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ABSTRACT

The main objective of this work is to model a less
computationaly demanding flexible single-site anisotropic
potential using generalized spherical harmonic functions.
These functions have been used to expand the well depth,
€(r,e,,0,), and the range, o(r,vw,,e,), parameters of the
shifted Lennard-Jones (LJ) potential.

We have compared our potential with site-site LJ and
single-site Gay-Berne (GB) potentials. The results are in
better agreement with LJ site-site potential for all tested
orientations. The computational time is comparable to that of
GB potential.

The new potential has the additional advantage of
flexibility. By taking additional spherical harmonic terms any
desired accuracy can be obtained. The important virtues of
this model 1is that it can also be used to model non-

cylindrically symmetric molecules.



INTRODUCTION

Liquid crystal mesophases are formed by many substances
which show strong shape anisotropy purpose of understanding
Liquid Crystal. The development of simple, accurate pair
potentials representative of these molecules is thus of
tremendous value in order to evaluate their macroscopic
properties®. The potential must be mathematically simple,
involving only functions which are easy to calculate; it must
not be time consuming.

Until recently, an accurate intermolecular potential for
any system was Jjust a gleam in the theorist’s eye. The
structure and dynamics of monatomic solids and liquids were
calculated on the basis of simple, convenient, and reasonable
pair potentials and often enough the results were surprisingly
good; for example molecular dynamics studies have shown that
the Lennard-Jones (12-6) (LJ) potential accounts quite
adequately for argon. The application of the same model to
polyatomic molecules has met with good results compared to
that obtained experimentally, but the calculations are time
consuming. Some approximate potentials to simulate
cylindrically symmetric molecules have been developed such as
the Gay-Berne? (GB) potential to overcome the time problemn.
However, it 1is not clear how to extend such potentials to

molecules with non-cylindrical symmetry. Recently much work



2
has been done using spherical harmonics to represent shape
anisotropy in MonteCarlo (MC) simulation of systems such as
halogens. Spherical harmonics have proved a flexible and cost
effective route to the simulation of such systems®.

In the first chapter of this work we shall give a brief
description of the concept of 1liquid crystal theories and
general ideas about the main types of potential models used in
liquid crystals modelling including their merits and flaws.
The second chapter is focused on our potential (ZM) describing
the general form of the potential, the method to determine S
functions, computational details including evaluatiocn of the
coefficients of the strength and range parameters, and
determination of ZM, LJ and GB potentials as functions of
distance r. The third chapter includes results and
discussion, while the fourth is the conclusion. At the end of
this thesis Appendices contain some tables used in our

calculations as well as the general references.



CHAPTER ONE
POTENTIAL MODELS

1.1. INTRODUCTION

A liquid crystal differs in many ways from the isotropic
phase from which it is formed but the difference of prime
importance is the extent of long-range orientational order
while positional order is limited®. It is this difference
which any molecular theory of liquid crystals should first
explain. The development of such theories must begin with the
formulation of the intermolecular potential and the
identification of those features which are responsible for the
transition from the liquid to the liguid crystal phase. The
problem of calculating the thermodynamic observables of a
system from a given intermolecular potential is complex.
There are only two possibilities open: one is to use
approximate theories®-®-7-2.?.10,21,12,13,14,15,16.17 and the other is to

resort to computer simulations?®®-°-20-21.22.23

1.2. TYPES OF MODEL POTENTIALS
Accurate theoretical potentials are few for polyatomic
molecules?®. Statistical Mechanical calculations are usually

done with model potentials. The intermolecular potentials can
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as it leads to accurate calculations of the second virial
coefficient over a wide temperature range®:.

In computer simulations of aspherical molecules, a
popular and effective representation of the short-range
attractive and repulsive interaction consists of designating
several sites in each molecule between which L-J 12-6
potentials act?®?*. For larger molecules it may be necessary
to employ many sites, typically one at each atom position, to
represent the short-range interactions. So the time to
evaluate the potential increases as the square of the number
of sites. This leads to a computational inefficiency. This
problem can be overcome by modelling site-site potential with
a single-site anisotropic potential. The two models are given

in fig 1.2.

1.2.3.2. Single-Site Model Potentials

Like the atom-atom models their principal virtue is in
providing a reasonable description of the molecular shape. In
these models a general expression of the type,
u(r) = ef(r/o) (1.5)
where € and ¢ are assumed to be dependent of the orientation

of molecules, is used for the pair potential.

i) Corner’s Single-Site Potential Model?®

Corner proposed modelling an intermolecular potential

U(rew,0,) by a pseudo-atomic form of Eq 1.5.
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potential U(rew,w,) is assumed to be a function of S where

S = S(rw,0,) is the shortest distance between the cores. The
potential is given by

U(rw,0,) = 4€6,[{0,/S(rw,0,)}** - {0,/S(Trw,0;))°] (1.9)
where €, and o0, are angle independent parameters. The
difficulty inherent in this model is that the calculation of
the distance S is difficult and time consuming and also € is

wrongly taken to be independent of orientation.

iii) Gaussian Overl odels
a) General Gaussian Models?® %%

An axially symmetric molecule whose charge density is
p(r) is assumed to be Gaussian, where
p(r)~ exp[=(¥*+y*) /o0 * - 2*/0 ®] (1.10)
Where x, y, and z refer to the principal axes, z being the
symmetry axis. The contour surfaces of p are ellipsoids of
revolution about z axis, with o and o the diameters of the
distribution perpendicular and parallel to the symmetry axis,
respectively. If two such distributions separated by r and
having orientations w, and w, interact, the coulomb energy is
rigorously given by
U(re,0,) ={dr,dr,p,(r,)p.(r,) | r,-r,|™ (1.11)
It is assumed that at short-range where the distribution
overlap slightly, U is approximately proportional to the
overlap volume integral of the two distributions

U(rw,e,) ~fdr.p,(r,)p.|r.~r|. (1.12)
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This integral can be evaluated exactly and has a Gaussian form
U(re,0,) = €(w,0,0)exp[-r?*/o(w,0,0)?*] (1137
where €(v,0,0) and o(w,0,0) are angle-dependent strength and
range parameters given by

€(w,,0,,0) = €,[1-%%C,. 2] {1.14%
and

0(01,02,0) = 0o[ 1=X?Cy,? J*/3{ (1-% (C1a*+C,?) +%7 (2C,C,C,,-C,0% ) } 2 (1.15)
where

x = (0,7=0.2)/(0,*+0,?) (1.16)
is anisotropic parameter, €, and o, are constants and o, and o_
are major and minor axes. If U,,U, and R are unit vectors
along w,, w, and v respectively, then the three cosines in Egs
1.14 and 1.15 are given by:

s = Wyulls, C, = R.U, and C.=R.U,

In this model, €(w,,w,,0) 1is independent of w, the
intermolecular vector orientation. It is a maximum when the
molecules are parallel and a minimum when they are
perpendicular. Although it is valid for oblate as well as
prolate shapes of arbitrary anisotropy, the r dependence in Eg
1.13 is not realistic. Therefore it is replaced by the more

realistic LJ form in Berne-Pechukas and Gay-Berne models.

b) Berne and Pechukas Model?:*®

Berne and Pechukas have proposed a Gaussian Overlap Model
in which the overlap between two ellipsoidal charge

distributions is first calculated. They suggested that the
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This integral can be evaluated exactly and has a Gaussian form
U(rw,0,) = €(0,0,0)exXp[-r?*/o(w,0.0)?] (1.13)
where €(w,0,0) and o(w,0,0) are angle-dependent strength and
range parameters given by
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and
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x = (6,*-0.%)/(0,’+0,?) (1.16)
is anisotropic parameter, €, and o, are constants and o, and o
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along w,, w, and v respectively, then the three cosines in Egs
1.14 and 1.15 are given by:

Cor = U Ui, Gy = Rul; and C.=R.U,

In this model, €(w,,»,,0) 1is independent of &, the
intermolecular vector orientation. It is a maximum when the
molecules are ©parallel and a minimum when they are
perpendicular. Although it is wvalid for oblate as well as
prolate shapes of arbitrary anisotropy, the r dependence in Eg
1.13 is not realistic. Therefore it is replaced by the more

realistic LJ form in Berne-Pechukas and Gay-Berne models.

b) Berne and Pechukas Model?®:*®

Berne and Pechukas have proposed a Gaussian Overlap Model
in which the overlap between two ellipsoidal charge

distributions is first calculated. They suggested that the
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functional forms €(f1) and o(1) may give a reasonable
description of the well depth and Van der Waals diameter as
functions of orientation so that the potential could be

written in the form

v(u,,U;,R)=4€(0,,0;) {[0(T,,0,,R) /r]*~[0(0,,0;,R) /r]°) (1.17)
where

€(U,,U;) = €[1-x*(U,,0;)*]7"* (1.18)
and

0(U,,U;,R)=0,[1-1/2){ (R.U,+R.U;)*/(1+x (0, .0,)

+ (R.U,-R.U,) /(1-%(U,.0U,) ) 17 (1.19)
are called strength and range parameters respectively. The
anisotropy parameter yx is determined by the parameters of the
ellipsoidal Gaussians as given by Eq 1.16.

This potential has the following unrealistic features
(1) For parallel molecules, the well depth is independent of
their orientation with respect to the intermolecular
vector, whereas in reality the well depths for these
configurations should be significantly different for
elongated mesogenic molecules.
(2) The width of the attractive well is found to vary

with respect to the intermolecular vector.

c) Tsykalo and Bagment Model®*®

Tsykalo and Bagment proposed that the pair potential
should be scaled with a function which depended on the

orientation of the particles with respect to their
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intermolecular vector. They redefined the strength parameter
as
¢(U,,0,,R) = €¢(U,,0,)0,%/0%*(0,,0,,R) (1:20)

However the anisotropy in the strength parameter is then
determined by shape anisotropy via g which may not be
appropriate. In addition this class of potential has another
unrealistic feature in that the width of attractive well
varies with the orientation of the particles with respect to
the intermolecular vector although the width should be

essentially independent of this orientation.

d) Gay and Berne Model®**®

As we have seen before many attempts have been undertaken
to model site-site potential with single-site potential.

To rectify the deficiencies of the Berne-Pechukas
potential mentioned above Gay and Berne have modified the
original Gaussian Overlap Potential in an essentially
phenomenological manner. Thus they attempted to obtain a
function which gave the best fit to the pair potential for a
linear array of four equidistant Lennard-Jones centres with a
separation of 20, between the first and fourth sites [Fig
1.4]). On the basis of such modelling they have proposed a new
functional form for the strength parameter, namely
&0, B R) = €70, 0:) € "0, TR} (el

where
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e (U,,U0,,R) = 1-¢' /2{(U,.R+U,.R)?*/(1+x' U,.U,)
+ (U,.R-U,.R)?/(1-%'U,.U,)} {(1:22)
which is the function of R as well as U, and U,.
The new parameter x’ is used to adjust the ratio of side-by-
side to end-to-end well depths and reflects the anisotropy,
x = {(e/€)*-1}/{(€,/€ )" +1} (1.23)

To overcome the problem associated with the width of the
attractive well, the anisotropic range and strength parameters
were used in the shifted potential
v(u,,U0,,R)=€(0,,0,,R){[r-0(0,,0,,R)+1 ] **~[r-0(0U,,U,,R+1]°])} (1.24)
rather than the Lennard-Jones scaled potential of Egq 1.4,
where o(U,,U,,R) is given by Egq 1.19.

Gay and Berne considered a linear array of four
equidistant LJ sites per molecule to determine their potential
parameters. The best fit to LJ potential gave u= 1, v= 2 and
e./e. = 0.2.

The ability of particles interacting via the Gay Bern
potential to exhibit liguid-crystalline behaviour has been
demonstrated using MD simulation. The system exhibits a
nematic phase with long-range orientational order and just
short-range translational order?®’.

The disadvantages of GB potential are that it is
complicated, contains many terms with different parameters,
and there is no obvious way to extend it to describe general

shape molecules.
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Types of Model Potential

Purely Hard Poten. Purely Attractive Poten. Mixed Poten.
Site-Site Potential Single-Site Potential
|
{
Kihara Model Corner Model Gaussian Overlap
Model
General Gaussian Berne-Pechukas Tskalo-Bagment Gay-Berne
Model Model Model Model

Fig. 1.1. Flow chart showing different types of model

potential.
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Fig. 12. Two types of potential model:
a) site-site and b) single-site

A ——
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Fig. 1.3. The intermolecular axis coordinate system
{the 'r-frame’), with polar Z- axis along r.

Fig. 1.4. A four-site molecule, LJ potentials with parameter — act between sites

on neighbouring molecules which are located on the axes of the
molecules 2 /3 apart
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CHAPTER TWO
SINGLE-SITE ANISOTROPIC PAIR POTENTIAL

BASED ON SPHERICAL HARMONIC EXPANSION

2.1. INTRODUCTION

Our objective is to develop a general single-site
anisotropic pair potential that can be used for efficient
computer simulation.

