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ABSTRACT

In this thesis, we work out the low-energy (~300MeV) form of the proton-
proton (p-p), neutron-neutron (n-n), and proton-neutron (p-n) interaction poten-
tials taking the field-theoretic view that these interactions are mediated through
the exchange of 7°, 7+ mesons. In this process we reproduce the exact form of
Yukawa potential. We extend these calculations to obtain an approximate form of
two-pion exchange potential. We then generalize the formalism to include isospin
and arrive at the correct form of the low-energy nucleon-nucleon (N-N} potential.
In the process we establish the charge independent hypothesis of nuclear forces.
Further we observe that our model for the long-range part of N-N forces correctly

predicts that for I = 0, the two nucleon system exists as a bound state (deuteron

nucleus) while for I = 1, it exists as scattering states.
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CHAPTER 1

Introduction

During the middle of 20% century, the ideas of relativity, quantum mechanics
and classical electrodynamics had been combined by J. Schwinger, F. Dyson, S.
'Tomonaga, R. P. Feynman and others, into a field theory called quantum electrody-
namics (QED) [1}, which successfully accounts for the electromagnetic interactions
of relativistically moving charged particles such as electrons and muons. The
predictions of QED [2,3] are in complete agreement with experiment. It is well
known that i quantum electrodynamics the electromagnetic field is considered as
if it consists of photons which are quanta of this field. This basic idea of QED
can be also extended to nuclear interactions.

Protons and neutrons were collectively termed as nucleons by Heisenberg.
Analogous to the field-theoretic description of electromagnetic interaction between
two relativistically moving electrons, Yukawa pictured the strong nucleon-nucleon
(N-N) interaction as arising from one nucleon emitting a strong field quantum
which is promptly absorbed by the other nucleon. Yukawa proposed a field theory
of muclear forces which predicted the existence of particles with mass interme-
diate between the mass of electron and proton. Such particles were named by
Yukawa as mesons [3]. These mesons were regarded as the carriers of the strong
force between the two nucleons (i.e. proton—proton (p-p), proton-neutron (p-n)

or neutron-neutron (1-n)) just as photons are the carriers of the electromagnetic




force between two electrons. Later on these mesons were experimentally discov-
ered in cosmic rays with mass [3] exactly the same as the mass which Yukawa had

predicted.

According to our present knowledge, the nuclear force is not simply due to
one kind of meson, but it is a complex process involving the exchange of many
kinds of mesons of various masses, spins and charges. Since the range of any
force field is inversely proportional to the mass of the quanta of the force field, the
lightest meson (m—meson) with mass m, = 140MeV is the major contributor to

the long-range (= 1fm — 2fm) part of nuclear forces [3 — 5.

In the non-relativistic limit, nuclear interactions can be described by a poten-
tial [6]. As mentioned earlier, the long-range part of nuclear force arises due to
the exchange of m—meson between the interacting nucleons just as the force be-
tween two electrons arises due to the exchange of a photon between the interacting
electrons. Whereas the short-range (< 1fm) part of N-N force arises due to the
exchange of quarks and gluons between the two interacting nucleons which can
be regarded as quark ”bags”. For a recent work on the exact treatment of this

problem of the short-range part of N-N force, see ref. [7].

Analysis of N-N scattering experiments gives information on the character of
the nuclear forces. In this connection we have evaluated the proton-proton scat-
tering cross-scction in chapter 3. The fact that the deuteron has a finite electric
quadrupole moment is a confirmation of the fact that the nuclear interaction po-

tential is non-central, that is, it depends on the orientations of the spins of the two




interacting particles with the line joining the two particles [6, 8.

Further it is experimentally seen that the nuclear forces are charge indepen-
dent. That is, the nuclear forces between two protons, two ncutrons and hetween a
proton and a neutron are the same. This charge independence can be described by
introducing the concept of isospin. As charge independence is equivalent to invari-
ance of the nuclear interaction under rotations in fictitious charge space (isospin
space), the interaction should be a scalar in isospin space [9, 10].

The main goal of this thesis is to study the form of low-energy (long-range
part) N-N potential arising due to the exchange of m—meson, using field-theoretic
techniques in the language of Feyniman propagators. In this process the technicques
for calculation of the differential cross-section for p-p scattering process are shown.

The outline of the thesis is as follows. In chapter 2, the expression for first-
order correction to the transition amplitude for e-e interaction mediated through
the exchange of a photon is calculated and then this result is used to derive the
low-energy e-e potential. Chapter 3 deals with calculation of one-pion exchange
potential (OPEP), two-pion exchange potential (TPEP) for low-energy p-p inter-
action, and differential scattering cross-section for p-p scattering. In chapter 4,
we analyze p-n scattering. Next we introduce the isospin formalism in which we
can have a single unified formulation of p-n, p-p, and n-n interactions in terms of
N-N interaction. We then obtain the long-range part of N-N potential. Finally,

the main results of the thesis are summarized in chapter five.




CHAPTER 2
Field-Theoretic Derivation of Low-Energy Electron-Electron (e-e)

Potential

In non-relativistic quantum mechanics and in classical mechanics, interactions can
be described by analyzing the corresponding potential.  On the other hand, in
relativistic field theory, interactions are understood to be caused by exchange of
field quanta between the interacting particles. The connection between the two
concepts can be made, for low-energy interactious involving lowest-order processes,
using the Born approximation [2].

TFrom quantum field theory of electromagnetic interactions, an electron con-
stantly emits and absorbs virtual pliotons. As a result, two electrons interact by
exchanging the photons they emit.

The purpose of this chapter is to first demonstrate the techniques to obtain
the form of e-e potential based on the quantum field theory descriptions of electro-
magnetic interactions. To this end, we need to obtam the non-relativistic limit of
the differential cross-section for Moller scattering, and then compare it with that
obtained applying Fermi’s Golden rule.

In the first section of this chapter, we wish to obtain the transition amplitude
for a given QED process. Next we apply the result obtained to compute the
differential cross-section for Moller scattering. Finally the potential equivalent to

the interaction of two low-energy electrons due to the exchange of a photon will




be derived using Born approximation in the Schrodinger theory.

2.1 First-Order Correction to The Transition Amplitude

The interaction of two electrons through the exchange of a photon is described
by first-order correction to the transition amplitude, Sg.li) , which is the transition
amplitude that an electron in the initial state |7} is scattered to a final state | f).
To obtain the expression for the transition amplitude, Sgeli) , we start with the Dirac
equation of an electron interacting with electromagnetic field, A,, as expressed

below:

d .
(7#8‘—'3# +m)lj[l :26’}’!11‘1#\1’ (21)

where W is the four-component Dirac wave function of the electron, e is the electron
charge, v, (¢ =1, 2, 3, 4) are 4x4 traceless Hermitian Dirac matrices, and m is
rest mass of the electron. The solution of (2.1) can be obtained by considering

the unit source problem
ad / s o(4) o
Vg, -+ M (@, 27) = —i60 (@ — o), (2.2)
]

where §"(z —2') is the four- dimensional delta function and K (2, 2') is the Green’s
function for the free-particle Dirac equation. Consequently, the solution of (2.1)

can be written as

V() = — /ddﬂ;’K(x,w')eyﬂAﬂ (") (2). _ (2.3)

Letting Wo(x) be a solution of the free, homogeneous Dirac equation, the gen-

eral solution of (2.1) can be expressed as a superposition of Wo(z) and ¥(z) from




(2.3). Thus,
V(z) = Wo(z) — fd'l.v:’K(rs,:v’)efyﬂA,‘(m’)\I!(s:'). (2.4)

We see that the solution of (2.1) can be given to any order of the interaction
parameter, e, using the iteration method since we can not have a closed form of

(2.4). Hence we have
¥(o) = Yole) + [ K (e, )-en, Ao V(o)

+//(£¢$Id4m’[,f<($,IL")[—C’Y#A;,((II,)]I{({EI,QIII)[—G’YVAU(ZE”)]\I’(](:I?”)+... (2.5)

As it can be observed from (2.5), one can obtain the total wave function of an
electron interacting with electromagnetic field if we know the explicit form of the
electron propagator, K (z,z"). This can be done by Fourier transforming K (z, ')
into momentum space. We note that K (z, 2) represents the amplitude of a wave
at x, originating at 2’ and so K is a function of the difference @ — /. Hence, the

Fourier transform of K (z,2') can be written as

Kz —2) =

1 o
(271,)4](14])6”]( Vk(p). (2.6)

Setting &' = 0 into (2.6), one finds

K(zx) = ?2?11_—)4 f(l’i]Jeip'mk(p). (2.7)

Inserting this into (2.2) and setting &’ = 0, we have

1 d ipx —1 ip@
(2w)4/d4p(7ll.a?p+m)eﬂ k(p) = (2W)4fd4pep ,




so that
) —4Y, P+
Kp) (2.8)
Feeding (2.8) into (2.7), we find
—1 (m?’fy Dyt m) i
K{z) = : -/d'ip—%—ep ,
(2m) p*+m
which can be generalized to
R Y . —t 4 (g’l:’)r'#p# + m) ip(z—z'
Iﬂmﬁmyu@ﬂd/dp—zgigf—e” ), (2.9)

Spliting into space and time integrations, (2.9) can be written as

i | 7 —ty,puEm)
Kz -4 f&ﬂw@m)“ d ”“ e~ o (=) (910
( )= (2m)3 2m Po (po — E)(po + E) (2.10)

Treating pg as a complex variable, (2.10) can be integrated over py by applying the
method of residues. For ¢t < ¢/, we integrate over the contour in the upper half

complex pg-plane, as indicated below in Fig. 2.1a.
Imip)

‘I‘lmfpu)

L]

Figure 2.1: Contour of integration for (a) t <t and (b) t > t'.




