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Abstract

This dissertation studies three interrelated topics: design of non-uniform antenna arrays
using genetic algorithm (GA), application of smart antennas to cognitive radio (CR) and
determination of the distributions of signal-to-interference ratio (SIR) in Rayleigh fading.

The performance of a single-element antenna is limited. To obtain high directivity,
narrow beamwidth, low sidelobes, point-to-point and preferred-coverage pattern charac-
teristics, etc., antenna arrays are used. Nowadays, antenna arrays appear in wireless
terminals and smart antennas, so robust and efficient array design is increasingly be-
coming necessary. In array design, it is frequently desirable to achieve both a narrow
beamwidth and a low sidelobe level. A uniform array yields the smallest beamwidth and
hence the highest directivity. It is followed, in order, by the Dolph-Chebyshev and Bino-
mial arrays. In contrast, Binomial arrays usually possess the smallest sidelobes followed,
in order, by the Dolph-Chebyshev and uniform arrays. In the dissertation, GA is used to
design a non-uniform linear array that approximates the beamwidth of a uniform array
and having smaller sidelobe level than the Dolph-Chebyshev array. The designed array
generally exhibits the largest directivity as compared to the uniform, Binomial and Dolph-
Chebyshev arrays. The result can be used in applications where narrow beamwidth and
low sidelobes levels are preferred such as in switched-beam smart antennas.

The second topic addressed by the dissertation is application of smart antennas to
cognitive radios. Conventional CRs exploit the licensed spectrum by opportunistically
seeking the underutilized radio resource in time, frequency and space (geographic) do-
mains. However, there are other dimensions that need to be explored further for spectrum
opportunity. The angle dimension is a typical example. The literatures surveyed point
to the fact that little work has been done in this dimension. The dissertation particu-
lary investigates the performance of CRs equipped with smart antennas in exploiting the
angle opportunity in Rayleigh fading channel. The proposed cognitive transmitter keeps
the interference to the primary receiver below a given threshold while at the same time
ensuring high enough signal-to-interference-plus-noise ratio (SINR) at the cognitive re-
ceiver. It was shown that the angle spectrum can be significantly exploited for spectrum
opportunity using smart antennas. It was also shown that the angle spectral efficiency
for Rayleigh channel is lower as compared to a non-fading channel with the same power
levels and radio terminal locations. Moreover it has been shown that increasing the cog-
nitive transmitter power beyond a certain level has negligible effect on the angle spectral
efficiency.

The third topic of the dissertation extends the determination of the distribution of
SIN in Rayleigh fading channel when N interferers are present. In fading channels the
SINR and SIR are random variables and their distributions have to be known for a cor-
rect description of the receiver. The distributions of SIR in Rayleigh fading have been
described by deriving a closed form expression for the probability density function, cu-
mulative distribution and outage probabilities.

Keywords: Antenna Arrays, Uniform Arrays, Non-Uniform Arrays, Binomial Ar-
rays, Dolph-Chebyshev Arrays, Genetic Algorithm, Cognitive Radio, Smart Antenna, An-
gle Spectrum, Rayleigh Fading, SINR, SIR.
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Outline of the Dissertation

This dissertation is arranged as follows:

• Chapter 1 Gives a quick revision of antenna arrays with more emphasis on non-
uniform arrays, discusses smart antennas at length, covers adaptive beamforming
techniques and concludes with a discussion on Direction-of-Arrival algorithms.

• Chapter 2 Looks at cognitive radios. The motivations behind the emergence of
cognitive radio concept is discussed. The traditional spectrum sensing dimensions
are described in depth and the angle spectrum opportunity is emphasised for further
research. Potential applications of cognitive radio are listed and the major research
challenges in cognitive radio system are discussed at length.

• Chapter 3 Presents new results on the design of non-uniform linear array using
genetic algorithm. The results have been peer reviewed and presented at the 13th
International Conference on Advanced Communication Technology (ICACT 2011)
[224] and subsequently published in the Journal of Wireless Networking and Com-
munications [225].

• Chapter 4 Addresses the issue of exploiting the angle dimension in cognitive radio
using smart antennas. The results achieved show that the angle dimension can be
greatly exploited to increase the efficiency of spectrum utilization in the already
congested radio spectrum. The results have been peer reviewed and accepted at the
2012 International Conference on Computer, Information, and Telecommunication
Systems, CITS 2012.

• Chapter 5 Addresses the classical problem of finding the sum of random variables.
The result obtained on the sum of N exponential random variables is used to derive
a new closed form expression for the distribution of SIN in Rayleigh fading channel.

• Chapter 6 Summarizes the findings of the dissertation and recommendations for
future work.

• Appendix A Presents an overview of the Monte Carlo simulation method. The
method is used in Chapter 4 to simulate the region where cognitive radios are to be
successfully deployed.

x



Chapter 1

Smart Antennas

1.1 Introduction

Over the last two decades, there has been a considerable interest in using smart antennas
for improving the performance of wireless radio systems. A smart antenna is basically an
antenna array with a smart signal processing algorithm. Smart antenna systems include,
in general, collection of techniques and algorithms that attempt to improve the received
signal, suppress co-channel interference, and increase capacity.

This chapter is organized as follows. Section 1.2 gives a quick revision of antenna
arrays. More emphasis is given to non-uniform arrays since, basically, smart antennas are
non-uniform in their excitation current. It also shades more light to Chapter 3. In Section
1.3 smart antennas are described in depth, their types and advantages are discussed. The
signal model basic to array processing is presented in Section 1.4. Adaptive beamforming
techniques and algorithms are dealt in Section 1.5. A brief description of Direction-
of-Arrival algorithms are described in Section 1.6. Throughout the chapter, extended
references are provided to give us an overview of smart antenna research and applications.

1.2 Antenna Arrays

Smart antennas are composed of a collection of two or more antennas, called an antenna
array, working in concert to establish a unique radiation pattern for the electromagnetic
environment at hand. The antenna elements are allowed to work in concert by means of
array element phasing, which is accomplished with hardware or is performed digitally [1].
Some very useful texts on array phasing include Haykin [2], Johnson and Dudgeon [3],
and Van Trees [4]. Extensive material can be found in the phased array text by Brookner
[5] or in the article by Dudgeon [6]. Arrays of antennas can assume any geometric form.
A thorough treatment of linear arrays is found in the texts by Balanis [7] and Kraus and
Marhefka [8].

1.2.1 Pattern of a Generalized Array

An antenna array consists of two or more antenna elements that are spatially arranged
and electrically interconnected to produce a directional radiation pattern. The intercon-
nection between elements, called the feed network, can provide fixed phase to each element
or can form a phased array. The geometry of an array and the patterns, and orientations

1



Figure 1.1: An arbitrary three dimensional array

of the elements influence the performance of the array.

Consider a three dimensional array with an arbitrary geometry shown in Figure 1.1.
In spherical coordinates, the position vector rm of the mth element of the array is given
by

rm = (ρm, θm, φm) (1.1)

where ρm is the magnitude of rm while θm and φm are, respectively, the elevation and
azimuth angles. The propagation (or wave) vector in the direction of the source of an
incident wave is given by

k = −k ar (1.2)

where k = 2π
λ

is the phase constant, λ is the operating wavelength and ar is the unit
vector in the direction of the position vector.

Throughout this discussion it is assumed that the source of the wave is in the far-
field of the array and the incident wave can be treated as a plane wave. To find the array
factor, it is necessary to find the relative phase of the received plane wave at each element.
The phase is referred to the phase of the plane wave at the origin. Thus, the phase of
the received plane wave at the mth element is obtained by the projection of the element
position rm on to the plane wave arrival vector −k. This is given by −rm ·k with the dot
product taken in rectangular coordinates. In rectangular coordinates,

− k = k(sin θ cosφ ax + sin θ sinφ ay + cos θ az), and (1.3)

rm = ρm sin θm cosφm ax + ρm sin θm sinφm ay + ρm cos θm az (1.4)

where ax, ay, and az are the cartesian unit vectors.

The relative phase ξm of the incident wave at the mth element is

ξm = −k · rm
= kρm(sin θ cosφ sin θm cosφm + sin θ sinφ sin θm sinφm + cos θ cos θm)

= k(xm sin θ cosφ+ ym sin θ sinφ+ zm cos θ)

(1.5)

where (xm, ym, zm) are the cartesian coordinates of the mth element.

2



1.2.2 Array Factor

For an array of M elements, the array factor is given by

AF (θ, φ) =
M∑
m=1

ame
j(ξm+δm) (1.6)

where am and δm are, respectively, the amplitude and phase of the weighting of the mth
element.

The normalized array factor is given by

f(θ, φ) =
AF (θ, φ)

max |AF (θ, φ)|
(1.7)

This would be the same as the array pattern if the array consisted of ideal isotropic
elements.

1.2.3 Array Pattern

If each element of the array has a pattern gm(θ, φ), which may be different for each
element, the normalized array patter is given by

F (θ, φ) =

M∑
m=1

amgm(θ, φ)ej(ξm+δm)

max

∣∣∣∣∣
M∑
m=1

amgm(θ, φ)ej(ξm+δm)

∣∣∣∣∣
(1.8)

In (1.8), the element patterns must be represented such that the pattern maxima are
equal to the element gains relative to a common reference.

1.2.4 Equally Spaced Linear Arrays

Consider a linear array equally spaced along the x−axis with inter-element separation
distance d. If the first element is located at the origin (Figure 1.2), the position vector
(1.4) and relative phase (1.5) of the mth element become

rm = ρm ax = (m− 1)d ax ∵ θm = 90◦, φm = 0◦, φ = 0◦ (1.9)

ξm = kρm sin θ = (m− 1)kd sin θ (1.10)

Thus the array factor becomes

AF (θ) =
M∑
m=1

ame
j((m−1)kd sin θ+δm) (1.11)

Uniform and non-uniform arrays are examples of equally spaced arrays.

3



Figure 1.2: A linear array with m elements

1.2.5 Uniform Arrays

A uniform array is an equally spaced array with equal weighing magnitude and a progres-
sive phase shift. Thus, for uniform equally spaced linear arrays,

am = 1 (it can be any constant value) (1.12)

δm = (m− 1)δ (1.13)

where δ represents the phase by which the current in each element leads the current of
the preceding element.

The array factor becomes

AF (θ) =
M∑
m=1

ej(m−1)(kd sin θ+δ) (1.14)

In many applications it is desirable to have the maximum radiation of an array di-
rected normal to the axis of the array (i.e., θ = 0◦). This occurs when δ = 0. This array
is called a broadside array because the maximum radiation is broadside to the array ge-
ometry. Two major lobes are seen because the broadside array is symmetric about the
θ = ±π/2 line. As the array element spacing increases, the array physically is longer,
thereby decreasing the mainlobe width. The general rule for array radiation is that the
mainlobe width is inversely proportional to the array length.

Figure 1.3 shows plot of the normalized array factor for uniform broadside array with
8 elements and d = 0.25λ and 0.50λ.

1.2.6 Non-Uniform Arrays

Non-uniform linear arrays have uniform inter-element spacing and non-uniform amplitude
distribution. In the simplest case, they are used to control sidelobe levels and beamwidth.
In beamforming, the non-uniform array weights can be chosen to meet any specific crite-
ria, such as, steering the main lobe towards direction of interest, placing nulls at certain
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Figure 1.3: Uniform broadside arrays with m = 8, d = 0.25λ and d = 0.50λ.

angles and shaping sidelobes.

Two of the most common non-uniform arrays, viz. Binomial and Dolph-Chebyshev
arrays, will be considered next.

1.2.6 Binomial Arrays

Binomial weights create an array factor with no sidelobes, provided that the element
spacing d ≤ λ/2. The binomial weights are chosen from the rows of Pascal triangle. The
first ten rows are shown in Table 1.1.

Table 1.1: Pascal’s triangle
N = 1 1
N = 2 1 1
N = 3 1 2 1
N = 4 1 3 3 1
N = 5 1 4 6 4 1
N = 6 1 5 10 10 5 1
N = 7 1 6 15 20 15 6 1
N = 8 1 7 21 35 35 21 7 1
N = 9 1 8 28 56 70 56 28 8 1
N = 10 1 9 36 84 126 126 84 36 9 1

Figure 1.4 shows binomial arrays withN = 8 and inter-element spacing d = 0.25λ, 0.5λ.
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Figure 1.4: Binomial arrays with m = 8, d = 0.25λ and d = 0.50λ compared with a
uniform broadside with m = 8, d = 0.50λ

1.2.6 Dolph-Chebyshev Array

The excitation coefficients of a Dolph-Chebyshev array are related to Chebyshev’s poly-
nomials. It is primarily a compromise between uniform and binomial arrays. A Dolph-
Chebyshev array with no side lobes (or side lobes of−∞ dB) reduces to the binomial array.

Chebyshev’s polynomials can be given by the recursive formula

T0(x) = 1

T1(x) = x

Tn+1(x) = 2xTn(x)− Tn−1(x)

(1.15)

The main goal in Dolph-Chebyshev array design is to approximate the desired AF
with a Chebyshev polynomial such that

• the sidelobe level meets a desired level, and

• the main beamwidth is as small as possible.

Figure 1.5 shows an example of Dolph-Chebyshev array with major-to-minor lobe ratio of
26 dB compared with a uniform and binomial arrays with the same number of elements
and spacing.
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Figure 1.5: Dolph-Chebyshev array with major-to-minor lobe ratio of 26 dB and N =
10, d = 0.5λ compared with Uniform and Binomial arrays with the same number of
elements and spacing.

1.3 Smart Antennas

A smart antenna system combines multiple antenna elements with a signal-processing
capability to optimize its radiation and/or reception pattern automatically in response to
the signal environment. Spatial processing leads to more degrees of freedom in the system
design, which can help improve the overall performance of the system.

Widespread interest in smart antennas has continued for several decades due to their
use in numerous applications [9]. The first issue of IEEE Transactions of Antennas and
Propagation, published in 1964 [10], was followed by special issues of various journals [11],
[12], [13], [14], [15], books [16], [17], [2], [19], [20], [21], [1], a selected bibliography [22],
and a vast number of specialized research papers. Tutorials are also presented in [23] and
[24]. Some of the general papers in which various issues are discussed include [25], [26],
[27], [28], [29], [30], [31], [32], [33], [34], [18],[35], [36].

Although phased arrays had been widely used to synthesize directive beams in radar
and satellite communications, it was only in the 1990s that antenna arrays drew the at-
tention of terrestrial wireless system designers. This attention was due, largely, to the
enormous success of cellular systems and the need for higher capacities resulting from that
success. The success was also partly due to the advent of very fast and low-cost digital
signal processors that has made smart antennas cost effective and practical.
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1.3.1 Advantages of Smart Antennas

In mobile-communication systems, smart antennas are used to overcome the problem of
limited channel bandwidth, satisfying a growing demand for a large number of mobiles on
communications channels. Smart antennas, when used appropriately, help in improving
the system performance by increasing channel capacity and spectrum efficiency, extending
range coverage, steering multiple beams to track many mobiles, and compensating elec-
tronically for aperture distortion. They reduce delay spread, multipath fading, co-channel
interference, system complexity, bit error rate (BER), and outage probability. Smart an-
tennas also provide space diversity.

Delay spread occurs in multipath propagation environments when a desired signal,
arriving from different directions, becomes delayed due to different travel distances. De-
lay spread and multipath fading can be reduced with an antenna array that is capable
of forming beams in certain directions and nulls in others, thereby canceling some of the
delayed arrivals. Usually, in the transmitting mode, the array focuss energy in the re-
quired direction, which helps to reduce multipath reflections and the delay spread. In the
receiving mode, however, the array provides compensation in multipath fading by adding
the signals emanating from other clusters after compensating for delays, as well as by
canceling delayed signals emanating from directions other than that of the desired signal.

System complexity and cost is decreased by the use of a smaller number of base sta-
tions.

The increase in the spectrum efficiency- which is defined as the amount of traffic a
given system with certain spectrum allocation could manage is a result of the capability
of the antenna array to provide virtual channels in an angle domain. This is referred to
as Spatial-Division Multiple Access (SDMA), which means that it is possible to multiplex
channels in the spatial dimension, just as in the frequency and time dimensions [37]. The
increase is achieved by using spatially selective reception and spatially selective transmis-
sion.

Perhaps the most important feature of a smart-antenna system is its capability to can-
cel co-channel interference. Co-channel interference is caused by radiation from cells that
use the same set of channel frequencies. Thus, co-channel interference in the transmitting
mode is reduced by focusing a directive beam in the direction of a desired signal, and
nulls in the directions of other receivers. In the receiving mode, co-channel interference
can be reduced by knowing the directional location of the signals source, and utilizing
interference cancelation.

The reduction in outage probability, which is the probability that a mobile user would
lose the ability to communicate, is achieved from the increase in the available channels.

Smart antennas can provide space diversity to alleviate the effects of channel fading.
Space diversity is used extensively in wireless networks. The basic idea of space diversity
is as follows: if several replicas of the same information carrying signal are received over
multiple branches with comparable strengths and which exhibit independent fading, then
there is a high probability that at least one (or more) branch will not be in a fade at any
given instant of time. When a receiver is equipped with two or more antennas that are
sufficiently separated (typically several wavelengths) they offer useful diversity branches.
Diversity branches tend to fade independently, therefore, a proper selection or combina-
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tion of the branches increases link reliability. Without diversity, the protection against
deep channel fades requires higher transmit power to ensure the link margins. Therefore,
diversity at the base can be traded for reduced power consumption and longer battery
life at the user terminal. Also, lower transmit power decreases the amount of co-channel
interference and increases the system capacity [24].

The smart antenna system needs to differentiate the desired signal from the co-channel
interference, and normally requires either ‘a priori’ knowledge of a reference signal, or the
direction of the desired signal source, to achieve its desired objectives. There exist a variety
of methods to estimate the direction of sources, with conflicting demands of accuracy and
processing power. Similarly, there are many algorithms to update the array weights, each
with its speed of convergence and required processing time [2], [38]. Algorithms also
exist that exploit properties of signals to eliminate the need of training signals, in some
circumstances.

1.3.2 Types of Smart Antennas

Today, several terms are used to refer to the various aspects of smart-antenna system tech-
nology, including intelligent antennas, phased arrays, SDMA, spatial processing, digital
beamforming, adaptive antenna systems, and others [39]. Smart-antenna systems, how-
ever, are usually categorized as either switched-beam or adaptive-array systems. Although
both systems attempt to increase gain in the direction of the user, only the adaptive-array
system offers optimal gain, while simultaneously identifying, tracking, and minimizing in-
terfering signals. It is the adaptive system’s active interference capability that offers
substantial performance advantages and flexibility over the more-passive switched-beam
approach. Smart antennas communicate directionally by forming specific antenna-beam
patterns. They direct their main lobe, with increased gain, in the direction of the user,
and they direct nulls in directions away from the main lobe. Different switched-beam and
adaptive smart antennas control the lobes and the nulls with varying degrees of accuracy
and flexibility.

Figure 1.6 illustrates the beam patterns that each system might choose, in a scenario
involving one desired signal and two co-channel interferers. The switched-beam system
is depicted on the left, while the adaptive system is on the right. Both systems direct
their major lobe in the general direction of the signal of interest, but the adaptive system
chooses a more-accurate placement, providing greater signal enhancement. Similarly, the
interfering signals arrive at places of lower gain outside the main lobe, but, again, in the
adaptive system, the interfering signals receive maximum suppression.

The traditional switched-beam method is considered as an extension of the current
cellular sectorization scheme, in which a typical sectorized cell site is composed of three
120-degree macro-sectors. The switched-beam approach further subdivides the macro-
sectors into several micro-sectors. Each micro-sector contains a predetermined fixed beam
pattern, with the greatest gain placed in the center of the beam. Typically, the switched-
beam system establishes certain choices of beam patterns before deployment, and selects
from one of several choices during operation. When a mobile user is in the vicinity of a
macro-sector, the switched-beam system selects the micro-sector containing the strongest
signal. During the call, the system monitors the signal strength, and switches to other
fixed micro-sectors, if required. All switched-beam systems offer similar benefits, even
though the different systems utilize different hardware and software designs. Compared
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Figure 1.6: Beamforming lobes and nulls that switched beam (left) and adaptive array
(right) systems might choose for identical user signals (green line) and co-channel inter-
ferers (yellow lines)

to conventional sectored cells, switched-beam systems can increase the range of a base sta-
tion from 20% to 200%, depending on the circumstances of operation [23]. The additional
coverage means that an operator can achieve a substantial reduction in infrastructure
costs.