Our model is based on the shifted form of the Lennard-
Jones (LJ) potential given by

V(r,n,,2,)=46(r,0,,0,) { {T-0(T,0,, M) +1]** = [r-a{r,0.,0,)+1]"°}

Where the first term of the right hand side represents the

anisotropic repulsion and the second term represents

molecule 2 and r is the distance between their centres.
o(r,q,,0,) 1s the intermoclecular separation for a given
mclecular and intermolecular vector orientation where the
intermclecular potential is =zero and €(r,0,,0.) 1is the
potential well depth for the given molecular and
intermolecular orientations. The well depth, €, and the range
parameters, o, are determined as reduced units with respect to
€, AYd o=

Using the Gaussian overlap model Berne and Pechukas and
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Gay and Berne proposed particular forms for the functions o
and €. The main advantage of the Gaussian overlap model is
that it is a simple physical model. The disadvantages are
that it is unlikely to represent the true potential very
accurately and that there is no cbvious way to improve it, or
to modify it to describe non=-cylindrically symmetric
moleculss. -

In our model the range parameter which is the separation
between molecules at zero intermolecular potential, o(r,n,,Q,),
and the energy scaling parameter which is the potential depth,
e(r,n,,0,), for two arbitrary shape molecules are considered
tc be functions of intermolecular vector orientation r as well

as the intermolecular orientaticns Q, and Q,. These parameters

(0,,8.) and that of the intsrmolecular vector {w), as
NGy [T S Nes ¥ 15 T = KX o KLKRZ ¢ My -~ -~
WAL gis; giiz)— £le2e *“mi,mz.a = K1,KZ ElE2E Priezc L L a
and

— ¥ ¥ kikz kilk2
e(rlnllnz)- L gle2e ~mi,m2,m “Kk1,k2 € ere2e Sr.:u.z:. (n) (2‘3)
where O = (0,,0.,6).

Following the <convention of A. J. Stone*®, the

generalized spherical harmcnic is expressed as

Bevase o pit) = L O L5000 0 (1, D L (L) (0] (2.4)
where
Q, = (a,,B,,v,) describes the orientaticon of molecule 1 with

respect to an arbitrary space-fixed axis system.
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N, = (a,,B,,y.) describes the orientation of molecule 2.

@ = (8,p) (polar angles) describes the direction of the
intermolecular vector, r, defined from the origin of molecule
1 to the origin of molecule 2. The coordinate system is shown
in Fig 2.1. Y,"(8,9) is spherical harmonic and D*,(a,B,y) is
the Wigner Rotation Matrix or generalized spherical
harmonic®. Some properties of Wigner Rotation Matrices and
related functions are given in Appendix Al.

C(£,2.¢;mm,m) is a Clebsch=Gordan Coefficient (CGC) given

’ Y = fap \ -0yl fo n NG R T
C(‘plese'nmmi 65.\11..-;112{{2"4-1}{21*%2 :} L% -"_"-L"vl'\_ql-;-?:'%‘f""
WAL P g VU L8 e VLA e NI m NP DNy 122
f 08+ Y i (8y=my ) s (2 my ) L (=) L { &+ L 2=m) &
-1 Y
(S
- ¥

Ny 7

Sl 8 C R R G U -t [ N (I S O

ZiE,TR,ma=Z i (£, WMy =2 {2t =2 s
fs s - i =NV A _ 0 L -\t f£9 3
¢ {f=Z. tm Fz Yt (@=2 . =mFz)l f2:D]

Fdla mvmn —» vmvsem s mwra o e TR I e e S Tovmm mesomlea dolamd
WIS L © -4 TEns over eliose FUQLMLJ? ¢l-Ui$¢ YA LUTOS ouWdll Llias
[P I 7 PO T =T = T dmlaas s m s P de s = smmas o de  wps Tl ~
iIViLE L Ll raCToriass b il ATV LIS s L i Wﬂﬁdbl = LilS

last twoc factorials in Eg 2.5 are in the denominator®. Some
values of CGC are calculated and listed in Table A2.2.

£2,, £,, and £ are ranks of vectors on melecules 1, 2 and that
joining their centres respectively.

In the language of vector spaces, the direct product
space ¢£,2£, is invariant under rotations. It is, however,
reducible (contains invariant subspaces), and it can be
decomposed into a direct sum of irreducible subspaces. The

general result is that £,%¢, contains irreducible parts
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g=¢,+2,, £,+€,-1,.....,2,~¢,| {Which can be written symbolically
as (£,+£))s(£,+£,~1)®....). Also CGC = 0 unless m = m,+m,
These two results are summarized in the selection rules;
C(4,2,2£;mm,m) = 0 unless

1) 12,=2,] < £ < |g,+8,] (2.86)

2) m = m,tm, {2:7)

For a given rank of £, m has the values of

m=+L,8=1,0~2,..,~¢ (2.8)

For integer £ and m CGC has the following properties:

AL B B P e Ay . E142248 M/ 8 8 B e e - \ ~ P
&£, 8. 2 7mmm) = (=) C(£,2,£; =-m,, -], =W} (2.2.a3)
s \ELLE2+L Tt 2 | a [2 JEP - hY £ X A
= = CUE 80 Tt ;M M) (2.,9:.8)
AN 1 z
P e
— fH _\NEl-ml | | fallds: ] 2o - — — z £ —~\
= {=] & , Ll 88,7 =MW, , W, ~“W,; ) (2.9.8)
I ™o 11
o A i 8
3 4% 2 2
R o
= =\ Ei-m2| i AN n - -y ) £9 O Y
= { ; M DS A A A T 11 {2+
[ W] 11‘
P 28, +1!
(o I T | i 2
2%
— f = \iiemi ~rap P - - I L
= 4 ] = L sy iy i gty Less 2T}
a0 1
S sE
Ap 172
I % o
£ oy e2=mz | | £ Bl i - wmw X ~ By
= - o }C\LRL-'_“—uz,m,uIJ. {2.9.E)
ing v
P el T 4

both be even.
Thus due to the centrosymmetric restriction imposed on
our model, the ellipsoidal model, £,, £, and £ are even.

If the molecule has a C, symmetry-axis, such a rotation
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must leave the energy unchanged, so terms involving D, ,° can
only appear if k = 0. In particular, it has been shown that
for linear molecules, k, = k, =0, hence simpler functions can
be used. Thus Egs 2.2 and 2.3 for molecules with cylindrical

symmetry reduce to

a ( rwzmz) = )‘ 21122‘\—'..1-2- al‘.ltzl'. Su.zzz( 012) ( 2 . lo )
and
E (rmzwz) = Etltzzxnm ez:uzz S!.:I.!.zl ( mxz) ( 2 - 11 ]
where
SL!.I.;.I:{WLZ} = Sn.un Cfgl‘n-zz:_“lmzh‘-‘;yunlfmxyYzzn;(w;}f:n.i,“:'} {2-12}
s = (Wt ), hy = (By:@:) and Wy = (B @)
Some expressicons for Y..{Rfz) arse desterminsed and given in

-~ — —~ n - n Tm sy L = =l = e B — -
terms of £, and £,. Thus restricting the values of £, and £,
— -~ - = | N o d A s T o~ wwem 1y — — o —— . e — ) o
to be 0 and 2 the resulting values ¢©f £ can bz determined from
T [a) ~ - m s T mde AT AT e,
a_.l..j < e O L= LRAMUHLALTU U LUwW
a el (2}
2, ] 2 0 2
2 0 0] 2 2
2
A
2 0 2 2 0,2,4

hence the surviving terms of S..... 8re
SCIDO i 5202 r SOZZ ’ S2‘.20 r S222 and Szzc

These functions are determined and summarized in Table
2.1. The details of the determination of these functions is

provided in Appendix A3.
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W]

Using the various assumptions and approximations given
above the expansions of Egs 2.10 and 2.11 reduce to

U(rlml ,{I’z ) = UOGO SDCIG(“J.Z) + azﬂz 5202(012)+ 0022 SOZZ(wIZ} +

0220 Sz20(Ws2) + Ta2z S222(@32) + Ta2p S22,(0,5) (2.13)
and
€(r,w,,Wa) = €000 Soco(@i2) + €202 Szoa({Wi2) + €022 Soza(Wi2) +
€220 Sazo{@12) T €222 Saaa(W1a) + €224 Saaa(Wi2) (2.14)

Assuming that both interacting molecules are identical

leads tO0 O, = 0oz and €., = €g2. Thus Egs 2.13 and 2.14

-~ s \ N i ro ' A ' 4 i 3
U‘\rrwzr‘”.‘e) — Yooo S:"-ot‘“ri T Ugzz § D202l Wy T Sr...:'\ U--)r =
—~ Q s \‘ £ — Q I's A 4 - [ =] s \ il . I~
V220 “P220(Wiz] UVoaas D222\ Wiaj W2za “Zzzal Winj (NI
P |
ana
- Sk Ay o £ o Y o o s a £ vV oL o« £ g Yo
(L, Wy, Wa]j Cpoo “Yoool Wizj T Sg2z 1202\ Wiz] Dozzl Wiz ;
Q { o 1+ £ £ oas . Q Py Tl 1
€220 022:.:\'-"1:‘} r %aga Szzz\‘“:z) + €22, Jzzal‘”lz} LLs L0

Ia— T T s £ oam e dela T mmd dmrrm o omeny t.‘_.-u...d-. a-}.,_.a. e la o ve m oy s
¢ 185 Ciedal, LIToM LiEe LaSc WO ggUuactlions, Tlac Tiere are
-~ — = = —~ R T ~emmE LS~ = - - £ ~ =~ —- =
TWO S&Us ©r eXpansicon Cosificisernis. Five for the range

parameter, Goos Tozzs UTz20r Uz @nd G,,,, and five for the well
deptht €OOOI e(:)22.! 622{)! E2:22 and EZZA'
In order to determine these coefficients, the range and

strength parameters of our potentia are fit to thos

1

determined from the LJ site-site potential for carefully
chosen crucial configurations. The complete procedure is

explained in the computational details.
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2.2. COMPUTATIONAL DETAILS

The coefficients in Egs 2.15 and 2.16 are estimated
according to the following procedure. A flow chart is
presented in Fig 2.2.

4 four-site molecule described in Figure 1.4 is
considered for determining the expansion coefficients in our
potential. LJ potential with range parameter ¢ and strength
parameter ¢ act between sites on neighbouring molecules which
are located on the axes of the molecules 20/3 apart is used.

Four crucial configurations are identified for these
molecules, viz, side-by-side (S-S), head-to=tail (H=T), Tee
(T), and creoss (X)) cenfiguraticons. These configurations are
given in Fig 2.2. For these four configuraticns the LJ
potentials z2s functicns o intermclecular separaticns ars
calculated. The potential well depth, €.,, and the
determined for these crucial configuraticns. These results
are used to calculate the strength, €...., and range, 0. ...
parameter coefficients of our potential. Minimization routine
is used to determine these coefficients®.

Generally to determine the strength coefficients, for
example, the following algorithm is used. Let ¢, = €., be the
reduced minimum potential well depth for the i* configuration
determined for LJ potential. Where ¢,,' is the LJ pctential
well depth of Eg 1.4 for the i*™ configuration. The

I3

corresponding potential well depth, €,”, for our model is
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given by Eg 2.16 as
€i' = €o00S000 T €202 (S202+5022) + €2205220 + €222 S22z + €224 Saaee

For the identified crucial k configurations the spherical
harmonic functions are determined and substituted in the above
equation. An error function is defined as

E = L (e = 8 )° _ (2.17)
Where £ is a function of the five coefficients

f = f(€ccos €o22s €220r €222+ €3224) -

These coefficients are determined as those that can minimize

this error functicon using the conjugate gradient method.
Similarly the range coefficients of Eg 2.15 ars

o~ i . . PR U £ - 2 Th P . - -~ PR ey

Desen i is determined Ior e configuration using LJ
P = e =T ] T I ~——~ —~ i - o~ -l o~ - A~ A - -~ —~ o~ T —
JcTeEntial Where 0,.. is thes reducsd LJ rangse scalilng

------ - e~ o~ - - - o=~ - - - - —~ =g
centiguraltlioln. The COrrespo 1ding sSeparaticn, d ' LS Qur
ol At b mrmdd ATl s asrrreammad o
Singie~sice Polgliclal 15 sXpresssa 4s

’ = i <
Ul. - UGDGSGGO + 0022‘5202‘}'8022} e 02205220 b 0222‘-’222 + 02265224'

The spherical harmonic functions are cbtained for the
identified crucial k configurations. An error function f is
given by

£ = Ex-lk(Gi = '-71’ )2

»—\
[A¥]
[
Q2

—

where £ 1s a function of the five ccefficients,
£ = f(Uooo: Ooenr Ouzos Tazsy Tuug ) s
The coefficients chosen are those which minimize this error

function using the conjugate gradient method.
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The strength and range parameters determined using LJ
site=-site potential are given in Table 3.1. The two sets of
parameter coefficients determined as those which gave the
minimum errors of Egs 2.17 and 2.18 are listed in Table 3.2.
We have compared our potential with the Site-Site LJ and

the Single-Site GB potentials. The results are presented in

the following section.



Fig. 2.1. Angular variables used to describe the orientation of two

molecules relative to the laboratory frame with the director
as Z- axis

Se
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CRUCIAL K CONFIGURATIONS

l___l

Calculate Spherical
harmonic functions

i €
€ Oor o
; L
| Determine Separation Determine Depth
at Zero Potential lof Potential Well
for LJ potential ifor LJ potential
]
~ 1
L A
define error function define error function
fzziqk(ax'oir)z fzziqk(el-elf)z
l T
( _ | v
Minimization Procedure } Minimization Procedure
Calculation of Sigma Calculation of Epsilon
Coefficients Coefficients

Compare LJ, GB and ZM
Potentials

Fig. 2.2. Flow Chart showing computational details.
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rd

Fig. 2.3. Four crucial configurations: a) side-by-side
b} head-to-tail, ¢c) Tee (T) and d) Cross (X) configurations
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Table 2.1 S functions S,,,., for some values of £, ,2, and ¢
(further functions are tabulated in Appendix A3).