Upon integration, one can verify that

[o.o]
e +m _ , ; B (it
f i 0 ( _'T;i'p,il ) euapa(twt) Qi (L’}‘J) +’Tl )e‘E(t_t)_ (211)
(po — E)(po + E) 28

Combining (2.11) with (2.10), we get

1 dB o oy T '
Ko=) = o5 | S P oy = B4 )™, for v <. (212

In the case of £ > ¢/, the contour of integration will be the lower half plane, as

shown in Fig. 2.1b. Following similar procedure, one readily arrives at

1 d* T
K(z—a') = f QFP P EEN iy p 1 B+ m)e EE) fort >t (2.13)

Replacing

m (2.12) and (2.13) results in

1 oz By — 140 Bt
K(z—2')= lim v Ze"’p'(‘"_m ) @vpi = v+ m) P fort <, (2.14)

Voo — 2K
7
and
ip{x— L’szt+7E+m) —i —H
Kz — ) 1}5130_2613( 2E4 e B for t >t (2.15)

respectively. IEmploying the relations

—iy o+ ld —m
2m,

v =

hE

s=1

i

and

_ —Y;pi + V4 +m
) () ) — L

]

H
s=1




in which v((5) and u{?)(p) are negative- and positive-energy 4 x 1 Dirac spinors,

in (2.14) and {2.15) respectively leads to

2

— — (s) () ip(z—= )] ' '

K(z—2) 1}1_1202;[ Yo (Yo' (e fort <t', (2.16)
5 =

and

V—oco
s=1

2
K(z—2') = lim Z Z [ EV u® (p)al (p)e'r == $)] fort >t (2.17)
F

For first-order scattering, the perturbative expansion (2.5) can be written as

lII(m)fxfd""m’K(:u,m)[ ey, Au(2)]Wo (). (2.18)

This means the incident electron with wave function Wy(z') is scattered at 2’ by the
electromagnetic field A, and then propagates to = with amplitude K (z, z"). Hence,
K(z,2') is a function of momentum p/, spin ', and energy £’ of the scattered

electron. With this in mind, inserting (2.16) and (2.17) into (2.18), we can write

m ’ P
(s 1 .z (N, —ip =
Jl_‘féoz 7 Oy gy e +JEEOZ ol \/EfV“ #)e

(2.19)

where

{
= e [#7 [ at [ Goa @ ARG, (220)

and

Ci ot fﬁﬂfﬂvywﬁ’ e o, A Wo(a). (2.21)
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Suppose ¥g(2') be normalized plane-wave function of a free positive-energy

incident electron with momentum p, energy F, and spin s. In other words,

Lole) =\ (7 (2:22)

Making use of (2.22) in (2.20), we find that

p s’ de ¢ / at @u( (e [’TpA#("’;l)}\/gu(s)(?)eip'mr,

(2.23a)
or
ﬁs, /dS?/dy\/— (S’) Htp’m 'Y# w ()] EV (s)(?)eiplm’;
(2.23b)
= e / &2 / Aty (2)y, Az ) Wil (2.23¢)
where
v f = —_— ("’J) =\ —ipha!
Tw) = [ @
and

U (z'} = /%u(s)(ﬁ’)em‘”'

are normalized plane-wave functions of scattered and incident free-electrons re-
spectively.
Now we know that the first-order correction to the scattering matrix is given

by (2, 11]

o

SO _ f dt (FIH @)1, (2.23d)

—00

in which the time-dependent perturbing Hamiltonian Hy(f) is expressed in terms

of the Hamiltonian density, H(¢'), describing the interaction of free Dirac fields
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with electromagnetic field 4,, as

mm=fmﬁwm (2.230)

where

H(l') = —ieTy, WA, (=), (2.23f)

Substituting (2.23e) along with (2.23f) into (2.23d) results in
S = /d“ / At (a')y, A )0y (), (2.23g)

Comparing (2.23g) with (2.23c}, we observe that C‘;’S,( 00) = S}t), indicating that
Cﬁ (o0) is the first-order correction to the transition amplitude that a positive-
energy incident electron with momentum p and spin s is scattered to a positive-
energy electron state with momentum p’and spin §’. From (2.20), one can see that
C‘;ls,(—oo) = 0, implying that an incident free electron can not be scattered to a

positive-energy free electron back ward in time. Based on the same reasoning,

C'ﬁ, s = e/dsh"fdt ‘/——'v(s) el? I’YHA,H( I)\/ iA% (S)(P) P’

is the first-order correction to the transition amplitude that an incident free positive-
energy electron is scattered to a free negative-encrgy electron state. We can also
see that C';;,S,(-i—oo) = 0, indicating that an incident electron can not be scattered

to a negative-energy electron forward in time.
2,2 Moller Scattering

The electromagnetic imteraction between two electrons mediated through the

exchiange of a photon is depicted by the Feymman diagrams shown in Fig. 2.2,
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Figure 2.2: Moller scaticring of two electrons: py and pg are 4~-momenta of incident
electrons ey and ey, Py and pl, are {-momenla of scattered electrons €] and €, and
g is 4-momentum of the exchanged photon, respectively. The wavy line represents

the exchanged photons.

The overall amplitude, SJ(,? , for this process is given by

SO = 50|, 5

X (2 24)

where SJ(,? |p and S;?'x are respectively transition amplitudes for the direct and
exchange scattering, We recall that the first-order correction to the transition

amplitude for the direct scattering is given by

1 m g —i 5 ipy-x'
S‘Ei)|p=ﬁ6/d3§,‘"’/~dt1 /Efl{/u(SI)(p ip} @ [7;¢A;z( 1)] El{/’ (1)(1)1)6311

or

(l)|D_wfd4 "y E’V“(sl) Ay Ao “lly Elv"‘(a])(?l)ﬁim"a (2.25)

where A, (') is the electromagnetic field produced by the second moving electron
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eo and it satisfies the Maxwell’s equations

DQA;J(‘(U) = J#(%L (226)
in which
2 _ T2 léi
[]° = V~* - TR

Equation (2.26) can be solved by considering again a unit source problem,
[(PDp(z — ') — 6@z — 2), (2.27)

where Dp(xz — 2) is Green’s function. Employing the Fourier transform method
with 2’ = 0 in (2.27), we can write

DF“”::@iy,/dﬁww@Dme (2.28)

Combining (2.28) and (2.27) and upon differentiation, one can verify that
Drlg) = (2.29)

where the Fourier transformn of 6% (2) has been used. Substituting (2.29) into

(2.28) yields

1 ipmr— 1
D) = e | €05,
which can be generalized to

1

; —1
Dp(z —2') = tgelr =] .
I (1’ 1’) (27_‘_)4 /d ge [qg] (2 30)

"This relation is known as photon propagator. Using this relation, the electromag-
netic field A,(z') due to the electromagnetic transition current, j,(z"), produced

by the second moving electron e; can be written as

__e,iq‘{m!_mﬂ)
5 -

M) = o [ [t i (2:31)

q
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Feeding (2.31) into (2.25), one can verify that

TR mn (Y N i T [
oy d*qd o’ d*a" | /Eivu V(P e T (iey,)
=y ' ) “_eiq'(ﬂfw”)
51)¢ = \ ip1-%
Ve T

Xy /E'VU(S?)(? ) —iphw’ (36’7’;1) /E v (82)(?2)61'?2-3'_’, (232)

where the four-current density, j,(¢") = jeVa(z "7 ¥2(2") has been used. Car-

(1)

rying out the integration, we obtain

TRy m* 4 ¢(4 _(s!) g = (s1)
Sk lp = (ie) \/W(%) 8N (ph + pi — pa — p)ECV (T, (P'1))

X(;Dl)[u<32)(3»5)%”(32)@)], (2.33)

in which
' !
q9np =P —P1=P2— Ps.
The relation corresponding to (2.33) for the exchange scattering can easily be

obtained by making the following interchanges in (2.33):
P 2 ply, vl 242 and B, 2 E).

Hence we have

' m4 & 8
Wl = o\ im0k 74— s~ B B,
-1

(2 BV (P )y, w2 (B, (2.34)

where

f]mzpiz—m:m_}@’l-
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Finally, the overall transition amplitude

S8 = 5W1p - 591« (2.35)
becomes
1 m!
S =\ Ty 200 e My (20
where
o [EEV @D, a0 ()] [762 (57,062 (7'2)]
2
My = ) i 2.37
! [FC2 (PRl (7)) [ﬁ(*ﬂ(?a)mwm)]] (237)
h gz ‘
The transition probability thus takes the form
ISP = (@) 8D, 15, — s — o) M
fi E Fy By FaV4 AL
= ("L)VT(%)%(‘”(?' + 5, — P2 — p1)| My (2.38)
E{ B\ Ey V4 2 1 ? ! filo )

where (2746 (p,+p| —pa—p1) = VT has been used with T, representing the inter-
action time and V' the interaction volume.

The differential cross-section, de, is defined as

TI .7 inc| (27‘-)3 (27‘—)3 , .