There are, however, limitations to switched-beam systems. Since the beams are pre-
determined, the signal strength varies as the user moves through the sector. As a mobile
unit approaches the far azimuth edges of a beam, the signal strength degrades rapidly
before the user is switched to another micro-sector. Moreover, a switched-beam system
does not distinguish between a desired signal and interfering signals. If the interfering
signal is around the center of a selected beam and the user is away from the center, the
quality of the signal is degraded for the mobile user.

Adaptive antennas take a very different approach. By adjusting to an RF environment
as it changes, adaptive-antenna technology can dynamically alter the signal patterns to
optimize the performance of the wireless system. The adaptive antenna utilizes sophis-
ticated signal-processing algorithms to continuously distinguish among desired signals,
multipath, and interfering signals, as well as to calculate their directions of arrival. The
adaptive approach continuously updates its beam pattern, based on changes in both the
desired and interfering signal locations. The ability to smoothly track users with main
lobes, and interferers with nulls, insures that the link budget is constantly maximized.
This effect is similar to a persons hearing. When one person listens to another, the brain
of the listener collects the sound in both ears, combines it to hear better, and determines
the direction from which the speaker is talking. If the speaker is moving, the listener, even
if his eyes are closed, can continue to update the angular position, based solely on what
he hears. The listener also has the ability to tune out unwanted noise and interference,
and to focus on the conversation at hand.

Figure 1.7 shows a comparison, in terms of relative coverage area, of conventional
sectorized, switched-beam, and adaptive antennas. In the presence a low level of inter-
ference (Figure 1.7a), both types of smart antennas provide significant gains over the
conventional sectored systems. When a high level of interference is present (Figure 1.7b),
the interference-rejection capability of the adaptive system provides significantly more
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coverage than either the conventional or switched-beam system.

Figure 1.7: Coverage patterns for switched beam and adaptive array antennas

Another important advantage of adaptive-antenna systems is its capability to ‘create’
spectrum. Because of the accurate tracking and robust interference-rejection capabilities,
multiple users can share the same conventional channel within the same cell as shown in
Figure 1.8. This enables us to use SDMA. In this case, users may use the same frequency,
time, or code allocations over the air interface and only be separated spatially. This
enables SDMA to be a complementary scheme to FDMA, TDMA, and CDMA. Thus
SDMA provides increased capacity within congested areas.

Figure 1.8: Fully adaptive spatial processing, supporting two users on the same conven-
tional channel simultaneously in the same cell.

1.4 Signal Model

Array signal processing involves the manipulation of signals induced onto the elements of
an array. A signal model useful for array processing is presented here. Detailed informa-
tion can be found in [9], [38].
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Consider an array antenna of L, isotropic elements, shown in Figure 1.9. Assume the
array to be receiving M uncorrelated sinusoidal point sources, of frequency f0. A plane
wave, radiated from the ith source in direction (φi, θi) arriving at the lth element of the
array after time

τl(φi, θi) =
rl · a(φi, θi)

c
(1.16)

where rl is the position vector of the lth element, a(φi, θi) is the unit vector in direction
(φi, θi), and c is the speed of propagation of the plane wavefront.

Figure 1.9: The coordinate system for the signal model [23].

For a linear equally spaced array, aligned with the x-axis such that the first element
is situated at the origin (Figure 1.9), this becomes

τl(θi) =
d

c
(l − 1) sin θi cosφi (1.17)

where d is the inter-element distance. The signal induced on the reference element due to
the ith source is normally expressed in complex notation as

mi(t) exp(j2πf0t), (1.18)

where mi(t) denotes the complex modulating function.

Assuming that the plane wave on the lth element arrives τl(φi, θi) seconds before it
arrives at the reference element, the signal induced on the lth element due to the ith
source can he expressed as

mi(t) exp {j2πf0[t+ τl(φi, θi)]} , (1.19)

This expression is based upon the narrow-band assumption for array signal processing,
which assumes that the bandwidth of the signal is narrow enough for the modulating
function to stay almost constant during τl(φi, θi) seconds, that is, the approximation

ml(t) ∼= ml[t+ τl(φi, θi)] holds. (1.20)
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Let xl denote the total signal induced due to all M directional sources and background
noise on the lth element. Then, it is given by

xl =
M∑
i=1

mi(t) exp {j2πf0[t+ τl(φi, θi)]}+ nl(t) (1.21)

where nl(t) is a random-noise component on the lth element, which includes background
noise and electronic noise generated in the lth channel. It is assumed to be temporally
white, with zero mean and variance equal to σ2

n.

Consider a narrow-band beamformer, shown in Figure 1.10a, where signals from each
element are multiplied by a complex weight, and summed to form the array output. It
follows from the figure that an expression for the array output can be given by

y(t) =
L∑
l=1

w∗l xl(t), (1.22)

where ∗ denotes the complex conjugate.

Figure 1.10: The structure of a narrow-band beamformer (a) without and (b) with a
reference signal [23].

Denoting the weights of the beamformer as

w̄ = [w1, w2, . . . , wL]T (1.23)

and the signals induced on all elements as

x̄(t) = [x1(t), x2(t), . . . , xL(t)]T (1.24)
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the output of the beamformer becomes

y(t) = w̄H x̄(t) (1.25)

where superscripts T and H, respectively, denote the transpose and complex-conjugate
transpose of a vector or matrix. w̄ and x̄(t) are referred to as the array weight vector and
the array signal vector, respectively.

If the components of x̄(t) can be modeled as zero-mean stationary processes, then for
a given w̄ , the mean output power of the processor is given by

P (w̄) = E [y(t)y∗(t)] = w̄HRxxw̄ (1.26)

where E[·] denotes the expectation operator, and Rxx is the array correlation matrix,
defined by

Rxx = E
[
x̄(t)x̄H(t)

]
(1.27)

Elements of this matrix denote the correlation between various elements. For example,
Rxx(i, j), denotes the correlation between the ith and the j th elements of the array.

Denote the steering vector, associated with the direction (φi, θi) or the ith source by
an L-dimensional complex vector s̄i, by

s̄i = {exp[j2πf0τ1(φi, θi), . . . , j2πf0τL(φi, θi)]}T (1.28)

From the above equations, it follows that

Rxx =
M∑
i=1

pis̄is̄
H
i + σ2

nI, (1.29)

where I is an identity matrix and pi denotes the power of the ith source, measured at one
of the elements of the array. Using matrix notation, the correlation matrix, Rxx, may be
expressed in the following compact form

Rxx = ΛSΛH + σ2
nI (1.30)

where columns of the L by M matrix Λ are made up of steering vectors, i.e.,

Λ = [s̄1, s̄2, . . . , s̄M ] (1.31)

and the M by M matrix S denotes the source correlation. For uncorrelated sources, it is
a diagonal matrix with

Sij =

{
pi, i = j;
0, i 6= j.

(1.32)

Sometimes, it is useful to express Rxx in terms of its eigenvalues and their associated
eigenvectors. The eigenvalues of Rxx can be divided into two sets, when the environment
consists of uncorrelated directional sources and uncorrelated white noise. Thus, the Rxx

matrix of an array of L elements immersed in M directional sources and white noise has
M signal eigenvalues and L−M noise eigenvalues.

Denoting the L eigenvalues of Rxx in descending order by λl, l = 1, . . . , L, and their
corresponding unit-norm eigenvectors by Ūl, l = 1, . . . , L,, the matrix takes the following
form:

Rxx = ΣΛΣH , (1.33)
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with a diagonal matrix

Λ =


λ1

. 0
λl

0 .
λL

 (1.34)

and
Σ = [Ū1 · · · ŪL] (1.35)

This representation sometimes is referred to as the spectral decomposition of Rxx. Us-
ing the fact that the eigenvectors form an orthonormal set, this leads to the following
expression for R:

Rxx =
M∑
l=1

λlŪlŪ
H
l + σ2

nI (1.36)

There are many schemes that can be used to select the weights of the beamformer, as
depicted in Figure 1.10a. Some of these schemes are discussed in the next section.

1.5 Adaptive Beamforming Algorithms

Adaptive beamforming algorithms iteratively adjust the weights until a certain perfor-
mance criterion is met. The most common performance criteria are the minimum mean-
squared error (MMSE) and maximum signal-to-interference-plus-noise ratio (MSINR).

Let’s consider the MMSE. It is required to minimize the mean squared error (MSE)
between the array output and the reference signal d(t) (see Figure 1.10). The reference
signal is preferably either identical to the desired signal or is highly correlated with desired
signal and uncorrelated with the interfering signals.

The error e(n) between the desired signal, d(n), and the output signal of the array,
y(n), at time index n is

e(n) = d(n)− w̄H x̄(n) (1.37)

The MMSE based cost function can be written as

J(w̄) = E[|e(n)|2] (1.38)

= E[|d(n)− w̄H x̄(n)|2] (1.39)

= E[|d(n)|2 − 2d(n)w̄H x̄(n) + w̄H x̄(n)x̄(n)Hw̄] (1.40)

= E[|d(n)|2]− 2w̄HE[d∗(n)x̄(n)] + w̄HE[x̄(n)x̄(n)H ]w̄ (1.41)

= E[|d(n)|2]− 2w̄Hrxd + w̄HRxxw̄ (1.42)

where E[·] is the expectation operator, Rxx = E[x̄(n)x̄H(n)] is the signal covariance matrix
and rxd = E[d∗(n)x̄(n)] is the signal correlation matrix. The quantities Rxx and rxd are
functions of the angles of arrival of the signals.

To minimize the cost function, its gradient is set to zero

min
w̄
J(w̄)⇒ ∇w̄ {J(w̄)} = 0 (1.43)

but

∇w̄ {J(w̄)} = ∇w̄

{
E[|d(n)|2]− 2w̄Hrxd + w̄HRxxw̄

}
= 2Rxxw̄ − 2rxd (1.44)
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hence, the solution for the optimum weights becomes

w̄opt = R−1
xx rxd (Wiener solution) (1.45)

In general, the signal statistics is not known and thus one must resort to estimating
the array correlation matrix, Rxx, and the signal correlation vector, rxd, over a range of
snapshots or for each instant in time. The instantaneous estimates of these values are
given as

R̂xx(n) ≈ x̄(n)x̄H(n) (1.46)

r̂xd(n) ≈ d∗(n)x̄(n) (1.47)

Adaptive beamforming algorithms iteratively approximate the optimum weights (1.45).
Adaptive beamforming began with the work of Howells and Applebaum [9]. Since then
many beamforming algorithms have been developed. Some of the most commonly used
adaptive algorithms are briefly described below.

1.5.1 Least Mean Squares (LMS)

Application of least mean squares algorithm to estimate optimal weights of an array is
widespread and its study has been of considerable interest for some time. This algorithm
uses a steepest-descent method and computes the weight vector recursively using the
method advocated by Widrow [18]

w̄(n+ 1) = w̄(n)− 1

2
µ∇w̄J(w̄(n)) (1.48)

where w̄(n+ 1) denotes the new weights computed at the (n+ 1)th iteration and µ is the
step size which controls the rate of adaptation.
Upon substituting (1.44), we have

w̄(n+ 1) = w̄(n)− µ[Rxxw̄ − rxd] (1.49)

If the instantaneous correlation approximations is substituted in (1.46) and (1.47), the
LMS solution becomes

w̄(n+ 1) = w̄(n) + µx̄(n)[d∗(n)− x̄H(n)w̄(n)] (1.50)

In order to assure convergence of the weights, w̄(n), the step size µ is bounded by the
condition [17]

0 < µ <
1

2λmax

(1.51)

where λmax is the maximum eigenvalue of the covariance matrix, Rxx.

Since the correlation matrix is positive definite, all eigenvalues are positive. If all the
interfering signals are noise and there is only one signal of interest, one can approximate
the condition in (1.51) as [1]

0 < µ <
1

2trace(R̂xx)
(1.52)

The LMS algorithm updates the weights at each iteration by estimating the gradient
of the quadratic MSE surface, and then moving the weights in the negative direction of
the gradient by a small amount. The step size µ is the constant that determines this
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amount. The convergence and transient behavior of these weights along with their co-
variance characterize the LMS algorithm, and the way the step size and the process of
gradient estimation affect these parameters are of great practical importance.

The LMS algorithm requires knowledge of the desired signal. This can be done in
a digital system by periodically transmitting a training sequence that is known to the
receiver, or using the spreading code in the case of a direct-sequence CDMA system. This
algorithm converges slowly if the eigenvector spread of Rxx is large.

The LMS has been studied by many authors [18], [38], [40]- [52].

1.5.2 Sample Matrix Inversion (SMI)

One of the drawbacks of the LMS adaptive scheme is that the algorithm must go through
many iterations before satisfactory convergence is achieved. If the signal characteristics
are rapidly changing, the LMS adaptive algorithm may not allow tracking of the desired
signal in a satisfactory manner. One possible approach to circumventing the relatively
slow convergence of the LMS scheme is by use of sample matrix inversion (SMI) method.
The sample matrix is a time average estimate of the array correlation matrix using K-time
samples.

In this algorithm (1.45) is used to obtain the weights, but with Rxx and rxd estimated
from data sampled over a finite interval. The estimates are given by

R̂xx(N) =
1

N

N−1∑
n=0

x̄(n)x̄H(n) (1.53)

r̂xd(N) =
1

N

N−1∑
n=0

d∗(n)x̄(n) (1.54)

where N is the observation interval, R̂xx(N) and r̂xd(N) denote, respectively, the esti-
mated array correlation matrix and signal correlation matrix using N samples, and x̄(n)
denotes the array signal sample also known as the array snapshot at the nth instant of
time with t replaced by nT and T denoting the sampling time. The sampling time T has
been omitted for ease of notation.

Let R̂xx(n) denote the estimate of array correlation matrix and w̄(n) denote the array
weights at the nth instant of time. The estimate of Rxx may be updated when the new
samples arrive using [9]

R̂xx(n+ 1) =
nR̂(n) + x̄(n+ 1)x̄H(n+ 1)

n+ 1
(1.55)

and a new estimate of the weights w̄(n+ 1) at time instant n+ 1 may be made.

Let P (n) denote the output power at the nth instant of time given by

P (n) = w̄H(n)x̄(n)x̄H(n)w̄(n) (1.56)

When N samples are used to estimate the array correlation matrix and the processor has
K degree of freedom (due to K-time samples) the mean output power is given by [9][54]

E[P (n)] =
N −K
N

P̂ (1.57)
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where P̂ denotes the mean output power of the processor with the optimal weights, that
is,

P̂ = w̄HoptRxxw̄opt (1.58)

The factor (N − K)/N represents the loss due to estimate of Rxx and determines the
convergence behavior of the mean output power.

It should be noted that as the number of samples grows, the matrix update approaches
its true value and thus the estimated weights approaches optimal weights, that is, as
n→∞, Rxx(n)→ Rxx and w̄(n)→ w̄opt, as the case may be [9].

The SMI algorithm converges more rapidly than the LMS algorithm but it is more
computationally complex. The SMI algorithm also requires a reference signal. More dis-
cussion on the SMI algorithm is found in [53], [54], [55].

Application of SMI to estimate the weights of an array to operate in mobile communi-
cation systems has been considered in many studies [37], [58], [59], [60], [61], [62]. One of
these studies [59] considers beamforming for GSM signals using a variable reference sig-
nal as available during the symbol interval of the time-division multiple access (TDMA)
system. Applications discussed include vehicular mobile communications [60], reducing
delay spread in indoor radio channels [62], and mobile satellite communication systems
[58].

1.5.3 Recursive Least Squares Algorithm (RLS)

As was mentioned in the previous section, the SMI technique has several drawbacks. Even
though the SMI method is faster than the LMS algorithm, the computational burden and
potential singularities can cause problems. However, one can recursively calculate the
required correlation matrix and the required correlation vector [1], [32], [26], [38].

The RLS algorithm estimates Rxx and rxd using weighted sums as

R̂xx(n) =
n∑
k=0

γn−kx̄(k)x̄H(k) (1.59)

r̂xd(n) =
n∑
k=0

γn−kd∗(k)x̄(k) (1.60)

where γ called the forgetting factor is a positive constant close to 1 such that 0 ≤ γ ≤ 1.

The γ is used for exponential weighting of past data and it tends to de-emphasize the
old samples. When γ = 1, the ordinary least squares algorithm is restored. γ = 1 also
indicates infinite memory. Let us break up the summation in (1.59) and (1.60) into two
terms: the summation for values up to k = n− 1 and last term for k = n.
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R̂xx(n) = γ
n−1∑
k=0

γn−1−kx̄(k)x̄H(k) + x̄(n)x̄H(n)

= γR̂xx(n− 1) + x̄(n)x̄H(n) (1.61)

r̂xd(n) = γ
n−1∑
k=0

γn−1−kd∗(k)x̄(k) + d∗(n)x̄(n)

= γr̂xd(n− 1) + d∗(n)x̄(n) (1.62)

Thus, future values for the array correlation estimate and the vector correlation estimate
can be found using previous values.

One can use (1.61) to derive a recursion relationship for the inverse of the correlation
matrix. Invoking the Sherman Morrison-Woodbury theorem [57] for matrix Ā and vector
z̄

(Ā+ z̄z̄H)−1 = Ā−1 − Ā−1z̄z̄HĀ−1

1 + z̄HĀ−1z̄
(1.63)

then

R̂−1
xx (n) = γ−1R̂−1

xx (n− 1)− γ−2R̂−1
xx (n− 1)x̄(n)x̄H(n)R̂−1

xx (n− 1)

1 + γ−1x̄H(n)R̂−1
xx (n− 1)x̄(n)

(1.64)

The matrix initializes as [9]

R̂−1
xx (0) =

1

ε0

I, ε0 > 0 (1.65)

where I is the identity matrix.

One can simplify (1.64) by defining the gain vector ḡ(n)

ḡ(n) =
γ−1R̂−1

xx (n− 1)x̄(n)

1 + γ−1x̄H(n)R̂−1
xx (n− 1)x̄(n)

(1.66)

Thus
R̂−1
xx (n) = γ−1R̂−1

xx (n− 1)− γ−1ḡ(n)x̄H(n)R̂−1
xx (n− 1) (1.67)

Equation (1.67) is known as the Riccati equation for the recursive least squares method.

Rearrange (1.66) by multiplying the denominator times both sides of the equation to
yield

ḡ(n) = [γ−1R̂−1
xx (n− 1)− γ−1ḡ(n)x̄H(n)R̂−1

xx (n− 1)]x̄(n) (1.68)

One can observe that the term inside of the brackets of (1.68) is equal to (1.67). Thus

ḡ(n) = R̂−1
xx (n)x̄(n) (1.69)

Now a recursion relationship can be derived to update the weight vectors. Substitute
(1.62) in the optimum Wiener solution, then

w̄(n) = R̂−1
xx (n)r̂xd(n)

= γR̂−1
xx (n)r̂xd(n− 1) + R̂−1

xx (n)x̄(n)d∗(n) (1.70)
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Substituting the Riccati equation (1.67) into the first correlation matrix inverse seen in
(1.70), one can have

w̄(n) = R̂−1
xx (n− 1)r̂xd(n− 1)− ḡ(n)x̄H(n)R̂−1

xx (n− 1)r̂xd(n− 1) + R̂−1
xx (n)x̄(n)d∗(n)

= w̄(n− 1)− ḡ(n)x̄H(n)w̄(n− 1) + R̂−1
xx (n)x̄(n)d∗(n) (1.71)

Finally (1.69) can be substituted into (1.71) to yield

w̄(n) = w̄(n− 1)− ḡ(n)x̄H(n)w̄(n− 1) + ḡ(n)d∗(n)

= w̄(n− 1) + ḡ(n)[d∗(n)− x̄H(n)w̄(n− 1)] (1.72)

Note that from (1.65), w̄ initializes as w̄(0) = R̂−1
xx (0)r̂xd(0) = 1

ε0
Ir̂xd(0).

The RLS algorithm converges about an order of magnitude faster than the LMS al-
gorithm if SINR is high. It requires a reference signal. More discussion on the RLS
algorithm can be found in [83], [86], [84] and [9]. Computer simulation study of RLS,
LMS, and SMI algorithms in mobile communication situations suggests that the for-
mer outperforms the latter two in flat fading channels [85]. An application of the RLS
algorithm for the reverse link of a cellular communication using the CDMA system is
considered in [71] to show an increase in channel capacity by an adaptive array.