Here the following designations are used

X =cosB, X, = cosB,, and X, = cosB,

[ - 1 LA - < & £ . 1T M
Dt = LA57 {2edl=)
o . e "\‘,'!"‘l '\(_\"‘ 1- - 1~ ™ ¥ im) /\:' D SN Tommem N e N
3y = L e p 2tha 2z epgl wmh Fipy E gl fe b agitids | 1 BTG 2.~ aE ] |
C{202, 101 }Kuy® KaoPlul ¥ Pul i) Pus{ X) { 2008 (@ =) |
+
C({202;0,0,0)Ki0" KooPaol XKi)Poal{ X3} Pac({ X}
£ D an
{asatd
Scaz = €(022,022)K3:" KooPool Xi)Paa( X )Poa(X) { 2Cos( 2@,=29) }
+
S L 2 Y £V L D o
C(OZ‘-JO-‘-l)kn koopm(XLJPZL(xz}Pn\XJi-'-CUD(az =B
+
2
C(022:0,0,0)K5" KooPool Xy ) P20 X2 Pao(X)
Lo } g |
(2:28%

Sae = C(220,2-20)Ka2" KooPaslXy)Paz(X,)Poo( X} { 2008 (=2a,+20,) }
C(220,1~10)Kz" KooPor(Ku I Pspf X, T B[ X} { 2008 =, 40, ) ]

C(220:0,0,0)Ka” KocP2o(Xi)Pao(X2) Peo(X)
(2s22)
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Sz22 =  C(222,202)K.." KaoP22( X1 ) Pao( X, ) Poo(X) { 2C0S( 2a,-29)
+
C(222,022)K;"° KaoPao( X)) Paa(X;)Par(X) {2C0S(20,-20) )
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£
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:F
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+

C(222,101)K.,.° KaoPa (X)) Po(X) P, (X) {2COS(Q@,=9) }

Filks s Ko | A1 1~ 2 1. s "D a4 AT ra \ —~ e~ e N\ £ (s e T Y
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\,\c.{.'f,u.:.._.J:\zcnzznurzollerz;\xzjru\nj‘(,‘vva\;’.dz 2¢ ) }
=+

C(224,112)K..2 KPPl X, )P (X )P L(X) { 2c08 (8, +G,~29) )
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CHAPTER THREE

RESULTS AND DISCUSSION

We have performed a series of test calculations on our
pair potentials. In all cases we have given comparisons with
LJ and GB potentials. The potentials are scaled with respect
to the corresponding potential depths for side-by-side

configurations.

by ~117 -t~ P v - —_ 1 —_ ~ Ee - =~ —-— " o~ 2

il daa Wil Qigdrans sSerises 1, Serigs <, ana ssrises 3

—~ - Y - -~ hl e N e e L Tl =T AR
cerrespond to LJ, GB, and our potential ncodels respsectively
T~ T ey = —l =117 = - - e e e -1 -~ TAL O e i
For brevity v SHald TeSieT 40 SUr pPOLBRTLA:s BB & PHUEERELai

dependsence c<f the pair poctentials for side-by-s
cenfiguration. The petential wel
model. The GB potential, on the other hand, although it fits
the well depth of LJ potential, but it overestimates the

separation at the potential depth. It appears that the GB

ng that the

-

poctential is shifted by scme distance indicat

potential is more repulsive.
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Fig. 3.1. Energies of LJ (series 1), GB (series 2), and ZM

(series 3) as functions

of separation for side-by-side cbnfiguration.
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Plotted in Figure 3.2 are head-to-tail (H.T) configura-
tion results for the three potentials. Remarkable agreement
between LJ and ZM potentials has been obtained with S.S to
H.T ratio of approximately 0.15, i.e. the side-by-side
potential well is approximately 6.67 times deeper than the
end-to-end. While the repulsive part problem found in the .
previous configuration (Figure 3.1) for GB potential is
partially solved here, the well depth is much deeper than that
of LJ, with S.5 to H.T ratio of approximately 0.2, i.e. the
side~by=-side potential well is approximately 5 times deeper
than the end-to=-end.

Figures 3.3 and 3.4 compare the poctentials for Tee (T)

and cross (X) configurations, respectively. Cur potential

h

model fits that of LJ remarkably. The GB potential shows

significant discrepancy both in the potential well and
separation at the potential minimum. This dramatic difference
between curves cof series 1 and series 2 suppcocrts the view that
the GB model has some gualitative deficiencies probably
resulting from the use of only two configurations, namely

side=by=-side and head=-to=tail, to fit all the parameters used

in their potential.
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For further comparison the above three potentials have
been tested on five additional cases. These cases include:
rotation from side-by-side to head-to-tail maintaining the
molecules parallel, rotation from side-by-side to head-to-tail
through a Vee configuration, rotation from side-by-side to a
Tee configuration, rotation from head-to-tail to a Tee
configuration, and the rotation from side-by=-side to a crossed
configuration. The results of maximum weil‘depth (ajkéﬁd
separation at maximum well depth (b) are given in Figures 3.5,
3.6, 3.7, 3.8 and 3.9 for the above five cases respectively.

On the average the ZM model potential represents the LJ

[0

= 1o =~ - -~
r than the

(1))

potential bett B potential model. The fit can be

improved by considering additicnal critically important
configurations and including higher-order spherical harmonic
terms in the expansion of strength and range parameters.

The computaticonal time reguired to evaluate the

Q

i

- -
il N

]

O
h

potentials 10,000 randomly generated configurati
determined. The results for LJ, GB and ZM are in the ratio
8:1:1 respectively.

It should be mentioned that the ZM potential alsoc shows
a high degree of flexibility. Ten=-site molecules have been
studied. The corresponding strength and range coefficients

have been determined. The results compare very well with the

corresponding LJ models.
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In summary, three potentials have been conmpared
according to the number of parameters and their
determinations. In the three cases the well depth, €, and the
range parameters, o, are determined as reduced units with
respect to €, and o,. LJ potential has only two parameters €
and og. GB potential is characterized by o, 0,,¢,, €., % %',
v, and @4 parameters. ZM potential is determined using 0.,
Goszr Ozz0r Oa22r Ozze €ooos €ozzs €zsor €asas, and €,,, parameters. Our
potential contains ten parameters. These parameters are
evaluated easily by fitting ¢ and € of our potential to that
of LJ potential. As we have seen in the computational details
these parameters are determined by sclving a se

guations using conjugate gradient minimization methcds. The

D

GB potential, on the other hand, contains about eight

parameters. In addition to there is no simple clear
mathematical procedure to determine these parameters. The
simple mathematical procedurs ussd to determine IZIM potential

parameters makes it more competent and easy to be applied to

different configurations and sites.



£
w

Table 3.1. The potential well depth and the separation
at zero potential calculated using LJ potential
for S-S, H-T, T and X configurations.

potential e
parameters S=5 H-T T X
€(re,w,) -8.75852 =-1.32091 =3.22390 | '=7.61438
O(row,s,) 0,.95549 2.98290 1.,912386 0.83892
Table 3.2. The coefficisnts ©f the well depth and thes
separation at zerc rs;ert*al determined tco
minimize the corresponding srror ‘unc ion.
Strength Coefficients Range Coefficients
B =,23244592E+03 ;s .70389342E+02
Eoss .23417850E+02 Cozaz .61391961E+01
€220 =.12241262E+02 G220 -,90241715E+01
€y =,15379991E+00 T332 .28821168E+01
€z =.31720260E+01 i .35789736E+01
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CHAPTER FOUR

CONCLUSION

We have used generalized spherigg;ﬂgarnoni¢_gungg;gggwgg

develop a pair potential which is flexible. The flexlbxllty

B0 R T

of the potential ‘has been feste& using more sites “an

modelled tc accurately fit the LJ potential. It appears

We have shown that the overall agresment between our
potential and LJ 1is remarkable. Most of the important
guantitative features, strength and range parameters of the LJ
potentials have been correctly predicted for different types
cenfiguraticns. In additicn, our potential combines the
accuracy of LJ potential and the computational speed of the GB

potential.
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APPENDIX Al

Some properties of Wigner Rotation Matrices and related

functions.

Wigner rotation matrix is given by

Dfu(a,B,y)=e " e 1 a5 (B) (Al.1)
afynes .-:_‘:r;_oe;;zi‘t;ﬁ,.-s}-‘ \‘;4,'%%&”, i, S i

where the reduced rotation matrices are given by

A
S

[(L+m) ! (1=-m)!{L=K)!(e+k}!]**
d* (B)=L (-1)°¢ cos(B/2)* sin(B/2)¥
(2+m-t)! (2-k-t)! (2+k-m)!

(Al+2)
where

x=2£2+m-k=-2t, y=2t-m+t
For centerosymmetric molecules k = 0, then
Dfol(a,B,y)=e™ @ (B) =(=1)"[47/(21+1)]1** Y..(0) (Al1.3)
Dfo(a,B,y)=(-1)"[(2-m)!/(2+n)!]1** P,(cosB)e'™ (Al.4)
Yu(Ba) = (-1)® ((28+1)/[4m(€+m)!]}*?*P,"(cosB)e!™ (Al.5)
where
1 d“'=l (cos?B8-1)*

(1-cos?B) = /2 (Al.6)
25! d(cosg) ™

P,"(cosB) =

is called Legender Polynomial®*®.
Yim = (=L)"Y, [&l7)

o™ =L)"Y, (A1.8)

e
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APPENDIX A2

This appendix contains some of the important harmonics,
Clebsch Gordan Coefficients (CGC) and Legender Polynomial
functions that have been used in our potential for the
determination of S,,,.. functions.

Table(A2.1): Some of the lower-order harmonics

TR

m e e, LB T .

0 (1/4m)%2

0 (3/4m)*? cosB

1 | #(3/87m)*? sinfB exp(tiyp)

0 (S/4nm)22(1/2) {3cos®® = 1)

+1 ¥(5/4m)*?*(3/2)"? sinB cosp exp(tiy)

2 (5/4m)*?(3/8)'? sin’B exp(xi2yp)

0 (7/4m)**(1/2) (5cos*8 - 3cosH)

+1 | $(7/47)3(3/16)* 2 sinB(5cos0 - 1) exp(*ip)
£2 (7/4m)*2(15/8)** sin®*BcosB exp(*i2ep)

3 | #(7/47)Y*(5/16)*? sin’0 exp(*i3ep)

0 (9/47)*2(1/8) (35cos*® - 30cos?0+3)

1 | ¥(9/4w)*3(1/80)*? sinB(35cos’8 - 15cosB) exp(ity)
22 (9/4m)*3(5/32)"? sin’*B(7cos®8 - 1) exp(i2typ)

+3 | #(9/47)*?(105/48)*2 sin’0 cosB exp(*i3ep)

t4 (9/47)*2(105/384)*2 sin*® exp(tide)
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Table(A2.2): Some of the non-zero Clebsch-Gordan Coefficients

(CGC)
£, 2 2 m, m, m C(Ly;85,L2:m ,m;,m)
0 0 0 0 0 0 +1
0 1 1 0 0 0 +1
0 1 1 0 1 1 +1
v} 2 Ruink» 0 0 0 +1
0 2 2 0 ‘3 1 +1
] 2 2 0 2 2 +1
1 1 0 1 -1 0 +1/4 3
i 1 0 0 0 0 -1/+ 3
1 I il 0 1 % -1/v 2
o i 1 0 -1 -1 +1 /v 2
I i 1 ¥ 0 1 +1/v 2
1 1 2 0 0 0 +2/v 6
|1 1 2 0 i 1 +1/v 2
i 1 2 1 -1 0 +1/. 6
1 1 2 1 0 1 +1/4 2
1 ) 2 1 1 2 +1
1 2 1 0 0 0 -2/ 10
1 2 1 0 : ot -/ (3/10)
i 2 % . & -2 -1 + (3/5)
1 § 2 1 1 -1 0 + 3/10
1 2 i 1 0 3 +1//10
1 2 2 0 1 1 -1//6
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Table (A2.2): continued

! L. 2 m, m, m c(e,,2,,¢;m, ,m,,m)

1 2 2 0 2 2 -2/ 6

1 2 2 3 -2 -1 +1/V 3

1 2 2 1 -1 0 +1/V 2

1 2 2 1 0 1 +1/4 2

1 2 2 1 1 2 +1N43

2 2 0 0 0 o] +1/( 5

2 2 0 - -1 0 -1//5

2 2 0 2 -2 0 +1/V5

2 2 1 0 : 1 + (3/10)
2 2 ;s 1 -2 -1 +1/v 5

2 2 | 1 -1 0 -1/+10

2 2 1 i 0 1 -i (3/10)
2 2 1 2 -2 0 +2/7 10

2 2 1 2 -1 1 +1/4 5

2 2 2 0 0 0 - (2/7)
2 2 2 0 i 1 +1/7 14

2 2 2 0 2 2 +2/0 7

2 2 2 1 -2 -1 + (3/7)
2 2 2 1 -1 0 +1// 14

2 2 2 1 0 . -1/{ 14

2 2 2 i) 1 2 - (347)
2 2 2 . -2 0 + (2/7)
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Table (A2.2): continued