:eil

in which | j mc| is the incident flux given by { j mc| = , with o', the relative

. . . 1’d34” VdSHI )
velocity of the incident electrons and (TT;L(Q—TO‘ZZ the number of available final

states in the momentum intervals d® "} and &3 p";. In the center-of-mass frame,

| %7 vet| = 20, where v is the speed of the incident electrons, and so | j mc] = l = 27{3
Upon combining (2.38) and (2.39), one arrives at
et (2m)* Bt B
lo = Sl + ) — py — 1) | Mpl? 2. 2.40
ag (EiElEéEQ) zﬁ (p'z +p1 p2 pl) I f | ( ) (27]_) ( )
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The total cross-section can be obtained by integrating (2.40) as,

m4
= (ElE,EQ)lﬂﬂ'ﬁl2 /dﬂde'/dB 28 (0 + 1, — p2 — 1)
2

where

&Py = PP = | P £ dE

has been used in (2.40). Integrating over 7'} using the §%)_function leads to

— ( m4
- “BELE,

)|Mf,¢2 / dQ / dE5(Fy+ E| — By — Ey). (2.41)

Zﬂ (
The differential cross-section per unit solid angle thus takes the form

4 |—-)r

der m
Mpl? 1
Ml S T (o

5= G B ) ] dE.5(Es + B, — By — F) (2.42)

or

do ( m? VM2 |
dQ  CEELE, Y 47| (2n)? (2’."1‘)

(2.43)

We know that in the center-of-mass frame, E; = FE; and E| = Ej; and from
conservation of energy, By = Ey = B = F, = E. TFurther |7"}| = m|7”| and

B} ~ m in the non-relativistic limit. Hence the differential cross-section per unit

do M[(NR)IZZ
(Ii) 4E2 (2m)? (244)

solid angle becomes

2.3 Derivation of e-e Potential

As stated at the beginning of this chapter, our aim is to obtain the form of

the potential corresponding to the interaction of two electrons mediated through
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the exchange of a photon. We recall that in non-relativistic scattering theory, the
differential cross-section for elastic scattering of two particles having mass m, and

mg, in the center-of-mass frame, is given by [2]

(Gon = Vgt [ e (245)

Here, pt,..4 1s the reduced mass, and V is the interaction potential. Relation (2.45)
is what we call differential cross-section in the Born approximation. Now using
E? = m? in the non-relativistic limit and the reduced mass, pt,.4 = & for two

identical particles, (2.44) can be written as

(VR) |2
do m.o | M |
(aﬁ)cm — (é") (27‘()2— (246)
or
do Fre /
(d_ﬁ)cm = ( 27Td)2|Mr)('?R),2- (2-47)

Here, |Mpi|* contains the entire physics of the process under consideration. On

comparing (2.47) with (2.45), we observe that
MR - / LTV T (2.48)

where ¢ = 7’ — ') is the momentum transferred between the interacting elec-

trons. Fourier transforming (2.48) results in

1% f g MY el T T (2.49)

T (@)

Thus, we see that the three-dimensional potential can be counstructed once

we know the non-relativistic limit of the matrix element, A/[};VR), in (2.37). For
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(N 1) -matrix element that cor-

scattering of two identical fermions, we take the My
responds to the direct scattering, since the contribution of exchange scattering is

included by using the antisymmetric wave functions in the non-relativistic quantum

mechanics [2]. Therefore from (2.37) we obtain

[ (74)7, 0D (T ) [ES (75) 7,02 ()]
7P |

NAR
MR = (2.50)

Splitting (2.50) into space and time components, the matrix-clement, My,

takes the form

MO D (P oD (7)) [aD (7)) 1,ul) (7)) (251)
Xk '
L SPED G Dy (F ][ (P'5) 7,59 (7))
'
Writing the matrix structure of the positive-energy spinor, ut( 75", as
)y |+ mc? Xs
U (p ) = W_
me P
L—l—mch
[where x, is two-component Pauli spinor and ¢ is Pauli matrix] and
7O (') = ulC) (P,
we note that
: B, +mc?
MG AATT G s . Tt 1 1 e
v (pl ),hu (p 1) 2mc? ( XS"l XS'i b1+mil )
0 —igy Xs,
X
. 2.5
0y 0 E1~|»mr:2 ’\31
or
X\
gV () (P 2—i(Pr+ P+ 70 x ¢, (2.52)




19

— — — :
where ¢’y = p’] — 1 is momentum transferred between the electrons, m is elec-

tron rest mass, and the speed of light, ¢, is taken to be one in natural units.

Stmilarly we can write

alD) (Pl (Pha) = H—i(Pa + P + 7P x Talx,, (2.53)

where @ = p3' — p3. TFollowing the same procedure, one can readily verify that

(s s Ey+me® PP+ (P x P)
TV (Pl (Ph) = 5 - (YLXH (e ' 7} Xs,

2mc? t X e (B} + mc?)?

and

E2 + TTLC2

e : Py Ty 170 (P P
WD (P (3) = 5 RELSARSLASS L LEL

<X32X52 + X (E2 + mc2)2

In the limit 7', p'1, 7% and 7’5 are very small, expressions (2.52), (2.53), (2.54),

and (2.55) can approximately be expressed respectively as

.I.
, \ Xy
WD (Pl () = 5:—;[—3(?1 + 7D+ TV x T, >0,
, X
U (P )yl (7o) = = (=i + P + TP x T, 20,

HRT1 () = Xy, = S = 1,
and

Ul (P )y 1D (Py) =~ lezl’sa Osysy = L.
In view of these, the matrix element (2.51) can be expressed as

65131 ‘58.332

l"l.{[ﬂ = —TT,
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or
o2
Mey = ——. 2,56
! ITI>|2 ( )
The electron-electron potential corresponding to this limit is then
yoo ! fﬁ?MWWﬂ
(2r)?
which, upon integration, gives
2
e
V= , 2.57
dgr (2.57)

which is the expected coulomb potential between two stationary electrons., The

first, term,

e[l (" )y, ()] (P v, ul (p'))
' |'¢'[?

in (2.51) has contribution to the potential when the electrons are not static and
their speed is not relativistic. Let us proceed to compute the contribution of this

term to the electron-electron potential. From (2.52) and (2.53), we observe that

A (7)) (B )l (75)7:uC) (7))
Kk

4

involves dipole-dipole, and charge-dipole interactions. The dipole-dipole interac-

tion involves
(W x 7)) (TP x 7).

The corresponding potential is thus given by

—62 (?(1) X ?) . (?(2) X ?) —
Vi = = | &7 e 2.58
W (2m)2(2n) / a Kk ° (2:58)
Carrying out the integration yields
62 —F — 1 '
7= 1, rat)) =
Via (om)? a [V x (07" x v)](tlm")' (2.59)
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Recalling that the magnetic moment, 77, of an clectron due to its spin is given by

"
o

e WX T
dfp 471_7.2 ¥
relation (2.59) can be written as
Via=—T11 - B, (2.60)

in which 7'; is the intrinsic magnetic moment of the first electron e; and E}Q
is the magnetic field produced by the intrinsic magnetic moment of the second
clectron es. As it can be seen, relation (2.60) is the interaction energy between
the magnetic moments of the two electrons.

The charge-dipole interaction arises from

—i(5—)

2m ]TI)P

e o [(FUXF) (T2+ P+ (@O x ¢y (P + 5”1)]
m which
(T X G (Dot Ph) =200 (T x PY),
and
(?(2} X @) (?1 + ?’) =27®. (?1 X ?’1)

As a result, the corresponding potential to the charge-dipole interaction is

2¢?  —i s g€ T
I/dc - (2m)2 (271_)3 a - (p 1 X r l)d q _I-E)—P') (261)
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where

7 =473

Upon integration, we obtain

—2e? —. 1
. = _=d
Setting ¥V =7, one finds
—2e? 1d,1
Vie = T X e —
d (2m)? o P1x7 7 dv'(tlm')’

which can be written in the form

- 2 70 3L F&
G Th1dd e @V1T)
(2m)?r dr*dmr 2

(2.63a)

as the potential due to spin-orbit interaction. The complete e-e potential can be

expressed, using the relations (2.60) and (2.63a) as:

Vo= Vaga + Ve

- —4 1d,e? - (O +7@
== Byt oy~ —( T )
(2m)2r dr dmr 2

(2.63b)

Hence, we have reproduced the coulomb potential between two static electrons
arising due to the exchange of virtual photon between them. We have also cor-
rectly reproduced the spin-orbit potential using the techniques of quantun field
theory, which is the underlying dynamical frameworle governing the electromag-
netic interactions of charged particles, instead of writing the mathematical forms of
this potentials through heuristic arguments, as is done in non-relativistic theories.

We have thus demonstrated the power and elegance of field-theoretic techniques

to arrive at the correct form of electromagnetic potentials. ‘These methods will
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later be extended to obtain the correct form of nucleon-nucleon potentials in the

following chapters.




CHAPTER 3

Proton-Proton (p-p) Scattering

Most of the quantitative informations about the nature of nuclear forces have
been obtained from the scattering of protons by protons. From historical point
of view, proton-proton interaction gave the first good estimate of the range of the
forces between two nucleons {12].

In this chapter, we deal with the long-range part of strong interaction, which
is mediated by pions. This 7—meson is responsible for the major portion of the
long-range (=2 1 fm—2fm) part of the nucleon-nucleon potential [8, 13]. This part
of the nuclear force is described by the theory called Quantum-Hadrodynamics,
QHD. Quantum-Chromodynamics (QCD) is the correct gauge theory [7] of strong
interactions and hence, all nuclear phenomenon at the most fundamental level.

The short-range (< 1fm) part of nucleon-nucleon (N-N) interaction arises
due to the exchange of quarks and gluons between the two nucleons. While the
long-range part arises due to the exchange of r—mesons between the nucleons.
For a recent work on the exact treatment of the problem of short-range part of
N-N force using the quark struncture of nucleons, see ref. [7]. In this thesis,
we are primarily investigating the role of m—mesons in generating the long-range
part of N-N interactions by considering m—mesons as elementary particles in the
framework of Quantum-Hadrodynamics (QHD).

