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ABSTRACT 

In t.his t.hesis, we work out. t.he low-energy (~300Me V) form of t.he proton­

proton (p-p), neutron-neutron (n-n), and proton-neutron (p-n) int.eraction poten­

tials taking the field-theoretic view that these interactions are mediated through 

the exchange of 7r
0

, 7r± mesons. In this process we reproduce the exact form of 

Yukawa potential. vVe extend these calculations to obtain an approximate form of 

two-pion exchange potential. vVe then generalize t.he formalism to include isospin 

and arrive at the correct form of the low-energy nucleon-nucleon (N-N) potential. 

In the process we establish the charge independent hypothesis of nuclear forces. 

Further we observe that our model for the long-range part of N-N forces correctly 

predicts that for I = 0, the two nucleon system exists as a bound state (deuteron 

nucleus) while for I = 1, it exists as scattering states. 
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CHAPTER 1 

Introduction 

During the middle of 20th centmy, the idcas of relativity, quantum mechanics 

and classical electrodynamics had been combined by J. Schwinger, F. Dyson, S. 

Tomonaga, R. P. Feynman and others, into a field theory called quantum electrody­

namics (QED) [1], which successfully accounts for the electromagnetic interactions 

of relativistically moving charged particles such as electrons and muons. The 

predictions of QED [2,3] are in complete agreement with experiment. It is well 

known that in quantum electrodynamics the electromagnetic field is considered as 

if it consists of photons which are quanta of this field. This basic idea of QED 

can be also extended to nuclear interactions. 

Protons and neutrons were collectively termed as nucleons by Heisenberg. 

Analogous to the field-theoretic description of electromagnetic interaction between 

two relativistically moving electrons, Yukawa pictured the strong nucleon-nucleon 

(N-N) interaction as arising from one nucleon emitting a strong field quantum 

which is promptly absorbed by the other nucleon. Yukawa proposed a field theory 

of nuclear forces which predicted the existence of particles with mass intenne­

diate between the mass of electron and proton. Such particles were named by 

Yukawa as mesons [3]. These mesons wcre regarded as the carriers of the strong 

force between the two nucleons (i.e. proton-proton (p-p), proton-neutron (p-n) 

or neutron-neutron (n-n)) just as photons are the carriers of the electromagnetic 
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force between t.wo electrons. Later on these mesons were experimentally discov­

ered in cosmic rays with mass [3] exactly t.he same as the mass which Yukawa had 

predicted. 

According to our present knowledge, the nuclear force is not simply due to 

one kind of meson, but it is a complex process involving the exchange of many 

kinds of mesons of various masses, spins and charges. Since the range of any 

force field is inversely proportional to the mass of the quanta of the force field, the 

lightest meson (1f-meson) with mass mrr = 140111 eV is t.he major contributor to 

the long-range (~ 11m - 21m) part of nuclear forces [3 - 5]. 

In the non-relativistic limit, nuclear interactions can be described by a poten­

t.ial [6]. As mentioned earlier, the long-range part of nuclear force arises due to 

the exchange of 1f-meson between the interacting nucleons just as the force be­

tween two electrons arises due to the exchange of a photon between the int.eracting 

electrons. vVhereas the short-range « 11m) part of N-N force arises due to t.he 

exchange of quarks and gluons between the two interacting nucleons which can 

be regarded as quark " bags" . For a recent work on the exact t.reatment of this 

problem of the short-range part of N-N force, see ref. [7]. 

Analysis of N-N scattering experiments gives information on the character of 

the nuclear forces. In this connection we have evaluated the proton-proton scat­

tering cross-section in chapter 3. The fact that the deuteron has a finite electric 

quadrupole moment is a confirmation of the fact that the nuclear interaction po­

tential is non-central, that is, it depends on the orientations of the spins of t.he two 
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interacting particles with the line joining the two particles [6,8]. 

Further it is experimentally seen that the nuclear forces are charge indepen­

dent. That is, the nuclear forces between two protons, two neutrons and between a 

proton and a neutron are the same. This charge independence can be described by 

introducing the concept of isospin. As charge independence is equivalent to invari­

ance of the nuclear interaction under rotations in fictitious charge space (isospin 

space), the interaction should be a scalar in isospin space [9,10]. 

The main goal of this thesis is to study the form of low-energy (long-range 

part) N-N potential arising due to the exchange of 'if-meson, using field-theoretic 

techniques in the language of Feynman propagators. In this process the techniques 

for calculation of the differential cross-section for p-p scattering process are shown. 

The outline of the thesis is as follows. In chapter 2, the expression for first­

order correction to the transition amplitude for e--e interaction mediated through 

the exchange of a photon is calculated and then this result is med to derive the 

low-energy e-e potential. Chapter 3 deals with calculation of one-pion exchange 

potential (OPEP), two-pion exchange potential (TPEP) for low-energy p-p inter­

action, and differential scattering cross-section for p-p scattering. In chapter 4, 

we analyze p-n scattering. Next we introduce the isospin formalism in which we 

can have a single unified formulation of p-n, p-p, and lHl interactions in terms of 

N-N interaction. 'vVe then obtain the long-range part of N-N potential. Finally, 

the main results of the thesis are summarized in chapter five. 



CHAPTER 2 

Field-Theoretic Derivation of Low-Energy Electron-Electron (e-e) 

Potential 

In non-relativistic quantum mechanics and in classical mechanics, interactions can 

be described by analyzing the corresponding potential. On the other hand, in 

relativistic field theory, interactions are understood to be caused by exchange of 

field quanta between the interacting particles. The connection between the two 

concepts can be made, for low-energy interactions involving lowest-order processes, 

using the Born approximation [21. 

From quantum field theory of electromagnetic interactions, an electron con­

stantly emits and absorbs virtual photons. As a resnlt, two electrons interact by 

exchanging the photons they emit. 

The purpose of tIlls chapter is to first demonstrate the techniques to obtain 

the form of e-e potential based on the quantum field theory descriptions of electro­

magnetic interactions. To this end, we need to obtain the non-relativistic limit of 

the differential cross-section for Moller scattering, and then compare it with that 

obtained applying Fermi's Golden rule. 

In the first section of this chapter, we wish to obtain the transition amplitude 

for a given QED process. Next we apply the result obtained to compute the 

differential cross-section for Moller scattering. Finally the potential equivalent to 

the interaction of two low-energy electrons due to the exchange of a photon will 
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be derived using Born approximation in the Schrodinger theory. 

2.1 First-Order Correction to The Transition Amplitude 

The interaction of two electrons through the exchange of a photon is described 

by first-order correction to the transition amplitude, SW, which is the transition 

amplitude that an electron in the initial state Ii) is scattered to a final state I J). 

To obtain the expression for the transition amplitude, SW, we start with the Dirac 

equation of an electron interacting with electromagnetic field, Ap, as expressed 

below: 

(2.1) 

where Iji is the four-component Dirac wave function of the electron, e is the electron 

charge, 'Y p (It =1, 2, 3, 4) are 4x4 traceless Hermitian Dirac matrices, and 111 is 

rest mass of the electron. The solution of (2.1) can be obtained by considering 

the unit source problem 

(2.2) 

where O(4l(X-x' ) is the folU'- dimensional delta function and K(x, x') is the Green's 

function for the free-particle Dirac equation. Consequently, the solution of (2.1) 

can be written as 

(2.3) 

Letting ljio(x) be a solution of the free, homogeneous Dirac equation, the gen-

eral solution of (2.1) can be expressed as a superposition of ljio(x) and Iji(x) from 
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(2.3). Thus, 

w(x) = wo(x) - J d4XIK(x,XI)q"A,,(XI)W(X'). (2.4) 

We see that the solution of (2.1) can be given to any order of the interaction 

parameter, e, using the iteration method since we can not have a closed form of 

(2.4). Hence we have 

As it can be observed from (2.5), one can obtain the total wave function of an 

electron interacting with electromagnetic field if we know the explicit form of the 

electron propagator, K(x, x'). This can be done by Fourier transforming K(x, x') 

into momentum space. vVe note that K(x, x') represents the amplitude of a wave 

at x, originating at x' and so K is a function of the difference x - x'. Hence, t.ho 

Fourier transform of K(x, x') can be written as 

(2.6) 

Setting x' = 0 into (2.6), one finds 

(2.7) 

Inserting this into (2.2) and setting x' = 0, we have 
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so that 

(2.8) 

Feeding (2.8) into (2.7), we find 

'(( 0) = ~ J d4 (-if pPI' + m) ip·x 
l' X ()4 P 2 2 e , 27r P + m 

which can be generalized to 

'(( 0 _ .t) = ~ J d4 (-if"PI' + m) ip.(x-x') 
l' X X ()4 P 2 2 e . 27r P + m 

(2.9) 

Spliting into space and time integrations, (2.9) can be written as 

00 

K( ') - i J d3 ~ ip.(x-x') 1 J d (-if pPp + m) -ipo·(t-t') 
X - X - (27r )3 pe 27r Po (Po _ E) (Po + E) e . (2.10) 

-00 

Treating Po as a complex variable, (2.10) can be integrated over Po by applying the 

method of residues. For t < t', we integrate over the contour in the upper half 

complex po-plane, as indicated below in Fig. 2.1a. 

