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Abstract

We have investigated the mean-square displacements of particles that perform random

walks in two and three-dimensional lattices with random barriers with uniform

distributions of activation energies. The lattice we considered is a mathematical lattice.

For the same model Avramov, Milchev, and Argyrakis [phys.rev.E 47 2303 (1993)]

discussed the crossover between anomalous and normal diffusion, but they did not

Analyze the behavior of the mean-square dispalcements at long times where normal

diffusion occurs. We point out that the asymptotic diffusion coefficients are well

described by the effective-medium theory in the range of parameters investigated; they

are in disagreement with the predictions of critical-path arguments in dimension d=3.
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1 Introduction

u~,

Diffusion of a particle is described by stochastic methods. That is , probability

concepts are used and the information about the particle dynamics is contained in a

statistical quantity called a probability distribution on the lattice. The dynamics is

formulated either in terms of enumerating the individual transitions of the particle

from one site to another ( random walk description) or in terms of rate equations for

the probability ditribution , the so called master equation .

The justification of the stochastic methods must be sought in the complicated

[Jamiltonian dynamics of the particle. The particle is coupled to the many degrees

of freedom of the lattice and it undergoes rapid and irregular momentum changes

by its interaction with the atoms in its environment. As this statement implies,

there must be a wide separation of time scales between the particle motion and

the lattice vibrations; the host atoms then act as a random heat bath coupled to

the particle. Jn solids, the local minima of the potential form a lattice on which

the particle moves. The particle remains near a local minimum of the potential
/

energy for a long time and in an event of short duration it passes through a local

saddle point of the potential to get in to the next local minimum. Thus there

is a second separation of time scales between the duration of the transitions and

the mean residence time of the particle near the local minima. It is this second

separation that allows the passage to a description of particle diffusion in solids as

a random walk between lattice points. Theories that deduce the transition rates

between local minima from a combination of Hamiltonian mechanics and statistical

mechanics have been developed /1 ,2/.

Stochastic modelling is quite powerful and the methods have been used with

great success in baser theory/3/, Biological systems/ !/, and Chemical dynamics.

Considerable progress has been achieved in the last years in the direct treatment
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of random walks in disordered lattices. This progress is partially due to the iden-

tification of prototype models of particle diffusion in disordered solids; for instance

the random-barrier and the random-trap model. Both models have disorder only

in the transition rates and the paticle diffuses on a regular lattice.
Diffusion in disordered systems often does not follow the classical laws which

describes transport in ordered crystalline media, and this leads to many anomalous

physical properties.

The problem of diffusion in disordered media is part of Lhe general problem of

transport in disordered media. The range of applicability and physical interest is

enormous. Most of the materials encountered in nature in every day experience

are non-crystalline, disordered materials. The classic theories of transport valid for

crystals do not apply, and the physics of transport, in particular diffusion , is more

complicated in these disordered systems. Some typical examples are the problems

of the transport properties in fractured and in porous rocks, the anomalous density

of states in randomly dilute magnetic system in silica aerogels and in glassy ionic

conductors , anomalous relaxation phenomena in spin glasses /5-7/ , conductivity

of superionic conductors such as hollandite and of diffusion -controlled fusion of

exitations in porous membrane films , polymeric glasses and isotropic mixed crys-

tals /6-9/, to mention a number of examples. In the review /10/ a large range of

real situations in which randomness is a central aspect of the problem is discussed.

It is during the 80’s the subject has evolved rapidly, and both theoretical and ex-
perimental interest in materials with randomness in their properties has increased

substantially. On the theoretical side the reasons are; the development of comput-
ers capable of determining information about reasonably large models of random

systems, new efforts towards understanding the topological structure of random

materials, both by physical model construction and by computer simulation /11/.
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The theory of random walk has been applied in many areas of science, especially

as a model for transport phenomena. The mean-square displacement of a random

walker,{.R(/ )2}, is proportional to the time / ,{ ft(*)2} ~ ^for any number of spatial

dimension d (Einstein ’s law). However in disordered systems, this law is not valid

in general. Rather, the diffusion law becomes /0, 12/:

{ R{ t f } ( 1)

with dw > 2. That is, there are cases with dw > 2 as well as with dw = 2. This

slowing down of the transport is caused by the delay of the diffusing particles in

dangling ends, bottlenecks and so on existing in the disordered structures.
Many models have been developed to study the diffusion coefficient in disordered

systems. Most notably, disordered systems have been modelled by regular lattices

with a random distribution of transition rates or bond conductivities. Moreover,

randomness may be viewed as being imposed by either “ dynamic” or “static” disor-

der. In the first case the renewal oT the barriers occurs upon each jump of the tracer

because the local environment is formed by particles, identical with the hopping one

and performing the same kind of motion. Evidently, this case is more appropriate

for describing self diffusion. In the “static" case one deals with a frozen lattice

of random barriers and a tracer atom moves without changing them. This model

has been treated extensively in the literature, see /13/, and is believed to describe

diffusion and mobility of foreign particles, fn this work we tried to determine the

diffusion coefficient of a single particle that diffuses in static disordered lattices for

a particular model , the Random Barrier Model (RBM ), where we have randomly

distributed barrier energies between the sites. The sites arc at the potential minima

and the barriers which the particle should surmount have heights which are ran-
domly and independently placed on the lattice according to a. uniform distribution

v { E ). The energy required for the particle to overcome the barrier is named as
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Activation Energy. The transition rates from site / to site /' + 1, F/ ,-+ , is related to the

activation energy by the Arrhenius law,

r = r0exp(-^;) (2)

for simplicity we ignore the indices in the above expression. The transitions from site i + 1

to i have the same rate as the ones from i to i+ 1. This feature is present because all the

minima lie at the same energy /13/ when no bias is present. As might be expected from the

pictorial representation fig. l below, which shows the random barrier model in one

dimension, the equilibrium solution corresponds to all sites having the same occupation

probability. But we are not going to solve the master equation for the disordered model,

rather we implement Monte Carlo simulations.

We intend to study diffusivity of a single particle at different temperatures. In a Monte

Carlo simulation, the concept of a temperature makes no sense. The behavior of the

diffusing particle in the specified model is determined by the dimensionless parameter

K T
a = -Jj-, the ratio of thermal activation energy to the height of the barrier. Simulations and

analytical calculations for a eq uals 1, 0.5, 0.2, 0.1, and 0.05 to determine the diffusion

coefficient have been done. When a is 1, that is when the thermal activation energy

approaches the height of the barrier almost all particles contribute to the diffusivity. In the

low temperature limit almost all particles can be considered as "frozen", that is they do not

have enough thermal energy to overcome the barrier.

In our work two or more particles could occupy the same lattice site without feeling the

presence of one another. To achieve good statistics and to reduce the noise we considered a

5
large ensemble of particles in our simulation typically 25,600 particles. Simulations up to10

have been performed for small temperaure values (a values). Large Monte Carlo steps

will get you in to the asymptotic regime of diffusion, where the mean-square displacement is

4



proportional to l . In the Monte Carlo simulation we monitored the mean- square-

displacement in the difTusivity program and we have considered also the influence of

a bias where the particle is forced to drift in a particular direction (making biased

random walk). Considering the linear response and using the Einstein relation we

calculate the mean displacement analytically and compare it with the Monte carlo

simulation of the mobility.

Analytical calculations are also made to solve the Effective Medium Approx-

imation ( EMA) for a particular distribution of barrier energies. We employ the

effective-medium approximation to obtain an average description of transport in

those random systems. An exact result is available for the RBM and other lattice

models of disorder in one dimension , see / 13,14/. Expressions and explicit values

for the diffusion coefficient are obtained for one, two and three dimensions. These

results are compared with results from simulations of both mobility and difTusivity.

s s— *

t

Figure 1: Pictorial representation of random barrier model in one dimension. The
particle resides in one of the valleys, all valleys have the same depth. The rate at
which a particle hops over a barrier is reduced as the peak is increased. Barriers of
differing heights are independently distributed.

