / 5 / d6K,(12: 56)1(5,6)1b(5, 6).
(3.3.4)

which gives

(@2 4+m) (@, +m)v(1,2) :/d45/d46(—i54(1,5))(—2’54(2,6))[(5,6)w(5,6). (3.3.5)

Thus, we get,

(@, +m)(@5, +m)v(1,2) = —I(1,2)y(1,2). (3.3.6)
This equation is two particle mutual interaction equation written down in covariant
form. Where (1, 2) is interaction potential. Lets now introduce two new co-ordinates,

131+ZL'2

2

X = and T =z — T (3.3.7)

Using equation (3.3.7) we can write 0y, and 0y, in the following way

1 1
(%u = 58}‘(# + &w and (%u = 58;{# — 896#' (338)
After substituting eqn(3.3.8) into eqn(3.3.6) we obtain
1 1 - _
(5@)_(;; + @xu + ma)(ga)_(,u - @x,u + mb)w(Xa iIZ’) = _[(x)w(xv .1') (339)

where (X, x) = 1 (X)¢s()
Now we take the fourier transform of ¥)(X), I(z) and (=) and the fourier transform
of these functions are given by

1
(2m)t

P(X) = / d*Pexp(iPX)y(P). (3.3.10)
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0(w) = ot [ daesplian)vio) (3311)
1 \ ,
I(x) = o) /d kexp(ikz)I (k). (3.3.12)

Inserting eqn(3.4.10), eqn (3.3.11) and eqn (3.3.12) into eqn (3.3.9) after simplification

we get

/ d‘*q(luﬁ Fif+ m) (B, — i+ m)e(Pyé(a) expligr) =
/d4 /d4kexp (ilk + ¢ NI (k)Y(P)p(q). (3.3.13)

Now to simplify eqn(3 3.13) we see the right hand side of this equation
Lets take ¢ = k + ¢ that is d*k = d*q. This implies ¢ is constant. Then eqn (3.3.13)
becomes
(it i+ ma) (il — i+ ) (Po(a) =
1
(2m)*

For a quark and anti-quark forming a gg meson, the total momentum of the hadron

/ a4 1(q,q Y (P)b(q). (3.3.14)

is P = p; + po and the relative momentum of quark and anti-quark is given by
q = %(pl — pa), we can take the momenta of the constituents as, p; = %P + ¢ and

p2 = 1P —q. And ¢(P)y(q) also written as ¢(P, ¢). Then we rewrite eqn (3.3.14) as

(mn + i1 (s — i pa)b (P, ) = ﬁ / PO K(0,d)¢(Pg.  (33.15)
Lets define
B(P,q) = (my + ir"py) (ms — i7p2)B(P. ), (3.3.16)

where ®(P,q) is the 4D wave function. Inserting eqn (3.3.16) into eqn (3.3.15) and

after simplification we obtain

(mi +p})(m3 + p3) (P, q) = 4/d4q'f((q,q’)<1>(P,q), (3.3.17)
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where K(q,q') = K(q,q)(my + i7*p1)(ma — i7"py) is the qq interaction kernel. Now
we also define the inverse propagators for two constituent quarks A; = (m? + p?) and
Ay =m3 + p3). The full Bethe-Salpeter Equation for spinless quarks is given by

?

(27)"

£1228(Pg) = s [ Rl o) (3.3.18)

3.4 BSE under Covariant Instantaneous Ansatz
(CIA)

We start with a 4D BSE for scalar g system with an effective kernel K and 4D wave

function ®(P, q) as,

i(27) 0 A B(P, ) = / 44 K(q.¢)(P.q), (3.4.1)

where A\ 5 the inverse propagators of two scalar quarks,

Dip=mi,+pi,), (3.4.2)

where m; o are constituent masses of quarks. The 4-momentum of the quark and
anti-quark, p; o are related to the internal momentum ¢, and total momentum P of

hadron of mass M as

pl,?,u, - mA1,2Pu j: q,u,; (343)
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where mj o = (—M22)) are the Wightman-Garding(WG) definitions of masses of

individual quarks. Using the CTA the kernel can be written as[6,7]

