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CHAI'TEI! I 

INTRODUCTIO 

This seminar report focuses on Wolfe and Lemke algorithms which are used to solve 

quad rat ic programming problems. Solving quadratic programming problems using on ly 

these methods is dimcul t. So they work in existence with Beale algorithm to reach an 

optimal solu tion with in a finite iteration. 

This chapter introduces the basic concepts o f quadrat ic programming problems, its 

opt imali ty conditions and solution methods as we ll as theorems whi ch a f C needed later 

for a better understanding of the next chapters. 

1.1 QUlldrnt ic programming 

Quadratic programming (QP) is a spec ial type of mathematica l optimi zation problem. It 

is the problem of optimizi ng (minimizi ng or max imizi ng) a quadratic function o f several 

variables subject to lincar constraints on these variab les. Quadratic programming 

problems may be staled in many equivalent form s. We define the standard QP prob lem in 

the form 

Minimize f(x) = crx 

subject to: Ax S b 

x~O 

1 " +- x Qx 
2 

(I. I ) 

where x and c arc n x I vectors, A is m x n matri x, and Q is n x n symmetric matri x. The 

sca lar term ~ x T Qx is a quadratic form . 
2 

Quadratic programming prob lems arc typica ll y class ified as being convex or non-convex, 

depending on whether Q is posit ive scmi - definite or indefinite. In addi tion, we shall say 

that a quadratic programming prob lem is strictl y convex if Q is posit ive defin ite. A 

quadrati c objective funct ion can be max imized by minimizing its negat ive. Inequality 

constrain ts can be converted to equat ions by the addition of nonnegative slack variables. 
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If Q is a posi ti ve semidefinite matrix , the quadrat ic program has a global minimizer i f 

there exists at least one vector x sati sfying the constraints and objective func ti on which is 

bounded below on the feasible region. If the mat rix Q is posi tive definite then this globa l 

minimizer is unique . IrQ is zero, then the problem becomes a linear program . 

1.2 Oplim~llity Condilions 

In this section we di scuss on results wh ich gives emphasis on convexity o f quadratic 

programmi ng and thei r optimality cond itions for quadratic programming. The Karush­

Kuhn- Tuckcr(KKT) point is essentia l to delcnninc optimality of a given QP problem. 

From opt imization theory, a necessary cond it ion for a point Xo to be a global minimizer is 

for it to satisfy the KKT conditions. These conditions are also sufficient when objecti ve 

function is convex. Before this, we define terms which are useful for the di scussion . 

Definition 1.2.1 : Lei I: S ~ R bc a function where S is noncmpty convex in R" . 

(a) The function / is sa id to be convex if for each XI>'\"2 e S 

[(Ax,+( I - A)x, ) ,;; A[(x)+(I - A)[(x, )[oreacld e (O, I). [ is sa id to be 

concave if - f is convex. 

(b) The fu nction f is said to be pscudoconvex if for each XI,X2 e S (S is open) wi th 

V'[(x, ) ' (x , - x,) ~ 0 we have [(x, ) ~ [(x,). 

Dclinilion 1.2.2: Let /: Rfl ~ R, and consider the problem to mini mize l ex) subject to 

xeS. If Xo E S and, /(xo)5/(x), then Xo is ca lled optimal solution or global 

1111l1lmum. If therc cxistsan e - neighborhood Ne(xo) around Xo such that 

I (xo) 5 I(x) for all x in N. (xo)r. S , thcn Xo is call ed a loca l minimum. 

Definition 1.2.3: Considcr the QP problem (1.1). If Xo is an optimal solution of ( 1.1 ) 

then. for somc Lagrange multipliers A e 91 , '" the fo llowing KKT condit ions hold: 

2 
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c+Qxo + AT A. ~ 0 

Axo- b :S: O , , 
""0 (,,+Qxo+ 1I ). ) =0 

,l' (Axo- b) = O. 

dual feasiblity 

primal feasiblity 

complementary slackness 

complemenlary slackness 

If Xo together with A E 1)1 ,'" satisfy the KKT conditions, then Xo is called a KKT point 

for ( 1.1 ). 

Theorem 1.2.4: The necessary and sufficient conditions for an Xo to be an optimal 

so lution to the quadratic programming problem ( 1.1), where I(x) is convex, is thaI 

sati slics the KKT conditions. 

I'roof: Since the constraints of the problem (1.1) arc lincar, the KKT constraint 

qualification is automat ically satisfied. To show x () is optimal solution, let Xo be KKT 

point to (1. 1) with corresponding Lagrange multiplier A· and since I(x) is convex, then 

the Lagrange function 

is convex and LJ\·o,,.{"') = O. Then by Lagrange lemma (I], we have Xo is an optimal 

sonllion . 

T heorem 1.2.5: Let S be a nonempty open convex set in R", and let I: S ---i> R be twice 

differentiable on S. Then, I is convex if and on ly if the Hessian matrix Q is positive 

semidefinite at each point in S. 

Proof: Suppose that I is convex and let Xo E S . We need to show that x
T 
Q(xo)x ~ 0 

for each x E R. Since S is open, then for any given x E R" • Xo + Ax E S lor 1..t17;. 0 and 
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sufficiently small , we gel the two express ion from its convexity and by second order 

Taylor series. 

[(x" + AX) ~ [(x, ) + A'1[(X, l' x ( 1.2) 

T' " 'II II' [(X,, +AX) = [(x, ) + A'1[(X, ) H t A x Q(X, )X +A x a(x, ;Ax), (13) 

Subtracting ( 1.3) from ( 1.2) we gel 

fA ' x' Q(x, )x + A' Ilxll' a(x, ; AX). 

Dividing by ,of ~ Oand letting A ~ O. il follows that 

Thcrcrorc. Q is posit ive semidefinite . 

1.3 Solu tion Methods 

There are several approaches of so lvi ng quadratic programming. Among these, the 

methods of Wolfe and Lemke algorithms arc the best known and mostly widely used 

quadrat ic programming algorithms in existence with Bcale algori thm. 

One of the carliest and simplest methods for so lving quadratic program was that proposed 

by Philip Wolfe in 1952; despite its rather venerable hi story, it is still quite commonly 

lIsed today. In 1955 E.M.L. Beale published a paper in a British journal describing a 

method for solving a quadratic programs that was based on arguments from class ica l 

calculus rather than on the KKT conditions. The paper initially attracted little attent ion, 

espec ially in the United States. so an amplified version of it was published in its country 

in 1959. This second effort was more favorably rccievcd, and Beale's method has since 

become quite we ll known, although certainly not so wide ly used as that of Wolfe. 