This chapter is organized as follows, In section 3.1, the potential equivalent




to the long-range part of proton-proton (p-p) interaction through the exchange of
one w-meson will be discussed.  For this purpose, we need first to obtain the non-
relativistic form of the matrix element, My;, of the process under consideration,
which is related to the potential via the Born approximation. The second section
of the chapter is devoted to calculation of the approximate form of the two-pion
exchange potential (TPEP). Finally the differential cross-section for p-p scattering
is computed.

3.1 One-Pion Exchange Potential (OPEP)

The interaction of two protons through the exchange of one w—meson can be

described by the Feynman diagrams shown in Fig. 3.1.

Tim

oo e B e «{ igoYs
X’ q q X
Direct (D) Exclaang:l
scaltering (X) scattering

Figure 3.1: Feynman diagrams denoting inleraction of two protons through the
exchange of a m°—meson: Pi and Py stand for incident protons, and P} and P},
for scattered protons, whereas py and pq; P and ph denote J-momenta of incident,
and scattered prolons respeclively. go is the coupling constant between proton and
neutral pion, and g is {-momenta of the exchanged pion. The dotied line stands

for the exchanged m—meson.
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The Dirac equation representing the interaction of an clectron with electromag-
netic field A, can easily be generalized to the proton interacting with a #°—meson

field ®y(x) as

& .
(g 0 ole) = imBa(o)1sy ) (&)
i

in which m,, is mass of the proton, ¥,(z) is the Dirac wave function of the proton,

0

®o(z) is a neutral scalar (7%—meson) fietd, and v5 = ;757574 Since 7¥—1neson

is a spinless particle, the free field ®y(x) satisfies the Klein-Gordon equation
(0% — 1) Bo(z) = 0. (3.2)

The interaction of @g(x) field with the Dirac field of the proton can thus be

described by the equation

(02 — 1) ®o(w) = igoW s ()75 Wi(2), (3.3)

where /1 is rest mass of the 7°—meson, ¥ ;(z) and U;(z) are respectively the Dirac
wave functions of the scattered and incident protons, and the term on the right-
hand side is the transition current due to the moving proton.

In solving (3.3}, we consider as usual the unit source case
(O ) Anle ) = 60z ) (3.4

where Ap(z — 2’} is meson propagator. Using the translational symmetry of
Ap(z -2’} in both space and time, we can put @’ = 0 so that the Fourier transform
of Ap(z) can be written as

Arle) = i [ e n(0) (3.5)
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Substituting (3.5) into (3.4) with &' = 0, one easily obtains

—1
Ar(g) = 3.6
I_'(!) q2 + #2 ( )
which when replaced into (3.5) gives
-1 eiq-:r:
Ap(z) = g 3.
F('l') (2?1_)4/ (.qu _I_‘ugl ( 7)
so that the expression of the meson propagator has the form
—1 pla{z—a')
Ap(z —2') = d' : .
r(z —2') (Qﬁ)4/ qqz-l—,u? (3.8)
Finally, the 7°—meson field, () can be expressed as
Pp(a') = /dd.’B”AF(R}! — ™) [igoTa (&")y5Wa(a")) (3.9a)
-1 d a4 1t gt (= —e") N i
= (2?1_)4 //d qd € W [’lg(]\l"zl(fb )75\112(33 )] s
(3.9b)
where
RTA L R  CA VE= TR
\DT(‘{L )— Eé‘/u 2 (p 2)6 1
and

; m s ipa-o!’
Tala”) = E;/“( 2(Pa)e”

are respectively the Dirac wave functions of the scattered proton P and incident
proton Ps.

Having obtained the expression for the scalar propagator Ap(z — '}, and for
the m®—meson field ®y(z), we now proceed to calculate the transition amplitude

for p-p scattering. The overall transition amplitude, S}?, for p-p scattering is
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given by

S = sWp - 5

(3.10)

in which S}?] p and S}? |x stand for first-order corrections to the tramsition
amplitude corresponding to the direct and exchange scattering respectively. We

recall that the first-order transition amplitude, S}?| D, can be written as

(1) 4 2 p—(s) —).r —‘P1” (3) ipy-z’
o [ ata [Ea 0 o)) || 72 (7 1)

(3.11)

(l)lD

(2m)*
; ’ ? (T- “-T”) of
Mp | (s1) (7 ), 7P1" e'? Mp (o) —ry, 25"
o () o
X (ig075) V E %J/ w2 (Py)e™” (3.12)

Upon integrating over the space-time co-ordinates of the interaction vertices 2/,

2", and the exchanged momentum ¢, one finds

4

(1) 9 My As(4) (.1
il = 90\ A m)'0 B+ ph —pa = )
[ @) (P ysu) (P [ (P hvsuls (7))

X (3.13)

qb + 2
Making the interchanges
Py = P} and sy =2 8

in (3.13), the first-order correction to the transition amplitude, S (?

X, correspond-

ing to the exchange scattering can be written as

m4
g — 42 r 2V W (nh - o — o —
fi |X gU EiEIEéEQI[,;( ﬂ-) (p2+p]. p‘Z pl)
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[ 76D (P (B OI[E (B 15 (F)]

X
gz + 112

(3.14)

Putting {3.14} and (3.13) into (3.10), the expression for the transition amplitude

—
1 _ dc(4) ¢, / _ mpy
;= (2m)%6 =P = PO\ o Mri 3.15a
S = (2m) (P2 +p) — P2~ p1) E5E1E§E2V4N I (3.15a)

[ 7D (Pl (F OIS (Fh)ygule) (F2)]
ap+is?
D

! ¥
[ @2 (L) yule ) (B () vsut2) (72))
g2 +u?

becomes

where

My = g2 (3.15b)

Since the contribution of the exchange scattering is inclded by using antisymmetric
wave functions in the non-relativistic quantum mechanics, we take the matrix

element, My;, corresponding to the direct scattering [2]. That is,

e = B LEV Pyl (F)][ER () 75662 (7)) 51
fi 2 2_; : (3.16)
qp +p° — e

Enploying the relation

7 2 A
u(s)(ﬁ)) _ E + mpC YS
2mpc? 77
E+mpe? Xs

one finds in the non-relativistic limit that

OB

— (s 51 11
TP (F) = L (3.17)
and
() (s (s2) (= ~a®. g,
uH (pa)rsut (Pla) = 2 ) (3.18)
Mp
where use has been made of the relation ¢, = — ;. Inserting (3.18) and (3.17)

into (3.16) and considering the non-relativistic limit, the matrix element, M;, can
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be expressed as

- (T )T 7)
@2 7P+ 2

My; = (3.19)

Noting that the low-energy nucleon-nucleon potential is the three-dimensional
Fourier transform of the matrix element, Ay, the one-pion exchange potential
(OPEP)

V =

G} [ @ utpem (3.200)

can be written with the use of {3.19) in the form,

i =), 2 F@,
; (TO.ZUTD.F) o
V=Gt | C T (5:200)
— —
___ % f # (T IN@D V) g (3.20¢)
(2m,,)?(2m)? 7+ p?
2 {Eii’h*
c B @O @) [T Gad
(2mp)2(27r)3(0 (o ) l TP+ ( )
Now
61? - ez[ q'|rcos@ ]
. glqlr‘CUSe
fd|q1|q| ff (st 2
(3.200)

1

ool 0 o ei|?|rc050 290
= /(|Q||Q|/(COS)W (3.20g)

f Il gl 7l (321

Treating | ¢'| as a complex variable and integrating (3.21) using Cauchy’s theorem

results in

N el @ ge i
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Hence relation (3.20d) with the use of (3.22) becomes,

2 —ur
_ Yo — (1) —(2) €
S = . .
V= i (7 D)

(3.23)

. - -—) ~
As the functions operated on are functions of » only, V can be replaced by 7‘;?;.

Thus we have

(@W. VY@ V) = (TW .;r)%(?(?) : f?)d(—i (3.24a)

dr d d?
(U . »|=FE (s
(o ) [U (d:r*dr_'_?d?'?)]

(3.24b)

N dr. d . d?
— (7(1) .7,)(7(2) . EF)—J; + (W %) (7(2) 'Td_ﬁ)
(3.24c)

2

— (W@ _9!__ H(1),1\3{_ {25 i
(J T)(O- T)d?_z_l-[(o- qu,)(o— 7)]d7’
(3.24d)

o @ o d
= (TW. AT .7+ [(TD. V)(e® N

dr dr
(3.24e)

._}
where V acts only on @@ - #. Furthermore, the last term in the bracket on the

right-hand side of (3.24e) can be simplified as follows:

(TO . YD ) = (T T4 e, T
ot V)W Fy=(c" —) () (3.25a)
r dr 7
I P N ¥
N 7'(0 ") @ (7‘ dr 72)
(3.25b)
1 7,01 147
— H;(ym Y (@ ;_2) + T_(?u) YT FT:-)
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= (@O YT T) (PO 7O (3.25d)
Replacing (3.25d) into (3.24e) gives
(T 6’)(7(2),6’) — (7(1).$)(?(2).$)%+ l%(?(l) L@ %(7(1) TP .7 g}_
(3.26a)
= (oW .7)(TD . E_Z — %%] + (W, ?(2))%;; (3.26b)
— % (S12+ @0 . 3O) [% - %%] + (@ . ?(2))%%, (3.26¢)

where

Sip = 3(TW .7 (TP .5 - 7O, FO

is the tensor operator. Using (3.26¢) into

2
_ % =), Ty 7@ .
o 90 . .
! (Qmp)%(a V(@@ V)~

and carrying out the differentiation gives

90 (’_“) {—(?(1)-?(2))+|: ! +i+1] Sn}e?, - (327)

T dr 2m,, 3 (pr)®  pr 3

Hence, it can be observed that the proton-proton potential due to the exchange of

a m’—meson contains spin-spin and tensor forces. In other words, we can express

the total p-p potential, V, as

V=V()a®. @D | ()8, (3.28)
where
i @W. w0 - (B (L) g geyt g
o . = [ —_— — T .
A e r
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and

2 2 -
95 73 1 1 1 e Hr
A — | 20 il -
Va(r)Sh2 [M (2_mp) ( (i)’ + r + 3) Sng pat (3.30)

Relation (3.29) represents the spin dependent part of the p-p force, while (3.30)
represents the tensor part of the p-p force. We further notice that we have obtained
the exact form of Yukawa potential.