1.5.4 Constant Modulus Algorithm (CMA)

Many adaptive beamforming algorithms are based on minimizing the error between a ref-
erence signal and the array output. The reference signal is typically a training sequence
used to train the adaptive array or a desired signal based upon an a priori knowledge
of nature of the arriving signals. In the case where a reference signal is not available
one must resort to an assortment of optimization techniques that are blind to the exact
content of the incoming signals [1].

Many wireless communication and radar signals are frequency-or phase-modulated
signals. Some examples of phase and frequency modulated signals are FM, PSK, FSK,
QAM, and polyphase. This being the case, the amplitude of the signal should ideally be
a constant. Thus the signal is said to have a constant magnitude or modulus. However, in
fading channels, where multipath terms exist, the received signal is the composite of all
multipath terms. Thus, the channel introduces an amplitude variation on the signal mag-
nitude. Frequency selective channels by definition destroy the constant modulus property
of the signal. If it is known that the arriving signals of interest should have a constant
modulus, then an algorithms can be devised to restore or equalize the amplitude of the
original signal [1].

The CMA is a blind adaptive algorithm proposed by Dominique Goddard [63] and by
Treichler and Agee [64]. It requires no previous knowledge of the desired signal. Instead
it exploits the constant or nearly constant amplitude properties of most modulation for-
mats used in wireless communication. By forcing the received signal to have a constant
amplitude, CMA recovers the desired signal.

Goddard used a cost function called a dispersion function of order p and, after mini-
mization, the optimum weights are found. The Goddard cost function is given by [1]

J(n) = E[(|y(n)|p −Rp)
q] (1.73)
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where p and q are positive integer and q = 2. Goddard showed that the gradient of the
cost function is zero when Rp is defined by

Rp =
E[|s(n)|2p]
E[|s(n)|p]

(1.74)

where s(n) is the zero-memory estimate of y(n).

The resulting error signal is given by

e(n) = y(n)|y(n)|p−2(Rp − |y(n)|p) (1.75)

The weight update equation is given by

w̄(n+ 1) = w̄(n) + µe∗(n)x̄(n) (1.76)

where

e(n) = y(n)− y(n)

|y(n)|
(1.77)

This error signal can replace the traditional error signal in the LMS algorithm to yield

w̄(n+ 1) = w̄(n) + µe∗(n)x̄(n) (1.78)

The p = 1 case reduces the cost function to the form

J(n) = E[(|y(n)| −R1)2] (1.79)

where

R1 =
E[|s(n)|2]

E[|s(n)|]
(1.80)

If the output estimate s(n) is scaled to unity, one can write the error signal in (1.75) as

e(n) =

(
y(n)− y(n)

|y(n)|

)
(1.81)

Thus the weight vector, in the p = 1 case, becomes

w̄(n+ 1) = w̄(n) + µ

(
1− 1

|y(n)|

)
y∗(n)x̄(n) (1.82)

The p = 2 case reduces the cost function to the form

J(n) = E[(|y(n)|2 −R2)2] (1.83)

where

R2 =
E[|s(n)|4]

E[|s(n)|2]
(1.84)

If the output estimate s(n) is scaled to unity, one can write the error signal in (1.75)
as

e(n) = y(n)(1− |y(n)|2) (1.85)

Thus the weight vector, in the p = 2 case, becomes

w̄(n+ 1) = w̄(n) + µ
(
1− |y(n)|2

)
y∗(n)x̄(n) (1.86)
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The p = 1 case has been proven to converge much more rapidly than the p = 2 case
[72]. A similar algorithm was developed by Treichler and Agee [64] and is identical to the
Godard case for p = 2.

When the CMA algorithm converges, it converges to the optimal solution, but con-
vergence of this algorithm is not guaranteed because the cost function e(k) is not convex
and may have false minima [65]. Another potential problem is that if there is more than
one strong signal, the algorithm may acquire an undesired signal. This problem can be
overcome if additional information about the desired signal is available.

Its application to digital, land mobile radio communication systems using TDMA to
compensate for selective fading is studied in [66]. Discussions of hardware implementation
of a CMA adaptive array and its BER performance for high-speed transmission in mobile
communications may be found in [68] and [67]. Development of CMA for beam-space
array signal processing including its hardware realization has been reported in [69]. The
results presented in [70] indicate that the beam space CMA is able to cancel interferences
arriving from other than the look direction.

CMA is useful for eliminating correlated arrivals and is effective for constant modulated
envelope signals such as GMSK and QPSK, which are used in digital communications.
However, the algorithm is not appropriate for the CDMA system because of the required
power control [71]. Use of CMA to blindly separate co-channel FM signals in mobile
communications has been investigated in [73]. A variation referred to as differential CMA
reported in [74] has inferior convergence characteristics compared to CMA but may be
improved using direction of arrival information to make it operative in beam space [9].

1.6 Direction-of-Arrival Algorithms

As was shown for adaptive beamforming algorithms, the calculation of the direction-of-
arrival (DoA) of a signal or interference is of great importance. DoA estimation has also
been known as spectral estimation, Angle-of-arrival (AoA) estimation, or bearing estima-
tion [1].

Some of the earliest references refer to spectral estimation as the ability to select var-
ious frequency components out of a collection of signals. This concept was expanded
to include frequency-wave number problems and subsequently DoA estimation. Bearing
estimation is a term more commonly used in the sonar community and is DoA estima-
tion for acoustic problems. Much of the state-of-the-art in DoA estimation has its roots
in time series analysis, spectrum analysis, periodograms, eigenstructure methods, para-
metric methods, linear prediction methods, beamforming, array processing, and adaptive
array methods. Some of the more useful materials include a survey paper by Godara
[38], spectrum analysis by Capon [75], a review of spectral estimation by Johnson [76],
an exhaustive text by Van Trees [77] and a text by Stoica and Moses [78].

DoA algorithms estimate the directions using spectral estimation methods or eigen-
structure methods. Spectral estimation methods estimate the DoA by computing the
mean power spatial spectrum P (θ) received by an array as a function of angle of inci-
dent (θ) and then determine the local maxima of the computed spatial spectrum. For
spatially sampled signals, the discrete Fourier transform (DFT) [79], or the Maximum
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Entropy Method (MEM) [80] can be employed [23]. The weight coefficients are updated
by the Wiener solution, derived from the estimated spatial spectrum. Examples of spec-
tral estimation based DoA algorithms include: Bartlett, Minimum Variance Distortionless
Response (MVDR), Linear Prediction and Maximum Likelihood methods.

Eigenstructure methods are based on partitioning the array correlation eigenvectors
into signal and noise subspaces. Examples of eigenstructure methods include: MUltiple
SIgnal Classification (MUSIC) and Estimation of Signal Parameters via Rotational Invari-
ance Techniques (ESPRIT). The MUSIC algorithm estimates DoAs in the noise subspace
[81], which is defied by the eigenvectors of a covariance matrix of spatially sampled sig-
nals. It exploits the orthogonality of the noise subspace with the array correlation matrix.
MUSIC has better estimation performance than MEM if the noise subspace is larger for
uncorrelated signals than is the signal subspace.
The ESPRIT technique was first proposed by Roy and Kailath [87] in 1989. The goal of
ESPRIT is to exploit the rotational invariance in the signal subspace which is created by
two arrays with a translational invariance structure.

These spatial-spectral estimation algorithms can be used to obtain optimum or sub-
optimum weights by using spatial samples at one time instant, i.e. one snapshot. There-
fore, if the processing speed is fast enough to track the time variation of channels, these
algorithms can be more attractive for a fast-fading channel than the temporal updating
algorithms. Most recently, neural networks have also been employed to detect the direc-
tion of arrival. Once the neural network is trained offline, multiple signals can be tracked
in real time [82][23].
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Chapter 2

Cognitive Radio System

2.1 Introduction

This chapter discusses cognitive radios (CR) at length. The chapter is arranged as follows.
Section 2.2 defines cognitive radios and discusses the motivations behind the emergence of
cognitive radio concept. Section 2.3 briefly looks at software-defined radios, which are the
foundations on which cognitive radios are built. Section 2.4 deals with spectrum sensing-
which constitute the core component of a cognitive system. The traditional sensing di-
mensions are described at length. Section 2.5 emphasises the angle spectrum opportunity
for further research. The present dissertation exploits this dimension using beamforming
smart antenna. Section 2.6 discusses the underlay, overlay and interweave cognitive radio
paradigms. Section 2.7 lists some of the potential applications of cognitive radio. Finally,
Section 2.8 concludes the chapter by pointing at the major research challenges in cognitive
radio system.

2.2 Cognitive Radio

Cognitive radio is an emerging innovative design paradigm of wireless communications
systems which aims at exploiting the under-utilized radio frequency (RF) spectrum in
dynamically changing environment.

The motivation behind cognitive radio is the scarcity of the available radio frequency
spectrum mainly caused by the continuous demand for higher and higher data rates as a
result of the evolution from purely voice-only communications to multimedia applications
coupled with the exponential increase in wireless devices and users. Most of the available
radio spectrum has already been allocated to existing wireless systems, however, and only
small part of it can be licensed to new wireless applications. Nonetheless, surveys made by
Regulatory bodies in different countries such as the Federal Communications Commission
[88] of USA and Ofcom of UK [89] on spectrum utilization has indicated that the actual
licensed spectrum is largely under-utilized in vast spatio-temporal dimensions (see Figure
2.1). Some measurements by FCC in the United States has even shown that more than
70% of the allocated spectrum is not utilized [90].

Fixed spectrum licensing is the major factor that leads to inefficient use of the radio
spectrum. In the traditional spectrum allocation scheme, the radio spectrum allocated
to licensed users cannot be utilized by unlicensed users and applications [91]. This static
and inflexible allocation forces traditional wireless systems to operate only on a dedicated
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Figure 2.1: Spatial and temporal spectrum usage plot [89].

spectrum band, and cannot allow adaption to the transmission band according to the
changing dynamic environment. For example, if a spectrum band is heavily used, the
wireless system is not allowed to operate on another more lightly used band.

The licensee authority usually sets the right to access the spectrum. This right is
generally defined by frequency, geographic space, transmit power, type of use, and the
duration of license. Normally, a license is assigned to one licensee, and the use of spectrum
by this licensee must conform to the specification in the license (e.g. maximum transmit
power, location of base station). In the current spectrum licensing scheme, the license
cannot change the type of use or transfer the right to other licensee. This limits the
use of the frequency spectrum and results in low utilization of the frequency spectrum.
Essentially, due to the current static spectrum licensing scheme, spectrum holes or spec-
trum opportunities arise. The limitations in spectrum access due to the static spectrum
licensing scheme can be summarized as follows [92]:

• Fixed type of spectrum usage: In the current spectrum licensing scheme, the type
of spectrum use cannot be changed. For example, a TV band which is allocated to
National Television System Committee (NTSC)-based analog TV cannot be used
by digital TV broadcast or broadband wireless access technologies. However, this
TV band could remain largely unused in many locations due to cable TV systems.

• Licensed for a large region: When a spectrum is licensed, it is usually allocated
to a particular user or wireless service provider in a large region (e.g. an entire
city or state). However, the wireless service provider may use the spectrum only in
areas with a good number of subscribers, to gain the highest return on investment.
Consequently, the allocated frequency spectrum remains unused in other areas, and
other users or service providers are prohibited from accessing this spectrum.

• Large chunk of licensed spectrum: A wireless service provider is generally licensed
with a large chunk of radio spectrum (e.g. 50 MHz). For a service provider, it
may not be possible to obtain license for a small spectrum band to use in a certain
area for a short period of time to meet a temporary peak traffic load. For example,
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a cdma2000 cellular service provider may require a spectrum with bandwidth of
1.25MHz or 3.75MHz to provide temporary wireless access service in a hotspot
area.

• Prohibit spectrum access by unlicensed users : In the current spectrum licensing
scheme, only a licensed user can access the corresponding radio spectrum and unli-
censed users are prohibited from accessing the spectrum even though it is unoccu-
pied by the licensed users. For example, in a cellular system, there could be areas
in a cell without any users. In such a case, unlicensed users with short-range wire-
less communications would not be able to access the spectrum, even though their
transmission would not interfere with cellular users.

In order to improve the efficiency and utilization of the available spectrum, these lim-
itations are being remedied by modifying the spectrum licensing scheme. The idea is
to make spectrum access more flexible by allowing unlicensed users to access the radio
spectrum under certain restrictions. Since the legacy wireless systems were designed to
operate on a dedicated frequency band, they are not able to utilize the improved flex-
ibility provided by this spectrum licensing scheme. Therefore, the concept of cognitive
radio has been introduced. The main goal of cognitive radio is to provide adaptability to
wireless transmission through dynamic spectrum access so that the performance of wire-
less transmission can be optimized, as well as enhancing the utilization of the frequency
spectrum [92]. Thus cognitive radio improves the spectrum utilization by seeking and
opportunistically utilizing radio resources in time, frequency and space domains on a real
time basis [96][97][98].

In cognitive radio terminology, primary users can be defined as the users who have
higher priority or legacy rights on the usage of a specific part of the spectrum. On the
other hand, secondary users, which have lower priority, exploit this spectrum in such a
way that they do not cause interference to primary users. Therefore, secondary users
need to have cognitive radio capabilities, such as sensing the spectrum reliably to check
whether it is being used by a primary user, and to change the radio parameters to exploit
the unused part of the spectrum [95]. Secondary users and cognitive users are synony-
mously used.

The major functionalities of a cognitive radio system include spectrum sensing, spec-
trum management, and spectrum mobility. Through spectrum sensing, the information of
the target radio spectrum (e.g. the type and current activity of the licensed user) has to
be obtained so that it can be utilized by the cognitive radio user. The spectrum sensing
information is exploited by the spectrum management function to analyze the spectrum
opportunities and make decisions on spectrum access. If the status of the target spectrum
changes, the spectrum mobility function will control the change of operational frequency
bands for the cognitive radio users [92].

2.3 Software-Defined Radio

A software-defined radio (SDR) is a reconfigurable wireless communication system in
which the properties of carrier frequency, signal bandwidth, modulation, protocol and net-
work access are defined by software and can be controlled dynamically. This adjustability
function is achieved by software-controlled signal-processing algorithms. Today’s modern
SDR also implements any necessary cryptography; forward error correction (FEC) coding;
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and source coding of voice, video, or data in software as well [93]. SDR is a key component
to implement cognitive radios. The main functions of SDR are as follows [92][94]:

• Multiband operation: SDR will support wireless data transmissions over a different
frequency spectrum used by different wireless access systems (e.g. cellular band,
ISM band, TV band).

• Multistandard support : SDR will support different standards (e.g. GSM, WCDMA,
cdma2000, WiMAX, WiFi). Also, different air interfaces within the same stan-
dard (e.g. IEEE 802.11a, 802.11b, 802.11g, or 802.11n in WiFi standard) can be
supported by SDR.

• Multiservice support : SDR will support multiple types of services, e.g. cellular
telephony or broadband wireless Internet access.

• Multichannel support : SDR will be able to operate (i.e. transmit and receive) on
multiple frequency bands simultaneously.

2.4 Spectrum Sensing

One of the most important components of the cognitive radio concept, which is imple-
mented based on the SDR, is spectrum sensing. It is the essence upon which the entire
operation of cognitive radio rests. Spectrum sensing is the task of finding spectrum holes
by sensing the radio spectrum in the local neighborhood of the cognitive radio receiver
in an unsupervised manner. The term ‘spectrum holes’ stands for those sub-bands of the
radio spectrum that are under-utilized in part or full at a particular instant of time and
specific geographical location [99].

Spectrum holes are opportunities. The definition of opportunity determines the ways
of measuring and exploiting the spectrum space [100]. The conventional definition of
spectrum opportunity, which is often defined as ‘a band of frequencies that are not being
used by the primary user of that band at a particular time in a particular geographic
area’ [101], only exploits three dimensions of the spectrum space: frequency, time, and
space. Conventional sensing methods usually relate to sensing the spectrum in these three
dimensions.

In the literature a number of different methods were proposed for identifying the
presence of signal transmissions in these dimensions. The most common methods are
discussed below [100].

2.4.1 Energy Detector Based Sensing

Also known as radiometry or periodogram, is the most common way of spectrum sensing
because of its low computational and implementation complexities [102]-[106], [108], [111]-
[117], [119]. In addition, it is more generic as receivers do not need any knowledge on
the primary users’ signal. The signal is detected by comparing the output of the energy
detector with a threshold which depends on the noise floor [120]. Some of the challenges
with energy detector based sensing include selection of the threshold for detecting primary
users, inability to differentiate interference from primary users and noise, and poor per-
formance under low SNR values [119]. Moreover, energy detectors do not work efficiently
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for detecting spread spectrum signals [121].

Let us assume that the received signal has the following simple form

y(n) = s(n) + w(n) (2.1)

where s(n) is the signal to be detected, w(n) is the additive white Gaussian noise (AWGN)
sample, and n is the sample index. Note that s(n) = 0 when there is no transmission by
primary user. The decision metric for the energy detector can be written as

M =
N∑
n=1

|y(n)|2 (2.2)

where N is the size of the observation vector. The decision on the occupancy of a band
can be obtained by comparing the decision metric M against a fixed threshold λE. This
is equivalent to distinguishing between the following two hypotheses:

H0 : y(n) = w(n), (2.3)

H1 : y(n) = s(n) + w(n). (2.4)

The performance of the detection algorithm can be summarized with two probabilities:
probability of detection PD and probability of false alarm PF . PD is the probability of
detecting a signal on the considered frequency when it truly is present. Thus, a large
detection probability is desired. It can be formulated as

PD = Pr(M > λE|H1) (2.5)

PF is the probability that the test incorrectly decides that the considered frequency is
occupied when it actually is not, and it can be written as

PF = Pr(M > λE|H0) (2.6)

PF should be kept as small as possible in order to prevent underutilization of transmission
opportunities. The decision threshold λE can be selected for finding an optimum balance
between PD and PF . However, this requires knowledge of noise and detected signal pow-
ers. The noise power can be estimated, but the signal power is difficult to estimate as it
changes depending on ongoing transmission characteristics and the distance between the
cognitive radio and primary user. In practice, the threshold is chosen to obtain a certain
false alarm rate [105]. Hence, knowledge of noise variance is sufficient for selection of a
threshold.

The threshold used in energy detector based sensing algorithms depends on the noise
variance. Consequently, a small noise power estimation error causes significant perfor-
mance loss [121]. As a solution to this problem, noise level is estimated dynamically by
separating the noise and signal subspaces using multiple signal classification (MUSIC)
algorithm [133]. Noise variance is obtained as the smallest eigenvalue of the incoming
signal’s autocorrelation. Then, the estimated value is used to choose the threshold for
satisfying a constant false alarm rate. An iterative algorithm is proposed to find the de-
cision threshold in [110]. The threshold is found iteratively to satisfy a given confidence
level, i.e. probability of false alarm. Forward methods based on energy measurements
are studied for unknown noise power scenarios in [104]. The proposed method adaptively
estimates the noise level. Therefore, it is suitable for practical cases where noise variance
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is not known.

Measurement results are analyzed in [113], [135], [137] using energy detector to iden-
tify the idle and busy periods of WLAN channels. The energy level for each global system
for mobile communications (GSM) slot is measured and compared in [117] for identifying
the idle slots for exploitation. The sensing task in this work is different in the sense that
cognitive radio has to be synchronized to the primary user network and the sensing time
is limited to slot duration. A similar approach is used in [136] as well for opportunistic
exploitation of unused cellular slots. The performance of energy detector based sensing
over various fading channels is investigated in [114]. Closed-form expressions for probabil-
ity of detection under AWGN and fading (Rayleigh, Nakagami, and Ricean) channels are
derived. Average probability of detection for energy detector based sensing algorithms
under Rayleigh fading channels is derived in [138]. The effect of log-normal shadowing is
obtained via numerical evaluation in the same paper. It is observed that the performance
of energy-detector degrades considerably under Rayleigh fading.