U

K(q,q) = K(4,9), (3.4.4)

where we split the internal momentum ¢, = (g,,Mo) the transverse component of

Qu 18[677]
X q-P
qﬂ = q# — (?>P’u, (345)
while its longitudinal component is[6,7]
q P
Mo = M(15-). (3.4.6)

The total 4-momentum P, of the hadron is orthogonal to ¢, (i.e, §.P = 0) irrespective
of whether the individual quarks are on-shell or off-shell. The 4-dimensional volume

element in momentum space can be expressed as
d'q = d*¢Mdo. (3.4.7)

To obtain the hadron-quark vertex function I'(§) we first change the BSE to the 3D

form, we define a 3D wave function ¢(¢) as

¢(q) = /_ M do®(P, q). (3.4.8)

Using the kernel and the 3D wave function BSFE can also written as

§(20) 20 Aa (P, q) = / 34 K (6,d)6(d). (3.4.9)

Integrating LHS of eqn (3.4.1) Mdo and noting that d'q = d*§Mdo, we obtain the
3D BSE

(2m)6(@)D(d) = / P4 K (6,d)6(d). (3.4.10)



34

which was used earlier for determination of ¢g mass spectra. Here D(§) is 3D De-

nominator function, its expression is given by

1 Mdo
= | ——. 3.4.11

and whose value can be determined by carrying out pole integration over the complex
o-plane. Then by equating the left hand side equation of (3.4.9) and (3.4.10) we finally

obtain the hadron-quark vertex function,

I(§) = A AD(P,q) = 9@)D(4) (3.4.12)

271

In the process, we obtain an exact interconnection between 3D wave function ¢(q)
and 4D wave function ®(P, ¢) where the 3D form serves for making contact with the
mass spectrum of hadrons, whereas the 4D form provides the Hqqg vertex function
['(¢) which is to be employed for calculating transition amplitude for various pro-
cesses.

To generalize the above description to the case of fermionic quarks constituting
a particular meson[6,7], first the scalar propagators A Uin the above equation are
replaced by the proper fermionic propagators Sr. Then for incorporation of relevant
Dirac structures in the vertex function I'(¢), we take guidance from some of the re-
cent studies which have revealed that various mesons have many different covariant
structures in their wave functions whose inclusion was also found necessary to obtain
quantitatively accurate observables[3]. However, it was noticed that all covariants
in a BS amplitude do not contribute equally to calculation of various meson observ-
ables[1] and only some covariants are considered to be relevant to calculation of decay
constants. Towards this end a power counting rule [6,7] was developed whose mo-

tivation was to find a criterion so as to systematically choose among various Dirac
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covariant from their complete set to write wave functions for different mesons (P,V,S
etc.). Various Dirac covariant in the structure of Hqq vertex function for a particular
meson (pseudoscalar, vector, scalar etc.), are incorporated order-by-order in powers
of inverse of meson mass M.

As far as pseudoscalar meson is concerned, its Hqqg vertex function which has a
certain dimensionality of mass can be expressed as a linear combination of four Dirac
covariants I (i = 0, ..., 3)[3,5] each multiplying a Lorentz-scalar amplitude.

For adapting this decomposition to write the structure of vertex function I'(§),
we re-express the Hqq vertex function by making this amplitudes dimensionless.Thus
each term in the expansion of I'(§) is associated with a certain power of M. In detail,

we can express I',, as a polynomial in various powers of %[6,7],

1 . N
I'p = QPTNPD(QW(Q); (3.4.13)
i
where
) B, . By Bs
Qp =3B, — iv5(7 - P)M —i5(7 - C])M = (- Pyg—7-qv- P)W' (3.4.14)

where B;(i = 0,...,3) are four dimensionless constants to be determined. Now since
we use constituent quark masses where the quark mass m is approximately half of

the hadron mass M, we can use the Ansatz
q<<P~M, (3.4.15)

in the rest frame of the hadron. Then each of the four terms in eqn (3.4.14) receives
suppression by different powers of ﬁ Thus we can arrange these terms as an expan-