Another quadratic programming algorithm, that of Lemke appeared orig inally in 1962, 

wh ich is rather more sophisticated and elegant than either of the two. 

4 
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CHAI'TER 2 

WOL FE ALGORITH M 

In this section we di scuss on the solution strategy call ed Wolfe Method which is able to 

modify the simplex method in a way that enables it to solve quadratic programs by 

finding feasible points that sati sfy KKT conditions. 

2. 1 BliS ic Concepts lind Algorithm 

Consider the following OJ> problem 

Minimize I(x) = " T X 

:mbjecIIO : Ax S b 

and x ~ o 

1 r 
+ - x Qx 

2 
(2.1 ) 

where x and care n component column vectors, A is rn xn matrix, b is mx I, and Q is nxn 

symmetri c matrix . The basic approach of the algorithm is to generate, by means of a 

modified simplex pivot ing procedure, a sequence of feas ible points that tcnninalcs at a 

solution point Xo where the KKT conditions arc sati sfied . 

Then we have Lagrange function 

L(x,A) = c' x +txT Qx+A' (Ax - b), (x,A) e 91 : x 91 :. 

Now we get the KKT conditions as 

r Lt (Xo, A) =C+Qxo+ A A~O 

Axo-b50 

x/ (c+QxO+ATA)=O 

AT(Ax,-b) = O 

xo 2:0,..1. 2: 0 

By introducing of slack variab les u and v, we get 

5 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

(2.6) 
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c+ Qxo + AT). - II = 0 

Axo- b +v= O 
, r 

Xo (c +Qxo+ A A) =O 

A"(Axo- b) =O 

XO;:: O, A~O. II ~ O, V ;? O 

(2.7) 

(2 .8) 

(2.9) 

(2.10) 

(2. 11) 

The equat ions (2.7) and (2 .8) form a system of linear equations for the variab le Xo and ).. 

which can be solved by the simplex algorithm subject to the condi tions (2 .9) and (2. 10). 

From (2.7) we get 

,. 
u = c+Qxo +A A. 

Then we gel from (2.9) 

Then we get 

X,"", = 0, ie{ I ,2 ... . , n} byx,,2: 0andll '2. 0. 

Similarly from (2.8) and (2. 10) we get 

A,v, = 0, i E{1.2, ... , m}byA. ~ Oand v 2: 0. 

If X, is a basic variable, i.e Xj>O, then u,=O by X,Uj=O. But this means u, cannot be taken 

as bas ic variable. Analogously, i f Ui is a basic variab le, i. c. Uj>O, then x,=O cannot be 

taken as basic variable. The same considerati on we have for A, and V,_ 

These are now the important conditions which we have to consider inorder to so lve the 

equations (2.7) and (2.8) by the simplex algorithm. 

6 
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Now considcr the fo llowing simplex method for Ay=b wherc Y=(YB,yN) IS variable 

containing basic and non basic. The steps arc as fo llows 

I. 
• 

Locale !Jmaflesl negalive fjz J = - d
J 

+ L d 1l,l11J ' where i is i'l! row and j is /' .. , 
co lumn and d is associated vahlcs, excluding last col umn ofb. 

2. From 0 = min{~}. where i is i1h row and j is / h column, excluding last 
a'i 

3. 

4. 

column of b. Designate the pivot element i.e. clement wh ich is found at rows 

of 0 and column of rows of ru. If no clcment in 0 co lumn is posit ivc, the 

program has no solution. 

Usc elementary row operation to convert the pivot clcment to (1) and then to 

reduce al l other clements . 

Repeat step (I) through (3) unti l there arc no negative numbers in the last 

m 

row i.e. ru
J 
= - d , + L dJj,a'l ~ 0 for all j. Optimal so lution at the last row .. , 

and laSll:ulu mn wi ll be achieved. 

Steps of Wolfe Algorithm: 

1. Formulate KKT conditions (2.2) to (2.6) for the given problem. 

2. Introduce slack variables in (2.2) and (2.3) inorder to have equations. Check, 

whether the re is a feasible bas is. If there is a feasible basis, then the corresponding 

basic so lution is opt imal. If there is no a feasible basis, then go to step 3. 

3. Introduce artific ial variables inorder to get a feasible bas is. Go to step 4. 

4 . Iterating by means of the big-M simplex method unti l a feasib le basic solut ion is 

found or until verifying that there is no feas ible solution. For changing of 

variables we have restrict ions: 

(i) A non basic variable x, may become new basic variable only,if the 

corresponding slack variable uJ is not already a basic variable and 

conversel y. 

7 
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(ii ) A nonbasic variable ),. may become new basic var iable only, if the 

corresponding slack variable Vi is not already a basic variable and 

conversely. 

Example: Consider the following OJ> problem: 

Obviously we have here 

Minimi:e I(x) = Xl
2 +2x/ - 2X.X2 -3xl - 4X2 

subjecllo: XI + 2X2 ~ 7 

- x. + 2X2 S 4 

X I 2:: 0, x2 2: O. 

- 4
2

] and 

Then the Lagrange function is given by 

L(x,A ) = I(x)+ A, (x, + 2x, -7)+ A,( -x, + 2x, - 4), (x, A) E 91.' x 91 . '. 

Step I: As KKT conditions we gel 

2.<, - 2<,- l+A, -A, ~ O 

- 2x, +4x,-4 +2A, +2A, ~ O 

xl +2x2 S7 

- xl + 2x2 S 4 

x,(2x, - 2x, - l + A, - A,) = 0 

x, (-2x, + 4x, - 4+ 2A, + 2A,) = 0 

A, (x, + 2x, - 7) = 0 

A,(-x,+ 2x,- 4) =0 

A, ~ O, A, ~O x, ~ 0, x, ~ O. 

Step 2: By introducing of slack variables we get 

2Xl- 2xl- 3 +A,-~- Ul = 0 

- 2x)+ 4x2- 4 +2..l,+ V'2- 1I2 = 0 

XI + 2X2 

- xl +2x2 

8 
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Step J : lnorder to get a feasible bas is we have to introduce artificia l variables hi and hz 

for the first and the second row. 

Step 4: Now applyi ng the Big-M simplex technique 10 this example, yields the 

sequence o f simplex iterations given in the following Table. 