Im(pJ 

1m(1\J} 

-EiiE 
-11+1" 

• i ·R , R 

·R ., 

1 
e f'J) ., 

l 
Re(p,,) 

R 

,,' E·;" 

,b, 

Figure 2.1: Contour of integration for (a) t < t' and (b) t > t'. 
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Upon integration, one can verify that 

00 

J I, (-ifMPJ,+m) -ipo(t-t')_2 ,ChiPi+,4E - rn ) iE(H') 
cPo( E)( )e - 7r2 e, Po - Po +E 2E 

(2.11) 

-00 

Combining (2.11) with (2.10), we get 

1 J d3f; '-(- -') 'E(t t') K(x - Xl) = _. --e-w x-x (i'Y,p' - 'Y E + m)e" - for t < t' . (27r)3 2E ", ,,j ,.. 
(2.12) 

In the case of t > tl, the contour of integration will be the lower half plane, as 

shown in Fig. 2.1 b. Following similar procedure, one readily arrives at 

I 1 J d3p_(_ -') 'E(t 1') I K(x - x ) = -- --e'P' x-x (-i'Y,p' + 'Y E + m)e-" - for t > t .. (27r)3 2E Il' l,j ,. 
(2.13) 

Replacing 

lim 
V_oo 

1 
11:L 

p 

in (2.12) and (2.13) results in 

K(x - Xl) = 1· 1:L -W(x-x') (i,iPi -'4E + m) iE(t-t') f t t l 
1l11- e e ,01'<, 

V~OO 11 2E p 
(2.14) 

and 

1(( , - I) _ l' ~:L W(x-i') (-ifiPi + 14E + m) -iE(H') 
xx~nll e e, 

V~OO 11 2E 
for t > t l (2.15) 

p 

respectively. Employing the relations 

and 

:L
2 

(s)(o'I-(s)(o'I -iliPi+,4E + m 
1l p;1l P; = , 

2m 
s=1 



9 

in which v(s) (P) and u(s)(P) are negative- and positive-energy 4 x 1 Dirac spinors, 

in (2.14) and (2.15) respectively leads to 

2 

K(x - X') = lim '""' '""' [-( ~ )v(S) (ZJ)v(s) (p)e- ip (X-X')] , for t < t', (2.16) 
V~OO~~ EV 

and 

i/ 8=1 

2 

K(x - X') = lim'""' '""' [( m )u(S)(P)u(S)(p)eiP'(X-X')] , for t > t ' 
V~OO~~ EV 

P s=l 

(2.17) 

For first-order scattering, the pertnrbative expansion (2.5) can be written as 

(2.18) 

This means the incident electron with wave function Wo(x' ) is scattered at x' by the 

electromagnetic field A~ and then propagates to X with amplitude K(x, x'). Hence, 

K(x, x') is a· function of momentum p', spin S', and energy E' of the scattered 

electron. ,'Vith this in mind, inserting (2.16) and (2.17) into (2.18), we can write 

L + {if; ( ') -I ., L {if; (') -I . , w(x) = lim C ,(t) -u S (p )e'P .x+ lim C- ,(t) -v S (p )e-'P .x; 
V--HXl p,s E'V F~co v,s E/11 

P' ,s' fi' ,Sf 

(2.19) 

where 

t 

C+ ()- J 3etl J l' fm-(S')(cf) -ip'·x' A (J) (') fl,s' t - -e d x ct V E171t p e II' I' X Wo X , (2.20) 
-00 

and 

00 

C- (t) = e J d3X' J dt' J m v(S') (pcf) eip'.x' 'V A (X')W (x') fl ,S' < E'V I ~ I' < 0 < • 
(2.21) 

t 
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Suppose \j.!o(x') be normalized plane-wave function of a free positive-energy 

incident electron with momentum p, energy E, and spin s. In other words, 

, rm ()(-+). , \j.!o(x) = V 7fVu S p e'P·x. (2.22) 

l'l'Iaking use of (2.22) in (2.20), we find that 

t 

Clt,s,(t) = -e J ,Pi' J elt' J E~/fjJs')(l1)e-iP'.x'b~A~(x')] J ;V u(s)(p)eipx', 
-00 

(2.23a) 

0]' 

00 

C+ (00) = -e J d3 X' J dt' J m 'i.ts')(p')e-ip'.x'[/, A (x')] J m u(S) (p)eip,x' 
fl,s' • E'V I' ~. EV ' 

where 

and 

-00 

00 

= -e J d3i' J dt'\j.!f(x'h~Ap(x')\j.!i(X') 
-00 

rm()-+·, 
\l.i;(x') = V 7fVu S ( P )eWX 

(2.23b) 

(2.23c) 

are normalized plane-wave functions of scattered and incident free-electrons re-

spectively. 

Now we know that the first-order correction to the scattering matrix is given 

by [2,11] 
00 

sj;) = -i J dt'(jJHI(t)Ji), (2.23d) 

-00 

in which the time-dependent perturbing Hamiltonian HI (t) is expressed in terms 

of the Hamiltonian density, H(t'), describing the interaction of free Dirac fields 
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with electromagnetic field Ap, as 

(2.23e) 

where 

(2.23f) 

Substituting (2.23e) along with (2.23f) into (2.23d) results in 

00 

SJ:> = -e J d3 X' J dt'\l!f(X'lfpAJl(x')\l!;(x'). (2.23g) 

-00 

Comparing (2.23g) with (2.23c), we observe that C;,s' ( (0) = SJ;), indicating that 

c~t,s' ( (0) is the first-order correction to the transition amplitude that a positive-

energy incident electron with momentum p and spin s is scattered to a positive-

energy electron state with momentum p'and spin s'. From (2.20), one can see that 

c:I; ,(-(X)) = 0, implying that an incident free electron can not be scattered to a 
p ,s 

positive-energy free electron back ward in time. Based on the same reasoning, 

is the first-order correction to the transition amplitude that an incident free positive-

energy electron is scattered to a· free negative-energy electron state. \¥e can also 

see that Ci,s' (+00) = 0, indicating that an incident electron can not be scattered 

to a negative-energy electron forward in time. 

2.2 Moller Scattering 

The electromagnetic interaction between two electrons mediated tln'ough the 

exchange of a photon is depicted by the Feymnan diagTams shown in Fig. 2.2. 
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Tine 

p" 

" " 

Figure 2.2: Moller scattcring of two electrons: P1 and P2 arc 4-momenta of incident 

electrons e1 and e2, p; and p~ are 4-momcnta of scattered electrons e; and e~ and 

q is 4 -momentum of the e.'Cchanged photon, Tespectively. The wavy linc rcpl·esents 

the e,'Cchangcd photons. 

The overall amplitude, 8;;), for this process is given by 

(2.24) 

where 8;;) ID and 8;;)lx are respectively transition amplitudes for the direct. and 

exchange scattering. Vve recall that the first-order correction to the transition 

amplitude for the direct scattering is given by 

or 

where A,,(x') is the electromagnetic field produced by the second moving electron 
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C2 and it satisfies the Maxwell's equations 

(2.26) 

in which 

Eqnation (2.26) can be solved by considering again a unit source problem, 

(2.27) 

where Dp(x - x') is Green's function. Employing the Fourier transform method 

with x' = 0 in (2.27), we can write 

D ( .) - 1 J d4 ;q,xD ( ) 
p x - (27f )4 qe p q . 

Combining (2.28) and (2.27) and upon differentiation, one can verify that 

(2.28) 

where the Fourier transform of 0(4) (x) has been used. Substituting (2.29) into 

(2.28) yields 

D ( .) - 1 J Z4 ;q'X[-ll 
p x - (21f )4 (qc -;j , 

which can be generalized to 

1 J 4 . ( ,)-1 Dp(x - x') = (21f)4 d qe,q· x-x [qz-l. (2.30) 

This relation is known as photon propagator. Using this relation, the electromag-

netic field AIJX') due to the electromagnetic transition current, j~(x"), produced 

by the second moving electron e2 can be written as 

J_ 44J,e -,II 1 J J 
- ;q.(x' -x") 

Ap(x) - (21f)4 d qd x [ q2 lJ~(x ). (2.31) 
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Feeding (2.31) into (2.25), one can verify that 

(2.32) 

where the four-current density, j~(x") = ieW2,(x"h"W2(X") has been used. Car-

rying out the integration, we obtain 

<1 

sj;)ID = (ief E;El~~E2V4 (21f)4o(4)(p~ + p~ - P2 - pl)[u(sD(p~h"u(sl)(p\)l 

x (;; )[u(s~)(p~hI'U(S2)(p 2)], (2.33) 

in which 

The relation corresponding to (2.33) for the exchange scattering can easily be 

obtained by making the following interchanges in (2.33): 

Hence we have 

S (l)1 
fi x 

where 

m4 
(ie)2. E; E1E~E2 jf4 (21f)40(4)(p~ + p~ - P2 - Ptl [u(s~)(p~h ~U(Sl)(p I)J 

x (~;1 )[u(sD(p~h~u(S2)(p 2)], (2.34) 
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Finally, the overall transition amplitude 

S (l) - S(l) I _ S(l) I 
Ii - fi D f; X (2.35) 

becomes 

sj;) = . (2.36) 

where 

1 
e2[ jj('\)(pD~I,u('l)(Pll , jj('~)(p;h"u('2)(P2) } 

kIf' = qD 
, _ jj('~)(p~h"u(")(P') ,"('\)(p\h"U('2)(P'2) ]. 

q, 

(2.37) 

The transition probability thus takes the form 

(2.38) 

where (21r)40(4) (p;+p\ -P2-pd = 1fT has been used with T, representing the inter-

action time and 1f the interaction volume. 