In section 2 , wc describe the effective medium approximation. We derive the
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self consistency condition using the Effective-Medium Theory. As it is normally done in other cases

we start deriving results for one dimension, and extend them to two and d-dimensions. The

mean-square displacement is also derived here. In section 3 the theoretical model is described. Using

this model we solve the self consistency condition to find analytical expressions for the diffusion

coefficient in one, two, and three dimensions. In section 4 we describe a different prediction of the

diffusion coefficient from percolation theory. In section 5, the Monte Carlo simulation which is our

main tool is discussed. Results of simulations for one, two, and three dimensions are described in

section 6 and compared with predictions of EMT. Section 7 contains concluding remarks, in

particular a discussion on the validity of EMT, compared to the prediction derived from percolation

arguments.

S

>
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2 Effective - Medium Theory for random barrier model

The Effective Medium Theory is the most utilized theory in our work. The analytical

calculation of diffusion coefficients for our model are basically made by solving the self

consistency condition, which is actually the main result of this theory. Our simulation

results for diffusivity and mobility will then be compared with it. So, it is reasonable to

discuss first the sense of this theory.

In this theory you imagine of an ideally perfect structure, like an ideal crystal. For

illustration purpose, consider the random barrier model, with all the barriers effectively of

the same height distribute through the system. However, the diffusive behavior in this

system is characterized by a transition rate, which is not a stochastic variable. It is a

definite function of time which this theory is aimed to determine. Now we have what is

called the effective medium. The problem now is that systems in our surrounding are not

as perfect as it is imagined above. People became interested in developing a method to

reconcile the ideal system with at least part of reality, and they came up with the

Effective Medium Approximation. For example, as an approximation to disordered

random barriers, you embed one stochastic variable taken from a common distribution in

to the effective medium and take the ensemble average over the distribution. A simpler

formulation is given by the analytical implementation of the embedding procedure which

was described above. Their merit lies in the ease of calculating explicit results within the

formalism /13,15-17/.

The Effective - Medium Approximation is one simple method which can give

reasonable results in any dimension d. The reliability of the EMA can be gauged

bycomparison with exact results and checking the solution against Monte - Carlo
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simulations. Results from EMT have been seen to agree with exact results. Luck has

discussed the accuracy of this theory by comparing it with results of percolation expansion

for conductivity of random resistor networks /17/.

The Effective Medium Theory is applicable to a wide class of systems. For example

Kirkpatrick has used this theory for resistor network models to calculate the conductance

and arund arrived at the same expression for the self - consistency condition as is obtained

for the Random Barrier Model (RBM) and other similar models /18/.

In this section we develop the effective medium description of the RBM. This model is

defined by aset of transition rates {T,,,/}. {Twn/ is the transition rate from site n to the

nearest neighbor site In the random barrier these rates have the symmetry = r„'„

Our first aim is to find a self - consistency expression for the average transition rate. That is

, we calculate the conditional probability when an average is taken over the distribution of

the transition rates, (P(n,t)}. The initial conditions for the disordered - averaged

conditional probability, or the effective medium probability are the uniform occupation

P(n,0;m,0) = 8^ , that is the particle starts at each site with equal probability for each

realization of the set {Tn } on the lattice. The approximate effective medium transition rates

T(t) must be determined self - consistently from an embedding procedure /16,19,20/.

2.1 Derivation of self consistency condition for one dimensional lattice

with one stochastic barrier
To begin with, we choose a cluster of bonds in the lattice that have specified rate Tw/

taken from p(T ), distribution of transition rates . This cluster is embedded into an effective

medium composed of T(t) between the nearest neighbors. The simplest cluster consists of

just one bond, as it is depicted in fig.2. We will use this single bond approximation

through out this work. The conditional probability for this medium with a fixed
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bond rn„/ embedded in it will be designated by P(n, t\ m, 0) and it also has the initial

condition P ( n, t\ m, 0) = 5nm. For simplicity we use the notation Pn( t ) = P( n, t \ 0, 0)

in the rest of the work. The site m — 0 is designated as the initial site . For the

random barrier model the transition rates from site, n = 0 to site n = 1 at the

other end of the bond , will be the random transition rate F'; on the other hand , the

transition rate from any site n to n — 1 outside the cluster is F(£) .

ret)

r
yf *

Figure 2: One dimensional lattice with one stochastic barrier embeded in an effective
medium. The stochastic barrier is indicated by the crosses on top of it.

Imagine now one-dimensional lattice where every bond has the time-dependent

efFective-medium transition rate r( £ ) . The conditional probability of finding a par-

ticle at site n at time t in this efFective-medium lattice will be designated En( t ) .

The initial condition is also£’n (0) = Snm. The quantity En( t ) satisfies the master

equation

i

~ = J dent - 1')[£„+,((') + £„_,((') - 2£„(f')] (3)

for all n.

We return to the lattice with one fixed transition rate . For sites which are not

connected to bonds of the embedded cluster, the probability Pn( t ) of finding particle

at site n and time t satisifies the same master equation as En( t), equation (3).

9



However, for sites within or contiguous with the embedded cluster, the transition

rates are random functions and the system is described by the equation below ,

^ - no - <i )[-Pn(n + Fn-iM ] w
+ 6n,iV’ [ Pn- t ( l' ) - Fn ( l' )}

+ f <ll'Y ( i - i' ){ I - f>n ,o[ lJn+l ( t' ) - rn{ l' ) )
Jo

+ finfir' [ pn+ l -

Laplace transformation yields

sPn{ s ) = Pn{ t = 0) - r(s)[2p„(.s) - pn+, (s) - pn-t (*’)] (5)

+(r('s) — C]( i5n, i - 6„,o)[Pi (s) — PoU)].

Fourier transformation,

P( k ) = EC ~ikanPn (6)
n

leads (o

[•s + 2 t'(s)( l - co^a)] P ( k , s ) = l + (c"'*" - l )[r(s) - r'j[p, (*)- P0 (*)]• (7)

The equation for the efleelive medium after Fourier and Laplace transformation of

equation (3) is

[ s + 2r(s)( l — coska ) } E ( A:, s) = 1. (8)

Comparing (7) and (8) we arrive at

P (*, s ) =E ( k , 8 )+ E ( k , S ){e~ ikn - J )[!'(«) - r'][£t («)- Pn («)]

The inverse Fourier transformation of (8) is given by

En (3)

En (*)

1 inka

-V _
N ^ s -h 2r(.?)( l — coska )
1 f* , , cosnk— / dk
K Jo s + 2T(*)(1 — coska )

10
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We can see from this that

f in (5) fi-n (•?)

and utilizing this the following equations can be obtained

Po 00 = Po +(Pt ~ PoF(s) - C][Pi(*)- Po 00J
P. (•») = By +(Po~ Ei')[V{s)- V'][pl (s)- Po (*)]•

(10)

( 1 1 )

Adding and subtracting these two equations results in the following equations, re-

spectively,

/s/

Po + Pi — fio + E\

Po- Pi = Bn - El +2(r (J) - r'](5, - B>)( P: - Po).

(12)

Combining the above two equations and solving for Po one obtains

Po (5) =Po (*) + ( E i - Po)2 ff { s ) - V )
1 + 2 ( Ei - fii)[r (>) - H

( 13)

We now require the average over the distribution of the random bonds that are

embedded into the effective-medium , gives the same result as the effective-medium

itself ,

{ Po (*)} =£o (*) (H)

Averaging equation ( 13) over the distribution of V* and using (14) gives

(Pi - Po)2 [r (•?) - r]
l*v W = 0 ( 15)

1 + 2 ( Pt — Po) [r (5) — r7]

Solving the master equation for Pn(/ ), the probability of a particle to be at point '0'
at time l , and making the Laplace transform , we gel

Pi (S)- PO (S) =
s E o (a) - 1

2 ? ( s )
( 1 G )

1 1



Using equation (16) in ( 15) and utilizing the Fact that ( By — Bo )2 is not stochastic

to omit it from the average we obtain
\

f « - r
i + M - r-T

r(»)

- 0

f tn

( 17)

In the lim s — > 0, i.e. in the long time limit s Bo { $ ) — » 0. The detailed mathe-
matical proof is shown in Appendix A. Hence, the one dimensional self consistency

condition is now reduced to,

f (g -» o) - i1'
r

This relation can be simplified to

r (.- o) = (i} (is)

The average is now taken over the random transition rate appearing in the embeded

cluster.