Iteration Basic variables Solut ion Objective Ente ring Leaving 

value variable variable 

1 (111. II), VI, II} } (3, 4,7, 4) 0 X2 h, 

2 (hi. X;, VI , Ill ) (5 , 1, 5, 2) -2 X, 1' / 

3 (h /. Xl , X" V}) (512 ,914,512,2) - 11.375 A, h/ 

4 (/..1. Xl . X" II; ) ( 1,2, 3, 3) -12 - -

Hence, from the last simplex iteration we have a solution (XI ,X2)=(3 ,2) , 0.],)..2)=(1,0) , 

(UltUz}=(O,O), (VI ,Vl)=(OJ). With these values si nce all the KKT conditions arc sati sfied 

and since the optimi zation problem is convex we have that (xl ,xz)=(3 ,2) is an optimal 

solution . 

2.2 Convergence of Wolfe Algorithm 

Before attempting to prove that whenever Q is positive semidefinite Wolfe ' s algorithm 

wi ll eventually find a feasible point sati sfy ing the KKT conditions, we must first 

demonstrate that such a point actually exists. To obtain this result we need only show that 

when Q is positive semidefinite the problem (2. 1) cannot have an unbounded minimum. 

It will then follow that some feasible po int must be a global minimum and therefore a 

constrained local minimum at which the KKT conditions necessarily hold. 

When Wolfe's algori thm is applied to a QP problem of the fonn (2.1), with Q is positive 

defin ite or positive semidefinite and c=O, it will obtain wi th in a finite number of 

iterations(barring degeneracy) a feasi ble solution at which KKT condit ions arc satisfied. 

Because if Q is is positive semidefinite. then (2.1) is a convex program. and suffic iently 

of the KKT condit ions thus guarantees that Xo is an optimal so lution. 

9 
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When Q is indefinite or negative semidefinite. convergence may fail cntrcly, or if it 

occurs. the solution obtained may not even be a local minimum. Hence wi th some 

difficult ies when this condition happens, we may apply another solution method that of 

Beale. 

2.3 Be:!lc Melhod 

Beale has developed a method for solving quad ratic programming problems which is 

based on the bas ic princi plcss of classical calculus ralher than the KKT cond it ions. Beale 

algorithm is direct ly applicable \0 any QP orthe fol lowing form: 

Minimize f (x) = cT 
X 

subject 10 : Ax = b 

x ~ O 

(2.12) 

where A is rn x n matrix , b is mx I, c is nx I , x is nx 1 and Q is nxn symmetric. We do 

not requ ire Q to be posit ive semidefinite i.e. we don' t require the objective function to be 

convex. The algorithm generall y yield a local minimulll of a nonconvex quadrat ic 

funct ion, orcourse if the objective function is convex, the local solution obtained will be 

globa l. It is assumed that the problem is non-degenerate. 

Beale 's method is an iterative 'procedure and begins with any basic feasib le solution of 

the problem; this can be done via the phase I simplex procedure, if necessary. Let A be 

part it ioned as A =(B.N), where B is the basis matrix which for the convcnienc is assumed 

to consist of the first m-columns of A and N is the matrix consisting of the remaining n-m 

columns of A. Also let XII and XN be the vectors of basic and non basic variables. The 

constraints Ax=b. can then be written as BXB+Nx N=b and xij=B-l b_B-
1 

XN The basic 

variable can thus be written intermas of non basic variables z 'I = x ",o'l' q= l ,2 •... ,n-m as 

10 
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S It.·pS of He .. lc Algo rithm : 

I. Obtain a basic feasible so lution o f the problem i.c. any basic feas ible so lution. 

2. Ex press Ihe basic var iables xh • II = 1,2 .... ,m intcnns of nonbasic variables 

Z" = x""q' q= 1,2, ... n-m. Then we wi ll have , 

.-. 
X/r = a lro + L Q Iw/ Z" .. , 

3. Express the objective function I(x) in terms of the non bas ic variables In the 

symmetric form 

n _ IPP n _", 

f(x) = L L r,.z,z • 
• _0 '1_0 

n _.. n _", n _", 

= roo +2 L r",z, + LL r",z,z" 

where Zo = I (lnd r~ = rql' 

4. Cons ider the partial derivative of I(x) with respect to anyone of non basic variables 

say z~ . 

with all other non basic variables held at zero. 

(a) I f of ;::: 0 for al l k, the current solution is optimal. 
iTL, 

(b) If 8/ < 0 for at Icast one k, increase ZI: until either 
iTt, 

(i) Some basic variables becomes zero, or 

(ii) oj vanishes and is about to become positi ve. 
iTt, 

5. To determ ine the change in the basis, calculate 

II 
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M " [a" Irool ] In la .... l. Yu . 11 = 1,2, ... . 111 for liM < 0, and Yu > 0 . 

(i) lrthe minimum occurs for some h=v, then x. becomes nonbasic . 

(i i) Irthe minimum occurs for the second term, introduce a new non basic 

variable II" defined by 

II, is unrestricted and is ca lled a free vuriablc. This will lead 10 onc 

equat ion and one morc basic variable than before. 

6. Go to step 2 and repeat the process until of ~ 0 
UL, 

for all k and 01 = 0 for a ll free 
au , 

variables. 

7. Obtain the loca l (global if f is convex) optimal so lution and the val ue orllli n fby 

setting non ba:si(.; variables equal to zero in their expressions. 

Example: Consider the following QJ> problem: 

, 
Minimize !(x) =- x, - 2x2 + X 2 

slIbjecl lo: x, + 2X2 S 4 

3x1 + 2x 2 :5 6 

XI~ O, x2 2:0 

By introducing slack variables. we have thc problcm 

Miflimi=e f (x ) = - Xl - 2X2 + X2
l 

s lIbjecllo: XI + 2X2 + xJ = 4 

3xI + 2X2 + x. = 6 

XI ~ O, X2 ~ O , xJ ~ O. x~ ~ O . 

Now to solve thi s problem using l3eale method: 

12 
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Step I: Take x] and x4 as basic variables. 