The differential cross-section, dO', is defined as 

Is(l) 12 Tld3--7' TI )3--7/ 
dO' = !', 1 P 1 1 C P 2 

TI j ;ncl (21r)3 (21r)3' 
(2.39) 

--7 --7 I~ I 
in which I j ;ncl is the incident flux given by I j ;ncl = vl~'" with V'rel the relative 

Vd 3-V'Vd3-p' velocity of the incident electrons and WW the number of available final 

states in the momentum intervals d3 -P/l and d3-p;. In the center-of-mass frame, 

lV'red = 211, where 11 is the speed of the incidont electrons, and so 17;ncl = ~~ = ~~. 

Upon combining (2.38) and (2.39), one arrives at 

(2.40) 
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The total cross-section can be obtained by integrating (2.40) as, 

where 

has been used in (2.40). Integrating over p~ using the 6(3) -flllction leads to 

(2.41 ) 

The differential cross-section per unit solid angle thus takes the form 

(2.42) 

or 

(2.43) 

'Ve know that in the center-of-mass frame, E, = E2 and E; = E&; and from 

conservation of energy, E, = E2 = E; = ~ = E. F\uther Ip',1 = mlV",1 and 

E& ~ m in the non-relativistic limit. Hence the differential cross-section per unit 

solid angle becomes 

(da) 
dD em 

m4 IMjfR)12 
4E2 (2'nY . 

2.3 Derivation of e-e Potential 

(2.44) 

As stated at the beginning of this chapter, our aim is to obtain the form of 

the potential corresponding to the interaction of two electrons mediated through 
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the exchange of a photon. We recall that in non-relativistic scattering theory, the 

differential cross-section for elastic scatt.ering of two particles having mass mj and 

m2, in the center-of-mass frame, is given by [2] 

( dO') = l/1red Jd3--7Tf -;q.r'12 
do' em 21f 7 Ie. (2.45) 

Here, /1l'ed is the reduced mass, and V is the intcraction potential. Relation (2.45) 

is what we call differential cross-section in the Born approximation. Now using 

E2 = m 2 in the non-relativistic limit and the reduced mass, ILl'ed = 'if for two 

identical particles, (2.44) can be written as 

or 

( dO') = (/1red)2IM(NR)1 2 
dfl em 21f J' . 

(2.46) 

(2.47) 

Here, IMJil2 contains the entire physics of the process under consideration. On 

comparing (2.47) with (2.45), we observe that 

(2.48) 

where q = pi - PI is the momentum transferred between the interacting elec-

trons. Fourier transforming (2.48) results in 

(2.49) 

Thus, we see that the three-dimensional potential can be constructed once 

we know the non-relativistic limit of the matri.x elemcnt, Mj~Rl, in (2.37). For 



18 

scattering of two identical fermions, we take the lVIj;V Il) -matrix element that cor-

responds to the direct scattering, since the contribution of exdJange scattering is 

included by using the antisynul1etric wave functions in the non-relativistic quantum 

mechanics [2]. Therefore from (2.37) we obtain 

(2.50) 

Splitting (2.50) into space and time components, the matrix-clement, Mfi, 

takes the form 

(2.51) 

~Writing the mat.rix structure of the positive-energy spinor, ll(s)(p), as 

E+mc
2 

( Xs ) 
2mc2 

cU"p 
E+mc2Xs 

[where Xs is two-component Pauli spinoI' and rl is Pauli matrix] and 

we note that 

or 

t 
X,I [ (--+ --+1 --+(1) --+] = -2 1 -i P 1 + P 1) + (Y x q 1 XS 1 Tn 

(2.52) 
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where q 1 = pi - PI is momentum transferred between the electrons, m is elec-

tron rest mass, and the speed of light, c, is taken to be one in natural units. 

Similarly we can write 

(2.53) 

where q.; = Pi' - Pi. Following the same procedure, one can readily veriJY that 

(2.54) 

and 

(2.55) 

In the limit p~, PI, P; and P 2 are very small, expressions (2.52), (2.53), (2.54), 

and (2.55) can approximately be expressed respectively as 

and 

In view of these, the matrix element (2.51) can be expressed as 
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or 

(2.56) 

The electron-electron potential corresponding to this limi t is t.hen 

which, upon integration, gives 

e2 

V = -, (2.57) 
'17fT 

which is the expected coulomb pot.ential between two st.at.ionary electrons. The 

first term, 

e2[V;(sD (P'D'I'iU(Sl) (P' 1)] [V;(s,) (P';hiuh) (P' 2)] 

1712 
in (2.51) has contribut.ion to t.he pot.ent.ial when t.he electrons are not st.at.ic and 

t.heir speed is not. relativist.ic. Let us proceed t.o compute t.he cont.ribut.ion of t.his 

term t.o t.he elect.ron-electron pot.ent.ia1. From (2.52) and (2.53), we observe that. 

e2 [v;(sD (P'~hu(Sl) (P' 1)] [V;(s,) (P';hU(S2) (P' 2)] 

1712 

involves dipole-dipole, and charge-dipole interactions. The dipole-dipole interac-

tion involves 

The corresponding pot.ential is t.hus given by 

(2.58) 

Carrying out the int.egration yields 

e
2 

--+(1) --+ --+(2) --+ 1 
Vdd = -- a . [\7 X (a X \7)](-.-). 

(2m)2 47fT 
(2.59) 
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Recalling that the magnetic moment, 11, of an electron due to its spin is given by 

----7 e-------). e-------). 
/L=-S=-(f 

m 2m 

and the vector potential due to this magnetic moment is 

relation (2.59) can be written as 

-> -> 
Vdd = - JL l' B 2, (2.60) 

-> 
in which 111 is the intrinsic magnetic moment of the first electron e1 and B 2 

is the magnetic field produced by the intrinsic magnetic moment of the second 

electron e2. As it can be seen, relation (2.60) is the interaction energy between 

the magnetic moments of the two electrons. 

The charge-dipole interaction arises from 

_i(~)2 [(if(l) x gl)' CP2 + p;) + (if(2) x g2)' (PI + pD] 
2m /g/2 

in which 

and 

( ->(1) x -» (-> + ->1) - 2->(1) (-> X ->/) (f qj'P2 P2-(f 'PI PI' 

As a result, the corresponding potential to the charge-dipole interaction is 

2 . r-q."1' 
2e -~ J -> (-> ->1 3->e 

Vde = (2m)2 (27f)3 (f. PIX P l)d q /g/2' (2.61) 
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where 

Upon integTation, we obtain 

(2.62) 

-> 
Setting \1 = r ~~, one finds 

-2e2 
-> -> -> 1 d ( 1 1'de = -- () . PIX 1" -- --), 

(2m)2 7· d1" 4m· 

which can be written in the form 

(2.63a) 

as the potential due to spin-orbit interaction. The complete e-e potential can be 

expressed, using the relations (2.60) and (2.53a) as: 

(2.53b) 

Hence, we have reproduced the coulomb potential between two static electrons 

arising due to the exchange of virtual photon between them. vVe have also cor-

rectly reproduced the spin-orbit potential using the techniqnes of qnantnm field 

theory, which is the underlying dynamical framework governing the electromag-

netic interactions of charged particles, instead of writing the mathematical forms of 

this potentials through heuristic arguments, as is done in non-relativistic theories. 

vVe have thus demonstrated the power and elegance of field-theoretic techniques 

to arrive at the correct form of electromagnetic potentials. These methods will 
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later be extended to obtain the correct form of nucleon-nucleon potentials in the 

following chapters. 



CHAPTER 3 

Proton-Proton (p-p) Scattering 

Most of the quantitative informations about the natme of nuclear forces have 

been obt.ained from t.he scat.tering of prot.ons by protons. From hist.orical point 

of view, prot.on-proton int.eraction gave the first good estimat.e of the range of the 

forces bet.ween two nncleons [12]. 

In this chapt.er, we eleal with the long-range part. of strong interact.ion, which 

is mediated by pions. This 1f-meson is responsible for the major portion of the 

long-range ("" 1fm- 2fm) part of the nucleon-nucleon potential [8,13]. This part 

of t.he nuclear force is described by t.he t.heory called Quantum-Hadrodynamics, 

QHD. Quant.um-Chromodynamics (QCD) is the correct gauge theory [7] of strong 

interactions ancl hence, all nuclear phenomenon at the most. fundament.al level. 

The short-range « 1fm) part of nucleon-nucleon (N-N) int.eraction arises 

clue t.o t.he exchange of quarks and gluons between t.he t.wo nucleons. vVhile t.he 

long-range part arises due to the exchange of 1f-mesons between t.he nucleons. 

For a recent work on t.he exact treatment. of the problem of short.-range part. of 

N-N force using the quark structure of nucleons, see ref. [7]. In this thesis, 

we are primarily investigating the role of 1f-mesons in generat.ing t.he long-range 

part of N-N interactions by considering 1f-mesons as elementary particles in the 

framework of Quantum-Hadroclynamics (QHD). 