2.4.2 Waveform-Based Sensing

Known patterns are usually utilized in wireless systems to assist synchronization or for
other purposes. Such patterns include preambles, midambles, regularly transmitted pilot
patterns, spreading sequences etc. A preamble is a known sequence transmitted before
each burst and a midamble is transmitted in the middle of a burst or slot. In the presence
of a known pattern, sensing can be performed by correlating the received signal with a
known copy of itself [119], [121], [122]. This method is only applicable to systems with
known signal patterns, and it is termed as waveform-based sensing or coherent sensing. In
[119], it is shown that waveform-based sensing outperforms energy detector based sensing
in reliability and convergence time. Furthermore, it is shown that the performance of the
sensing algorithm increases as the length of the known signal pattern increases.

Using the same model given in (2.1), the waveform-based sensing metric can be ob-
tained as [119]

M = Re

[
N∑
n=1

y(n)s∗(n)

]
(2.7)

where ∗ represents the conjugation operation. In the absence of the primary user, the
metric value becomes

M = Re

[
N∑
n=1

w(n)s∗(n)

]
(2.8)

Similarly, in the presence of a primary user’s signal, the sensing metric becomes

M =
N∑
n=1

|s(n)|2 +Re

[
N∑
n=1

w(n)s∗(n)

]
(2.9)

The decision on the presence of a primary user signal can be made by comparing the
decision metric M against a fixed threshold λW .

Measurement results presented in [108] show that waveform-based sensing requires
short measurement time; however, it is susceptible to synchronization errors. Uplink
packet preambles are exploited for detecting Worldwide Inter-operability for Microwave
Access (WiMAX) signals in [122].
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2.4.3 Cyclostationarity-Based Sensing

Cyclostationarity feature detection is a method for detecting primary user transmissions
by exploiting the cyclostationarity features of the received signals [102], [123], [115]. Cy-
clostationary features are caused by the periodicity in the signal or in its statistics like
mean and autocorrelation [139] or they can be intentionally induced to assist spectrum
sensing [140], [141]. Instead of power spectral density (PSD), cyclic correlation function
is used for detecting signals present in a given spectrum. The cyclostationarity based
detection algorithms can differentiate noise from primary users’ signals. This is a result
of the fact that noise is wide-sense stationary (WSS) with no correlation while modu-
lated signals are cyclostationary with spectral correlation due to the redundancy of signal
periodicities [143]. Furthermore, cyclostationarity can be used for distinguishing among
different types of transmissions and primary users [128].

The cyclic spectral density (CSD) function of a received signal (2.1) can be calculated
as [139]

S(f, α) =
∞∑

τ=−∞

Rα
y (τ)e−j2πfτ (2.10)

where
Rα
y (τ) = E[y(n+ τ)y∗(n− τ)ej2παn] (2.11)

is the cyclic autocorrelation function (CAF) and α is the cyclic frequency. The CSD
function outputs peak values when the cyclic frequency is equal to the fundamental fre-
quencies of transmitted signal x(n). Cyclic frequencies can be assumed to be known [124],
[126] or they can be extracted and used as features for identifying transmitted signals [143].

The OFDM waveform is altered before transmission in [140], [141], [142] in order to
generate system specific signatures or cycle-frequencies at certain frequencies. These sig-
natures are then used to provide an effective signal classification mechanism. In [142], the
number of features generated in the signal is increased in order to increase the robustness
against multipath fading. However, this comes at the expense of increased overhead and
bandwidth loss. Even though the methods given in [140] and [141] are OFDM specific,
similar techniques can be developed for any type of signal [144]. Hardware implementation
of a cyclostationary feature detector is presented in [145].

2.4.4 Radio Identification Based Sensing

A complete knowledge about the spectrum characteristics can be obtained by identify-
ing the transmission technologies used by primary users. Such an identification enables
cognitive radio with a higher dimensional knowledge as well as providing higher accuracy
[118]. For example, assume that a primary user’s technology is identified as a Bluetooth
signal. Cognitive radio can use this information for extracting some useful information in
space dimension as the range of Bluetooth signal is known to be around 10 meters.

In radio identification based sensing, several features are extracted from the received
signal and they are used for selecting the most probable primary user technology by
employing various classification methods. In [146], features obtained by energy detector
based methods are used for classification. These features include amount of energy de-
tected and its distribution across the spectrum. Channel bandwidth and its shape are used
in [147] as reference features. Channel bandwidth is found to be the most discriminating
parameter among others. For classification, radial basis function (RBF) neural network is
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employed. Operation bandwidth and center frequency of a received signal are extracted
using energy detector based methods in [118]. These two features are fed to a Bayesian
classifier for determining the active primary user and for identifying spectrum opportuni-
ties. The standard deviation of the instantaneous frequency and the maximum duration of
a signal are extracted using time-frequency analysis in [130] and neural networks are used
for identification of active transmissions using these features. Cycle frequencies of the
incoming signal are used for detection and signal classification in [129]. Neural network
are utilized for classification in [143] while statistical tests are used in [124].

2.4.5 Matched-Filtering

Matched-filtering is known as the optimum method for detection of primary users when
the transmitted signal is known [148]. The main advantage of matched filtering is the short
time to achieve a certain probability of false alarm or probability of missdetection [149]
as compared to other methods that are discussed in this section. In fact, the required
number of samples grows as O(1/SNR) for a target probability of false alarm at low
SNRs for matched-filtering [149]. However, matched-filtering requires cognitive radio to
demodulate received signals. Hence, it requires perfect knowledge of the primary users
signaling features such as bandwidth, operating frequency, modulation type and order,
pulse shaping, and frame format. Moreover, since cognitive radio needs receivers for
all signal types, the implementation complexity of sensing unit is impractically large.
Another disadvantage of match filtering is large power consumption as various receiver
algorithms need to be executed for detection.

2.4.6 Other Sensing Methods

Other alternative spectrum sensing methods include multitaper spectral estimation, wavelet
transform based estimation, Hough transform, and time-frequency analysis.

Multitaper spectrum estimation is proposed in [97]. The proposed algorithm is shown
to be an approximation to maximum likelihood PSD estimator, and for wideband signals,
it is nearly optimal. Although the complexity of this method is smaller than the maximum
likelihood estimator, it is still computationally demanding. Random Hough transform of
received signal is used in [134] for identifying the presence of radar pulses in the operating
channels of IEEE 802.11 systems. This method can be used to detect any type of signal
with a periodic pattern as well. Statistical covariance of noise and signal are known to
be different. This fact is used in [150] to develop algorithms for identifying the existence
of a communication signal. Proposed methods are shown to be effective to detect digital
television (DTV) signals.

In [131], wavelets are used for detecting edges in the PSD of a wideband channel.
Once the edges, which correspond to transitions from an occupied band to an empty band
or vice versa, are detected, the powers within bands between two edges are estimated.
Using this information and edge positions, the frequency spectrum can be characterized
as occupied or empty in a binary fashion. The assumptions made in [131], however, need
to be relaxed for building a practical sensing algorithm. The method proposed in [131] is
extended in [132] by using sub-Nyquist sampling. Assuming that the signal spectrum is
sparse, sub-Nyquist sampling is used to obtain a coarse spectrum knowledge in an efficient
way. Analog implementation of wavelet-transform based sensing is proposed in [151],
[152], [153] for coarse sensing. Analog implementation yields low power consumption and
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enables realtime operation. Multi-resolution spectrum sensing is achieved by changing the
basis functions without any modification to sensing circuitry in [151]. Basis function is
changed by adjusting the wavelets pulse width and carrier frequency. Hence, fast sensing
is possible by focusing on the frequencies with active transmissions after an initial rough
scanning. A testbed implementation of this algorithm is explained in [153].

2.5 The Angle Opportunity

As pointed above, the conventional sensing methods only exploits the three dimensions
of the spectrum space, viz., frequency, time, and space. They usually relate to sensing
the spectrum in these three dimensions. But there are other dimensions that need to be
explored further for spectrum opportunity [100]. For example, the code dimension of the
spectrum space has not been explored well in the literature. Therefore, the conventional
spectrum sensing algorithms do not know how to deal with signals that use spread spec-
trum, time or frequency hopping codes. Naturally, this brings about new challenges for
detection and estimation of this new opportunity.

Similarly, the angle dimension has not been exploited well enough for spectrum op-
portunity. It is assumed that the primary users and/or the secondary users transmit
in all directions using omnidirectional antennas. However, with the recent advances in
multi-antenna beamforming technologies, multiple users can be multiplexed into the same
channel at the same time in the same geographical area. In other words, an additional
dimension of spectral space can be created as opportunity. This new dimension also
creates new opportunities for spectral estimation. It is to be noted that angle dimen-
sion is different than geographical space dimension. In angle dimension, a primary and a
secondary user can be in the same geographical area and share the same channel. How-
ever, geographical space dimension refers to physical separation of radios in distance. [100]

To exploit the angle dimension spectrum opportunity, the primary and/or secondary
users must be equipped with a beamforming smart antenna. Figure 2.2 summarizes the
various spectrum opportunities.

The present dissertation is aimed at further exploring the angle spectrum opportunity
using beamforming smart antenna in a fading environment.

2.6 Cognitive Radio Paradigms

A cognitive radio is an intelligent wireless communication device that exploits side in-
formation about its environment to improve spectrum utilization. This side information
typically comprises knowledge about the activity, channels, codebooks, and/or messages
of other nodes with which the cognitive node shares the spectrum. Based on the nature
of the available side information as well as a priori rules about spectrum usage, cognitive
radio systems seek to underlay, overlay, or interweave the cognitive radios’ signals with
the transmissions of noncognitive nodes [154].

The underlay paradigm allows cognitive users to operate if the interference caused to
noncognitive users is below a given threshold. In overlay systems, the cognitive radios use
sophisticated signal processing and coding to maintain or improve the communication of
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Figure 2.2: Radio Spectrum Space Opportunities [100].

noncognitive radios while also obtaining some additional bandwidth for their own com-
munication. In interweave systems, the cognitive radios opportunistically exploit spectral
holes to communicate without disrupting other transmissions [154]. Each of these three
paradigms is discussed below in more detail [155].

2.6.1 Underlay Paradigm

The underlay paradigm mandates that concurrent noncognitive and cognitive transmis-
sions may occur only if the interference generated by the cognitive devices at the noncog-
nitive receivers is below some acceptable threshold. The interference constraint for the
noncognitive users may be met by using multiple antennas to guide the cognitive signals
away from the noncognitive receivers, or by using a wide bandwidth over which the cog-
nitive signal can be spread below the noise floor, then despread at the cognitive receiver.

In general, for underlay CR settings the degradation in terms of quality of service
(QoS) to the primary user is a critical aspect. In [154] interference temperature con-
straints (ITC) [97] were used to measure and limit this effect. In a multiple antenna
system, the ITCs are distinguished in soft- and peak power-shaping constraints [156].
These constraints refer to the maximum average power and average peak power tolerated
at the primary receivers, respectively. [157] considers the setting of a single secondary user
sharing the same spectral band with multiple primary users. The authors provide optimal
transmit beamforming strategies under ITCs for the secondary user. Furthermore, [158]
characterizes the Pareto boundary of the multiple-input single-output (MISO) interfer-
ence channel (IFC) through controlling the ITCs at the receivers. Convex optimization
techniques for solving CR problems are studied in [159]. The coexistence of a single-input
single-output (SISO) primary link and a MISO secondary link is considered in [160], where
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the achievable secondary rate is optimized under the primary rate constraint, assuming
the primary link does not fully load its rate to achieve the Shannon capacity with equality,
but there is room that can be exploited by spatial shaping (beamforming) at the secondary
transmitter. Moreover, when successive decoding is viable at the secondary receiver, rate
splitting at the secondary transmitter increases the achievable secondary rate compared
to single-user decoding at the secondary receiver.

Another approach is underlay communication systems based on the Ultra Wide Band
(UWB) transmission technology. UWB systems rely on the emission of signals character-
ized by a low power spectral density spread over a wide bandwidth. UWB signals can be
broadly divided in the following two families

• Impulse Radio UWB (IR-UWB), where the large bandwidth required to meet the
definition of UWB signal set by regulation authorities is achieved by transmitting
short pulses (with typical duration in the order of 1 ns);

• OFDM UWB, where the large bandwidth is obtained by transmitting over a wide
set of relatively narrowband subcarriers (e.g. 128 4 MHz sub-bands in the WiMedia
standard).

Despite the good coexistence capabilities guaranteed by their spectral properties,
UWB devices can still have a significant impact on narrowband systems; extensive studies
showed for example the potential impact of UWB signals on GPS receivers, and led to
the definition of emission masks that forced UWB devices to adopt extremely low power
levels in the GPS band [161], [162]. Coexistence capabilities of UWB devices can however
be significantly improved by taking advantage of spectrum shaping techniques combined
with spectrum sensing, leading to UWB systems that adapt to the interference environ-
ment by sculpting the spectrum so to limit or avoid emissions in spectrum bands used by
narrowband systems. Both spectrum sensing and spectrum shaping techniques depend of
course on the specific characteristics of the selected UWB signal (IR vs. OFDM).

In the case of IR UWB signals the spectrum shaping can be achieved by acting on
two key signal components: the code (typically, but not necessarily, a Time Hopping code
adopted in combination with a Pulse Position Modulation scheme) or the pulse shape
adopted at the transmitter. It can in fact be shown that the Power Spectral Density of
the transmitted signal can be written as follows [163], [164]:

Ps(f) =
1

Ts
C(f)|P (f)|2Px(f) (2.12)

where Ts is the pulse repetition period adopted in the UWB signal, C(f) is the spectrum
associated to the code, P (f) is the spectrum associated to the pulse and Px(f) is the
spectrum associated to the transmitted data x.

Pulse generation in general is a problem widely covered in the literature with respect
to implementation efficiency and accuracy, aiming at encoding information in the pulse
shape itself [165], [165]. Moving to the specific problem of addressing coexistence issues
by means of pulse shaping, several algorithms for selecting the best pulse shape given
external constraints set by regulation and/or interference profiles were proposed in the
literature. In [167] an algorithm for the generation of the pulse to be adopted in a Time-
Hopping Impulse Radio UWB system was proposed, where a linear combination of pulses
obtained as the derivatives of the Gaussian pulse was introduced. A heuristic approach

34



was proposed to determine the values of the coefficients, based on the definition of a emis-
sion mask to be met by the transmitted pulse, the mask being the result of constraints
imposed by the regulation (e.g., avoiding the GPS band) or resulting from the presence of
other wireless services, (e.g. WiMax). The algorithm proposed in [167] generates linear
combinations of the base pulses and selects the resulting pulse shape that minimizes the
quadratic distance from the emission mask.

Authors in [168] face the problem of selecting the pulse by modelling the mask approx-
imation problem as a filter design problem, assimilating the pulse response to a desired
FIR filter impulse response. The problem is solved by defining an iterative algorithm
based on information exchange between transmitter and receiver that leads to repeatedly
execute the Parks-McLellan algorithm for the determination of the required pulse shape,
until all constraints set by regulation, interference and synchronization errors are met. In
the case of the code, several solutions were proposed in the literature for designing codes
that increase the coexistence capabilities of an UWB signal.

Code design adds an additional opportunity to meet coexistence requirements when
pulse shaping cannot efficiently be used to address such issue. In [162] authors propose
to design the pulse shape so to meet the emission mask set by the FCC, delegating to
the code design all additional coexistence constraints, to be met by forcing nulls in the
UWB spectrum at frequencies used by other narrowband systems. The code is applied
by means of coefficients weighting different Gaussian pulses, so that the coded signal is a
weighted sum of such pulses spaced by a pulse repetition period. Authors in [162] show
that the proposed approach can be used to generate nulls at desired frequencies while
guaranteeing to meet the FCC emission masks.

A different approach was developed in [169], where a spreading code is applied to the
phase of the UWB signal, leading to a higher robustness of the UWB link to the presence
of narrowband interference by reducing the impact of interferers with carrier frequencies
close to the carrier frequency of the UWB link.

Coexistence requirements and capabilities of OFDM-based UWB systems were in-
vestigated as well, in light of the definition of the WiMedia industrial standard [170].
MB-OFDM UWB systems provide a clear advantage over IR-UWB in terms of sensing
capabilities. The FFT and IFFT blocks used for the generation and reception of the UWB
OFDM signals can in fact be adapted in a straightforward manner to be used for spec-
trum sensing allowing the UWB devices to determine the presence of coexisting systems
with a spectral resolution at least equal to the sub-carrier spacing in the UWB signal.
Oppositely, sensing in IR-UWB systems can be more difficult due to the impossibility to
identify which specific frequencies over the wide bandwidth of the UWB front-end filter
are actually affected by interference.

In [171] the authors analyse the problem of coexistence between MB-OFDM UWB
signals and WiMax signals in the 3.5 GHz band. A sensing scheme based on the use of
the FFT block at the receiver is proposed, and a-priori information on the spectral char-
acteristics of the uplink WiMax signal (based as well on a OFDM transmission scheme) is
adopted in order to formulate the decision problem on the presence of such signal. Results
show that high accuracy in detection of WiMax signals can be obtained with a few tens
of samples, with a miss-detection probability as low as 10−6.

35



In [172] a similar application scenario is considered, but the analysis extends to im-
pulsive UWB systems as well, including both Time Hopping and Direct Sequence coded
UWB signals. Results presented in [172] suggest that MB-OFDM UWB signals lead to
lower interference levels to WiMax receivers compared to both TH-IR-UWB and DS-IR-
UWB signals.

Finally, in [173], a coexistence scheme between MB-OFDM UWB devices and IEEE
802.11a networks is proposed. The scheme relies on the sensing feature inherently provided
by the MB-OFDM physical layer in order to detect the presence of an IEEE 802.11a
network (corresponding to the presence of interference over 5 contiguous sub-bands) and
proposes the following two solutions in order to improve coexistence

• An adaptive Frequency Hopping scheme that avoids the bands where the affected
sub-bands lie;

• In case all bands are affected by interference (making the adaptive FH scheme
ineffective), a selective use of sub-bands, aiming at avoiding the sub-bands impacted
by the narrowband interference at the price of a slightly reduced data rate.

2.6.2 Overlay Paradigm

Cognitive radio systems that have cooperation with the primary system as key feature are
typically denoted as overlay cognitive radio system. In general, spectrum overlay refers
to the situation where the primary system changes its transmission strategy to involve
the secondary system and to set up cooperation. Cooperation between the primary and
secondary system can be established for example on the transmitter side or the receiver
side.

Transmit cooperation requires that the secondary system is aware of the primary signal
parameters and is capable of decoding and processing primary transmissions. Consider
the coexistence of primary and secondary links in the context of an overlay cognitive radio
system, where the secondary users try to communicate without disturbing the incumbent
primary users. In some scenarios it is reasonable to assume that the secondary transmitter
has access to the message sent by the primary transmitter in a non-causal fashion. For
example, whenever the primary transmitter is much closer to the secondary transmitter
than to its intended receiver, the capacity of the channel to the former is much larger
than that of the channel to the latter. This allows the secondary transmitter to obtain
the message in a fraction of the total transmission time. This channel model is known
as the cognitive radio channel or the interference channel (IFC) with degraded message
sets [174]-[178]. The additional knowledge allows for a form of asymmetric cooperation
between the two transmitters. For example, one possible strategy is to have the secondary
transmitter employ part of its resources to help the communication between the primary
users, so that their communication is not disturbed or is even improved (e.g. in terms
of rates). The remaining resources are used for private communication to the secondary
receiver. Moreover, with accurate channel state information, the secondary transmitter
can use its knowledge of the interference experienced by the primary receiver (or the sec-
ondary receiver) to pre-cancel it, for example using dirty paper coding (DPC) [179]. This
strategy was shown to achieve capacity in the weak interference regime in [175] and [176].
In contrast, the capacity of part of the strong interference regime was obtained in [177]
using superposition coding and interference decoding. In many scenarios the associated
capacity gains over non-cooperative transmission could serve as a motivation for having
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the primary transmitter share its codebook and message with the secondary transmitter
[178].