Step 2: Express them in tenns of non basic variables as 

SICP 3: 

Slcp 4: 
1 af 1 1 af 
--=-- and --=- [ 
2 ax, 2 2 ax , 

Step 5: Hence it is profi table to increase Xl and we calculate 

. [a" a.. IrlOl ] . 4 6 1 . Min -I -1' -1 -1 '- = Mm{- , - ,- } = Mm{2J, I} = I . 
(i n °42 Y22 2 2 1 

We therefore introduce a free nonbasic variab le 

1 af 
II I = --=-I + x1 2 ax, 

We again express basic variables in tcnns of non basic variables 

Now, ! of = 0, 
2 au , 

x2 = I + UI 

Xl = 4 - XI - 2(1 + lIl) = 2 - XI - 2111 

X 4 = 6 - 3xI - 2(1 + III) = 4 - 3x1 - 2u I 

f(x) = - XI - 2(1 + lIl)+ (I + UI ) 2 

=_ I _ X
I
+ II

I
1 . 

.!. of = _.!. . Hence XI is therefore increased and we calculate: 
2 ax, 2 

. {a" a.. la,,1 Ir"l} . 2 4 4 0 0) 
Min -I -1 '-1 -1'-'- = Mm{i ' J} = -:;- , (a" = ,r" = , 

( 1) 1 0 41 Y l1 YII .> 

Thus x4 leaves the basis and XI enters. Then, 

13 
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Step 6: Now from 

4 2 I 
X =---1I -- x 

1 3 3 I 3 ~ 

.\'1= 1 + 11 1 

24 1 
Xl =- - - 11 1 +- x4 , 

333 

7 2 I 
f (x) = -- + - 11 + - x + lI ,', we gel 

3 3 I 3 4 

I of I I Of I 
--=- and --=-. 
2 00, 3 2 Ox " 6 

J-Icncc it is profitable to decrease III' We therefore introduce another free va ri ab le 

I 
li z = - + ". and thus, 

3 

I 
II =-- + u , 3 ' 

14 2 I 
x = - - - Ii --x 

I 19 3 2 3 4 

2 
x2 =- + u2 

3 
10 4 I 

Xl =--- 1l2 +- x4 
9 3 3 

22 I , 
f(x) =--+- x4 +uz · 

9 3 

Step 7: Here, the min imum solution is achieved: 

14 2 , 22 
X I = - ,x2 =- andMlI1 j =-. 

19 3 9 

14 
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2.4 Prognlmming in MATLAB us ing Wolfe Algo rithm 

This mallab program is capablc of so lving a convex quadratic programming problem by 

Wolrs method. For the convergence orlhe algorithm it is necessary that either Hessian of 

the objective func lion be positi ve definite or positive semidefinite Hess ian with li near 

term zero. From the fo llowing program we will obta in an output result after supplying the 

inputs and by calling wolf(Q,c,b,A,minimizc). The function wolf solves 11 Q P problem 

using Wolfe or restricted entry simplex method. The modified simplex Algorithm for 

solving the LP problem: 

minimize c'·x+O.S*x'*Q*x 
Subject to A*x <= b 

x >= 0. 

function [x ,fvul]=wolftQ,c,b,A,minimizc) 

% Input:-
% Q: The Hessian of the objective function. It is a required parameter. 
% c : The (column) vecto r of coeffi cient of linear terms in the objecti ve function. It is a 
% requi red parameter. 
% b : The (co lumn) vector containing right hand side constant of the constraints. It is a 
% required parameter. 
% A : The coemcient matrix of the left hand side of the constraints. it is a required 
% parameter. 
% minimize: This parameter indicates whether the objective functi on is to be minimized. 
% minimize = I indicates a mimization problem and minimize = 0 stands fo r 
% a maximization problem. It is an optional parameter. 

n = length( c); 
m = Icngth(b) ; 

if - iscqua l(sizc(A, I ),111) lI - iscqual(sizc(Q, I ), ... 
size(Q ,2)) lI - iscqual(sizc(Q, I ),n) lI-iscqual(size(A,2),n) 

. fprin tft'\nError: Dimension mismatch! \n') ; 

return 
end 

ifnargin < 311 nargin > 5 . .' ., '. 
fprin tf('\nError:Number of mput arguments are Inapproprlate .\n), 

return 
end 

15 
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ifnargin < 5 
minimize = 0; 

end 

if minimize == 1 
c = -c; 
Q = -Q; 

end 

if min(cig( -Q» < 0 % Checking convexity of Hessian 
fprinlf(,\nError: Wolfmcthod may not converge to global optimum!\n'); 
return 

elsei f (min(e ig( -Q)) == 0) && - isempty( lind( I. I)) 
fprintf('\nError: Wolf method may not converge to global optimum!\n'); 
rclllrn 

end 

count = n; 
a = [-' *Q A' -cyc(count,count) zeros(count,m);A zcros(m,m + count) cyc(m,m)l ; 
d = [c;b]; 

for i = I : count + m 
if(d(i) < 0) 

d(i) = -d(i); 
a(i ,:) = -a( i,:); 

end 
end 

cb = zeros( I ,count + m); 
bv = zcros(l ,count + m); 
nbv = ( I : 2 • (count + m)); 
c = zer05( 1,2 • (counl + m»; 
rem = zeros( 1 ,count + m); 

for i = I : count + m 
if(a(i,count + m + i) == -I) 

bv(i) = 2· (coun l + m) + i; 
cb(i) = -I; 

elscif(a( i,count + m + i) == \) 

rcm(i)=count + m + i; 
bv(i) = count + m + i; 
cb(i) = 0: 

end 
end 

16 
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Ihj.k I = find(rem) ; 
a(:,k) = II; 
e(k) = II; 
nbv(k) = [] ; 

r = cb II< a - c; 
cxi tng = 0; 
iter = 0; 
z = cb '" d; 
Iw,YI = size(a); 
opt = 0; 

whilc(cxitng = 0) 

itcr = ilcr + I ; 
fprintf('\n\n %d Ih lablcau:\n',iter );% If YOli don', need 
fpr intf('\n\t\t\tB V\t') ;disp(nbv );% intenncdi tc tab leaus be 
disp(1 bv' d a ;0 z rJ); 
f_new = r; 
found = 0; 

while found == 0 

[u,v] = miner new); 
leave = 0; 

i l' - (u < O) 
ifabs(z) > 10' -6 

fp rin tf{'\nError: Wolfmcthod fai ls to find optimum!\n'); 
cx itOg = I; 
found = I; 

else 
fprin tf('\nThe optimum has achieved!\n'); 
ex itflg = J;opt '" I ; 
found = I ; 

end 
else 

rat io = bitshift( l ,lO); 
check = 0; 