This chapter is organized as follows. In section 3.1, the potential equivalent 
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to the long-range part of proton-proton (p-p) interaction through t.he exchange of 

olle 7r-mcson will be discussed. For (.his purpose, we need first. t.o ob(.ain t.he non-

relativistic form of t.he mat.rix element., !vI Ii, of the process under consideration, 

which is related to the potential via the Born approximation. The second sed ion 

of the chapter is devoted to calculation of the approximate form of t.he two-pion 

exchange potential (TPEP). Finally the differential cross-section for p-p scattering 

is computed. 

3.1 One-Pion Exchange Potential (OPEP) 

The interaction of two protons through the exchange of one 7r-meson Gan be 

described by the Feynman diagrams shown in Fig. 3.1. 

Tim 

P'. 

p, 

p, 

P, 

Direct (D) 
scattering 

P', 

p', 

p, 

P', 

p, 

X' 

p, 

," 
q X" 

Exchange 
(X) scattering 

P', 

p', 

P' 

P, 

Figure 3.1: Feynman diagrams denoting interaction of two pmtons thro'ugh the 

exchange of a Ir°-meson: PI and P 2 standf07' incident pmtons, and P; and P; 

f07' scattered protons, whereas PI and P2; p; and p; denote 4 -momenta of incident, 

and scattered pmtons respectively. go is the coupling constant between pmton and 

neutml pion, and q is 4-momenta of the e:r;changed pion. The dotted line stands 

f07' the exchanged 7r- meson. 
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The Dirac equation representing the interaction of an electron with electromag-

netic field AI' can easily be generalized to the proton interacting with a nO-meson 

field <1>0 (x) as 

(3.1) 

in which mp is mass of the proton, wp(x) is the Dirac wave function of the proton, 

<l>O(x) is a neutral scalar (nO-meson) field, and IS = IJl21314' Since nO-meson 

is a spinless particle, the free field <l>o(x) satisfies the Klein-Gordon equation 

(3.2) 

The interaction of <l>o(x) field with the Dirac field of the proton can thus be 

described by the equation 

(3.3) 

where I)' is rest mass of the nO-meson, wf(x) and w;(x) are respectively the Dirac 

wave functions of the scattered and incident protons, and the term on the right.-

hand side is the transition current due to the moving proton. 

In solving (3.3), we consider as usual the unit source case 

(3.4) 

where ""F(X - x') is meson propagator. Using the translational symmetry of 

""1" (x - x') in both space and time, we can put x' = 0 so that the Fourier transform 

of ""F(X) can be written as 

A (.) _ 1 J [4 iq·x A ( ) 
'-'1" X - (2n)4 (qe '-'1" q . (3.5) 



Substituting (3.5) into (3.4) with x' = 0, one easily obtains 

-1 
6.p (q) = 2 2 

q + /L 

which when replaced into (3.5) gives 

so that the expression of the meson propagator has the form 

Finally, the 1[0 -llleson field, <1>0 (x') can be expressed as 

where 

and 

,T, (.If) _ J mp -(s;) (--)1) -ip;."" 
'l'2' x - E' II U ]J 2 e , 

2 
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(3.6) 

(3.7) 

(3.8) 

(3.ga) 

(3.9b) 

are respectively the Dirac wave functions of the scattered proton p~ and incident 

proton P2. 

Having obtained the expression for the scalar propagator 6.p (x - x'), and for 

the 1[o-meson field <l>o(x), we now proceed to calculate the transition amplitude 

for p-p scattering. The overall transition amplitude, sj;), for p-p scattering is 
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given by 

S(I) - S(I) I _ S(I) I 
fi - fi D fi X (3.10) 

in which S;;)ID and S;;)lx stand for first-order corrections to the transition 

amplitude corresponding to the direct and exchange scattering respectively. 'We 

recall that the first-order transition amplitude, SJ;) ID, can be written as 

so that with the help of (3.9b), S;;)ID takcs the form, 

(1)1 Sf; D = 

Upon integrating over the space-time co-ordinates of the interaction vertices x', 

x", and the exchanged momentum q, one finds 

(3.13) 

Making the interchangcs 

in (3.13), the first-order correction to the transition amplitude, S;;)lx, correspond-

ing to the exchange scattering can be written as 

S(I)I 2 
ji x = 90 
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(3.14) 

Putting (3.14) and (3.13) into (3.10), the expression for the transition amplitude 

becomes 

where 

m4 

E;EIErE2V4M/i 

[ 11(sl) (Plhsll(Sl) C]11)J[U(s~) (V~h511{S2) Cpt" 2)J 
qb+J12 

[ 11(52) (v2hsu(8 d (p l)}[u(sl) (pihsll(S2) (Jt 2)J 
q~+J12 

} 

(3.15a) 

(3.15b) 

Since the contribution of the exchange scattering is inclded by using antisymmetric 

wave functions in the non-relativistic quantum mechanics, we take the matrix 

element, M/ i , corresponding to the direct scattering [2]. That is, 

(3.16) 

Employing the relation 

one finds in the non-relativistic limit that 

(3.17) 

and 

(3.18) 

where use has been made of the relation q 2 = - q I. Inserting (3.18) and (3.17) 

into (3.16) and considering the non-relativistic limit, the matrix element, 111/i , can 
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be expressed as 

(3.19) 

Noting that the low-energy nucleon-nucleon potential is the tlu'ee-dimensional 

Fourier transform of the matrix element, A1!i, the one-pion exchange potential 

(OPEP) 

11 = -- d q A1 .e' q . r 1 J 3-'> .~~ 
(21r)3 !, (3.20a) 

can be written with the use of (3.19) in the form, 

-902 J 3-'> (a'(l) . q)(a'(2) . q) .~.~ 11 = d q -'> e,q r 

(2mp)2(21r)3 1 q 12 + IL2 
(3.20b) 

(3.20c) 

(3.20d) 

Now 

(3.20e) 

(3.20g) 

00 

41r J 11-'>1 Iql . 1-'>1 = - (. q 1-'>12 2 S111 q r. 
r q + /1 

(3.21) 

o 

Treating Iql as a complex variable and integTating (3.2l) using Cauchy's theorem 

results in 

J 
i7j·--r- -fir 3-'> e 2 e 

d q 1-'>12 2 = 21r -. q +/1 r 
(3.22) 
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Hence relation (3.20d) with the usc of (3.22) becomes, 

(3.23) 

-> 
As the functions operated on are functions of T only, \1 can be replaced by f ;'., 

ThuB we have 

(3.24a) 

- (J '1 (J • --+1-_ (->(1) ~) [->(2) (M el ': el
2 

)] 
ell' ell' elT2 

(3.24b) 

_ (->(1) ~)(->(2) M) el + (->(1) ':)(->(2) ': d
2 

) 
- (J" '1 (J" .- - (J" '1 (T '1-

ell' ell' dT2 

(3.24c) 

_ (->(1) ~)(->(2) ':) el
2 

+[(->(1) ': el )(->(2) ':)] d - (J '1 (J '1 - (J '1 - (J '1 -
elT2 ell' dr 

(3.2 Lld) 

= (0"(1) . 1")(0"(2) . f) el
2 

+ [(0"(1). V)(0"(2) . f)]~, 
(h·2 ell' 

(3.24e) 

-> 
where \1 acts only on 0"(2) . f. F\uthcl'lnore, the last term in the bracket on the 

right-hand side of (3.24e) can be simplified as follows: 

(3.25a) 

(3.25b) 

= _~(O"(I). 1")(0"(2). 1") + ~(O"(I). 1")(0"(2). ~el1") 
l' 1,2 T T ciT 

(3.25c) 



32 

(3.25d) 

Replacing (3.25d) into (3.2'le) gives 

(0='(1).VlCo='(2).V) = (0='(1).f,)(0='(2).7) d
2 
+ [~(0='(1). 0='(2)) - ~(0='(1). 1")(0='(2). 7)] ~ 

~2 r r ~ 

(3.26a) 

_ (---;(1) ") (---;(2) ") [d2 
1 d] (---;(1) ---;(2)) 1 d - (J '1 (J • 1 - - -- + (J • (J --

~2 r~ r~ 
(3.26b) 

(3.26c) 

where 

812 = 3(0='(1) .7) (0='(2) .7) - 0='(1) . 0='(2) 

is the tensor operator. Using (3.26c) into 

and carrying out the differentiation gives 

96 ( P ) 2 {I ---;(1) ---;(2) [1 1 1] } e-pr V = - -- -( (J • (J ) + -- + - + - 812 -. 41r 2mp 3 (P1') 2 /),1' 3 l' 
(3.27) 

Hence, it can be observed that the proton-proton potential due to the exchange of 

a 1r0 - meson contains spin-spin and tensor forces. In other words, we can express 

the total p-p potential, V, as 

(3.28) 

where 

2 ( ) 2 1 -I" \'1(1')0='(1) . 0='(2) = [90 L -(0='(1) . 0='(2))J_e_ 
41r 2m 3 /' P 

(3.29) 
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and 

112 I' S12 = - -- -- + - + - S12 --[
95 ( IL ) 2 (1 1 1) ] e-

W 

( ) 41T 2mp (/1,1')2 ILl' 3 I' . 
(3.30) 

Relation (3.29) represents the spin dependent part of the p-p force, while (3.30) 

represents the tensor part of the p-p force. Vve further notice that we have obtained 

the exact form of Yukawa potential. 