£4 £, e m, m, m C(&,,2,,¢;m,,m,,m)

2 2 2 -1 1 + (3/7)
2 2 2 0 2 + (2/7)
2 4 0 0 0 +6 /470
2 4 0. 1 3 + (3/7)
2 4 0 2 2 +3// 42
2 4 % | -2 -1 +1// 14
2 4 R | 0 +4 /v 70
2 4 1 0 1 + (3/7)
2 4 i 1 2 2/ 7

2 4 i 2 3 +1/V 2

2 4 2 | -2 0 +1/v 70
2 4 2 | -1 1 +1/v 70
2 4 2 0 2 +3/V 42
2 4 2 1 3 +1/7 2

2 4 2 2 4 +1
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Table(A2.2): Continued

e { £ m, m, m cC(e,,8,,2m, ,m_,m)
2 4 2 2 -4 -2 +4.47214
2 4 2 1 ~3 -2 ~1.05409
2 4 2 0 2 2 +.34503
2 4 2 | 1 1 2 -.19920
2 4 2 2 0 2 +.08909
2 4 2 3 -3 =1 +3.16228
2 4 2| 1 -2 | -1 L e
5 4 2 0 1 1 +.48795
2 4 2 1 0 1 -.35635
2 4 2 2 - 1 +.19920
2 4 2 2 = 0 +.34503
2 4 2 1 =1 0 -.48795
2 4 2 0 0 0 +.53452
2 4 4 2 2 4 +.33029
2 4 4 1 3 4 -.61791
) 4 4 0 4 4 +.71351
) 4 4 2 1 3 +.49543
2 4 4 1 2 3 -.58387
2 4 4 0 3 3 +.17838
2 4 4 1 -4 3 +.61791
2 4 4 2 0 2 +.59216
2 4 4 1 1 2 -.39723
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Table(A2.2): Continued

2 S 2 m, m, m Cle,2,,L:m ,m;,m)
2 4 4| o 2 2 -.20386
2 4 4| 1 -3 | =z +.58387
2 4 a | 2 -4 | -2 +.33029
2 4 4| 2 ~1 1 +.62419
2 4 4| 1 0 1 -.13957
2 4 a | o S R . e
2 4 s | 1 2 | -1 +.39723
2 4 4| 2 -3 1 +.49543
2 4 4| 2 -2 0 +.59216
2 4 4 | 1 < 0 +.13957
2 4 4| o 0 0 -.50965
2 4 6 | 2 a 6 +1.00000
2 4 & | 2 3 5 +.81650
2 4 g1 1 4 5 +.57735
2 4 6 | 2 2 4 +.65134
2 4 6 | 1 3 a +.69631
2 4 6| o 4 4 +.30151
2 4 6 | 2 1 3 +.50452
2 4 6 1 2 3 +.71351
2 4 6| o 3 3 +.46710
2 4 & | -1 4 3 +.13484
2 A 6 | 2 0 2 +.37605
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Table(A2.2): Continued

e, e, ] m, m, m c(e,,2,,¢;m,m,,m)
2 4 6 1 1 2 +.67270
2 4 6 0 2 2 +.58258
2 4 6 | -1 3 2 +.25426
2 4 6 | -2 4 3 +.04495
2 4 6 2 -1 1 +.26591
— 6 1. 0 1 +.59459
2 4 6 0 1 1 +.65134
2 4 6 | -1 2 1 +.37605
2 4 6 | -2 3 1 +.10050
2 4 6 2 -2 0 +.17408
2 4 6 1 -1 0 +.49237
2 4 6 0 0 0 +.67420
4 2 2 4 -2 2 +.74536
4 2 2 3 -1 2 : -.52705
4 2 2 2 0 2 +.34503
4 2 2 1 1 2 -.39841
4 2 2 0 2 2 +.53452
4 2 2 3 -2 /| +.52705
4 2 2 2 -1 i -.56344
4 2 2 1 0 | +.48795
4 2 2 0 g 1 -.71270
4 2 2 i -2 -1 +1.19523
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Table(A2.2): Continued

& L . oy By n C(e:,%.,¢:m ,n,,m)
3 2 2 B =2 0 +.34503
. . 2 |1 1 -1 0 -.48795
o = 4 4 0 4 +.71351
4 . 4 3 1 4 -.61791
' 2 41 2 2 4 +.33029"
' . 41 4 | -1 3 +.61791
& 2 4 3 0 3 +.17838
5 “ 4 2 1 3 -.58387
. . g 12 3 +.49543
% 2 4 4 -2 2 +.33029
. . 4 3 =4 2 +.58387
* £ 4 E 0 2 -.20386
4 5 4 1 1 2 ~.59723
: “ 4 0 2 2 +.59216
' . 4 3 -2 1 +.49543
% 2 4 2 -1 1 +.39723
¥ e 4 1 0 i -.43320
< < 4] 0 1 i -.13957
7 - 4 1 -2 -1 +.62419
. 2 4| 2 -2 0 +.59216
. 4 4 B ’ 0 +.13957
: % 4 0 0 0 -.50965




54

Table(A2.2): Continued

2, £ 4 m, m, m C{L,,¢,,:n, ,m, M)
4 4 o | a -4 0 +.33333
4 4 o | 3 -3 0 -.33333
4 4 o | 2 -2 0 +.33333
4 4 o| 1 i, 0 -.66667
4 | 4 ol o 0 0 +2.00000
o |a | al| o M +1.00000
0 4 a | o 3 3 +1.00000
0 4 4| o 2 2 +1.00000
0 4 4 0 1 1 +1.00000
0 4 4| o 0 0 +1.00000
4 0 4 4 0 4 +1.00000
4 0 a | 3 0 3 +1.00000
4 0 4 | 2 0 2 +1.00000
4 0 4| 1 0 1 +1.00000
4 0 a | o 0 0 +1.00000
4 4 2| a -2 2 +.24618
4 4 2 | 3 -1 2 ~.36927
4 4 2| 2 0 2 +.44137
4 4 2| 1 1 2 -.93048
4 4 2| o 2 2 +2.64820
4 4 2 | 1 ~§ | -2 -.36927
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Table(A2.2): Continued

L. £, £ m, m, m C(L;;2.;L3m ,m;; W)
4 4 2 2 -4 -2 +.24618
4 4 2 4 -3 1 +.46057
4 4 2 3 -2 1 -.43519
4 4 2 2 -1 1 +.29608
4 4 21 1 0 1 -.52016
4 4 e 2 [ . | s +1.04031
4 4 2 : -2 -1 +.29608
4 4 2 2 | -3 -1 -.43519
4 4 2 3 -4 -1 +.46057
4 4 2 4 -4 0 +.53182
4 4 2 3 -3 0 -.13295
4 4 2 2 -2 0 -.15195
4 4 2 1 -1 0 +.13295
4 4 2 0 0 0 -.41786
4 4 4 4 0 4 +.31289
4 4 4 3 i 4 -.49473
4 4 4 2 2 4 +.56097
4 4 4 1 3 4 -.98945
4 4 4 0 4 4 +1.87736
4 4 4 4 -1 3 +.49473
4 4 4 3 0 3 -.46934
4 4 4 2 1 3 +.18699
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Table(A2.2): Continued

25 2, L m, m, m C(e,,2,,£;m, ,m,,m)
4 4 4 b & 2 3 -.18699
4 4 4 0 3 3 -.31289
4 4 4 | -1 4 3 +2.96836
4 4 4 4 =2 2 +.56097
4 4 4 3 -1 2 -..18699
A 4 4 2 0 2 —.24584 R
4 4 - : 5 1 2 +.21203.
4 4 4 0 2 2 -.62579
4 4 4 -1 3 2 +1.12194
4 4 < —2 = 2 +3.36581
4 - 4 4 =3 1 +.49473
4 4 4 3 =2 1 +.18699
4 4 & 2 =1, 1 -.42405
4 4 4 1 0 al e I
4 4 4 0 1 1 =. 22350
4 4 4 -1 2 k -.21203
4 4 4 -2 3 1 +2.61785
4 4 ] =3 4 i +2.96836
4 4 4 4 -4 0 +.31289
4 4 4 3 =3 0 +.46934
4 4 4 2 -2 0 -.24584
4 4 4 1 et 0 - 22350
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Table(A2.2): Continued

Ly L, 2 m, m, m c(e,,e,,e;m ,m,,m)
4 4 4 0 0 0 +.13857
4 4 6 4 2 6 +.51640
4 4 6 3, 3 6 -.68313
4 4 6 4 1 5 +.63246
4 4 6 3 2 5 -.31623
4 4 6| 4 [N — +.60302
4 4 6 3 1 4 +.09535
4 4 6 2 2 4 -.50452
4 4 6 4 -1 3 +.49237
4 4 6 3 0 3 -.68313
4 4 6 2 1 3 -.32567
4 4 6 4 -2 2 +.34816
4 4 6 3 =] 2 +*..52223
3 4 6 2 0 2 +.64324
4 4 6 1 1 2 -.46057
4 4 6 4 -3 i +.20597
4 4 6 3 -2 1 +.50602
4 4 6 2 -1 1 +.30896
4 4 6 1 0 1 -.32567
4 4 6 4 -4 0 +.08989
4 4 6 3 -3 0 +.38205
4 4 6 2 -2 0 +.49441
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Table(A2.2): Continued

2, 2 m, m, m Cc(e,,2.,€:m ,m,, m)
4 4 6 1 -1 0 -.02247
4 4 6 0 0 0 -.44947
4 4 8 4 4 8 +.00254
4 4 8 4 3 7 +.00720
4 4 8 4 2 6 +.01521
4 4 81z 3 3 6 b -.68313
4 4 8 4 1 5 +.04578
4 4 8 3 2 5 +.09157
4 4 8 4 | 0 4 +.05097
4 4 8 3 1 4 +.12896
4 4 8 2 | 2 4 +.17059
4 4 8 4 ; -1 3 +.02943
4 4 8 3 J o | 3 +.09307
4 4 8 2 | 1 | 3 +.15573
4 4 8 4 -2 | 2 +.01537
4 4 8 3 -1 2 +.06148
4 4 8 2 0 2 +.12859
4 4 8 1 1 2 +.16266
4 4 8 4 -3  § +.00687
4 4 8 3 -2 1 +.03637
4 4 8 2 -1 1 +.09623
4 4 8 3 0 1 +.15215
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Table(A2.2): Continued

t;_ L, 12 m, m, m c(e,,2,,¢;m, ,m, ,m)

4 s ] 8] @1 -2 [To [ +.o0 000
4 4 8 | 3 -3 0 +.01833
4 s 8 2 =2 0 +.06415
& 4 8 L -1 0 +.12830
4 “ 8 0 0 0 +.16038
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Table(A2.3): Some of the lower Legender Polynomial functions

2 m P,® (cosB)
0 ¢} L
3 0 cos@
 § 1 sin@
2 0 1/2 (3 cos®8 = 1)
2 1 3 sinBcos®
e 2 = T 3N RT——
3 0 1/2 (5 cos®8 - 3 cosf)
3 1 1/2 sinB(15 cos®*8 - 3)
3 2 15 sin®*@cosH
3 3 15 sin’@
4 0 1/8 (35 cos*8 - 30 cos?@ +3)
4 1 1/2 sinB (35 cos’@ - 15 cosf)
4 2 1/2 sin®*0(105 cos?*@ - 15)
4 3 105 sin6°6cosH
4 4 105 sin‘6
6 0] 1/16(231 cos®*0-315 cos*8+105 cos’*0-5)
6 1 1/8 sinB (693 cos®0-630 cos’0+105 cosf)
6 2 1/8 sin®@ (3465 cos*0-1890 cos*0+105)
6 3 1/4 sin*@ (6930 cos®@ - 1890 cosO)
6 4 1/2 sin*® (10395 cos?0 - 945)
6 5 10395 sin®@ cosB
6 6 10395 sin®@
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Table (A2.3) continued

L mn P.”(cosB)

2 B iy o

5 sy

&8 0 1/128 (6435 cos®® - ;é%%@gm+h%gso cos'd -
1260 cos®@ + 35)

g8 1 1/16 sinB (6435 cos’® - 9009 cos®0 + 3465 cos*8 ~
315 cos8)
8 2 1/16 sin®*0@ (45045 cos® - 45045 cos*® + 10395 cos?®8
- 315)

8 3 1/8 sin’@ (135135 cos®@ - 90090 cos®0 +10395cos6)

8 4 1/8 sin*8 (675675 cos*@ - 270270 cos’B + 10395)
8 B 1/2 sin®@ (675675 cos®8 - 135135 cosB8)

8 6 1/2 sin®B (2027025 cos’0 - 135135)

8 7 2027025 sin’8 cos8

8 8 2027025 sin®@
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APPENDIX A3
This Appendix explains the calculation details for
some lower-order Spherical Harmonic Functions. Here for

brevity the Legender Polynomial functions are designated as:

Pyy(cosB) = Py(X)
P, ,(cosB,) = P(X1)
P,;(cosB,) = P(X2)

A 7 e
AT Sl

A3.1 DETERMINATION OF S
Seos ZLase C(00070003) Yesl0:) Yoole:) Yo' (@)
= (1/4m)*? (1/4m)*® (1/4m)"?
= (1/4m)>2 (A3.1)
A3.2 DETERMINATION OF S,,,:-—
Sz02 = Lus,o,m C(2027M,,0,M) Y20 (0:) Youa (@) You' (@)
from Eq 2.8
when £, = 2 the values of m, = -2,-1,0,1,2