for i = I : w 
if bv( i) <= 2'" (counl + m) && abs(bv(i) - nbv(v» = count + m 

cheek = I; 
end 
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end 

ifcheck = 0 
for i = 1 : w 

ifa(i,v) > 0 && (d(i) I a(i ,v)) < ratio 
ratio ~ d(i) I a(i,v) ; 
leave = i; 

end 
end 

fprin tf(,lnEntering Variable:'); disp(nbv(v)); 
fpr intf(,lnLeaving Variable:'); disp(bv(leave» ; 

for i = 1 : w 
for j ~ I : y 

if i -= leave &&j -= v 
a(ij) ~ a(ij ) - a(i,v) • a(leavej) I a(leave,v); 

end 
end 

end 

z = z - d( lcavc)· rev) I a( leavc,v); 
for j ~ I : y 

ifj -= v 
rO) ~ rO)- r(v)' a(leavej) I a(leave,v) ; 
a( leavej) ~ a(leavej) I a(leave,v); 

end 
end 

fori = l:w 
ifi -= leave 

d( i) ~ d(i) - a(i,v)' d(leave) I a(leave,v) ; 
a(i ,v) ~ -a(i,v) I a(leave,v); 

end 
end 

d(leave) ~ d(leave) I a(leave,v); 
a(leave,v) = I / a(leave,v); 
r(v) ~ -r(v) I a(leave,v) ; 
temp = nbv(v); 
nbv(v) ~ bv(leave); 
bv(leave) = temp; 
found = 1; 

clseif check == I 
f_ncw(v) = I ; 

end 
end 
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end 
cnd 
if opt = 1 

x = zeros(n, l ); 
for i = I : w 

ifbv( i) <~ n 
x(bv(i)) ~ d(i); 

end 
cnd 

cnd 
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CUAI'TER3 

LEMKE ALGORIHIM 

In 1968, Lemke proposed a complementary pivoling algorithm for solving linear 

complementary problems since thc KKT conditions for QP can be written as a linear 

complementary problems. 

3. 1 Ocfinilions and Basic Concepts 

This section introduces some basic definitions of thc linear complementary problems and 

KKT conditions for QP. 

Definition 3.1.1: Let M be given nxn matrix and let q be agivcl1 n vector. The linear 

complementary peoblem (LCP) is to find vectors wand z such that 

w-Mz = q 

wJ~ O,zJ ~ O for j = I •... , n 

wJzJ = O forj = l •.... , n 

(3. 1 ) 

(3 .2) 

(3.3) 

or to conclude that no such solution ex is\. Here, (wJ,zJ) is apair of complementary 

variables. A solution (w,z) to the above system is called complementary feasible so lut ion. 

Moreover, such a so lution is complementary basic feasible so lution if (w,z) is a basic 

feasible solution to (3. 1) and (3.2) with one variable of the pair (wJ,zJ) basic for each 

j~ I.. .. . n . 

Definition 3.1.2: Consider the system defined below 

w*Mz*ezo = q 

Wj~ O.zJ ~O,zo ~O for j = I •... , n 

wJz
J 

= 0 for j = l •....• n 

where c is an n ones vec tor. zo""max {*q,: ISiSn}. 
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A feas ible solution (w,z;z-o) to thi s system is called an almost complementary basic 

feasible solution if 

( I ) (w,z,z.,) is a basicfcasibic solution to (3.4) and (3.5). 

(2) neither Ws nor Zs arc basic for some s in { I •.... ,n} . 

(3) Zo is bas ic, and exactly one variable from each complementary pair (wJ,zJ) 
is basic for j= \ , ... ,n and j ~ s. 

Defin ition 3. 1.3 : Given an almost complementary basic feasible so lut ion (W,Z,7-o), where 

Ws and Zs arc both non·basic, an adjacent complementary basic feasib le solution is 

obtained by introduc ing either Ws or Zs in the basis replac ing a variable other than 7-0 from 

the basis. 

Consider the fo llowing QP problem: 

Minimize 
I 

j(x) = cr x + _ xr Qx 
2 

slIbject to: Ax 5 b 

x;?:O 

where A is mx n matrix, b ismx I, cis nx l , x is nx 1 and Q is nxn symrnctric matrix. 

Denot ing the Lagrangian multip lier vectors of the constraints Ax:::b and x2:0 by u and v, 

respecti vely, and denoting the vector slack variables by y. the KKT condition can be 

written as 

Ax+ y=b 

_Qx_ATl/+V =c 

7'V= O,l/Y= O 

x,y,lI , v:<::O 
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Now, letting 

Thus, we can write the KKT condition as a lincar complementary problem w-Mz 

wTz=O and (w,z) 2:0. (\Y, z) is a complementary pair. Therefore the complementary 

pivoling algori thm can be used to lind a KKT point of the quadratic problem whi ch stops 

in a fin ite number of iterat ions. The method has been shown 10 work well when Ihe 

objective function is positive definite, and it requires computationu! effort with n+m 

constraints. 

Difficu lties may arise when the Hessian matrix Q is posi tive semi definite. The simplest 

prac tical approach to overcome this difficulty is to add a small constant to the diagonal 

elements of Q in such a way that the modified matrix Q becomes posi ti ve definite. 

Although the resultant so lution wi ll not be exact. the difference wi ll be insignificant if the 

alterations are kept small enough. 

Introducing the artificial variable ZO, the former algorithm moves among adjacent almost 

complementary basic feasible so lutions until either a complementary basic so lut ion is 

obtained or a direction indicating unboundedness of the region defined by (3 .4) through 

(3 .6) is found . 

Steps of Lemke Algorithm: 

Initialization Step: Introduce an artificial variable Zo and consider the system (3.4) to 

(3.6) . If q~O, stop; (w,z)=(q,O) is a complementary basic feasible solution. Otherwise. 

express the system (3.4) and (3.5) in a table format as in the simplex table. Let -qs=max{­

ql : ISiSn}, and update the table by pivoting at row s and the Zo column. Thus, the basic 

vari ables zo and Wj for j=1.2 •... ,n. and j;t sare non negative. Let Ys= zsand go to the main 

step. 

22 
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Main Step: 

I. In the updated table, let ds be the column under the variable y, and q be Ihe right 

hand side column of constants denot ing the values of the basic variables. If ds ~O. 

go to step 4. Olhewisc, detenninc a row index r by the minimum ratio test 

~r =min{;' :d" >-O, \ :5i s n} 
r,' " 

I r the basic variable at the r is Zo, go 10 step 3. Otherwise, go to step 2. 