A simple argument in terms of the uncertainty principle shows that the range 

of nuclear forces due to the exchange of one 1T-meson appears as _1_. Viewed 
nl.,-

in this way, the nature of the Yukawa potential gives a short-range « 21m) to 

the nuclear force due to the finite mass of the exchanged1T-meson between the 

two protons. The tensor part of the potential, 1I2(r)SI2 (relation (3.30)), is the 

non-central part of p-p potential which depends on the orientation of the spins of 

the two interacting protons with the line joining them. 

Thus in this section we have successfully reproduced the precise mathemat-

ical form of the long-range (low-energy) part of p-p potential arising due to the 

exchange of 1To-meson between the two protons using the field-theoretic approach. 

3.2 Two-Pion Exchange Potential (TPEP) For p-p Interaction 

The approach discussed for OPEP can be extended to compute the contribution 

of two-pion exchange to p-p potential. To begin with, we consider Feynman 

diagrams denoting the interaction of two protons through the exchange of two 

pions as shown in Fig. 3.2 a and Fig. 3.2b. 
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Figure 3.2: Feynman diagrams for p-p interad-ion thTollgh the exchange of two-

pions, (aJ Ladder and (bJ Crossed diagrams. Here x~, ,({, x; and ,(i are space-

time co-ordinates of the interaction veJtices; ql and q2 aTe 4-momenta transfel'red 

between the two pmtons; PI and P2, p7 and p~, and p~ and pi are momenta of 

the incident, 'inte1'l71ediate, and scatiered protons Tespec#vely. 

This interaction involves the exchange of two 1[-mesons and thus is described 

by second-order correction to the transition amplitude, S;;). Corresponding to 

Fig. 3.2a, this amplitude can be written as 

S (2)1 
fi a 

where 

J J J J d1x~d1x~d4x~d4x; [illdx~)(igoI5)(h"(x~)] [illl,,(x~)(igOI5)Wl(X~)] 
x6.p(x~ - xD6.p(x~ - x;) [ill2,(x;)(igoI5 )W2"(x;)] [ill2,,(x~)(igoI5)W2(x~)] 
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and 

are the usual meson propagators and \]11' and \]12" \]11" and \]12", \]11 and \]12 are Dirac 

wave functions of scattered, intermediate, and incident protons, respectively. 

Using the explicit form of the wave functions and carrying out the integrations 

over the interactions vertices, xr, x~, x~, x~ and the exchanged four-momenta q1 

and q2, we can write (3.31) as 

X (27r )46(4) (P2 - P~ - p~ + PI) 

X [u(s;) (P'~h5U(s~)(P'rJ] [u(sn (p'rh5U(Sl) (P' 1)] 

qf + /12 

[u(s;)(P'~h5U(s~)(P'~)] [u(s~)(P'~h5U(S2) (P' 2)] 
x . 

q~ + /12 

Similarly, corresponding to Fig. 3.2b, we have 

X (27r)46(<1)(pz - P~ - p~ + prJ 

x [u(sD(P'DI'5U(s~)(p'r)] [u(sn (P'rh5U(Sl)(P' III 
qf + /12 

[u(s;)(P'~h5U(s~)(P'~)] [u(s~) (P'~h5U(S2)(P' 2)] 
x~----~~------~~~~~~------~~ 

q~ + /12 

The overall transition amplitude for the two diagrams is given by 

S (2) _ S(2) I + S(2) I 
Ii - fi a Ii b 

(3.32) 

(3.33) 

(3.34a) 

7718 [u(s;) (P'~h5U(sn (P'n] [u(sn (P'~h5U(sJ) (P' 1)] 
E;E~2E1E~E~2E2V8 qr+112 



36 

[u(s;) (P;h5U(s~) (p~) 1 [u(s~) (P~h51,(S2) (p 2) 1 
X~--~~------~~~~~~~--~~~ 

q~ + 1,2 

X[(21f)40(4)(p~ - p; - p~ + pn(21f)40(4)(p2 - p~ - p~ + IJJ) 

(3.34b) 

Now we proceed to obtain the approximate form of the potential corresponding 

to Fig. 3.2 using the Born approximation on similar lines as we worked out the 

one-pion exchange potential. vVe know that, 

1 J 3--> .~~ 11 = -- d q 1\1fie' q . r 
(21f)3 ' 

(3.34c) 

where the matrix element Pilfi is, 

(3.35) 

which can be written in the non-relativistic limit as 

96 Cif(l). '1\)(0='(2) . '1\) (0='(1) . if 2)(0='(2) . if 2) 
Mfi 

= (2m)4 lif 112 + fL2 lif 212 + fL2 
(3.36) 

Putting (3.36) into (3.34c) leads to 

11 

(3.37a) 

or 

(3.37b) 
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Upon integration, the general form of the TPEP can be expressed as 

11 = ~ I!.- f(T 0:'(1) 0:'(2))_e_. • (2)2 -~. 
(2m)" 'hr " 1" 

(3.38a) 

where 

(3.38b) 

is a function depending on the separation l' between the protons and the spins of the 

protons. Hence we observe that the approximate form of the two pion-exchange 

potential worked out using the Born approximation varies as f(T, 0:'(1), 0:'(2))e-;"'. 

However we see that we have correctly predicted the range of the two-pion exchange 

potential ~ 2~ which is much shorter than the range of the one-pion exchange force, 

where the range ~ 1. 
I' 

3.3 Proton-Proton (p-p) Differential Cross-section 

In section 3.1, the two possible lowest order Feynman diagrams corresponding 

to the interaction of two protons mediated by the exchange of one 7f-meson were 

described in Fig. 3.1. Here we wish to compute the differential cross-section for 

proton-proton scat.tering in the center-of-mass frame. Vie know that the differ-

ential cross-sect.ion, dfJ, is related to the transition probability, ISJ;!1 2
, by (2.39) 

as, 

(3.39a) 

(3.39b) 
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IS;:)12VV(z3-p~ Vd3 -p; 
2T (27r)3 (27r)3' (3.39c) 

-> 
where the value of the incident flux, I j incl, in t.he center-of-mass frame has been 

employed. 

The transit.ion probabilit.y, IS;:) 12 for the proton-proton scattering can be ob-

tained from (3.15a) as, 

in which 

Employing 

[TI("U(¥~h5U{Sl)(pl)J[u(S2)(P2h5U(S2)CP2)1 } 
q\',+p2 . 

[ u{s2) (V2)'YS1l(Sl) (p 1 )J[u{si) (pihsu(82) crt 2)J 
q~+J12 

the expression for the transition probability can be written as 

Substituting (3.42) into (3.39c) leads to 

given by 

(3.40) 

(3.41 ) 

(3.42) 

(3.43) 

(3.44a) 
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Integrating over p~ gives us, 

_(._ = (,1 m. PI I' dE' 8(E' + E' - E - E ) leT 41---)' 1 IM'·1 2 J 
do' Yo 2EIE~E2 (2n)2 1 2 1 1 2 . 

(3.44b) 

Noting that El = E2 and E; = E~ in the center-of-mass frame and 1 p\ 1 "" E; in 

the ultra-relativistic limit, and carrying out the integration, relation (3.44b) can 

be written as, 

(3.44c) 

If the incident protons are not polarized and furthermore if the polarizations 

of the final state protons are not observed [11], then we sum over the final spin 

states and average over the initial spin states in computing 1.I\1[iI2
• Thus 

IMlil 2 
= ~ L 

spins 

[ fies'L) CJ1D'rsu(Sl)C-P 1)J[u(S2)CP2hsu(sz)Cpz)] 
qb+Jl2 

[ 11(112) (P·~h51!(Sl) (It l)]Iu(si) (p~ ))'511(52) C-p 2)] 
q~+Jl2 

2 

[UC'\J(P\h51hJ(Pl)J[UC"J(p,h5"C'2J(P2)] 1 
q'b+/1 2 

[ 11(52) CPzhs u{sl) C-p 1 )][u(sl) (pih51l(sZ) C-V 2)] 
q~+1l2 

(3.45a) 

r 
(3.45b) 

(3.45c) 
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11\1'12 = ~ [ II + Iz _ Is _ 14 ] 
f' 4 (q1 + p,2)2 (q~ + f.l2)2 (q1 + p,2)(q~ + p,2) (q1 + p,2)(q~ + p,2) , 

(3.45d) 

in which 

spins 

(3.45e) 

spins 

(3.45f) 

Is L [U(S2)C? 2h5U(S;) (P';)][u(s;) (P';h5U(Sl) (p\)] 
spins 

X [U(Sl) (P' 1h5U(sD (P'~) 1 [u(sD (P'~h5U(S2) (P' 2)], (3.45g) 

and 

h L [U(S2)(P' 2h5U(s\) (P'~)][u(sD (P'~h5U(Sl)(P' 1)] 
spins 

X [U(Sl) (P' Ih5 u(s;) (P';)] [u(s;) (P';h5U(S2) (P' 2)]' (3.45h) 

The values of It, Iz, 13 and 14 can be computed using trace technique along with 

the relation 

where fi == I ']). It then follows that 

I _T.[(-ifi2+m) (-ip;+m) ]T.[(-ifiI+m) (-iP~+m) ] 
1 - 1 2 15 2 15 1 2 15 2 15 m m m m 