More often, in a typical setup, the primary and secondary systems agree on a coopera-
tive strategy, and the primary system transfers the required information to the secondary
system during an initial transmission phase. In [180], [181], it is suggested that a cogni-
tive radio can learn the primary message by overhearing primary automatic repeat request
(ARQ) transmissions and utilize knowledge of the message to perform spectrum overlay
during retransmissions of the primary system. As an alternative [182] and [183] consider
explicit cooperation of the primary and secondary systems. In any case, learning the
primary message requires the secondary transmitter to be passive for certain duration
in time, and it leads therefore inevitably to a rate loss for the secondary system which
may lower the attractiveness of overlay strategies. A cooperative transmission (for exam-
ple using distributed multiple-antenna/space-time and channel coding techniques) is then
carried out in a second phase. Depending on the chosen communication strategy the pri-
mary receiver may or may not be changed. The primary system potentially gains diversity,
throughput, or coverage through this cooperation and can save energy. The secondary
system on the other hand can utilize the cooperative transmission for its own purpose
and embed own data in the cooperative transmission. A secondary transmitter can for
example compensate for and control the interference due to embedded secondary data
by spending additional power for the message of the primary system, by using (multiple-
antenna) interference cancelation techniques, or by combining both strategies. In this
way, secondary transmit opportunities are created. Since the effectiveness of transmit-
ter cooperation is limited by the first initial transmission phase, transmit cooperation is
mostly relevant if the primary and secondary transmitters are close and can transfer the
primary’s message effectively using high transmission rates and low transmit powers.

Receive cooperation can be an alternative strategy if the primary and secondary re-
ceivers are close to each other such that they can establish efficient communication among
them. In receive cooperation, the secondary system after decoding its own message can
forward side information to the primary system. This side information can contain addi-
tional information on the secondary’s message which then allows the primary system to
decode and cancel out the interference from the secondary, or it can forward a compressed
version of its residual signal after decoding, which can be used by the primary receiver
to enhance the signal-to-noise-and-interference ratio for the desired signal component.
Receiver cooperation can essentially provide the same benefits as transmit cooperation;
however, it requires a modification of the primary’s receiver while the primary transmitter
can (but needs not to) be ignorant to the cooperation.

2.6.3 Interweave Paradigm

An interweave cognitive radio is an intelligent wireless communication system that pe-
riodically monitors the radio spectrum, intelligently detects occupancy in the different
parts of the spectrum, and then opportunistically communicates over spectrum holes
with minimal interference to the active user. Cognitive user transmits simultaneously
with a non-cognitive user only in the event of a false spectral hole detection. Cognitive
user’s transmit power is limited by the range of its spectral hole sensing.

In the case of interweave cognitive radio systems, secondary users utilize vacant pri-
mary users spectrum for their own communication purposes. This accentuates the neces-
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sity of reliable detection of the available spectrum currently not utilized by any primary
user. Inaccurate detection can result in excessive interference to the primary user sys-
tems and can severely affect their performance. A possible method for vacant spectrum
(i.e. primary user absence) detection is spectrum sensing that utilizes techniques which
strongly rely on signal processing. There are several spectrum sensing techniques, which
differ according to the amount of needed a priori information for proper operation, im-
plementation complexity, accuracy etc.

There are numerous factors affecting the spectrum sensing reliability. The most es-
sential ones are real-time operation and robustness to channel variations depending on
the device performance and the channel state. The sensing period and the computa-
tional complexity have a strong influence on the real-time sensing capabilities, e.g. long
sensing periods or methods with higher computational complexity increase the detection
performance, but decrease the real-time operation. The robustness to channel variations
is mainly influenced by the impact of the noise and the fading, which may affect the reli-
ability and the performance of the spectrum sensing techniques. Many solutions propose
to mitigate the negative noise and fading effects by introducing complex signal processing
techniques as well as cooperation between multiple sensing devices.

As already elaborated, real-time operation is a vital reliability factor of any spectrum
sensing technique which is tightly correlated with its detection performance. For example,
in the case of AWGN channel, the detection performance of the conventional energy based
detector [184], which uses only the power of the received samples, increases when the
number of sensed samples increases

PD = QN/2(
√
Nγ,

√
λE/2) (2.13)

PF =
Γ(N/2, λE/2)

Γ(N/2)
(2.14)

where PD, PF , N, γ and λE represent the probability of detection, probability of false
alarm, number of sensed samples, channel SNR and SNR threshold, respectively, while
QN/2(·, ·),Γ(·) and Γ(·, ·) denote the generalized Marcum Q-function, Gamma and incom-
plete Gamma functions, respectively. Equation 2.14 shows that higher number of sensed
samples can be obtained either when increasing the sensing time or the sampling frequency
of the device

N = Tsfs (2.15)

where Ts and fs, denote the sampling frequency and the sensing time, respectively. Hence,
the spectrum sensing techniques cannot use very long sensing periods in order to stay in
the boundaries of real-time operation. The same conclusions, about the real-time opera-
tion, can be made for all types of energy based detectors (e.g. eigenvalue detector, Higher
Order Statistics - HOS detector etc.).

In the case of feature detection techniques, the real-time operation reliability factor is
also related to the sensing time and the computational complexity. Longer observation
times usually result in higher reliability since the feature based sensing techniques exploit
the correlation properties of the primary user signal type. However, [141] proves that
the length of the sensing time of a cyclostationarity based detector, needed for reliable
primary detection, is significantly small and satisfies the real-time requirements. On the
other hand, the computational complexity can have a significant impact on the real-time
performance of feature based spectrum sensing techniques. Due to the complex mathe-
matical operations, these spectrum sensing techniques require devices with high processing
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power. Compared to the energy based, feature based techniques prove to struggle more
in terms of the real-time reliability factor.

As previously mentioned, another essential reliability factor of the spectrum sensing
techniques is the robustness to channel variations in terms of noise and fading. It is proven
that in noisy environments the conventional energy detection underperforms due to the
noise uncertainty [155]. In this case, if the noise level is not precisely known, the detec-
tion becomes impossible for low signal levels. More sophisticated energy based detection
techniques (e.g. eigenvalue detector, HOS detector etc.), feature based detectors, as well
as cooperative spectrum sensing techniques overcome the noise uncertainty problem and
provide reliable performance in cases of highly noised channels.

There are many incumbent primary communication systems (e.g. DTV, radar, DME
etc.) which implement sparse frequency planning with large interference margins. This
leads to an underutilization of frequency spectrum in a given geographic area and a sec-
ondary user operating on a vacant frequency spectrum chunk at relatively low power level
would not need a great separation from co-channel and adjacent channel primary users
to avoid causing interference. This opportunistic operation of secondary users in the in-
terleaved spectrum holes is conditioned on their ability to avoid harmful interference to
licensed primary users of these bands. Therefore, the secondary users must be aware of
the geographical and frequency characteristics of the primary system within the area of
current location. However, the secondary users must also incorporate certain regulatory
rules which govern the particular frequency band and geographical location.

For example, the FCC rules [185][186][187] define a fixed permitted maximum transmit
power for different types of TV white space devices. The maximum Equivalent Isotrop-
icaly Radiated Power (EIRP) for a fixed TV white space device with an antenna height
below 30 m is 39 dBm. For a mobile device, the EIRP limit is 20 dBm. There is an
additional protection distance in which white space devices are not allowed to operate at
all on the same channel around each TV transmitter coverage area. Outside this area,
the permitted transmit power immediately goes up to the maximum allowed value. The
FCC rules also forbid white space device usage in the first adjacent channel to an occu-
pied DTV channel, but in this case the protection distance is smaller. For a white space
device with antenna height between 10 m and 30 m, the added co-channel protection
zone is 14.4 km and the adjacent channel protection zone is 0.74 km. Beyond the first
adjacent channel there are no limitations from the viewpoint of one particular transmitter.

On the other hand, the ECC rules [188] allowed secondary users to transmit at different
power levels based on their distance to the coverage area. The protection principle is
implemented as a boundary condition of the maximum transmission power. The method
developed by SE43 calculates the permitted maximum transmit power for a white space
device at a given location. The calculation lays on the given permitted degradation of
location probability for TV reception. Furthermore, the ECC has left specification of
white space device spectrum masks to manufactures, while FCC has prescribed stringent
masks.
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2.7 Potential Applications of Cognitive Radio

Cognitive radio concepts can be applied to a variety of wireless communications scenarios,
a few of which are described below [92]:

• Next generation wireless networks : Cognitive radio is expected to be a key tech-
nology for next generation heterogeneous wireless networks. Cognitive radio will
provide intelligence to both the user-side and provider-side equipments to manage
the air interface and network efficiently. At the user-side, a mobile device with
multiple air interfaces (e.g. WiFi, WiMAX, cellular) can observe the status of the
wireless access networks (e.g. transmission quality, throughput, delay, and conges-
tion) and make a decision on selecting the access network to connect with. At the
provider-side, radio resource from multiple networks can be optimized for the given
set of mobile users and their QoS requirements. Based on the mobility and traffic
pattern of the users, efficient load balancing mechanisms can be implemented at
the service provider’s infrastructure to distribute the traffic load among multiple
available networks to reduce network congestion.

• Coexistence of different wireless technologies : New wireless technologies are being
developed to reuse the radio spectrum allocated to other wireless services (e.g. TV
service). Cognitive radio is a solution to provide coexistence between these different
technologies and wireless services. For example, IEEE 802.22-based WRAN users
can opportunistically use the TV band when there is no TV user nearby or when a
TV station is not broadcasting [189]. Spectrum sensing and spectrum management
will be crucial components for IEEE 802.22 standard-based WRAN technology to
avoid interference to TV users and to maximize throughput for the WRAN users.

• eHealth services : Various types of wireless technologies are adopted in health care
services to improve efficiency of the patient care and health care management. How-
ever, using wireless communication devices in health care application is constrained
by EMI (electromagnetic interference) and EMC (electromagnetic compatibility)
requirements. Since the medical equipments and biosignal sensors are sensitive to
EMI, the transmit power of the wireless devices has to be carefully controlled. Also,
different biomedical devices (e.g. surgical equipment, diagnostic and monitoring de-
vices) use RF transmission. The spectrum usage of these devices has to be carefully
chosen to avoid interference with each other. In this case, cognitive radio concepts
can be applied. For example, many wireless medical sensors are designed to operate
in the ISM (industrial, scientific, and medical) band, which can use cognitive radio
concepts to choose suitable transmission bands to avoid interference.

• Intelligent transportation system: Intelligent transportation systems (ITS) will in-
creasingly use different wireless access technologies to enhance the efficiency and
safety of transportation by vehicles. Two different types of communications scenar-
ios arise in an ITS system vehicle-to-roadside (V2R) communication and vehicle-
to-vehicle (V2V) communication. In vehicle-to-roadside communications, informa-
tion is exchanged between the roadside unit (RSU) and the onboard unit (OBU)
in a vehicle. In vehicle-to-vehicle communications, a special form of ad hoc net-
work, namely, a vehicular ad hoc network (VANET), is formed among vehicles to
exchange safety-related information. High mobility of the vehicles and rapid vari-
ations in network topologies pose significant challenges to efficient V2R and V2V
communications. Cognitive radio concepts can be used in both OBUs and RSUs
so that they can adapt their transmissions to cope with the rapid variations in the
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ambient radio frequency environment [190]. With multi-radio capabilities at the
OBUs, they should be able to adaptively choose the radio to communicate with the
RSUs.

• Emergency networks : Public safety and emergency networks can take advantage of
the cognitive radio concepts to provide reliable and flexible wireless communication.
For example, in a disaster scenario, the standard communication infrastructure may
not be available, and therefore, an adaptive wireless communication system (i.e. an
emergency network) may need to be established to support disaster recovery. Such
a network may use the cognitive radio concept to enable wireless transmission and
reception over a broad range of the radio spectrum.

• Military networks : With cognitive radio, the wireless communication parameters
can be dynamically adapted based on the time and location as well as the mission
of the the soldiers. For example, if some frequencies are jammed or noisy, the
cognitive radio transceiver can search for and access alternative frequency bands for
communication. Also, location-aware cognitive radio can control the transmitted
waveform in a particular region to avoid interference to the high priority military
communication systems [191].

2.8 Research Challenges in Cognitive Radio

Research in cognitive radio poses a number of challenges. Below are some of the major
challenges [92].

2.8.1 Issues in Spectrum Sensing

Spectrum sensing gives rise to several physical and media access control (MAC) layer
research issues. While the physical layer issues are mostly related to signal processing,
the MAC layer issues are related to optimization of spectrum sensing.

• Sensing interference limit : One objective of spectrum sensing, especially for interference-
based sensing, is to obtain the status of the spectrum (i.e. idle/occupied), so that
the spectrum can be accessed by an unlicensed user under the interference con-
straint. The challenge lies in the interference measurement at the licensed receiver
caused by transmissions from unlicensed users. First, an unlicensed user may not
know exactly the location of the licensed receiver which is required to compute in-
terference caused due to its transmission. Second, if a licensed receiver is a passive
device, the transmitter may not be aware of the receiver.

• Spectrum sensing in multiuser networks : Multiple users, both licensed and unli-
censed, may share the radio spectrum in a network. Also, multiple networks can
coexist for which transmissions in one network may interfere with transmissions in
other networks. In such a case, coordinated and cooperative spectrum sensing would
be preferred since it can detect the spectrum access status by the licensed users in
different locations in the network. The spectrum sensing information can be used
to obtain a spectrum map which can be utilized by the unlicensed users to make
spectrum access decisions.

• Optimizing the period of spectrum sensing : In spectrum sensing, the longer the ob-
servation period, the more accurate will be the spectrum sensing result. However,
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during sensing, a single-radio wireless transceiver cannot transmit in the same fre-
quency band. Consequently, a longer observation period will result in lower system
throughput (Figure 2.3). This performance tradeoff can be optimized to achieve
an optimal spectrum sensing solution. If the accuracy of spectrum sensing is low,
collision and interference to the transmissions by licensed users could occur to de-
grade the performances of both licensed and unlicensed users. Classical optimization
techniques (e.g. convex optimization) can be applied to obtain the optimal solution.

Figure 2.3: Tradeoff between spectrum sensing time and user throughput. [92].

• Spectrum sensing in multichannel networks : Multichannel transmission (e.g. OFDM-
based transmission) would be typical in a cognitive radio network. However, the
number of available channels would be larger than the number of available interfaces
at the radio transceiver. Therefore, only a fraction of the available channels can be
sensed simultaneously. Selection of the channels (among all available channels) to
be sensed will affect the performance of the system. For spectrum sensing, a chan-
nel which is mostly occupied by the licensed user(s) should be less preferred to a
channel which is occasionally occupied. In a multichannel environment, selection
of the channels should be optimized for spectrum sensing to achieve the optimal
system performance under hardware constraints at the cognitive radio transceiver.

2.8.2 Spectrum Management Issues

The main objective of spectrum management is to observe and control access to the
spectrum holes by the unlicensed users. The research issues in spectrum management are
related to spectrum analysis and spectrum access decisions.

• Issues in spectrum analysis : Based on the spectrum sensing result, spectrum anal-
ysis is performed to estimate spectrum quality. One of the issues here is how to
quantify the quality of the spectrum opportunity which can be accessed by an un-
licensed user. This quality can be characterized by the signal-to-noise ratio (SNR),
the average duration and correlation of the availability of spectrum holes. The in-
formation about this spectrum quality available to a cognitive radio user can be
imprecise and noisy. Learning algorithms from artificial intelligence is one of the
candidate techniques that can be used by the cognitive radio users for spectrum
analysis.
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• Issues in the spectrum access decision: Some of the research issues related to the
spectrum access decision of an unlicensed user are described below:

◦ Decision model : A decision model is required for spectrum access. The com-
plexity of this decision model depends on the parameters considered during
spectrum analysis (e.g. the average duration of spectrum holes and the SNR
of the target frequency band) as well as the utility of the cognitive user ob-
tained through accessing the spectrum holes. The decision model becomes
more complex when an unlicensed user has multiple objectives. For example,
an unlicensed user may intend to maximize its throughput while minimizing
the interference caused to the licensed user. Stochastic optimization methods
(e.g. the Markov decision process) will be an attractive tool to model and solve
the spectrum access decision problem in a cognitive radio environment.

◦ Competition/cooperation in a multiuser environment : When multiple users
(both licensed and unlicensed users) are in the system, their preference will
affect the spectrum access decision. These users can be cooperative or non-
cooperative in accessing the spectrum.

In a non-cooperative environment, each user has its own objective, while in
a cooperative environment, all users can cooperate to achieve a single objec-
tive (Figure 2.4). For example, multiple unlicensed users may compete with
each other to access the radio spectrum (e.g. O1, O2, O3, and O4 in Figure
2.4) so that their individual throughput is maximized. During this competi-
tion between unlicensed users, all of them have to ensure that the interference
caused to the licensed user(s) is maintained below the corresponding interfer-
ence temperature limit. Non-cooperative game theory is the most suitable tool
to obtain the equilibrium solution for the spectrum access problem in such a
scenario. This equilibrium solution would guarantee that none of the users will
unilaterally deviate to achieve higher payoff (which could degrade the payoff
of other users).

In a cooperative environment, the cognitive radios cooperate with each other to
make the spectrum access decision to maximize a common objective function
under given constraints. In such a scenario, a central controller may coordinate
the spectrum management. Alternatively, the cognitive radios can communi-
cate among themselves in a distributed manner and a mechanism for informa-
tion exchange, negotiation, and synchronization would therefore be required.

◦ Distributed implementation of spectrum access control : In a distributed mul-
tiuser environment, for non-cooperative spectrum access, each user can reach
an optimal decision independently by observing the historical behavior/action
of other users in the system. Therefore, a distributed algorithm is required
for an unlicensed user to make the decision on spectrum access autonomously.
The stability and convergence property of the distributed algorithm needs to
be evaluated to ensure that it achieves the desired solution for an unlicensed
user.
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Figure 2.4: Cooperative and non-cooperative spectrum access. [92].

2.8.3 Spectrum Mobility Issues

The spectrum mobility functions in a cognitive radio network allow an unlicensed user
to change its operating spectrum dynamically based on the spectrum condition. The
research issues in spectrum mobility relate to switching between available frequency bands
to provide smooth spectrum access without interruption to both application and service
due to the change in the radio environment.

• Search for the best frequency bands : A cognitive radio must keep track of available
frequency bands so that if necessary (e.g. a licensed user is detected), it can switch
immediately to other frequency bands. During transmission by an unlicensed user,
the condition of the frequency band has to be observed. In a similar way to spectrum
sensing, this would of course incur some overhead. The observation can be performed
in a proactive manner or in an on-demand basis [192]. In the proactive approach, the
condition of the available channels is periodically observed and the knowledge about
these channels is continuously updated. When a spectrum handoff is required, this
knowledge can be used by an unlicensed user to switch to a new frequency band. In
contrast, with an on-demand approach, channel observation can be performed only
when an unlicensed user needs to switch the channel. While the proactive approach
incurs a larger overhead due to periodic observation, the latency of spectrum handoff
would be smaller in this case.

• Protocol stack adaptation: Since the latency due to spectrum handoff could be high,
the modification and adaptation of other components in the protocol stack are
required. For example, when an unlicensed user switches channel, the transmission
control protocol (TCP) timer at the transport layer can be frozen to avoid any
mis-interpretation of the delay incurred for the acknowledgement message. A cross-
layer optimized framework for protocol adaptation has to be developed to cope with
spectrum mobility.

• Self-coexistence and synchronization: When an unlicensed (or secondary) user per-
forms spectrum handoff, two issues have to be taken into account. First, the target
channel must not currently be used by any other secondary user (i.e. the self-
coexistence requirement), and the receiver of the corresponding secondary link must
be notified of the spectrum handoff (i.e. the synchronization requirement). For the
self-coexistence issue, a spectrum broker can be used to manage spectrum allocation.

44



However, this issue becomes challenging when such a broker is not available in the
system. For synchronization, the MAC protocol must be designed with provision
for spectrum handoff information exchange.

2.8.4 Network Layer and Transport Layer Issues

The major issue in the network layer is the design of the routing protocol for multihop
cognitive radio networks. The routing algorithm needs to be integrated with spectrum
management in order to improve the overall system performance. It was observed that
the performance of the cross-layer approach is much better than the performance of the
decoupled approach for which routing algorithm and spectrum management perform sep-
arately [193][194]. In the cross-layer approach, the routing algorithm (e.g. dynamic source
routing (DSR)) considers the spectrum allocation in each hop. In the decoupled approach
[195], the shortest-path and spectrum sharing algorithms are performed independently.
Although integration of routing algorithms and spectrum management can achieve better
performance, many issues related to routing in the network layer remain to be investi-
gated.