- 0 (18)

2.2 Square Lattice ( d — 2)

As for the one-dimensional lattice, the one stochastic barrier is chosen randomly

and placed on the square lattice, as in fig. (3). The probability Emn( l ) of finding a

particle at m and n at time l when the la ttice consists of only effective-medium rates

satisfies master equation where m is counted in x -direction and n in the y-direction.

= /Vr(f - i') [-2isU'') + JW.(<') + ®(i')I (20)
at Jo

+ f dlT ( l -0[®m + u(0 + Em _ ln ( l' ) - 2£m„(0].
Jo

With one stochastic barrier included , the master equation for the probability Pmn ( t )

is written:

i

;

12



(21)£«,„(«) = f' dt' Ki. (?) - r„„,( i' )\
(7 1 J O

+ ^mO^nO rJ[ P30( /•) + Plo(01
+ f d lT ( l - t ) ( l - f>ml 6nQ ) [- Pmn(i' ) + Pm-ln { t' )]

J O

+ ^i -5nor'[FOo(0 - ^n (0]

+ r ^T(< -0 [^n + l (0- ^mn (0]
do

+ /' rfiT(* - /') [Pm«-i(0- Pm„(01-
Jo

Taking the Laplace transform, one has

r 1

\ AAA A-
r ( t )

^ v V V V v

Figure 3: Two dimensional square lattice model with one stochastic barrier embed-
ded in it.

S P m n [ s ) - Pmn{ l = 0) (22)

r {'̂ )[d PmiJ Pm +1 n Pmn + l — Pmn-l]

+ ([’ (•?) — P] [,Pon ( ?)” PlO ( ?)] [^mO ^nO ~ ^mPno]-
13



Implementing the Fourier transformation , where

] = P( k I , *J) = y' cxp[-i(tIm+ t2>!)) f’"i» (23)
mtn

and 9a! the lattice constant is taken to be <7 = 1 , yields

[ s + 2 F (s)(2 — cosk [ — r;o.sA’2)j P ( ky s )

= j + [r (0-n [Pon (0~ P,o GO] [ 1 - <rik' ] -
(24)

The equation for the effective medium (without stochastic, barrier F') after Laplace

and Fourier transform is,

[ s + 2F(s) (2 - cosk\ — cosk 2 )] E (jfc, s ) = b (25)

Combining equation (24) and (25) gives

p (*, 0 = fc- (A-, 4)+ E ( k , s ) ( erik < - 1) [ r (0- r'] [pl0 (0- ho GO] ( )

The inverse Fourier transform of equation (25) is

Emn
i

N
cxp[f ( A:|m + A-2 n) jE --

s -f 2 [' (0 (2 - eo.sAq — r.osk2 )

1 K

(2i)2
c/Ar|dk2 — exp[i(Ajm + k2n)]

- K J “ K

Em n
} / 7T / 71

7T
dA- i dk2

?r vr — 7T

a + 2 f (s) (2 — cn.sAi ~ cosk2)

co5(mfci )co^(nA2)
s + 2 p (0(2 — cosk\ — eo.sA'2)

(27)

We only need Eoo, /?io> where the stochastic barrier is embedded. The following

symmetry holds:

F, = E - EJ -S — wn 1'mn — n

Using equation (26) one arrives at

-N/ ~
Poo = Em +( /5io - Z?no) [F (*) - F'] [rl 0 - 7^0o]

Pio “ Pio +( Z£oo “ Pie ) [F (*?) ” r] [P,o — Poo]-
(28)

14



Similar to the one dimensional derivation , combing these two equations, one arrives

at an equivalent expression

Poo 00 — Eoo 00 H— [#to («)- EM (-S)]2 [F (s) - l'#] (29)
i + 2 [ E 10 (.*)- #oo (•?)] [ r ( -s) - r']

As in one dimension , it is required that the average { / oo (-?)}*s identical to the

eflective-medium probability E00( s ), cr( M ). Averaging over the distribution of F',

one obtains
f («) - r - o

i + 2[ EW 00- Em ( .03 [r (0 - e] J ^r)

~ /VV <-v
-fiho — Coo can be expressed through Eoo (5), similar to equation (16),

(30)
I

#10 (0- Eoo (0 = *
#00 CO — 1

4 r (0
(31)

Substitution into equation (30) gives
/vy

r w - r
r CO + 11 + 3 Eoo (0[r (0 — F'j J = 0 (32)

I

This reduces to the following equation when 0 > •? #oo (0 — * 0 is taken into

account, see Appendix B.
r (s -» o) - rl
f 0» -» o) + F' J

(33)
/<r )

This is the self-consistency condition we utilize in calculating the diffusion coef-

ficient for our model. A more general expression for the self consistency condition

for one stochastic barrier can be obtained for arbitrary dimension. Consider either
• V

equation (30) or (15) and from the form of the expression for E0 and Em one can

surmise the self consistency condition for arbitrary dimension:

r ( 5 -» o) - r 1
(z - 2) r (..-> o) + 2r' J - 0 (3-t )

where 2 is the coordination number and z — 2d for simple lattices, d is dimension.

15



(35)I ft,-> Q) r r 1 = 0
[ df(, -> 0) - [Hi -» 0)- r ]J p(r'}

2.3 The Mean-Square Displacement

One of the most important physical parameters describing random walk is the mean-square

displacement {R(t)2} covered by the random walker after having stepped t steps or

(equivalently, after time t). The long and short time behaviour of the mean-square

displacement is now known exactly for the one dimensional disordered lattice, and in a

good approximation for higher dimensions /14,19/. In our simulation we monitored this

moment to determine the diffusion coefficient in the long time limit. Here we try to show

how the long time behaviour of the mean square displacement is obtained from the result of

the Effective-Medium Theory, T(s — > 0) . For small k, that is k— > 0, P(k, s) of equation

(7) for one dimension is given by
1

s+ 2T(s)^P(k,s)

(36)

where, to get the above expression the expansion of cosk for small k is used. Expanding

equation (36) in Taylor series we get

/V 1P(k,s)= - 1
+ S 2

1P(k,s) = j 1- 2f ( s )k2
s 2

(37)

Considering the Fourier transform of P( k, s)

P(k,s) = T; Z exp~ikxP(x,s)
N k

the expression for the mean-square displacement can be derived, which is

d2 P

(38)

{ X2 } = dk 2 _ (39)

*=0

16



(40)

Applying this on equation (37) gives, in the laplace domain

M
Expansion of r (s) for small s is assumed to be

f (•?) = I\? — * 0 [ l + f f [ S * + s + #3.5 * +

and hence equation (40) becomes

{X2} = 2rs 0
1 9i 02 03-i + 4 + -+ 4 +

S j * S 1.5 (41)

Taking the inverse Laplace transform the time domain , behaviour for large / of the

mean-square displacement, is found ,

{ X 2 } { t ) = 2F(s -> 0)
1

. , i\ ? . 6 s it + 20 { ( — ) + &2 T — r TVTT / TT ?
(42)

0i , 02 and 03 are the correction parameters of the mean-square displacement for
/V/

long times. They can be calculated by putting back the expression for F ( .5 ) into the

self consistency condition and letting terms of the same order in s vanish. These

correction values and diffusion coefficient for two dimensional lattice with its are

given in appendix C.
A;

The limit of f (.<? — > 0) is derived from the seif consistency condition of the

effective-medium theory and we will call it V C J J in the remainder. The asymptotic

behaviour of the mean-squarer displacement in d — 1 is usually written as

lim {*»( <)} = 2 D0 l. (43)

Comparing (43) with (42) we find

£»0 - r(5 0) = T e J f . (44)

The derivation of this section are easily extended to arbitrary dimensions, except

that the form of the small-s expansion of F ( ?) depends on dimensionality /14/. The
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expansion for the mean-square displacement on <1 dimensions for the hypercubic

lattices is

lim f ,Y2(<)} — '2 d Y e i j t (45)
t — * CO *

It is found that equation (45) is valid for arbitrary dimensions.
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3 The Random Barrier Model

In the present investigation the random barriers have been defined by transition rates.