£ 0 the value of m, = 0

Il

2 = 2 the values of m=-2,-1,0,1,2
The values of orders m,,m, and m that make CGC not equal

zero are determined from Eg 2.7 and tabulated below
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Sior = Luia C(202;-20-2) Y,u,(0,) Yoo(0:) You'(0) (A3.2)
= ¥Y..(w,) { €(202;-2,0,-2YY, . (e, )Y, .. (&)
+ C(202;2,0,2)Y,,.(0,)Y,."(0)
+ C(202;-1,0,—1)Y2r1(w1)YL_f(m)
+ C(202:1,0,1)Y,,(0,)Y, .(0)
+ C(202;0,0,0)Y,m(01)¥L;(w) }- (A3.3)
For m = * 2
a = €(202:2,0,2)(Y,,,(0,) Yo (0,) (0,) Y, " (0)

+
Yo, 2(0:) Yoo (02) (6,)Y,, " ()} (A3.4)

kzzpzz(x1)exp(iza1) kazpzz(xl)exp(—izal)

= C€(202,202) [KooPoo(X2) + KooPoo (X2)
K2:Pax(X)exp(-1i2¢) K2,P2.(X)exp(12p) (A3.5)
we have
exp(ima) = cos(ma) + isin(ma) (A3.6.a)
exp(-ima) = cos(ma) - isin(ma) (A3.6:B)
exp(ima) + exp(-ima) = 2cos(ma) (A3.6.C)

substituting Eq A3.6.c into Eg A3.5 we get

a = C(202,202)K;," KooP2(X1)Poo(X,)Pop(X) {2c0s(2a,-2¢)} (A3.7)

For m = + 1
b = C(202;1,0,1){Y,,,(w0;)Yoo(0;)(0,)Y;,"(0)
Yz,-l(ml)Yoo(:la)(ml)Ya,-f(W)} (A3.8)
K Pa(X,)exp(ia,)  k,P,(X,)exp(-ia,)
= C(202,101) | KooPool(X:) + KooPool( X3)
k2P (X)exp(-ip) k2P (X)exp(ip) (A3.9)

Eq A3.6.c into Eq A3.9 gives
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b = C(202,101)Kz" KooP21(Xy)Poo(X2)Pau(X) (2Cc0Os(a,-9) ) (A3.10)

For m = 0
o= Q(20270,0,0)¥ 0(0,)¥0e(6:)Y. o (@) (A3.11)
= C(202;0,0,0)Kz" Puo(X1)Poo(X2)Paol(X) (A3.12)

Then S,,, will be obtained by substituting Egs A3.7,

A3.10 and A3.12 into Eq A3.2.

B = C{202,2021k,," kanixl)Pm(X,)Pzz(x){2cos(2a1-2lp)}
©€(202,100) K07 KuoPur(Xa)Res(Xa) Pas(X) (2008(2,-0)) -
C(202:0,0,0)¥K:0% RooPas( X, )P ( X)) Pou ([ X)
(A3.13)
where
Kew = (=1)% {(28+1)/[4m(2+m)!])*? (A3.14)
and P,® is determined from Eq Al.6 and some values are
tabulated in table (A2.3).
A3.3. DETERMINATION OF S__.:-—
Sozz = Lomze C(02270,m;,m) Yoo (0,) Yaa(0;) Yau'(w)
from Eq 2.8
when £, = 0 the values of m, = 0
£, =2 the value of mn, = -2,-1,0,1,2
£ = 2 the values of m = -2,-1,0,1,2

The values of orders m,,m, and m that make CGC not equal zero

are determined from Egq 2.7 and tabulated below
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Sezz = Laaa C(022;0,m,,m) Y. o(9;) Yas(w:) ¥Yu'(@) (A3.15)
= ¥o(0,) { C(022;0,-2,-2)Y, ,(0,)Y, " (0)

+ €(02270,2,2)Y, .(e,)Y,,."(0)

+ C(022;0,-1,-1)Y, _,(0,)Y,,,"(0)

+ €(022;0,1,1)Y,,(0,)Y,.*(0)

+ C(022;0,0,0)Y,,0(@;)Ys,0"(0) } (A3.16)

For m = + 2
a = C(0227022) (Yoo (0,) ¥as(62) (6,) Vs, (0)

- +
Vool 0y) Yl (0) Yo, " (0) } (AS L 7Y s

KooPoo (X)) KooPoo (Xy)
= C(022,022) | k,.P..(X,)exp(i2a,) + K..P..(X.)exp(-i2a,)
K2:P2a(X)exp(-1i2¢) K22P2(X)exp(i2y) (A3.18)
substituting Eq A3.6.Cc into Eg A3.18 we get

a = C(022,022)K;." KooPool X)) P2a(X2) Poa(X) {2c0s(2a,-20) ) (A3.19)

For m = £ 1
b = C(022;011){Y;,0(w;) Y2 (w;) (0,)Y2,,"(0)

-

YO,O(wl)Y2—1(m2)(ml)YZ,—l.(m)} (A3'20)

KooPoo(X1) KooPoo(Xy)
= C(022,011) | k.P,(X;)exp(ia,) + k21p21(X2)exp(-ia2)
kzlpn(x)exp(_i‘P) k. Po(X)exp(ie) (A3.21)

Eq A3.6.Cc into Eg A3.21 gives

b = C(022,011)Kz" KooPoo(X1) P2y (X:)Pan(X) (2c0s(am9)}  (A3.22)
For m =0
c = C€(022;000) ¥ (0,)Ys0(0;)Y;,0"(0) (A3.23)

C(022;0,0,0)K20"KooPoo(X1) Pao(X2) Pyo(X) (A3.24)

It
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Substituting Egs A3.19, A3.22 and A3.24 into Eg A3.15

S..- can be calculated as below

Soaz = C(022,022)K;,"KooPoo (X, ) P2a(X;) Par(X) (2c0s(2a,-20) )

+

C(022,011)K,:"KooPoo(X;) Py (X5) Poy(X) {2C0OS (a-0) )

+
€(022;70,0,0)k.0* KooPoo(X1)Poo(X,)Pyo(X)

A3.4 DETERMINATION OF S, :-

SZZO = EIJ.,!IZ,O C(ZZO;m2’mllo) Y2I.1(ml) YZIZ(m2) YO-‘(w)

from Eq 2.8

(A3.25)

when £, = 2 the:values of ‘m; = =2,;=1;0,1,;2 i ns

£, =2 the value of m, = -2,-1,0,1,2

£ = 0 the values of m = 0

The values of orders m,,m, and m that make CGC not equal zero

are determined from Eg 2.7 and tabulated below

m | -2 -1 0 1 2
m, | 2 1 0 -1 | -2
m 0 0 0 0 0

Soas = Saass G220, B0 0) Vol ©y) Noalwn) ¥eo (o)
= Y5o'(0) { C(2207-2,2,0)Y,, ,(0,)Y,,.(0)
¥ €(22052,~2,0)¥:.5(9:) ¥ .a{03)
+ Cf2203-1,1,0)¥, . (0:.)Y, {0.)
+ €(220;1,-1,0)¥:,:(0.) Y5, 2(ws)

+ G(220:;0,0,0)¥:.(0;)}¥5.:(03) }

For m = + 2
a = C(220;2-20) {Y.a(w;) Yoz (0,) (0,) Yoo (@)
+

Vocal 0, )¥ 0 (05) (05) Yoy (0) )

(A3.26)

(A3.27)

(A3.28)
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KaPaa(Xi)exp(i2a,)  KaaPao(Xi)exp(-i2a,))|
= C(220,2-20)| K P, (X;)exp(-i2a,) + k..P..(X.)exp(iZ2a,
KooPoo(X) KooPoo (X) (A3.29)
substituting Eq A3.6.c into Eq A3.29 we get
a=C0(220,2-20)K..°KooP2z( X1 ) Paa( X2 ) Poo( X) {2cos(-2a,+2a,) ) (A3.30)
For m = + 1
b = C(220:1-10){Yn(u,)Y,_,(oai(u.)Ym‘(e)

Yo (0,)Y.,(0;)(0,) Yo" (@) ) - l(A3'3l)

kZ.LPZ:L(xl)exp(ial) knPu(xx)exp(-ial)

€({220,1=10) kzlpzl(xz)exp(-iaz) + kzxpzl(xz)exp( iaz)

KooPoo (X) KooPoo(X) (A3.32)
substituting Eq A3.6.c into Eq A3.32 we get

b= C(220,;1=10)K." RosPos ( X )P (Ns) P (X)) (2o {~asfa,) )} (A3.33)

For m = 0O

C(Ozz;ooo)YZO(ml)YZO(w2)YDD.(m) (A3'34)

Q
Il

C(22070,0,0)Kz" KooP2o(X1)Pao(X2)Poo(X) (A3.35)

Substituting Egs A3.30, A3.33 and A3.35 into Eg A3.26
S,,o can be calculated

Sa20 = C(220,2-20)K.," KooP22(X1)Paa(X2) Poo(X) {2C0S (-2a,+2,) }

&
C(220 ,1-10)](212 koopn(xx)Plz(xz)Poo(X) {2cos(-a,+a,)}

e
C(220;0,0,0)K,0" KooPao(X;)Poo(X,)Poo(X) (A3.36)

A3.5. DETERMINATION OF S,,,:-

5222 = EI.I.,IIJ,II c(222;mllm2lm) YZIl(mi) Y2I2(m2) YZII.(m)

B B RN

{
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from Eq 2.8
when ¢, = 2 the values of m, = -2,-1,0,1,2

£, = 2 the value of m, = -2,-1,0,1,2

I

£ = 2 the values of m =2i—1;0;1,;2
The values of orders m,,m, and m that make CGC not equal zero

are determined from Eq 2.7 and tabulated below

m =2 . =1 0 ‘ 1 2

m|-2 -1 0/-2-101/210-1-2{210=-1}2 .

e . --.-',,. = -‘-;; 2
o 1 2

m |0 -1 -2[{10-1-2|{-2-1012|-1012

For m = + 2
X = ml,m2,2 C(222;m1,m2,2) Your (@) Yoo (w,) Y.."(w)
+ L svimaes ©(222:m2 ,02,-2) Youlth) Yaal(e:) ¥.u"(e) (A3.37)

C(222:2f01’2){Y2,2(ml)y2,0(m2)Y22‘(w)+Y2,-2(wl)YZ,O(M2]Y2-2.(M)}

o)
Il

C(22270,2,2){Y2,0(0,)Y;,5(02) Y2 " (0)+Y; 0(0,) Y, 5(0,;)Y,."(0) )

o)
Il

C=0C(22271,1,2){Y.,1(0,) Y5, (0;)¥5" (0)+Y, ,(0:)Y,, 5 (0;) Y7 (0) )

K2oPox(Xi)exp(i2a,) ko.P..(X,)exp(-i2a,)
a =C(222,202) |K,0P.0(X,) +  KaoPao(Xs)
K.oPaa(X)exp(=1i2¢)  Kk,.P..(X)exp(i2y) (A3.38)
substituting Eq A3.6.c into Eg A3.38 we get

a = 0(222,202)K,," K P (X, )P (X,)P.u(X) [ 2008 (2a,~20) ] (A3.39)

K0P 20(X1) K20P20(X1)
b = C(222,022) |k,,P.(X2)exp(i2a,) + Ku.P..(X.)exp(-i2a,)
kzzpzz(x)exp(_iz"p) k22P22(X)exp(i2cp) (A3'4O)

substituting Eq A3.6.c into Eq A3.40 we get
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b = C(222,022)K," KaoPao(Xy) P2a(X,) Py (X) {2C0S(22,-2¢) }  (A3.41)

K. Pa (X,)exp(ia,) k2P (X,)exp(~-ia,)
c = C(222,112) |k, P, (X, )exp(ia,) + kuPx(X:)exp(-ia,)

k,szz(X)exp(-inp) kzzpzz(x)exP(iz"’) (A3.42)

substituting Eq A3.6.c into Eq A3.42 we get

¢ = C(222,112)Ka* KaaPai(Xy) Par(X2) Paa(X) (2C08 (@st@;.5,) ) (A3.43)

For m = 0 -
SRR L SRR o Seat N AR
Yy = ;1 wma0 Ol 242 8L, 08, 0] Youl®,) Yoaley) ¥..'(e) (A3.44)

a =

c(222:2f-210) {Yz,z(ml)yz,—z(mz)Yzc-(m)
&

Va2 (03)Ys,2(0:) Yoo (0) )

b = C(222:l,—l,0){Yz‘l(m,)Y:l_,_(m,)Y,o'(m)
Yo, (0,) Y, (0,) Yo" (00) )
e = C{22250,0,0)Y, {6, }¥, o0 )Y, (6)
(A3.45)
K.:Pss (X, )exp(i2a,) K,.P., (X, )exp(-i2a,)]
= C(222,2-20) | K..Paa(X.)exp(—i2a,) + k:Pa(Xa:)exp(iza,)
K2oP20(X) K20P20(X) (A3.46)

substituting Eq A3.6.c into Eq A3.46 we get

=C(222,2-20)K,." KaoP22 (X, ) P2 (X2) Poo(X) {2COS (=205+2a,) ) (A3.47)

8]

kZIPZI(xl)exp(ial) kzxpzl(xz)exp(-iaz)