sion in powers of O(ﬁ) We can then see in the expansion of (2p that the structures
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associated with the coefficients B,, B; have magnitudes O( z\}o) and are of leading

order, while those with Bs, Bs are O(57r) and are next-to-leading order. This naive

power counting rule[6,7] suggests that the maximum contribution to the calculation
of any pseudoscalar meson observable should come from the Dirac structures of ~s,
vs5(v- P)+7, iv5(7v- )77 and iys(y- Py-q—~-qv- P)z) associated with the constant
coefficients B,, By, By and Bs respectively. Thus, we take eqn(3.4.13) the Hqq vertex

function for a pion.



Chapter 4

Radiative Decay Of a Neutral
Scalar Meson and Calculation of
BS Normalizer Np

4.1 Calculation Of Radiative Decay Constant For
a Pion

The invariant amplitude for the decay of a neutral scalar meson into two photons

given by the famous triangle diagram can be expressed by[19]

A = 2) = [T ibSs G- Qi+ 002, (AL

Where (1 < 2) corresponds to the diagram with the two emitted photons exchanged

and the Bethe-Salpeter wave function W(P, q) for a pion is expressed as

U(P,q) = Sw(p)T(@)Sr(—p2), (41.2)

where Sg(p;1) and Sg(py) are the fermionic propagators for the two constituent quarks

of the hadron, their expression is given by

37
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Se(py) = —i(”“A;f’“). (4.13)

Sp(ps) = —i(%jﬁ?). (4.1.4)

In the following calculation, we take the structure of hadron-quark vertex function
I'(¢) as in eqn(3.4.13) containing all terms. Substituting the value of ¢(P,q) and

fermionic propagators Sg, the trace in equation (4.1.1) becomes

Tr = el — ih)sBo = () 8 — 150 12 — A — 7)o

(ma +ip2)¢i[m — (¢ — @)l¢2]]- (4.1.5)

We calculate the above quantity of Tr by evaluating the traces of y-matrices by

making use of the trace relations:

Tr(7s) = 0. (4.1.6)
Tr(vs4tp) = 0. (4.1.7)
Tr(vsgtpe) = 0. (4.1.8)

Tr(vsdiptd) = 4€umpoaubucods . (4.1.9)

Tr(vsdptde f) = 4(a.b)ewpocudiepfo — 4a-c)eupebudye, fo;
+4(a.d)epobucie, fo + 4(d-€)€upr 0,00 Ch fo;
—4(d. f)€upoubycoes + 4(e. f)eppotubucpd,. (4.1.10)

using these relations we obtain

QBOmTT('}/g)]?;ileﬁg) = 8Bomeu,,papu€1,,Qp€20. (4111)
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—2m2%Tr(75E¢1Q¢2) _ —8m2%EWPUPH€1VQp520. (4.1.12)
2T (s it Q) = 25 2001 P ) 2(p P) A1 22) g Pur Qe
(4.1.13)
Bs _ Bup P P
—WTT(%H@%%@?Q) = —[2(P.q)+4(p2-q)—4(p2. P)0l€1pe Puc10QpE20-
(4.1.14)
&TT(75ng2¢1Q¢2) [ (Pq) 4(p2q) +4(p2-P>U]€uupapu€h/@p€20'- (4115)
—&TT(%]ﬁlHﬂsﬂ@ﬁz) 33 [Q(PQ) 4(p1-9)+4(p1-P) 0] € po Pue1,Q pE20-
(4.1.16)
%TT(’%plgEﬁél@ﬁb) [ (P q) + 4(p1 Q) - 4(p1 P) ]Euupap,uglquEQm (4117)

Now the trace expression in terms of momentum of constituent quarks p;, ps and

hadron momentum P and internal momentum q, is given by

1 B
8mB, + —[—8m? + 4(p1.P) + 4(p2.P) — 8(p1.p2)];

Ir = R Aan, BmBet 37

B
+mﬁz[—8(q.p2) + 8(q.p1) + 8(p2.P)o — 8(p1.P)0]l€ppo Puc 1@ pe20- (4.1.18)