As it is stated in the introduction section, disorder is introduced in this model by

considering an inhomogeneous distribution of symmetric transition rates from one site

to the next, that is the transition rate for a jump from a site to a particular neighbor is

the same as the rate from that neighbor to the original site or in other words once a
\

forward jump is made in a particular direction, then the backward jump should carry the

same probability as the forward jump.

P(E) “

1/ E*—

E* E

Figure 4: Uniform distribution of the activation energy E

We now relate the transition rates to thermally activated processes that are governed

by Boltzmann statistics. In perfectly ordered crystals one could assume the existence of

a single activation energy. Spatial disorder in amorphous systems, as it is in our case

should imply the activation energy E being a random variable, subject to some

probability distribution v(E). v(E) is a uniform distribution depicted in fig.4.
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The normalized distribution is expressed as

v{ E ) ^ 0 < E < E‘
0 oilierwise (46)

The transition rate F between two neighbor sites is related to the randomly selected

energy E by means of the Arrhenius law

F = l'o exp
E

K„T E > 0 (47)

where T0 is the maximum possible transition rate between neighboringsif .es at equi-

librium and it is taken to be where d is the lattice dimension through out this
c < c C { ' < < « t £ t C C < t f £ .

TAJT = - is a controlling1 parameter that is to be carefully, in yes-.
J E « i . #

; x
{

t r 5 , ‘ : j ‘ r . : ' ; ; ; r E
; j J ! * r

s the activation energy, Ibe Boltzmann coristhnl arid T is;
‘' : ; « * ' ' * ' ‘* C

X "; :
r : : ? * : ‘ 1

e . *
. ; !. j . ; ; ; . « v . * ; «: . s

work. The ratio K T

ligated here. E is the

temperature. You see from the distribution; if: we randomly select the- activation
; ; : ; : : ; : r c : « : • ; : : : :

energy near E* , the particle hardly jumps. It 'fnearts = rtiariy jumps' will ; be .performed-
< s : :

: - : : r. ’ z
t ' \ : :

- i z t

there. Therefore the contribution of such particles with a large barrier in front to-

wards dlfTusivity would be negligibly small. On the other hand if energies closer to

the origin are randomly selected ; many, many particles would be able to jump far-

ther so as to contribute to the conductivity of the system. This is possible provided

the temperature is not very small.
What we implement in the simulation is: we define r which is a random number

between 0 and 1 as c = Jr. E then becomes E = eE\ Substituting this into the

A r re n hi us law we ha ve

r = r» o x p ( «^)
or

r = r0 cxp •

From the uniform random number generator we get e; and a is at our disposal so the

corresponding transition rate is known. r0 which we call the maximum transition

20



rale has the inherent property of diffusing particle in it. The random barriers are

basically built according to the random numbers which arc chosen From the uniform

distribution we are Considering.

?(ru

' ' ' ( I : i l : i ( t { 1 ( r - i : i J

: I i : - ) > t i i r ’ l: i *
i

' : c f : t - i t \ . [ i -i i ; i - r it : : : : i : r : - ;.
* ' • .• > i i ; t ^7: >7“ ir ? ' 5 ' ! r’ • < i r I : ; , fr• i : ; s ! r c0mm i ] I: : : ; : ! ( ' :

: J : : : -- i : ; : -• ;: i :
r - '

i : : c : : : ; : : :

l

Figure 5: An equivalent dislribii tirin' for the transition rates

One can also make a transformation to find the distribution of transition rates

p( n
p{ v )d r = »{ E( r ) )d E

P( V ) = V { E( r )) d E
dr

Considering equation (47) and differentiating yields

m W 1
P\l ) = — f t T p -

Including the range of validity the above equation is

/>(0 = <*|- 1'min < r < To
0 oilier wise

(48)

(49)

and it is plotted in fig. 5. E* is the maximum activation energy the particle should

surmount, and rmin = rnexp (-^.
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3.1 Derivation of Diffusion Coefficient from Self Consis-
tency Condition

Here we are going to solve the self consistency condition for the particular dis-
tribution of the model , for one dimension , two dimensions and three dimensions

respectively. The self-consistency condition as it is derived in section 2 is

C// - r
, ^C// - (C/ / - f ) = o

3.1.1 One Dimension

(50)

substituting d = ) , the self consislensy condition above reduces to

= °r J ^D
(51)

solving for Vej j yields

r./ / = n
, r j

- t
(52)

I' e / j coincides with the exact result for the diffusion coefficient of the RBM in one

dimension /14, J 9/ . So, for our conlinous distribution of the transition rate and

activation energy, the average value jpj can be calculated as follows to get the

expression for the diffusion coefficient.

d E^m (53)

Using equation ('16) and (47), the above equation becomes:

} = LE *

! dE - exp( ^ )
o ro 0* KDT '
KnT E
fo E* RXP KBT

B'

0

1
1'

KdT f E‘
exp - — Jr0 E* 1 KnT

I
i
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The expression for the diffusion coefficient can lie obtained by taking the inverse of

equation above

r «/ /
l t
. r (5d )

r fo E*

e/ / KQT I exp
1

/i*

K R T - \

Considering the two extreme cases, the diffusion coefficient for one dimensional

lattices reduces as follows

r«// r0 ire* < KBT
i ( K - > K l T (S5)

This result means, that at very high temperatures the barriers do not play a role

at all and the diffusion coefficient is given by, P0 > while at very low temperature the

diffusion coefficient is determined by the highest possible barriers.

!

j

'

i

3,1.2 Two Dimensions

The self-consistency condition for the already described continous distribution of i
i

the transition rate is
r m i-tr

/>(!')
* <*-/ / * *

= 0 (56)

where rm0 K and rm,-n are To and f 0 exp respectively. The expression for

the distribution of the transition rates is the same as used for the one- dimensional

case, i.e. equation (48). Substituting this expression into the above self consistency

condition for two dimensional lattices, we get

KoT m I r6/ / - r
+ rE* Jrmin V V

«= / /
« / /

= 0. (57)

Dividing each term in the numerator by the denominator it becomes

l r" ( l\!! I
I’min V r(fe/ / + f ) f’n/ / + f dr = o. (58)
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To integrate this we proceed as follows, expanding the first term, that is

r«/ / . - r ( a
|

6
rfr./z + r) '" \ r r.̂ + r

making some rearrangments and solving for a and b gives

1
a = —r<-!!

1
1 e / f

Substituting the values of a and b into equation (58) gives

r-A'm i n \ T
2

r rB// + r dr = o

In r
([ „/; + r)2 .

r0

= 0
r m i n

lnr1 m i n

I'd ( f'e/ / + rm;u \ _
rc/ / + 1 o y = o

(59)

£o_
i

m i n

rc// + ro \ 2

r«/y + Tmin /

Evaluating the limits of integral and using the expression for we arrive at the

required result , the expression for the diffusion coefficient V c j / in two-dimensional

lattices.
Efi/ / = r0 Q X P ~

2 K n T

3.1.3 Three Dimension

As for the other lower dimensions the diffusion coefficient for particles in three-

dimensional lattices can be derived from the self consistency condition , where d = 3

is to be substituted first. The self consistency condition is

f r°/ / -LI121'«/ / + r J = 0
p(n

(61)
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r0 r.// - r
rmi„ d T

2 r e f J + r = 0

Using the same method as the two dimensions and solving the integral we arrive at

the expression for the diffusion coefficient

re/ / = £o
2

1 eXP(
*

3I< T )
exP 3 ~ ^

(62 )

This expression reduces for a- — > 0 to

r < 1 ^T“ > = ¥ (63)

The result for any dimension d > 2 is then

re// - -r0 l - exp (yi
d ~ 1 e xp( dk ) - l ^

extension of the result to other intervals of the energy are also possible. For fixed

dimension d and small parameter a the expression reduces to

x-

r c f f a 0 P <“ (63)

The diffusion coefficients, for small values of a is found to be in the following

order, smallest in one larger in two and largest In three dimension. The physical

reason is , at lower temprature the barriers look high enough to prevent the motion of

particles. In higher dimensions there are multiple paths where particle can percolate

through , hence the diffusion coefficient is not as much reduced than in one dimension .