• Message broadcasting mechanism: Given the routing metric, a routing algorithm
requires information exchange among the network nodes to choose the best route.
However, since in a cognitive radio network a common channel for this information
exchange may not be available, an efficient message broadcasting mechanism based
on dynamic spectrum access would be required.

• Routing metrics and route selection: Due to the activity of licensed users, connec-
tivity between the nodes of unlicensed users can be dynamically changed. Also, the
routing metric has to be jointly defined based on network parameters (e.g. hop-
counts and link quality) and spectrum management parameters (e.g. interference
to licensed users and the average number of available channels). For example, in
Figure 2.5, unlicensed user 1 may require to use the route through users 2 and 4 to
the destination user 5 for which the number of hops is more than that of the route
through user 3 (i.e. three hops versus two hops).This is because using the shorter
route may cause interference to the licensed user. However, during periods when the
licensed transmitter is inactive, the route through unlicensed user 3 can be selected.

In the transport layer, modifications have to be made to TCP and user datagram pro-
tocol (UDP) working in a cognitive radio environment to avoid performance degradation
[196]. Congestion control in TCP depends on the packet loss rate and the round-trip-time
(RTT). With a wireless link, a TCP sender could mis-interpret packet loss due to wireless
error as a sign of congestion. As a result, congestion avoidance and slow start mechanisms
would be invoked. Some variants of TCP were proposed to cope with this problem in a
wireless environment. For example, an indirect-TCP (I-TCP) splits a connection of wire-
less link from the wired link, so that each TCP connection can be optimized for wireless
and wired networks, respectively.

In cognitive radio networks, many factors such as the transmit power, the bandwidth
of the spectrum hole, and the interference level can affect the packet loss rate. Similarly,
RTT can be affected by the delay due to spectrum sensing and spectrum handoff, for
which when the current channel becomes unusable for an unlicensed user, the unlicensed
user has to search for a new channel. Therefore, the transport layer protocol has to
consider these effects to optimize end-to-end rate control.
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Figure 2.5: Routing in the presence of licensed users. [92].

2.8.5 Cross-layer Design for Cognitive Radio Networks

Communication systems are usually designed based on a layered architecture. The layered
architecture promotes the modularity, standardization, and expandability of the system.
Since the communication functionalities are separated into different layers, with those that
are closely related grouped in one layer, each of the layers can be designed independently.
In addition, the components in each layer can be updated, changed, and expanded inde-
pendently without any side effect on other components. The layered structure provides
explicit abstraction of the functions in each layer and supports well defined interfaces
between the layers. Therefore, components developed or implemented by different man-
ufacturers can interoperate with each other.

However, since the different components are ordered in the layered structure, each
component has to operate sequentially (e.g. a lower layer has to wait until a higher layer
has finished processing). This sequential operation results in computational overhead and
latency. With the layers being isolated, components in one layer may not be able to access
information in other layers. As a result, the interaction among the components in the
different layers is limited. The performance of the entire system may therefore not be op-
timized due to the lack of global information exchange. Also, some components can have
redundant functions (e.g. error control and recovery in both MAC and physical layers).
Wireless systems with layered protocol structures may lack adaptability with channel
variations. Since the interaction between the layers has to be performed only through a
standard interface, the communication system may not be able to respond immediately
when the radio environment changes. As a result, the overall system performance could
be degraded.

Some of the limitations of layered protocol structure in a communication system can
be mitigated through cross-layer design and optimization methods [197] [198]. One ob-
jective of cross-layer design is to increase the information flow between components in
the different layers. Cross-layer optimization aims to improve the overall performance of
a communication system through optimization of decision variables and parameters in
different layers simultaneously.

An example of cross-layer optimization in cognitive radio networks was presented in
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Figure 2.6: Cognitive radio architecture with machine learning [92].

[199]. In a cognitive radio environment, the information gathered (e.g. signal quality) by
a cognitive radio could often be imprecise. Therefore, the radio interface and protocols
in a cognitive radio have to be designed to process noisy and inaccurate information. In
[163], fuzzy logic was used as a solution to process imprecise information in a cognitive
radio environment using the concept of cross-layer design.
Using a fuzzy logic controller can reduce the complexity of the system. Specifically, us-
ing predefined rules for fuzzification and defuzzification processes in a fuzzy logic-based
system often reduces the computational complexity significantly when compared to the
complexity of solving an optimization problem in an exact manner.

In a fuzzy logic system, the protocol parameters in the different layers can be modeled
as fuzzy variables which can be accessed and modified by the fuzzy controller. The
values of these fuzzy variables are classified into fuzzy sets with certain probability. The
values of input fuzzy variables can be determined by the fuzzification process applied to
the measured values. Then, the fuzzy controller applies the inference rules to the input
variables and the defuzzification process is used to obtain the values of output variables
which are used to control the protocol parameters.

2.8.6 Artificial Intelligence Approach for Designing Cognitive
Radio

Artificial intelligence (AI) techniques for learning and decision making can be applied to
design efficient cognitive radio systems [200][201][202]. One example was illustrated in
[200], where the concept of machine learning was applied to cognitive radio for capacity
maximization and dynamic spectrum access.

The proposed system architecture is shown in Figure 2.6. Here, the knowledge base
maintains the states of the system and the available actions [203]. The reasoning en-
gine uses the knowledge base to select the best action. The learning engine performs
knowledge manipulation based on the observed information (e.g. information on chan-
nel availability, channel error rate). In the knowledge base, two data structures, namely,
predicate and action, are defined. The predicate (or inference rule) is used to represent
the state of the environment. Based on this state, an action can be performed to change
the state so that the system objectives can be achieved. For example, a predicate can be
defined as “modulation==QPSK AND SNR==5dB”, while the action can be defined as
“decrease modulation mode” with precondition “SNR 8 dB” and postcondition “mod-
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ulation==BPSK”. Given the input(which is obtained from measurement), the reasoning
engine matches the current state (e.g. modulation and SNR in this case) with the pred-
icates and determines the predicate results (i.e. true or false). Then, from the set of
predicate results, an appropriate action is taken. In the above example, if the current
SNR is equal to 5 dB and current modulation is QPSK, the precondition will be true and
the predicate will be active. As a result, the cognitive engine will decide to reduce the
modulation mode. In this case, the modulation will be changed to BPSK, as stated in
the corresponding postcondition.

A learning algorithm is used to update both the state of the system and the available
actions according to the radio environment. This update can be done using an objective
function (e.g. minimize the bit error rate) with a goal to determine the best action given
the input (e.g. channel quality) and the available knowledge. Different learning algorithms
can be used in a cognitive radio network (e.g. based on a hidden Markov model [204],
neural network [205], reinforcement learning [206], or genetic algorithm [207]).

2.8.7 Location-aware Cognitive Radio

Location information can be used to improve the performance of wireless systems. For
example, in mobile cellular networks, the location information of the mobile users can
be used to optimally reserve the channels for handoff, e.g. using the concept of shadow
cluster [208][209]. Other examples are location-assisted dynamic spectrum management,
transceiver algorithm development and optimization (e.g. location-aided adaptive beam-
forming), and environment characterization (e.g. location-assisted propagation environ-
ment identification) [210][211]. The location awareness was also used in the context
of a cognitive radio system [212][213]. Two dynamic spectrum access schemes, which
were proposed by the FCC to utilize location information for spectrum allocation, are
geolocation-database and local beacon [214]. These schemes were proposed for an unli-
censed system to access TV bands without interfering with a TV service (i.e. the licensed
service).

In a geolocation-database scheme, the licensed services (i.e. TV broadcasters) use lo-
cation estimation devices (e.g. global positioning system or GPS) to obtain their location
information. Then, this information is sent by the licensed service to the FCC central
database. This FCC database broadcasts the collected TV band and the location infor-
mation from the corresponding licensed services to the unlicensed users. Similarly, the
unlicensed users also use location estimation devices to obtain their location information.
Based on the information from the FCC database and their own location information, the
unlicensed users identify available TV bands that they can use without interfering with
the licensed services. This step can be performed locally by the unlicensed users. After
the unlicensed users determine the TV bands to be used, they submit the request with
their location information to the cognitive base station. This cognitive base station allo-
cates the spectrum to the unlicensed users and also reports to the FCC database about
the occupancy of the TV bands.

In a similar way to the geolocation-database scheme, a local beacon scheme utilizes
the location information to identify the TV bands to be used by the unlicensed users.
However, in this scheme, the database is located in a local cell to manage the spectrum
allocation. The licensed services report periodically to update their location and TV
band information in the local database. The cognitive radio base station broadcasts the
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geolocation-database to the unlicensed user. The unlicensed user receives this information
and uses it to identify available TV bands. Again, its location information is used. The
spectrum access plan (e.g. which TV band to access and for how long) is sent to the
cognitive radio base station to maintain information on the current spectrum allocation.

Although the proposed dynamic spectrum access can improve the performance of
spectrum allocation, there are some issues that need to be addressed. For example,
the accuracy of the location information will have an effect on the interference caused
to the licensed service, especially when the unlicensed user is located in a place where
the geolocation signal cannot be accurately estimated (e.g. indoor). Adaptive position
systems based on cognitive radios as proposed in [210] can be applied to mitigate the
problem.
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Chapter 3

Design of Non-Uniform Antenna
Arrays Using Genetic Algorithm

3.1 Introduction

The performance of a single-element antenna is somewhat limited. To obtain high direc-
tivity, narrow beamwidth, low side-lobes, point-to-point and preferred-coverage pattern
characteristics, etc., antenna arrays are used [7]. An antenna array is an assembly of
individual radiating antennas in an electrical and geometrical configuration. Nowadays,
antenna arrays appear in wireless terminals and smart antennas, so robust and efficient
array design is increasingly becoming necessary.

The design of an array involves mainly the selection of elements and array geome-
try first, and then the determination of the element excitations required for achieving
a particular performance. In antenna arrays, it is frequently desirable to achieve both
a narrow beamwidth and a low side-lobe level. In linear antenna arrays, a uniform ar-
ray (having uniform inter-element spacing and uniform amplitude excitation) yields the
smallest beamwidth and hence the highest directivity. It is followed, in order, by the
Dolph-Chebyshev and Binomial arrays. In contrast, Binomial arrays usually possess the
smallest side-lobes followed, in order, by the Dolph-Chebyshev and uniform arrays.

Binomial and Dolph-Chebyshev arrays are typical examples of non-uniform arrays.
Non-uniform linear antenna arrays have uniform inter-element spacing and non-uniform
amplitude distributions.

It will be shown that using genetic algorithm it is possible to design a non-uniform
linear array that approximates the beamwidth of a uniform array and having smaller
side-lobe level than the Dolph-Chebyshev array. The result is that the designed antenna
array exhibits the largest directivity as compared to the uniform, Binomial and Dolph-
Chebyshev arrays. In the design, the genetic algorithm is employed to generate the
excitation amplitudes of the antenna array. Although over the past decades, the theory
of antenna array design has been studied in depth and is certainly well documented [7],
it is only recently that the applications of genetic algorithms to engineering electromag-
netics [215]-[217] and antenna array design and synthesis [218]-[221] have attracted much
attention.

This chapter is organized as follows. The problem formulation is presented in Section
3.2. Section 3.3 describes how the genetic algorithm is applied to the problem at hand.
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In Section 3.4, some representative numerical results are presented. Finally concluding
remarks are made in Section 3.5.

3.2 Problem Formulation

Consider a uniformly spaced linear array of N elements places along the z-axis. Sup-
pose the distance between any two adjacent elements is d and the array is operated at
wavelength λ. The array factor is (1.6)

AF (θ) =
N∑
n=1

ane
j(2πnd cos θ)/λ (3.1)

The feeding coefficient an can be written as

an = |an|ejαn (3.2)

where αn is the phase of the excitation current.

In uniform arrays, the elements have equal amplitude and a constant phase difference
between adjacent ones whereas binomial and Dolph-Chebyshev arrays, which are typical
examples of non-uniform arrays, have amplitude excitations derived from the binomial
series and Chebyshevs polynomials, respectively [7].

As stated above, in antenna system design it is frequently desirable to achieve both
a narrow beamwidth and a low side-lobe level [222]. A uniform array yields the smallest
beamwidth and the highest directivity. It is followed, in order, by the Dolph-Chebyshev
and binomial arrays. In contrast, binomial arrays usually possess the smallest side-lobes
followed, in order, by the Dolph-Chebyshev and uniform arrays [7].

Our objective is to design, using GA, a non-uniform linear array that approximates
the beamwidth of uniform arrays and produces smaller side-lobe level than that of Dolph-
Chebyshev array. The array so designed will posses, as will be shown, the highest direc-
tivity than uniform, binomial, and Dolph-Chebyshev arrays.

From Equation (3.1), the array factor for a non-uniform broadside (αn = 0) array is

AF (θ) =
N∑
n=1

ane
j(2πnd cos θ)/λ (3.3)

where an is real.

To design the array, first the number of array elements N and the inter-element spacing
d are specified. The genetic algorithm generates N excitation coefficients (a1, a2. . . . , an)
and forms the non-uniform array factor AF (θ) (3.3). By successive generation of an’s
through the GA, the desired array factor is made to approximate a hypothetical array
factor AFh(θ) in some acceptable sense. The array factor AFh(θ) is one which, in the
region of the main lobe, is the same as a uniform broadside array with the same N and
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d, but is zero elsewhere-i.e., with no side-lobes.

AFh(θ) =


1

N

sin

(
πNd

λ
cos θ

)
sin

(
πd

λ
cos θ

) , for cos−1
(
λ
Nd

)
≤ θ ≤ π − cos−1

(
λ
Nd

)
;

0, otherwise.

(3.4)

Since the required non-uniform array AF (θ) is to approximate AFh(θ), the mean-squared
error of the difference between AF (θ) and AFh(θ) is passed to the genetic algorithm as
an objective or fitness function, f(θ; a1, . . . , aN) , to be minimized, where

f(θ; a1, . . . , aN) = ‖AF (θ)− AFh(θ)‖2, or

f =



∥∥∥∥∥
N∑
n=1

ane
j(2πnd cos θ)/λ − 1

N

sin
(
πNd
λ

cos θ
)

sin
(
πd
λ

cos θ
) ∥∥∥∥∥

2

, for cos−1
(
λ
Nd

)
≤ θ ≤ π − cos−1

(
λ
Nd

)
;∥∥∥∥∥

N∑
n=1

ane
j(2πnd cos θ)/λ

∥∥∥∥∥
2

, otherwise.

(3.5)

3.3 Applying the Genetic Algorithm

The genetic algorithm is a method for solving optimization problems that is based on
the evolutionists’ natural selection concept. The GA repeatedly modifies a population of
individual solutions. At each step, the GA selects individuals at random from the current
population to be parents and uses them produce the children for the next generation.
Over successive generations, the population ‘evolves’ toward an optimal solution. At each
step of the iteration, the GA uses the selection, crossover and mutation rules to create
the next generation from the current population.

The GA can be applied to solve a variety of optimization problems that are not well
suited for standard optimization algorithms, including problems in which the objective
function is discontinuous, non-differentiable, stochastic, or highly nonlinear.

The algorithm begins by creating a random initial population- in our case, a set of
random excitation amplitudes in a given range, say, twenty sets of N an’s. The algorithm
then creates a sequence of new populations, or generations. At each step, the algorithm
uses the individuals in the current generation to create the next generation. To create
the new generation, the algorithm performs the following steps: scores each member of
the current population by computing its fitness value. The fitness value of an individual
is the value of the fitness function for that individual. The fitness or objective function is
the function to be optimized. In the non-uniform array context, the fitness function is the
mean-squared error of the difference between the array factors generated by individual
members of a generation and the hypothetical side-lobe free uniform array (3.5). The
algorithm then selects parents with the lowest fitness values. Children are produced from
parents either by making random changes to a single parent- mutation, or by combining
the vector entries of a pair of parents- crossover. The current population is replaces with
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the children to form the next generation. Finally the algorithm stops when one of the
stopping criteria is met. Usually the stopping criteria is when the number of generations
reaches a pre-set maximum number of generations or when the value of the fitness function
for the best point in the current population is less than or equal to a pre-set fitness value.

3.4 Results

As it is well known in optimization problems, the number of local minima gets on explod-
ing as the number of optimization variables increase. This is to be expected in antenna
array design, since the number of nulls increase as N increases. Compared to standard
optimization algorithms, the genetic algorithm is strong at escaping the local minima [223].

The non-uniform array designed using the genetic algorithm exhibits the highest di-
rectivity, will have a narrow beamwidth comparable to uniform array and displays lower
side-lobe levels than Dolph-Chebyshev or uniform arrays. In Dolph-Chebyshev arrays,
the side-lobe levels are assumed to be 20 dB below the maximum of the major lobe.
Some representative results will be considered. In the sample results below, Matlab’s GA
toolbox with default parameters is used.

Result 1 For a linear array with N = 10 and d = 0.25λ, a broadside uniform, binomial,
and Dolph-Chebyshev arrays are produced. With the same N and d, a non-uniform
array is designed using the genetic algorithm. The result is displayed in Figure
3.1. The excitation coefficients of the non-uniform array as produced by the genetic
algorithm are shown in Table 3.1. The directivities in descending order are shown
in Table 3.2.

Table 3.1: Excitation coefficients for N = 10, d = 0.25λ
a1 = 1.5051 a2 = 0.8778
a3 = −0.4210 a4 = 3.5444
a5 = −0.3286 a6 = 0.9350
a7 = 2.3436 a8 = 0.5822
a9 = 0.2470 a10 = 1.7174

Table 3.2: Directivities for N = 10, d = 0.25λ
Array Directivity
Using GA 5.4382
Uniform 5.1658
Dolph-Chebyshev 4.9253
Binomial 2.6967

As claimed earlier, the array designed using the genetic algorithm exhibits the largest
directivity while keeping its beamwidth as narrow as the uniform array.

Result 2 As in Result 1 above, but with N = 20 and d = 0.25λ , the result is displayed
in Figure 3.2. The excitation coefficients and directivities are shown, respectively,
in Tables 3.3 and 3.4.
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Table 3.3: Excitation coefficients for N = 20, d = 0.25λ
a1 = 1.4647 a2 = −0.0557 a3 = 0.7709 a4 = 1.6612
a5 = 0.2775 a6 = 1.1205 a7 = 0.9641 a8 = 1.6770
a9 = 0.6786 a10 = 0.2991 a11 = 3.1648 a12 = −0.5235
a13 = 1.3070 a14 = 1.6972 a15 = 1.0998 a16 = −0.1354
a17 = 1.7464 a18 = 1.0624 a19 = −0.4338 a20 = 1.4978

Table 3.4: Directivities for N = 20, d = 0.25λ
Array Directivity
Using GA 10.1630
Uniform 10.1593
Dolph-Chebyshev 10.0092
Binomial 3.8884

Result 3 When the inter-element spacing d becomes larger, the number of side-lobes
proportionally increases. This means the fluctuations between nulls and side-lobe
peaks increases and the efficiency of the genetic algorithm decreases. This effect
can be illustrated by taking N = 10 and d = 0.5λ. The result is displayed in Figure
3.3 and the excitation coefficients are shown in Table 3.5 while the directivities are
shown in Table 3.6.

Table 3.5: Excitation coefficients for N = 10, d = 0.5λ
a1 = 0.4950 a2 = 0.6905
a3 = 0.7415 a4 = 0.8094
a5 = 0.8379 a6 = 0.8401
a7 = 0.8126 a8 = 0.7458
a9 = 0.6782 a10 = 0.5018

Result 4 : If the inter-element spacing d becomes smaller, the number of side-lobes
proportionally decreases. The array factor becomes smoother. This increases the
efficiency of the genetic algorithm. The effect can be illustrated by taking N = 10
and d = 0.15λ. The result is displayed in Figure 3.4. The excitation coefficients
and directivities are shown, respectively, in Tables 3.7 and 3.8.

3.5 Conclusion and Recommendations

As demonstrated above, genetic algorithm can be used to design an efficient non-
uniform array. The designed array exhibits the largest directivity and a beamwidth
approximating that of uniform arrays. Besides, the side-lobe level is smaller than
that of either uniform or Dolph-Chebyshev arrays.