C(222;1-10) | =kPau(Xs)exp(~ia;) + kP (X.)exp(ia,;)

K2oP 20 (X) K20P20(X) (A3.48)
substituting Eq A3.6.c into Eq A3.48 we get
b= =C(222,1-10)K.,% K2oP.: (X, ) P12 (X,) Pao(X) {2cOS (-, +a,) ) (A3.49)

c= C(22270,0,0)kz" Pao(X;)Pao(X;)Pao(X) (A3.50)
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For m = + 1
X =% 5 C(222im,0,,1) Yaule:) ¥aulwv:) Y (6)
+ Lowaa ©(222;m,,m,,-1) You(©,) Youa(®,) Yo _.*(0) (A3.51)
a = 0(222;2,-1,1){Y;,.(0,)Y,,,(0,)Y,,,"(0)

+
Yo,2(0,)Y5,,(02)Y,5, " (0) )}

b = C(222;1,0,1){Yz’l(wl)Y;_O(QZ)YZ_;(&))
+

Yo,(0,)Y; 0(0,)Y,, " (@)

C = €(222:0,1,1)(Ys,0(8:)Ys,:(0,)¥a 1" ()

+
Yz,o( w, )Y, (w,) YZ,—.‘L. (0))

q = C(222f‘_1f2r1{Y2,—1(ml)Y2,2(m:)Yz.;.(m)

Y2,1(m1)Y2,—2(m2)Y2,—;- (h)) }

(A3.52)

K:2Pao (X, )exp(i2a,) K.:P:p (X, )exp(-i2a,)

a = C€(222,2-11) | k;P.u(X)exp(~ia,) + -KuP..(X.)exp(iea,)
=K2:P, (X)exp(-ip) KaPau(X)exp(ip) | (A3.53)

Eq A3.6.c into Eq A3.53 gives

a=-C(222,2-11)K,.> K,.P,, (X, ) Py (X5)Pay (X) { 2c0S (2a,~a,~9@) ) (A3.54)

k21P21(x1)exp(ial) k21P21(x1)exp(—ial)-
b = C(222,101) |KsPa0(X2) + K2oP20(X3)
kzlpzl(x)exp(_il'p) kzlpzl(x)exp(i"p) (A3.55)

Eq A3.6.c into Eqg A3.55 gives
b = C(222,101)k,,° KioP2 (X1)Pao(X2)Pa(X) {2cos(a,~-¢) } (A3.56)
K20P20(X1) K20P20 (X1 )
c = C(222,011) |k, P, (X,)exp(ia,) +  k,Pu(X,)exp(-ia,)

kule(X)exp(—itp) k21P21(X)exp(i"p) (A3.57)
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Eq A3.6 ¢ into Eq A3.57 gives

Il

c = C(222,011)ka” KaoPao(Xy)Pay(X2)Pa(X) (2c0s(@-9)) (A3.58)

K., Po (X, )exp(-ia,) kK. P.(X,)exp(ia,)
d =C(222,-121) kzzpzz(xz)exP(ziaz) + 'kazpzz(xz)exp(-zj-az)

=K., Pa (X)exp(-ig) KaPa(X)exp(ip) | (A3.59)

Eq A3.6.c into Eq A3.59 gives
At S R &vfwmﬂmsw AR

Substitution of Egs A3.39, A3.41, A3.43, A3.47, A3.49,

A3.50, A3.54, A3.56, A3.58 and A3.60 into A3.39 gives.

Sz22 = C(222,202)Ks" KyoP22(X))Pao(X2) Pz (X) {2c0s(20,-29) )
C(222,022)k,,* kzopzo(;x)Pzz(Xz)Pzz(x){2005(2‘1;-2‘0)}
C(222,112)k,° kzan(XT)Pu(Xz)Pzz(X) {2cos (@ ta;5) )
B

C(222,2-20)Kz." KaoPoo(Xy)Por(X;) Poo(X) (2c0s(=20a,+2a,) }
+

C(222,1-10)Kz"* KaoPau (Xy)Pia(X;)Pyo(X) {2C0S (-asta,) )
+

C(222;0,0,0)Kz0" Pao(X,)Pao(X;)Pao(X)

+

- C(222,2—11)k212 kzzpzz(xi)Pn(Xz)Pzi(x){zcos(zal"az—‘p)}
+
. c(222l-121)k212 kzan(Xl)Pzz(Xz)le(X){2005(202-01“‘9)}
+
C(222,101)K.7 KaoPai(X;)Paro(X:)Po(X) {2cos(a,-9) )
+

C(222,011)Kz" KaoPao(X,)Poy (X)) Pay(X) {2c0s(az-9) )

(A3.61)
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A3.6. DETERMINATION OF S, :-
Sz2e = Eu,-z,n C(224;m,,m,,m) Y_,(0,) Y.(06;) Yo (0) (A3.62.a)

from Eq 2.8

when £, = 2 the values of m, -2,~-1,0,1,2
¢, =2 the valve of m, = -2,-1,0,1,2

£ = 4 the values of m = -4,-3,-2,-1,0,1,2,3,4

The values of orders m,,m, and m that make CGC not egual z

rom Eq 2.7 and tabulated below
Uf'fﬁﬁgﬁﬁﬁﬁﬁgw*t;* R R R

are determined f

e - i
il )i sabjae
KRR g A, ] o) A

-4 -3 ~2 i | 0 1 2 3 4

=

sl =T/ =2 w=] Q=2 =] '@ L= =1 0 L 22 1 O =42 1 Gl 242

lalalagl

N

=21 =2l =1 =2|1 0 =1 =2[{2 1 @ =1 =2|=1 01 2|06 1 2|2 1|2

For m = + 4
X =L sieneCl224;mi,m2,4) Youle) Yaeluw,) ¥.'(0)
Luimz,-s C(224;Mm1,m2,-4) Yz.l(w1)+Y2.2(m2) Y, '(0) (A3.62.b)
a = C(22472,2,4)(Y;,2(0,)Y;,2(0:) Y, ()
Yz,-:(wl)Yz,-z(wz)Yq-;(w)}
K2.P.. (X)) exp(i2a,) k..P.x(X;)exp(-i2a,)
a = C(224,224) |k,,P..(X,)exp(i2a,) + Kk,.P,(X,)exp(-i2a,)
KuPu(X)exp(-idp) KiPu(X)exp(idyp)) | (A3.63)
substituting Eq A3.6.c into Eq A3.63 we get
a=C(224,224)K% KeoPoa( X, ) Poa(X2) P, (X) {2cOs (22,+20a,-49p) )} (A3.64)
For m = = 3
Y =% . ..C(224;m1,m2,3) You(0,) Y.(w:) Y, ()

+
L ml,m2,-3 C(224;m1l,m2,-3) Y,uu(0,) Y.u(w:) Y., (@)
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I

a C(224;2,1,3)(Y,,2(0,)Y,,,(0:) Y7 (0)
+

Yz,-z(m:.)yz,-x(@z)Y4—3.(0) }

b = C(224;11213){YZ,I(QI)YZ,Z(QZJYQ‘(Q)
¥

Y2,1(m1)Yz,z(ﬁ)2)Y43‘(m) }
PTEIR T Tn——

kzzpzz(x Jexp(iz2a,) K22Pas (X, )exp( 12(!1) ‘ = o
o b R e R SR xS A e a e IR s R e
a = C(224,213) kzzpn(x )exp(ia,) +  KauP(X,)exp(- iaz)

Eq A3.6.c into Eq A3.65 gives

st Yo

a=0C(224,213)K,. K., K. P.. (X, ) Poy (X, )Pen (X) {2cOs (20, +@,-3¢) ) (A3.67)
K2 Po (X, )exp(ia,) K. P2y (X, ) exp(-ia,
b = C(224,123) |K.,.P.a(X,)exp(2ia,) + K,.P..(X.)exp(-i2a,)
K..P.(X)exp(-i3p) kP (X)exp(i3e) | (A3.68)
Eq A3.6.c into Eq A3.68 gives
b=C(224,213)K.,K..K.3P,1 (X, ) Pas(Xo)Pas (X) (2cOs (@, +20,-39)} (A3.69)
For m = £ 2
8 = X e s CL2243M1 ,12,2) Youur£h) Youa() Yo ()
Yos ma-x CF 224 yml, m2 ,=2) Y;(ml) Vaal®:d Yollu) (A3.70)
a = C(22472,0,2)(Y,,2(0,)Y2,0(02) Y (0)

+
YZ,-2(('I)1)YZ,O(MZ)Yd—Z*(m) }

b = C(224:0,2,2) (¥ 68,5 5(6,)¥u"{0)
+
Yz,o(mx)Yz,—z(mz)Y4—z.(@)}
c = C(22451,1,2){Y¥;,,(0,)¥:,:(9:)¥."(0)

+
Yz,—l(mx)Y:,—x(mz)Yn-zt(m) } (A3.71)
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kzzpzz( x;)exp( izan) kzapu(xx)e’(p(-iza:.)
C(224,202) | kyoPs0(X,) + K20P20(X2)
k42P42(x)exp(-iz'P) k;zpaia(x)exp(izw) (A3'72)

substituting Eq A3.6.c into Eq A3.72 we get

a

a = C(224, 202)kzzkzokazpzz(xx)on(xz)Pu(x) {2005(2&1-2'&) } (A3 -73)

SRRy

K20Pao (X, ) K20Ps0 (X, )

b = C(224,022)K,0K20Ke:Pa0 (X, ) Py (X;) Pea (X) {2c0S(22,-29) )} (A3.75)

KaPo(Xi)exp(ia,)  KuPo (X )exp(-iay)
c = C(224,112) |k,,P,,(X,)exp(ia,) + k,,P,(X.)exp(-ia,)
K.:Poa(X)exp(=i2yp) kP (X)exp(i2g) [ (A3.76)
substituting Eq A3.6.c into Eq A3.76 we get
c = C(224,112)K;,% KoPo: (X)) P, (X,)Pea(X) {2cos(a.ta,-2¢9)) (A3.77)
For m = + 1
g = Damzn C(2245m,Mm;, 1) You (01) Yaua(w2) Yo' (@)

+
Enl,nz,-l. C(224;m,,m;,-1)Y . (0;) ¥Youu(w3) Y4,—1.(m) (A3.78)

a =0(224;2,-1,1)(Y,,.(0,)Y;,,(0;)Y,,," (@)
+
YZ,—z(wl)Y2,1(m2)Y4,-l.(m)}
b =0C(224;1,0,1) (Y, (0,)Y;,0(w.)Y,,,"(0)

il
Yz,—x(w:. ) Yz,o(mz)yq.,-—l- (@)}

c =C(224;-1,2,1) {Y2,~1(ml)Y2,2(m2)Y4,1.(m)
o

Yz,l(ml)Yz,-z(wz)Y4,—1‘(m) }

(o
Il

C(224;0,1,1) (Y;,o(0,)Y;,,(w.)Y,,."(w)
+
¥ ol6:) ¥a alus) ¥ o (@) ) (A3.79)
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KaPaa(X,)eXp(120,)  KaaPaa(X,)exp(-i2a,)|
a = C(224,2-11) |K,,P,, (X,)exp(-ia,) + -K,,P.,(X,)exp(ia,)
~kaPa(X)exp(-ip) KuPa(X)exp(ip) |(A3.80)
Eq A3.6.c into Eq A3.80 gives
a=-C(224,2-11)K,,KzKe; Paz (X, ) Pas (X )P“(X){Zcos(za -a —p)} (A3 81)

Ko Pay (X, )exp(m ) K1 Pa (X, )exp( ia, )

= C(224,101) 4 KsoPao( Xa)ssrwmimmminse v - KagPag(Kgdumssvupsmms

kupu(x)exp(-lq,) kupu(x)exP(l‘P)
S Lo o % g et AL
" Eq A3.6.c into q A3.82 gives

b = C(224,101)K,, K0k Pay (X )P (X, )Po (X)) {2cos(a,=-¢) ) (A3.83)
K., Pay (X, )exp(—-ia,) -K.. P (X, )exp(ia,) |
c = C(224,%121) [RP(Xa)jexp(2ia,) + KaPa(X:)exp(=2ia,)
-kKuPa(X)exp(-ip) KuPa(X)exp(ie) | (A3.84)
Eq A3.6.c into Eg A3.84 gives

c==0C(222,-121)K,;K;. K1 Pos (X, ) Psa (X, )P (X) { 2cO8 ( 2a,~a, =) ) (A3.85)

K20P20 (X;) K2oP20 (X;)
d = C(224,011) |k,,P,, (X, )exp(ia,) + k.,P. (X.)exp(-ia.)
KaPa(X)exp(-ip) kaPa(X)exp(ip) (A3.86)
Eq A3.6.c into Eg A3.86 gives
d = C(224,011)K,0K.: K, Pao (X, ) Poy (X2)Pay (X) (2cOS (@-9) )} (A3.87)
For m = 0
i=r0C(224;:m1,m2,0) Y. (0,) You(0,) Y ' (0) (A3.88)

a=0(224;2,-2,0){Y,:(0,)Y; 2(0:)Y,o (0)
+

YZ,-Z(ul)Y2,2(Q2)Y4O.(m)}



76
b = C(224;1,-1,0)(Y,,,(0,)Yz,1(0;)Yeo (@)