3.2 Mobility When Force is Applied

During a biased random walk the particle drifts in a preferential direction. The field

causing the biased drift could be local, that is restricted to a few lattice sites, or

it could be global ,, extending over the whole lattice. An applied static electric field

of the sample can be used to induce a drift in a preferential direction on the whole
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lattice, whereas, local charge centers or defects in the lattice can cause a local drift in to a

region of lower potential energy. These random walks can be important in understanding

significant physical properties of materials /21,22/. Internal structures, such as atomic

impurities, dislocations or vacancies can locally distort the lattice over several lattice sites.

The extended internal structures cause a local drift as the particle falls into and climbs out

of the distorted regions.

In our work the force is assumed to have global effect, and considering the linear

response of the particle to the applied force, we try to determine the mean displacement

which is obviously different from zero; because particles are allowed to move to a more

preferential direction along the direction of the applied field. The mean displacement is

related to the diffusion coefficient via Einstein relation. Suppose that static electric field is

applied along the positive X - direction on one dimensional lattice considered below. The

selection of the bias direction is arbitrary and has no effect on the final result. We can see

from fig.6b the lattice structure is inclined along the direction of the force to allow more

particles to easily slide, whereas the barrier increases against the direction of bias allowing

few particles to diffuse.

To derive the bias factor B and the mean displacement, consider the transition rate from

site i to site / + 1 as it is depicted in fig.6a with no bias. Now for the biased case, the

transition rate becomes

(66)

T*
( E i\ Fa

(67)

where

(68)
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and F and a are the magnitude of the force applied and are the lattice constant

respectively. The lattice constant a is taken to be 1 through out the calculation.

The factor B is due to the relative changes in the potential barrier as seen from the

initial site, as is shown in fig.6b. This factor is the bias, which we utilize in our

simulations to favour the transitions of particles along a specific direction.
For the other direction of motion , the transition rates are shown below

Tf-i+ t = To exp ) (69)

rv i+1
pno bias TJ 1

and you see that the motion is retarded by a factor of j j . For F very small, as it is

already assumed , the expression for B is expanded to give :

B = 1 + F
2K b T (70)

B - 1 =
F

2 KbT
When a force acts on the particles, they move with a velocity V , and the mean

displacement will be proportional to time,

{X} = v t .

The velocity is related in linear response to the force by the mobility /i,

V — n F.

(71)

(72)

• • • rUsing the Einstein relation between mobility and diffusion coefficient , j i — , we

obtain
/ F \

(73)

The same result is obtained in two and three dimensions, when the bias is applied in

X-direction only . Formula (71) allows to determine T e j j ( the diffusion coefficient )
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from simulations of the mean displacement, when a bias B = 1 + F/2KB T is applied. In

our simulation, B is taken to be 1.05. It should be noted that (71) or (73) are valid on the

long - time limit, and there may transient effects present at short times.

r-i , i t i

l

W).
F -0

I

111

( b).
F *0

i

Figure 6: Schematic representation of biased system for one dimension case, (a) is without bias and (b) is

with bias in the positive X - direction.
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4 Estimate of Effective Hopping R ate from Per-
colation Theory

In Uiis section we will describe an alternative estimate for the effective hopping rate

in the random-barrier model. The effective -medium theory provides approximation

results for the effective hopping rate in two and three dimensions, and one does not

know the accuracy of this approximation. At low temperatures one has very wide

distribution of transition rates. It was suspected /23,2 1/ that the KMT might not

be good in such situations. Hence an alternative picture was developed which will

be described below. It is one of the aims of the present work to examine whether

the JEMT or the alternative estimate are on better agreement with the simlations.

17/

Figure 7: Two dimensional square lattice with every bond being inactive.

Consider a d-dimensional lattice . Assign independent symmetric random hop-

ping rates between neighbouring sites Fy fig.( 7) , taken from a common distribution

p( T ). Consider all hopping rates to be inactive. Take the largest rate out of the set
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{['.•jjaml make it active, take the next largest rate etc. After a while, we have iso-

lated , active hopping rates, sec fig.(8). Continue until there is a continous path from

one boundary of the large lattice to the opposite boundary fig.(9). This happens

— — *

17/ 1
^ '''iJ

1 1

1

Figure 8: This shows the way the lattice is prepared with respect to active transition
rates. The active transition rates are randomly selected and are identifier! by thick
lines.

for large lattices (lim/v-oo ) at the bound percolation threshold. The percolation

threshold PB is the concentration P , at which an infinite cluster appears in an in-

finite lattice. In percolation theory, the RRM corresponds bond percolation. As

described in StanfTer’s book /25/ , imagine each site of the lattice to be occupied,

and lines drawn between neighboring lattice sites. Then each line can be an open

bond with probability P, or a closed bond with 1 — P. A cluster is then a group of

sites connected by open or activated bonds. A similar procedure with reverse, process

is described in /17,18/. That is, lattice with the removed bonds is like a board with

a matrix of resistors some of which have been removed. After the random removal of

each resistors a voltmeter measuring the resistance across the matrix is used to test
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wether there is still a closed circuit. If the hoard is large enough ( that is the number

of resistors approaches infinity), the fraction of resistors at which the conductivity

vanishes is a constant. This fraction is called the percolation concentration. Below

this concentration there is no infinite cluster of connected resistors; whereas above

this concentration there is certainly an infinite cluster. Even though not all bonds

are contained in the infinite cluster , it does connect the opposite sides of the matrix

as the number of sites goes to infinity. In our case we look for the critical concen-

tration at which our lattice conducts for the first time. Call the hopping rate that

completes the connection P® -. The critical rate Py represents an estimate for the

effective hopping rate of this disordered lattice, making an adaptation of argument

of Arnbegaokar, el al. /26/ .

Figure 9: Here we see that the active bonds start to make a continous path for

the first lime which goes between opposite boundaries. This happens at a critical

concentration called percolation threshold .

More formal I y :

Let I'F(r) be the probability that a randomly chosen bond in the complete lattice

(all bonds active) has a hopping rate that is larger than P . The genera] form is
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plotted as in fig.( 10) and described below. ThenT- is found from

H'tHi) = Pc (72)

The relation with the distribution of /?( T ) is

, w(r) = i - f rfr' p(r') (73)
"f m i n

/ T mar
W ( V ) = Jr dl' 1 p( V ).

In the specific form of the random-barrier model that we investigate, the primary

AN

I

Pc

Figure 10: The distribution (F).

random variable is the energy of the barrier, not the hopping rate T { j . Using the

uniform disribution y{ E ) of our model , the critical barrier height Ec is then derived.

First , we use the condition

p( V ) dr = -v{ P;) dE

equation (73) can be rewritten

A

1
I

r.: rmui

1
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(74)W ( l i ) = i + 1' illi' vUi' )
JE *

= 1 - fn dE' v{ E' )J E
E*

0

E *
( IE1 v{ F/ ) - / dFJ J/ ( /?')

E

W { E ) - ( V
d E, v { E i )

h

substituting the value for v( E' ) which is ^7, the integral yields

H'(®) = E
Y

i

(75)

where W ( E ) is probability that a randomly chosen bond has energy which is smaller

than E. From the way W ( E ) is defined W { EC ) is given by

W { EC ) = /4 (76)

comparing equations (75) and (76) one finds the expression for the critical barrier

Ec = l\ K

The prediction for the effective hopping is then

(77)

r(#c) = r0/ / = Fo exp (78)

If i? < Pc/?* barrier belongs to bonds that were used in the construction described

above. The critical value for a continous path is at Pc E\ For the bond percolation

problem /25/

Pc =
0.5 d = 2 Square lattice

0.2'I 2 d ~ 3 Simple — Cubic lattice
(79)

We compare the estimate for the effective flopping rate with the results of the

EMT. In two dimensions both expressions agree, as equation (60) shows. In three
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dimensions, equation (63) predicts an apparent activation energy of 0.333 F/ , while

the percolation theoretical approach predicts an activation energy of 0.242 E*. The

comparison with simulations will he made on section 6.
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5 Monte Carlo Simulations
5,1 General Description

We use a Monte Carlo algorithm to simulate the diffusion of the particle on disor-

dered lattices. A disordered lattice is prepared by distributing lattice bond energies

randomly according to the distribution equation (46). We calculate the correspond-

ing transition rates using the Arrhenius law equation (47). Technically we proceed

in d — 1 as follows. We put To = 0.5, and calculate the transition probability

PR to the right of, say, site i from the selected energy using equation (47). The

left transition probability PL of site x + 1 is identical to the right transition rate

PR. of site i. At each site i } wc divided the interval (0, 1 ) into the sections (0,PR) ,

(PR, PR*fPL) and ( PR+ Pb, i ), using the values PR and PL assigned to this site.