2. The basic variable at row r is either WI or ZI for some 1*5 which arc diITerent. 

The variable Ys enters the basis and the table is updated by pivoting at row rand 

the Ys column, where 

y.. = 

Return to step 1. 

{
Z' 

IV, 

if WI leaves the basil' 

if z, leaves the ba.\';s 

3. Here Ys enters the basis, and Zo leaves the basis. Update Ihe current table by 

pivoling at the Ys colum n and tht;: Zo row. SlOP, because a complementary basic 

feasible solution is obtained. 

4. Stop with ray termination. A ray R={(w,z,Zo)+)"d: )..2:0} is found such thai every 

point in R satisfies (3.4),(3.5) and (3.6). Here (w,z,z(» is al most complementary 

bas ic feasible solution associated with the last tab le, and d is an extreme 

direction of the set defined by (3.4) and (3.5), having I in the row corresponding 

to Ys. .ds in the rows of the current basic variable and zero everywhere elsc. 

Stopping the algorithm at this step is termed ray tenn inati on. 
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Example: Consider the following QP problem: 

[
- 18] Here c= 0 ' 

Minimize - 18xl + X l
2 

- XIX] + X l] 

slIbj ecllo : XI + Xl S 12 

- xl +x2 5 6 

XI ~ O. X2 ~O. 

[2 -1] 
Q= - 1 2 ' 

Denoting the vector slacks by y and the Lagrangian multiplier vectors for the constrai nts 

Ax:5:b and x~O by u and v respectively. 

Then KKT condition is given as fo llows 

Ax+y= b 

-Qx-A T u+v=c 

xTv=O, uTy=O 

X, Y, U,V ~ O. 

We have the following system of equations 

xl +x2+y l"" 12 

-xI + y2=6 

2x l-x2-ul +u2+v I =-18 

-x J -2x2-u l-u2+v2=0. 

0 0 - 1 - 1 y, 

Now M=[ 0 -; ]= 0 0 - 1 y, 
w= z= 

- 1 
, 

A' - 1 2 v, 

- 1 2 v, 

24 
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Then the LCP can be written as 

IV, 0 0 - I - I • 12 -, 
w-Mz=q or 

w2 0 0 I - I • 6 -, 
= IV, - I 2 - I " - 18 

IV, - I 2 z, 0 

Now applying Lemke pivoting simplex type to thi s Lep, it yields the sequence of 

simplex iterations given in the following Table. 

Iteration Basic variables Solution Objective Ente ring Leaving 

value variable varia ble 

I (w {. W}, Zo, \Vol) (30,24,18,18) 0 z, w, 

2 (w /. w}, zo. z;} ( 12,18,6,6) -72 z, w, 

3 (Z4 ,wz,Zo. zJ) (4,14,2,10) -84 z, 1, 
4 (Z4,W]. Zf, ZJ) (3 ,12,3,9) -99 -

I-Ienec, from the last simplex iteration table we have the KKT poin t (XI ,X2)=(Z),74)=(9,3) 

and (W], W2, W),W4,ZI ,Z2,Z3,24)=(O, 12,0,0,3,0,9,3). Since Q is positi ve semidefinite . Ihe 

program is convex. Therefore the point (9,3) wil l be an optimal solution. 

3.2 Convergence of Lemke Algorithm 

In this sect ion we discuss under certain conditions on the matrix M, the algorithm stop in 

a finite number of steps ei ther wi th a complementary basic feasible so lution or wi th ray 

tenn inat ion, and it produces a KKT point and ray tennination is only poss ible if the QP 

problem has unbounded optimal solution. 

Oefinil ion 3.2.1 : Let M be n x n matrix. Then, M is said to be copositivc if z T Mz 2:. 0 fo r 

each z .2: O. Furthennore, M is said to be copositivc-plus if it is copositivc and if z ~ 0 

and ZTMz=O imply that (M+M T)Z=O. 
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Theorem 3.2.2: Suppose that each almost complementary bas' , 'bl I ' I Ie leaSl C so utlon to 11C 

system defined by (3.4) to (3,6) is non degenerate' ,'e each b' 'bl ' , , , . . uSle vana C IS posilive and 

suppose that M is connsitive-plus Then the I .. . . I"'~ . , camp cmcntary plvotmg algonthm stops 11l a 

!inite number of steps. Further, if M has nonnegative entries with diagonal poSitive 

elements. then the complementary pivoling algorithm SlOpS in a finite number of sleps 

with complementary basic feasible so lution. 

Proof: LeI (w,z,Zo) be an almost complementary basic feas ible solution, where Ws and Zs 

are both non basic. Then, (w,z,Zo) has , at most two adjacent almost complementary basic 

reasible solutions, one obtained by introducing w~ in the basis and the other obtained by 

introducing Zs in the basis. By the non degeneracy assumpt ion, cach or this solutions is 

distinct rrom (w,z,Zo) because the column under Ws or Zs is ~O, or el se introducing wsor 

Zs in the basis derives Zo out of the basis, thus producing complementary basic reasible 

solution. 

We now show that none or the almost complementary basic reasiblc so lution generated 

by the algorithm is repeated. Let (w,z,Zo) be the point generated at a general ite ration v. 

By contradiction , suppose that (W,Z,Zo)k+o= (W,Z,ZO)k for some pos iti ve integers k and «, 

where k+a is the smallest index ror which a repetition is observed. By the non 

degeneracy assumption, a >1. Further more, by the rules of the algori thm, a>2. But 

since (w,z,Zo) k+([.1 is adjacent to (w,z,Zo h +([, it is adjacen t to (w,Z,Z(I)k . Ir k= \ , and since 

(W,Z,Zo )k has exact ly one adjacent almost complementary basic reasible solution, 

(w,ZtZo )k+o-I = (w,z,Zo )k+1 , and, hence, a repetition occurs at iteration k+u· I , 

contradicting our assumption that the first repeti tion occurs at iteration k+a. Ir 1<2:2. then 

(w.z,Zo )],;+Q-l is adjacent to (W,Z,Zo)k and , hence must be equal to (w,z,Zo )k . 1 . In either 

case, a repetition occurs at iteration (w,z,Zo )],;+u-1. which contradicts our assumption. 

Thus,the point generated by the algorithm are di stinct. 