After evaluating traces over -matrices over various terms and expressing the dot
products of momentum of constituent quarks p; and po with hadron momentum P

and with internal momentum ¢ by means of relations

1

pl.P = §<A1 — AQ — M2),
1

p2.P = 5(—&1 + AQ — M2);

1
p1~p2:m2—§(ﬁ1+A2+M2); (4.1.19)
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1
p1.q=—m*+ Z(3A1 + Ny + M?);
2 1 2
P2.gq=m — Z(Al + BAQ + M )

we can express the complete trace Tr in eqn(4.1.1) as

1 B 9 B
Tr= m[Bo@m)%—M[—le —|—4(A1+A2)]+W[8m(A1+A2)+8m(A1—A2)aH><
EMVpO'P;,LglyQpeQO'a (4120)

where (takingQ? << ¢?), we can write,
Nz =m>+(qg—Q)* =m*+ ¢*. (4.1.21)

Here A3 is the inverse propagator of third quark in the quark triangle diagram,
whereas A\ 5 are inverse propagators of the two constituent quarks forming the me-
son. These inverse propagators of the three quarks can in turn be expressed in terms

of the off-shell parameter o as

A =w® — M2(5 + 0)?; (4.1.22)
1

Ny = w? —M2(§ —0)% (4.1.23)

N3 = w* — M?*o”. (4.1.24)

Substituting the trace into eqn(4.1.1) the amplitude becomes

° 62 4 1 Bl 2
A(ﬂ' — 2’}/) = %/d QM[BO(8WL) + M[—16m + 4(&1 + A2)]‘|‘

B
ﬁ?;[Sm(Al + AQ) + 8m(A1 — Ag)O’]] X 6ul/p0'P,u€11/Qp52o" (4125)

We can then express the invariant amplitude for two photon decay of pion as

A(m° = 27) = Freppe Pue1,Q pe20, (4.1.26)
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where P = p; + py is the total momentum of the pion, kq, ko are the momenta of the
two emitted photons with polarizations e, €9 respectively and ) = ki — ko is the
momentum difference of the emitted photons. The radiative decay constant Fp can

then be expressed as

62
Fp=—=Np [ &*¢D(§)o(q)I, 4.1.27
- P/ iD(@)(q) (4.1.27)
where
B Mdo B )
I = m[30(8m> + M[ 16m +4(A1 +A2)]+
B
MZ[Sm(Al + Do)+ 8m(Ay — As)al]. (4.1.28)

Here the denominator function D(§) obtained from carrying out pole integrations in

o-plane, can be expressed as

D,(q)
1 + 10

2w 2wo

D(q) = Dy(§) = (w1 + wa)® — M?, (4.1.29)

In eqn(4.1.27) carrying out pole integration over do by the method of contour inte-

gration by noting the pole positions in the complex o-plane:

w 1
Alzo = O'it:j:M—é:FZé‘,
L A (4.1.30)
2 2 VA ; L
Ny=0 = azsi::t%q:z&, w® =m?+ ¢

Wwe call express Fp as

o2
V6

Fp=

Np [ @aD@0@Bsm)s + r =101 + A(sa + sa))+

Bs

2 [8m(sq + s3) + 8m(s5 — s4)]], (4.1.31)
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where

B / Mdo
o1 27TiA1A2A37

Mdo
S = —_—
2 2milN Ng
Mdo
_ o 4.1.32
53 LTINS ( )

B oMdo
= / omilglNg
B oMdo
% _/2mA1A3’

The results on whether the contour is closed from above the real axis or from below
the real axis are the same. We now show how these integrals are evaluated. We can
shift the poles either above the real axis or below the real axis, as shown in figure 4.1.

Lets first choose the contour C consisting of the semicircle Cr with center at the
origin and radius R in the lower half-plane, such that it includes all the poles of
f(o) and the line segment of the real axis from —R to +R. Integrating the function
clockwise around the boundary of the semicircle contour C, we get by Cauchy residue
theorem[21].