Once the probabilities arc assigned to all sites, they remain “ frozen” until the end of

the program.
The particles are randomly distributed on the sites of the lattice and considered

as independent. By taking many independent particles an ensemble average over

many random walks is made. We work with one realization of the disordered lattice.

For the random-barrier model we expect self- averaging properties, i .e., the random

walk averages over many particles with different starting sites should also represent

the disorder average.

During the dynamics, the particles are chosen randomly for possible transitions.

This procedure ensures that the underlying stochastic dynamics of the individual

transitions is Poissonian , and it is described in more detail in section 5.2. When a

particle is selected , a random number is generated and compared with the subdi-

vision of the interval (0, 1) at the site where the particle is sitting. If the random

number falls into the first section , the particle is moved to the right, if it falls to

the second section , it is moved to the left , and if it falls into the third section , it
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remains at this site. The extension to higher dimensions is obvious.

We have used periodic boundary conditions. If the particle happens to jump

beyond the size of the lattice it is brought back to the original lattice for the purpose

of determining the possible transition probabilities by subtracting or adding the

length of the lattice. In that way we make the particle diITu.se within a. limited

lattice size. In one dimension, we have used 25, 600 particles on 12, 800 sites. In

two dimension the lattices arc square lattices with dimension 400 x 400 and 25, 600

of particles and in three dimension we considered cubic lattices with dimension

60 x 60 x 60 and the number of particles is the same as in the other dimensions.

In every Monte Carlo step, the new position of each particle is stored or recorded.

By following each step of the particle we are able to determine the mean-square

displacement. When determining the mean - square displacement, we include dis-

placements into the periodic continuations of the original lattice. That is, here we

do not perform the reduction procedure described above. The usual time unit in

Monte carlo simulations is the Monte Carlo step per particle (MCS/F); during one

Monte Carlo step each particle is called once, on the average.

For the mobility simulations we use the same algorithm. The effects of the

applied forces are reflected only in the transition rates. In one dimension when the

system is made biased towards the positive X-direction , the corresponding transition

rate is multiplied by the bias factor B and the transition rate in the negative X-

direction is multiplied by JB~ l . This favours particle diffusion along a prefered

direction in our simulation. In one dimension the two possible directions are right

and left. Hence the jump probability to the right P R is multiplied by B and the

left jump probability P L is multiplied by B~ ] . The procedure is easily extended to

higher dimensions. As it is clear from the discussion above the mean displacement

{ /?,} grows with the number of Monte Carlo steps. Therefore in the simulations we
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monitor this parameter. All the other parameters such as number of particles and

the lattice size remain unchanged. Of course, different values of n have been used.

5.2 Implementat ion of Poisson Process of Transi t ions on

lat t ice with Disordered Rates (quenched disorder) by

a Monte Carlo Procedure

In this subsection the random walk of a particle on a disordered lattice is considered

where the transitions of the particle are assumed to represent a Poisson process in

time. 'File transition rate from a site i to a nearest-neighbor site j will be called Fy.

The Sojourn probability of a particle at silo i when particle can make transition to

neighboring sites with rates Fy in form of pnisson process ( time conlinous random

walk which is described by master equation with constant rates) is given by

'MO = CXP - £ r«<
< } >.* (80)

As the discrete random walk, so too the time -conlinous RW is a Markoflian process,

that is, the present state is determined by I he immediate past state at a particular

time, but not by a more detailed sequence of states.

The MG procedure is required to reproduce this sojourn probability. Wo adopt

the following procedure ( adaptation of a procedure developed by K.Binder for

Kawasaki dynamics); used for example by J .W.Haus, el ah /27,28/. An ensemble

of Np independent particles on the disordered lattice is introduced. Several particles

can occupy the same site. 'This ensemble serves to implement the average over many

particles. The particles are numbered and are called randomly. Within one Monte

Carlo step, there are Nv calls. Consider (me specific particle which resides on site

i. Take the maximum transition rate from the set { Fy}, called F0 > as the reference
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rale. Define

^ = £«
To

Pi = Y PV an(i ri = 1 “ Pi -
< }> i

The probability that the specific particle is not selected in N p call is

i - ±r (81)

The probability that the specific particle is selected m times in N v calls, but it does

not make any transition to a neighbor site is

N p\
m\( N p - m)! 1 - 1 \ A'P

'V
Arn — m / \ mr,

The first, factor is a combinatorial factor which represents the different possibilities

to arrange the outcomes “ not selected” and “ selected, but no transitions” . Since the

events are mutually exclusive, the total probability of no transitions of the selected

particle by N p calls is

N

£
mmK) r

A'r

lim 1
/Vp — * oo

"-vr -H) ’

_ Jl\Np
-

(82)

V v ) = exp(-pi)

Time is normally measured in MCS/P. The above result is for J MCS/P, the gener-

alization to i MCS/P is

'T'.O) = exp(-/;; 0
If time is measured in units of f 0

l , we have

^i(0 = exp [ - Y Cj l
< j> i
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Hence the required form of the sojourn probability is established , in the limit of
large particle numbers Np. It is clear from the description that a selected particle

makes a. transition to the neighboring site j with probability P,y and a transition to
any of the neighboring sites with probability P;.

5.3 Waiting— Time Method

Here we describe another method, which has been introduced in /27/ and discussed,
for example /28/. A particle makes a random walk on a bravnis lattice; in this part
only the stochastic process of the transition of the particle in time will be considered.
The waiting time distribution (WTD) 4>( t ) of the particle is defined as follows. Let
the particle have performed its last transition at l — 0. Then i/>(0 is the probability

density that it performs its next transition at time l after it wailed until i . General

WTD were introduced in the theory of random walks on lattices by Montroll and
Weiss /29/. Transitions to neighboring sites according to a Poisson process where
the sojourn probability is given by equation (80). T<j>, Cj is the summary rate
for transitions from site i to neighboring sites j . For instance, at a specific site of a

linear chain

# (0 = exp ( — (r, +

where the r and / .stands for right and left respectively. In the waiting-time method ,
the time that a particle spends on a site is determined by randomly selecting a time

out of a Poisson distribution which corresponds to the above sojourn probability.
General Procedure: Let f { x ) be an exponential distribution,

/(*) = ^*.xp(-A *) i > 0

Let p( y ) be the uniform distribution

p{ y ) = 1 0 < y < 1
0 oihervnse (83)

39



The random numbers y are taken out of the uniform distribution, one obtains ran-

dom numbers that are distributed according to the exponential distribution by

/Y = ~

Application lo Hopping Process in Random Lattice ( Random Barriers ): The waiting

time distribution for waiting at a site from G to t and then jump to the right or left

neighbor is given by

#.-(< ) = (rr -t- r,) exP(rr + r,) /. (84)

A random number y is generated and the corresponding waiting time is determined

from

* = ~ r|m - y ) (85)

time is measured in units of 2['o , that is 2 PQ is considered as the unit time.