For inter-element spacing greater than 0.5λ, the efficiency of the designed array rel-
atively decreases as opposed to smaller spacing. This is not a problem in practical
terms since real arrays will have inter-element spacing less than or equal to 0.5λ to
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Table 3.6: Directivities for N = 10, d = 0.5λ
Array Directivity
Uniform 9.9980
Using GA 9.7197
Dolph-Chebyshev 9.6203
Binomial 5.3914

avoid large number of side-lobes and perhaps grating lobes.

For future work, the excitation amplitude and excitation phases can be simulta-
neously used to design the non-uniform array using GA. Since the optimization
parameters are doubled, a better performance can be expected than the results
presented here.

Table 3.7: Excitation coefficients for N = 10, d = 0.15λ
a1 = −2.8430 a2 = −1.0364
a3 = −0.5084 a4 = −0.0046
a5 = −3.3524 a6 = −1.5005
a7 = −3.2832 a8 = 1.2169
a9 = −0.0279 a10 = −4.1288

Table 3.8: Directivities for N = 10, d = 0.15λ
Array Directivity
Using GA 3.6364
Uniform 3.2045
Dolph-Chebyshev 3.2045
Binomial 1.6826
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Figure 3.1: Magnitude of normalized array factor, |AF |, versus θ for N = 10, d = 0.25λ.

Figure 3.2: Magnitude of normalized array factor, |AF |, versus θ for N = 20, d = 0.25λ.
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Figure 3.3: Magnitude of normalized array factor, |AF |, versus θ for N = 10, d = 0.5λ.

Figure 3.4: Magnitude of normalized array factor, |AF |, versus θ for N = 10, d = 0.15λ.
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Chapter 4

Smart Antennas in Cognitive Radio
System

4.1 Introduction

It was pointed out in Section 2.4 that conventional cognitive radios exploit the licensed
spectrum by opportunistically seeking the under-utilized radio resource in time, frequency
and space domains. However, there are other dimensions that need to be explored further
for spectrum opportunity. The angle dimension is a typical example [100]. The literatures
surveyed point to the fact that little work has been done in this dimension. This chapter,
which constitutes core work of the dissertation, further explores the angle dimension.

It is to be noted that angle dimension is different than geographical space dimension.
In angle dimension, a primary and a secondary user can be in the same geographical area
and share the same channel. However, geographical space dimension refers to physical
separation of radios in distance such as those in different mobile cells (see Figure 2.2).

To exploit the angle opportunity, the cognitive transmitter (CT) can be equipped with
a smart antenna so that it directs its main lobe in the direction of the cognitive receiver
(CR) while minimizing or nulling its interference in the direction of the primary receiver
(PR).

The chapter investigates performance of CR systems in utilizing the angle diversity in
Rayleigh fading channel. As proposed, the CT equipped with smart antenna should keep
the interference to the primary receiver below a given threshold while at the same time
ensuring high enough SINR at the cognitive receiver. For a given cognitive transmitter
location, the region where cognitive receivers can be deployed is determined under the
fading channel and compared with a non-fading (large-scale fading) channel.

The authors in [226] proposed opportunistic spectrum access scheme based on angle
diversity and smart antenna technology. In their proposed non-intrusive cognitive scheme
they showed that, depending on the relative location of the CR and PR, interference from
primary transmitter (PT) to CR can be made very small in a large area coined by them
as the ‘decodable zone’. Consequently, the CT and PT can transmit to their respective
receivers with high enough SINR when the CRs are deployed in the decodable zone. The
present work is partially an extension of the model developed by [226] to Rayleigh fading
channel.
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This chapter is organized as follows. The system model is presented in Section 4.2.
Section 4.3 sets the problem statement and describes the algorithm for a successful de-
ployment of the CR in the allowable region. Section 4.4 provides some representative
numerical results. Finally in Section 4.5 concluding remarks and further research areas
are hinted.

4.2 System Model

Assume there are two wireless communication links coexisting in the same geographical
region. The primary users (PT and PR) are the licensed users while the secondary or
cognitive users (CT and CR) are allowed to opportunistically access the primary user’s
spectrum under the conditions to be outlined below. The system setup is shown in Figure
4.1.

Figure 4.1: Cognitive radio system with primary users.

For a PT located at (x0, y0), the separation distance between PT and CT is

D =
√

(x0 − x1)2 + (y0 − y1)2 (4.1)

The PR is randomly distributed within the circle of radius D while the CR is deployed
in a small region centered on the CT at (x1, y1). Subscripts ()p and ()c indicate, respec-
tively, primary and cognitive users. dij and θij for i, j = p, c represent, respectively, the
distance and azimuth angle from the i’s transmitter to the j’s receiver. For example, dpc
represent the distance between PT and CR while dcp represents the separation distance
between CT and PR.

To exploit the angle opportunity, the CT should be equipped with beamforming smart
antenna so that it minimizes its interference to the PR while maximizing its radiation in
the direction of the CR. Assume that the CT is using a 2-D uniform circular array with
M array elements and consider, for simplicity, the azimuth angle. The array beamforming
gain in the direction of the azimuth angle θ becomes

G(θ) = wHa(θ) =
M∑
m=1

wme
−j2π(R/λ) cos(θ−θm) (4.2)

where w = [w1, w2, . . . , wM ]H ∈ CM×1 is the transmit beamforming vector, a(θ) =
[a1(θ), a2(θ), . . . , aM(θ)]T is the array steering vector. The superscript H is the hermi-
tian transpose while T is the transpose operator. R is the array radius, λ is the carrier
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wavelength and θm = 2π
M
m,m = 1, . . . ,M is the angular location of the array elements

with respect to the horizontal axis.

The instantaneous signal-to-interference-plus noise ratio, SINR, at the PR and CR,
respectively, are

SINRp =
Ppp|G(θpp)|2

N0 + Pcp|G(θcp)|2
(4.3)

SINRc =
Pcc|G(θcc)|2

N0 + Ppc|G(θpc)|2
(4.4)

where Pij for i, j = p, c is the instantaneous received power at receiver j that was trans-
mitted by the ith source. Gp and Gc are, respectively, the primary and cognitive transmit
beamforming gains.

4.2.1 Rayleigh Fading Channel

In a Rayleigh fading channel, the received power is exponentially distributed. Let Ωij be
the average received power (including path loss and shadowing) at receiver j that was
transmitted by the ith source. Then

Ωij = E
{
Pid

−α
ij +X

}
= Pid

−α
ij (4.5)

where E{·} is the expectation operator, Pi is the power transmitted by source i(= p, c),
α is the path loss factor and X is the large-scale shadowing power with zero mean.

The probability density function (pdf) of the instantaneous power Pij is

fPij(Pij) =


1

Ωij

e−Pij/Ωij , Pij ≥ 0;

0, otherwise.
(4.6)

Thus, the SINRs (4.3) and (4.4) in are random variables of the form

Z =
aX

b+ cY
(4.7)

where X and Y are exponentially distributed independent random variables and a, b, c > 0
are real numbers.

4.2.2 Distribution of SINR

As shown above, the SINR is expressed as a ratio of two random variables. The distri-
bution of the ratio of two random variables has been extensively investigated by many
authors especially when X and Y are independent and identically distributed (i.i.d.) ran-
dom variables [227][228].

To determine the pdf of (4.7), define an auxiliary random variable

W = b+ cY (4.8)

The joint distribution of Z and W becomes

fZW (z, w) = fXY (x, y)|J(x, y)|−1

= fXY

(
wz

a
,
w − b
c

) ∣∣∣w
ac

∣∣∣
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where J(x, y) is the Jacobian of the transformation

J(x, y) =

∣∣∣∣∣∣∣
∂Z

∂x

∂Z

∂y
∂W

∂x

∂W

∂y

∣∣∣∣∣∣∣ (4.9)

It will be assumed fX(x) and fY (y) to be i.i.d. exponential random variables with
mean Ωx and Ωy. Hence, integrating over W , the marginal pdf of Z becomes

fZ(z) =

∫ ∞
−∞

fZW (z, w) dw

=

∫ ∞
−∞

fXY

(
wz

a
,
w − b
c

) ∣∣∣w
ac

∣∣∣ dw
=

∫ ∞
b

w

ac
fX

(wz
a

)
fY

(
w − b
c

)
dw

=

∫ ∞
b

w

ac

[
1

Ωx

e−wz/aΩx

] [
1

Ωy

e−(w−b)/cΩy
]
dw

carrying the integration,

fZ(z) =


bcΩyz + aΩx(b+ cΩy)

(aΩx + cΩyz)2
e−bz/aΩx , z ≥ 0;

0, otherwise.
(4.10)

The mean of Z becomes

E{Z} =
aΩxe

b/cΩy

cΩy

Γ

(
0,

b

cΩy

)
(4.11)

where

Γ(a, z) =

∫ ∞
z

ta−1e−t dt (4.12)

is the incomplete gamma function.

The probability of Z ≥ T becomes

PT ≡ P{Z ≥ T}

=

∫ ∞
z

bcΩyz + aΩx(b+ cΩy)

(aΩx + cΩyz)2
e−bz/aΩx dz

=
aΩxe

−(b/aΩx)T

aΩx + cΩyT
(4.13)

4.3 Problem Statement

Consider a scenario where the primary users (PT, PR) and the cognitive receiver CR use
omnidirectional antennas while the cognitive transmitter CT is equipped with a beam-
forming smart antenna. For communication of cognitive radio systems to be established,
the CT has to guarantee that its average interference to the PR is below a threshold I0

while at the same time keeping high enough SINRc at the CR.
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The cognitive radio has to be aware of the approximate location of the PR. Assume
that the distance to the PR, dcp, is known exactly while its angle information θcp is
uncertain by ∆φ. Let gc be the worst interference gain in the direction of PR, then

gc = max
θcp−∆φ≤θ≤θcp+∆φ

Gc(θ) (4.14)

The optimal CT beamforming can be stated as:

max
wc

SINRc

subject to

Ωcp|gc|2 ≤ I0

|Gc(θcc)| = 1

|Gc(θcj| ≤ 1/2, θcj /∈ [θcc −∆θ, θcc + ∆θ]

Pc ≤ Pmax

(4.15)

where Ωcp = Pcd
−α
cp . The first constraint guarantees that the worst interference to the PR

has to be kept below I0. |Gc(θcj)| ≤ 1/2 is a constraint on the sidelobe leakage of the
CT antenna beam with half-power beamwidth 2∆θ. Pmax is the maximum transmission
power of the CT

Pmax = γ̄cN0d
α
cc (4.16)

where γ̄c is the average SNR requirement of the CR.

From the optimization problem (4.15), wc is determined. Note that when θcc ∈
[θcp −∆φ, θcp + ∆φ], the gain becomes gc = 1.

After determining the optimal wc for the CT, the CT’s transmission power becomes

Pc = min
{
I0|gc|−2dαcp, γ̄cN0d

α
cc

}
(4.17)

The first term in (4.17) comes from the interference constraint Pcd
−α
cp |gc|2 ≤ I0 while the

second term is from Pmax in (4.16).

For successful communication of the cognitive system, the SINRc at the CR has to
be greater than a minimum value T with a high probability p.

PT in (4.13) for the CR with Z = SINRc and referring to (4.4) and (4.7), with

a = |Gc(θcc)| = 1,

b = N0,

c = |Gp(θpc)| = 1,

Ωx = Pcd
−α
cc , and

Ωy = Ppd
−α
pc

and so that

PT ≡ Pr{SINRc ≥ T} =
Pcd

−α
cc e

−N0T/Pcd
−α
cc

Pcd−αcc + Ppd−αpc T
(4.18)
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To meet the power constraint (4.17),

PT1 ≡ PT |Pc=I0|gc|−2dαcp
=

k

(
dcp
dcc

)2

|gc|−2e−T/k(
dcp
dcc

)α|gc|−2

k

(
dcp
dcc

)2

|gc|−2 + γ̄p

(
dpp
dpc

)2

T

(4.19)

PT2 ≡ PT |Pc=γcN0dαcc =
γce
−T/γc

γc + γp

(
dpp
dpc

)2

T

(4.20)

where Pp = γpd
α
ppN0 and k = I0/N0 . Therefore,

PT = min{PT1 , PT2}

= min


k

(
dcp
dcc

)2

|gc|−2e−T/k(
dcp
dcc

)α|gc|−2

k

(
dcp
dcc

)2

|gc|−2 + γ̄p

(
dpp
dpc

)2

T

,
γce
−T/γc

γc + γp

(
dpp
dpc

)2

T

 (4.21)

The CT, subject to (4.15) and (4.21), can establish communication with the CR at
high probability p when

PT ≡ Pr{SINRc ≥ T} ≥ p (4.22)

For a fixed CT location, the area in space where (4.22) is satisfied defines the region
where the CRs can be deployed to have permissible communication.

If only large-scale path loss (non-fading channel) is considered, communication is es-
tablished when SINRc ≥ T with

SINRc = min


k

(
dcp
dcc

)α
|gc|−2

1 + γp

(
dpp
dpc

)α , γc

1 + γp

(
dpp
dpc

)α
 (4.23)

Define the angle spectral efficiency as

ηa =
allowable area

total area

=

∫
PT≥p:dcc∈[dmin,dmax],θ∈[0,2π]

dA

π(d2
max − d2

min)

(4.24)

Thus ηa represents the improvement on angle spectral usage.

4.4 Numerical Results

In the examples below, the following assumptions are made:

• Physical location of the PR is fixed. It implies that dpp, dcp, θcp are fixed.

• CR is randomly deployed with dcc and θcc uniformly distributes, i.e.,

dcc ∼ U(dmin, dmax), (4.25)

θcc ∼ U(0, 2π) (4.26)
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• In the simulations, 2000 random positions of CR are generated.

• dmax = D, dmin = 10 m,

• ∆φ = 10◦, the pass loss factor to be α = 2, and I0 = 0.1N0.

• CT is equipped with a smart antenna which uses a circular array of 8 elements with
array radius R = λ.

The allowable region where the CR can be deployed is simulated using the Monte-
Carlo simulation (see Appendix A) for different combinations of γ̄c, γ̄p, T and p. The
following sample results are obtained:

1. For γ̄c = 20 dB, γ̄p = 10 dB, T = 6 dB, and p = 0.70, the allowable region, both
for non-fading and Rayleigh fading channels, is shown in Figure 4.2. The angle
spectrum efficiencies, respectively, for the non-fading and Rayleigh channels are
80.89% and 71.80%.

2. The second simulation is carried as in the above example, except for γ̄c = 15 dB.
The result is shown in Figure 4.3. The angle spectrum efficiencies are respectively
64.27% and 10.38% for the non-fading and Rayleigh fading channels.

3. Simulation Figure 4.4 shows the effect of varying p in a Rayleigh channel. In both
simulations γ̄c = 20 dB, γ̄p = 10 dB, and T = 6 dB is taken, while p is set to 0.85
and 0.90. The resulting angle spectrum efficiencies become ηa|p=0.85 = 34.22%, and
ηa|p=0.90 = 2.0%.

4. Variation of the spectral efficiency ηa as a function of the average SINR at the CR,
γ̄c, for non-fading and Rayleigh fading is shown in Figure 4.5. The Rayleigh channel
is parameterized against different values of p. From the figure, one can infer that
the angle spectral efficiency jumps from zero to approximately 70% in almost 5 dB
γ̄c interval and then saturates.

Figure 4.2: (a) Non-fading ηa = 80.89% (b) Rayleigh fading ηa = 71.80%
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Figure 4.3: (a) Non-fading ηa = 64.27% (b) Rayleigh fading ηa = 10.38%

4.5 Conclusions and Recommendations

In this chapter it has been shown that the angle spectrum in cognitive radio system can
be greatly exploited using smart antenna and thus leading to multiplexing of multiple
users in the same channel at the same time in the same geographical area. The result-
ing efficiency in spectrum utilization greatly relieves the already congested radio spectrum.

The region where the CRs are to be deployed for a given PT, PR and CT locations is
determined for Rayleigh fading channel and compared with the non-fading channel.

The angle spectral efficiency for Rayleigh channel is lower as compared to a non-fading
channel with the same power levels and radio terminal locations. It has also been shown
that increasing the CT power beyond a certain level has negligible effect on the spectral
efficiency.

Future work might extend the present model to scenarios where multiple primary and
cognitive users are present. Other types of fading channels can also be considered such as
fast fading and frequency selective Rayleigh channels. Real world 3D scenarios can also
be considered for future work.
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Figure 4.4: (a) Rayleigh fading ηa = 34.22% (b) Rayleigh fading ηa = 2.0%

Figure 4.5: Angle spectral efficiency, ηa, as a function of γc.
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Chapter 5

Distributions of SIR in a Rayleigh
Fading Channel

5.1 Introduction

In Chapter 4, a situation was encountered calling for the determination of the probability
distribution of SINR in Rayleigh fading. In fading channels when the interfere signal is a
random variable, the resulting signal-to-interference-plus-noise ratio (SINR) or signal-to-
interference ratio (SIR) is also random and its distribution has to be known for a correct
description of the receiver. The distribution of SINR was derived when only one interfere
is present. This chapter extends the result when more than one Rayleigh distributed
interfere signals are present.

SINR or SIR involve the sum and ratio of random variables. When the interfere signals
are more than one, it becomes very difficult, if not impossible, to obtain a tractable closed
form expression of the pdf of SINR or SIR. The SIR is studied in noise limited systems,
i.e. where the interfere signals dominate over noise. If the noise is to be accounted for,
which is typically AWGN, the SINR may be studied. In our case, adding AWGN has
no effect on the overall distribution except for a change in its moments. So to keep the
mathematical complexity at bay, only the SIR is considered.

The chapter is arranged as follows. Section 5.2 gives a quick revision of the basic
mathematical tools needed to deal with the algebra of random variables. In Section 5.3, a
closed form expression for the sum of N exponential random variables is derived. Finally
in Section 5.4 the distribution of SIR in Rayleigh fading channel is determined.

5.2 Mathematical Preliminaries

In this section a few basic concepts on functions of random variables, which are often
referred in the subsequent sections, will be considered.

Sum: Consider a random variable Z defined as the sum of two random variables X1 and
X2,

Z = X1 +X2 (5.1)

The range Rz of Z corresponding to the event (Z ≤ z) = (X1 + X2 ≤ z) is the set
of points (x1, x2) which lie on and to the left of the line z = x1 + x2 (Figure 5.1).
Thus,
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Figure 5.1: Sum of two random variables.

Fz(z) = Pr(X1 +X2 ≤ z) =

∫ ∞
−∞

[∫ z−x1

−∞
fX1X2(x1, x2)dx2

]
dx1

Then, the pdf of Z becomes

fz(z) =
d

dz
Fz(z) =

∫ ∞
−∞

fX1X2(x1, z − x1)dx1 (5.2)

If X1 and X2 are independent, (5.2) reduces to

fz(z) =
d

dz
Fz(z) =

∫ ∞
−∞

fX1(x1)fX2(z − x1)dx1 (5.3)

which is the convolution integral.

Quotient: Now let’s consider the quotient Z of two random variables, i.e.,

Z = X1/X2 (5.4)

Set W = X2. The joint pdf of Z and W is given by

fZW (z, w) = fX1X2(x1, x2)|J(z, w)| (5.5)

where J(z, w) is the Jacobian of the transformation

J(z, w) =

∣∣∣∣∣∣∣
∂x1

∂z

∂x1

∂w
∂x2

∂z

∂x2

∂w

∣∣∣∣∣∣∣
The pdf of Z is the marginal pdf

fZ(z) =

∫ ∞
−∞

fZW (z, w)dw (5.6)
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Thus using (5.5) and (5.6), the pdf of (5.4) for independent X1 and X2 becomes

fZ(z) =

∫ ∞
−∞
|w|fX1(zw)fX2(w)dw (5.7)

Square: Consider the square of a random variable X for x > 0

Z = X2 (5.8)

then
FZ(z) = Pr(Z ≤ z) = Pr(X2 ≤ z) = Pr(X ≤

√
z)

therefore, the pdf of Z becomes

fZ(z) =
d

dz
FX(
√
z) =


1

2
√
z
fX(
√
z), for z > 0;

0, otherwise.
(5.9)

5.3 Sum of N Exponential Random Variables

In a Rayleigh fading channel, the signal power is distributed exponentially with pdf

fX(x) =

{
λe−λx, x ≥ 0;
0, otherwise.

(5.10)

where λ is the rate parameter and related to the average signal power Ω by

Ω = E(X) =
1

λ
(5.11)

where E(·) is the expectation operator.