A simple argument in terms of the uncertainty principle shows that the range
of nuclear forces due to the exchange of one m—meson appears as ?an Viewed
in this way, the nature of the Yukawa potential gives a short-range (< 2fm) to
the nuclear force due to the finite mass of the exchanged 7—meson between the
two protons. The tensor part of the potential, V5(r)Sys (relation (3.30)), is the
non-central part of p-p potential which depends on the orientation of the spins of
the two interacting protons with the line joining them.

Thus in this section we have successfully reproduced the precise mathemast-

ical form of the long-range (low-energy) part of p-p potential arising due to the

exchange of 7°—meson between the two protons using the field-theoretic approach.
3.2 Two-Pion Exchange Potential (TPEP) For p-p Interaction

The approach discussed for OPEP can be extended to compute the contribution
of two-pion exchange to p-p potential. To begin with, we consider Feynman
diagrams denoting the interaction of two protons through the exchange of two

pions as shown in Iig. 3.2 a and Fig. 3.2b.
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A P, P, r P,
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Figure 3.2: Feynman diagrams for p-p interaction through the exchange of two-

pions, (a) Ladder and (b) Crossed diegrams. Here xy, x{, x, and x4 are space-

time co-ordinates of the interaction vertices; q1 and gy are 4-momenta transferred
1

between the two protons; p1 and psy, b and phy, and p| and ph are momenta of

the incident, intermediate, and scattered protons respectively.

This interaction involves the exchange of two m—mesons and thus is described
. o : 2 .
by second-order correction to the transition amplitude, S (i). Corresponding to

Fig. 3.2a, this amplitude can be written as

s = [ [ [ [ atetiterdtsiatss [ gore) vantel)] [Fon e ig07:) (e}

xAp(@] — 25)Ap (2] — 23) [Wor(25) (ig07s) o (23)] [War(25) (igoys) P2 (25)]

where

-1 e-z'qg-(z';'f:cg
Al — 2 = fdd emr
r{z) — a5) (2n) 42 2+ 12




35

and

Anlz ' —1 he elar (=i —o2)
rla) —ay) = W/( QIW

are the usual meson propagators and ¥, and ¥y, ¥+ and ¥or, ¥; and ¥, are Dirac

wave functions of scattered, intermediate, and incident protons, respectively.
Using the explicit form of the wave functions and carrying out the integrations

over the interactions vertices, zf, !, 4, 5 and the exchanged four-momenta ¢;

and g, we can write (3.31) as

8
S(g) — ot m 9 45(4) _ 17

x(2m)'8 (pp — py — p{ +p1)
y [u(31)( ),}, “U,(S (-—h'.r)] [ (s¥ (-—hr.r),Y u(sl)( 7 1)]

qi + 2
[ﬁ(sg")(? ) EU(SIQ’)(_}”)] [E(Sg (?g)’?su(s?)(?ﬂ]
X . 5 . (3.32)
@+ p
Similarly, corresponding to Fig. 3.2b, we have
(2) 4 m® 0Vt ot o
ik = ‘\/E1E1’2E1EEE§2E2V8( )0 pe — v+ 1= 1)
x (2m)* 8 (py — pfy — ), + )
[EV @15 D ] [ D Ty (7))
g1 + 1
2 (5 (P [at: ul2) (P
g5 + 12
The overall transition amplitude for the two diagrams is given by
$7P = SPla+ 5P h (3.34a)

. WA O@D) [EOF v ()]
N EIERE ELEPE, g3 + p?
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[l (7)) ysul? (_’”)] [ (D7) y5ul?) (P9)]
a3 + 12

x[(2m) 6D (py — 1y — P + ) (2m) 6D (g — py — Pl + 1)

X

+(2m) 6 (pfy — Py + p1 — p1)(2m) 8 (py — Py — i + ). (3.34b)

Now we proceed to obtain the approximate form of the poteuntial corresponding
to Fig. 3.2 using the Born approximation on similar lines as we worked out the

one-pion exchange potential. We know that,

1 RN
V= 3 /\(153?1‘{[}'561 a@r, (334(3)

where the matrix element My, is,

[T P D] [ By (71)]

My = 3.3b
fi o q2+‘u ( )
SED Dy DY) D (T (7))
fb + p?
which can be written in the non-relativistic limit as
My = gp (W)@ ) (TN g (TP ¢y) (3.36)
t(2m) |"q" |2 + 42 "¢ al? + 12
Putting (3.36) into (3.34c) leads to
V = 93 1 f 37 (?(l) ‘El)(?(g) —1’?1) T
(2m)* (2m)3 g 1> + p?
1 rAUR 7 (2, N
/df‘—* (@0 0)(@D: To) v, (3.37)
(2’”) | ¢ +
or
oo %ol on (7D . T )/dsq L_
(2m)* (2r)3 ' 1 TP+ p2
L —w. g0, 9 gy €T¥T
X(2ﬂ_)3(0‘ VQ,)(O' VQ) d QQl?2|2+ﬂ2. (3371))
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Upon integration, the general form of the TPIEP can be expressed as

4 2y 2 ~2ur
where
2
[, d®, 7@ = 1(?(1)-?(2)” ! +—~£+l S1a (3.38b)
: ’ 3 (ur)? 3

is a function depending on the separation r between the protons and the spins of the

protons. Hence we observe that the approximate form of the two pion-exchange

eﬁﬂpr

potential worked out using the Born approximation varies as f(r, o), 3(3) -

However we see that we have correctly predicted the range of the two-pion exchange

potential ~ -213 which is much shorter than the range of the one-pion exchange force,

1

!—‘ .

where the range ~
3.3 Proton-Proton (p-p) Differential Cross-section

In section 3.1, the two possible lowest order Feynman diagrams corresponding
to the interaction of two protons mediated by the exchange of one m—meson were
described in Fig. 3.1. Here we wish to compute the differential cross-section for
proton-proton scattering in the center-of-mass frame. We know that the differ-

ential cross-section, do, is related to the transition probability, |SJ(,?|2, by (2.39)

as,
1S3 12 VB Vi Py
lo = : 2 302
do T|?-inc, G (2n) (3.39a)
SV | VE Y
_ ATV p Vatpy (3.39b)

T (2m)PE (2n)




_ISRPY va g va
2T (2n)% (2m)3
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(3.39¢)

. — .
where the value of the incident flux, | j irc|, in the center-of-mass frame has been

employed.

The transition probability, |Sff?|2 for the proton-proton scattering can be ob-

tained from (3.15a) as,

4

(})2: e 46(4) ’ ;o N 2 P M2
18571 = gal(2m)" 8% (ph 4 1y — P2 — )] mE{E1E§E2V4I flh

in which
!
[ D () rsut) (FNEC2 () ysul™®) ()]
2 2
qD‘i‘,U

r s \yr{s! 5
LRy (B DIECY (B )y u2 (F2))
a2+p?

Eniploying
[(27)'6 (5 + 1y — p2 = p1))* = VT (@)™ (py + P — pa — 1),

the expression for the transition probability can be written as

4
1 m
SEPIE = @m0+ 54 2= ) VT M P
Substituting (3.42) into (3.39¢) leads to
! 2P P

da =

4 m de(d)s o ’ ) !
— ) —p— M, .
gDQEi E, E; E, (27T) (Pg +Ph N pZ)l ftl (2?1_)3 (27r)3

(3.40)

(3.41)

(3.42)

(3.43)

Using &7, = | py |2 P dQY = | 9| ELdEdS), the total cross-section o is thus

given by

g il D] MG

= By | PP, + 1 — pr— 3.44a
7 90231]%52 (2m)? /dQ/dEI/( P8 pe + 1 —p1—pa)  (3.4da)
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Integrating over P’ gives us,

do m' P [MpP
—_— =
@ 2B EE, (2r)

/ dE,8(E) + B, — By — ). (3.44b)

Noting that £ = Fy and B} = E} in the center-of-mass frame and | p"}| =~ E{ in
the ultra-relativistic limit, and carrying out the integration, relation (3.44b) can
be written as,

do LA M2

—. 3.44
a9~ 1R (8.4d0)
If the incident protons are not polarized and furthermore if the polarizations

of the final state protons are not observed [L1}, then we sum over the final spin

states and average over the initial spin states in computing |M},[>. Thus

2
LAY 4 (s s
[ &0 (P Dyt (F OIS (P)15ul2) (7'2)]
r2 L ahHi
| M2 = > , , (3.45a)
apins | _ 182 (P 1sut ) (P )[R (P )yguls) (P'a)]
2+u?