+R
f(o)do + f(o)do = 2miX Residue. (4.1.33)
R Cr

If R be large enough i.e R — oo, the second term of the right hand side of the above
equation becomes zero i.e
Limpg .00 f(o)do = 0. (4.1.34)
Cr
Thus, eqn (4.1.33) becomes

+R
Limp_.o f(o)do = 2miX Residue. (4.1.35)
R
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Figure 4.1: Contour integral
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That is
—+oo

f(o)do = 2mi¥ Residue. (4.1.36)

For example we find the integral of s;, now we calculate the residue for s; using the

poles given in eqn(4.1.30), first for A1=0, i.e  of =+ — %, we get,

R = Lim,_, f(o)(oc —01). (4.1.37)
w 1 _
R, = L@'m(ﬁ%—l) M —3—0) . (4.1.38)

2

After simplification we obtain

8w + 2M
R, = . 4.1.39
LT 2wM?(16w? — M?) (2w — M) ( )
For Ny=0,ie o = +47 + %, we get,
1 M(£ +1—0)
Ro = Lim(y—y o+ M3 . (4.1.40
S e VT T S [ T M
8w + 2M
Ry = . 4.1.41
27 2wM?(16w? — M2)(2w + M) ( )
Similarly for A3=0,ie 03 =+, we get,
M(e —
Ry = Lim, ., » G —9) (4.1.42)

(@ = 2P+ o) = M2} = o)) = M(0))
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16
—_ . 4.1.4
B 2w M?(16w? — M?) (4.1.43)

Now, adding these three residues Ry, Ry, R3 and we obtain

12

YR = .
M4w — 20w3 M2 + 16w?

(4.1.44)

Finally the integral for s; is

Mdo 12
= = . 4.1.45
o / 27T’iA1A2A3 M*w — 20M2w? + 64wd ( )

Similarly we can solve the remaining integrals ss, s3, S4, S5 the results are given below

Mdo 4
27 | oA As | —M2w + 165
Mdo 4
BT ) omiAg Ay —M2w + 165 (4.1.46)
oMdo 1
S / ImilglNs  —M?w + 16w°
ocMdo 1
%5 = / iDL —M2w + 160°

4.2 Calculation Of Bethe-Salpeter Normalizer Np
For a pion:

To calculate the normalization factor Np, we use the current conservation condi-
tion[19],

2P, = (2r)" / TP, g) (5 Si () B(P.)SF ()] + (1 = 2). (42.)

U(P,q) = 14U (P,q)7a. (4.2.2)
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After substitution of the value of W(P,q), ¥(P,q), Sz'(p1) and Sz'(—p2) the trace

in the above equation becomes,

. . B B B B
Tr = Tr([(ms +ips)[v: B, + l(W-P)%Ml + Z(WD%MQ + %WP%M‘?; - %Pv'q%ﬁ‘?;)]
. . . B B B B
(ml_@pl)'V,u(ml_Zpl)h%Bo_Z’%(rY‘P)Ml_1’75(’7-61)Mz_’)%’y-PrYQV:;"FVSV'QV'PVZH'
(4.2.3)

After expanding this equation we can solve the traces of v‘s, there are 45 terms with
traces over products of four v matrices, 44 terms with traces over products of six

matrices and 4 terms with eight v matrices. For example we list some like,

Tr(~, ) = 4P, (4.2.4)
Tr(vupr ) = Alp1(P.q) — Pu(p1-q) + qu(p1-P)). (4.2.5)
Tr(pegBv,) = 4(p2-q) Py — 4(p2-P)q + 4(q.P)pay. (4.2.6)
Tr(popive) = 4(p2-P)au — 4(p2-9) By + 4(q-P)pay.- (4.2.7)