Yo, (0.) Y, -(:'12 )Y (0) }
c = C(224;0,0,0)Y,,0(0,)Y,,0(0:) Yo" (@) (A3.89)

kzzpzz(xl)exp(iza1) kzzpzztxl)exp(-izal)

a =C(224,2-20) (K.Pa(Xz)exp(-i2a,) + KiP.(X.)exp(i2ay)| - -

kzxpn(xa.)exp(iax) k.!le.‘l.(xl)exp(-ial)

b =C(224,1-10) _knpzl(xz)exp(-iaz) + kzxpn(xa)exp(iaz)
KioPao(X) KioPao(X) (A3.92)
substituting Eq A3.6.c into Eq A3.92 we get

b = =C(224,1-10)K,* K oPa(X:)P1a(X:)Peo(X) {2cos(-a,ta;)} (A3.93)

C = C(22470,0,0)Kz0" KioP2o(X1)P20(X2)Pao(X) (A3.94)

Substitution of Egqs A3.67, A3.69, A3.73, A3.75, A3.77, A3.81,

A3.83, A3.85, A3.87, A3.91, A3.93, A3.94 into A3.62.a gives

SZZ! -

Ty U AR T T R M
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Saa¢ = C(224,224)Ky" KW Paa(X,)Paa(Xa) Pag(X) (2c0s (2a,+2a,-49) )
+

C(224,213)K.Ka.Ke:P22(X, ) Pay (X2) Paa(X) (2COS (20, +a,-39) )
&
C(224,213)K.Ka2K P2 (X)) Paa(X2) Ps (X) {2cos (,+2a,-39) )

+
; s T T 5 3 il p 4 R A A AN o
C(224,202)K..K,0K:P22 (X, ) Pao (X2 ) Pia(X) { 2cOs (22,-29) )

+
C(224,112)K,;* KoPa(X,)Pay(X,)Pa(X) {2C0S (0

- C( 224,2-11 )kzlkzzkupza(xx)P21 ( xz) Pal( x) {2cos( 201-02_‘9) }
+

C(224,101)K;;K,0Ka P2 (X)) Poo(X2) Pua(X) (2c0s (a,-9) }
+
= C(222,-121 )k, KoK Py (X1 ) Poa(X2) Poy (X) {2C0Os (2a,-2,-9) }
+

C(224,011) KKK Poo (X, ) Pay (X)) Poy (X) {2C0OS (y,=9) )
+

C(224,2-20)K.5KoP22( X, ) P (X2 ) Poo(X) (2cos(-2a,+2a,) )
4
= C(224,1-10)K," KeoPa(X,)P12(X,)Pyo(X) {2c0s(-ayta,) )
+
C(22470r010)k202 KaoP20 (X1 ) Pao(X2) Py (X)

(A3.95)



79

C(424;1,1,2 )kukzxktzpauz-x1)Pn(xz) P.(X) {2cos(a,+tas-29) )

C(424;0,2,2 )k¢okak4sz:X1)Pu(szPu(X) {2cos(2a,-2¢) )}

C(424;3,-2,1) kukzzkuP.:(X;)Pza(Xz)Pu(X) {2cos(3a,-2a;-¢) }
= C(42472,"l;1)kuknkuP;(X;)Pu(Xz)Pu(x){2005(231'02"0)}

c(424:1fol1)kukzoknpu(xx)on(xz)pu(x){zcos(ax-'p)}
C(424;0,1,1)KKaKaPio(X,) P2 (X:) Py, (X) (2c0s(a,-9) )

+
o C(42471,2, 1) KKk P (%) Paa( X2 Pas(X) (2008 (<04 2056

C(424;0,0,0)Ke0K20Ke0Pu0( Xy ) Pao (X;) Pio (X)

(A3.97)
Size = C(42674,2,6)KiKoKeePus (X1)P22(X;)Pes (X) {2C0OS (40, +20,-69) }
+
C(426;4,1,5)KKaiKesPaa(X,) P2 (X)) Pes(X) { 2cOS (4, +1a,-59) )
+
C(42673,2,5)K:KaKesPas(X1) P2a(X;) Pes(X) (2C0OS(3a,+20a,-59) )
+
c(426;4.r0:4)kukzoksepu(xl)on(xz)Psd(x){2005(4a1-4w)}
&£

C(426;3,1,4)K, K. KeiPa(X)PL (X)) P (X) {2cos(3a,+a,~49) )
C(426;2, 2,4)k.2k22k6,Pu(:)_(1)Pu(xz)P“(X) {2cos(2a,+2a,-4yp) }
-C(426:4,-1, 3)kuknksaPu+(X1)Pn(Xz)Pu(X) {2cos(4a;~-a.-39)}
C(426;3,0,3)kukzokﬂPug_Xl)on(XZ)Pss(X) {2cos(3a,-39)}
C(426;2,1,3)kuknkﬁ,Png-xl)P,,(XZ)P,,,(X) {2cos(2a,+a,~3¢) }
C(426:;1,2,3 )kukzz](..,,PuS_Xl)Pn(xz)Ps,(X) {2cos(a,+2a.-3yp) )
C(426:4,-2,2)k“k,2k6,P“_£Xl)Pn(xz)PQ(X){2005(4&,—202—21;))}
“«C(42673,%1,2 VKK KPP ( Xy )P (X5 YPea( X ) { 2C08( 3ay~a.=29) }
C(426;21012)kauzkzokszpuz-xx)on(xz)Psz(X) {2cos(2a,-2¢) )
C(426;1,1,2 )kuknkezPuEXl)Pn(Xz)PGz(X) {2cos(a,ta,~29) }

C(426;O, 212)kAc»kzzkszpw(xl)Pu(xz)Psz(x) {2005(2‘12-2“’)}
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+
C(426;3,-2,1)KiKaKeaiPaa(X,) Paa(X2) Pau (X) {2C0S (3ay-2a,-9) )
- C(426;2,-1 ,1)k.,knknP:(x,)Pn(xa)P“(X) {2cos(2a,-a,-¢) )
C(426;1,0,1)k, zokslpll?xl)on(xz)Psl(x) {2cos(a,-9) )
C(426;0,1,1 )k.oknk“P«,ixl)Pu(xa)P“(X) {2cos ('a,-cp) }

-C(426;-1,2,1)KkuKKaPai(X,) Paa(X,) Pau(X) {2c0s (-, +2a,~9) }

C(82612,-2,0)kuKsKecP o (X,) Pon(Xo) Prn(X) (2008 (20,3037
B -cuzsmmhmkukum&%mmmﬁ ST TT Y 7 TrUEE W——
 C(42630,0,0)KcKa0KeoP ool Xs) Pao(Xa) Peo(X)
R
Spz =  C(28252,0,2)KzKeokyaPas (X, ) Pio (X,) Py (X) { 2C0S (20,-20) )

C(26271,1,2)KakaKosP o (X2) s (Xa) Pan(X) ( 2008 (01, 26)
C(242:0,2,2)k2°k‘2k22P20ELX1)P42(XZ)PH(X) {2cos(2a,-2¢) )

- C(242;-1,3 ,2)kzlk”knP:(Xl)Pu(XZ)Pn(X) {2cos(3a,-a,-2¢)}

+

C(242;-2,4, 2)k22k.ukzzpzz(xx)Pu(xz)Pzz(x) {2cos(4a,-2a,-2¢) }
5

- C(242;2,-1,1)K..KauKaPaa (X, )P (X2) Poy(X) {2cos(2a,-a=9) )
i

C(2427;1,0,1)KaK0KP: (X ) Pio (X)) Pay (X) {2C0OS (a,-9) }

C(242;0,1,1)Ko0K0K2:Pa0( X)) Py (X2) Pay (X) { 2COS (-9) }
oy
- C(242;-1,2,1)K0KKaPo (X)) Pea(X2)Poy(X) {2cOs(20~a,-9) )
3
Cc(242;-2,3 r1)kzzkuknpazfxx)Pta(xz)le(x) {2cos(3a,-2a,-¢))
+

C(242;2,-2,0)KaKiKa0P2:(X,) Pia(X2) Pao(X) (2C0s(20,-205) }

+
= C(242;1,-1,0) KK Ka0P2 (X1 ) Pan (X3) Poo (X) {2CcOs(,-,) }
+
C(242;0,0,0)K0KecK20P20(X1) Pao(X2) Pao(X)
(A3.99)
Szea = C(24472,2,4)K0K0:KeaP2a (X)) Paz (X;)Paa (X) (2C0OS8 (20, +20,-409) )
+
C(244:1,3,4)K.K0:KePa (X)) P (X2) Puu (X) {2cos (a,+3a,-49) )
+

C(244;0,4,4)Ka0KiKeiP20(X1) Pua(X2) Pus(X) (2C0Os(40,-49) )
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+
C(244:2,1,3)KaKaKiaPas(X,) Paa(Xa) Pas(X) { 2008 (20,+:-39) )
C(244:1,2,3 )gnk.;c.,r*,:fxnP.,(x,)P.,(X) (2cos(a,+2a,-39) )
C(28410,3,3)KsKuKorP o (X,)Pus( ) Pas(X) (2605 (3,-30)

- ¢( 244.--,;_u,‘g,&g,;.g__s,;k..k.,Pa?xaP..(xa)P.s(X) (2cos (~a,+40,-39) )
C(24442,02 ) RasksdtiaPa! B2) Pucl XY Pua( X) (008 ( 20,200 }
c(244;1,1, 2)knk.;kupu(x )Pu(X:)Pu(X) (2008 (ata-20))
- C(244:0, zfmm..(&wﬁ.m,, ) (2008(20a=20) ).

e S CERRE T 2Ll £ M akaPu(x IPu (X, )P.a(xnzcos(aa,-ax-zm B

= C(244:;2,-1,1)K.K0KaPoa(X;)Pau(X:)Pa(X) {2c0s(2a,-a,-9) }
i
C(244;1 fO I 1 )kzlk‘0k41P21 (Xl)P40(X2)P41 (X) {.2cos(al-—¢) }
'

C(244;70,1,1)K0K0uKGP20(Xy)Pau(X2)Pa(X) {2cos(a-¢) )}

- C(244r“l,2,1)knk.zkuP:(Xl)P.z(Xz)Pu(X) {2cos(2a,-a,-¢) }
C(244;-2,3, 1)kukukuPz:Exl)Pu(xz)Pu(X) {2cos(3a,-2a,-¢))
c(244;21-2r0)k22k42k4on:(xl)Pu(Xz)Pdo(X){2005(201-’2“2}}

- C(244:l,—1,O)knkﬂkNPg(Xl)Pu(Xa)Pm(X) {2cos(a,~a,) )
C(244:0,0,0)K 0K 0KeoP20(X1) Pao(X2) Peo(X)

(A3.100)
Saee = C(24672,4,6)K0KKeePaz (X )Py (X)) Pes (X) (2cos (20, +4a,-69) )
C(246;:2,3 ,S)kuk.,kestzEXI)Pu(xz)P“(X) {2cos (2a,+3a,-5¢) }
C(246:1,4,5)K.:KKesP2: (X)) Pus(X2) Pos(X) {2cOs (a,+4a,-5¢) }
C(246?2:2:4)knkukuPu(;l)P.z(xz)Pu(X){2COS(201+202-4*P)}
C(246;1, 3,4)k21k,,3k5.1=ntx1)P.,(xz)P“(x) (2cos(a,+3a,-4¢))
c(246;0!414)k20k44k6¢P2£(X1)Pu(x2)P64(X){2C05(4az-4‘p)}

C(246;2,1,3)KaKiKePaa(X1) Pas(X,) Pea(X) {2C0s (22, +2,-3¢) }
+

C(246’.1 7 2' 3)k21k42k6:lp21(xl)PCE(XZ)PSB(x) {2cos(al+2a2-3(p) }
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+
C(246;0,3,3)Ka0Ke3K63P20( X, ) Pua(X,) Pos(X) {2cOs(30,-39) }
+
= C(246,"'1 4,3)KK Ko P n(x )P«(xa)Pss(x) {2005(-0 1Héa-39) )

C(246 2,0, z)kzzkcoksz 2z(x )Pto(x )Psz(X){ZCOS(ZQ 'Z‘P)}

C(246;1,1,2)k kuksszl(X;)P“(XZ)P“(X){ZCOS(C!,.'H!;—ZCP)}

ot ¥ g

C(246;0,2,2)Kk,0KKeP 2o(x JPaa (X, )Psz(x){ZCOS(a?ﬂ "2(9)}
+
+

C( 34&3’31‘;3‘_ R oY

C(246;0,1,1)K.0KKaPao( X)) Paa (X)) Paa(X) {2COS (@-0) }
+

- C(246:-1,2, l)k21k42k51P21(X1)Pa.z(Xz)Psl(X) {2cos(2a2—a1—<p) }
e
C(246:-2,3,1)KaKiKaPan(X;) Pas(X2) Pey (X) {2c0s (3a,-20a,-9) }
+
C(24672,-2,0)K, K KeoPoo (X, )P (X, ) Peo(X) {2cos(2a,-2¢,) )
®

= C(24671,-1,0)KxuKiKeoPa: (X)) Pyy (X2) Peo (X) {2cOs (,-0,) )
4

C(246;0,0,0) K 0Ki0Ke0P20(X1) Pao(X,) Peo(X)
(A3.101)
Soaa = C(044;0,4,4)KooKiaKaaPoo (X)) Paa(X2)Paa(X) {2COS (4a,-40) }
C(044r'0r3f3)kookaak‘aapooz—xl)Pq:a(Xz)P43(X) {2cos(3a,-39)}
C(044?0:2:2)kookuknPoozrxl)Pu(Xz)P.z(x) {2cos(2a,-2¢) }
C(044-'0fl,1)kmkukuPoo§X1)P41(X2)P41(X){2005(0!2-*9)}