[ a0 () vsut 0 (P 1)IECD () vsut2) (P2)

= l Z q2D+}‘2
N sh) =2 5 - —(sh) r— 8 —
Ao (3 By (Tl (Bt (72)]
g tp?

—3 — —(ah) > 5 —
[ @D (P 1ute) (P aNEE) (Bl )y w2 (2'2)]
g5 +u? .
X , ) (3.45b)
 LEED F)yuC (PO (575162 (5s)]
92 +u?

!
[ 62 (P o) 102 (P (P 1)u D (P
_ }Z B+
ki sy —{s1) sh) =
40| TD(Pa)reul D (PO (P )rsutD (7))
g2 +p?

[ 2D (P yygut) (P )2 (Ph)r5u2) (F2))

X LA (3.4bc)
[ ECR (P ul ) (B[ (B 1su ) (F2)]
gz tp
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1 l f1 n IQ _ 13 _ I4
4 1(gh +p?)? (@24+u2)? (h+e)(@+ph (6 -+ ) (e + p?)
(3.45d)

| M| =

inn which

L= Y [ (T ) ysulD (B (ph)rsul (7))

spins

x[@ ) (F )ysu (DI (B (7 1), (3.45¢)

D> (P 2)ysu D (7)) @D (P 1suC (7))

spins

X[l (F)psuD (7 1)), [ (2115 (7)) (3.45f)

= 3 [P o)yl (PRI (B rsul (7))

spins

X[E (T e (FOED (P (T, (345)
and

Iy = ) [P (B a)rsulD (B )] (p)rsul™ (5]

spins

x[@ (P )rs w (PNED (Frsut (7). (3.45h)

The values of I, I3, I3 and Iy can be computed using trace technique along with

the relation

2 . e
(5)( —(s) _iyept+m —iptm

> u (B (p) = = :

gt 2m 2m

where p = 7 - p. 1t then follows that

—ips +m —ipy +m —ip1 +m —ip) +m
L =Tr || —/220 T | T | [ = —1 o
e[ (e () [ () e () v

(3.46a)

= Lot L [P2rsPlvs -+ m?] T [=Brysphvs +m’] (3.46h)
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1

= {2 )L P+ fp2 Pyt o P+ mt) L (346c)

Following similar procedure, one can readily verify that

1
L= 5 {2 - P)(p1 - ) + mPpe - P+ poph) +m*}, (3.47)
1 (p2 - P)(p1 - P1) + (p2 - p) (01 - 94) — (P2 - po)(p) - 1)
8= gt =
+m? {pyphy—p2 1+ 2Pt p Py — PP+ py] Fmt
(3.48)
and
, 1 (pz- P} (pr - PY) + (P2 - DY) (o1 P5) — (P2 1) () - 1h)
= —
4t

+m2(py-py —p2 -1+ P2 P+ PPy — Py Dy + - P+ m?
(3.49)

In the center-of-mass frame, the momenta of the incident and scattered protons

are givei by

p1 = (P1,iE), (3.50a)
P2 = (~P1,iEBy), (3.50b)
o= (P, i5), (3.50¢)
Py = (=P ik), (3.50d)
and
By =B =By =E)=E. (3.50€)

Using relations (3.50a-e) together with || ~ E} and | p"1| ~ £, the expressions

for 1), I, Is, and I, can be written respectively as

1 0 0
L= A sint 5 — dm? B sin® 5 4 m?| (3.51)




1
Iy = — |4E*cos" - — 4m*E® cos® - +m*| (3.52)
m 2
and
Recalling that
qp =p1 — ) (3.54)
and
G = P1 — Vh, (3.55)
we find that
g
g% = 4B, E; sin’ 5 (3.56)
and
2 Y
qo = 4B K cos 5 (3.57)

Making use of the relations (3.51), (3.52), (3.53), (3.56), and (3.57)} into the ex-

pression of the square of the matrix element M}, (Iiquation 3.45d), one obtains

1 [4E*sint £ —4m?E? sin? & 4mt 1 [4E% cos® §—4m?E? cos? §4m?
1 m* | 1654 sin® £4812p2 sin? S4pt 16E4 cos? £ 488242 cos? 2 ps

M2 ==
i f1| 4

mi

8
(4B sin? §+p?) (482 cos? §+ p2)

(3.58)
Using (3.58) into (3.44d), the expression for the differential cross-section can be

written as

A 4m? F sin? %*4E4 sind gfm"' 4m? B2 cos? %ffiE‘i cos? %fm‘i
do Jo 16E1 sin* %-}-BEQ,UZ sin? %-{-114 1654 cost g+8E2].L2 cos? g-+,u4

dQ  64l2r?

(3.59)
gm?
+ [4E4 sin? g-ﬂﬂ] {dEZ cos? g+,u2]

Here we observe that the differential scattering cross-section can be measured as

a function of the scattering angle for a given value of the incident energy, E.




CHAPTER 4

Nucleon-Nucleon (N-N) Interaction

The nucleon-nucleon interaction is a basic problem of nuclear and particle
plysics. In nuclear physics, a clear understanding of the nucleon-nucleon force
leads to a better understanding of the properties of nuclei. And in particle physics,
the nucleon-nucleon mnteraction is intimately related to an understanding of the
structure of hadrons [3,12]. The nature of nuclear forces is best revealed in the
interactions between nucleons.

This chapter is organized as follows: Section 4.1 is aimed at determining the
conunection between the coupling constants of neutral and charged m—mesons with
nucleon by studying proton-neutron scattering. In section 4.2, we introduce the
concept of isospin to describe the charge-independence of nuclear forces. Finally,
the long-range part of nucleon-nucleon potential will then be derived.

4.1 Proton-Neutron (p-n) Scattering

In this section, we consider the interaction of a proton and a neutron. This
process is more complicated than the p-p scattering process considered in the
previous chapter since protons and neutrons interact through the exchange of both
neutral (7%} and charged (7", 7} mesons. These two processes are shown in

Fig. 4.1a and Fig. 4.1b by the Feynman diagrams shown below.




Time
n

o

4]

Figure 4.1: [Feynman diagrams for p-n scattering through the caxchange of (a)
charged m—meson and (b) neutral m—meson: Here g_ = g, is coupling conslant
between charged m—meson and nucleon, whereas g, is the coupling constant between
neulral m—meson and proton, g, 15 coupling constant befween neutral m°—meson

and neuwtromn.

From the requirement of charge independence of nucleon-micleon force, we
note that the interaction between proton and #~ —meson field is the same as that
between neutron and at—meson field. Hence the coupling constant between
proton and @~ —meson field, and between neutron and 7t —meson field are the
same, that is, g- = g,. I both charged and neutral mesons are to be involved in
the production of nuclear forces there must be a consequent relationship between
the coupling strengths of neutral and charged mesons with nucleons [14]. Thus we
first study the relationship between g, and go. To this end, we compare the first-
order transition amplitudes for p-n scattering and p-p scattering on the account

of charge independence of nuclear forces, which tells us that for a given value of
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- _) . .
isospin I, Vj—, = V., = Vi, (i.e. the nuclear potentials between two protons,

between two neutrons, and between a proton and a neutron are the same.).
The Dirac equations of a proton and a neutron and Klein-Gordon equation
for pion fields in the case of p-n scattering can be obtained employing the total

Lagrangian density £ for this process, which is given by
L= L:Dirac +L scalar T ﬁint (41)

where

— g
+ m)l:[lp + l:[ln('}’ﬁ__ + m)‘I’n (4.2)

['Dirac = @p( Oz
Ty

fY,u_a?"u

is the Lagrangian density for free Dirac fields,

L scalar =

1/0Dy0%0 ., 0% 0%,
o (ai# 6—1,,“ + M (I)O —Bm# —822# + M (I)_(I)+ (43)

is the Lagrangian density for free scalar fields (neutral and charged scalar), and

['inz = _7"90513’75\1]?(1)0 + ’6‘90@7175‘1’#1’0 - igﬁ-in'}’sq]p(p— - 7;94-"\171:'7’5\1’:1(1)4-: (443)

is the interaction Lagrangian density. We put £ into Euler-Lagrange equations in

the generalized coordinates Tp, ¥, &_, &, and P,

0 |9k | % (4.4b)
dzy | g (%gg) v,
0 |_oL |9k, (4.4¢)
oz, P (EBL;’;) awv,
_ ; p
a oL a
g I T =0, (4.4d)
g ~3 ( Oz ) d
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a aL oL
— =0, (4.4e)
Tu f
and
d aL oL
— =0 4.4f
Gan |0 (gm)| 0% " (449
Tp f
respectively. Here, ®_ = <I>Jﬂr. This leads to Dirac equation of a proton and a
neutron respectively as
0 , .
(7"87 + mp) \ij = rL‘(}O(YE»‘IJP(I}'D + 1,g+75\11n®+ (4'5)
Ty
d . .
(7“87 + mp )Wy = —igoys¥n®o + 19475 UpP_; (4.6)
T,

and Klein-Gordon equations for &, ®_ and @ fields as,

(OF = 12)04 (2) — igs Tn(2) 750 (2), (47)
(0% — 1)@ (2) = ig V()75 Pn(2) (4.8)
and
(0% — i) Po(w) = igoWp(w)v5¥p(e) — igoWn(2)ys Un(2). (4.9)
respectively.  Here, ®g, ¢, and @L are m°—meson, 7+ —meson and 7 —meson

fields; go and g4 are coupling constants between a nucleon and neutral and charged
m—mesons, respectively.
From the Feynman diagrams shown in Fig. 4.1, expressing the lowest-order

possible p-n scattering, the first-order transition amplitude is given by
1 1 1
837l = 5 la 577l (4.10)

where StV o and gt p are, respectively, the transition amplitudes corresponding
fi fi &

to Fig. 4.1a and Fig. 4.1b.
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Let p; and p) be the d-momenta of the incident and scattered protons respec-
tively, and po and p}, be the 4-momenta of the incident and scattered neutrons.