To find the expression for the sum of N independent exponential random variables,
first the expressions for N = 2 and N = 3 are obtained. Then the results are extended
to the general case and proved using mathematical induction.

Theorem 1. The pdf of Z = X1 + X2, where X1 and X2 are independent exponential
random variables is

fZ(z) =


λ1λ2

λ2 − λ1

e−λ1z +
λ1λ2

λ1 − λ2

e−λ2z, z ≥ 0;

0, otherwise.
(5.12)

Proof. Using (5.3),

fZ(z) =

∫ z

0

fX1(x1)fX2(z − x1) dx1

= λ1λ2e
−λ2z

∫ z

0

ex1(λ2−λ1) dx1

=
λ1λ2

λ2 − λ1

[
e−λ1z − e−λ2z

]
=

λ1λ2

λ2 − λ1

e−λ1z +
λ1λ2

λ1 − λ2

e−λ2z J
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Corollary 1. The pdf of Z = X1 + X2 + X3, where X1, X2 and X3 are independent
exponential random variables is

fZ(z) =


λ1λ2λ3

(λ2 − λ1)(λ3 − λ1)
e−λ1z +

λ1λ2λ3

(λ1 − λ2)(λ3 − λ2)
e−λ2z +

λ1λ2λ3

(λ1 − λ3)(λ2 − λ3)
e−λ3z, z ≥ 0;

0, otherwise.
(5.13)

Proof. Set Y = X1 +X2, Z = Y +X3. The pdf of Y is (5.12). Then

fZ(z) =

∫ z

0

fX3(x3)fY (z − x3) dx3

=

∫ z

0

λ3e
−λ3x3

[
λ1λ2

λ2 − λ1

e−λ1(z−x3) +
λ1λ2

λ1 − λ2

e−λ2(z−x3)

]
dx3

=
λ1λ2λ3

λ2 − λ1

e−λ1z
∫ z

0

e(λ1−λ3)x3dx3 +
λ1λ2λ3

λ1 − λ2

e−λ2z
∫ z

0

e(λ2−λ3)x3dx3

=
λ1λ2λ3

(λ2 − λ1)(λ1 − λ3)
e−λ1z

[
e(λ1−λ3)z − 1

]
+

λ1λ2λ3

(λ1 − λ2)(λ2 − λ3)
e−λ2z

[
e(λ2−λ3)z − 1

]
=

λ1λ2λ3

(λ2 − λ1)(λ3 − λ1)
e−λ1z +

λ1λ2λ3

(λ1 − λ2)(λ3 − λ2)
e−λ2z +

λ1λ2λ3

(λ1 − λ3)(λ2 − λ3)
e−λ3z J

Inferring from the patters emerging from (5.12) and (5.13), one can state the corollary
for the sum of N independent exponential random variables.

Corollary 2. The pdf of Z = X1+X2+. . .+XN , where Xi (i = 1, . . . , N) are independent
exponential random variables is

fZ(z) =



N∏
k=1

λk

N∑
i=1

e−λiz

N∏
j=1
j 6=i

(λj − λi)
, z ≥ 0;

0, otherwise.

(5.14)

Prove. The theorem will be proved using mathematical induction.
The equation is true for i = 2, viz.,

fZ(z) =
2∏

k=1

λk

2∑
i=1

e−λiz

2∏
j=1
j 6=i

(λj − λi)

= λ1λ2

[
1

λ2 − λ1

e−λ1z +
1

λ1 − λ2

e−λ2z
]

J

Assume (5.14) is true for i = n. One should show that it is true for i = n+ 1.
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Let Z = Y +Xn+1 where Y ’s pdf is (5.14). Then,

fZ(z) =

∫ z

0

fXn+1(xn+1)fY (z − xn+1) dxn+1

=

∫ z

0

λn+1e
−λn+1xn+1

 n∏
k=1

λk

n∑
i=1

e−λi(z−xn+1)∏n
j=1
j 6=i

(λj − λi)

 dxn+1

=

(
λn+1

n∏
k=1

λk

)
n∑
i=1

1∏n
j=1
j 6=i

(λj − λi)

∫ z

0

e−λn+1xn+1e−λi(z−xn+1)dxn+1

=

(
n+1∏
k=1

λk

)
n∑
i=1

e−λiz∏n
j=1
j 6=i

(λj − λi)

∫ z

0

e(λi−λn+1)xn+1dxn+1

=

(
n+1∏
k=1

λk

)
n∑
i=1

e−λiz∏n
j=1
j 6=i

(λj − λi)

[
e(λi−λn+1)z − 1

λi − λn+1

]

=

(
n+1∏
k=1

λk

)
n∑
i=1

1∏n
j=1
j 6=i

(λj − λi)

[
e−λn+1z − e−λiz

λi − λn+1

]

=

(
n+1∏
k=1

λk

) n∑
i=1

e−λiz∏n
j=1
j 6=i

(λj − λi)(λn+1 − λi)
+

n∑
i=1

e−λn+1z∏n
j=1
j 6=i

(λj − λi)(λi − λn+1)


Consider the first and the second terms inside the bracket. The expression in the denom-
inator of the first term can be simplified as

n∏
j=1
j 6=i

(λj − λi)(λn+1 − λi) = (λ1 − λi) . . .︸︷︷︸
j 6=i

(λn − λi)(λn+1 − λi)

=
n+1∏
j=1
j 6=i

(λj − λi)

The second term can further be simplified as

n∑
i=1

e−λn+1z∏n
j=1
j 6=i

(λj − λi)(λi − λn+1)
= e−λn+1z

{
1

(λ2 − λ1)(λ3 − λ1) · · · (λn − λ1)(λ1 − λn+1)

+
1

(λ1 − λ2)(λ3 − λ2) · · · (λn − λ2)(λ2 − λn+1)
+ . . .

. . .+
1

(λn − λ1)(λn − λ1) · · · (λn − λn−1)(λn − λn+1)

}
= e−λn+1z

{
1

(λn+1 − λ1)(λn+1 − λ2) · · · (λn+1 − λn)

}
= e−λn+1z

1∏n+1
j=1
j 6=i

(λj − λi)
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Thus, putting the results

fZ(z) =

(
n+1∏
k=1

λk

) n∑
i=1

e−λiz∏n+1
j=1
j 6=i

(λj − λi)
+

e−λn+1z∏n+1
j=1
j 6=i

(λj − λi)


=

(
n+1∏
k=1

λk

)
n+1∑
i=1

e−λiz

n+1∏
j=1
j 6=i

(λj − λi)
J

which proves the theorem.

5.4 Distribution of SIR in Rayleigh Fading Channel

The SIR is defined as

SIR =
X0

X1 +X2 + . . .+XN

(5.15)

where X0 is power of the desired signal while Xi (i = 1, . . . , N) are the powers of the
interferer signals.

In a Rayleigh channel, the Xi’s follow the exponential distribution as shown in the
previous section (5.10).

Theorem 2. The pdf of SIR is given by

fZ(z) =



N∏
k=0

λk

N∑
i=1

1
N∏
j=1
j 6=i

(λj − λi)(λi + λ0z)2

, z ≥ 0;

0, otherwise.

(5.16)

Proof. Let
W = X1 +X2 + . . .+XN

W ’s pdf is given by (5.14). Then the pdf of SIR ≡ Z = X0/W using (5.7) is

fZ(z) =

∫ ∞
−∞
|w|fX0(zw)fY (w) dw

=

∫ ∞
0

wfX0(zw)fY (w) dw

=

∫ ∞
0

wλ0e
−λ0zw

 N∏
k=1

λk

N∑
i=1

e−λiz∏N
j=1
j 6=i

(λj − λi)

 dw

= λ0

N∏
k=1

λk

N∑
i=1

1∏N
j=1
j 6=i

(λj − λi)

∫ ∞
0

we−(λ0z+λi)w dw

=
N∏
k=0

λk

N∑
i=1

1∏N
j=1
j 6=i

(λj − λi)
1

(λi + λ0z)2
J
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In terms of the average signal power Ωi = 1/λi (i = 0, . . . , N), the pdf of SIR (5.16)
can be expressed as,

fZ(z) =



N∏
k=0

1

Ωk

N∑
i=1

1
N∏
j=1
j 6=i

(
1

Ωj

− 1

Ωi

)(
1

Ωi

+
1

Ω0

z

)2
, z ≥ 0;

0, otherwise.

(5.17)

Theorem 3. The cumulative distribution function of SIR is

FZ(z) =



N∏
k=0

1

Ωk

N∑
i=1

1
N∏
j=1
j 6=i

(
1

Ωj

− 1

Ωi

) z
1

Ω2
i

+
1

Ω0Ωi

z
, z ≥ 0;

0, otherwise.

(5.18)

Proof. The cumulative distribution is

FZ(z) = Pr(Z ≤ z) =

∫ z

−∞
fZ(z) dz

=
N∏
k=0

1

Ωk

N∑
i=1

1
N∏
j=1
j 6=i

(
1

Ωj

− 1

Ωi

) ∫ z

0

dz(
1

Ωi

+
1

Ω0

z

)2

=
N∏
k=0

1

Ωk

N∑
i=1

1
N∏
j=1
j 6=i

(
1

Ωj

− 1

Ωi

) z
1

Ω2
i

+
1

Ω0Ωi

z
J

An outage occurs if the instantaneous SIR falls below some acceptable SIRmin. Thus
the outage probability can be given as

pout = FZ(SIRmin) =
N∏
k=0

1

Ωk

N∑
i=1

1
N∏
j=1
j 6=i

(
1

Ωj

− 1

Ωi

) SIRmin

1

Ω2
i

+
1

Ω0Ωi

SIRmin

(5.19)

5.5 Conclusion and Recommendations

In fading channels the SINR and SIR are random variables and their distributions have
to be known for a correct description of the receiver.

In this chapter the distributions of SIR in Rayleigh fading channel have been derived
in a closed form expression. Results for the probability density function, cumulative
distribution and outage probabilities have been shown. Other fading channels can be
similarly studied.
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Chapter 6

Conclusions and Recommendations

The main contributions of this dissertation are contained in Chapters 3, 4 and 5. The
findings reached at and the conclusions drawn have been stated in the respective chap-
ters. For easy of reference, the conclusions and the corresponding recommendations are
summarized below.

• Genetic algorithm was used to design a non-uniform linear antenna array such that
the array is to approximate the beamwidth of a uniform array with the same num-
ber of elements and element spacing while keeping its sidelobe level smaller than
that of Dolph-Chebyshev array. The designed array generally exhibits the largest
directivity as compared to the uniform, Binomial and Dolph-Chebyshev arrays. It
is to be noted that a uniform array yields the smallest beamwidth and hence the
highest directivity. It is followed, in order, by the Dolph-Chebyshev and Binomial
arrays. In contrast, Binomial arrays usually possess the smallest sidelobes followed,
in order, by the Dolph-Chebyshev and uniform arrays.

As shown in section 3.4, genetic algorithm was used to generate the excitation coeffi-
cients of a non-uniform linear array and its performance, in terms of beamwidth and
sidelobe level, was compared with uniform, binomial and Dolph-Chebyshev arrays
having equal number of array elements and inter-element spacing. It was shown
that for N = 10 and d = 0.25λ, the array designed using GA exhibits the largest
directivity while keeping its beamwidth as narrow as the uniform array. For N = 20
and d = 0.25λ, the GA still produced a better array but the improvement in direc-
tivity is less as compared with the case N = 10.

When the inter-element spacing d becomes larger, the number of sidelobes propor-
tionally increases. This means the fluctuations between nulls and sidelobe peaks
increases and the efficiency of the genetic algorithm decreases. This effect was il-
lustrated by taking N = 10 and d = 0.5λ. This is not a problem in practical terms
since real arrays usually will have inter-element spacing less than or equal to 0.5λ
to avoid large number of sidelobes and perhaps grating lobes.

The method can be used in applications where beams exhibiting narrow beamwidth
and lower sidelobes levels are preferred such as in switched-beam smart antennas.

For future work, the excitation amplitude and excitation phases can be simulta-
neously used to design the non-uniform array using GA. Since the optimization
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parameters are doubled, a better performance can be expected than the results
presented here.

• It has been shown that the angle spectrum in cognitive radio system can be greatly
exploited using smart antennas and thus leading to multiplexing of multiple users in
the same channel at the same time in the same geographical area. The resulting effi-
ciency in spectrum utilization greatly relieves the already congested radio spectrum.
The region where the cognitive radios are to be deployed and the achieved angle
spectral efficiency for a given primary transmitter, primary receiver and cognitive
transmitter locations was determined for Rayleigh fading channel and compared
with the non-fading channel. It was shown that the angle spectral efficiency for
Rayleigh channel is lower as compared to a non-fading channel with the same power
levels and radio terminal locations. Moreover it has been shown that increasing the
cognitive transmitter power beyond a certain level has negligible effect on the angle
spectral efficiency.

As shown in section 4.4, simulations were conducted where the CT was equipped
with a beamforming smart antenna while the PT, PR, and CR are equipped with
omnidirectional antennas. The smart antenna uses a circular array of 8 elements
with array radius equal to λ. The CT should keep the interference to the primary
receiver below a given threshold I0 while at the same time ensuring high enough
signal-to-interference-plus-noise ratio γ̄c at the cognitive receiver. The allowable re-
gion where the cognitive receivers are to be deployed and the achieved angle spectral
efficiency ηa for a given PT, PR and CT locations were simulated using the Monte-
Carlo simulation for Rayleigh fading channel and compared with the non-fading
channel. Accordingly, for γ̄c = 20 dB, γ̄p = 10 dB, T = 6 dB, and p = 0.70, the
allowable region, both for non-fading and Rayleigh fading channels, was simulated
in Figure 4.2. The angle spectrum efficiencies, respectively, for the non-fading and
Rayleigh channels are 80.89% and 71.80%. This mean that CRs can be deployed
in approximately 72% (for Rayleigh) of the region around the CT and allowed to
use the channel which was otherwise dedicated to the primary licensed users (PT
and PR). Thus a new spectrum opportunity was obtained and a 72% improvement
on angle spectral usage was achieved due to the beamforming capability of the CT.
Obviously, it is to be expected that the angle spectral efficiency for non-fading chan-
nel is greater that that of Rayleigh fading.

Decreasing the transmit power of CT obviously decreases the allowable area where
the CR can be deployed and hence results in a decreased angle spectral efficiency.
This was illustrated for γ̄c = 15 dB and keeping the other parameters as in the above
case. The resulting allowable region was simulated in Figure 4.3 and the achieved
angle spectrum efficiencies were respectively 64.27% and 10.38% for the non-fading
and Rayleigh fading channels.

Increasing the probability of cognitive communication p (4.22) in Rayleigh channel
decreases the allowable region and hence lowers the angle spectral efficiency. This
was illustrated for the cases p = 0.85 and p = 0.90. In both cases, γ̄c = 20 dB,
γ̄p = 10 dB, and T = 6 dB were taken and the allowable regions were simulated in
Figure 4.4. The resulting angle spectrum efficiencies were ηa|p=0.85 = 34.22%, and
ηa|p=0.90 = 2.0%
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The effect of variation of the spectral efficiency ηa as a function of the average SINR
at the CR, γ̄c, for non-fading and Rayleigh fading was investigated. The Rayleigh
channel was parameterized against different values of p. The effect was simulated
in Figure 4.5. From the figure, it can be inferred that the angle spectral efficiency
jumps from zero to approximately 70% in almost 5 dB γ̄c interval and then satu-
rates. This implies that indefinitely increasing the CT power beyond a certain value
has negligible effect on the angle spectral efficiency and hence an optimal CT power
can be set for a given communication scenario.

Future work might extend the present model to scenarios where multiple primary
and cognitive users are present. Other types of fading channels such as Rician and
Nakagami can be considered. Fast fading and frequency selective Rayleigh channels
can also be considered. Real world 3D scenarios can also be considered for future
work.

• In fading channels the SINR and SIR are random variables and their distributions
have to be known for a correct description of the receiver. In Chapter 4, the distri-
butions of SINR was derived in closed form when only a single interfere is present.
The concept was extended in Chapter 5 to the determination of the distributions
of SIR in closed form when N Rayleigh distributed interferes are present. Unlike
approximate solutions, closed form mathematical equations have the advantage of
displaying the full behaviour of the function over the domain of definition.

The probability distributions of the SIR in Rayleigh fading have been rigourously
derived in a closed form expression. The results for the probability density function,
cumulative distribution and outage probabilities have been shown.

Future works can extend the problem to other types of distributions.
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Appendix A

Monte Carlo Method

The Monte Carlo method was used in Chapter 4 to simulate the region where cognitive
radios are to be successfully deployed. On each simulation, random positions of cognitive
radio are generated while keeping the positions of PT, PR, and CT fixed. For each ran-
domly generated position of CR, PT (4.22) is computed for a prescribed values of γ̄c, γ̄p, T ,
and p. If PT ≥ p, that particular physical position is allowed to be occupied by a CR and
establish communication with the CT without disrupting the communication between the
primary users.

This chapter gives an overview of the Monte Carlo method. Monte Carlo methods
are a class of computational algorithm techniques that involve using random numbers
and probability to solve problems. These methods are most suited to calculation by a
computer and tend to be used when it is infeasible to compute an exact result with a
deterministic algorithm. This method is also used to complement theoretical derivations.

Monte Carlo methods are especially useful for simulating systems with many cou-
pled degrees of freedom, such as fluids, disordered materials, strongly coupled solids, and
cellular structures. They are used to model phenomena with significant uncertainty in
inputs, such as the calculation of risk in business. They are widely used in mathematics,
for example to evaluate multidimensional definite integrals with complicated boundary
conditions, in VLSI design, nuclear reactor design, quantum chromodynamics, radiation
cancer therapy, traffic flow, stellar evolution, econometrics and oil well exploration.

The Monte Carlo method was coined in the 1940s by John von Neumann, Stanis-
law Ulam and Nicholas Metropolis, while they were working on nuclear weapon projects
(Manhattan Project) in the Los Alamos National Laboratory. It was named after the
Monte Carlo Casino, a famous casino where Ulam’s uncle often gambled away his money
[229].

The Monte Carlo method iteratively evaluates a deterministic model using sets of
random numbers as inputs. By using random inputs, one is essentially turning the de-
terministic model into a stochastic model. A block diagram representation of the Monte
Carlo model is shown in Figure A.1. In the model, the inputs x = [x1, . . . , xN ] are random
numbers while the model y = f(x) is deterministic.

Generally, Monte Carlo methods vary but tend to follow similar pattern:

1. Define a model and domain of possible inputs, y = f(x)
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Figure A.1: A deterministic model maps a set of random input variables to a set of output
variables.

2. Generate inputs randomly from a probability distribution over the domain, x =
[x1, x2, . . . , xN ]

3. Perform a deterministic computation on the inputs and store the results, yi, i =
1, . . . ,M

4. Aggregate the results.

The most common use of Monte Carlo methods is the evaluation of numerical integrals.
To approximate the integral (Figure A.2)

I =

∫ b

a

f(x)dx (A.1)

follow the following simple steps:

1. Generate uniformly distributed sample points within A

2. Calculate the proportion ρ of points in region of interest

3. Area under the curve ≈ ρ.

Figure A.2: Area under a curve.

Consider an example, called the raindrop experiment for computing π. Assume that
one could produce ‘uniform rain’ on the square [−1, 1]× [−1, 1], such that the probability
of a raindrop falling into a region R ⊂ [−1, 1] × [−1, 1] is proportional to the area of R.
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The two coordinates are independent and identically distributed (i.i.d) uniform random
variables, i.e.,

X, Y
i.i.d∼ U(−1, 1) (A.2)

Now consider the probability that a raindrop falls into the unit circle inscribed in the
square. It is

Pr(drop within circle) =
area of the unit circle

area of the square

=

∫∫
x2+y2≤1

1dxdy∫∫
−1≤x,y≤1

1dxdy

=
π

4

(A.3)

hence,
π = 4× Pr(drop within circle), (A.4)

Thus one can estimate π by

π̂n = 4× no. of points inside circle

total no. of point in trial
(A.5)

A trial for n = 1000 is shown in Figure A.3. As can be seen in the simulation Figure A.4,
π̂n converging to π as the number of random points keeps on increasing.

Figure A.3: The rain drop experiment, π̂n = 4× 785
1000

= 3.14.
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Figure A.4: Simulated values of π in the rain drop experiment.
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