After solving the traces we express various terms in terms the dot product of momen-
tum of constituent quarks, total momentum of hadron P and internal momentum q

as

2

B
Tr = V(;[4m2(p2.P)+8m2(p1.P)—8(p1.p2)(p1.P)+4pf(p2_P)]+

B,B;
M3

[—m® P24+16m(p;.P) (p1.P)—8mpi P*+8mP*(py.p2)| +



47

2

B
Ml‘* [—477‘L2P2 (p2.P) —4m2P2(pl.P)4—4mQP2(pl.q)+16(pQ.P)(pl.P)2

—4(p2.P)p; P? —8(p1.p2) (p1.P) P?]+

B,B,
M3
BlBQ
Mt
+16(p2.q) (p1.P)*+16(p2. P) (p1.q) (p1.P)—16(p1.p2) (q.P) (p1.P)—8(p2.q)pi P*|+

[—8m*(q.P)+16m(p2.q) (p1.P)+16(q.p1) (p1.P)—8m(q.P)pi]+

[—8m?(p2.q) P*+8m?(q.P)(py. P)—8m?(q.P)(py. P)—16m?*(q.P) (p1. P)

B—%[—8m2(p2-q)(q'P)+4m2q2(pz.P)—8m2q2(p1.P)+16(p1.q)(pz'Q)(p1-P)

M4
—8p2(p2-q)(¢.P) — 8¢*(p1.p2) (p1-P) + 4¢*p3(po. P)] +
BoB3
M4
—16(p2.q)p; P? + 16(P.q)(p2-P)pi] +

% [32m(p2.P)(q.P)(p1.P)—32m(p2.q) (p1.P) P>*—32m(p,.P)*(q.P)

[16m2(p2-P)(Q‘P)—16m2p2(p2-Q)+32(p2-Q)(pl-P)2—32(p2-P)(p1-Q)(p1-P)

+32m(p1.q)(p1.P) P?] +

By Bs
M5

+32m(q.P)(p1.q) (p1.P)3s2mq*(p1. P)*—16m(q. P)*pi+16mp3 P*¢*]+

[—16m?(q.P)*+16m*¢* P* —32m(py.q) (q.P) (p1.P)+32m(ps. P)(p1.P) ¢

2

B
V?’G[—IGTrLQ(QDQ.P)qQP2 + 16m2(q.P)2(p2.P) — 32m2(q.P)2(p1.P) + 32m2(p1.P)q2P2

+64(p2-q) (p1-9) (p1-P) P? — 64(p2-q)(P-q)(p1.P)* + 16(py.p2) (p1.P)(q.P)*
—32(p1.p2) (p1.P) > P* + 64(p2.P) (p1.P)*q* — 64(p2.P)(q.P)(q.p1)(p1.P)
+16(p2-P)(q-P)*pi — 16(p2.P)piq® P?| (4.2.8)

where the momentum of constituent quarks can be expressed as in eqn(4.1.19).
After substitution of the dot products of constituent quarks, hadron of momentum P

and internal momentum q we obtain the complete trace Tr is
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Tr=J1+ o+ J5+ ...+ Jio (429)
where
BoBo 6 27 74 6 4.2 4.2 6 2 63
J=— A ——om*M* — M® —4m*M*o — MSo — 8M*§* — 4M* o+ 2M%0?* + 4MC5?}.
(4.2.10)
3031
Jy = m? M? +4mM* +16mM?¢* +8mM*o}.
(4.2.11)
B1B1 M6
Js == {—4m>*M* —7—4m2M242+2M4q2+(2m2M4—M6)a+
12M*G%0 + (4m>*M* 4 2M%)o? + 4M55°}. (4.2.12)
B0B2 222 3 2 4 2 22 4 2 4 3
J4:W{—4mM G+ (8m°M* 4+ 2mM*)o — 8mM?*¢°c — 24mM*0” + 8mM~0°}.
(4.2.13)
B1B2 M6
Js = {m2M4+T+(—8m2M2+3M4)(j2—8M2(j4—12m2M4a
—AM*@®0 + (—12m*M* — 2M®)o? — AM*§20® + 4MO553}. (4.2.14)
B2B2 3 . X M?S . .
Jo = W{(Zszz - §M4)q2 + 2M?G* + (m*M* + T)O’ +4Am* M*@Po + AM* o
M6
+(—6m>M* + 7)02 + (=8m*M* — M%) o® — 4AM*§*0}. (4.2.15)
BOBS MS
Jr = m2M* + - + (=16m*M? — 10M*)§* — 16M?¢* + 2M%0 — 16 M*¢*o
—8m*M*o? + 8M*¢*0* — 8MO a3}, (4.2.16)
BlB3 6 4 ~2 6 4 ~2 6 2 6 3
Js = ——={-2mM" + 32mM"¢" — 4mM°0c + 2mM"¢°o + 8mM 0" + 16mM°c"}.
(4.2.17)
B2B3 3 2 4\ ~2 224 6 4 ~2 6 2
Jyg = {(=16m°M*+4mM*)¢" —16mM=q" —2mM°c + 16mM*G°oc —AmM o>+