Since there is only a finite number of almost complementary basic feasible so lutions, and 

since non of them is repeated, the algorithm stopS in a finite number of steps with a com­

plementary basic feasible so lution or with ray termination. 
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To show the algorithm stops with com plementary basic feas ible solution: First na le that 

by the stated assumption on M, the system w-Mz=q, (w,z~O has a solulion ,say. by choo­

sing z sufficiently large so that w=Mz+q;:::O. The result then fo llows from above by noting 

that M is COposili ve-plus. This completes the proof. 

Theorem 3.2.3: Let A be m x n mat rix and let Q be an nxn symmet ric matrix. If yTQY:2:0 

for each y:::O, then the matrix 

=[ 0 - A] 
M AI' Q 

IS copositive. In addition, ify:2:0 and yTQy=O implies that Qy=O, then M is coposi ti vc­

plus. 

Proof: Fi rst, we show that M is copositivc. Lel l:r =(x T, l):2:o. Then, 

(3 .7) 

By assumption, lQy;:::o, and, hence, Q is copos ili vc. To show that M is copositi vc-plus. 

suppose that Z2:0 and zTMz=O. It suffices to show that (M+MT)z=O. But 

And hence, 

, [0 0] M + M = ° 2Q 

(M+M ' )Z=[O ]. 
20' 

Since ZTMz=O, then l Qy=O by (3.7). By assumption, since y2:.0 and l Qy=O, then 

Qy=O, and, hence (M+M T)Z=O, so that M is coposi ti ve- plus. 

27 



• 

• 

I 

Corolhlry 3.2.4: If Q is positive semidefinite, then yTQy=O implies Ihal Qy:=O, so M is 

copositive plus. Furthermore, If Q has non negative clements with pos it ive diagonal 

elements, then M is copositive-plus. 

Proof: It is suffice to show that l Qy=O implies that Qy=O. LeI Qy=d, and noting that Q 

is posi tive semidefinite, we gCI 

Since yTQy=O, then dividing the above inequal ity by: 

A and A. -t O' , it fo llows that O:o::d::.:Qy. 

It is obvious for non negative ent ries M is coposi livc • To show wilh positi ve di agonal 

clement s: If y~O and lQy=o, then y=O, and, hence, Qy=O. By the theorem, M is 

copos ilivc-pius. 

T heorem 3.2.5: Consider the problem to minimize f(x) = cT 
X + ..!..xT Qx subject 10 

2 

Ax;5b, X~O. Suppose that the feasible region is not empty. Further, suppose that the 

complimentary pivoting algori thm is used in an attempt to find a solution to the KKT 
T system w-Mz=q, (w,z)? O, w z=O, where 

where y is the vec tor of slack va riobles, and u and v are the Lagrangian multiplier vectors 

assoc iated with the constraints Ax :::b and x? O, respectively. In the absence of degeneracy, 

under any of the fol lowing conditions. the algorithm stops in a finite number of iterations 

with a KKT point if: 
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1. Q is positive semidefinite and c=O 

2. Q is posit ive definite 

3. Q has nonnegative elements with posit ive diagonal clements. 

Furthermore, if Q is positive semidefinite. thcn ray tCnllination implies that optimal 

solution is unbounded. 

Proof: Assume that Q is symmetric. By theorem 3.2.2 , the algorithm stops in a fi nite 

steps of iterat ions with either a KKT point or a ray termination. If Q is positi ve 

semidefinite or positive definite, or has non negati ve clements wilh positive diagonal 

elements, then by coro llary 3.2.4, M is copositve-plus. 

Now suppose that ray termination occurs. Since M is COPOSilivc-plus, ray termination is 

possible only iflhe fo llowing system has no so lution: 

Ax + y =b 

- Qx - ATII +v=c 

X,Y,II, I' ~ O. 

By rarakas' theorem , the following system must have a solution (d,t): 

Ad-s;O 

A'f-Qd~O 

/,0 
d,O 

b' f +c'd <0. 

Multiplying (3.9) by dT:::O. and noting that ~O and Ad~, it follows that 

0 5 d' AI - d ' Qd 5 0 - d' Qd =-d' Qd. 

(3.8) 

(3.9) 

(3. 10) 

(3. 11) 

(3.12) 

(3. 13) 

By assumption, there exist x· and y . slieh that Ax· + y. = b. (x· ,y.) 2: O. Substituting 

for b in (3. 12) and noting (3.9) and that I(x· ,y . ) 2: 0, we get 

(3 .14) 
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Now suppose Q is positive semidefinite. By (3.13), it follows Ihal d T Qd = 0 and by 

coroll ary 3.2.4, it fo llows that Qd=O. By (3. 14), we have cT d < O. Since Ad S O and 

d ~ O. d is a direction of Ihc feasible region, so that x. +kl is feasible for all A. ~ O. Now 

consider I(x· +Ad) , where [(x) = cT x + ..!.x1Qx. Sincc Qd=O, wc gct 
2 

I(x' +Ad) = I(x') + 4(c1' + x" Q)d +74 ' d 1'Qd = l(x')+4c' d. 

,. 
Since c d < 0, f(x*+Ad) approaches - 00 by choosing A. arbitrari ly largc; thus wc 

have an unboundcd optimal so lut ion. 

We now show that any termi nati on is nol possible under condi tions I, 2, or 3 of thc 

theorem. Now suppose, by contradiction to thc conclusion of Ihc theorem that ray 

tenninat ion occurs under any of these conditions. From (3 .13), liT Qd S O. Under 

conditions 2 or 3, d=O, which is impossible in view of (3.14). I r condition I holds, on the 

other hand, then Qd=O. This togelher with thc assumption that c=O, contrad ic ts (3 .14). 

This completes the proof. 