Then

Sila = / / dia'dha" W (27) (ig.476) Uy (2) A (27 — 2"y (6") (g 75) Uy ()
(4.11)

and

SV = | [ Ty ()i U @) S (0 = 0 () (i) ),
(4.12)

where

-1 ig-{z' —z")
AF(CEI - II)”) = /(Ique—— (413)
q f— -
Substituting (4.12) and (4.11) into (4.10) leads to
S lbtpn = (i02)* [ [ BTy )0 W0 () 0y o) ) ¥ o)

~(igo)’ / / AT (o) (35 ) W (') Oop (& — 2YT () (g U (). (4.14)

As far as strong interactions are concerned, protons and neutrons are identical
fermions. Viewed in this way, we can have the exchange diagrams corresponding
to each of the diagrams in Fig. 4.1. As a result, the transition amplitude for the

exchange diagrams can be written as
S}?Ix(p_n) = (ig4)* / f d*al d' 2" Uy (&) (75) g, (&) A ' =2 ) Uy () (75 ) Uy (")

~ige)? [ [ a0 0 ) B (& = Ty (&) (1)U (a). (415)
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Consequently, the overall transition amplitude for p-n scattering can be written

using relations (4.14) and (4.15) as follows:

1 1 1
S( )Ip n = S( )|D(P n) — S_{fi)i.\'(.ﬂ—n) (4-16)

(9 [ [ A @) 000 () A = Ny () U0
UO]/fMM@ YN () B (5 — 698 () g )
g2 | [ a0 U ) B (o i (@) 30 U0

Higo? [ [ 0@t )05 0 () O (0 = )Ty (@) ) Uy (). (417

We recall from section 3.1 that the lowest-order Feynman diagrams for p-p scat-
tering looks as shown in Fig. 3.1. Then the transition amplitude for this process

can be written as
5520 (690" [ [ a0 () ) () P 0 Ty ) r5) i)

~ 90" | [ ATy o) 1)) A (o g (o) ) o)
(4.18)
It is known from experhments that nuclear force between two protons is the
same as that between a proton and a neutron. Thus equating {4.18) and (4.17)
yields
(igo)* = —(igo)* — (ig+)*, (4.19)
or

—2g2. (4.20)

)
o
I
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However the coupling constant g; has to be real. Thus we take
9+ = V2g0. (4.21)

This is also supported by QC'D calculations and experiments. The arbitrariness
in the sign of g3 in (4.20) arises due to the effective nature of meson theory which
is not gauge theory in the sense of QCD.

Once the relation between the coupling constants of nucleon with charged and
neutral m—meson is known, we can deal with nucleon-nucleon scattering regard-
less of the charge of the interacting nucleons and the charge of the exchanged

T —HEeS011S.

4.2 Isospin Formulation

The charge independence of nuclear force can be further investigated using
the concept of isospin.  This section is, thercfore, devoted to introducing this
concept. The neutron and proton have identical spin and almost the same mass.
Moreover, they were found to behave similarly in nuclear reactions. And the
binding energies of mirror nuclei were observed to be the same. Motivated by this
evidence, Heisenberg suggested that protons and neutrons can be regarded as two
states of a single particle called a nucleon. To quantify his suggestion, Heisenberg
introduced an internal degree of freedom, the isospin T [9,10, 12] analogous to
the ordinary intrinsic spin S,

. _’ -—’ . - .
Analogous to the case that an electron has spin S = % in ordinary spin space,

—
1
2

L] _> . - . . .
the nucleon is said to have isospin I = in the fictitious isospin space. 'The
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third component, /3, of the isospin specifies whether a nucleon is a proton or a
neutron. Just as spin up state and spin down state of an electron are described
by | 3, +5 ) and | 5,1 ) respectively in the spin space, the proton state |p) and

neutron state |n) of a nucleon can be described respectively in the isospin space

as,
11 1 1
]p> = ‘5,4—5) and 'T}) = IE’HE)’
with I3 —= +% for a proton state and /3 = _% for a neutron state.

Let us have a look at the isospin states of a system consisting of two nucleons

—
each with isospin % . 'The quantum number 7 of the two nucleons can be 1 or 0.

The isospin states |7, I3) corresponding to the isospin triplet / = 1 are

L4 =[5, 42005, 15) = b)), (1.22)

1,0y = %(]E,Jra)lgrg)+|§»“§>|§=+2
= =)+ ), (423

1 1,1 1 1111))

L1y =I5, 35 —5) = i, (4.24)

and for the isospin singlet 7 = 0 the corresponding state is,
1 1 1.1 1 1 1.1 1
0,00 = —{|= 4= —2Y ==, Y= 4=

- % ()i} — 1)) - (4.25)

We can see that the isospin triplet states are symmetric under the exchange
of the two particles, whereas the isospin singlet state is antisymmetric under this

exchange. This implies that the nuclear forces between two protons, between a
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neutron and a proton, and between two neutrons depend only on the value of the
total isospin, /, and not on the third component I3. That is the interaction of a
neutron and a proton in the isospin triplet state [ = 1 is different from that in
the isospin singlet state I = 0. In this sense we can regard the neutron-proton
system in the state of I = 1 as a system of two identical nucleons having the same
nuclear potential as the two protons or two neutrons in this state [9,10,12]. In the
isospin formalism, the charge-independence of nuclear force states that the forces
of interaction between two nucleons with the same total isospin T are independent
of the third component f3. Therefore, the isospin concept enables us to treat any
two nucleons with the same total isospin T as identical fermions and thereby we
can apply the generalized Pauli principle to the two nucleon system. This principle
states that the total wave function, ¥, of the two nucleon system, which can be

expressed as the product of wave functions in orbital, spin and isospin space;
U = @(orbital)x(spin)l (isospin) (4.26)

must be antisymunetric under the combined exchange of space, spin, and isospin
coordinates. As a consequence the isospin singlet state (7 = 0) will denote sym-
metry of the space-spin wave function ¢(space)y(spin), whereas the isospin triplet
(I = 1) denotes a‘ntrisynmmtry of ¢(orbital)x(spin).

In a similar manner to the ordinary spin, we can define the isospin lowering

and isospin raising operators /. and I, | respectively as follows:

1
= Il - Z.fz == ‘é‘(’l’l — ?:Tg) (427)




and

1 ,
I, =5L+il, = 5(71 + iTg), (4.28)

where 71 and 73 are the isospin matrices which are analogous to Pauli spin matrices

and are given by

01
T1 = (429)
10
and
0 —1
Tg — . (430)
i 0

Substituting (4.29) and (4.30) into (4.27) and (4.28), we get

00
= (4.31)
1 0
and
01
0 0

The proton and neutron states can also be represented by column vectors, [p) =

1 0
and |n) = respectively.
0 1
Note that
00 1 0
Il = =1 =m (4.39)
10 0 1
and
01 0 1
Iyin) = -1 |=m (430

o
o
—
=




In other words the lowering operator, I | converts a proton to a neutron and the
raising operator, [, converts a neutron to a proton.
Now we consider the Feynman diagram (IMig. 4.2) depicting proton-neutron

interaction through the exchange of charged pion.

A

Time

Figure 4.2: p-n inleraction mediated by charged m—meson exchange:

At the interaction vertex 2/, an incident proton is converted to a neutron
and the 7~ —meson field, ®_, is absorbed. Similarly at the vertex 2", an incident
neutron is transfornied to a proton and the 7 —meson field, @, , is absorbed. Since
the lowering operator [ transforms a proton to a neutron, and the raising operator
Iy converts a neutron to a proton, we expect the nucleon-meson field coupling need
to contain gy ({_®_ + [, ®,). From two independent neutral scalar fields ®; and

®,, we can construct two independent charged scalar fields, ®; and @ . as

O =

- \/ii(q)l 1 iy) (4.35)




and
Dy = () — i), (4.36)
V2

such that

Now,

1 , 1 . 1 )
I @& -+ I+(I’+ == 5(7’1 - ?’T2)7§(¢)1 + 'E(I)g) (7'1 + ZT2)7(¢)1 - 'I.‘Dg)
(4.37a)
1
—(’Tl(pl - ’7'2(1)2)- (437}3)

Rz

Relation (4.37b) is obtained for interaction of nucleons through the exchange
of charged m—mesons. However, proton and neutron can also interact through
the exchange of neutral w--mesons. Thus, in view of (4.37b), the nucleon-meson
field coupling should also include 73®5, with &5 representing the scalar #%—meson

field and

1 0
Ty == the third component of the isospin operator 7 . This im-

0 -1

plies that regardless of the charge of the nucleons and mesons, the meson-nucleon
coupling can be written as go 7 + ® . In other words, if the meson-nucleon coupling
is of the form go 7" - ¢ i.e., a scalar in isospin space, then the interaction will be
charge independent, i.e., invariant under the 3-D rotations in isospin space [10, 14].
With this in mind, the Dirac equation of a nucleon in the presence of a 71— meson

field can be written as

0
(’Tpa + M) Uy = iggys (T - 3) Yy, (4.38a)
Ty




and the Klein-Gordon equation for the meson field D is

(2 — )@ = igoUn T vsTn (4.38b) |

where M, is rest mass of the nucleon, ¥y =

Yy

is nucleon Dirac spinor and

¥,

-
the meson field & = ($;, 5, P3) is a vector in the isospin space, corresponding to

the fact that the m—mesons form a charge triplet of isospin / = 1.