C(044;0,0,0)KooKecKaoPoo(X1)Pao(X2)Pao(X)
(A3.102)

}

C(404:4,0,4)KiKooKeaPas (X1) Poo (X2 ) Pas (X) { 2cOS (40,-49) }
+
C(404:3,0,3)KKooKa3Pas(X1)Poo(X:) Pas(X) {2c0s(3a,-39) )
+

C(404:2,0,2)K:KooKiaPaa(X1)Poo(X2) Pan(X) {2c0s (20,-20) }
4
C(404;1,0,1)kKooKaPay (X)) Poo(X:)Psu(X) {2cos(a,-9))
&

C(404;0,0,0)K KockioPao(X1) Poo(X2)Peo(X) (A3.103)
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Ssso = C(4407-4,4,0)KeKisKooPas (X1 ) Paa (X3) Poo (X) { 2COS (40,-40,) }
3

- c(440:-3:3r0)kaaknkoopn(xz)Pas(x:)Poo(x){2005(302-3a1)}
+
C(440;-2,2,0)KKiKooPea( Xy ) Paa(Xa) Poo(X) {2COS( 20.~2a,) )
+
= C(440;_1 r110)k41k41koopu(x1)Pu(xz)Poo(X) { 2COS(02-01) }
+

C(440;0,0,0)K,KicKooPao( X, )P0 (X,)Poo (X)
(A3.104)

S“l = c(444 4 O 4)k44k40k44p¢4(x )P'IO(X )Pdﬁ(x){zcos(4al 4‘0)}

B oq‘,xd.a\ppém SRR e ,,,,\__, IR

C(444:1,3,4)KuKiaKaPa (X)) Pa(X:)Pu(X) {2cos (a,+3a,-49) )
e

C(444 70,4, 4)k4ok44kupoo(x1)Pu(Xz)Pu(x) { 2005(402'4‘9) }
%5

-C(44474,-1,3)KKaukisPua(X1) P (X2)Pas(X) {2cos(4a,~-a,=3p) )
+
C(444;3f0f3)k43kaok4sp43(Xl)Pco(xz)Pu(x){2005(3(11_3‘0)}
+
C(444:2,1,3)kKaukKaPa(X,) Pa(X2)Pos(X) (2cos(2a,+a.~3¢p) )
+

C(444;1,2,3)KuKKiuPa (X)) Paa(X:)Pa(X) {2cos(a,+2a,-39) )
+
C(444:01 3, 3)k40k43kazp4o(xl) PA:(xz)Pu(X) {2COS(3C!2—310) )

=C(444:-1,4,3 )1k 0K KiaPo (X)) P ( X2)Pys(X) { 2cos (4as.~a,=3¢) }
+

C(444;4,-2,2) K. KaiKiPas (X )P (X,)Pus(X) {2cos (4a,=-2a,-29) }
+

-C(444;3,-1 12)kqakukupu(xx)Pu(Xa)Pd.z(x) {2cos(3a,~a,-2¢) }
4

C(44472,0,2)KiKeoKaoPaa(Xy) Poo(X2)Pya(X) {2c0s(20,-29) )
+

C(444;1,1,2)kKaKePa (X)) Pau(X2)Paa(X) (2cos(a ta.-2¢) }
+

C(444;0,2,2)KiKizKaaPio(X1) Paa( X2)Pya(X) {2cOs(20a,-2¢) )
4
- C(444?-l 13 2)k41k43k42ptl(xl)Pu(xz)PH?(x) {ZCOS( 302"(!1“2@) }
PN

C(444;-2,4, z)kukukazpu(x.t)Pu(xz)Paz(X) {2cos(4a.-2a,-2¢) }
+

-C(444;4,-3,1 JKiaKasKaaPaa (X1) Paa (X2) Py (X) {(2cos(4a,-3a,-¢)}
+

C(444;3 1-2:1)kukwkupd:!(xa.)Pu(xa)Pu(X) {2cos( 301_202-‘9) }
+
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- C(444:2,-1,1)KKuKauPo (X, )P (X)) Py (X) (2cos(2a,-ax-¢) }
C(444:1,0 ,1)kuk.okuPu?X1)Pm(xa)Pu(x) {2cos(a,-¢)}
C(444;0,1,1 )ktokclkAJ.Pto;-Xl)qu(xz)Pu.(x) {2cos(a,~9)}

- C(444;-1,2,1 )k41k4zkupt-:(x1)P4z(xz)Pu(X) {2cos(2a,-a,-9¢) )
C(444:-2,3,1 )k42k|3k41p42zx1)P43(xz)Pu(x) {2cos(3a.~2a,~¢) )

- C(444:-3,4,1 )knktckupn( X1)Peu(X3) P (X) {2005(4‘13-3(!4_?),} "

C(444 -4,4 O)RMKMK.OP“(X )PH(X) .O(X){2COS(40 -4a,))

e P‘r&?ﬂ- 1o

- C(4445-1,1,0)KuKuKaoPu (Xs) P (X,) Puo(X) (2008 (0p=03) )
+
C(44450,0,0)KeKeoKuoPuo( Xy ) PaolXa) Pao(X)
(A3.105)

Sase = C(44674,2,6)KKi:KeePas (X1)Paa(X;)Pee (X) {2C0OS (4, +20,-6¢@) }
+

C(446;3f3t6)k43k43k66P43(i(1)P43(X2)P&e(x) {2cos(3a,+3a,-6p) }

C(446:2,4,6 )qukqaksep:;z(fl)PA-:(Xz)Ps.s(X) {2cos(2a,+4a,-69) }

C(446;4,1,5)K, K KesPaa(X,)Pon(X,) P (X) {2CcOs (4a,+a,-5¢) }

C(446:‘3f2.5)k43kazkesPu(;1)Pu(Xz)PGS(X){2COS(3al+202-5lP)}
+

C(446;2,3, 5)k42k43k65P42(3—<1)Pq.a(xz)Pes(X) {2cos(2a,+3a,-5¢) }

0(446;1,4,5)k.lk“ksspuixl)P“(xz)PE_,,(X) {2cos (a,+4a,~5¢) )

C(446:4,0,4)K,KiKeaPaa(X:)Poo(X,)Poo(X) {2cos(4a,-49) )
+
C( 446;3,1, 4‘)kqskuk“Pu(Xl)Pu(xz)Peq(x) {2005(301‘*0;4@) }
+
C(446;2,2,4)K K KaiPe(X,)Pia(X2)Poo(X) (2c0s(20a,+2a,-49) }
+

C(44671 i3 :4)k41k43k64P41(x1)P43(X2)P54(x) {2008(&14‘302-4@)}
+
C(446:0,4,4)KKiaKesPao(X1)Pys(X;)Pey(X) {2C0Os(4a,-49) }
+
- C(446;4 L 3)kukuksaPu(Xl)Pu(xz)Pss(x) {2005(4‘31-&2—3‘9)}
+

C(446:3,0,3)K:KecKePas(X1) Poo(X:) Pes(X) (2C0s(32,-39) }
+
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C(44672,1,3)KKauKaPaa(X,)Pa(X;)Pes(X) {2c0s(2a,+a,~39) )
C(446;1,2,3 )kukuksspu.;—xl.)qu(xz)Paa(x) {2cos(a,+2a.,-3¢) }
C(446;0,3,3 )ktokukssp.uo{xl)Pn(xz)Pss(x) {2cos(3a.-39)}

= C(446 i=1,4 r3)kukuksspu(xx)Pu(xz)Pea(x) (2C05(4az-01-3‘p) }
+

C(446:4,-2,2)K, KKe:Puo(X,) P (X,) P (X) { 2cOS (4, -2a,~29) )
+

=C(446:;3,-1,2)KKukKePaa(X;)Pa(X2)Pea(X) (2cos(3a,-a,~2¢) }
+

(446 2,0 2)k42k40k62 u(X )Pao (X, )Psz(x){2COS(201 Z‘P)}
SRR ;#ﬁw@'%qvmrh e P 1 S

-C(446;-1,3, 2)kaxkt:rkezpu(xl)P43(X2)P62(X) {2005(302-01_2”0) }

+
C(446:-2,4,2)KKeKePaa(X1)Pas(X2) Pea(X) {2C0s (40,-20,-29) }
+
= C(446 74,3 , L)R K Kar P Xy ) Pia( X3 J Py (X ){ 2008 (4a,~3a,~p) }
-+

C(446;31—211)k43k42k61P43(X1)P-az(xz)Psl(x) {ZCOS(3QL-2QZ_¢)}
£

- C(446:21'l! 1)k42k41k61P42(Xl)P41(x2)P61(X) {2005(231-02—‘0) }
4

C(446;1,0,1)KaKioKeiPas (X)) Poo (X)) Pey (X) {2C0OS (0y-9) }

C(446:'0f1:l)kwkukﬂPm:Xl)PM(XQ)PE.:(X) {2cos(a,-9)}
- C(446:-1,2, l)kukuka:( X,)Paa(X2)Pa (X) {2c0s (2a,~a,-9) }
0(446;-2!311)kazk-nkslpdlz-:xl)P43(X2)P51(X){2cos(3a2-201_(p)}
-C(446F'3.4-1)kukukaP.:EXl)Pu(Xz)Pn(X) (2cos(4a.-3a,-¢) )
C(446:-4,4,0)k“k“ksoP:(Xl)P“(Xz)Peo(X){2005(402-401)}
« Qf446:=3,3, 0)k.,k.,kﬁop‘z(Xl)P“(xa)Pso(X) {2cos(3a,-3a,) )

C(446:;-2,2,0)KKiKeoPaz(X,)Pua(X2)Peo(X) { 2C0S (22,-20,) }
4

= C(446;-1,1,0)k,K0uKeoPa (X)) Py (X)) Poo (X) { 2cOS (-0, ) }
+
C(446;0,0,0)Kk KicKsoPso(X1)Peo(X,)Peo(X)
(A3.106)
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Sis = C(44874,4,8)KiKiKeaPua (X, )Pt (X;) Py (X) (2CcOS (40, +40,-89) )
C(448;4,3,7 )k«kukrrpu(;x)Pu( X3) Py, (X) {2c0s (4a,+3a,~79) )
C(448:3,4,7 )kukukupuf;l)P..(xz)P.v(X) {2cos(3a,+4a,~7¢))
C(448:4,2,6 )k“k‘zk“P“(‘;,)Pu( X.)Pu(X) {2cos(4a,+2a,-6¢) )
C(448:3,3,6 )knk-uknspu(;l)platxz) P,(X) (2cos(3a,+3a,~6¢9) )
C(448;2,4,6)k‘,k“k“P.,(;t)P“(x,)P“(X) (2cos(2a,t4a,-69)}
C(448:4,1 5)k..kuk.sPu(X )P41(X )P..:,(X) (2005(40#0: 5¢)}

oGP S B il

C(448;:3,2 S)knkukaspu

Cc(448;:1,4 5)kc1kuksspu(x )Pu(x )Pss(x){2005(0 +4az 5\0}}

C(448:4,0,4)KKiKecP :(Xl)P.o(Xa)Pu(X){2005(401 49p) )
C(448:3,l,4)kuk,lk“P”-Exl)PH(XZ)P“(X){2cos(3a1+a,-4cp)}
C(44872,2,4)KKiKeaPaa(X,)Pia(X:) Pyg(X) {2c0s(2a,+20a,-4¢) )
Cc(448:1,3, 4)kukuks.PuE-X1)Pu(Xz)Pu(X) {2cos (o, +30,~49) )
+

C(448;0,4,4)KKiuKeiPio(Xy)Pia(X,)Pay(X) {2c0Os (4a,-49) }
+
-C(44874,-1,3)k KuKesPua(X;:) P (X2) Paa( X) {2cos(4a,-a,~3y) }

C(448:3,0,3)KKuKasPus(X,) Puo(X,) Py (X) {2008 3a,-39) )
Cc(448;2,1,3 )ktzkuknap.uz'xl)Ptlfxz)Pa:s(x) {2cos(2a,+ta,-39) )
C(448;1,2,3 )kukukaaPu{X;)Pu(Xz)Pu(X) {2cos(a,+2a,-3yp) }
c(448;0,3,3 )kcokukupsoi—xx)Pu(xz)Pes(X) {2cos(3a,-3p)}

= C(4487-1,4,3)K K KesPui (X)) P (X3)Pya(X) {2cos(da=a,=39) )
C(448;4,-2, 2)kukukuP“-;Xl)P,,(XZ)P,Z(X) {2cos(4a,-2a,-2¢) }

-C(448;3,-1, 2)k.=k.1k.,P.:EX1)Pu(Xa)Pu(X} {2cos(3a,-a.,~2¢) }
C(448;2,0, 2)k.zkmk.zP‘zerl)P.o(Xz)P.z(X) {2cos(2a,-2¢)}
c(448;:1,1, 2)k.lk.lk,zPu:Xl)Pn(XZ)P,z(X) {2cos(a,+a.-2¢) )

+
C(448;0,2,2)K KiKaaPuo( X)) Pya(X;)Poa(X) {2C0Os (2a,-29) )
-+
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