M5
16mM*¢*o* + 8mM°a®}. (4.2.18)
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2

Jio = Vi’% (8m2M*—2M®)G* —24M*G* +8m>*MCo + (48m>* M* —4M®)G* 0 —16 M*G* o+

(16m>*M° — 2M®)o* — 4M®0®}. (4.2.19)

and carrying out the do integral in equation (4.2.1) (where the invariant four-dimensional
volume element d*q = d*§Mdo) by noting the pole positions in the complex o-plane,

we can express the BS normalizer as

Np® = —(2m)% / DX )$(@). I (Ji + Jo + Tyt oy +10), (4.2.20)
where
BoB
Jy = %{(2m2M4—M6)Il+(—4m2M4—M6)]2—8M4cj2]1—4M4cj212+2M6]3+4M614}.
BOB1 .
Jy = e {(8m>*M? + 4mM™*) I, + 16mM?G*I, + 8mM*I,}.
B1B1 M
Ji= {(—4m2M4—T)Il+(—4m2M2—|—2M4)cj?Il+(2m2M4—M6)I2+

12M*@* Iy 4 (4m>M* + 2M )15 + 4MC L},

BOB2
Ji= = A AmMP P L+ (Sm®M? 4+ 2mM*) I~ $m M3 I, = 24m M Iy + $m M L},
B1B2 M®
T == {(m2M4+T)Il+(—8m2M2+3M4)c_§211—8M2g4[1—12m2M4[2
—AM* @Iy + (—12m*M* — 2M°) I3 — 4AM*¢* I3 + 4M°1,}.
B2B2 3 M
Jo = =i A@mP M =DM P LA2MAG A (0 M+ =) Lyt dm? M2 L+ 4AM 1,

M6
+(—6m*M* + T)I?’ + (=8m*M* — M) I, — 4M*G*1,}.
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B0B3 24 r4 M°® 2112 4\ ~2 24 6 4 2
Jr = = 2m M = L (= 16m* M —10M)¢* [ =16 M°G" 1, +2M° 1, =16 M"" I
—8m*M*I3 + 8M*¢*Is — 8MCI,}.
B1B3 6 4 2 6 4 2 6 6
Js = W{—QmM Li+32mM g L —4mM° I +2mM q" I, + 8mM° I3+ 16mM° 1, }.
B2B3 3,2 4\ ~2 2 ~4 6 4 ~2 6
Jo = Ve {(=16m>M"+4mM*)G* I, —16mM=q" [, —2mM° I,+16mM* G I,—4AmM° I3+

16mM*¢* I3 + 8mMO 1,0},

B2
Jio = Mi‘ (8m2M*—2M®)G* I, —24 M *G* I, +8m? MO I+ (48m> M* —4M®)§* I,— 16 M *¢* I, +

(16m>*M° — 2M®) I3 — 4AM®1,}.

and the integrals Iy, I5, Isandl4 over do are:

T Mdo o —=M? 4+ 1202
I = A2ZA :27”[4 3072 _ 22};
ERVAY VAV w3 (M? — 4w?)
I /+oo Mdo o —M? + 20w? ]
= —0 = 4T 3
2T A, 8w3(M? — 4w?)?”
I t Mdo ,[M2+2w2]
= o = 2mi :
ST AN, 1603 M4
T Mdo 1
I 0% =27 .
S Y. Ny N Wvwesyel