3.4 Prognlmming in MATLAB using Lemke Algo rithm 

This mat lab program is capable of so lvi ng a convex quadratic programming problem 

changing to linear complcmcntary problems by Lemke method. For the convergence of 

the algorithm it is necessary that ei ther Hcss ian of the objectivc functi on be positivc 

defin ite or posi ti ve semidefini te Hessian with linear term zero. From the following 

programme we will obtain an output resu lt aftcr supplying thc inputs and by calling 

Lemkc(A,Q,b,c). Lemke.m Quadratic Programming using Lcmke's Complementary 

Pivoting Algorithm solves quadratic program in standard form: 

minimize c'·x + II2*x '*Q*x 
subject to A *x <= b 

x >= O. 

functi on [x,obj ,st,i_tab,f_tab,Cbas.dl = Lcmkc(A,Q,b,c) 

JO 
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-r-----------------~~~~ 

% inputs: 
% 
% A - constraint left-hand matrix 
% Q - symmetric object ive matrix . 
% b - const raint right-hand co lumn vector 
% c - objective column vector 
% 
% Returns: 
% 
% x - (local) optimal so lution 
% obj - optimal value of objective function 
% 51 - solut ion type 1 - optimal 
% 2 - unbounded 
% 3 - infeas ible 
% i tab - ini ti al tableau 
% r lab - final tableau 
% r bas - final basis 
% d - ex treme direction 
% 
slypc={'Oplimal ';'Unbounded';' ln fcasible'}; 
m=lcnglh(c); 
m l=lenglh(b); 

M=[zcros{m I,m I) -A;A' QJ; 
q=[b;cJ ; 

[W,z,S1.i_lab,Uab,Cbas,d] = Icmkc(M ,q); 

if st-=3 
x=z(mJ + J:m+ml); 

end 

if - isemply(d) 
dx=d(m+2*m 1+1 :2*m+2*m I); 
i rsum(dx~O) 

51= 1; 
end 

end 

if st-=3 
obj = c'·x+.S·x'*Q*x; 
if any(A ·x>h+.OO I) % infeas ible so lution 

51=3; 
end 
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end 

i fst-= l 
obj~NaN; 

x~ll ; 

end 

st~stypc(st}; 

return 

0/0 ================= 
% local functions 
0/0============::'= 

% ---------- ----------------------------------------
funct ion [w,l,st,Uab,Ctab,f_bas,dJ ~ Icmkc(M,q) 

% --------------------------------------------------

d~n; 

rn ~ length(q); 
tableau ~ [cye(m) -M -oncs(m, I) q 1; 
i tab=tablcau; 

i f all(q>=O) % Solution already found 
w=q; 
z=zeros(m, I); 
C bus=1 :m; 
Uab~Uab; 
51= 1 ; 

else % Initi ali sation step 
tm = 2·m+2; 
zin = 1m- I; 
rowin= l :m; 
ly,s l~min(q); 

pcol=tm- I; 
tabl cau=p i vote labl cau,s,pco I,m); 
rowin(s)=zin; 
pcol=m+s; 
dS9ablcau(: ,pcol); 
wh ile any(ds>O) % Mai n step I - select exit variable and pivot 

s=finds(tablcau,m,lm,pco l); 
if s==O 
w~,, ; 

51=3; 
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f_tab=[]; 
f_bas=[] ; 
z=[]; 
return 

end 
tab leau=pivot(tableau,s,pcol,m); 
ifrowin(s)-=zin % Main step 2· update index 

ptcmp=pcol; 
if rowin(s»m 

pcol=rowin(s)-m; 
else 

pcol=rowin(s)+m; 
end 
rowin(s)=ptcmp; 
ds=tableau( :,pcol); 

else % Main step 3 - stop with feasible solution 
w=tableau(;,tm); 
rowin(s)=pcoJ; 
a=zcros(2* m, I); 
a(rowin)=w; 
w=a(l :m); 
z=a(m+ l :2*m); 
51= 1 ; 

f_ bas=rowin; 
f_tab=tableau; 
return; 

end 
end 
w=tab leau(:,tm); % Main step 4 - stop with ray tcrminntion 
a=zcros(2*m, I); 
a(rowin)=w; 
w=a(1 :m); 
z=a(m+1 :2"'m); 
Cbas""fowin; 
f_lab=tableau; 
d=zeros( I.lm-I); 
d(f bas)=-ds: 
d(pcol)= I; 
51=2; 

end 

return 

~o ----------------- ----------------------------
functi on tablcau=pivol(tableau,prow,peo/,m) 
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ta bleau( pro \II,: )=tabI ea u(prow.: ) .flab Ieau(prow, peol); 
for i= l :m 

if i-=prow 

tab Icau( i, : )~ta bl eau( i,: )-tabl eau(prow,: ). tablcau( i, pco I )/tablcau(prow ,pcol); 
end 

end 

return 

glo --------------------------- _____ ______ _ 

function s ::; finds(lableau,m,tm,pcol) 
~ ------ ---------------------------------

if max(tableau( :,pcol))<.OOOO I 
s~O; 

else 
ic=O; 
for i = I :m 

if tableau(i ,pcol»O 
ic=ic+ l ; 
cv~tableau(i ,tm).Itab lcau( i ,pcol) ; 

if ic== J 
mv=cv; 
s= l ; 

clscif cy==mv & rand>.5 
s=i; 

cl scifcv<mv 
mv=cv; 
5= 1; 

end 
end 

end 
end 

return 
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CHAPTER 4 

CONCLUSIONS 

For any given quadratic programming problem the major factor limiting the choice 

among the solution methods is the character of Q in the objective function . If Q is or 

might be indefinite or posi ti ve semidefin ite, convergence cannOI be guaranteed fo r either 

Wolfe 's or Lemke's method, and it becomes necessary 10 use some type of constrained 

hill-climbing approach to find the various local optima that may exist. This strategy is 

embodied in the quadratic programming algorithm of Bcale, as well as in many other 

more general methods that can be applied to all linearly constrained problems, regardless 

of the nature of their objective functi ons. 

In choos ing among the algorithms, there arc a number of differen t considerations to bear 

in mind. For example, suppose analyst wishes to solve quadratic programming problem 

with a convex objective functi on as quickly or as cheaply read ily available, so that he is 

forced to modify an existing linear programming code. In such a case his primary 

consideration will be that of expedience , and it is clear Ihat be should plan 10 usc Wolfe 's 

algorithm: Conversion from the simplex to the "Wolfe-simplex" method requires little 

more than modifying the logic by which the entering variable is chosen, so that the 

complementary slackness condit ions xJuJ=O, j== I, ... ,n, arc preserved. This may be a 

decisive advantage for users wi th limited budgets. 

It should be noted that the Lemke algorithm has the advantage with respec t to Wolfe and 

Beale, of not requiring the prccomputation of a starting basic feasible solution to Ax::::b. 

On the other hand, it also has Ihe margi nal disad vantage of not operating with in a 

feas ible region: I f computation interrupted for any reason before the problem has been 
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completely solved, not feasible so lution whatever wil l have been guaran teed by the 

algorithm. This is because in almost every real problem solving environment the 

computer is allowed to run until the analyst can conclude with reasonable conlidcncc that 

convergence wi ll not occur. 
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