(3.46a) 

1 T [~~f 2] T [~~f 2] 
= 16m4 l' -P215P215 + m l' -])115PII5 + m (3.46b) 
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(3.4Gc) 

Following similar procedmc, one can readily verify that 

(3.47) 

h=_1 { 
4m4 

(P2 . p~)(pi . p\) + (pz . P~)(PI . p~) - (P2 . PI)(p~ .~) } , 

+ 2[' +' f , I 'J 4 m P2' Pz - pz . PI P2 . PI + PI . P2 - PI . P2 + PI . PI + m 

(3.48) 

and 

+ 2 [' , + ' " 'J 4 m pz' P2 - P2 . PI + pz . PI PI' P2 - PI . P2 + PI . PI + m } 
(3.49) 

In the center-of-mass frame, the momenta of the incident and scattered protons 

are given by 

PI = CJ5\, iEI), (3.50a) 

P2 = (-PI,iE2), (3.50b) 

I C--)I 'E' ) PI = PI> t I , (3.50c) 

I (->1 'E') P2 = - P I,t '2' (3.50d) 

and 

EI = E; = E2 = E~ = E. (3.50e) 

Using relations (3.50a-e) together with Ipil '" Ei and Ipil '" E I , the expressions 

for 11,12 , h, anel 14 can be written respectively as 

(3.51) 
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(3.52) 

and 

13 = 1. = 4. (3.53) 

Recalling that 

(3.M) 

and 

(3.55) 

we find that 

(3.56) 

and 

(3.57) 

j\lIaking use of the relations (3.51), (3.52), (3.53), (3.56), and (3.57) into the ex-

pression of the square of the matrix element J1!J/i,(Equation 3.45d), one obtains 

} 
(3.58) 

Using (3.58) into (3.44d), the expression for the differential cross-section can be 

written as 

(3.59) 

Here we observe that the differential scattering cross-section can be measured as 

a function of the scattering angle for a given value of the incident energy, E. 



CHAPTER 4 

Nucleon-Nucleon (N-N) Interaction 

The nucleon-nucleon interaction is a basic problem of nuclear and particle 

physics. In nuclear physics, a clear understanding of the nucleon-nucleon force 

leads to a better understanding of the properties of nuclei. And in particle physics, 

the nucleon-nucleon interaction is intimately related to an understanding of the 

structure of hadrons [3,12]. The nature of nuclear forces is best revealed in the 

interactions between nucleons. 

This chapter is organized as follows: Section 4.1 is aimed at determining the 

connection between the coupling constants of neutral and charged 1[-lllesons wit.h 

nucleon by studying proton-neut.ron scattering. In section 4.2, we introduce the 

concept of isospin to describe the charge-independence of nuclear forces. Finally, 

the long-range part of nucleon-nucleon potential will then be derived. 

4.1 Proton-Neutron (p-n) Scattering 

In this section, we consider the interaction of a proton and a neutron. This 

process is more complicated than the p-p scattering process considered in the 

previous chapter since protons and neut.rons interact t.hrough the exchange of both 

neutral (1[0_) and cllarged (1[+,1[-) mesons. These two processes are shown in 

Fig. 4.13 and Fig. 4.1b by the Feymnan diagrams shown below. 
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II' ,. 
Tum 

II' 

p', 
nO 

.v.v .•.•.•.•.•.•.•. _.. i&ys 

i&-ys X q X' 

X q 

p (b) 
II 

p (a) 
II 

Figure 4,1: Feynman diagrams f07' p-n scattering through the c_1xhangc of (a) 

charged 7f-meson and (b) neutral7f-meson: Here g_ = g+ is coupling conslant 

bet10een charged 7f - meson and nucleon, whereas gp is the coupling constant bdwccn 

neutral 7f-mcson and proton, g" is conpling constant between nelltml 7fo-mcson 

and neutron. 

From the requirement of charge independence of nucleon-nucleon force, we 

note that the interaction between proton and 7f- -meson field is the same as t.hat. 

between neutron and 7f+ -meson field. Hence the coupling constant between 

proton and 7f- -meson field, and between neutron and 7f+ -meson field are the 

same, that is, [1- = [1+. If both charged and neutral mesons are to be involved in 

t.he production of nuclear forces there must be a consequent relationship bet.ween 

the coupling strengths of neut.ral and charged mesons with nucleons [14J. Thus we 

first study t.he relationship between [1-1- and [10. To this end, we eompare the first-

order transition amplit.udes for p-n scattering and p-p scatt.ering on the account. 

of charge independence of nuclear forces, which tells us that for a given value of 
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---> 
isospin I, \lp_p = 1I;,-n = 1I;,_p (i.e. the nuclear potentials between two prot.ons, 

between two neutrons, and between a proton and a neutron are the same.). 

The Dirac equations of a proton and a neutron and Klein-Gordon equation 

for pion fields in the case of p-n scattering can be obtained employing the total 

Lagrangian densit.y C for this process, which is given by 

C = CDirac + C scalar + Cint (4.1) 

where 

(4.2) 

is the LagTangian density for free Dirac fields, 

(4.3) 

is the LagTangian density for free scalar fields (neutral and charged scalar), and 

is the interaction Lagrangian densit.y. We put C into Euler-Lagrange equations in 

the generalized coordinates \]i p, \]i", <1>_, <1>+ and <1>0, 

[a (~)l 
[a (~)] 
[a (;)] 

ac 
--=0 a\]i , 

p 

ac 
--=0 a\]i n ' 

ac 
- a<l>_ =0, 

(4.4b) 

(4.4c) 

( 4.4cl) 
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0 [o(~)] oC 
oxp - o<p+ = 0, ( 4.4e) 

and 

0 

oX1' 

[ OC] oC o ( g:~ ) - o<Po = 0, 
( 4.4f) 

respectively. Here, <p_ = <P~. This leads to Dirac equation of a proton and a 

neutron respectively as 

(4.5) 

(4.6) 

and lOein-Gordon equations for <P+, <p_ and <Po fields as, 

(4.7) 

(4.8) 

and 

respectively. Here, <Po, <P+ and <P~ are 11'°-meson, 11'+ -meson and 11'- -meson 

fields; 90 and 9+ are coupling constants between a nucleon and neutral and charged 

11'-mesons, respectively. 

From the Feynman diagrams shown in Fig. 4.1, expressing the lowest-order 

possible p-n scattering, the first-order transit.ion amplitude is given by 

(1)1 (1)1 (1)1 
Sfi p-n = Sfi a +Sfi b (4.10) 

where Sj;l la and Sj;l Ib are, respectively, the transition amplitudes corresponding 

to Fig. 4.1a and Fig. 4.1 b. 
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Let PI and p~ be the 4-momenta of the incident and scattered protons respcc-

tively, and P2 and p; be the 4-momenta of the incident and scattered neut.rons. 

Then 

S (I)1 JJd4 .Id4 .II,T, (.1)(' )'T' (.I) A (.I .II)'T' (.11)(' )'T' (.II) Ii a = X X "'1'~ X ~g+15 "'PI X '-"F X - X "'~ X ~g+15 "'P"2 X 

(4.11) 

and 

S(1)1 - J J Z4 .Id4 .II,T, (.t)(. )'T' (.I) A (X' X")'T' (.11)(' )'T' (X") Ii b - C X X "'1'; X ~g015 "'PI X '-"F • - "'v, X -~gOI5 "']>2 , 

(4.12) 

where 

A (J .II) _ z4 e 
-1 J iq.(x'-x") 

'-"F X - X - ~( )4 C q~2~~2--' . 
211" q + fL - ~E 

(4.13) 

Substit.ut.ing (4.12) and (4.11) into (4.10) leads to 

S(1)1 - (. )2 J J d4 .Id4 ",T, (.1)( )'T' (.I) A (.I .II)'T' (.11)( )'T' (.I') Ii D(p-n) - ~g+ X X "'v, X 15 "'PI X '-"F X -X "'1'; X 15 "'1'2 X 

As far as strong interactions are concerned, protons and neut.rons are ident.ical 

fermions. Viewed in this way, we can have the exchange diagrams corresponding 

to each of the diagrams in Fig. 4.1. As a result, t.he transit.ion amplitude for t.he 

exchange diagTams can be writ.ten as 

S (I)1 - (. )2 J J z4 .td4 .II,T, (.1)( )'T' (.t) A ,(.I ")'T' (.11)( )'T' (.II) Ii x(p-n) - ~g+ (X X "'1'; X 15 "'PI X '-"F X -X "'1"2 X 15 "'1'2 X 
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Consequently, t.he overall transit.ion amplitude for p-n scat.t.ering can be written 

using relations (4.14) and (4.15) as follows: 

(1)1 (1)1 (1)1 
Sfi p-n = Sfi D(p-n) - Sfi x(p-n) ( 4.16) 

= (-ig+)2 1 1 d4x'd4x"lfJp ; (X')(/5)IfJPI (x') 61' (x' - XI)IfJ)';(XI)(/5)IfJP'(X") 

-(igo)21 1 d4x'd4x"lfJp ; (X')(/5)lfJp ,(X') 61' (x' - X")lfJp; (x") Cl5) 1fJ1"(X") 