4.3 Nucleon-Nucleon (N-N) Potential

In this section, we wish to obtain nucleon-nucleon potential irrespective of

the charge of the nucleons and mesons. The lowest-order Feynman diagrams for

nucleon-nucleon scattering is given in Fig. 4.3.

o |

Ny?

Direct (D)
scattering

N ]
NP '

P
P2
i L) _{ igoys 1‘2)
igoys 4 TR
pI Exchange (X} p2

scattering
N2

Figure 4.3: Feynman diagrams for N-N scattering. Here M and ;@ are

1s0spin operators corresponding to nucleon Ny and N, respectively.



The first-order correction to the transition amplitude for this process is
1 1 1
S% = 88— 5Wx, (4.39)

where SS)[ p and SJ(,?] x represent first-order correction to the transition amplitude

for the direct and exchange diagram respectively. We recall that

in which

Al —2") = il / diqM (4.41)
(2m)* ¢+ p? — e

is meson propagator, EI, and ¥, are wave functions of scattered nucleon N} and
incident nucleon Ny; ¥, and W, are wave functions of scattered nucleon N; and
incident nucleon N, respectively. Using the explicit expressions of these wave

functions along with (4.41), (4.40) can be written as

(1)] ';i;l ///d'l Jolha nd4 ’EIVU(S])( ) —ipl -z (v H(l))
I M o, —eig(e =)
(s1) = ip1-.
X EI/U' (pl)e ][q2_|_‘u’2_‘,i€]

[ M M
Eg v FV

T (Fh)e ™ (457 P) | oD (Pa)e ™). (4.42)

After carrying out the integration over the interaction vertices 2’ and z”, and the

four-momentum of the exchanged meson, one can show that

M
S|, = @MW G, 4 ph — py — 1)y —————
fi |D ( Tr) (pl + Py — P2 pl) E;ElEéEﬂ/li
(7 TD) @) yuCD (71)] 5P (2150 (7))

X
ap+ -

(4.43)
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x, corresponding to the exchange scatter-

M
SO — (98D (0 1 ol b M
jilx = Gyl b vy —p2 =P\ e

g (70 - @) [aD () ysulD (P1)] [ulD (7 )ysu) (7))
gz + 1 e

Similarly the transition amplitude, S}?

ing becomes

X

(4.44)

Putting (4.43) and (4.44) in (4.39) leads to

M
SW = M D (4ol —py — )| e M 4.4
1= (2m) (p) +py — P2 — 1) BB ELE,V* f (445)

where
[@(FrsuC)(70)] [12) (P72 (72)]
2 2
My = (70 7O , Al . (446
1= 40 ) [F @10 (7)) [0 (P ysut2) (7)) (449
o g2-bpl—ic

Following similar methods used i the case of p-p potential, the low-energy nucleon-

nucleon potential becomes

1 7
V= (2m)3 de?Mﬁe 1 (4.47a)
_g? (P, o
9o ( T 7 ) / 3= —= (1) =\ (2) e
== . . - 1’
My @) ST @ O (44T)
2 P20, PR 7T
_ gy (7T 3 (1) Sv—=(2) oy €
- o [ee@o. NED Nz (4
2 (1), {2 —ar
- (2;’;})2 7 (QW; )(?{1) . 6))(?)(2) ' ﬁ'}) BT (4.47d)

Employing the relation

1) =gy = 2 b1y P2 d
0. Iy 7. oL 4 _1dN Lo ooy (L 1o %Y (4
(o (e ) 3 Sz (cl'rg rdr i 3( o) dr2 = dr (4.482)

with the tensor operator Si; given by

S =3(cW . HET? .5 -70. 7O (4.48b)
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and carrying out the differentiation results in

—-pr

2
_ o=y @y oy 1 L o lon ey le
7 — 20 : Sl =y 42 ,
! 47r( T T )(2114) 12 (pr)? T wr + 3 + 3( 7 ) r

(4.49)
It can be observed that the one pion exchange nucleon-nucleon potential has cemntral
and tensor parts. The presence of 7). 7 guarantees the charge-independence
of nucleon-nucleon interaction. Since 77 . 77® = 41 for symmetric isospin
triplet states, one can infer that the nuclear interaction potentials between two
protons, between two neutrons and between a proton and a neutron ( which have

the same total isospin) are the same. Thus it can easily be shown that for f = 1,

2 —jr

9o Ho\o 1 1 1 1 — (1) —(2) e/
pep = Vo = Vo = 5 a q ) )
Voop Ve 411'(211/[) { 12[(#7‘)2+#?'+3 +3(a o)) -

(4.50)

whereas for I = 0,

Vo= 93(_3)(2%)2 {5‘12 [(N—:)—Q + #i? + %] + %(7(1) . ?(2))} e;” (4.51)

Here relation (4.50) explicitly demonstrates the charge-independence of nuclear
interactions. Further from (4.50) and (4.51) we can see that the p-p, n-n and p-n
system (for I = 1) can exist only as scattering states. Whereas only the p-n
system (for I == 0} can exist as a bound state (Deuteron nucteus), This validates

the charge independence of nuclear forces. Thus in nature we only observe neutron-

proton bound states.




CHAPTIR 5

Conclusion

By solving the Dirac equation for an electron interacting with electromagnetic
field A, we know that the first-order correction to the transition amplitude, Sj(r? ,
that an electron in the initial state [¢) is transferred to a final state |f) as a result

of interacting with the field, is expressed as,

S = —e/d?’:ff'fdt’YI";f(a;')fr#Aﬂ(m’)\I’i(a:’). (5.1)

Comparing the differential cross-section in the non-relativistic Schrodinger theory

and the non-relativistic limit of the differential cross-section obtained using quan-
tum field theory, the low-energy electron-electron potential has been expressed
as a 3-D Fourier transform [2] of the non-relativistic limit of the matrix element
My;. Here we have calculated the potential equivalent to the interaction of two
(low-energy) moving electrons through the exchange of a photon employing the
field-theoretic techniques in the language of Feynman propagators.

In the static limit (stationary electrons), the e-e interaction potential due to the
exchange of one photon is obtained to be the coulomb poteutial. However, when
the speed of the interacting electrons is not zero and not relativistic, the interaction
of the electrons through the exchange of a photon involves interaction between

their magnetic dipole moments and spin-orbit interaction and the corresponding
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potential is expressed as,

— —4 ld 82

o1 L F@
V=-T1 Byt - (et )
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(5.2)

We have tried to model the long-range part of nuclear forces on the same lines
worked out for low-energy electromagnetic interaction of two electrons. We take
the long-range part of N-N force arises from the exchange of m—mesons between
the two nucleons. We have thus determined the long-range part of nuclear
potential corresponding to nuclear interaction of two low-energy protons through
the exchange of one m--meson, applying field-theoretic techniques, which is given

as,

2 2 —pr
9o 2 1 (1) —=(2) 1 1 1 e H
7 _ . — =1 8 . 5.3
I dx (Emp) {3( ? )+ (per)? i pr i 317 Ty (5:3)

It can be seen that the OPEP has spin-spin and non-central (tensor) parts. In

the process we have correctly reproduced the exact form of the Yukawa potential,

V ~ 22 for the low-energy interaction between two protons mediated by the

exchange of a 7’ —meson. However if we calculate the two-pion exchange potential

(TPEP) for p-p scattering using the Born approximation, we get an approximate

e—-?;u‘

form of this potential, V ~ f(r, @M, o) However, we still predict the

F

range of the TPEP to be » ~ Qiy, which is much shorter than the range (r ~ ﬁ) of
the OPEP. Furthermore, the TPEP is much stronger (it is ~ gg ) than the OPEP
(which is ~ g7).

One of thie most important calculations in particle and nuclear physics is cal-

culation of differential cross-section. The differential cross-section (in the center-
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of-mass frame) for p-p scattering through the exchange of one m—meson has also

been worked out in chapter 3.

Based on the charge independence of nuclear forces, the coupling constant go
between a nucleon and a neutral #—meson field is related to the coupling constant
g+ (g} between a nucleon and charged m—meson field and is expressed by g_ =
g+ = V2gs. However there is a need to have a unified framework in which one can
describe n-n, p-n, and p-p interactions in an integrated manner. This necessitates
us to introduce the concept of isospin where a neutron and a proton are considered
as two charge states of a single particle called nucleon, which is assigned isospin I =
—

% . Using this isospin language, we can deal with N-N interaction without regard
to the charge of the nucleons and of the exchanged m—meson. As a consequence we

have obtained the nuclear potential corresponding to low-energy N-N interaction

through the exchange of one m—meson. This is given as

2 —ur

_ 90 o) @y Py 1 1L 1 oo, —eple
;= 90 : Sl g2 . e
i 47T(T T )(2ﬂff) 12 (/L?‘)2+'LL?‘+3 +3(U ) 7

(5.4)

From the results of chapter 4, we observe that for the isospin triplet (f = 1)
states, 7M. 7@ = 1. Thus the nuclear potentials between two protons, between
two neutrons and between a proton and a neutron are the same ( ie. Vp_, =
Vo—n = Vp_n). This validates the charge independent hypothesis of nuclear forces.
Further for 7 = 0 we sce that 71 . 7 = —3. This shows that our model

for N-N forces correctly predicts the existence of a bound N-N state (Deuteron

nucleus) for 7 = 0. Whereas for [ = 1, 7M. 7@ = 41, This fact explains
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