2tv = A°0 ~ y) (86)
M + t r

2TV = ^ ln( I - y )
arn ^ 21^

( Pi = PT = ^) are the probabilities for left or right jumps that are used in

the first method of implementing the Poisson process. This method is much more

difficult to implement than the first one, hence we did not use it for our simulations.
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6 Results

[fere we shall describe the results of our work. Results of simulations, analytical

calculations and predictions of critical-path theory for the diffusion coefficient are

disscussed below. Graphs for the mean- square displacement versus time in Monte

Carlo steps are presented for different temperatures. However, the graphs for small
temperature values ( temperature refers to alpha) are disscussed separately. For

these tempratures the asymptotic theoretical preditions are also shown. For the

higher temperature curves wc found it to be unncccessary to make this comparison,
as the expected result is achieved in short Monte Carlo runs. Figure 11 describes the

behaviour of the mean-square displacement { I I7 } as a function of time at different

tempratures for one- dimensional lattices. We present data for the range of 10

to 105 MCS. We observe that for all temperatures there is always an early lime

regime which differs from the asymptotic regime where R7 ^ Dl . That is at each

temperature there . exists a time that P.Argyrakis, et al. call cross over time rc /30/.
In fig.11 we observe that for long times the log-log plot gives a linear relationship

for a = 1, 0.5, 0.2. As the temperature is reduced linearity is achieved at longer and

longer times. For this reason high-temperature calculations are carried out to IQ3

steps. Figure 13 shows results of simulation and theory for 0.1, where corrections

such as 01? #2 and are included. The sense of concavity of the theoretical curve for

small times is due to the divergence of the series (42) in the theoretcal expression for

the mean-square displacement. But results for long time seem to agree reasonably.

Results of mobility simulation for one dimensional lattices are depicted in fig. 12.

Mean-square displacements versus time for two and three dimensional lattices are

considered in fig.14 and fig.17 and a similar behaviour as in one dimension is ob-
served. For a fixed temperature values it is observed that the diffusion coefficient

for throe dimensional lattices is the largest and for one dimensional lattices it is the
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Figure 11: Mean-square displacement {.R2} as a function of time (in MCs) for
different temperatures (a values) for one dimensional lattices, in Log-Log form.
Each curve corresponds to the following a values (top to bottom); 1.0, 0.5, 0.2,
0.1,0.05. These are results of diffusivty simulation for 25, 600 particles.
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Figure 12: Mean displacement { R} as a function of time (in MCs) for different
tempratures (o: values) for one dimensional lattices, in Log-Log form. The curves
correspond (top to bottom) to the following a values respectively; 1.0, 0.5, 0.2, 0.1,
0.05. These are results of mobility simulation for 25, 600 particles.
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smallest, see table 1. In table 1 we tried to show values of diffusion coefficient calcu-

lated from three different methods; the EMT, diffusivity simulations, and mobility

simulations for one, two, and three dimensional lattices. The variations are seen to

be large (still less than one percent) for small tempratures; 0.1 and 0.05. As it is

said at the beginning graphs for small temperature values for two dimension and

three dimension are considered in fig.16 and fig.19 respectively. A similar result is

10' , 5 1.0s * a 10* a a 10s
5 10* 2

+

£ ++
+UJ +101 - ++

+3 +
Q. + -35in

+
+UJ +i , f+

+ -2
+UJ

+f++10°- ++5 +
+

t -33

a8 5 BI 2 2 21 3 100

H O1

-10°

TIME(MCS)

Figure 13: Plots of mean-square displacement from diffusivity simulation (crosses)
for a — 0.1 and theoretical curves in Log-Log form with the correction terms 0i }02
and $3 included for one dimensional lattice versus time (in MCs).

also observed from the mobility simulations and is considered in fig.15 and fig.18 for

two and three dimension respectively. The asymptotic theoretical expression (42)

for one dimension is plotted in smooth curve in fig. 13, The asymptotic curves

for two and three dimensional lattices considered are results of the EMT (effective
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medium theory). For two dimension, the diffusion coefficient for small a values is

found to be DEMT = Fo exp Therefore, the mean-square displacement {ft2}

for long time limit would be

{ft2}( t) = 4DEMTi

Similarly for three dimension the diffusion coefficient from EMT for small a is

10' , . 1°J
* . 'P3

i * i°4
i

-103103 -
-a9-
-72-
-10*10*-g

s -5

i -1
in -10’Q 10’ ”
UJ
O'<=3or
in - 22-
3 10°- -10°

-B

-2Z-
10-’ 10

8202 a8 641 1010

I

TIME(MCS)

Figure 14: Mean-square displacement {-ft2} as a function of time (in MCs) for
different temperatures (a values) for two dimensional lattices, in Log-Log form.
Each curve corresponds to the following a values (top to bottom); 1.0, 0.5, 0.2,
0.1,0.05. These are results of diffusivty simulation for 25, 600 particles.

DEMT _ Cfl. exp ~
{

E‘j, . And hence the-mean square displacement in the long time

limit could be expressed as

{ft2} = 6 DEMTt
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These two equations represents the asymptotic results that are plotted in fig.16 and

19, respectively. The temperature dependent cross-over time rc is described below.

10* , a IP* 7 5 IP®
* 8 104 1 5 10®
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82 5 2a 22 83 +2 10 1010 1010

TIME(MCS)

Figure 15: Mean-displacement {it} as a function of time (in MCs) for different
tempratures (a values) for two dimensional lattices, in Log-Log form. The curves
correspond (top to bottom) to the following a values respectively; 1.0, 0.5, 0.2, 0.1,
0.05. These are results of mobility simulation for 25, 600 particles.

As the particle starts at some random position, it is most probable that it is localized

at some relatively low energy valley at which it is to be found. Thus at early times

and low temperatures the particle is ’ trapped 5 in some limited region of the lattice

and can not escape at low temperature and all jumps are consumed to visit the

same sites over and over again. The probability of escaping is very small , but after
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a given time rc this probability is realized. It is expected that the cross over time is

rc = exp Ec
KbT

(87)

Argyrakis, et al. estimated the cross over time rc for each temperature /30/.
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Figure 16: Mean-square displacement from difFusivity simulation for a = 0.1 ,0.05
and theoretical asymptotic results of EMA for the same a values in two dimension.
Simulation results are crosses and astrik for 0.1 and 0.05 respectively.
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Figure 17: Mean-square displacement {-ft2} as a function of time {in MCs) for
different temperatures (or values) for three dimensional lattices, in Log-Log form.
Each curve corresponds to the following a values ( top to bottom); 1.0, 0.5, 0.2,
0.1,0.05. These are results of diffusivty simulation for 25, 600 particles.
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Comparison of Values of Diffusion Coefficient from Different Methods

a EMT Diffusivity Simulation Mobility Simulation

d = 1 d = 2 d = 3 d = 1 d — 2 d = 3 d = 1 d = 2 d = 3

1 0 • 291 0 • 152 0 • 102 0 • 295 0 • 151 0 • 103 0 • 284 0 • 148 0 • 1

0.5 0 • 157 9 • 197 x 10“ 2 6 • 475 x lO"2 0 160 9 • 229 x 10“ 2 6 • 42 x 10"2 0 153 8 • 943 x lO"2 6 • 287 x 10-2

0.2 1 • 696 x 10~2 2 • 052 x 10"2 1 • 871 x 10~2 1 • 826 x 10“ 2 2 • 09 x 10~2 2 • 093 x 10“ 2 1 • 76 x 10“ 2 1 • 989 x 10-2 1 66 x 10-2

O H-* 2 • 270 x 10~4 1 684 x 10~3 3 • 079 x 10~3 3 5 x 10"4 1 • 751 x 10-3 2 • 733 x 10~2 3 • 381 x 10-4 1 • 69 x 10“ 3 1 • 434 x 10~3

0.05 2 06 x 10~8 1 • 13 x 10'5 1 • 062 x 10“ 4 1 • 278 X 10"5 4 • 474 x 10-5 7 • 63 x lO"5 1 • 304 x 10"s 1 42 x lO"5 2 • 209 x 10~5

Table 1
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Figure 18: Mean-displacement {/?} as a function of time (in MCs) for different
tempratures (a values) for three dimensional lattices, in Log-Log form. The curves
correspond ( top to bottom) to the following a values respectively; 1.0, 0.5, 0.2, 0.1,
0.05. These are results of mobility simulation for 25, 600 particles.
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7 Discussion and Conclusion

This work demonstrates the influence of degree of disorder ( a ) on the difFusivity be-
haviour of particles in media, with static disorder which is realized by energy barrier

distributions. It has been observed to have much influence at low temperatures, ft

is observed that the Monte Carlo simulations give the largest diffusion coefficient

for three dimensions followed by two dimensions, and the smallest diffusion coeffi-

cient for one dimension , if instead of the normalization V Q = - the more physical

normnlizUon To = 1 is used. The EMT also gives the same result . The reason is the

larger the lattice, dimension, the higher is the chance for the particle to find smaller

barriers to percolate through the lattice.
For systems with a bias (non- equilibrium situation ), the diffusion coefficient

obtained is reasonably close to the predictions and results of the other methods.