-(ig+? 1 1 d4x'd4x"IfJ)/, (x') Cl5) IfJPI (x') 61' (x' - X")lfJp ; (X")(/5)1fJJ>2 (x") 

+(igO)2 1 1 d4x'd4x"lfJp; (x') Cl5)IfJPI (x') 61' (x' - X")lfJp; (XI)(/5)IfJ1"(X"). ('1.17) 

'~Te recall from section 3.1 t.hat. t.he lowest.-order Feynman diagTams for p-p scat-

tering looks as shown in Fig. 3.1. Then t.he transit.ion amplit.ude for t.his process 

can be written as 

S (I)1 -C' )211 14 .t 14 P'T' (.1)( )'T' (.t)A (.I P)'T' (P)( )'T' (P) fi p-p - tgo ( x ( X 'l'pj X /5 'l'PI X '-'p X - X 'l'p; X /5 '1'1" X 

- (igO)2 1 1 d4x'd4x"lfJp; (X')(/5)IfJ PI (x') 61' (x' - X")IfJ)/, (X")(/5)IfJP' (x") 

( 4.18) 

It is known from experiments t.hat nuclear force between two protons is the 

same as that between a proton and a neutron. Thus equating (4.18) and (4.17) 

yields 

(4.19) 

or 

2 2 2 g+ = - go' (4.20) 
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However the coupling constant 9+ has to be real. Thus we take 

This is also supported by QC D calculations and experiments. The arbitrariness 

in the sign of 9~ in (4.20) arises due to the effective nature of meson theory which 

is not gauge theory in the sense of QC D. 

Once the relation between the coupling constants of nucleon with charged and 

neutral 7f-meson is known, we can deal with nucleon-nucleon scattering regard-

less of the charge of the interacting nucleons and the clmrge of the exchanged 

7f -mesons. 

4.2 Isospin Formulation 

The charge independence of nuclear force can be further investigated using 

the concept of isospin. This section is, therefore, devoted to introducing this 

concept. The neutron and proton have identical spin and almost the same mass. 

Moreover, they were found to behave similarly in nuclear reactions. And the 

binding energies of mirror nuclei were observed to be the same. Motivated by this 

evidence, Heisenberg suggested that protons and neutrons can be regarded as two 

states of a single particle called a nucleon. To quantify his suggestion, Heisenberg 

---> 
introduced an internal degree of freedom, the isospin I [9,10,12] analogous to 

the ordinary intrinsic spin S. 
---> ---> 

Analogous to the case that an electron has spin S = ~ in ordinary spin space, 

---> ---> 
the nucleon is said to have isospin I = ~ in the fictitious isospin space. The 
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third component, h, of the isospin specifies whether a nucleon is a proton or a 

neutron. Just as spin up state and spin down state of an electron arc described 

by I ~,+~ ) and I~, -~ ) respectively in the spin space, the proton state Ip) and 

neutron state In) of a nucleon can be described respectively in the isospin space 

1 1 1 1 
Ip) == h+-) and In) == 1-,--), 

2 2 2 2 

with h = +~ for a proton state and h = -~ for a neutron state. 

Let us have a look at the isospin states of a system consisting of two nucleons 

---+ 
each with isospin ~. The quantum number 1 of the two nucleons can be 1 or 0. 

The isospin states 11,13) corresponding to the isospin triplet 1 = 1 are 

(4.22) 

1(11111111) 11,0) v'2 12, +2)1 2, -2) + 12, -2)12, +2) 
1 v'2 (Ip) In) + In)lp)) , (4.23) 

1 1 1 1 
11,-1) = 12'-2)12'-2) = In)ln), (4.24) 

and for the isospin singlet 1 = ° the corresponding state is, 

1(11111111) 10,0) v'2 12'+2)12'-2) -12'-2)12'+2) 
1 v'2 (lp)ln) -In)lp))· (4.25) 

'~Te can sec that the isospin triplet states are symmetric under the exchange 

of the two particles, whereas the isospin singlet state is antisymmetric under this 

exchange. This implies that the nuclear forces between two protons, between a 
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neutron and a proton, and between two neutrons depend only on the value of the 

total isospin, 1, and not on the t.hird component 13 . That is the interaction of a 

neutron and a proton in the isospin triplet state 1 = 1 is different from that in 

the isospin singlet state 1 = O. In this sense we can regard the neutron-proton 

system in the state of 1 = 1 as a system of two identical nucleons having the same 

nuclear potential as the two protons or two neutrons in this state [9,10, 12J. In the 

isospin formalism, the charge-independence of nuclear force states that the forces 

-> 
of interaction between two nucleons with the same total isospin 1 are independent 

of the third component 13 . Therefore, the isospin concept enables us to treat any 

-> 
two nucleons with the same total isospin 1 as identical fennions and thereby we 

can apply the generalized Pauli principle to the two nucleon system. This principle 

states that the total wave function, 1J!, of the two nucleon system, which can be 

expressed as the product of wave functions in orbital, spin and isospin space; 

1J! = ¢( ol'bital)x( spin) 1 (isospin) (4.26) 

must be antisymmetric under the combined exchange of space, spin, and isospiu 

coordinates. As a consequence the isospin singlet state (1 = 0) will denote sym-

metry of the space-spin wave function ¢(space)x(spin), whereas the isospin triplet 

(I = 1) denotes antisymmetry of ¢( ol'bital)x( spin). 

In a similar manner to the ordinary spin, we can define the isospin lowering 

and isospin raising operators I_and 1+ , respectively as follows: 

(4.27) 
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and 

(4.28) 

where TJ and T2 are the isospin matrices which are analogous to Pauli spin matrices 

and are given by 

and 

~,~(: :) 
_ (0 -i) T2 - . 

i 0 

Substituting (lU9) and (4.30) into (4.27) and (4.28), we get 

and 

(4.29) 

( 4.30) 

( 4.31) 

(4.32) 

The proton and neutron states can also be represented by column vectors, I])) = 

( : ) end In) ~ ( : ) =pedi~ly. 
Note that 

and 

LW) ~ (: :)( J ( : ) ~ In) 

I, In) ~ ( : : )( :) (:) Ip) 

(4.33) 

( 4.34) 
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In other words t.he lowering operator, 1_, convert.s a prot.on t.o a neut.ron and the 

raising operat.or, 1+) converts a neut.ron t.o a proton. 

Now we consider the Feynman diagTam (Fig. 4.2) depicting proton-neutron 

interaction through the exchange of charged pion. 

Time 
n' 

P' 

x' q X" 

P n 

Figure 4,2: p-n interaction mediated by charged 7r-meson exchange: 

At the interaction vertex x', an incident prot.on is converted t.o a neutron 

and the 7r- -meson field, '-L, is absorbed. Similarly at the vertex x", an incident 

neutron is transformed to a proton and the 7r+ -meson field, <P+, is absorbed, Since 

the lowering operat.or 1_ t.ransforms a prot.on t.o a neutron, and t.he raising operator 

1+ convert.s a neut.ron t.o a prot.on, we expect. t.he nucleon-meson field coupling need 

to cont.ain g+ (LiL + I+<p+), From t.wo independent. neut.ral scalar fields <PI and 

<P2, we can const.ruct t.wo independent. charged scalar fields, <P+ and <p_ as 

(4.35) 
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and 

(4.36) 

such that 

Now, 

1 1 1 1 
LrJ>_ + I+rJ>+ = -h - iT2) ;;.>(rJ>J + irJ>2) + -(TJ + iT2) ;;.>(rJ>1 - irJ>2) 

2 v2 2 v2 

( 4.37a) 

(4.37b) 

Relation (4.37b) is obtained for interaction of nucleons through the exchange 

of charged 11'-1l1esons. However, proton and neqtron can also interact through 

the exchange of neutraI11'-lllesons. Thus, in view of (4.37b), the nucleon-meson 

field coupling should also include T3rJ>3, with rJ>3 representing the scalar 11'0-meson 

field and 

T3 = (1 0) the third component of the isospin operator T'. This il1l­

o -1 

plies that regardless of the charge of the nucleons and mesons, the meson-nucleon 

-> 
coupling can be written as 90 T' . rJ>. In other words, if the meson-nucleon coupling 

-> 
is of the form 90 T'. rJ> i.e., a scalar in isospin space, then the interaction will be 

charge independent, i.e., invariant under the 3-D rotations in isospin space [10,14]. 

\~Tith this in mind, the Dirac equation of a nucleon in the presence of a 11'- meson 

field can be written as 

(4.38a) 
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-; 

and the Klein-Gordon equation for the meson field <1> is 

(4.38b) 

( :P
n

) 
where M, is rest mass of the nucleon, 11 N = " is nucleon Dirac spinor and 

-> 
the meson field <1> = (<1>1, <1>2, <1>3) is a vector in the isospin space, corresponding to 

the fact that the 1f-mesons form a charge triplet of isospin I = 1. 

4.3 Nucleon-Nucleon (N-N) Potential 

In this section, we wish to obtain nucleon-nucleon potential irrespective of 

the charge of the nucleons and mesons. The lowest-order Feynman diagrams for 

nucleon-nucleon scattering is given in Fig. 4.3. 

Time N,' 
Nt' N,' 

~" p', 

igoys i(:) p'.' •.• lJ ... . _._. _ ..... 7'::= X' X" 

p, 
D""t(D) P2 scattenng 

scattering 

N, 
N, N, 

Figure 4.3: Feynman diagrams for N-N scattering. Here -(I) .. 