We have thus evaluated the general expressions for Fp and Np in the framework
of BSE under CIA, with Dirac structure introduced in the Hqqg vertex function we see
that so far the results are independent of any model for ¢(§). However, for calculating
the numerical values of Fp, one needs to know the constant coefficients B,, By, B»

and Bs, which are associated with the Dirac structures 75 Bo, iv5(7.P) 7. i75(7-9) 2
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and iv5(y.Pv.q — 7.q7.P) 5> respectively. Now, to find the radiative decay constant
Fp, first we obtain the BS normalizer substituting all the values of hadron of mass
M=140MeV, constituent quark mass m=300MeV and wy = 250MeV into equation
(4.2.8) of the BS normalizer Np and integrate with respect to q.

Then, now we parameterize B,, By, By and B3 which are free parameters, by
calibrating to the decay constants of P-mesons (7, K, D, D, B) as well as the pion
radiative decay constant. For LO covariants alone it was found that the best fit of cal-
culated values of decay constants of m, K, D, Dy, B mesons[10,11] to their experimental
values are obtained for the range of parameter values g—i = 0.14 — 0.16. It was seen
that at g—; = 0.148[10,11], we get the meson decay constant, fp = 130.7MeV ~1[10,11]

which is the experimental value of this quantity. It was earlier seen that the numerical

values of this decay constant in BSE under CIA improve dramatically when Dirac

L

77 18 introduced in the vertex function in comparison

structure 5 (v.P) 55 and iv5(7.P)
to the values calculated with only 75 [10,11].

Using the value of g—; = 0.148, the BS normalizer Np was obtained as,
Np = 0.3198]20]

The pion radiative decay constant Fp using the BS normalizer calculated only LO
covariants is,

Fp = 0.0256GeV ~1[20]

which is close to the corresponding experimental value of this quantity at 0.02424
GeV ~! obtained from the experimental value of decay width ['ro_9y = 8.02eV. Using
the relation

FAM3
Proay = 64r
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In this thesis we calculate the pion radiative decay constant £} using NLO covariants
along with LO covariants. We have presented in chapter 4, the precise analitical
results of calculation of Fp and Np using with LO and NLO covariants along with
the BS normalizer calculation for pion. As far as the numerical results of Fp are
concerned, we need to parametrize Fp and Np expressions eqn(4.1.31) and eqn(4.2.20)
we expect the numerical results of Fp so improve considerably when we introduce
both LO and NLO covariants in contrast to the earlier calculation where only LO
covariants were used. We further expect the NLO contribution to be much less than

the Lo contribution.



Chapter 5
conclusion

In QED the basic interaction vertex corresponding to the interaction Lagrangain
Lt = ie(x)y,0(z)A,(z) point like where e plays the role of a coupling constant
between matter and electromagnetic field. However, in QCD though the quark-gluon
vertex arising from the interaction Lagrangian £, = igih(x)y, Ay (x) A% (x) is again
point like with g playing the role of a coupling constant between matter and gluon
fields, however, the hadron quark vertex is an extended one due to nonperturbative
(long distance) effects. This nonperturbative hadron-quark vertex function can not
be derived from QCD entirely even now.

In this thesis we model this extended hadron-quark vertex using the QCD motivated
model based on Bethe-Salpeter Equation framework. Towards this end we first de-
rived the BSE in chapter 3. we then calculated the nonperturbative hadron-quark
vertex function in BSE under CIA. For incorporating the various Dirac covariants in
its structures. We proposed a power counting rule to know the relative importance
of various covariants. We applied this hadron-quark vertex function to calculate the

pion-photon radiative decay constant along with the Bethe-Salpeter normalizer which

23
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was a very extensive calculation.

In these calculations we incorporate both the leading order (LO) as well as the
next-to-leading order(NLO) covariants. In an earlier calculation performed using Lo
covariants alone the theoretical results extremely close to experimental value i.e, Fp=
0.0256 GeV ™ (Fopprv = 0.02424 GeV~1). With the incorporation of NLO covariants
also in the present calculation we hope that the theoretical results on Fp will improve

further.
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