However, graphs of mobility simulation seem to be noisy. It is a problem of improving

the statistics. One should be able either to increase the number of particles or to

increase the number of Monte Carlo steps. The same problem has been observed in

the case of difFusivity simulation. For the smaller a values the asymptotic behavior is

not yet completely reached in 105 MCS. Larger number of Monte Carlo steps would

require loo much computing time. It is this constraint that limited us to a maximum

of I 06 MCS. In fig.16 Tor o = 0.05 it seems that the difFusivity region is not yet

reached but the tendency has already been started to be observed around 10s. The

asymptotic region would be achieved if one goes to higher MCs. Simulations will

have always statistical errors, and the problem seen in fig.19 ; the overlapping of

simualtion with the asymptotic EMT curve for a = 0.1 for three dimensional lattices

I think is its efTect. The deviations observed in table 1 for a = 0.1 and 0.05 between

EMT and Simulation results are mainly statistical and due to short or limited MCs

considered. The analytical results from EMT are in a good agreement with the

52



Monte Carlo simulations. The predictions of EMT and critical path argument agree

in one, two dimensions and disagree in three dimension. Our simulations agree

with EMT in three dimensions, not with the result, of the critical-path arguments.

However one must note that we have the critical -path argument in its simplest form.

It has been improved in recent work /23,2'!/. On the other hand if . has been shown

by buck /17/ by using perturbation theory that the EMT is accurate up to the

fourth order. In any case, the parameter values a where the asymptotic regime is

reached , the EMT clearly provides an adequate description.
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Appendices

Appendix A
Here you find the derivation of From equation (9) of section 2 it is given by

~ \ f * d k
!5o M = L (88)n s + 2 p (s)( t — cask )

making some rearangements and denotting

b — s
2 f (.? )

+ 1

EQ (5) can be expressed as

1 7T ( Ik
2TT f ( ?) h ~ cosk (89)

the integral can be converted into contour integral in complex plane by setting

Z = exp(i&). Then

dk = dZ
iZ

C0!k = \ iz +1
and substituting these

Eo («) - ~ / 77^7T r ( s ) J c t \Z
dz (90)

T (s) J c i [^- (A + (^ - l))^p- (6 - (6*- l ))q
The integrand has two poles: at Z = 6 + ( b2 — 1) J and Z — b — ( b2 — 1) A If b > !,

the second pole is inside the contour. So, only the residue at this value is needed ; it

i s e q u a l t o
I 1

* 2( b2 - 1 )?

therefore

(•?) = 2n i 1 1

2iri f (•?) ( h2 ~ 1) * _ (91)
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Finally it is arrived at the desired result

Eo= t
[s2 + ‘1.9 1' (.9)] j

(92)

and hence

lirn s C0 { -*> ) ~> 0

Appendix D
Coo (5) is expressed using equation (27) as follows

i 7T / TT

Coo —
7r Jo JO

dx dy 1 (S3)
•5 + 'I 1' (s) — 2 r ( s )cosx — 2 D( s )cosy

Here, x and y stands for Aq and Aq respectively. Making some rearangemenis and

denotting a to be

(i — 2 + s
2 r (-0

— cosx

it is reduced to

Coo — i— f* dx — (*
dyr.9) jr * /r) - r2 r (.9)* -70 77 70

the result of the inner integral with respect to ?/ is already shown in appendix A.
Then implementing that, results in

£00 = — r dx
.9!7T

1

Eoo

2 f ( .s)n- J o \f{ 2 + iTy ~ cosx )2 - 1

= -J— r dx
2 r (sW JO

(0 1)

1
2 + )2 — 1 — 2(2 + — ) C O S X + CO,S 2 Z

2r( .« ) 2T’(3)
y

Let,

l — lan —2 (05)

then

1 - t 2
COSX = l + f 2

, 2 ,ax = dl
1 + t 2
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'1

'

AJ

EQO
2 r (^)TT

oo
dl 1 .

2 +^)!
_

l ] ( l + 'J)I - 2(2 +^)( I -P) ( I + Z’) + ( I - P )

(96)
It, is now a polynomial of fourth order in the square root, so it can be reduced to an

elliptical integral. Finding first zeros of the polynomial:

a lA f b l 2 + c — 0 (97)

the roots are,
4

< 2
+ =

l 2 - -

2r(i)

2 + -̂ r—
2f ( » )

2 +
2r( j)

i + -i-~ 2D

where,

/?no — 1

T (S)TT
d l

a = (2 H ~ )('! -j ~ )
2 r (s) 2 r (s)

^ = (2 + -^— )2 - 2
2 r ( s )

s , s
c = — ^ (2 77— — )

2 r (*) 2 p (a)
1

\
2+ -^~

(2 + ) { l 2 + + TT1^1)ar(*) 2+ ?» M ^Vo

(98)

Now define:

a2 = -l 2

01 = -Z 2
+

£W
1 r 00

^— / d t 1 i (99)r ( ^) ?T \/a ^/(/ 2 -f a2 ) ( l 2 + ft 2 ) r ( s )ir >/ a. a % a

for the integrals see Ryshik-Gradsiein /3 I /. From the properties of elliptic integral ,

we have
7rf (
j.*) = *W
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where,

k

1
a

y/a2 - ft* _ 2
« 2 -f zr(s)

\/a
2 +

2 T'( 0

~ 2 K { k )
&oo — — ~2 r ( .s ) 7T(2 + -J-)ar( »)

A(*) = /f (Jfc')

ft' =

( ion)

see /31/ for the general properties of cllcpticai integral. Representation by series

(Ryshik Gradstein 6.113)

K i f ) = Ini + i (in i - i) *" + (101)

for small ,s, iirri,_.0 P = . Then ,zr( i)

~ , 1 , 1 6
hm Em (*) = 7-7— In

' ITT J i (102)
2l\,/

Appendix C
Here we show the corrections to linear <ltffnsivity in one and two dimension. The

correction parameters for one dimension diffusion coefficients such as i?( , 0 2 and

which are results of EM A as given by J.YV.Ifans and K .W.Kehr / 14/ are shown in

table below

9i 01 03
hi
2 =^+ 3¥ ki k2 j k j k i . 2 ^8 16 1 16 ‘ 6!

Table 2.
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“2-

where,

„ {(MM)’)
k 2 = ^m
h =

1r
i 3

1'ur
„ {(M«)4 ]

~
f n 1{*}

The linear correction to the diffusion coefficient in two dimension is derived as

follows /14/: The diffusion coefficient is now can be written

i'M = r»/ /0 + *>( » )) (103)

y>(s) is the correction term. It is small when s goes to zero, substituting this into

the self consistency condition for two dimension equation (30) in section 2,

tV/U + vM) - I" = o (104)
IV/ ( I + ¥>(*)) + P + » Bno (»)[rt//( I + ,>(.)) - rj J Kr,,

i"sr

y>(s) and 5 Eon (s) small for s goes to zero. And expansion with respect to these

quantities enables tp( s ) to be

where q is

V’C'O = 1» Fm (s)?

0-^)’

(105)

7 =
2 r;r'¥-

O + r^r;)*r « / /

(106)

The diffusion coefficient becomes then ,

I’M = r«„ I 4- In (107)
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02 being expressed as

h = 1 j~T'
(m)

d T T l cff

Here we used results of appendix B for /£oo (*)•
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