Ne 

p', 

igoys 1" 

P2 

N, 

and 

isospin operators corresponding to nucleon N1 and N2 respectively. 

_(2) .. 



56 

The first-order correction to the transition amplitude for this process is 

(1) _ (1)1 (1)1 
Sfi -Sfi D-Sfi X, (4.39) 

where sj;)ID ami sj;) Ix represent first-order correction to the transition amplitude 

for the direct and exchange diagram respectively. We recall that 

sji) ID = J J d4x' d4x"[ \ji dX') (igOl5 --y(1))\ji 1 (X') J. [6 F( X' -X") \ji2' (X") (igOl5 --y(2)) \ji 2 (X") J 

(4.40) 

in which 

-1 J eiq.(x' -x") 
6 F(X' - x") = -( )4 d

4
q 2 2 . 

27r q + JL - 2E 
(4.41 ) 

is meson propagator, \ji l' and \ji 1 are wave functions of scattered nucleon N~ and 

incident nucleon N 1; \ji 2' and \ji 2 are wave functions of scattered nucleon N; and 

incident nucleon N2 respectively. Using the explicit expressions of these wave 

functions along with (4.41), (4.40) can be written as 

(1) I Sfi D = 

. [ ( 4.42) 

After carrying out the integration over the interaction vertices x' and x", and the 

four-momentum of the exchanged meson, one can show that 

S (l)1 - (2 )40(4)( I I ) fi D - 7r ])1 + ])2 - ])2 - ])1 

(4.43) 
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Similarly the transition amplitude, sj;) Ix, corresponding to the exchange scatter-

ing becomes 

x 95CT'(1) . 1"(2») [u(s;)CP~h5U(stl(P\) 1 [u(sD(p~h5U(S2)(p 2) 1 
q; + /12 - if 

Putting (4.43) and (4.44) in (4.39) leads to 

where 

[ 

u(s~)(P~h5U(Sl)CP1) TI(s~)(P~h5·U(S2)CP2) 1 
' qD +I,L;<, . 

_ "C'2) Ot,hsuCoJl CP't) "Col) (pih5UC'2) (1",) 

qi+JI'2-iE 

( 4.44) 

( 4.45) 

(4.46) 

Following similar methods used in the case of p-p potential, the low-energy nucleon-

nucleon potential becomes 

11 = -- d q' kI .e' q . r 
1 J 3~ .~~ 

(2n)3 f' 
(4.47a) 

_ -95 (1"(1).1"(2») J 3---> --->(1) ---> --->(2) ---> eiq'·'" 
- (2M)2 (2n)3 d q ( (J • q) ( (J • q) I -q 12 + J12 (4.47b) 

= 90 r . r d3--->((j(1) . 7)(0"(2) . 7)~e~_~ 2 (--->(1) --->(2») J nl·'" 

(2M)2 (2n)3 q 1-q12 + /12 (4.47c) 

2 (--->(1) --->(2») -pr 
90 r . r (0"(1) . 7)(0"(2) . 7)_e_. 

(211-1)2 (2n)2 l' 
(4A7c1) 

Employing the relation 

--->(1) ---» --->(2) ---» 1 ( d
2 

1 d) 1 (--->(1) --->(2») ( dl- d ) 
( (J • \1 ((J • \1 = -S12 - - -- +- (J • (J - + 2-

3 (1-7.2 7' d1' 3 d1'2 d1' (4.48a) 

with the tensor operator S12 given by 

S12 = 3(0"(1) . 1')(0"(2) . 1') - 0"(1) . 0"(2), (4.48b) 
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and carrying out the differentiation results in 

11 = g5 (1"(1) . 1"(2»)( ~l_f {S12 [_1_ + ~ + ~] + ~(li(1) . li(2»)} e-
w

. 
41f 2M (/11')2 W 3 3 l' 

(4.49) 

It can be observed that the one pion exchange nucleon-nucleon potential has central 

and tensor parts. The presence of 1"(1).1"(2) guarantees the charge-independence 

of nucleon-nucleon interaction. Since 1"(1) . 1"(2) = +1 for symmetric isospin 

triplet states, one can infer that the nuclear interaction potentials between two 

protons, between two neutrons and between a proton and a neutron ( which have 

the same total isospin) are the same. Thus it can easily be shown that for I = 1, 

whereas for I = 0, 

Here relation (4.50) explicitly demonstrates the charge-independence of nuclear 

interactions. Further from (4.50) and (4.51) we can see that the p-p, n-n and p-n 

system (for I = 1) call exist only as scattering states. vVhereas only the p-n 

system (for I = 0) can exist as a bound state (Deuteron nucleus). This validates 

the charge independence of nuclear forces. Thus in nature we only observe neutron-

proton bound states. 



CHAPTER 5 

Conclusion 

By solving the Dirac equation for an electron interacting with electromagnetic 

field AI" we know that the first-order correction to the transition amplitude, sj:), 

that an electron in the initial state Ii) is transferred to a final state If) as a result 

of interacting with the field, is expressed as, 

= 

sW = -e J d3x' J dt'\jif(X')-YpAI,(x')\jii(X'). (5.1) 
-oo 

Comparing the differential cross-section in the non-relativistic Schrodinger theory 

and the non-relativistic limit of the differential cross-section obtained using quan-

tum field theory, the low-energy electron-electron potential has been expressed 

as a 3-D Fourier transform [2J of the non-relativistic limit of the matrix element 

lVIfi . Here we have calculated the potential equivalent to the interaction of two 

(low-energy) moving electrons t.hrough the exchange of a photon employing the 

field-theoretic techniques in the language of Feynman propagators. 

In the static limit (stat.ionary electrons), the e-e interaction potential due t.o the 

exchange of one photon is obtained to be the coulomb poteut.ia!. However, when 

the speed of the interacting electrons is not zero and not relativistic, t.he interaction 

of t.he electrons through the exchange of a photon involves interaction between 

t.heir magnetic dipole moments and spin-orbit interaction and t.he corresponding 
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potential is expressed as, 

vVe have tried to model the long-range part of nuclear forces on the same lines 

worked out for low-energy electromagnetic interaction of two electrons. vVe take 

the long-range part of N-N force arises from the exchange of 1f-mesons between 

the two nucleons. vVe have thus determined the long-range part of nuclear 

potential corresponding to nuclear interaction of two low-energy protons through 

the exchange of one 1f-meson, applying field-theoretic techniques, which is given 

as, 

2 ( )2 {I [1 1 1] }-w go /1 -> 1 -> 2 e 17=- -- _(o-e). o-e»)+ --+-+- 812 -. 
41f 2mp 3 (V1')2 W 3 l' 

(5.3) 

It can be seen that the OPEP has spin-spin and non-central (tensor) parts. In 

the process we have correctly reproduced the exact form of the Yukawa potential, 

v ~ e-;"', for the low-energy interaction between two protons mediated by the 

exchange of a 1fo-meson. However if we calculate the two-pion exchange potential 

(TPEP) for p-p scattering using the Born approximation, we get an approximate 

form of this potential, V ~ f(1', 0='(1), o='(2»)e-;"'. However, we still predict the 

range of the TPEP to be 1" ~ 2~' which is much shorter than the range (1' ~ ~) of 

the OPEP. Furthermore, the TPEP is much stronger (it is ~ g;5 ) than the OPEP 

(which is ~ g5). 

One of the most important calculations in particle and nuclear physics is cal-

cnlation of differential cross-section. The differential cross-section (in the center-
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of-mass frame) for p-p scattering through the exchange of one 1f-meson has also 

been worked out in chapter 3. 

Based on the charge independence of nuclear forces, the coupling constant go 

between a nucleon and a neutral1f-meson field is related to the coupling constant 

g+ (g_) between a nucleon and charged1f-meson field and is expressed by g_ = 

g+ = y'2go. However there is a need to have a unified framework in which one can 

describe n-n, p-n, and p-p interactions in an integrated manner. This necessitates 

us to introduce the concept of isospin where a neutron and a proton are considered 

as two charge states of a single particle called nucleon, which is assigned isospin I = 

--> 
~. Using this isospin language, we can deal with N-N interaction without regard 

to the charge of the nucleons and of the exchanged1f-meson. As a consequence we 

have obtained the nuclear potential corresponding to low-energy N-N interaction 

tln'ough the exchange of one 1f-meson. This is given as 

2 { [1 1 1] 1 } -I" go --> 1 --> 2 /L 2 --> 1 --> 2 e V = -( T ( ). T ())(-) 812 -- + - + - + -( IT ( ) • IT Cl) -. 
41f 2M (fl1') 2 fiT 3 3 l' 

(5.4) 

. From the results of chapter 4, we observe that for the isospin triplet (I = 1) 

states, 1"(1).1"(2) = +1. Thus the nuclear potentials between two protons, between 

two neutrons and between a proton and a neutron are the same (i.e. V p_ p = 

Vn- n = 1";,-n). This validates the charge independent hypothesis of nuclear forces. 

Further for I = 0 we see that T'(!) . 1"(2) = -3. This shows that our model 

for N-N forces correctly predicts the existence of a bound N-N state (Deuteron 

nucleus) for I = O. Whereas for I = 1, 1"(1) . 1"(2) = +1. This fact explains 
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